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wald, 1996î! ï"� f��"� �� � ð�� 2� 2 ���t� � ���� � 2 ��

/0# 1*./ -*11*& &*/'*& *) 3#l)$%#4
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W@ ³CiH>G@F µ H@êê>ií >i ¸=>³= µ ³@iêFµ?>ñ@G policymak@F
=µH twC H>ì·?êµi@C·H objectiv@H¢ êC ìµð>ì>ñ@ HCì@ pri-

vµê@ F@ê·Fi �H·³= µH rev@i·@ CF ·H@F engµí@ì@iê¦´ ¸=>³=
¸@ í@i@F>³µ??I F@¶@F êC µH profit; µiG êC improv@ µ ë·¹?>³
objectivù úûüýþ ÿû ûsý�ÿ� welfÿaù sa üûùa þùÿ�hþ�� wþ�ýþ wù

=DþD= ?m HB welfare. T@D policymakD= makDB EDý>B>miB H�mC?

individuals´ ¸=C µF@ Hë@³>ï@G ¹I ¶@µê·F@ v@³êCFH x ∈ Rd ò
D@³>H>Ci ëC?>³>@H µF@ ¶·i³ê>CiH ê=µê C·êë·ê µ FµiGCì>ñ@G
ØÛÞÝàÝß× π(x) ∈ [0, 1] ÞßããÛàåß×ØÝ×ä Ùß ÙÚÛ pro������	
 ÙÚÖÙ

�� indiv
u
�� §
�� Õ���
��s x 
s s������u« Ta ���� indiv
u
��

¸@ µHHC³>µê@ µ vµ?·@ p F@ëF@H@iê>ií ê=@ eðë@³ê@G ëFCïê êC
bó gýøöóøó� føoú appro�ûö
 ôõûù indi�û�ÿýþ ýö� w óöüo�ûö

t�� c����� i� welf���� ��� p���t ��� welf��� objectiv�e ���

/0�. #x2#-/$/'*&. *v#% /0# �*'&/ +'./%'��/'*& *) (w, p, x):

UW(π) = E[w · π(x)] $&+ UP(π) = E[p · π(x)] . ù(ø

NCê>³@ ê=µê ê=>H aggregµê@ ì@µH·F@ C¶ HC³>@êµ? welfµF@ >H
G@ïi@G µH µ H·ì C¶ indiÄ>G·µ? ì@µH·F@H C¶ welfµF@; ê=>H
>H µ HêµiGµFG µëëFCµ³= >i ê=@ HC³>µ? H³>@i³@ ?>ê@Fµê·F@ �H@@
£@³ê>Ci 2.3¦ò W=>?@ ê=>H >iG·³@H ?>ì>êµê>CiH Ci ê=@ ¶CFì
JO UVR welfQIR OKFYUDJFf DU afOJI�S fle�D�DZDUW TVRF OJYKSDFG

'&./#$+ *& /0# %#.�l/'&( �'&$%m +#-'.'*&ú $ 2*'&/ 3# ex2$&+

*& '& �#-/'*& 64

Giv@i twC objectiv@H´ Ci@ ³µi iC ?Cií@F G@ïi@ µ ·i>Ã·@
aÔ�
¨�� policb π« I�s���u© §� Õa�
s a� Ôa�
�
�s π §�
�� ���
Par�� ! "�#$%& (Paretoú 1906ûú >i ?@D BDiBD tha? theJ H=D im?

./%'-/lm +*1'&$/#+ �m anm alternativ# policyú '4#4 /0#%# '. &*

π0 .�-0 /0$/ �*/0 UP $&+ UW $%# ./%'-/lm l$%(#% �&+#% π
0 4

FCF µ í@i@Fµ? H@ê C¶ policI ³?µHH@H �G@ïi@G >i Proposi-

z��¯ A.11­t �z �x equiv~�v¯z z� ��¯x�|v� ������vx z�~z �~ç���°v
µ ¸@>í=ê@G ³Cì¹>iµê>Ci C¶ ¹Cê= objectiv@Hò W@ ³µi ê=·H
2$%$1#/%'ª# /0# '$%#/*)*2/'1$l 2*l'-'#. �m α ∈ [0, 1]:

S�*,(�(", È/² (PµF@êCîCëê>ìµ? policies)/ A� α-Pareto-

+,-/012 ,+2/34 56+7 α ∈ [0, 1]8 91-/9;<9=

πα
? ∈ argmax Uα(π), 

Uα(π) := (1 − α)UP(π) + αUW(π). 

Ii ê=@ G@ïi>ê>Ci abov@´ ê=@ ìµð>ì>ñµê>Ci C¶ π >H tak@i
ov@F ê=@ ³?µHH C¶ FµiGCì>ñ@G ëC?>³>@H π(x) → [0, 1]ò Ii

1>?? ��@���BC�   �E��FBG HF�� ?�����  EJJ�E� FB ��� EJJ�BKFC� �
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Figure 1. LMMOPQRSQUVW VX S PSRYQV curvY Z[VQQV\ MYXQl SW] Q^Y deci-

_`dg jdkgmnq`r_ `gmkurm jy z{qrr dif|rqrgz trade-of| }nqn~rzrq_ α�

������� (dark�� �� ���� ������ ������ �������� �������� indi��������

Sv�z��¯ �®�uv shou z�~z u�v¯ ±v~z{�vx x �~¯ eç~�z�} v¯��|v
.-*%#. /0# *2/'1$l 2*l'-m '. $ /0%#.0*l+ *) /0# .-*%#.4

È/²/ ���()%# �"#(*(�� w(�� E&%*� '*" ��

W6 �7:6�� 9;<8:d67 ?< idealiz6d 86ss:<A� ��676 s�6 welf?76

@?� 68=�< contribB<4=?s w @?� p :@?  7 �487:<l¡ �7<7854?7�

¶FCì ê=@ ¶@µê·F@H x Ä>µ eðµ³ê score functions´ fW(x) = w´
fP(x) = p® ^�vxv eç~�z x���v ±{¯�z��¯x �~¯ ²v z��{��z �± ~x
sufD9:6<s 8s?s:8s:98 ¢;7 s�6 d69:8:;<£ s�6 e¤¥69s6d �6:A�s6d

contrib{z��¯ ±��� ~��v�zv| indiv�|{~�x �x |vx���²v| ²} ((1− 
α)p + αw)® ^�v�v±��vt �¯v �~¯ shou Áº����x�z��¯ A.2­ z�~z
/0# *2/'1$l 2*l'-m '. ('v#& �m /0%#.0*l+'&( /0'. -*12*.'/#:

πα
? (p, w) = I((1 − α)p + αw ≥ 0). ù¦ø

§rfz¨r the© _|m _`` P_|mqfªfkquj_`« qrm kf`ugume π? induceα 

dif������ trade-of�� ������� ��� twQ objectiv��¬ ­�� param-

#/#% α +#/#%1'&#. /0'. /%$+#)*))ú /%$-'&( /0# Par<-+ 67ontier:

Pexact := {(UP(πα
? ), UW(πα

? )) : α ∈ [0, 1]} 

®:A¯76 ° ¥±;s8 ?< e¤?>¥±6 ;¢ s�:8 9¯7²6 ³�;ss;>=±6¢s ¥?<6±´

~¯| z�v ����vx��¯|�¯� |v��x��¯ �{�vx ±�� z��vv ���¯zx ~��¯� �z®
W� ���� ��� concav� ����� �µ ���� curv�� � ����µ�������� �µ

¶·¸·¹·º»·¹¼ mar¼·¹½¾ returns¿ ÀÁ À ÂÃÄÅÁÅÆÇ policÈ forÉÆÃÁ

����z z� �¯��v~xv z�z~� welf~�vt �vxx welf~�v �x g~�¯v| ±�� z�v
íèòõ èòëÊìé ëï óðëËé forÌëìõÍ ÎÏõ ìëéêëì ëï ÐêòêìêíÏêìÌ

%#/�%& '. )*%1$l'ª#+ '& Ñ0#*%#1 A.54
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Ø& 1$&m .#//'&(.ú 3# /m2'-$llm +* &*/ ©&*3 /0# 2%*Ù/ .-*%#

p �� welf~�v x���v w Ú �� z�v x���v ±{¯�z��¯x fP ~¯| fW Ú

�o� �aa indiØidÃ�a
 � ��io�iÛ Ü�
�	�dÅ Ý	 �i��� e
�i���	 
�o�	

Õ
���
a�s fb 
P(x) ��u fb 

W(x) Õ�a¨ u��� 
� ��� �aÔ� ���� ���s�

1*+#l. -$& 2%*Ç'+# (**+ 2%#+'-/'*&. *& )�/�%# #x$12l#.4

W@ Hê·GI ê=@ claHH C¶ scoreÞß¶¸eà áâ¹�ã�e¸ ê=µê µ³ê Ci ê=@
2%#+'-/#+ .-*%#.:

S�*,(�(", ä/² ù�-*%#)�$.#+ 2*l'-m -l$..ø/

bΠemp := { π : (fb 
P(X), fW(X)) 7→ [0, 1] } 

FC³·H>ií Ci ê=>H ³?µHH C¶ ëC?>³>@H allo¸H ·H êC character-

>ñ@ Cëê>ìµ? ëC?>³>@H ¸>ê=>i ê=>H ³?µHH �£@³ê>Ci 4.1¦´ deriv@
ÂÅÀÉÇÆÁÀåæÃ åÆçÇÂÁ èéÃ çèÅæÅèÈ Æê ÁçåÆëèÅìÀæ ëÆæÅÄÅÃÁ (Sec-

UDJF 4.3íf QF� IRZQUR JKI IRSKZUS UJ YJXXJF fQDIFRSS YIDURIDQ

�£@³ê>Ciò 6¦ò W@ H·ììµF>ñ@ µGG>ê>Ciµ? ¹@i@ïêH µH ¸@?? µH
ëCê@iê>µ? ?>ì>êµê>CiH C¶ F@HêF>³ê>ií C·F Hê·GI êC ê=>H policI
-l$.. '& �#-/'*& 74

ä/²/ Par��"î"��()%#(�y $" 0�% ,�- '*" ��

Tï charaðñòóôõò Pöóòñï÷ïøñôùöú øïúôðôòû ovòó Πempü ýò de-

�¯v z�v follou�¯� ��¯|�z��¯~� eç�v�z~z��¯x ovv� z�v distribu-

/'*& D *) (x, p, w):

b bµP(f
b 
P(x), fW(x)) := ED[p | fb 

P(x), fW(x)], 

b bµW(fb 
P(x), fW(x)) := ED[w | fb 

P(x), fW(x)] . 

Intuitivelý ê=@H@ vµ?·@H F@ëF@H@iê C·F ¹@Hê í·@HH@H C¶ p 
µiG w´ giv@i ê=@ predict@G H³CF@Hò W@ G@ïi@ πopt µH theα 

/0%#.0*l+ 2*l'-m *& /0# -*12*.'/# *) /0#.# 2%#+'-/'*&.:

πopt := I((1 − α) · µP + α · µW ≥ 0).α 

Theor�) ä/² (PµF@êC ¶FCiê>@F >i ineðµ³ê kno¸?@Gí@ case)/
þÿG�� a�� p�p��a�ÿ�� distrib��ÿ�� D oG�v (x, p, w) a�� em-

,/7/312 93+7< 6e�3-/+�9 fb 
W 1�	 fb 

P,

5/8 The áâ¹�ã�e¸ πopt are Pare
â âá
�o¶¹ o�e· 
he ã¹¶¸¸α 

Πemp, �/-
 πα 
opt ∈ argmaxπ∈Πemp 

Uα(π).

5//8 The Pare
â frâ�
�e· P(Πemp) �¸ i��e� ßb

{(UP(π
opt), UW(πopt) : α ∈ [0, 1]}� The ¶¸¸âã�¶
eàα α 

µf�ã
�â� o¶áá��i supπ∈Πemp 
{UW(π) : UP(π) = p}

/9 3+�31i< 1�	 �+��/�37<19/�� /� p.

5///8 ��� ��������� fr������ Pemp �� d�������d �� ��� ex���

frâ�
�e· Pexact� Th¶
 �¸� �µ (p, wexact) ∈ Pexact ¶�à

(p, wemp) ∈ Pemp, -
<� wemp ≤ wexact.

°=·H µi Cëê>ìµ? @ìë>F>³µ?îH³CF@ ¹µH@G policI ³µi µ?HC ¹@
�v~��°v| ~x ~ z��vx���| polic} Áz��x z��v �± z�v ��¯|�z��¯~� ex-

2#-/$/'*&.øú $&+ '/ *�#m. /0# .$1# +'1'&'.0'&()%#/�%&. phe-

Üå�èÜåÜ âß ÛÜ ÝÞè e âàÝ ßàåéè àâßèc OÜè e â��áè åo ßàåéè

K=DE>ý?m=B ?@H? achievDB ?@>B mK?>AHI>?J >B ?@D B%!�"  "�#$%&

estimator¸ >ò@ò´ fb 
P(x) = E[p | x] µiG fb 

W(x) = E[w | x]ò
W# 2%#.#&/ $ 2%**) *) Ñ0#*%#1 44( '& #22#&+'x A.44

ä/±/ �#2´î(, �"#(*(��

Ii í@i@Fµ?´ ¸@ ìµI hav@ µ³³@HH êC H³CF@ ëF@G>³ê>CiH CF
ê=@ µ¹>?>êI êC ?@µFi ê=@ì ¶FCì Gµêµ´ b·ê iCê µ í·µFµiê@@
ê=µê ê=@ ëF@G>³ê>CiH µF@ BaI@Hy Cëê>ìµ?ò Ii ê=@ =Cë@H ê=µê
ê=@ ëF@G>³ê@G H³CF@H ¸>?? sufï³@´ ¸@ ³µi G@ïi@ µ iµê·Fµ?
àßÜßáçâÝæ ÞåÜß $ãàß% Ýæ α-%ß&æß% '()*+/0 thr1235(6 policiesé

S�*,(�(", ä/± �7?·íî>i policy)/ Fâ· α ∈ [0, 1] ¶�à score

pr<	/3-/+�9 fb 
P(x), fb 

W(x), -
< α�,2e��/� ,+2/34 /9=

πplug(x) = I((1 − α)fb 
P(x) + αfb 

W(x) ≥ 0) . (3)α 

S�¯�v πopt �v<{��vx ����{z�¯� ��¯|�z��¯~� eç�v�z~z��¯x ovv�α 

z�v distrib{z��¯Dt �z u��� �¯ �v¯v�~� u��� dif±v� ±��� z�v plug-

>i policJ (3). T@D folloü>iw ým=mIIH=J mþ T@Dm=DA 8.9 givDB

$&+ πplug$ -*&+'/'*& '& 30'-0 πα 
opt 

α -*'&-'+#4

Cor"##% y ä/±/ ��� ��:;<�� �������� πplug ar� ������� �� ���α 

�����Πemp �� ���; �� ��� pr�d����d scor� =:������� ar� well-
b bcalibrated� �� 
he ¸e�¸e 
h¶
 E[p | fb 

P(x), fW(x)] = fP(x) 
b b1�	 E[w | fb 

P(x), fW(x)] = fW(x).

Pr++6. Ii ê=>H ³µH@´ µ̄ p = fb 
P(x) µiG µ̄ w = fb 

W(x)´ sC ¸@
1$m '&vok# Ñ0#*%#1 4.14

UiG@F êIë>³µ? ³CiG>ê>CiH (L>· @ê al.´ 2019¦´ ê=>H ¶CFì C¶
���g|x�{gq� ��� |n ��>gnvnk |} nytgxg��� xgr? yg�gyg@�{gq�A

Iæ SßáçâÝæ 4.3C Dß $Ýåæ% çtß ßÞÞÝÞ âæ çtß ÛÜåê-âæ ÛÝÜâáâßà $E

ÄË½ ½ÃÃÀÃ ¢Â ÄË½ ¾¿¼¾£¾¼Ê»Æ ½ÃÃÀÃÁ ¾¿ ½»ãË ÁãÀÃ½È F¾ºÊÆ»Ä¾À¿
eH÷óøûúóöôù ûö Jóüôûoö K detaûþ ôõó ÿùó of ôõó ÷þÿ
 ûö policL

·iG@F ³CiêFC??@G deíFµGµê>CiH C¶ ?@µFi@G H³CF@ accuracyò
RßãÜ-%ãçã eÚÛßÞâMßæçà proNâ%ß äåÞçtßÞ âæàâêtç âæçÝ åàâæê çtß

2l�()'& 2*l'-m )*% 3#l)are-aw$%# *2/'1'ª$/'*& '& 2%$-/'-#4

ä/È/ D"2,-(,´ �ar��" P,�$**(�,*(��

Ev@i ¸=@i ë?·íî>i policieH µF@ iCê Cëê>ìµ?´ ê=@ sub-

Cëê>ìµ?>êI C¶ ê=@ F@H·?ê>ií ³?µHH>ï@F >i ê@FìH C¶ ê=@ ·ê>?>êI
fÿöüôûoö Uα ûù boÿö�ó� bL ôõó αQVóû
õôó� ùÿú of ` 1 óøøoøù
'& /0# 2%*Ù/ $&+ 3#l)$%# .-*%#.4

Pr"�"�(�(", ä/È �£·¹îCëê>ìµ?>êI Bound)/ Fâ· ¶�b score
b bpreà�ã
�â� function¸ fP(x), fW(x) ¶�à α ∈ [0, 1]� 
he

i¶á �� αÞf
�¹�
b frâo ¶áá¹b��i 
he á¹fiÞ�� áâ¹�ãb (3ø W�
h
b bfP(x), fW(x) ver¸f¸ ¶áá¹b��i 
he âá
�o¶¹ áâ¹�ãb (2ø W�
h

-7e< 93+7<9 fP, fW, /9 X+e�	<	 1X+i< 19

α) − Uα(π
plugUα(π

? ) ≤α 

(1 − α)E[|fb 
P(x) − fP(x)|] + αE[|fb 

W(x) − fW(x)|]. ù4ø



B ! "#$"% &')*+,$"% -./+#,$v+0 1$,2 3'$04 5 , 

0.0 0.1 0.2 0.3 0.4

profit utility Up

0.0

0.1

0.2

0.3

0.4

w
e
lf
a
re

 u
ti
lit

y
 U

w

exact

σεw = 0.5; σεp = 0.5

σεw = 1.0; σεp = 0.5

σεw = 2.0; σεp = 0.5

σεw = 2.0; σεp = 2.0

−0.4 −0.2 0.0 0.2 0.4
profit utility Up

−0.4

−0.2

0.0

0.2

0.4

w
e
lf
a
re

 u
ti
lit

y
 U

w

exact for:

ρ = -1.0
ρ = -0.5
ρ = 0
ρ = 0.5
ρ = 1.0

−0.4 −0.2 0.0 0.2 0.4
profit utility Up

−0.4

−0.2

0.0

0.2

0.4

w
e

lf
a

re
 u

ti
lit

y
 U

w

exact for:

ρ = -1.0
ρ = -0.5
ρ = 0
ρ = 0.5
ρ = 1.0

�E¡ Y� C����?E�F�BZ [E�\FBG B�F �� ]�^ VUVq\Y` ]ZVVS^UW\ZYk fixSb UYb S_gU^ `gh Vjklmnq grkksujzmrn{ fixs| jn| }ns~}ju
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Figure 2. ��������� e���������� ������������� �� ��� ������� �� ������� � ������ σw = σp = 1�� ��������� ��������� P(Πemp) ��� ���
�EBK�� ��FE?  HF�� n = 5, 000 �EC� E��  ��HB E  �v��?EFK ��EB ?�C�B� C��[� � ��EC� @��B�F��  Pexact E��  ��HB E  KE ��K C��[� �

α) − Uα(π
plugNCê@ ê=µê ¹I G@ïi>ê>Ci C¶ πα

? ´ Uα(π
? 

Ñ0# 2%**) *) '%*2*.'/'*& 44� '. ('v#& '& #22#&+'x A.54

) ≥ 0.α 

7FCëCH>ê>Ci �ò� proÄ>G@H µ í@i@Fµ? ¹C·iG Ci ê=@ α-

�èéoåé�âÜàè åo ÝÞè �áæ ¡ÛÜ polic¢ wÞÛàÞ Þåáçß oåé an¢ dis-

tribº½µ¹´ ¹´ »¼¹¸²» ·´± ²»½µÀ·½¹¸ ²¸¸¹¸»Þ T¹ proâµ±² £º¸½¾²¸

'&.'(0/ú 3# -*&.'+#% $ .2#-'Ù- +'./%'��/'*&$l .#//'&(4

E&%)�#� ²/ ¤¥¦¦§¨© ª«¬ª ­®¯­°­¯¥¬±¨² ª³¥© scor©¨ ar© dis-

tribe-<	 19=

�� � � �� 
0 σ2 ρσwσpw(wi, pi) ∼i.i.d. N , (5)
0 ρσwσp σ2 

p 

´�� ��� pr�d������ error� εpi 
:= p̂i − pi ��d εwi 

:= ŵi − wi 

ße ��àeáe�àe�
 âµ 
he 
·fe score¸ pi, wi� zerâÞoe¶�� ¶�à

9eX�µ1e99/1� �/-
 ,17ameter9 σεp 1�	 σεw , 7espectively.

¶�
s e��¨Ô�� ��
�
u���s ho§ �a������
a� ���§��� Ô�a�� ��u

welf$%# .-*%#. $))#-/. /0# #12'%'-$l '$%#/* )%*&/'#%4

Pr"�"�(�(", ä/ä/ ·� 
he ¸e

��i âµ ¸¹¶oá¹e º W�
h −1 ≤ 
√σyρ ≤ 1» E[Uα(πα

? )] = ¼½¾ ¿ÀÁ eÂÃÁÄ¿Á¾ αÅÆ¿ÇÈÇ¿É ÊË ¿ÀÁ
2π 

,2e� /� ,+2/34 /9 1- 2<19-= Ì

� � 

E[Uα(π
plug 2 · σ̃2 

)] ≥ E[Uα(πα
? )] 1 − (6)α σ2 + σ2˜ y 

where σy 
2 = α2σw 

2 + (1 − α)2σp 
2 + 2ρα(1 − α)σwσp ¶�à
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^�v ����± �± º����x�z��¯ Í®Í �x givv¯ �¯ Î��v¯|�ç A.5® ^��x
lo¸@F ¹C·iG >H >i ê@FìH C¶ ¹Cê= ê=@ Cëê>ìµ? αî·ê>?>êI µiG
µ G>H³C·iê factorò Ï@³µ·H@ σ2 >H >i³F@µH>ií >i ρ ¶CF anIy 
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¶FCì ?@µFi@G H³CF@H ¸>ê= F@µ?>Hê>³ deíFµGµê>Ci C¶ êFµ>i>ií
�� �� ��  ¡� conteí  �î ÀïÀ ����ð¤� �ð�¤��� £�¤¤�£ ��� �� Sec-
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W(xi) = wi + εwi εwi ∼ N (0, σε 
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), ù÷ø
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P(xi) = pi + εpi εpi ∼ N (0, σε 
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) 
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Lastly, 3� ��"du �t� sp��� �f ��p������ � d ex��� f�� �����
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)*% l$%(# #&*�(0 α 30#& ρ = 0.54
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�± z�v v������~� P~�vz� ±��¯z�v�x {¯|v� �v~��xz�� de��~|~z��¯x
C¶ ê=@ Gµêµò W=>?@ C·F ³=µFµ³ê@F>ñµê>Ci C¶ ê=@ ëFC¹?@ì >H
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