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Past Work Analog Beamforming? Phase only? Discrete Phase? Implemented? HW Imperfections? Wide Nulls?

[49] × × × × × ×
[52] × X × × × ×

[6, 25, 29, 53] X × × × × X

[5, 9, 30, 58] X × × × × ×
[32] X × X (1◦ Res.) × × ×

[12, 21, 39, 50, 54, 57] X X × × × ×
[22, 23, 35] X X X (6 bits) × × ×

[8] X X X (9 bits) X (at 4.5 GHz) × ×
[15] X X × X (at 2.5 GHz) × ×

Nulli-Fi X X X (2-4 bits) X (at 60 GHz) X X

Table 1: Summary of Related Work on Phased Array Nulling

fast null steering protocol that is able to quickly find the di-

rection in which to create a null whenever a new unforeseen

interferer appears. The protocol leverages the intuition that the

interferer direction is more likely to be at the large side-lobes

shown in Fig. 2(b). Hence, instead of searching all possible

directions, Nulli-Fi starts with a large side-lobe where it cre-

ates a wide null and iterates through the side-lobes until the

interferer is nulled.

We have implemented and extensively evaluated Nulli-Fi

using commercial 60 GHz, 16 element phased arrays trans-

mitting IEEE 802.11ad packets [33]. Our results show that for

4 bit phase shifters, Nulli-Fi is able to create 3◦ narrow nulls

that suppress interference by 18 dB and 10◦ wide nulls that

supress interference by 10.5 dB while maintaining the main

lobe within 1 dB. For 2 bit phase shifters, Nulli-Fi is still able

to null interference by 12.6 dB. Nulli-Fi is also able null up

to 5 different directions. We further compare Nulli-Fi with

past null forming algorithms and demonstrate up to 10 dB

better nulling and 37× faster convergence. We also evaluate

NullFi’s fast null steering protocol on top of the mm-Flex

platform [33] to show that Nulli-Fi can find the direction of

an unknown interference and null it within 290 ns. Finally, to

demonstrate the effectiveness of Nulli-Fi in dense mmWave

networks, we compare Nulli-Fi to past work that leverages the

directionality of mmWave radios to enable many concurrent

transmissions [27]. By nulling interference from side lobes,

Nulli-Fi is able to achieve 2.6× higher data rate when 10

mmWave links (20 nodes) are transmitting concurrently.

Contributions: The paper has the following contributions:

• The paper presents the first practical system that can create

nulls on mmWave phased arrays.

• The paper introduces a theoretically optimal algorithm for

creating nulls and a novel discrete optimization framework

that account for practical challenges in mmWave systems.

• The paper develops a fast null steering protocol to deliver a

practical system.

• The system is built and evaluated on real phased arrays to

demonstrate significant gains in suppressing interference.

• We have open sourced implementations of our algorithms

and baselines on our git repository [36].

2 Related Work

There is a significant literature on millimeter wave beam shap-

ing and steering. Past mmWave systems research, however,

has mainly focused on beam alignment, i.e. developing proto-

cols to quickly find the best direction to align the beams of a

transmitter and receiver or to switch the beam to a different

path to avoid blockage [17,20,27,40,56,65,66]. Some works

also explore the problem of beam pattern synthesis [13,42,51].

However, these works focus on shaping the main lobe of the

beam to achieve good antenna gain along the direction of com-

munication. In contrast, we focus on forming and steering

nulls to suppress interference.

Past work on mmWave networks proposes leveraging the

directionality of mmWave links to enable dense spatial reuse

and maximize the number links that can transmit simultane-

ously [27,28]. However, the work shows that side lobe leakage

from practical mmWave phased arrays limits the ability to

enable spatial reuse. In section 6, we compare with this work

to show that Nulli-Fi can enable 2.43× higher throughput

than [27] when 10 links are transmitting concurrently. An-

other work [59] mitigates interference by aligning the natural

nulls in the beam pattern toward the interferer. This, however,

comes at the cost misaligning the mainlobe [59]. In section 6,

we show that this can reduce the SNR by up to 10 dB. In

contrast, Nulli-Fi creates new nulls that suppress interference

while preserving the main lobe alignment.

Previous work on null forming in phased arrays is simu-

lation based and to the best of our knowledge has not been

implemented on practical mmWave phased arrays. Most of the

past work ignores many of the practical limitations. Table 1

summarizes past work. Specifically, most methods assume

that it is possible to arbitrarily set the phase and amplitude of

the complex weights. Others do not require amplitude control

but assume phase control is continuous and can be set arbi-

trary. However, mmWave phased control is highly quantized

offering only 2 to 5 bits to control the phase [2, 11, 47]. Two

works [49, 52] assume a digital phased array, i.e. each an-

tenna is connected to a district transmitter or receiver and the

complex weights can be set arbitrary in digital. Commercial

mmWave phased arrays are mostly analog and have a single

digital transmitter or receiver as shown in Fig. 2(a) [2–4, 33].
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The closest to our work are [22, 23, 35] which use genetic al-

gorithms to create nulls in case of discrete phase only control

with 6 bits of quantization. However, these systems are not

implemented in practice, ignore hardware imperfections, take

many iterations to converge and can only create a point null

for which Nulli-Fi has a closed-form solution. In section 6,

we implement and compare with these methods to show that

even if they account for hardware imperferections, Nulli-Fi

still achieves 10 dB better nulling with the same running time,

and is 37× faster with the same performance.

Authors in [8, 15] implement nulling on custom built

phased arrays. However, they operate in the sub-6 GHz fre-

quency range where it is significantly easier to build phased

arrays with flexible control. In particular, [8] works at 4.5

GHz and uses phase shifters with a 9-bit control, i.e. it is pos-

sible to set the phase at a resolution of 0.7◦. They first solve

the nulling problem in the continuous phase domain using gra-

dient descent and then round off the continuous values to the

9-bit discrete space. Millimeter wave phase shifters, however,

typically support 2 to 5 bits phase shifters for which the quan-

tization error become too large. In section 6, we implement

and compare with this work and show that its performance sig-

nificantly degrades as the number of bits decreases. Another

work [15] operates at 2.4 GHz and use deep neural networks

to create the nulls. However, the DNN architecture can only

output continuous values and can suffer from over-fitting.3

In contrast, this paper presents and extensively evaluates a

solution that works for highly quantized phase on practical

mmWave phased array.

Some works propose changing the positions of the anten-

nas to create nulls in the beam pattern or reduce the side

lobes [7, 24, 26, 31]. However, these techniques require new

custom built hardware and are only suitable only for static

applications with a fixed beam pattern and null locations.

Finally, there is a large body of work that proposes inter-

ference nulling using MIMO techniques at sub 6 GHz fre-

quencies [16, 18, 34, 37, 45]. These works are complementary

to Nulli-Fi as they require multiple digital transmitters or

receivers to perform digital beamforming and set arbitrary

complex weights in digital to null the signals.

3 Primer

In this section, we provide a primer on phased arrays as well

as genetic algorithms on which we base our optimization.

1. Phased Arrays: In analog phased arrays, an array of anten-

nas is connected to a single transmitter or receiver through a

single chain. The signal on each antenna n is multiplied with

a complex weight an = |an|e
jαn as shown in Fig. 2(a). By

changing these weights, we can change the beam pattern and

steer the main lobe of the beam in any direction. The beam

3Specifically, the paper mostly provides simulation results and only shows

three examples of nulls created on real hardware.
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Figure 3: Overview of genetic algorithm

pattern along a direction φ can be written as:

P(φ) =
N−1

∑
n=0

ane2π j d
λ

ncos(φ) (1)

where N is the number of antennas, λ is the wavelength of the

signal, and d is the separation between adjacent antennas. We

can steer the main lobe towards the direction φ by setting the

complex weights to an = e−2π j d
λ

ncos(φ) which will cause the

signals coming from direction φ to sum up constructively. For

example, by setting φ = 75◦, we get the beam pattern shown

in Fig. 2(b). The beam pattern exhibits natural nulls where

P(φ) = 0 and no signal is received along that direction. In

practice, however, such perfect nulls are not possible. Hence,

we define a null as a point in the beam pattern where P(φ) is

extremely small (e.g. −25 dB relative to the main lobe). The

deeper the null, the more effective it is at suppressing interfer-

ence. Our goal is to find a setting of the complex weights to

create a null along a certain angle φnull while maintaining the

amplitude level of the pattern at φmain lobe.

If we are able to control both amplitude and phase of the

complex weights in a continuous manner, then we can easily

create any beam pattern. In particular, we can transform Eq. 1

into a Fourier Transform by setting f = −d/λ cos(φ). We

can then construct any desired pattern and take its inverse

Fourier transform to find the set of complex weights that we

should use. Most practical phased arrays, however, do not

support controlling the amplitude of the complex weights

especially since modifying the phase is sufficient to steer the

main lobe of the beam. These phased arrays use a component

called a phase shifter to shift the phase of the signal on each

antenna element. Hence, the problem is restricted to having

|an|= 1, i.e. an = e jαn . Unfortunately, the problem becomes

even harder when we are limited to a quantized set of phase

shifts, especially when the number of control bits used to set

the phase shifter is small as the problem becomes non-convex

and the search space is exponentially large. For example, for

a 16 element array, and 4 bits (= 16 values) of resolution in

phase-shifters, we get 1616 ≈ 1.8e19 possible patterns.

2. Genetic Algorithms: Genetic Algorithms (GAs) are a fam-

ily of evolution-inspired algorithms designed to solve opti-

mization problems. They are particularly useful when the

search space is discrete and has many local maxima [60]. A
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will reduce the beam pattern amplitude along φ as shown in

Fig. 4 (b2) but it will not change its angle. This means that

all the vectors remain symmetrical around the ~Pφ . If a null is

achieved, we stop. If not, we repeat with another symmetrical

pair as shown in Fig. 4 (b3,b4). Note that the same rotations

are also applied at the main lobe in Fig. 4 (a2-a4). While these

rotations result in a null at 73◦, they cause only a 0.2 dB loss

at 90◦.

A pseudocode of the algorithm can be found in Alg. 1 in

Appendix A.1. We also prove the following theorem regarding

the optimality of our algorithm in Appendix A.5.

Theorem 4.3 Given the constraint |∆αn|< α∗, Alg. 1 gives

the best nulling performance at any angle φ .

It is worth noting that given the constraints, it is not always

possible to achieve a perfect null i.e. ~Pφ =~0. In such cases,

the above algorithm yields the deepest possible null. This

also allows the algorithm to identify directions that can be

perfectly nulled from those that cannot. In Appendix A.4,

we provide further analysis and closed form solutions for the

bounds of achievable nulling performance as a function of the

direction of the null.

4.2 Optimization Framework

In this section, we show how to account for hardware imper-

fections and achieve multiple and wider nulls. We extend our

definition of a null to be an interval 2β degrees wide around φ
i.e., [φ −β ,φ +β ] where the magnitude of the beam pattern

is lower than a certain threshold. The input to our optimiza-

tion are multiple such intervals ([φi −βi,φi +βi]) where we

wish to null interference. A pseudocode of our optimization

framework can be found in Alg. 3.

Encoding: We will encode the solution i.e. the setting of

the phase shifts αn into chromosomes that form the basis

of the genetic algorithm. Suppose the phase shifts are quan-

tized using q bits, then each αn can be represented as a bit

string (bn,1, · · · ,bn,q) where bn,i is the ith most significant bit

of αn. A chromosome A can then be encoded as a concate-

nation of the N binary representations of the phase shifts:

A = (b0,1, · · · ,b0,q,b1,1, · · · ,b1,q,bN−1,1, · · · ,bN−1,q). We de-

fine PA as the beam pattern associated with chromosome A.

Initialization: While genetic algorithms generally start from

a set of randomly generated chromosomes, we use the output

of Alg. 1 to initialize our genetic algorithm. Specifically, for

each null region ([φi −βi,φi +βi]), we run Alg. 1 and find the

optimal setting of αn to create a null along φi. Each solution

will give us a single initial chromosome. We then slightly

perturb the values of the phase shifts to create a larger pop-

ulation of initial chromosomes. This dramatically improves

the optimization’s performance as we show in section 6.2.

Fitness function F(A): This function evaluates the perfor-

mance of any given chromosome A. In our problem setup, we

𝐵𝐵1
𝐵𝐵2𝐵𝐵3𝐵𝐵4

𝐵𝐵5
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𝑃𝑃𝐴𝐴2

(a)
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𝛼𝛼0′′,𝛼𝛼1′′,𝛼𝛼2′′,𝛼𝛼3′′,⋯ ,𝛼𝛼′′𝑁𝑁−1𝐴𝐴3 𝛼𝛼𝑖𝑖′′ = 1

2
𝛼𝛼𝑖𝑖 + 𝛼𝛼𝑖𝑖′

𝑃𝑃𝐴𝐴3
(b)

Figure 5: Nulli-Fi’s crossover operation using buckets

define the fitness function as

F(A) = min
i = {1, ...,L}

φ ∈ [φi −βi,φi +βi]

−10log10

(

|PA(φ)|
2
)

,

where PA(φ) can be calculated from Eq. 1 by setting the

complex weights to e jαn . This fitness function F(A) opti-

mizes for the worst nulling performance in dB across all

the regions we wish to null. In particular, the min point

of −10log10

(

|PA(φ)|
2
)

is the max point in |PA(φ)|
2 which

is the least nulled point. Hence, the fittest chromosome,

A∗ = argmaxA F(A), will give the best nulling performance

across all directions since we optimized for the worst case.

Natural Selection: At each iteration, we evaluate the fitness

function for every chromosome and keep the ones with the

best performance.In our implementation, we typically keep

the top 50% of the chromosomes.

Cross-over. Recall from section 3, this operation is meant to

combine two parent chromosomes A1 and A2, to give birth to

a new, potentially fitter chromosome, A3. Typically, the two

parents A1 and A2 are chosen randomly. However, Nulli-Fi

employs a more intelligent selection criteria. For simplicity,

let us consider a single null point and use the same vector

representation we used in section 4.1 to explain Nulli-Fi’s

cross-over operation.

To begin, we first group chromosomes into different buck-

ets 1, · · · ,2B. Bucket i contains all chromosomes A with

(i−1)π
B
≤ ∠~PA < i π

B
. Fig. 5 (a) shows an example of these

buckets for B= 4, where buckets on the opposite sides of each

other have the same color. In our cross-over operation, two

parents A1 and A2 are then chosen at random, under the con-

straint that ~PA1
and ~PA2

are in opposing buckets (for example,

B3 and B7). Then, a new chromosome A3 is created by averag-

ing the phase shifts of A1 and A2, as shown in Fig. 5 (b). The

intuition behind this is that by taking the average phase shift

of the two parents, the new chromosome will approximately

have a pattern vector equal to the sum of its parents. Since the

parents come from opposing buckets, the summation of their

patterns will likely result in a smaller vector. This is depicted

in Fig. 5 (a) where the red vector corresponding to the child

chromosome A3, is smaller than the pattern of either parent

(depicted black and blue vectors). By exploiting the struc-

ture of the problem, Nulli-Fi is able to quickly generate fitter
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No. of Max 90th Perc. Median

Links Gain Gain Gain

1 1× 1× 1×
2 2× 2× 1.58×
3 3× 3× 1.8×
4 4× 2.86× 2.12×
5 4.16× 2.81× 2.27×

No. of Max 90th Perc. Median

Links Gain Gain Gain

6 3.60× 2.83× 2.33×
7 3.50× 2.72× 2.38×
8 3.38× 2.94× 2.41×
9 2.97× 2.77× 2.44×

10 3.09× 2.68× 2.43×

Table 2: Gains in Total Network Data Rate from Nulli-Fi

Nulli-Fi’s performance gains in dense networks. To do so,

we implement and compare with BounceNet [27] which ex-

ploits the directionality of mmWave phased arrays to enable

dense spatial resuse. We incorporate Nulli-Fi’s nulling into

BounceNet. Fig. 16(c) plots the total network data rate as the

number of links in the network increases from 1 to 10. We

compare Nulli-Fi against a regular phased array testbed using

standard codebook-based beam patterns without interference

nulling. As seen in the figure, due to significant interference

in dense networks caused by side lobe leakages and multipath,

a regular phased array equipped testbed can achieve only up

to 11.31 Gbps network data rate for 10 links. Nulli-Fi, on the

other hand, can effectively null out interference at each link

and can increase the total data rate for the same phased array

testbed to 29.1 Gbps, providing a gain of 2.6×.

In Table 2, we present further statistics on the gains in total

data rate achieved by Nulli-Fi over a regular phased array

testbed for different number of links n in the network. For

each n we perform 100 different experiments by randomizing

the client and AP positions. The result shows that for up to n=
4 communication links, Nulli-Fi can achieve the maximum

possible gain of n× over the vanilla phased array testbed.

Thus, in certain experiments Nulli-Fi was able to get all 4 links

to communicate simultaneously by nulling out interferences,

whereas the regular phased arrays were not able to exploit

any spatial reuse whatsoever due to side lobe leakages and

interference. Note that this gain saturates and begins to fall as

the number of links increases due to increased interference.

Nonetheless, Nulli-Fi is still able to achieve gains as high as

3.09× in network data rate for 10 links in the network. Table 2

also shows results for 90th percentile and median gains.

7 Discussion and Limitations

In this paper, we introduced novel algorithms that signifi-

cantly boost the convergence speed and improved the nulling

performance compared to past work. Furthermore, the system

enabled the first practical implementation of null steering by

accounting for hardware restrictions, incorporating hardware

imperfections and achieving wide and multiple nulls.

Importance of Convergence Speed: One might wonder,

however, why having a faster algorithm is important in practi-

cal network deployments. The reason has to do with today’s

commercial phased array hardware. In particular, the hard-

ware typically stores a codebook of different beam patterns

in the on-board memory, and the mmWave radio beams to-

wards different directions by reading the precomputed phase

shift values from the codebook. As such, it is not possible

to store precomputed beam patterns for all combinations of

main-lobes and nulling directions. For instance, if we consider

beam patterns with just one null, we would need to store a

beam pattern corresponding to each main-lobe direction and

each null direction, so a total of 180×180 beam patterns to

achieve a null accuracy of 1 degree. This requirement grows

exponentially with the number of nulls and would require

gigabytes of memory for more than 2 nulls. Compare this

to today’s millimeter wave phase array that can store 16 to

256 codebooks. Hence, pre-computing and storing the beam

patterns is not feasible. This is precisely why it is important

to have an efficient algorithm that can converge quickly and

compute the required beam patterns in real-time operation.

This can allow even further optimization of the beam pattern

at run-time which was not possible earlier in the codebook

approach. Therefore, the speed of convergence is an important

metric in evaluating the different nulling algorithms.

Limitations. We point out a few matters worth considering.

• In this paper, Nulli-Fi enables nulling the interference at

the receiver. This is because it is easy for receivers to sense

the direction of interference and change their beam pattern

to suppress it. That said, there is an opportunity to perform

nulling from the transmitter side where the transmitter cre-

ates a null in its beam pattern to suppress its own signal in

direction of other receivers. This, however, would require an

efficient protocol that allows the transmitter to discover the

direction of those other receivers at which it is creating inter-

ference. Performing nulling from both transmitter and receive

side would further improve the performance of the network.

However, we leave that for future work.

• Once Nulli-Fi successfully nulls an interferer, it may not

sense when it disappears. As a result, if new interferers appear,

Nulli-Fi may not know whether to create more nulls or to

switch the direction of the null. This can potentially be solved

by periodically checking each nulled region for the presence

of interference when it is not receiving packets.

• Nulli-Fi’s framework is designed for phase shifters that use

analog beamforming, which is common for commercial, prac-

tical phased arrays. While digital beamforming introduces a

substantial overhead in terms of cost and power consumption,

the in-between class of hybrid beamforming allows for more

flexibility in terms of nulling. Exploring nulling in hybrid

beamforming is left for future work.
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Figure 18: Different locations where we ran our experiments.

A.3 Experimental Setup

Experiment Locations. We ran our experiments in 4 differ-

ent rooms shown in Fig. 18. Two locations (a, c) were inside a

lab environment with many metal cabinets that contributed to

multi path reflections. The other 2 locations (b, d) were differ-

ent rooms inside apartments with many indoor objects. In all

rooms, there were human subjects in the background during

the experiment, thus constituting dynamic environments.

Nulli-Fi + mm-Flex. One transmitter/receiver pair are imple-

mented using a single FPGA device in a full-duplex manner,

i.e. transmitter and receiver functionalities are used at the

same time. This pair corresponds to the transmitter and the

receiver implementing Nulli-Fi.

We use a second FPGA (mounted on the same hosting

chassis) which serves as the interferer. Since both FPGAs are

mounted on the same chassis, long cables (5m) are used to

carry the baseband signals to the corresponding transmitting

antennas (the one transmitting the packets of interest and the

one from the interferer). Therefore, with this setup, we are

able to easily cover indoor scenarios.

Both FPGAs are managed from a control and management

processor integrated in the same hosting chassis. This is used

to send/receive frames to/from each baseband processor, con-

figure ADCs/DACs, IP blocks, as well as the setup for the

60GHz Siversima RF-frontends.

A.4 Further Analysis of Nulling Performance

Closed Form Solutions. Alg. 1 offers a step by step solution

to find nulls. It is also possible to find closed form solutions

for bounds of achievable nulling performance as a function

using the algorithm. This can be done by going thorough

the algorithm with by keeping the symbol φ as opposed to

setting it to a specific value. Doing so will result in explicit

formulas for the angles for which perfect nulling is possible.

For the angles that perfect nulling is not possible, we can find

explicit formulas that determine the deepest possible nulls as

a Piecewise-defined function of the angle φ . Different cases of

this piecewise-defined function are separated by the naturally

occurring nulls in the original beam pattern. An example of

this for N = 8 antennas is shown in Fig. 19(a) where there are

four cases separated by natural nulls, with each case having its

own piecewise formula. For example, Theorems A.1 and A.2

show examples of closed form solutions for nulling around

the main lobe as a function of number of elements N, angle

of nulling φ , the main lobe angle φ0, and the maximum phase

shift allowed on each antenna α∗:

Theorem A.1 The two closest perfect nulls to the main lobe

given a maximum phase shift of α∗ for each element are given

by φ ∗ = arccos
(

cos(φ0)±
λ

Nd
(1− 2α∗

π )
)

.

Theorem A.2 For the area around the main lobe that perfect

nulling is not possible, the deepest possible null at direction φ
is given by N cos(N

4
θ +α∗), where θ = 2d

λ
(cos(φ)−cos(φ0)).

Specifically, Theorem A.1 determines the areas where per-

fect nulling is possible, and Theorem A.2 determines the

deepest possible nulls for angles where perfect nulling cannot

be achieved. For N = 8, these formulas correspond to the

case 1 in Fig. 19(a). Following similar methods demonstrated

in the proofs of these theorems in section A.5 we can find

explicit formulas for other cases too.

Using the closed form formulas, we have plotted the best

achievable nulling performance (i.e., the lowest possible value

of the pattern P for each angle) for N = 8 antennas, and

α∗ = 10,15 and 25 degrees in Fig. 19(b). As revealed by
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Proof of Theorem 4.3. For a given nulling angle φ , we iden-

tify two possible cases. First, if it is not possible to create

a perfect null at φ , and second, if it is possible to create a

perfect null at φ .

• In the first case, Alg. 1 does not stop until all vectors

v0, · · · ,vN−1 have rotated by ±α∗. In this case, follow-

ing the exact same argument in the proof of Theorem

4.4, Eq. 6 hold with equality, which means that the best

nulling performance is achieved.

• In the second case Alg. 1 where nulling is

possible, at some point in the algorithm, ν =
∠(vP,∑

N−1
n=0 vn exp( j∆αn)) 6= 0 should at some point re-

turn π . Otherwise, it remains 0 until the end, in which

case nulling should not be possible, contradicting our

assumption. Therefore, a some point in the algorithm,

ν 6= 0, so the output of the algorithm will be 0, meaning

it predicts a perfect null.

In both cases, the output of the algorithm gives the best

nulling performance, proving that the Alg. 1 is optimal.

Proof of theorem A.1. For a given φ , assume an x-y coor-

dinate for the complex plane, such that ∠P(φ) = 0. In this

coordinate, let each vector vk have the representation (xk,yk).
We are looking for the first possible φ for which there exists

a set of additional phase shifts, ∆αk, such that P(φ) = (0,0).
In its general form, P is expressed as

P(φ) = ∑
n

vne j∆αn

=
(

∑
n

cos((n−
N −1

2
)θ +∆αn),∑

n

sin((n−
N −1

2
)θ +∆αn)

)

=
(

∑
n

xn,∑
n

yn

)

,

(4)

where θ is defined according to section 4.1. Note that

x∗n := min{cos((n−
N −1

2
)θ +∆αn) |−α∗ ≤ ∆αn ≤ α∗}

∈ {−1,cos((n−
N −1

2
)θ ±α∗)}.

(5)

Further, we can bound the absolute value of the pattern P as

follows.

|P(φ)|2 =
(

∑
n

xn

)2
+
(

∑
n

yn

)2

≥
(

∑
n

x∗n
)2
,

(6)

where we have bounded the second term with zero. This

inequality holds as long as ∑n x∗n is positive, which is true

around the main lobe, before the first possible null.

Let us rotate each vector vn to get x∗n as its x component.

Using lemma 1, vn rotates by ±α if and only if vN−1−n is

rotated by ∓α . This means that the two vectors remain sym-

metrical around the x axis. Therefore, we will necessarily

have ∑n yn = 0, bringing equation 6 to an equality. Hence, as

long as ∑n x∗n > 0, nulling is not possible.

The first point at which nulling becomes possible can there-

fore be derived by finding the solution to ∑n x∗n = 0. Using

equation 5 combined with lemma 1, we get

N−1

∑
n=0

x∗n = 2

N
2 −1

∑
n=0

cos((n−
N −1

2
)θ +α∗) = 0, (7)

The solution to which is θ =± 2
N
(π −α∗), or its correspond-

ing φ value given in the theorem.

Proof of Theorem A.2. Using Theorem 4.3, we have to run

the output of the algorithm for the assumptions in this theorem.

Since nulling is not possible, the algorithm will run from 0 to

N −1, yielding vectors cos(nθ +α∗) for 0 ≤ n ≤ N
2
+1, and

cos(nθ −α∗) for N
2
+1 ≤ n ≤ N −1. Summing them up, we

get the result in stated in the theorem.
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