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�.7./0. �o0-I.I o/ estimati/g p7op.7t6.I o� interv./t6o/a}
distribôõö÷øù ùôúû üù õýþüõÿþøõ effþúõù �Pearl, 2009; Iÿ�þøù

& RubinM 2015)M DL@ fD?LB >B DE < neO BF<s>G>F� EDF>DE <EK

iterativ± Ø±·Ø´ÙÛÙÛÞ ×ØÚµ±²ÜØ±¸ °ÚØ QÛ²ÙÛÞ ¸·´³?± ×ÚÙÛ·¸¹

Reinforn
�
	� learning� «/ g./.7a}{ an5 6/Ita/0. o� per-

formativ. p7.860t6o/ 0a/ |. 7.�7a4.8 aI a 7.6/�o70.4./t
»x�w}�}� �w{p»x|� Yx�� p� ���~��}� performativx �wx~�z��{}

XY_�l[kd w]^�]` dgW� h �Y_h\ framew_Yoj w[ l_d[ many _�

t3. 6/t760a06.I o� performativ6t5 �3603 mak. t3. p7o|}.4
6/t.7.It6/g a/8 t7a0ta|}. to a/a}5�.9 W. 7.t-7/ to 86I0-II
JTUP T~ KRP �TSSP�KOTSJ �PK�PPS �TKR framewT�ZJ �YKP� TS©

2» Framew¼�� �À½ ��¿À �	
À¿�¿¼À�

ÒÓ ÖtßÙ ÙÝÔÖßÕÓâ �Ý �Õ×{Øààä ßÓÖ×ÕÚÛÔÝ ÖtÝ Ü×ßÓÔßÜØà ÙÕàÛÖßÕÓ

0o/0.ptI o� o-7 framewo7�} performativ. opt64a}6t5 a/8
performativ± ¸·´³Ù?Ù·Ë¹

TR�TL[RTLK TL� prPJPSKYKOTS� �P ~T�LJ TS predictivP UTNP�J

��
 �a� ��a���
a���� b� � v�e
�a θ ∈ Θ� ���a� 
�� param-

.t.7 Ipa0. Θ ⊆ Rd 6I a 0}oI.8{ conveÂ I.t9 W. -I. capi-

ta} }.tt.7I to 8./ot. 7a/8o4 va76a|}.I a/8 t3.67 lo�.70aI.
0o-/t.7pa7tI to 8./ot. realizat6o/I o� t3.I. variableI9 W.
0o/I68.7 6/Ita/0.I z = (x, y) 8.+/.8 aI �.at-7.{ o-t0o4.
������ ����� x ∈ Rm−1 ��� y ∈ R. Whenev�� �� ��d�� �

vÈÓÅÈÉÙÌ θ∗ = arg minθ g(θ) È� ÄËÌ ×ÅÇÅ×ÅmÌÓ ÆÏ È ÏÊÇ�ÄÅÆÇ

g{ �. resolv. t3. 6II-. o� t3. 46/646�.7 /ot |.6/g -/6�-.
³Ë ¸±··ÙÛÞ θ∗ ·Ú ´Û ´Ø³Ù·Ø´ØË ×ÚÙÛ· ÙÛ ·Ý± arg minθ g(θ) ¸±·¹

1�è� Performativ
 é��i��Ci��

«/ I-p.7v6I.8 }.a7/6/g{ t3. goa} 6I to }.a7/ a p7.860to7 fθ 

�RO�R UOSOUOÔPJ tRP eÉQP�KPN �TJJ �OKR �PJQP�K KT OSJKYS�PJ
dra�� i i ! "#$% ' fixe! distribu(i$� D T*+ $-(i%'/ classi-

Q±Ø fθSL solv±¸ ·Ý± °Ú??Ú�ÙÛÞ Ú×·Ù>Ùm´·ÙÚÛ ×ØÚ³?±>P

θSL = arg min E `(Z; θ), 
Z∼Dθ∈Θ 

�Ý±Ø± `(z; θ) ²±ÛÚ·±¸ ·Ý± ?Ú¸¸ Ú° ×Ø±²Ùµ·ÚØ fθ ´· ´ ×ÚÙÛ· z¹

W. 0o/t7aIt t36I �6t3 t3. ���� ����­�� optimum9 �I in-

ðæàäñïåä previously0 ãá âåððãáîâ 13åæå éæåäãïðãàáâ âñééàæð
B@cDsDFGs4 E=@ å:GDç@sE@B distrib<EDFG ov@? ç@:E<?@s :GB out-

0o4.I 6I 6/ pa7t 8.t.746/.8 |5 t3. deplo5.8 classifier9 In-

It.a8 o� 0o/I68.76/g a fix.8 distrib-t6o/ D{ .a03 0}aII6+.7
fθ 6/8-0.I a pot./t6a}}5 dif�.7./t distrib-t6o/ D(θ) ov.7
6/Ita/0.I z9 � p7.860to7 4-It t3.7.�o7. |. eva}-at.8 �6t3
rega78 to t3. eÂp.0t.8 }oII ov.7 t3. distrib-t6o/ D(θ) 6t
ÙÛ²Üµ±¸� Ù·¸ DEFGHFIJKLME FLNO¹

D
¨	i�i�	 1�è (performativ+ $-(i%'/i(5 '�! risk)� A classi-

678 fθPO 9: performativ<;< B>8=Y7; 9= >?7 =@BB@C9EF relation-

NÊLD ÊHËÌNG

θPO = arg min E `(Z; θ). 
Z∼D(θ)θ 

def
W� H�J¡� PR(θ) = EZ∼D(θ) `(Z; θ) �± �K� performativ.
riskL KÊEÉÍ θPO = arg minθ PR(θ)Ð

M­¨ folloN¢£¤ ex§©°«¨ ¢««®±¥¯§¥¨± ¥­¨ diff¨¯¨£í¨± O¨¥N¨¨£

t3. t7a86t6o/a} /ot6o/ o� opt64a}6t5 6/ I-p.7v6I.8 }.a7/6/g
ÞØá performativÕ optß×ÞP QRRÕØáßS U àÝØÙÞßØÚ ÛãÖÖ deriva-

·ÙÚÛ¸ Ø±?±v´Û· ·Ú ·ÝÙ¸ ±c´>×?±¹

VW���C
 1�1 X|6aI.8 0o6/ flip)� Y ¡±­H�� �K� ��±²  � pre-

¬³¯¢³´� ² Z³²§¤¬ ¯¦³´ [³­ wher¤ ¢£¤ Z³²§ ¦¡ ¢£¤ ¯¦³´ ¬¤­¤´¬§

HÉ J GEJK\FE X JÉÌ KÊE JNNL!ÉEÌ NÏHFE fθ(X)Ð

]¡ particular̂ H�J¡� D(θ) ­¡ �K� � µµ _­¡¬ way` X ­± �

cgH­��¡±­ ¡�µ featur� ±��� ���H  ¡ {±1} �¡H Y | X ∼ 
1 1Bernoulli( 1 + µX + εθX) h³¢£ µ ∈ (0, ) ²´¬ ε < − µ.2 2 2 

j§§½¨¤ ¢£²¢ ¢£¤ ¯¥²§§ ¦¡ predictor§ ¯¦´§³§¢§ ¦¡ ¥³´¤²l ¨¦¬¤¥§
1

 � �K� � �� fθ(x) = θx + �¡H �K�� �K� obj�®�­�� ­± to2 
ILÉLILÎE KÊE Nk\JFEÌ ËHNNG `(z; θ) = (y − fθ(x))

2 
Ð

Heren ε reprqrqvzr z{q per|}~��z��q �r�q�z }| z{q �}�q�� �|

ε = 0^  ��® ��± ar� ­¡H���¡H�¡�  � �K� �±±­¬¡�H scor�±

�¡H �K� pr ´µ�� r�H�®�± �  standarH ±�����­±�H µ���¡­¡¬
wher� ��� ������� pr������� �� ��� ����������� e����������

1fθSL (x) = E[Y | X = x] = 2 + µxÍ �LKÊ θSL = µÐ

]¡ �K� ���� ����­�� ±���­¡¬ _­�K ε 6= 0^ �K�  ��­��µ predic-

���� θPO �������� ������� ��� pr�������� accur��� �� ����
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�� � ¡ ¢£�� induc¡¤ ¢¥ � ¡ pr¡¤£¦�£§¨ itself© ª¨ particular« �

dirEÏK ÏJËÏ\ËJKLHÉ ÌEIHÉNKFJKEN KÊJK

� �2
1 µ

θPO = arg min E Y − θX − ⇔ θPO = . 
θ∈[0,1] Z∼D(θ) 2 1 − 2ε 

Hence© ¢£¤ ­¤l¡¦l¨²¢³¬¤ ¦­¢³¨½¨ ²´¬ ¢£¤ §½­¤l¬³§¤¬ learn-

­®¯ °±²³´­±® arµ µ¶³·² ­¸ ε = 0 ·®¹ divergµ ·° ´ºµ performa-

KLMLK» NKFEÉ!KÊ ε incrEJNENÐ

1�1� Performativ
 §��êiCi��

¼ ½¾¿ÀÁ¾ÂÃ ÄÅÆÇÁ¾ÈÂÅ ÉÁÊÉÅÁ¿Ë ÊÌ ¾ ÍÂ¾ÆÆÇÎÅÁ fθ ÇÆ ¿Ï¾¿Ã givÅ½

t3at �. -I. t3. p7.860t6o/I o� fθ aI a |aI6I �o7 8.06I6o/I{
��{�x �wx~�z��{}� �wx �»�{ simult�}x{��»� {���|�» �{w distri-

b-t6o/ t3at t3. 0}aII6+.7 6/8-0.I9 W. 6/t7o8-0. t3. /ot6o/
o� ���� ����­�� ±��´­µ­�¶ to 7.�.7 to predictiv. 4o8.}I t3at
¸´·Ù¸°Ë ·ÝÙ¸ ×ØÚ×±Ø·Ë¹

D
¨	i�i�	 1�Ð (performativ. Ita|6}6t5 a/8 8.0o-p}.8 risk)�
Ñ ®µ�±±­J�� fθPS 

­± performativ.}5 Ita|}. ­� �K� � µµ _­¡¬
rEËJKLHÉNÊLD ÊHËÌNG

θPS = arg min E `(Z; θ). 
θ Z∼D(θPS) 

def
W� H�J¡� DPR(θ, θ0) = EZ∼D(θ) `(Z; θ0) �±

�K� 8.0o-p}.8 performativ. riskÒ �K�¡^ θPS = 
arg minθ DPR(θPS, θ)Ð

� performativ.}5 Ita|}. 0}aII6+.7 fθPS 46/646�.I t3. ex-

p.0t.8 }oII o/ t3. distrib-t6o/ D(θPS) 7.I-}t6/g �7o4 de-

plo56/g fθPS 6/ t3. +7It p}a0.9 Ì3.7.�o7.{ a 4o8.} t3at 6I
performativP�V JKY��P P�OUOSYKPJ KRP SPPN ~T� �PK�YOSOS[ Y~KP�
deplo54./t I6/0. an5 7.t7a6/6/g p7o0.8-7. wo-}8 I64p}5
ûù÷þû� ÷øù süÿù classifier� PerformativùhÓ ý÷üÔhù phüýý�Õùûý

a7. JÖ�H � ­¡�± o� 76I� 46/646�at6o/9 W. �-7t3.7 dev.}op
·ÝÙ¸ Ù²±´ ÙÛ ·Ý± Û±c· ¸±µ·ÙÚÛ¹

Observ� ���� performativ� ���������� ��� performativ� sta-

|6}6t5 a7. 6/ g./.7a} two 86It6/0t Io}-t6o/ 0o/0.ptI9 Per-

formativåê× àéðãèçê classifieæâ áååä áàð �å performativåê×
¸·´³?± ´Û² performativ±?Ë ¸·´³?± µ?´¸¸ÙQ±Ø¸ Û±±² ÛÚ· ³± ×±Ø-
formativAG� DCF>I<GØ WA >GGLBF@<FA FP>B CD>EF >E FPA conteÙF

Ú° ÚÜØ ×Ø±ÇÙÚÜ¸ ³Ù´¸±² µÚÙÛ ·Ú¸¸ ±c´>×?±¹

VW���C
 1�1 Ún�	�i	u
�Û� Y ¡±­H�� a¬�­¡  �� � H�µ  �
Ü ÝÞÜßàá âãÞä åãßßæ çä oráàè éãè Ü âêÜßßÞëàè fθ åã Ýà perfor-
IJKLMEË» NKJ"ËEÍ LK I\NK NJKLNG» KÊE GHËËH�LÉ! FEËJKLHÉNÊLDG

� �2
1 µ

θPS = arg min E Y − θX − ⇔ θPS = . 
θ∈[0,1] Z∼D(θPS) 2 1 − ε 

ì µ�­¡¬ � � θPS directly^ _� ±�� �K�� ther� ­± � �¡­í�� per-

� ����­��µ¶ ±��´µ� classifier̀ îK­± eÖ���µ� illustr���± �K��

ï78=@8ðñ>9ò7 :>ñó9B9>ô ñEõ ï78=@8ðñ>9ò7 @ï>9ðñB9>ô E77õ E@>

identifyö ÷ø ùúûüý þø üÿþt exú���� they þi�øüþùy þù úøi oø�y þù

ε = 0` N �� �K��^ ­¡ gener�µ^ ­� �K� ��� D(θ) ­± ® ¡±��¡�

acr ±± θ^ ���� ����­��  ��­�� ��±� ® ­¡®­H� _­�K perfor-

���­��µ¶ ±��´µ� s µ��­ ¡±^ �¡H ´ �K ® ­¡®­H� _­�K �±���­®�
N\DEFMLNEÌ ËEJFÉLÉ! NHË\KLHÉN JN �EËËÐ

Fo7 .aI. o� p7.I./tat6o/{ �. 7.�.7 to a 03o60. o� param-

.t.7I θ aI performativ.}5 Ita|}. Xopt64a}~ 6� t3. 0}aII6+.7
pa7a4.t76�.8 |5 θ{ fθ{ 6I performativ.}5 sta|}. Xopt64a}~9
WÈ wÐÉÉ ÌÉÊÆ ÆËËÌÊÐÆÍÌÉÉÕ ÏÈrÈÏ ÎÆ performativÈ ÊÎÌsÐÉÐÎÕ ÌÊ
¸Ù>×?Ë ¸·´³Ù?Ù·Ë¹

u
���z 1�R� O����	� 
��
 �b
� p��
b���
�	� �
�����
� �a�
���������� c�� �� expr�ee�� v�� ��� ��c�d���� �� !� ����v�
FLNO JN GHËËH�NG

θPS "# $%&'(&)*+",%-. #+*/-% ⇔ θPS = arg min DPR(θPS, θ), 
θ 

θPO "# $%&'(&)*+",%-. ($+")*- ⇔ θPO = arg min DPR(θ, θ). 
θ 

3» W0	À 1	���¿À¿À2 4¼Àver2	� �¼ g���5	

P¼¿À��

Ha6ldb ld]YVkX7Zk VXY framewVYn fVY performativZ predic-

NGEAL 8D no8 ~KKrDSS SE9D E: N�D T~SGB uRDSNGEAS N�~N ~rGSD

6/ thiI I.tt6/g a/8 eÂa46/. t3. behav6o7 o� 0o44o/ ma-

�ROSP �PY�SOS[ Q�Y�KO�PJ� JL�R YJ �PK�YOSOS[� KR�TL[R KRP �PSJ
o� performativity9 W. beg6/ |5 a/a}5�6/g t3. behav6o7 o�
t3.I. p7o0.8-7.I �3./ the5 op.7at. at a pop-}at6o/ lev.}
´Û² ·Ý±Û ±c·±Û² ÚÜØ ´Û´?Ë¸Ù¸ ·Ú QÛÙ·± ¸´>×?±¸¹

Ð�è� A��u���i�	�

It �! ��!# t" !�� t �t "n� &�nn"t mak� an# '%�i�nt��! "n t �

converg./0. o� 7.t7a6/6/g o7 t3. eÂ6It./0. o� Ita|}. po6/tI
;<=>?@= BCD<EF G?BH JHF@KCJ<=L CGG@BM=<?EG ?E D(·)P QEH

7.aIo/a|}. wa5 to �-a/t6�5 t3. “reg-}a76t5S o� D(·) 6I to
YJJLUP TOQJ�ROKÔ continuity© Intuitively� JL�R YS YJJLUQKOTS
0apt-7.I t3. 68.a t3at{ 6� 8.06I6o/I a7. 4a8. a00o786/g to
I646}a7 predictiv. 4o8.}I{ t3./ t3. 7.I-}t6/g distrib-t6o/I
ovP� OSJKYS�PJ JRTL�N Y�JT �P similar© WP no� OSK�TNL�P KROJ
keË ´¸¸Ü>×·ÙÚÛ Ú° ÚÜØ �ÚØ¶P �ÝÙµÝ �± µ´?? ε-sensitivity¹

D
¨	i�i�	 Ð�è (ε-sensitivity)� W� ±�¶ �K�� � distrib��­ ¡
IJD D(·) LN ε-sensitiv± LG GHF JËË θ, θ0 ∈ ΘG

� � 
W1 D(θ), D(θ

0) 6 εkθ − θ0k2, 

wherE W1 ÌEÉHKEN KÊE EJFKÊ IHver’N ÌLNKJÉÏEÐ

Ì3. ea7t3 mover’I 86Ita/0. 6I a /at-7a} /ot6o/ o� 86Ita/0.
UVXYVVZ [\]U^U_`_Xh distribuX_]Zj Xk^X prol_mVj accesj X] ^

���� ��������¿ ���������� (VillaniÂ 2003n 2008áÁ q¾���������Â

�± µ´Û Ç±ØÙ°Ë ·Ý´· Ù· Ù¸ ¸´·Ù¸Q±² ÙÛ Ç´ØÙÚÜ¸ ¸±··ÙÛÞ¸¹

u
���z Ð�1� j´ e«²¨­¥¤ wher¤ ¢£³§ ²§§½¨­¢³¦´ ³§ §²¢³§®¤¬

z{ | }|~{{z|� �|�z��� �z��� θ = (µ, σ1, . . . , σp) ∈ R2p� de-

J¡� D(θ) = N (ε1µ, ε2
2 diag(σ1

2 , . . . , σp 
2)) wher� ε1, ε2 ∈
� 

RÐ �ÊEÉ D(·) LN ε�NEÉNLKLME GHF ε = max |ε1|, |ε2| Ð
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�� a��
�
�� �� ��
� a����p�
�� �� ��� distrib��
�� �ap� ��

Y_`` ]�XVZ makV jX^Zm^\m ^jju�[X_]Zj ]Z XkV `]jj �uZ�X_]Z

`(z; θ) �3603 3o}8 �o7 |7oa8 0}aII.I o� }oII.I9 �a03 tech-

/60a} 7.I-}t to follo� �6}} invok. Io4. I-|I.t o� t3.49 To
def

¸Ù>×?Ù°Ë ÚÜØ ×Ø±¸±Û·´·ÙÚÛP ?±· Z = ∪θ∈Θsupp(D(θ))¹

���� ��TOSK JUTTKRSPJJ± � �TJJ ~LS�KOTS `(z; θ) OJ βX�TOSK�V
¸>ÚÚ·Ý Ù° ∀θ, θ0 ∈ Θ ´Û² z, z0 ∈ Z�

krθ ̀ (z; θ) −rθ ̀ (z; θ
0)k 6 β kθ − θ0k2 ,2 

0krθ ̀ (z; θ) −rθ ̀ (z ; θ)k 6 β kz − z 0k2 .2 

���� XIt7o/g conveÂ6t5~ � }oII �-/0t6o/ `(z; θ) 6I γ-

¸·ØÚÛÞ?Ë µÚÛvec Ù° ∀ θ, θ0 ∈ Θ ´Û² z ∈ Z�

`(z; θ) > `(z; θ0)+rθ ̀ (z; θ
0)>(θ−θ0)+ 

γ 
kθ − θ0k2

2 
. 

2 

U~ γ = 0� KROJ �YJK YJJLUQKOTS OJ equivY�PSK KT convexity© WP
�O�� JTUPKOUPJ �P~P� KT β � �RP�P β OJ NP¯SPN YJ OS ���± and

γ 
γ ´¸ ÙÛ (A2)P ´¸ ·Ý± µÚÛ²Ù·ÙÚÛ ÛÜ>³±Ø¹

Ð�1� u
�
��
� ui�z�i	i�iM��i�	

W. no� �o74a}}5 8.+/. 7.p.at.8 76I� 46/646�at6o/ a/8
prov. o/. o� o-7 4a6/ 7.I-}tI} suf+06./t a/8 /.0.IIa75
µÚÛ²Ù·ÙÚÛ¸ °ÚØ Ø±·Ø´ÙÛÙÛÞ ·Ú µÚÛverÞ± ·Ú ¸·´³Ù?Ù·Ë¹

D
¨	i�i�	 Ð�Ð (RRM)� �ÅÉÅ¾¿ÅÄ ÁÇÆ� �Ç½Ç�Ç�¾¿ÇÊ½  ¡¡¢£

refer§ ¢¦ ¢£¤ procedur¤ where© §¢²l¢³´� fr¦¨ ²´ ³´³¢³²¥ ¨¦¬¤¥

fθ0 h¤ ­¤l¡¦l¨ ¢£¤ ¡¦¥¥¦h³´� §¤¤½¤´¯¤ ¦¡ ½­¬²¢¤§ ¡¦l t > 0¥

def
θt+1 = G(θt) = arg min E `(Z; θ). 

Z∼D(θt)θ∈Θ 

¦I6/g a to5 eÂa4p}.{ �. aga6/ arg-. t3at 7.It760t6o/I o/
KRP UYQ D(·) Y�P SP�PJJY�V KT PSY��P OSKP�PJKOS[ YSY�VJPJ T~
§§¨0 àð3åæ1ãâå ãð èãî3ð �å ïàèéñðçðãàáçêê× ãáíåçâã�êå ðà
`dk performativZ Vj]l©^ª ^dk performativZ\« []^¬\Z jVld][

>ÙÞÝ· ÛÚ· ±v±Û ±cÙ¸·¹

VW���C
 Ð�R� Y ¡±­H��  ��­�­³­¡¬ �K� squar�H µ ±±

`(z; θ) = (y − θ)2 ^ wher� θ ∈ [0, 1] �¡H �K� distrib��­ ¡
 � �K�  ��® �� Y ^ accorH­¡¬ �  D(θ)^ ­± � � ­¡� ��±± �� ­

1­� θ > 1 ^ �¡H � � ­¡� ��±± �� c ­� θ < ` Yµ���µ¶ ther� is2 2 
ÉH DEFGHFIJKLMEË» NKJ"ËE DHLÉKÍ JÉÌ ®®¯ �LËË NLIDË» FEN\ËK

°± ²³´ µ¶²´·±µ²°±¸ ¹´º»´±¼´ 1, 0, 1, 0, . . . ½ ¾³´ ¿´·ÀÁ·Âµ²°Ã´
1

HDKLI\I LÉ KÊLN ÏJNE LN θPO = .2 

To sho� converg./0. o� 7.t7a6/6/g I03.4.I{ 6t 6I 3./0.
/.0.IIa75 to mak. a reg-}a76t5 aII-4pt6o/ o/ D(·){ I-03
aI ε-sensitivity9 W. a7. no� 7.a85 to Itat. o-7 4a6/ 7.I-}t
reg´Ø²ÙÛÞ ·Ý± µÚÛverÞ±Ûµ± Ú° Ø±×±´·±² ØÙ¸¶>ÙÛÙ>Ùm´·ÙÚÛ¹

Theor
� Ð�Ä� ì��� ±� �K�� �K� µ ±± `(z; θ) ­± βgÅ ­¡�µ¶
ÆÇÈÈÉÊ ËÌÍÎ ÏÐÑ γ-strÈÐÒÓÔ conveÕ (A2)Ö ×Ø ÉÊÙ distribÚÉÛÈÐ

IJD D(·) LN ε-sensitiveÍ KÊEÉ KÊE GHËËH�LÉ! LN KF\EG

ÜJÝ kG(θ) − G(θ0)k2 6 ε β kθ − θ0k2, ∀θ, θ
0 ∈ Θ.

γ 

γ
Ü"Ý �| ε < n z{q iter�zqr θt }| ÞÞß convergq z} � unique

β 
DEFGHFIJKLMEË» NKJ"ËE DHLÉK θPS JK J ËLÉEJF FateÍ

log( 1 kθ0 − θPSk2)δkθt − θPSk2 6 δ GHF t > . 
(1 − ε β )

γ 

Ì3. 4a6/ 4.IIag. o� t36I t3.o7.4 6I t3at 6/ performativ.
�wx~�z��{}� �� ��x »{�� ��}z��{} �� suffiz�x}�»� à}�zxá �}~ ��x

distrib)&$' m+! $( ()âã%$� &äy (in)sensitiv�å &�� ' �  ��#
o/}5 7.t7a6/ a 0}aII6+.7 a I4a}} /-4|.7 o� t64.I |.�o7. 6t
conver[PJ KT Y ½´³¤½¤ JKY��P QTOSK© ³P�P� �P proÈONP Y Q�TT~
sk.t03 6}}-It7at6/g t3. 4a6/ 68.aI |.36/8 t3. theore4 a/8
²±°±Ø ·Ý± °Ü?? ×ØÚÚ° ·Ú �××±Û²Ùc E.1¹

PrHHG æOetcÊÐ ç6Â θ, θ0 ∈ Θ9 Ñ.t f(ϕ) = EZ∼D(θ) `(Z; ϕ) 
YSN f 0(ϕ) = EZ∼D(θ0) `(Z; ϕ)© ²V YQQ�VOS[ JKYSNY�N prop-

P�KOPJ T~ JK�TS[ conveÉOKV YSN KRP fY�K KRYKG(θ) OJ KRP LSOÄLP
>ÙÛÙ>Ùm±Ø Ú° f(ϕ)P �± µ´Û ²±ØÙv± ·Ý´·P

>
−γkG(θ) − G(θ0)k2 

> (G(θ) − G(θ0)) rf(G(θ0)).2 

NeÂt{ �. observ. t3at (G(θ) − G(θ0))>rθ ̀ (z; G(θ0)) 6I
kG(θ) − G(θ0)k2βXTOQJ�ROKÔ OS z© TROJ follo�J ~�TU apply-
OS[ KRP Cauchy-SchwY�Ô OSPÄLY�OKV YSN KRP fY�K KRYK KRP �TJJ
¤  βèé�¤£��ê  ����¡ë ì ¤£§ �¡� ��¢� ¥�¦���¢�¤�£ �¥ th� �¢¦�¡
mover’' í)'*,/î4 ïð4ññ, D.3ò ,/í ε-sensitió)*3 .ô D(·)( ,'
�.}} aI t3. +7Itso78.7 0o/86t6o/I o� opt64a}6t5 �o7 conveÂ
°ÜÛµ·ÙÚÛ¸P ´ ¸ÝÚØ· µ´?µÜ?´·ÙÚÛ Ø±v±´?¸ ·Ý´·

(G(θ)−G(θ0))> rf(G(θ0)) > −εβkG(θ)−G(θ0)k2kθ −θ
0k2. 

õö÷øù ú÷û üýþÿ follow� b� c�ùbøÿøÿ� üýþ prevø��� tw� øÿþi�÷öøüøþ�
a�� �	a��a�"i�". Intuitively, �����" convexi�y f��
	� �#	 i�	�a�	�

�� 
����a
� af�	� �	��ai�i�", y	� �#i� 
����a
�i�� i� off�	� by �#	

distrib��i�� �#if� i���
	� by cha�"i�" �#	 ���	��yi�" classifier.
J���� s	���
��ss a�� ε-sensiti
��� ��se�� �
a� �
�s s
��� �s ��� ���

larg�� P��� (�� �� ����������� � ������ ���� �o �!!����g �t� B����t

fix"#$%&&'$ $%"&'") $& $%" '")*+$ &, %-'$ (-*� � 

O`[ ]`^Y].g]`. ]`d].�^ �Y_k _gY h`hlyd]d ]d ^�h^ ^�]d conver-

[PS�P �PJL�K OJ OS fY�K KO[RK� remoÈOS[ anV JOS[�P YJJLUQKOTS
ÁÅrÀÇÁÅÄ ÌÊÁ conver/Å½ÍÅ ÈË TÏÅÊÁÅ� 301 ÇÆ Å½ÊÀ/Ï ¿Ê con-

¸·ØÜµ· ´ µÚÜÛ·±Ø±c´>×?± °ÚØ �ÝÙµÝ 224 ²ÙverÞ±¸¹

Pr����i�i�	 Ð�5� SÚ66ÈÆÙ ÉÊÏÉ ÉÊÙ distribÚÉÛÈÐ ÇÏ6 D(·) ÛÆ
εg±�¡±­�­�� _­�K ε > 0` RR7 ®�¡ ��­µ �  converg� �� �µµ ­¡
JÉ» HG KÊE GHËËH�LÉ! ÏJNENÍ GHF JÉ» ÏÊHLÏE HG β, γ > 0G

ÜJÝ îK� µ ±± ­± βgÅ ­¡�µ¶ ±�  �K �¡H conveÖ^ b�� ¡ �

strHÉ!Ë» ÏHÉve8Ð

Ü"Ý �ÊE ËHNN LN γ-strHÉ!Ë» ÏHÉve8Í "\K ÉHK uHLÉKË» NIHHKÊÐ

ÜÏÝ 9£¤ ¥¦§§ ³§ β:;¦³´¢¥ª §¨¦¦¢£ ²´¬ γ-str¦´�¥ª conve«© b½¢

ε > γ 
.

β 

PrE�ESGNGEA <U= SRFFDSNS ~ :RAK~9DAN~� dif:DrDABD TDN8DDA

jX\]Z> ^Zm YV^? conve@_Xh _Z ]u\ �\^�_Z> ]� performativV

p7.860t6o/ X�.a� 4.a/6/g γ = 0~9 «/ I-p.7v6I.8 learn-

6/g{ -I6/g It7o/g}5 conveÂ }oII.I g./.7a}}5 g-a7a/t..I a



� 

Performativ* +,*-/01/23

f^[]ZY Y^]Z Vf Vj]l©lA^]lVdª «Z] asymptoticallyª ]_Z [V\X]lVd

achiev.8 �6t3 .6t3.7 It7o/g}5 o7 �.a�}5 conveÂ }oII.I 6I
g}o|a}}5 opt64a}9 However{ 6/ o-7 framewo7�{ It7o/g con-

veÂ6t5 6I 6/ fa0t ¡�®�±±��¶ to g-a7a/t.. converg./0. o� re-

p4,*4í -)'C ñ)/)ñ)m,*)./( ev4/ ô.- ,-D)*-,-)E3 'ñ..*+ E.''4'

´Û² ´Û ´Ø³Ù·Ø´ØÙ?Ë ¸>´?? ¸±Û¸Ù·ÙÇÙ·Ë ×´Ø´>±·±Ø¹

Ð�Ð� u
�
��
� F���i
	� D
�n
	�

G_ZVYZ© HIK kZ©Vd[]Y^]Z[ ]_^] YZjZ^]Zk Yl[n ©ldl©lA^]lVd

conver[PJ KT Y LSOÄLP JKY��P QTOSK O~ KRP sensitiÈOKV QY�YUPKP�
ε ãâ âèçêê åáàñî3L However0 ãèéêåèåáðãáî §§¨ æåMñãæåâ
a00.II to a/ eÂa0t opt646�at6o/ o7a0}.9 W. no� 7.}aÂ t36I
�PÄLO�PUPSK YSN NPUTSJK�YKP ho� Y JOUQ�P [�YNOPSK NPJ�PSK
´?ÞÚØÙ·Ý> ´?¸Ú µÚÛverÞ±¸ ·Ú ´ ÜÛÙÊÜ± ¸·´³?± ×ÚÙÛ·¹

D
¨	i�i�	 Ð�N (RGD)� QPQPYKPN [�YNOPSK NPJ�PSK UVWXY Z[

\]^ procedur^ where_ `\df\hjk frln dj hjh\hdq nly^q fθ0 z^

{|}~�}� ��| ~�������� �|��|��| �~ �{���|� ~�} t > 0�

def
θt+1 = Ggd(θt) = ΠΘ(θt − η E rθ ̀ (Z; θt)), 

Z∼D(θt ) 

wher� η > 0 �� � ���� ���� ���� ��� ΠΘ ������� ��� Eu-

����|�� {}��|����� �{|}���} ���� Θ�

�� ¡  ¢£  ¤¡¥¡£ ¡¦ §¤£¦¨¡©  ¦¡ª«¡©  �©¬­ ¤¡®¯¨¤¡ª  ¢¡ ¬�ªª

`  � °¡ dif±¡¤¡© ¨£°¬¡ ²¨ ¢ ¤¡ª¥¡«   � θ³ ´  ¦�¡ª ©�  ¤¡®¯¨¤¡

µ¶·¸¹º º»¶¼¸½¹µ¾ ¿À µÁ½ performativ½ »¸¾·Â Lik½ ÃÃÄÅ Æ½ Ç¶¹

shoÈ ÉÊËÉ ÌÍÎ ÏÐ Ë contractivÑ ÒËÓÓÏÔÕ Ö×Ø ÐÒËÙÙ ÑÔ×ÚÕÊ

sensitiÛÜÝÞ ßàáàâãÝãá εä

Theoråæ çèéè êë����� ���� ��� ì��� `(z; θ) �� βíî����ìï

ðñòòóô õö÷ø ùúû γ-stròúüýþ conveÿ (A2). I� óôt distribuó�òú
γ

m�� D(·) Z[ ε-[��[Z�Z�� wZ�� ε < , ���� VWX(β+γ)(1+1.5ηβ) 
2

���� ��|{ ��	| η 6 �����s|� ��| ~���������
β+γ 

(�
 kGgd(θ) − Ggd(θ
0)k2 

� � �� 

6 1 − η 
βγ 

− ε(1.5ηβ2 + β) kθ − θ0k2. 
β + γ 

(�
 T�
 itera�
� θt o� R�� converg
 �o a �����
 performa-

���|�� �����| {���� θPS �� � ���|�} }ate�

� � 
1log kθ0 − θPSk2δkθt − θPSk2 6 δ ~�} t > � � . 

βγ η − ε(1.5ηβ2 + β)
β+γ 

�Á½ Ç¿¹Çc�¾¸¿¹ ¿À �Á½¿»½� 3Â� ¸¾ ¶ ¾µ»¸Çµ º½¹½»¶c¸g¶µ¸¿¹ ¿À ¶

�� !!"� � #$%"&"' %"#) r*!+�% /0"�0 �#)!"1*r!  !% %"� objec-
� � 
1 − η βγ tiv¡e ¨© ²¢¨«¢ «£ª¡  ¢¡ ¤£ ¡ �± «�© ¤£« ¨�© ¨ª

β+γ 

2ª¡¡ ±�¤ ex£4¥¬¡ 5¢¡�¤¡4 6³7³78 ¨© Nesterov (20139 �¤

L¡44£ :³; ¨© H£¤¦  ¡  £¬³ (2016b99³ O¯¤ ¤£ ¡ ex£« ¬­

4£ «¢¡ª  ¢¨ª ª £©¦£¤¦ ¤¡ª¯¬  ¨© t¢¡ «£ª¡  ¢£  ε = 0³ 5¢¡

ßápp< p< =>ãpáãâ ?ä@ AàB Cã <pDBE ÜB FßßãBEÜG E.3ä

çèJè KMNMPåQSUæVWå XNUWYZMZ

W[ no\ e]^[_` bdf hij_ f[kdl^k regif`j_n ^q[ convern[_y[

�± zz{ £©¦ z|}  �  ¢¡ ~©¨ ¡�ª£4¥¬¡ re§¨4¡³ T� ¦� ª�e

�� lev����� ��� f��� ����� ����� ���� re�������� �����������

 ¢¡ ¡4¥¨¤¨«£¬ distrib¯ ¨�© Dn giv¡© °­ n ª£4¥¬¡ª dra²©

¨³¨³¦³ ±¤�4 £  ¤¯¡ distrib¯ ¨�© D ¨ª ²¨ ¢ ¢¨§¢ ¥¤�°£°¨¬¨ ­

«¬�ª¡  � D ¨© ¡£¤ ¢ mover’ª ¦¨ª £©«¡ (F�¯¤©¨¡¤ � Guilline

20159³ W¡ be§¨© °­ ¦¡~©¨©§  ¢¡ ~©¨ ¡�ª£4¥¬¡ v¡¤ª¨�© �±

Ý>ã�ã ßápAãEDáã�ä

�å�NMPM�N çè� ����� � REGD)è ��� � ¡¢£¢¤¥¢¦ empir-

¨«£¬ ris§ 4¨©¨4¨¨£ ¨�© ©ª«ª¬­ �� ®� ��� procedur� wher�

���¯���° fr�± � ²ì������¯ fθ0 
�� everï iter����� t > 0³ ´�

����|�� nt ���{�|� ~}�� D(θt) ��� {|}~�}� ��| �{���|�

def
θt+1 = Gnt (θt) = arg min E `(Z; θ). 

Z∼Dnt (θt )θ 

Similarly³ ����� ¤¡¥¡£ ¡¦ ¡4¥¨¤¨«£¬ §¤£¦¨¡©  ¦¡ª«¡© 

(µ¶·¸
 �� �| ��| �{����	����� {}ocedur| ���� �{���| }��|�

def
θt+1 = G¹º

nt (θt) = ΠΘ(θt − η E rθ ̀ (Z; θt)). 
Z∼Dnt (θt) 

Here³ η > 0 �� � ���� ���� ��� ΠΘ ������� ��� «ë²ì�����

pr��|����� �{|}���} ���� Θ�

»¼½ follo¾¿ÀÁ Â¼½ÃÄ½Å ¿ÆÆÇÈÂÄÉÂ½È Â¼ÉÂ ¾¿Â¼ ½ÀÃÇÁ¼ ÈÉÅÊÆ½È

«�¬¬¡« ¡¦ £  ev¡¤­ ¨ ¡¤£ ¨�©e ²¨ ¢ ¢¨§¢ ¥¤�°£°¨¬¨ ­ °� ¢ al-

ËÌÍÎÏÐÑÒ convergÓ tÌ Ô ÒÑÔÕÕ ÖÓÎËÐ×ÌÍÐÌÌØ ÔÍÌÙÖØ Ô ÒÏÔ×ÕÓ

ßpÜBÝä ÚãAàÛÛ Ý>àÝ m Ü� Ý>ã EÜâãB�ÜpB p< EàÝà �àâßÛã� zä

Theoråæ çèÜÝè êë����� ���� ��� ì��� `(z; θ) �� βíî����ìï

[mÞÞ�� ßàáâ ��ã γ-strÞ�äåæ conveç (A2), ��ã ���� ther� eçZ[�
def R 

µ|x|α 

α > 1, µ > 0 suc� ���� ξα,µ = 
Rm e dD(θ) �� �����

∀θ ∈ Θè é�� δ ∈ (0, 1) ®� � r���ë� �ê convergenceè Con-
� 

�

� 
1 t

[Zã�ë ëì��Z�ä íîíï Þë íWX wZ�� nt = O log(εδ)m p 

���{�|� �� ���| t�

γ
(�
 ðê ��� ±�� D(·) �� εí�������ñ� ´��� ε < ³ ���� ´���2β 

pr��������� 1 − p� µ¶µò �����s|��

� � 
1log kθ0 − θPSk2δkθt − θPSk2 6 δ, ~�} ��� t > � � . 
1 − 2εβ 

γ 

γ
(�
 óô ��� m�� D(·) Z[ ε-[��[Z�Z�� wit� ε < ,(β+γ)(1+1.5ηβ) 

��|� ���� {}��������� 1 − p� µ¶·¸ ���� �����s|��

� � 
1log kθ0 − θPSk2δkθt−θPSk2 6 δ, ~�} ��� t > � � , 

βγ η − ε(3ηβ2 + 2β)
β+γ 

2
~�} � �������� �����| �~ ��|{ ��	| η 6 

β+γ . 

Pr��~ �õetc�� ö÷ø ùúûüý üþøú ùø÷üÿþ t÷øûø �øû��tû üû t÷ø fol-

lo²¨©§³ W¢¨¬¡ kθt − θPSk2 > δe  ¢¡ ª£4¥¬¡ ª¨¨¡ nt ¨ª

suffi«¨¡© ¬­ lar§¡  � ¡©ª¯¤¡ £ behav¨�¤ ª¨4¨¬£¤  �  ¢£  �© £



Performative ��e�����	


p�p�
����� lev�
� �a i� T������a 3�� ��� 3.8, ��� �������a θt 
Ç¿¹µ»¶Çµ tow¶»¼ θPSÂ �Á¸¾ ¸�ic¸½¾ µÁ¶µ θt ev½¹µ�¶cc� ½¹µ½»¾ ¶

δ-���� ��� !" θPS# f�� s�$% larg% %!� g& t. O!'% (&)s hap-

¥¡©ªe «�© ¤£¤­  � population-lev¡¬ ¤¡ª¯¬ ªe £ «�© ¤£« ¨�© ¨ª

ÀÃ ÆÃÀÁ½Ä ÁÇÉÄÉÀÂ½½* *Ç½ ÂÃ Â¼½ ÀÃ¿È½ ¿À¼½Ä½ÀÂ ¿À ÃoÈ½Ä+¿ÀÁ

/012 4056789:;<17 :<<=/>5;:65/09 /? D(θt)@ Nev7=6A71799B

 ¢¡ ª£4¥¬¡ ª¨¨¡ nt ¨ª suf~«¨¡© ¬­ lar§¡  � ¡©ª¯¤¡  ¢£  θt 
AàBBpÝ ã�Aàßã à δCCàÛÛ àápDBE θPS eitherä � 

DE RFGHIJKL MNIJPHGJIQ HKS UIHVJGJIQ

Xû wø þüûý�ûûøþ previouslyY w÷ü�ø performativø Z[tü\ú ú�ø

alw¶�¾ º�¶»¶¹µ½½¼ µ¿ exist,] ¸µ ¸¾ ¹¿µ Çc½¶» ÆÁ½µÁ½» performa-

tiv^_` bcdh_^ j_dbbkl^mb exkbc kn d__ b^ccknqbr uvm d_qymkcz{kj

¶¹¶c�¾¸¾ ¿À »½i½¶µ½¼ »¸¾· �¸¹¸�¸g¶µ¸¿¹ ¶¹¼ »½i½¶µ½¼ º»¶¼¸½¹µ

|}~�}�� rev}��}| ��} e��~�}��} �� �����} ~����} �����~ ��|}�

 ¢¡ assumpti�©  ¢£   ¢¡ objectiv¡ ¨ª ª ¤�©§¬­ convex £©¦

������� ��� ���� ������ �� ���� ������� ����������� e��������

�± ª £°¬¡ ¥�¨© ª ¯©¦¡¤ weak¡¤ £ªª¯4¥ ¨�©ª �©  ¢¡ ¬�ªªe ¨©

 ¡¢ £¤¥¢ ¦¡¢§¢  ¡¢ ¥¨©ª «¨¬ ¥­¤£¢ Θ «¥ £¨¬¥ §¤«¬¢®¯ °§¨¨±¥
AàB Cã <pDBE ÜB FßßãBEÜG Eä

Pr�V�ZMPM�N JèÜè é�� ��� distribë���� ±�� D(·) ®� ε-

�������ñ� ��� Θ ⊂ Rd 
®� ²�±��²�è ðê ��� ì��� `(z; θ) ��

conve� ��� î����ìï ²�����ë�ë� �� (z, θ)³ ���� ther� e����� �

{|}~�}�����|�� �����| ������s|}�

² ÖÔÏÙÍÔÕ ³ÙÓÒÏÎÌÖ ÏÌ ´ÌÖÒÎØÓÍ ÔÏ ÏÐÎÒ µÌÎÖÏ iÒ ¶ÐÓÏÐÓÍ ÏÐÓÍÓ

·¸¹ º¸»¼¹½¾¸¹¿ ·À·Á»Â»¾¿ Ã» ÄÄÅ ·À½ ÄÆÇ È»¸ efÉ¼Ê¹ÀÃÁË

ApâßDÝÜBÌ ßãá<páâàÝÜvã pßÝÜâàä

Í�» ¶¹¶c�¾¸¾ sugge¾µ¾ µÁ¶µ ¼¸»½Çµc� �¸¹¸�¸g¸¹º µÁ½ performa-

tivÎ ÏÐÑÒ ÐÑ ÐÓ ÔÎÓÎÏÕÖ Õ ×ØÏÎ ÙÚÕÖÖÎÓÔÐÓÔ ÛÏØÜÖÎ× ÝÚÕÓ find-

Þßà performativáâã äåæçâá èéÞßåäê ëß particularì íá îæß con-

ÐÉØÚïÉ ÐÏÒÓÙÑ eðËÒÓÙÑÐ ÈÊÑØÑ ÉÊÑ performativÑ ØÏÐñ PR(θ) 
òó non-conveôõ ö÷óøòù÷ óùúûüý reýþÿgúòù� góóþaøùòûüó ûü ùt÷

Ûp�� àBE Ý>ã EÜ�ÝáÜCDÝÜpB âàßä

Pr�V�ZMPM�N Jèoè T�� perf������	� ��r
 PR(θ) c�� b� con-

²�ñ� �� θ³ eñ�� �ê ��� ì��� `(z; θ) �� βíî����ìï �±���� (A1)³

γ-str��°ìï conve� (A2)³ ��� ��� distribut��� ±�� D(·) ��
γε-�|������| ���� ε < 
β �

Howevere ²¢£  ²¡ «£© sho² ¨ª  ¢£   ¢¡¤¡ £¤¡ «£ª¡ª ²¢¡¤¡

�����
 performativ��e ���s�� p����� �� suf������ �� guaran-

��� ���� ��� ��a�
���� classi��� ��a low performativ� ��a�� I�

particular, ��� nex� ������ d����������� ���� i� ��� ���� func-

 ¨�© `(z; θ) ¨ª L¨¥ª«¢¨ ¨ ¨© z £©¦ γ�ª ¤�©§¬­ convexe  ¢¡©

£¬¬ performativ¡¬­ ª £°¬¡ ¥�¨© ª £©¦ performativ¡ �¥ ¨4£

¬¨¡ ¨© £ ª4£¬¬ ©¡¨§¢°�¤¢��¦ £¤�¯©¦ ¡£«¢ other³ Moreovere

��� ��� !�" � h#$ f ! %&$�$ '��!� performativ�  (�)"& &*#

performativãÛÞ �ÝàCÛã ßpÜBÝ� àáã BpÝ BãAã��àáÜÛÞ DBÜ+Dãä

Theoråæ Jèçè S.//012 3453 342 l011 `(z; θ) 61 Lz -Lipsc4637

89 z: γ-str;9<=> conve? (A2): @9A BC@B BCD distributi;9 m@E

1FG particularH they JKL guarantLLM NO ePQRN ovLK NUL ePNLGMLM
VWXY YZ[W\ Z]W] ^W XYY_^ θ ∈ (R ∪ {±∞})d ]

D(·) �� ε-sensitiveè `���³ ê�¯ eñ�¯ï ��¯ê�¯±���ñ�ìï ���®ì�

{���� θPS ��� |�|}� {|}~�}�����| �{����� θPO�

2Lzε 
kθPO − θPSk2 6 . 

γ 

5¢¨ª ¤¡ª¯¬  sho²ª  ¢£  ¨© «£ª¡ª ²¢¡¤¡ ¤¡¥¡£ ¡¦ ¤¨ª§ mini-

bjknqjuv converz{| qu n |qn}~{ �ujvq� q�{ r{|�~qjvz �~n||j�{�

àßßápGÜâàÝãÛÞ âÜBÜâÜ�ã� Ý>ã ßãá<páâàÝÜvã áÜ��ä

Moreover� �ÚÎØÏÎ× ��� Ñ�ÔÔÎÑÝÑ Õ wÕ� Ø� converÔÐÓÔ ÙÖØÑÎ

 � performativ¡ �¥ ¨4£ �� �®î�²��ñ� ñ�ìë� ev¡© ¨±  ¢¡ ¬�ªª

±¯©« ¨�© ¨ª ª4�� ¢ £©¦ convexe b¯  ©�  ª ¤�©§¬­ convex³

´© ¥£¤ ¨«¯¬£¤e °­ £¦¦¨©§ ®¯£¦¤£ ¨« ¤¡§¯¬£¤¨¨£ ¨�©  �  ¢¡ �°-

jectiv¡e ²¡ «£© ¡©ª¯¤¡  ¢£  zz{ �¤ z|} conver§¡  � £

performativ¡¬­ ª £°¬¡ ¥�¨©   ¢£  £¥¥¤�x¨4£ ¡¬­ 4¨©¨4¨¨¡ª

Ý>ã ßãá<páâàÝÜvã áÜ��� �ãã FßßãBEÜG Fä

�E � �H�F UI�SQ JK UI�HIFLJ� �GH��J��HIJ�K

Ha�¸¹º i»½¾½¹µ½¼ ¿�» �¿¼½c À¿» performativ½ i»½¼¸Çµ¸¿¹Å Æ½
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