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We show that axion-like particles that only couple to invisible dark photons can generate visible B-
mode signals around the reionization epoch. The axion field starts rolling shortly before reionization,
resulting in a tachyonic instability for the dark photons. This generates an exponential growth of
the dark photon quanta sourcing both scalar metric modes and gravitational waves that leave an
imprint on the reionized baryons. The tensor modes modify the cosmic microwave background
(CMB) polarization at reionization, generating visible B-mode signatures for the next generation of
CMB experiments for parameter ranges that satisfy the current experimental constraints.

I. INTRODUCTION

The discovery of gravitational waves (GW) at LIGO [1]
and VIRGO [2] has motivated the search for other pos-
sible GW sources beyond the mergers of astrophysical
objects. Among those, GWs from cosmological sources,
such as strong first order phase transitions [3] and the
presence of cosmic strings [4], are of particular interest in
elucidating the early history of the universe (e.g., [5, 6]).
The cosmological GW signals can have a wide range of
possible frequencies: interferometer experiments can de-
tect GWs with frequencies above ∼ 10−5 Hz [7–10], and
lower frequency signals down to ∼ 10−8 Hz are relevant
for pulsar timing experiments [11, 12]; if GWs have fre-
quencies lower than ∼ 10−15 Hz, we can search for the
B-mode polarization signals from GW imprints on the
cosmic microwave background (CMB) [13]. Such low-
frequency signals have wavelengths comparable to the
visible universe’s size and must have a cosmological ori-
gin. As a result, the B-mode signal is mainly consid-
ered to come from GWs produced during cosmic inflation
(see [14] and the references therein).

In this letter, we propose a new source for B-mode
generating GWs produced by axion-like particles (ALPs)
around the time of cosmic reionization. Axions were orig-
inally proposed to solve the strong CP problem [15, 16]
and realized to be a viable dark matter (DM) candi-
date [17, 18]. ALPs generalize the cosmological phe-
nomenology of axions without a necessary connection to
strong CP. For example, an ALP can serve as the inflaton
field responsible for the period of cosmic inflation [19–21]
or as the relaxion, addressing the hierarchy problems in
nature by varying the fundamental constants of nature
with time [22–24]. On the experimental side, several
new direct detection experiments have been put into ac-
tion [25–28] or have been proposed [29–32] to look for
ALPs. Part of the theoretically-favored axion parameter
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space has already been experimentally excluded.

In the particular case where ALPs couple to dark pho-
tons, the ALP field’s rolling leads to a “tachyonic in-
stability” that amplifies vacuum fluctuations of one of
the dark photon helicities. The process generates expo-
nential dark photon production, and similar phenomena
have been studied under the context of inflation [21, 33],
production of dark photon DM [34], depletion of axion
DM to avoid overclosure [35], and friction for the relax-
ion models [22, 23]. Recently it has been shown that
the stochastic GW background generated through this
process in the early universe may be detectable in in-
terferometers or pulsar timing arrays [36, 37]. In [38], a
similar mechanism at the recombination period is studied
within the context of early dark energy solutions to the
Hubble tension [39, 40] and is shown to produce visible
GW signals in the CMB.

In this work, we consider a similar effect of produc-
ing a GW background from tachyonic particle produc-
tion late in the universe’s history – after recombination
and around the time of galaxy formation. As a tensor
perturbation of the metric, the GW background leaves
an imprint on the photon energy distribution. When the
universe enters the reionization era at zrei ≈ 8, CMB pho-
tons propagating in the line-of-sight direction get polar-
ized by the last Thomson scattering, and a combination
of the tensor perturbation and the angular distribution
of the photon polarization produces the B-mode signal
in the large-scale CMB spectrum. In particular, we will
show that for parameter ranges of our model not cur-
rently excluded by existing or past experiments [41, 42],
we predict a B-mode signal accesible to the next genera-
tion of B-mode detectors.

The B-mode signals sourced by the axionic instability
have a power spectrum which could be distinguished from
those produced by inflationary GWs. An observation of
such unique B-mode signals will be a discovery of dark
sector physics and will shed light on the nature of dark
energy by revealing that dark energy is changing at late
times. In particular, a revelation that dark energy has re-
cently changed by an amount close to its current value is
suggestive of some dynamics related to the cosmological
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constant (CC) problem. As we will show, next-generation
experiments will be able to probe such shifts on a scale
similar to the current value of the cosmological constant.

We remark that our calculation utilizes a linear semi-
classical approximation and therefore our results need to
be confirmed by a full lattice study. We expect this to
affect the precise predictions of the spectral shapes, but
not our ultimate conclusions.

This paper is organised as follows: After reviewing the
mechanism of tachyonic production of dark photons, we
describe our setting and set up the calculation of dark
photon’s energy density fluctuations in Sec. II. We then
discuss the metric perturbation sourced by the dark pho-
ton fluctuation in Sec. III and show the derivation of the
resulting CMB spectra. Subsequently, we present our re-
sults, comparing the predicted signals within two bench-
mark ALP models to the sensitivity of the future B-mode
experiments and to the current constraints from Planck
in Sec. IV. Finally, we conclude in Sec. V.

II. THE MODEL

II.1. Tachyonic production of dark photons

We consider an axion field φ coupled to a U(1) dark
photon, with the Lagrangian given by

L = −1

2
∂µφ∂

µφ− V (φ)− 1

4
FµνF

µν − α

4f
φFµν F̃

µν ,

(1)

where V (φ) = 1
2m

2φ2, and f is the axion constant. We
assume the dark photon is massless and is produced
only after inflation. The quadratic potential V (φ) can
naturally arise from an axion-like potential Λ4 cos(φ/f),
which implies m ∼ Λ2/f . We consider m close to the
Hubble scale right before the reionization. We will see
that in our setting, the CMB probes Λ ∼ O(meV), which
also coincides with the order of magnitude of the cosmo-
logical constant, so that an observation of the signal we
discuss may lead to new insights into dark energy 1.

The equation of motion of the axion field is then

φ′′ + 2aHφ′ + a2 ∂V

∂φ
=
α

f
a2E ·B , (2)

in which a is the scale factor of the FRW metric ds2 =
a2(τ)(dτ2 − δijdxidxj), and H is the Hubble parameter.
The prime symbol denotes derivatives with respect to the
conformal time τ . On the right hand side of the equation,
the dark electromagentic field serves as friction for the
rolling of the axion φ.

The rolling of the axion will cause the dark photon
modes within a certain momentum range to grow expo-
nentially, a phenomenon known as the tachyonic insta-
bility. This can be shown by examining the equation of

1 For example, [43] has proposed a similar axion model to address
the cosmological constant problem.

motion of the dark photon field, which in the Coulomb
gauge is written as

Xi =

∫
Dk
(
ε+i(k)v+(τ, k)â+(k)eik·x + h.c.

)
,

X0 = 0 ,

(3)

where Dk ≡ d3k/(2π)3. The creation and an-
nihilation operators obey the commutation relation

[a+(k), a†+(k′)] = (2π)3δ(k − k′), and the polarization
vectors obey k · ε± = 0, k × ε± = ∓ikε±, ε± · ε± = 0,
ε± · ε∓ = 1. The dark photon field equation can then be
written in terms of the mode function v as

v′′±(k, τ) + ω2
±(k, τ)v±(k, τ) = 0, (4)

with the dispersion relation ω2
±(k, τ) = k2 ∓ kαφ′/f . As

long as the axion starts rolling and develops a non-zero
φ′, the dark photon modes of a certain helicity in the mo-
mentum band 0 < k < α|φ′|/f will have ω2(k, τ) < 0 and
therefore grow exponentially. Specifically, the v+ modes
can grow when φ′ > 0 and the v− modes grow when
φ′ < 0, and the growth of the two helicities are alter-
nating as the axion field oscillates around the minimum
of its potential. The helicity experiencing the tachyonic
instability right after axion starts the rolling will be sig-
nificantly more enhanced than the other, as it spends
more time in the tachyonic band.

To solve the axion and the dark photon coupled equa-
tions of motion, we treat the dark photon mode functions
v±(k, τ) as discretized modes of fixed k. And to the lead-
ing order, the reaction from dark photon field E·B on the
right hand side of Eq. (2) is replaced by the expectation
value 〈E ·B〉, which is calculated as

〈E ·B〉 = −
∑
λ=±

λ

∫
k2dk

2π2a4
Re [v∗λ(k, τ)v′λ(k, τ)] . (5)

II.2. Calculation setup

In our calculation, we assume the dark photon to be
non-thermal such that its abundance comes only from
the tachyonic production described above. We use 100
dark photon k-modes equally spaced on a logarithmic
grid in the momentum range [kmin, kmax]. The value
of kmax is chosen such that kmax & α|φ′|max/f , and
we perform a consistency check with several choices of
kmax to determine the number used for each calculation.
The minimum value of the momentum range is set to be
kmin = H0/4. With these choices, we make sure that the
entirety of the momentum range of interest is covered.

In this work we do not include the back reaction of the
gauge modes on the axion perturbations that requires a
full lattice study (see [44]). This is mainly important for
the axion abundance calculation which is not of inter-
est in this setup. For the GWs, we expect the lattice
results to be roughly consistent in magnitude [44] and
to be mainly important for the spectral shape (see also



3

500 1000 5000 104
10-12

10-9

10-6

0.001

1

1000

τ [ Mpc ]

V(
ϕ
)
/
ρ
C
C

BM1
BM2

τrei

2000 5000 104

5×10-3

1×10-3

5×10-4

1×10-4

5×10-5

1×10-5

5×10-6

τ [ Mpc ]

<
δ
ρ
e2 >

1
2
/
ρ
to
t
or

ρ
e
/
ρ
to
t BM1

BM2
<δρe

2>1/2

ρe

τrei

FIG. 1. Left panel: The evolution of the axion potential energy of the two benchmark models we use, normalized by
the dark energy density today ρCC ≈ 37 meV4. Right panel: The evolution of the dark sector energy density ρe and its
perturbation 〈δρ2e〉1/2 induced by the tachyonic particle production, normalized by the total energy density of the universe,

where 〈δρ2e〉1/2 ≡
[∫
DkDk′〈δρe(k)δρe(k′)〉

]1/2
.

[45–47]). We therefore treat the calculation here as a pre-
liminary estimate to motivate a full lattice study which
is left for a subsequent work.

The produced dark photon k-modes are assumed to be
in the Bunch-Davis vacuum v±(k, τ) = eikτ/

√
2k before

the axion rolling starts and the axion field is released
at an initial misalignment of |φ0| = f . We choose two
benchmark models for which the tachyonic instability be-
comes significant after recombination but before reioniza-
tion, taken as zrei = 8. Note that keeping the axion mass
fixed and varying the height of the initial misalignment
(i.e. Λ in our parameterization, keeping f ∝ Λ2) will
only rescale the energy in the dark sector, and with it
the energy density in the perturbations. Therefore we
will think of the two benchmarks as two classes of mod-
els where the total energy in the dark sector remains a
free parameter which can be constrained by current ex-
perimental data. We give the benchmark values of the
parameters in Table I, where we also show the bound on
the energy scale in the dark sector Λbound which is found
in the following sections using the current CMB data.

We plot the axion field behavior and the produced in-
homogeneities in the gauge modes in Fig. 1, saturating
the above bound on Λ. We see that the axion starts
its rolling shortly before reionization which soon after
turns into an oscillation around its minimum, produc-
ing the gauge mode inhomogeneity in the process. In
Fig. 1 (right), we see that the dark photon energy is al-
ways below O(5× 10−4) of the total energy. The process
therefore gives negligible corrections to the angular diam-
eter distance that relates to the CMB spectra. However,
even though the average ρe is small comparing to ρtot

that is dominated by the matter density ρm, the density
contrast of the dark photon energy is of O(1) as can be
seen in the transparent and opaque curves. The energy
perturbation 〈δρ2

e〉1/2 is thus comparable to the matter
density perturbation (∼ 10−5ρm) that enters the horizon
around the same time and can therefore generate visible

signals as we show below.

m (eV) kmax (Mpc−1) Λbound α

BM1 4× 10−30 0.94 15 meV 400

BM2 8.8× 10−31 0.78 9 meV 400

TABLE I. The benchmark parameters used in the calculation.

III. CMB SPECTRA CALCULATION

Although the axion starts rolling only after recombi-
nation, remarkably it can still modify the CMB pertur-
bation observed today. The dark photon field enhanced
by the tachyonic instability generates isocurvature per-
turbations that also source GWs [36] affecting the CMB
power spectrum through the late integrated Sachs-Wolfe
(ISW) effect. The produced GWs also leave an imprint
in the CMB B-mode which will serve as our target signal
for the discovery of this setup. Here we present the cal-
culation of CMB TT , EE and BB spectra, CTT` , CEE`
and CBB` .

III.1. Scalar mode contribution

Perturbations of the axion and dark photon energy
density δρe generate a gravitational potential Φ through
the linear Boltzmann and Einstein equations [48]

δ′m + θm = 3Φ′ ,

θ′m +
a′

a
θm = −Φ ,

k2Φ + 3
a′

a
Φ′ + 3

(
a′

a

)2

Φ = −4πGN a
2(δρe + δρm) .

(6)
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Here δm = δρm
ρm

is the matter energy density contrast

induced by the perturbation from the dark photons, and
θm is the velocity divergence of matter. For the metric
perturbations we set Φ = −Ψ and ignore the stress tensor
from the free streaming radiation. Once the tachyonic
production starts, the dark photons dominate the energy
perturbation of the dark sector, and hence:

δρe ≈
1

2

1

a4(τ)
δ
[
(∂0Xi)

2
]

+
1

4
δ
[
XijXij

]
. (7)

Here the energy density fluctuation is defined as an oper-
ator by subtracting the expectation value from the energy
density operator [21].

Through the ISW effect, the gravity perturbation Φ,
obtained by solving Eq. (6), sources a temperature per-
turbation today Θ0(n) = δT/T (−n; τ0) as [49]

Θ0(n) =
∑
l

il (2l + 1)

∫
Dk Θ̃l(k)Pl

(
k · n
k

)
, (8)

Θ̃l(k) = 2

∫ τ0

τrec

dτ Φ′(k, τ)jl[k(τ0 − τ)] , (9)

where τ0 and τrec are the conformal time today and at
recombination respectively. Since the dark photon per-
turbation from the tachyonic production is uncorrelated
with the adiabatic perturbation, the cross correlator be-
tween Θ0(n) and the adiabatic CMB temperature pertur-
bation is negligible. Therefore, the dark photon contri-
bution to the temperature power spectrum is calculated
as

CTTl =
1

4π

∫
dn′dn′′Θ0(n′)Θ0(n′′)Pl(n

′ · n′′) . (10)

Using functions T rl and T il defined in Eq. (A6) and (A7)
as convolution integrals between the dark photon mode
function v(k, τ) and the spherical Bessel functions, we
find that

CTTl = 8π3G2
N

∫
Dk
∫
Dk1(k2

1 + 2k1k2 + k2
2 − k2)2

·
[
T r2` (k, k1, k2) + T i2` (k, k1, k2)

]
,(11)

where the vector k2 = k − k1. We give more details of
the derivation in the Appendix A.

The scalar perturbations can also source the CMB E-
mode, which can be calculated as

CEEl =
9π

2
T 2

rei

(l + 2)!

(l − 2)!

∫
DkDk′〈Φ(τrei)Φ(τrei)〉

· j2
2(kτrei) ·

j2
l [(τ0 − τrei)k]

k4(τ0 − τrei)4
(12)

after taking the narrow width approximation of the visi-
bility function in time. Here τrei is the conformal time at
reionization, and Trei ≈ 0.08 the photon optical depth in
the reionized universe. We find that the E-mode contri-
bution from the scalar perturbations is subdominant to
that of the tensor perturbations.

III.2. Tensor mode contribution

The tensor perturbation h(k, τ) is obtained from the
linear Einstein equation, which is written in terms of
h̄ij = ahij as

h̄′′ij +

(
k2 − a′′

a

)
h̄ij =

2

M2
Pl

aΠij(k, τ) , (13)

where Πij(k, τ) is the anisotropic part of the energy mo-
mentum tensor Tij . The tensor perturbation then gener-
ates the B-mode power spectrum as [49]

CBBl =36π T 2
rei

∫
DkDk′ J 2

l,B(k)

· 〈
{∫ τrei

τrec

dτ h′ij(k, τ)
j2[(τrei − τ) k]

(τrei − τ)2 k2

}2

〉 ,
(14)

where

JB,l(k) =
l + 2

2l + 1
jl−1(κ)− l − 1

2l + 1
jl+1(κ) , (15)

with κ = (τ0−τrei)k. We take the narrow width approxi-
mation of the visibility function in time as in the E-mode
calculation. In contrast to the calculation of TT , the B-
mode signal relies on having the last photon scattering
at the reionization. This can be seen by the presence
of j2[(τrei − τ) k] that comes from expanding the photon
propagation within the time interval [τ, τrei] into spher-
ical harmonics and then matching the angular mode to
the polarization signal.

As can be seen from Eq. (13), the spectrum
〈h′(k, τ ′)h′(k, τ ′′)〉 is related to 〈Πij(k, τ

′)Πij(k
′, τ ′′)〉,

which again can be expressed in terms of the dark pho-
ton mode function v(k, τ). The B-mode spectrum can
therefore be rewritten as

CBBl =36π T 2
rei

∫
Dk
∫
Dk1Θ(k, k1, k2)

·
(
B2
r (k, k1, k2) +B2

i (k, k1, k2)
)
J 2
B,l(k) .

(16)

The function Θ defined in Eq. (B5) comes from the scalar
products of the dark photon polarization, while Br and
Bi are convolutions between v(k, τ) and the spherical
Bessel function j2 (see Eq. (B6) and Eq. (B7)). More
details of the derivation appear in Appendix B.

The tensor perturbation also contributes to the EE
and TT spectrum. The E-modes have a similar gener-
ation mechanism as the B-modes, and we can calculate
the CEE` by simply replacing JB,l(k) in Eq. (14) with

JE,l(k) =
(l + 2)(l + 1)

(2l + 1)(2l − 1)
jl−2(κ)− 6(l + 2)(l − 1)

(2l + 3)(2l − 1)
jl(κ)

+
l(l − 1)

(2l + 3)(2l + 1)
jl+2(κ) .

(17)
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FIG. 2. We plot the CMB power spectrum in our setting, saturating the current Planck 2018 bound [41] (left panel) and show
the corresponding B-mode spectra (right panel) for the two benchmark models (see Table. I). In the left panel we also show
the 1σ error bar of the binned Planck 2018 power spectrum [41] and in the right panel – the measurement from BICEP2/Keck
Array [13] (digitized from [50]) as well as the projected instrumental noise of several future experiments, including LiteBIRD [51],
CMB-S4 [50], PICO [52] and CORE [53] (digitized from [54]). Additionally, we plot on the right panel the primordial and
lensing B-mode spectra for several different tensor-to-scalar ratio r (dotted gray, taken from [51]).

The TT spectrum can be calculated by

CTTl =
9π

2

(l + 2)!

(l − 2)!

∫
DkDk′

· 〈
{∫ τ0

τr

dτ h′ij(k, τ)
jl[(τ0 − τ)k]

(τ0 − τ)2k2

}2

〉.
(18)

As we can see, the power spectra contributed by
the tensor and scalar perturbations are proportional
〈Πij(k, τ

′)Πij(k
′, τ ′′)〉, which scales with the mode func-

tion of dark photon as v4. The energy density of the dark
photon field is ρX = 1

2a4

∫
Dk
(
|v′(k)|2 + k2|v(k)|2 − k

)
,

where the last term comes from subtracting the vacuum
energy [35]. When the mode function grows due to the
tachyonic production, the axion initial potential energy
ρφ = 1

2Λ4 quickly transfers into ρX and generates v ∝ Λ2.
When fixing the axion mass m and the axion-dark pho-
ton coupling α, the magnitude of the resulting spectrum
is proportional to Λ8.

IV. RESULTS: THE TT AND BB SPECTRA

In Fig. 2, we show the CTT` and CBB` spectra from the
two benchmark models defined in Table. I. In particular,
the value of Λ is rescaled (keeping m and α fixed) so
that the TT spectrum roughly saturates the error bars
from the Planck 2018 data [41], as can be seen in the
plot. This shows the rough bound on Λ in these models
from the current CMB observations. On the right of
Fig. 2 we plot the corresponding CBB` signals for the two
benchmark models saturating the CTT` constraints. This
gives the upper range of the predicted B-modes within
our setting.

Below we discuss the shape of the calculated spectra.
As we can see in Fig. 2 (right), the two axion B-mode
curves are roughly parallel to each other. This can be

explained by the spherical Bessel function

x−2j2(x) , x = (τrei − τ)k , (19)

from the angular integral that projects the photon po-
larization tensor to the B-mode perturbation. The func-
tion peaks at the origin and is suppressed by x−3 when
x� 1, so the integral is dominated by the k-modes that
minimize x. At the same time, the tachyonic production
mainly produces k-modes larger than τ−1

rei . This results
in DBB

` getting most of its contribution from perturba-
tions at τ ∼ τrei. This explains why the difference in the
dark photon production at early times between the two
benchmarks does not significantly modify the shape of
the ` spectra even though the axions in the two models
start rolling at different times (as shown in Fig. 1).

This behavior does not hold, however, for the DTT
`

spectra which are sensitive to the starting time of the
particle production. The TT spectra in Eqs. (11) and
(18) are not affected by the reionization and the spher-
ical harmonic projection has the form j`[(τ0 − τ)k], re-
ceiving contributions from a wider τ window for different
`-modes. Our numerical results show that the TT spec-
tra are dominantly contributed by the early period of the
dark photon production. This is why they no-longer peak
at lower `-modes as DBB

` , and the peak of the spectrum
for the BM1 model, where the particle production starts
earlier, is accordingly at higher ` compared with the peak
of the BM2 spectrum.

In the DTT
` plot, we compare signals from the two

benchmark axion models to the Planck 2018 data [41],
establishing a rough bound on Λ. We find that Λbound ∼
15(9) meV (see also Table I) for the BM1(BM2) satu-
rates the error bar of the Planck data following the same
binning as in [41]. We find a similar sensitivity from the
Planck E-mode polarization data, not shown here.

In the DBB
` plot, we first note that the BICEP2/Keck

measurement [13] does not exclude the benchmark mod-
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els2. We have accordingly chosen the parameters to sat-
isfy the existing constraints and find that the signal from
the late time tachyonic production is well within sen-
sitivities of next-generation CMB B-mode experiments,
such as LiteBIRD [51], CMB-S4 [50], PICO [52] and
CORE [53].

The B-mode signals from axions peak at low-`, sim-
ilarly to those from inflationary tensor modes, in both
cases due to reionization. In this region, the inflation-
ary model with r ∼ 0.01 produces B-mode signals that
dominate over the gravitational lensing signal (see e.g.
Fig. 1 of [53]). This suggests that the axion signals
can also dominate the lensing background. The scientific
goal of LiteBIRD, for example, is to achieve an uncer-
tainty of δr ∼ 0.001 on the range 2 6 ` 6 100 [51]. It
has been shown that even with the contamination from
diffuse galactic foreground, LiteBIRD can still be sensi-
tive to DBB

l ∼ 10−4µK2 [55] for ` . 10. Such sensitivity
is close to the BM1 signal, and it is also comparable to
the BM2 signal even with a lower Λ ∼ 7 meV, which is

close to the scale of the observed dark energy ρ
1/4
CC . This

signal, if observed, might have intriguing implications for
the nature of dark energy.

V. CONCLUSION

We have studied the CMB power spectra generated by
ALPs via a tachyonic instability and the ensuing produc-

tion of dark photon quanta close to the cosmic reioniza-
tion epoch. The ALP-dark photon system produces GWs
that leave an imprint in the CMB, including its B-mode
polarization spectrum. The signal is visible to future
CMB polarization detectors while remaining compatible
with the bounds from current measurements. Moreover,
we find that future experiments can be sensitive to ALP
potential energies similar in order of magnitude to the
value of CC, which, if discovered, may lead to progress
in discerning the nature of dark energy. We note that our
setting may potentially also generate a signal in measures
of cosmic non-Gaussianity that could be visible to future
experiments. We leave this analysis for a future study.
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Appendix A: Calculation of the CMB TT spectrum

Here we give more details about the CTT` calculation from the ISW contribution. We solve the set of differential
equations in Eq. (6) by using the Green’s function method and denote the Green’s function for Φ by GΦ(τ, τ ′), which
has the boundary condition of GΦ(τ, τ) = a(τ)/(3a′(τ)). Then for the ISW calculation we should have the conformal
time derivative of the gravitational potential Φ as

Φ′(τ) = GΦ(τ, τ)g(k, τ) +

∫ τ

τosc

dτ ′
dGΦ(τ, τ ′)

dτ
g(k, τ ′) , (A1)

where we have defined g(k, τ) ≡ −4πGN a
2δρe for convenience. With the dτ integration in Eq. (9), we reorganize the

expression by switching the order of the conformal time integrals as

Θ̃l(k) = 2

∫ τ0

τosc

dτ GΦ(τ, τ)g(k, τ)jl[k(τ0 − τ)] + 2

∫ τ0

τosc

dτ

∫ τ

τosc

dτ ′
dGΦ(τ, τ ′)

dτ
g(k, τ ′)jl[k(τ0 − τ)] (A2)

= 2

∫ τ0

τosc

dτGΦ(τ, τ)g(k, τ)jl[k(τ0 − τ)] + 2

∫ τ0

τosc

dτ ′
∫ τ0

τ ′
dτ
dGΦ(τ, τ ′)

dτ
g(k, τ ′)jl[k(τ0 − τ)] (A3)

= 2

∫ τ0

τosc

dτ ′
{
GΦ(τ ′, τ ′)jl[k(τ0 − τ ′)] +

∫ τ0

τ ′
dτ

dGΦ(τ, τ ′)

dτ
jl[k(τ0 − τ)]

}
g(k, τ ′) (A4)

= 2

∫ τ0

τosc

dτ ′ fT,l(k, τ
′)g(k, τ ′) . (A5)

We can then convert the correlation function 〈Θ̃l(k)Θ̃l(k
′)〉 into 〈δρe(k, τ)δρe(k

′, τ ′)〉. The δρe operator can be
expressed with the dark photon fields by replacing the Xi and Xij in Eq. (7) with the definitions in Eq. (3), and its

http://dx.doi.org/ 10.1007/JHEP04(2020)010
http://dx.doi.org/ 10.1007/JHEP04(2020)010
http://arxiv.org/abs/1911.08472
http://dx.doi.org/10.1103/PhysRevLett.115.221801
http://dx.doi.org/10.1103/PhysRevLett.115.221801
http://arxiv.org/abs/1504.07551
http://arxiv.org/abs/1504.07551
http://dx.doi.org/10.1038/nphys4109
http://dx.doi.org/10.1038/nphys4109
http://arxiv.org/abs/1705.02290
http://dx.doi.org/ 10.1103/PhysRevLett.120.151301
http://dx.doi.org/ 10.1103/PhysRevLett.120.151301
http://arxiv.org/abs/1804.05750
http://dx.doi.org/10.1103/PhysRevLett.122.121802
http://arxiv.org/abs/1810.12257
http://dx.doi.org/10.1103/PhysRevD.97.092001
http://dx.doi.org/10.1103/PhysRevD.97.092001
http://arxiv.org/abs/1803.03690
http://dx.doi.org/ 10.1103/PhysRevD.100.023548
http://dx.doi.org/ 10.1103/PhysRevD.100.023548
http://arxiv.org/abs/1809.01656
http://dx.doi.org/ 10.1103/PhysRevLett.123.021801
http://dx.doi.org/ 10.1103/PhysRevLett.123.021801
http://arxiv.org/abs/1902.01418
http://dx.doi.org/ 10.1103/PhysRevLett.121.241102
http://dx.doi.org/ 10.1103/PhysRevLett.121.241102
http://arxiv.org/abs/1804.03145
http://dx.doi.org/ 10.1088/1475-7516/2019/03/027
http://dx.doi.org/ 10.1088/1475-7516/2019/03/027
http://arxiv.org/abs/1811.08436
http://dx.doi.org/10.1103/PhysRevD.85.123537
http://dx.doi.org/10.1103/PhysRevD.85.123537
http://arxiv.org/abs/1203.5849
http://dx.doi.org/ 10.1103/PhysRevD.99.075002
http://dx.doi.org/ 10.1103/PhysRevD.99.075002
http://arxiv.org/abs/1810.07196
http://dx.doi.org/10.1007/JHEP03(2018)049
http://dx.doi.org/10.1007/JHEP03(2018)049
http://arxiv.org/abs/1708.05008
http://dx.doi.org/10.1007/JHEP01(2019)053
http://arxiv.org/abs/1811.01950
http://arxiv.org/abs/1811.01950
http://arxiv.org/abs/1912.01007
http://dx.doi.org/10.1103/PhysRevD.103.L021301
http://dx.doi.org/10.1103/PhysRevD.103.L021301
http://arxiv.org/abs/2008.01732
http://dx.doi.org/10.1088/1475-7516/2016/10/019
http://dx.doi.org/10.1088/1475-7516/2016/10/019
http://arxiv.org/abs/1607.05617
http://dx.doi.org/ 10.1103/PhysRevLett.122.221301
http://dx.doi.org/ 10.1103/PhysRevLett.122.221301
http://arxiv.org/abs/1811.04083
http://arxiv.org/abs/1907.12875
http://arxiv.org/abs/1907.12875
http://dx.doi.org/10.1103/PhysRevLett.114.101301
http://dx.doi.org/10.1103/PhysRevLett.114.101301
http://arxiv.org/abs/1502.00612
http://dx.doi.org/10.1103/PhysRevD.100.015048
http://dx.doi.org/10.1103/PhysRevD.100.015048
http://arxiv.org/abs/1902.06793
http://arxiv.org/abs/2012.11584
http://dx.doi.org/10.1016/j.physletb.2018.04.024
http://dx.doi.org/10.1016/j.physletb.2018.04.024
http://arxiv.org/abs/1711.06590
http://dx.doi.org/ 10.1016/j.physletb.2019.135136
http://arxiv.org/abs/1810.07188
http://arxiv.org/abs/2010.10990
http://dx.doi.org/10.1086/176550
http://dx.doi.org/10.1086/176550
http://arxiv.org/abs/astro-ph/9506072
http://arxiv.org/abs/1610.02743
http://dx.doi.org/10.1007/s10909-019-02150-5
http://arxiv.org/abs/1902.10541
http://dx.doi.org/10.1088/1475-7516/2018/04/014
http://arxiv.org/abs/1706.04516
http://dx.doi.org/ 10.1088/1475-7516/2021/01/003
http://dx.doi.org/ 10.1088/1475-7516/2021/01/003
http://arxiv.org/abs/2004.02927
http://dx.doi.org/10.1088/1475-7516/2021/01/012
http://arxiv.org/abs/2007.04241


8

spectrum is obtained as 〈0|δ [O] δ [O] |0〉 = 〈0|O2|0〉 − 〈0|O|0〉2. After a lengthy but straightforward calculation one
arrives at Eq. (11). The expression of the function T r` and T i` are

T r` (k, k1, k2) =

∫ τ0

τosc

dτ
1

a2(τ)
fT,l(k, τ)Re

{
v+(τ, k1)v+(τ, k2) +

v′+(τ, k1)v′+(τ, k2)

k1k2

}
, (A6)

T i` (k, k1, k2) =

∫ τ0

τosc

dτ
1

a2(τ)
fT,l(k, τ)Im

{
v+(τ, k1)v+(τ, k2) +

v′+(τ, k1)v′+(τ, k2)

k1k2

}
. (A7)

Appendix B: Calculation of the CMB B-mode spectrum

The solution to Eq. (13) can be written as

h̄ij(k, τ) =
2

M2
Pl

∫ τ

τosc

dτ ′a(τ ′)G(k, τ, τ ′)Πij(k, τ
′), (B1)

where G is the Green’s function which solves d2G/dτ2 +
(
k2 − a′′/a

)
G = δ(τ − τ ′), and satisfies G(τ < τ ′) = 0,

G(k, τ, τ ) = 0 and G′(k, τ, τ ) = 1. With this expression, the spectrum 〈h′ij(k, τ1)h′ij(k, τ2)〉 is converted to Π2(k, τ ′1, τ
′
2),

where Π2(k, τ ′1, τ
′
2) is defined as 〈Πij(k, τ)Πij(k

′, τ ′)〉 = (2π)3Π2(k, τ, τ ′)δ(k + k′) . Using the results in Ref. [36],
Π2(k, τ, τ ′) can be expressed as

Π2(k, τ, τ ′) = 2

∫
DqΘ++(k− q,k)S++(q,k, τ)S∗++(q,k, τ ′) , (B2)

where the subscript ++ means we include only the positive helicity (which dominates over the negative helicity). The
function Θ and S are also explicitly given in Ref. [36] as

|Θ++(q,k)|2 =
1

16

[(
1 +

k · q
|k| |q|

)2(
1 +

k · (k− q)

|k| |k− q|

)2

+

(
1− k · q
|k| |q|

)2(
1− k · (k− q)

|k| |k− q|

)2
]
, (B3)

S++(q,k, τ) = − 1

a2(τ)

[
|q||k− q|v+(q, τ)v+(k− q, τ) + v′+(q, τ)v′+(k− q, τ)

]
. (B4)

These give us all the ingredients for the CBBl calculation. Putting all the explicit expressions back to Eq. (14),
and using the same trick as in the calculation of CTTl to switch the sequence of the two conformal time integrals∫ τrei
τosc

dτ
∫ τ
τosc

dτ ′ →
∫ τrei
τosc

dτ ′
∫ τrei
τ ′ dτ involved in Eq. (14), we arrive at the result Eq. (16) after a simplification. The

functions involved in the final expression Eq. (16) are defined as

Θ(a, b, c) =
1

16

[(
(a+ b)2 − c2

)2
4a2b2

(
(a+ c)2 − b2

)
4a2c2

+

(
(a− b)2 − c2

)2
4a2b2

(
(a− c)2 − b2

)
4a2c2

]
, (B5)

Br(k, k1, k2) =
2

M2
pl

∫ τrei

τosc

dτ
1

a2(τ)
fB(k, τ) Re

{
v′+(τ, k1)v′+(τ, k2) + k1k2v+(τ, k1)v+(τ, k2)

}
, (B6)

Bi(k, k1, k2) =
2

M2
pl

∫ τrei

τosc

dτ
1

a2(τ)
fB(k, τ) Im

{
v′+(τ, k1)v′+(τ, k2) + k1k2v+(τ, k1)v+(τ, k2)

}
, (B7)

fB(k, τ) =

∫ τrei

τ

dτ ′
1

a(τ ′)
G(k, τ ′, τ)

j2[(τrei − τ ′)k]

(τrei − τ ′)2k2
, (B8)

where G(k, τ, τ ′) ≡ dG(k, τ, τ ′)/dτ − a′(τ)/a(τ)G(k, τ, τ ′).
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