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Abstract

Segmentation algorithms are prone to topological errors on fine-scale structures,
e.g., broken connections. We propose a novel method that learns to segment
with correct topology. In particular, we design a continuous-valued loss function
that enforces a segmentation to have the same topology as the ground truth, i.e.,
having the same Betti number. The proposed topology-preserving loss function
is differentiable and we incorporate it into end-to-end training of a deep neural
network. Our method achieves much better performance on the Betti number error,
which directly accounts for the topological correctness. It also performs superiorly
on other topology-relevant metrics, e.g., the Adjusted Rand Index and the Variation
of Information. We illustrate the effectiveness of the proposed method on a broad
spectrum of natural and biomedical datasets.

1 Introduction

Image segmentation, i.e., assigning labels to all pixels of an input image, is crucial in many computer
vision tasks. State-of-the-art deep segmentation methods [27, 22, 10, 11, 12] learn high quality
feature representations through an end-to-end trained deep network and achieve satisfactory per-
pixel accuracy. However, these segmentation algorithms are still prone to make errors on fine-scale
structures, such as small object instances, instances with multiple connected components, and thin
connections. These fine-scale structures may be crucial in analyzing the functionality of the objects.
For example, accurate extraction of thin parts such as ropes and handles is crucial in planning robot
actions, e.g., dragging or grasping. In biomedical images, correct delineation of thin objects such
as neuron membranes and vessels is crucial in providing accurate morphological and structural
quantification of the underlying system. A broken connection or a missing component may only
induce marginal per-pixel error, but can cause catastrophic functional mistakes. See Fig. 1 for an
example.

We propose a novel deep segmentation method that learns to segment with correct topology. In
particular, we propose a topological loss that enforces the segmentation results to have the same
topology as the ground truth, i.e., having the same Betti number (number of connected components
and handles). A neural network trained with such loss will achieve high topological fidelity without
sacrificing per-pixel accuracy. The main challenge in designing such loss is that topological informa-
tion, namely, Betti numbers, are discrete values. We need a continuous-valued measurement of the
topological similarity between a prediction and the ground truth; and such measurement needs to be
differentiable in order to backpropagate through the network.

To this end, we propose to use theory from computational topology [15], which summarizes the
topological information from a continuous-valued function (in our case, the likelihood function f is
predicted by a neural network). Instead of acquiring the segmentation by thresholding f at 0.5 and
inspecting its topology, persistent homology [15, 16, 47] captures topological information carried
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connectivity and loop-freeness, have been incorporated into variational [21, 26, 41, 38, 45, 20] and
MRF/CRF-based segmentation methods [43, 33, 46, 6, 2, 40, 34, 17]. However, these methods focus
on enforcing topological constraints in the inference stage, while the trained model is agnostic of
the topological prior. In neuron image segmentation, some methods [19, 42] directly find an optimal
partition of the image into neurons, and thus avoid segmenting membranes. These methods cannot be
generalized to other structures, e.g., vessels, cracks and roads.

For completeness, we also refer to other existing works on topological features and their applications
[1, 36, 25, 5, 31, 9, 45]. In graphics, topological similarity was used to simplify and align shapes [35].
Chen et al. [8] proposed a topological regularizer to simplify the decision boundary of a classifier.
As for deep neural networks, Hofer et al. [23] proposed a CNN-based topological classifier. This
method directly extracts topological information from an input image/shape/graph as input for CNN,
hence cannot generate segmentations that preserve topological priors learned from the training set.
To the best of our knowledge, no existing work uses topological information as a loss for training a
deep neural network in an end-to-end manner.

2 Method

Our method achieves both per-pixel accuracy and topological correctness by training a deep neural
network with a new topological loss, Ltopo(f, g). Here f is the likelihood map predicted by the
network and g is the ground truth. The loss function on each training image is a weighted sum of the
per-pixel cross-entropy loss, Lbce, and the topological loss:

L(f, g) = Lbce(f, g) + λLtopo(f, g), (2.1)

in which λ controls the weight of the topological loss. We assume a binary segmentation task. Thus,
there is one single likelihood function f , whose value ranges between 0 and 1.

In Sec. 2.1, we introduce the mathematical foundation of topology and how to measure topology of a
likelihood map robustly using persistent homology. In Sec. 2.2, we formalize the topological loss
as the difference between persistent homology of f and g. We derive the gradient of the loss and
prove its correctness. In Sec. 2.3 we explain how to incorporate the loss into the training of a neural
network. Although we fix one architecture in experiments, our method is general and can use any
neural network that provides pixel-wise prediction. Fig. 2 illustrates the overview of our method.

2.1 Topology and Persistent Homology

Given a continuous image domain, Ω ⊆ R
2 (e.g., a 2D rectangle), we study a likelihood map

f(x) : Ω → R, which is predicted by a deep neural network (Fig. 3(c)).2 Note that in practice, we
only have samples of f at all pixels. In such case, we extend f to the whole image domain Ω by
linear interpolation. Therefore, f is piecewise-linear and is controlled by values at all pixels. A
segmentation, X ⊆ Ω (Fig. 3(a)), is calculated by thresholding f at a given value α (often set to 0.5).

Given X , its d-dimension topological structure, called a homology class [15, 30], is an equivalence
class of d-manifolds which can be deformed into each other within X .3 In particular, 0-dim and
1-dim structures are connected components and handles, respectively. For example, in Fig. 3(a),
the segmentation X has two connected components and one handle. Meanwhile, the ground truth
(Fig. 3(b)) has one connected component and two handles. Given X , we can compute the number of
topological structures, called the Betti number, and compare it with the topology of the ground truth.

However, simply comparing Betti numbers of X and g will result in a discrete-valued topological
error function. To incorporate topological prior into deep neural networks, we need a continuous-
valued function that can reveal subtle difference between similar structures. Fig. 3(c) and 3(d) show
two likelihood maps f and f ′ with identical segmentations, both with incorrect topology comparing
with the ground truth g (Fig. 3(b)). However, f is more preferable as we need much less effort to
change it so that the thresholded segmentation X has a correct topology. In particular, look closely
to Fig. 3(c) and 3(d) near the broken handles and view the landscape of the function. To restore the
broken handle in Fig. 3(d), we need to spend more effort to fill a much deeper gap than Fig. 3(c). The
same situation happens near the missing bridge between the two connected components.

2f depends on the network parameter ω, which will be optimized during training. For convenience, we only
use x as the argument of f .

3To be exact, a homology class is an equivalent class of cycles whose difference is the boundary of a
(d+ 1)-dimensional patch.
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Since g is a binary-valued function, as we decrease the threshold α continuously, all topological
structures are created at α = 1. The number of topological structures (Betti number) of gα for any
0 < α < 1 is the same as the number of dots in Dgm(g). Note that for any α ∈ (0, 1), gα is the
ground truth segmentation. Therefore, the Betti number of the ground truth is the number of dots
in Dgm(g). Similarly, for any α ∈ (0, 1), the Betti number of fα equals to the number of dots
in Dgm(f). Since the two diagrams Dgm(f) and Dgm(g) are identical, the Betti number of the
segmentation f0.5 is the same as the ground truth segmentation.6

Topological gradient. The loss function (Eq. (2.2)) depends on crucial thresholds at which topo-
logical changes happen, e.g., birth and death times of different dots in the diagram. These crucial
thresholds are uniquely determined by the locations at which the topological changes happen. When
the underlying function f is differentiable, these crucial locations are exactly critical points, i.e.,
points with zero gradients. In the training context, our likelihood function f is a piecewise-linear
function controlled by the neural network predictions at pixels. For such f , a critical point is always a
pixel, since topological changes always happen at pixels. Denote by ω the neural network parameters.
For each dot p ∈ Dgm(f) , we denote by cb(p) and cd(p) the birth and death critical points of the
corresponding topological structure (See Fig. 3(c) for examples).

Formally, we can show that the gradient of the topological loss ∇ωLtopo(f, g) is:

∑

p∈Dgm(f)

2[f(cb(p))− birth(γ∗(p))]
∂f(cb(p))

∂ω
+ 2[f(cd(p))− death(γ∗(p))]

∂f(cd(p))

∂ω (2.3)

To see this, within a sufficiently small neighborhood of f , any other piecewise linear function will
have the same super level set filtration as f . The critical points of each persistent dot in Dgm(f)
remains constant within such small neighborhood. So does the optimal mapping γ∗. Therefore, the
gradient can be straightforwardly computed based on the chain rule, as Eq. (2.3). When function
values at different vertices are the same, or when the matching is ambiguous, the gradient does not
exist. However, these cases constitute a measure zero subspace in the space of likelihood functions.
In summary, Ltopo(f, g) is a piecewise differentiable loss function over the space of all possible
likelihood functions f .

Intuition. During training, we take the negative gradient direction, i.e.,−∇ωLtopo(f, g). For each
topological structure the gradient descent step is pushing the corresponding dot p ∈ Dgm(f) toward
its match γ∗(p) ∈ Dgm(g). These coordinates are the function values of the critical points cb(p)
and cd(p). They are both moved closer to the matched persistent dot in Dgm(g). We also show the
negative gradient force in the landscape view of function f (blue arrow in Fig. 3(c)). Intuitively, force
from the topological gradient will push the saddle points up so that the broken bridge gets connected.

2.3 Training a Neural Network

We present some crucial details of our training algorithm. Although our method is architecture-
agnostic, we select one architecture inspired by DIVE [18], which was designed for neuron image
segmentation tasks. Our network contains six trainable weight layers, four convolutional layers and
two fully connected layers. The first, second and fourth convolutional layers are followed by a single
max pooling layer of size 2 × 2 and stride 2 by the end of the layer. Particularly, because of the
computational complexity, we use a patch size of 65× 65 during all the training process.

We use small patches (65 × 65) instead of big patches/whole image. The reason is twofold. First,
the computation of topological information is relatively expensive. Second, the matching process
between the persistence diagrams of predicted likelihood map and ground truth can be quite difficult.
For example, if the patch size is too big, there will be many persistent dots in Dgm(g) and even more
dots in Dgm(g). The matching process is too complex and prone to errors. By focusing on smaller
patches, we localize topological structures and fix them one by one.

Topology of small patches and relative homology. The small patches (65 × 65) often only
contain partial branching structures rather than closed loops. To have meaningful topological
measure on these small patches, we apply relative persistent homology as a more localized
approach for the computation of topological structures. Particularly, for each patch, we con-
sider the topological structures relative to the boundary. It is equivalent to padding a black
frame to the boundary and compute the topology to avoid trivial topological structures. As

6Note that a more careful proof should be done for diagrams of 0- and 1-dimension separately.
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Table 2: Quantitative results for different models on retinal, crack, and aerial datasets.

Dataset Method Accuracy ARI VOI Betti Error

DRIVE

DIVE 0.9549 ± 0.0023 0.8407 ± 0.0257 1.936 ± 0.127 3.276 ± 0.642
U-Net 0.9452 ± 0.0058 0.8343 ± 0.0413 1.975 ± 0.046 3.643 ± 0.536
Mosin. 0.9543 ± 0.0047 0.8870 ± 0.0386 1.167 ± 0.026 2.784 ± 0.293

TopoLoss 0.9521 ± 0.0042 0.9024 ± 0.0113 1.083 ± 0.006 1.076 ± 0.265

CrackTree

DIVE 0.9854 ± 0.0052 0.8634 ± 0.0376 1.570 ± 0.078 1.576 ± 0.287
U-Net 0.9821 ± 0.0097 0.8749 ± 0.0421 1.625 ± 0.104 1.785 ± 0.303
Mosin. 0.9833 ± 0.0067 0.8897 ± 0.0201 1.113 ± 0.057 1.045 ± 0.214

TopoLoss 0.9826 ± 0.0084 0.9291 ± 0.0123 0.997 ± 0.011 0.672 ± 0.176

Road

DIVE 0.9734 ± 0.0077 0.8201 ± 0.0128 2.368 ± 0.203 3.598 ± 0.783
U-Net 0.9786 ± 0.0052 0.8189 ± 0.0097 2.249 ± 0.175 3.439 ± 0.621
Mosin. 0.9754 ± 0.0043 0.8456 ± 0.0174 1.457 ± 0.096 2.781 ± 0.237

TopoLoss 0.9728 ± 0.0063 0.8671 ± 0.0068 1.234 ± 0.037 1.275 ± 0.192

Figure 5: Qualitative results of the proposed method compared to other models. From left to right,
sample images, ground truth, results for DIVE, U-Net, Mosin. and our proposed TopoLoss.

image segmentation method trained with cross-entropy loss. Mosin. [29] uses the response of selected
filters from a pretrained CNN to construct the topology aware loss. For all methods, we generate
segmentations by thresholding the predicted likelihood maps at 0.5.

Quantitative and qualitative results. Table 1 shows the quantitative results for three different
neuron image datasets, ISBI12, ISBI13 and CREMI. Table 2 shows the quantitative results for
DRIVE, CrackTree and Road. Our method significantly outperforms existing methods in topological
accuracy (in all three topology-aware metrics), without sacrificing pixel accuracy. Fig. 5 shows
qualitative results. Our method demonstrates more consistency in terms of structures and topology. It
correctly segments fine structures such as membranes, roads and vessels, while all other methods fail
to do so. Note that the topological error cannot be solved by training with dilated ground truth masks.
We run additional experiments on CREMI dataset by training a topology-agnostic model with dilated
ground truth masks. For 1 and 2 pixel dilation, We have Betti Error 4.126 and 4.431, respectively.
They are still significantly worse than TopoLoss (Betti Error = 1.113).

Ablation study: loss weights. Our loss (Eq. (2.1)) is a weighted combination of cross entropy loss
and topological loss. For convenience, we drop the weight of cross entropy loss and weight the
topological loss with λ. Fig. 6(b) and 6(c) show ablation studies of λ on CREMI w.r.t. accuracy,
Betti error and convergence rate. As we increase lambda, per-pixel accuracy is slightly compromised.
The Betti error decreases first but increases later. One important observation is that a certain amount
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Figure 6: (a) Cross Entropy loss, Topological loss and total loss in terms of training epochs. (b)
Ablation studies of lambda on CREMI w.r.t. accuracy, Betti error. (c) Ablation study of lambda on
CREMI w.r.t. convergence rate.

Figure 7: For a sample patch from CREMI, we show the likelihood map and segmentation at different
training epochs. The first row correspond to likelihood maps and the second row are thresholded
results. From left to right, original patch/ground truth, results after 10, 20, 30, 40 and 50 epochs.

of topological loss improves the convergence rate significantly. Empirically, we choose λ via cross-
validation. Different datasets have different λ’s. In general, λ is at the magnitude of 1/10000. This is
understandable; while cross entropy loss gradient is applied to all pixels, topological gradient is only
applied to a sparse set of critical pixels. Therefore, the weight needs to be much smaller to avoid
overfitting with these critical pixels.

Fig. 6(a) shows the weighted topological loss (λLtopo), cross entropy loss (Lbce) and total loss (L)
at different training epochs. After 30 epochs, the total loss becomes stable. Meanwhile, while Lbce

increases slightly, Ltopo decreases. This is reasonable; incorporating of topological loss may force
the network to overtrain on certain locations (near critical pixels), and thus may hurt the overall pixel
accuracy slightly. This is confirmed by the pixel accuracy of TopoLoss in Tables 1 and 2.

Rationale. To further explain the rationale of topological loss, we first study an example training
patch. In Fig. 7, we plot the likelihood map and the segmentation at different epochs. Within a
short period, the likelihood map and the segmentation are stabilized globally, mostly thanks to the
cross-entropy loss. After epoch 20, topological errors are gradually fixed by the topological loss.
Notice the change of the likelihood map is only at specific topology-relevant locations.

Our topological loss compliments cross-entropy loss by combating sampling bias. In Fig. 7, for most
membrane pixels, the network learns to make correct prediction quickly. However, for a small amount
of difficult locations (blurred regions), it is much harder to learn to predict correctly. The issue is these
locations only take a small portion of training pixel samples. Such disproportion cannot be changed
even with more annotated training images. Topological loss essentially identifies these difficult
locations during training (as critical pixels). It then forces the network to learn patterns near these
locations, at the expense of overfitting and consequently slightly compromised per-pixel accuracy.
On the other hand, we stress that topological loss cannot succeed alone. Without cross-entropy loss,
inferring topology from a completely random likelihood map is meaningless. Cross-entropy loss
finds a reasonable likelihood map so that the topological loss can improve its topology.
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