LOCAL WELL-POSEDNESS FOR THE HALL-MHD SYSTEM IN
OPTIMAL SOBOLEV SPACES
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ABSTRACT. We show that the viscous resistive magnetohydrodynamics system
with Hall effect is locally well-posed in H*(R3) x H5+1~¢(R3) with s > % and
any small enough € > 0 such that s —e > % This space is to date the largest
local well-posedness space in the class of Sobolev spaces for the system. It is
also optimal according to the predominant scalings of the two equations in the
system.
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1. INTRODUCTION

Considered in this paper is the three dimensional incompressible viscous resistive
magnetohydrodynamics with Hall effect (Hall-MHD) governed by the system:

ur+u-Vu—>b-Vb+Vp—vAu =0,
(1.1) bi+u-Vb—b-Vu+nV x ((Vxb) xb)—puAb=0,
V.-u=0,
accompanied with the initial conditions
(1.2) u(z,0) = up(x), b(x,0) = bo(x), V-ug=V-by=0,

for x € R3 and ¢t > 0. In the system, u represents the fluid velocity, p is the fluid
pressure and b stands for the magnetic field. The parameters v,y and 1 denote
the fluid viscosity, resistivity (electrical diffusivity) and the Hall effect coefficient,
respectively. It is important to observe that, if V - by = 0, the divergence free
condition for b is propagated by the second equation of (1.1), see [4]. The Hall
term V x ((V x b) x b) distinguishes (1.1) from the usual MHD system (system
(1.1) with » = 0). In contrast to the latter one, the Hall-MHD model is more
advantageous due to the fact that it can capture the essential characteristics of the
magnetohydrodynamics with strong magnetic reconnection where the Hall effect
plays a significant role. Magnetic reconnection is a fundamental dynamical process
in highly conductive plasmas in astrophysics, allowing for explosive and efficient
magnetic to kinetic energy conversion. For a more comprehensive physical back-
ground of the magnetic reconnection phenomena and the Hall-MHD model, we refer
the readers to [11, 14, 16] and references therein.

Despite its increasing popularity among the astrophysicists community, the math-
ematical understanding of the Hall-MHD model is very limited. Conceptually, we
can have a peek about the barriers from various perspectives. First, the Hall term
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launches new physics into the system at small length scales and hence intrinsically
challenging into the mathematical analysis. Second, it is well-known that the main
obstacle to understand the turbulent flows governed by the Navier-Stokes equation
(NSE) relies on the nonlinearity in the form of (v - V)u. One can imagine that
system (1.1) is more intricate than the NSE, for the former one contains the NSE
and a magnetic field equation with the Hall term which appears more singular than
(u - V)u. Third, the natural scaling structure is a strong motivation in the study
of both the NSE and the MHD system, who share the same scaling. However, the
Hall term destroys such natural scaling. Into more details, for the MHD system, if
(u(z,t),p(z,t),b(x,t)) solves (1.1) with n = 0 with the initial data (ug(x),bo(z)),
then the triplet (ux(x,t), px(x,t),bxr(x,t)) defined by

(1.3)  un(z,t) = du(a, \2t), palz,t) = N2p(Aa, A*t), ba(x,t) = Ab(Ax, \%t)
solves the same system with the data
uoa(x,t) = Aug(Azx), box(z,t) = Abp(Ax).

The scaling (1.3) no longer holds for system (1.1) with 7 > 0. On the other hand,
we can extract the so-called electron MHD

(1.4) b + V x ((V x b) x b) = Ab
which has the scaling
(1.5) ba(z,t) = b(Az, A2t).

Since the Hall term is the most singular nonlinearity in system (1.1), it suggests
that the predominant scaling for (1.1) could be

(1.6)  ux(z,t) = Au(Ax, \%t), pa(z,t) = Np(x, \%t), by(z,t) = b(Ax, A\*t).

In fact, based on scaling (1.6), we obtained a regularity criterion for (1.1) in three
dimension which improves various criteria in the literature, see [9].

In this paper our interest is to find the largest possible (optimal) Sobolev space
where system (1.1) is locally well-posed. On this topic, it was first shown in [6]
that system (1.1) in three dimension is locally well-posed in H*®(R?) x H*(R?) with
s > 2. By taking (1.5) as the dominant scaling, in [8], we obtained the local well-
posedness of (1.1) in H*(R%) x H*(R?) with s > 2, which improves the result of [6].
In fact, the NSE is known to be locally well-posed in H*(R3) with s > %; according
to scaling (1.5), one can show that the electron MHD (1.4) is locally well-posed
in H*(R®) with s > 2 by standard arguments of local well-posedness. Thereby,
motivated by scaling (1.6), one would expect that system (1.1) may be locally well-
posed in H*(R?) x H*t1(R3) with s > % In order to justify this conjecture, we
need to treat the energy estimates for u and b separately, namely, v in H® and b
in H**t'. In this situation, beside estimating the flux contribution from the Hall
term, we encounter the essential difficulty: no cancelation can be employed to deal
with the two terms b- Vb and b - Vu. As a matter of fact, cancelation among the
coupling terms plays a vital role in estimating both u and b in the same space H?,
as done in [8]. To overcome this barrier due to the lack of cancelation among the
coupling terms, it comes to our mind that we need to optimize the estimates of the
flux contributed from the two terms by fully employing the diffusion of both the
and the b. Techniques based on the paradifferential calculus enables us to operate
such optimizations. Namely, we prove the main result below.
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Theorem 1.1. Let (ug,by) € H*(R?) x H*"1=¢(R®) with s > 1 and any small
enough € > 0 such that s —e > % Assume V -ug =V -bg = 0. There exists a time
T =T(v, w, ||uolla=, |bol| gs+1-<) > 0 and a unique solution (u,b) of (1.1) on [0,T]

such that
(u,b) € C([0,T); H*(R?)) x C([0,T); H*'75(R?)).

Remark 1.2. The proof of Theorem 1.1 will be carried out for space R™ with
general n > 3, although the Hall term is not physically relevant in space with di-
mension greater than 3. Ignoring the meaning of the Hall term, the proof in Section
3 shows local well-posedness of the system in the space H*(R") x H5*17¢(R") with
s> 5 — 1 and any small enough € > 0 such that s +1 —¢ > 7.

Regarding the result, the fact that b needs to be in a space with higher regularity
is determined by the Hall term. Based on the scaling (1.5) of the electron MHD
(1.4), the optimal Sobolev space of well-posedness for b would be H**1(R3) with
5§ > % However, as stated in Theorem 1.1, the obtained well-posdness space for b
is H5T17¢(R3) for any small € > 0. It may be explained by getting a closer look at
the term b+ Vu. While estimating ||b- Vul|| g~ by applying both diffusions of u and
b, it happens that we need to take r slightly smaller than s + 1.

2. PRELIMINARIES

2.1. Notation. In order to avoid confusion, we specify a few notations. We denote
by A < B an estimate of the form A < C'B with some absolute constant C, and
by A ~ B an estimate of the form C1B < A < CyB with absolute constants Cf,
Cs. For simplification, it is understood that || - ||, = || - [|L». We use C, to denote
a constant which depends on the viscosity v and may vary from line to line. The
same convention applies to notations C,, and C, .

2.2. Littlewood-Paley decomposition. As in our previous articles on the local
well-posedness of magnetohydrodynamics systems, the main tool is paradifferential
calculus. To be self-contained, we recall the Littlewood-Paley decomposition theory
briefly, even though it appears in our earlier work on related topics. For a more
detailed description on this theory we refer the readers to [2] and [12].

Let F and F~! denote the Fourier transform and inverse Fourier transform,
respectively. Define A\, = 29 for integers ¢. A nonnegative radial function yx €
C§°(R™) is chosen such that

0, for|é
Let
P(6) = x(5) ~ x(6)
and

~JeAte)  forg >0,
©q(§) = {X(f) for ¢ = —1.
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For a tempered distribution vector field u we define the Littlewood-Paley projection
h:]:_l@a il‘:]:_1X7
Ug = Agqu = —7:_1(@()\,1_16)]:“) = / h(Aqy)u(z — y)dy, for ¢ > 0,

ws = F I x(OF0 = [yt - )y

By the Littlewood-Paley theory, the identity
i=3"u,

qg=-1

holds in the distributional sense. For brevity, we agree with the notations

Q
U< = Z Ug, Uy = Z Up.

g=-1 [p—q|<1

Definition 2.1. A tempered distribution u belongs to the Besov space B, . if and
only if

[l

_ s
Bs = qszuf)l Aglluglly < oo.

We can identify the Sobolev space H* by the Besov space B3 ,, i.e.

0o 1/2
l[ull = ~ (Z A3“’|qu||§>

q=-—1
for each v € H® and s € R.

Lemma 2.2. (Bernstein’s inequality. See [13].) Let n be the space dimension and
r > s> 1. Then for all tempered distributions u, we have

n(l_1
(2.7) gl S X

~

||uq||8~

2.3. Bony’s paraproduct and commutator. Bony’s paraproduct formula

Ag(u-Vv) = Z Ag(u<p—2 - Vup) + Z Ag(up - Vu<y-s)

lg—p|<2 lg—p|<2

+ > Ayl - V),

p>q—2

(2.8)

will be used constantly to decompose the nonlinear terms in energy estimate. We
will also use the notation of the commutator

(2.9) [Ag,usp—2 - V]vp := Ag(ugp—2 - Vvp) = ugp—2 - VAguy,.
Lemma 2.3. The commutator satisfies the following estimate, for any 1 < r < 0o

A, usp—2 - Vivp|lr S [[Vusp—2lloolvplr-
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2.4. Auxiliary estimates. To handle the Hall term V x ((V x b) x b), more prepa-
ration is needed. We first introduce two more commutators and their estimates.
We define that, for vector valued functions F' and G,

(2.10) [Ay, F X VX|G=A,(F x(VXxQ)—F x(VxGy),

(2.11) [Ag, VX FX]G=Ay(VXFxG)—VxFxG,.

In principle, the commutators will be used to reveal certain cancellation; and to
shift derivative from high modes to low modes. It was shown in [9] they satisfy the
following estimates.

Lemma 2.4. Let F' and G be vector valued functions. Assume V- F =0 and F,
G wvanish at large |x| € R3. For any 1 < r < oo, we have

I[Ag, F x VX]Gllr S IVF oGl
I[Aq; V x FX]Gllr S [VF[llGll-

Lemma 2.5. Let F', G and H be vector valued functions. Assume F, G and H
vanish at large |z| € R3. For any 1 < 11,19 < 00 with % + % =1, we have

1809 % PXIG ¥ x H da| £ [V*F | |G, | ..
R3

3. A PRIORI ESTIMATE

In this section, we establish a priori estimate for regular solutions in H*(R™) x
H"(R™) with appropriate index s and r. Such estimate is the most crucial ingredient
in the argument of local well-posedness, which is rather standard for dissipative
equations, see [15]. Thus we only present the following theorem and its proof.

Theorem 3.1. Let (up,bp) € H*(R")x H"(R™) withs > 5—1 and § <r < s+1—¢
for small enough € > 0. There exists a time T = T (v, , ||uol| =, ||bol| =) > 0 such
that the Hall-MHD system (1.1) has a solution (u,b) satisfying

w € L>®(0,T; H*(R™)) N L*(0,T; H*T1(R™)),
be L>(0,T; H"(R™) N L*(0,T; H™*(R™)).

The proof involves certain amount of computations and estimates which will be
divided into several lemmas, each carrying an estimate for a flux term. To start,
multiplying the first equation of (1.1) by AiSAquq and the second one by AgTAqbq,
and adding up for all ¢ > —1, we obtain

1d s s
g2—1 g2—1
1d

(3.13) D ATlIbglls A+ i Y ATl < —Is — Ia — I,

q>—1 q>—1

2dt
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with

I = Z /\3S /RS Ag(u-Vu) - uqde, Ih=— Z )\25 . Ag(b- V) - uqdx,

g>—1 g>—1

Is= > A | Ag(u-Vb)-bydx, ILi=— > N[ Ayb-Vu)-b,dz,
q=—1 R q=—1 R

Iy =Y A7 [ ALV xb)xb)-V xbyda.
g>—1 R?

To fully exploit cancelations in the flux terms I, I3 and I5, we will apply commu-
tator estimates along with Bony’s paraproduct and some fundamental inequalities.
While r # s, there is no cancelation in Iy 4+ I, and hence I5 and I; will be treated
in slightly different ways.

Lemma 3.2. Let s > § — 1. We have that, for some absolute constants v1,7v2 > 0,

v 2+ 2+
Ihl<g D AT lluglls + CullullFE + Collull 7.
q=—1

Proof: Using Bony’s paraproduct (2.8) followed by the commutator notation
(2.9), I is decomposed as

I = Z Z )‘55 /]R3 Ag(up—2 - Vup) - uq dx

q=—1|q—p|<2

t Z Z )‘38 /]R;3 Aq(up - Vu<p2) - ugde

q=—1|q—p|<2

+ Z Z Ags/w Ag(up - Vi) - ug dx

q>—1p>q—2
=11 + L2 + 13,

with

Iy = Z Z )\(2]3/ Ag,u<p_2 - V]uy - ug dz

3
q=—1|q—p|<2 R

+ Z Z )\58/ U<q—2 - VAgup - ug dx

3
q=—1|q—p|<2 R

+ Z Z )‘38/ Usp—g — U<q-2) - VAqup - g d

3
q=—1|q—p|<2 R
=I11 + T2 + Iis.

Thanks to the facts > oo . o Aqup = ug and V - ugg_o = 0, the term Iq12
vanishes. Notice that ;5 and I;3 can be treated in the analogous way as I71; and
1113, respectively. Thus we will only show the estimates of I111 and I113. Applying
the commutator estimate in Lemma 2.3 and Bernstein’s inequality to I111 gives rise
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to

Il <) Y AP Vugp-alloollupllzllugll2

q>—1|p—q|<2

n1
S A lugll3 DA uplle

g>—1 p<q

0 0 -0 -0 5 5 ) —5 (\—0\2+1-5-05
S 30 AT g N g3 S0 NG I3AS g 1370 (A0 T T)
g>—1 p<gq

_ —0 — —d
S Z )\518+1)0||uq||g)‘2(2 G)HUqu ZA;S+1)6|‘UP||3)‘;(1 6)”“17“% )‘zfq
>—1 p<q

with constants 6 and § satisfying 0 < 0 <2,0< 9 <1 and

(3.14) sz%+179f5.

It then follows from Young’s inequality with (r1,79,73,74) € (1,00)* satisfying
1 1 1 1 2 2

3.15 4= I _Z

( ) T‘1+’I"2+’I"3+T4 > 71 97 "3 5

such that for some 6; > 0,605, > 0

le—v)ra
[l =gz Z AP llugl3 +Co D (A llugll3) =

q=-1 >-1

(A-8)rg

S, + o Y X Ol A,
q>—1p<gq q>—1p<q
(2—0)ry (1=8)ry
2 2
g5 2 Mgl + Cu | 3 A7 gl +Cy [ S0 A3

g=-1 q>-1 ¢>-1

Notice that (3.14) and (3.15) imply that s > & — 1.
To estimate 113, it follows from Hoélder, Bernstein and Young’s inequalities that

sl < D0 D0 Alusgp—z — uzgoall2l Vi oo lugll2

q=—1|p—q|<2

25+5+1
S Z AP ugll3

g>—1

S ST AT [0 g 130N T

[N

v S S
3372 Z )‘3 +2||Uq||§+0,, Z )\3 HuqH%

q>—1 q>-1
for32%+1—9and0<9<2. Thus
241 2
*IIVUHHS + Oyl + Collull 72
for s > § — 1 and some 71,72 > 0.
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Lemma 3.3. Let 5 +s—2r <0 and s <r. The following estimate holds
v
12| < g D AT lugll3 + Cu Il
q=—1
Proof: We first decompose I> by using Bony’s paraproduct,

L=- Z Z )‘LQJS /R3 Ag(b<p—o-Vby) - ugdx

q=—1|q—p|<2

N Z Z AL /R3 Aq(by - Vb<p-2) - uq du

q=—1|q—p|<2

-y > )\33/ Ay (by - Vb,) - ug da
]RB

q>—1p>q—2
=191 + Iog + Io3.

Due to the lack of cancelation, I is the worst term which can be estimated as

1] < D0 AP Hlugllz D b<p—2lloollbpl2

9z-1 lg—p|<2

n
ST gy [ 3T Abgrllz | DS AT 1Bl
q>—1 lg—q'|<2 p<q

—ry3+s—2

SO gl [ D0 Anlibgrllz | > AnlbplleAs Az T
q>—1 lg—q’'|<2 p<q
SN uglla | D0 Nllbarlla | Do AnlbpllaXs )
q>—1 lg—q’|<2 p<q

for § +s—2r < 0. As a result, Young’s inequality gives rise to

2
’ s T T s—r
121 <16 SN ul3+C Y > Nlbgllz | S Albll2Ai
9=-1 g2—1 le—q'[<2 p<q
2
v . i ) B
<16 > OAEF gl +C Y > A lbglle | S Al l12A
=1 az—1 lg—q'|<2 p<q

where we used the fact A\j ~ A, for |¢ — ¢’| < 2 to obtain the last step. We also
point out that the constant C), in the second line is different from that in the first
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line. Then we apply Jensen’s inequality, if s < r,

2
V —
I <2 S 30 Y [ Al | A3
g>-1 q>—1 \|g—q'|<2 p<gq
v
STG Z /\Zs+2”“q”g+cv Z Z )‘3”|bq’||gz)‘;2f“bp||g
q2-1 a>-1[q—q'|<2 p<q
v
Sig 2 NPl G YD T N Ib I3 DD NIl
qz—1 a>-1|g—gq'|<2 p>-1

2

v S T
<15 2 AT Pluglli + Co | Y AT Ilbl13

q=—1 q=>—1

To analyze the term I, we recall that

orl < D0 AT Hluglls Y Nb<p—2lloollbp -

q>—1 lg—p|<2

On the other hand, the following inequality holds

T2 < D7 Aflluglla D Mbpllal Vh<p2loc

qz—1 lp—q|<2
<3 A uglls D 1Bl Allb<p-2lloe-
g2—1 [p—q|<2

Thus, we claim that I35 shares the same estimate as I5;.
In order to estimate Is3, we first move the derivative from high modes to low
modes in I3, by applying integration by parts

s =Y Y A?/RS Ay(by @by) - Vg dz| .

q>—1p>q—2

It then follows from Hélder’s and Bernstein’s inequalities

L3l S 3 A8 llugllz D Nbpll2llbples

g=—1 p>q—4
SO AT gl Y AZ b3
q>—1 p>q—4
: p Lts—2
ST N uglla ST A b3 A T
qg>—1 p>q—4

SO A gl Do NTIBIEN;,

g>—1 p>q—4
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for § + s —2r < 0. Applying Young’s inequality, Jensen’s inequality and changing
order of the summations yields

2

| Ios| <f SOAEPug3+C >0 [ DD AT IblI3N,

q> 1 q>—1 \p>q—4

v

<15 2 NTlulEHC D0 > AIIblIaA
q>—1 q>—1p>qg—4

v

<15 2 N lulE G D0 AT bz Y X,
g>—1 p>—1 q<p+4

2
v
<oo D0 Rl + G | D A3

q=-1 q=-1

Combining the estimates of I51, Is2 and Is3 above, we conclude the proof.
O

Lemma 3.4. Let s > § —1 and § + 5 <1 < s+ 2 — ¢ with small enough ¢ > 0.
We have the estimate

v s 7 - 2
Tl <5 30 X gl + & 37 A3 + Collul5 + CounlbI

q>—1 q>—1

for some constants v3,y4 > 0.

Proof: As for I, we first decompose I3 by Bony’s paraproduct

=Y > AQT/A (u<p—2 - Vby) - by dz

q=—1|q—p|<2

+> > )\ZT/Aup Vb<p ) - by dz

¢=2—1]q—p|<2

+ ) ZW/A% Vby,) - b, da

q>—1p>q—2

=131 + I32 + I3,

and further decompose I3; by using the commutator to

In=—> > /\QT/ [Ay, u<p—2 - Vby - by dz

q>—1|q—p|<2

YD A?r/ teqs - VAby) - by dz

q>—1|q—p|<2

o Z Z /\?ﬂ /11&3 ((ugp—2 — u<q—2) - VAgby) - by dz

q=—1|g—p|<2
=I311 + I312 + I313.
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It is not hard to see that I312 = 0. By the commutator estimate in Lemma 2.3, we
infer

T3] < ) D A Vuspalloollbpll2llbgll2

q=—1|p—q|<2

£+1
SO ATIbN3 D> AT iz

q=—1 r<q
r r(2— — s s(1— — —0y5t+1—s5—6
S 30 ATy IOy 130 0 ATy [3A 0y 30 (A5 00T
q=—1 p<q

r r(2— —6 s s(1— -5
S AT bglIEATE N 0g 1570 > AT uplI5AS O 150N g

q>—1 p<q

for parameters 6 and ¢ satisfying 0 < 0 <2,0< 9 <1 and
n
(3.16) 8254-1—9—5.

It then follows from Young’s inequality with (71,79, 73,74) € (1,00)* satisfying

1 1 1 1 2 2

3.17 —t =4+ =+ —=1, =z, -z
( ) 7"1+7"2+’I"3+’I“4 71 9 73 (5
such that

v s © r

1l <55 > AT |3 + 3 > AT bylI3
q>—1 q>—1
1473 1+4
+Cupi | D A2 lugll3 +Cup | D AT IblI3
q>—1 q>—1

for some constants ~3,v4 > 0. Notice that (3.16) and (3.17) imply for large enough
ro and 74, and 4, 0 close enough to 1, there exists a small £ > 0 such that

n n
> —0+ ——1.
S 5 E>2

The term I313 can be treated similarly as I113. However, since 7 > s and hence
)\gr > )\25, it involves more effort to distribute the wavenumber to achieve an
appropriate estimate. Therefore, we choose to carry out the details in the following.

Applying Holder’s inequality yields

Taa| < D0 A Mbglla > [uscp—a — ticgal2] Vhylloo-

q>—1 [p—ql<2

To shorten the presentation, we identify the finite sum - < lu<p—2 —u<qg—2|l2
by [[ugll2 and 32, 1<2 IVbplloo by [[Vbg[le, Which only changes the estimate up
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to a constant multiple. Thus, we have

[Ta13] S D A" bgllallugllz | Voo
q=—1

2r+%+1
S DA Hluglallbg 3

g>—1

T r s s +1—s—0—6
<3 A IO g 3N g I3 130 (A )

q>—1

— —0y (s - -4
S D AT 5T b I3 AS T 152 3
q>—1

for parameters 6 and J satisfying 0 < 0 < 2,0 < <1 and
s> 41-60-4.
2
We can finish the estimate of I313 as that of I317 and hence

7
asal S5 D0 AT gl + 25 D7 A2 20, 3
q>—1 q>—1
1473 1+74

+Cup | D A2 ugll3 +Cup | D AZIbglI3

g>—1 g=>—1

for some constants 73, y4 > 0.
Following the similar strategy as for I311, we estimate I35 as follows,

a2l < 3 AT Mbgllz D Mupllal| Vogp—allc

q=>-1 lg—p|<2
+1

S AT Nbglz | YD Muglle ZAQ [16p1|2

q>—1 lg—q’|<2 p<q

6 O\r(1—-0 1-6

SR ST Nugllz | AR A0 by 14

q=—1 lg—q’|<2

_g—1—0\2—s—0

P HFS Vet I

p<q
SO XD Mull ) AT g8 bgl13 0 - D A lbpllzXg =y

q>—1 lg—q'|<2 p<q

for 0 < <1 and

(3.18) s>

It then follows from Young’s inequality and Jensen’s inequality, with the triplet
(2,2, 1%;) satisfying

(3.19) r—s—1—-0<0
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such that

2

14 s 1Y s
| I32] 5@ Z Azt Z fugll2 | + 3 Z AT [bg 13
g>-1 lg—q’|<2 q>-1

+Cup | D A IIbylI3

q>—1

v . [ . )
S SNy F 2 0 A2 b3+ Cu | D0 X b3

g>—1 qg>—1 q=—1
The constraints (3.18) and (3.19) implies that for § =1 —¢

n n
s>r—1-46, 825—1+6>§—1.

The term I33 can be estimated in an analogous way as for I>3. To not over burden
the analysis with computations, we omit the details and claim

1+7v4/2
v ; H
33| <55 D AP lugll3 + %) D AT+ Coa [ D A NBI13
g2—1 g=>—1 g=>—1
for some constant v, > 0.
(]

Lemma 3.5. Let the index v and s satisfy conditions in Lemma 3.4. In addition,
assume r < s+ 1 — e for a small enough constant € > 0. We have

4 S /’L ‘s
Ll <55 30 N Pllugll3 + &5 3 A2k,
g=>—1 g=>—1

+ Coullull 3% + Cuullbl3 + Col b7
for various constants C,, ,, depending on v,u, and some constants 7s, s, v7 > 0.

Proof: As usual, using Bony’s paraproduct, I, can be written as

Iy =- Z Z A /]RS Ag(b<p—2 - Vup) - by dx

q=—1|g—p|<2

- Z Z )\37« /W Ag(by - Vu<p-2) - by d

q>—1]q—p|<L2
-y > )\3’”/ Ay (by - Vuy) - by da
q>—1p>q—2 R?
=141 + L2 + Iys3.

First we notice that I;» and I;3 can be estimated as I31; and Is3, respectively.
While 141 needs to be treated in a different way, since cancellation is not available
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here. Applying Holder’s inequality and Bernstein’s inequality first, we get

[Laal < 30 AT Mbgllz D b<p-allool Veyll2

g=—1 lg—p|<2
ST bl [ X Nugrllz | DS A7 bl
q=—1 lg—q’'|<2 p<q

Normally, we would carry the finite sum (Z\qfq’|<2 ||uqf||2) of five terms to the
end of the estimate, as what we did in estimating I3». We realize that replac-
ing <Z|q_q,‘<2 Huq/Hg) by ||ug|l2 would give the same estimate up to a constant

multiple. Thus, to avoid lengthy inequalities, we proceed to estimate I4; as follows

1T S D A bgllzllugll2 D A7 bl

q=—1 r<q
S 30 (A0 8) (A5 b 157 ) (A g 18) (N5 g 137
q=>-1

Z}\er H AT+1 s—0— 7])\2“1’1 5—=6—n

p<q

<3 ( AT 3) (N 137 ) (A g 13) (A5 g 137

| Do Alibplla Xy,

p<q

provided that § +1—s—0 —n < 0. We apply Young’s inequality with parameters
1 <ry,re, 73,74, 75 < 00 satisfying

for some 6,7 € (0,1). It yields that

s K T r(1-=9)r 1-6)r
Il S D0 A2 ugll + £ D0 A2 byl + o Y AT oy 1§10
64 64
q>-1 q>-1 q=—1

5

+C7H )\51 n)r4||u ”(1 77)7“4_|_CDM Z ZATHb Hz/\r—&-l s—0—mn

g=>—1 g=—1 \p<q
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Assume 7 < s—146+n. Using Jensen’s inequality to the last term and exchanging
the order of summation gives rise to

T5

Z Z)\Tllb H2)\T+l s—d0—n Z Z)\rrollb Hrg,/\r-i-l 5—8—n

q>—1 \p<q g>—1p<gq
S D0 N bl DA
p<-—1 q=p
5
2
S ATIbl3
p<—1

Thus one can choose § and 7 close enough to 1 and ry, 4, 75 large enough such that
(1=¥8)ro=2+75, (1—n)rs =2+ and r5/2 = 1 + v7/2 with v5,76,77 > 0. It
then follows that

[al <57 N AR g3 + ol D D val (A
q>-1 q>-1

245 2 2
+ Copllull 527 + Co Bl + Co bl

Indeed, one can choose § + 1 =2 —¢ with e = £[s — (2 — 1)].

Lemma 3.6. Let r > 3. Then Iy satisfies
T 2 2
5] < — 16 > AT 21013 + Cullbll 7 + Cullbll 7™
q>—1

for some constants ~vg,v9 > 0.

Proof: Applying Bony’s paraproduct first, we decompose I5 to

=Y > W/ Aylbep o x (VX b)) -V X by dz

q=—1|q—p|<2

+>> AQ’“/A (by X (V X bep_2)) -V X bydx

q=—1|q—p|<2

+ > Z/\2’/Ab><V><b))V><bda;

q>—1p>q—2
=I51 + Is2 + Is3.

Using the commutator notation (2.10), Is; can be further decomposed as

In=>Y Y, )\27'/ [Ag,bepo X Vx]b, - V X by da

q=—1|q—p|<2

ZA”/ beg_o X (V X by) -V X by dz

q>—1

FX T A [ epabega) X (T (b)) ¥ x by o

q>—1|p—q|<2
=I511 + Is12 + I3,
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where we used the fact Zq_2<p<q+2 Agb, = bg. It is clear that I512 = 0 due to the
cross product property. By the commutator estimate in Lemma 2.5, we infer

I51] S Y D AT Vbapalloollbpll2]lbyll2

q=—1|p—q|<2

< D0 ATHIBlIE Y Aplbplloc

q=—1 r<q
r 1+3
S Z /\2 +1||bq‘|gz/\p 2||bp||2
q=—1 p<q
S 30 AT g 18N b 370 S AT by [I3A5 D, 3700, T TN
q>—1 r<q
S D AT bSO b3 D AT B lIsAL T lby Iz Mg
q>—1 p<q

for 0<0<2,0<6d<1and

(3.20) rzg+2—(0+5), 1-6<0.
It then follows from Young’s inequality with (r1,79,73,74) € (1,00)* satisfying
1 1 1 1 2 2
3.21 Lottt 22 2
( ) " + T + 3 + T , T 07 T3 5
such that
1+ 1472
Il <5 ST+ C | D IR [ S0 I3
g=>—1 g=>—1 g>—1
for some constants ¥1, 52 > 0. The conditions (3.20) and (3.21) imply that
n n 1 1 1
.22 >—+2-2 — — = —
(3.22) r_2+ +€>2,Oé>0 575

provided 6 close enough to 2 and § close enough to 0.
The term I5;3 is estimated as follows,

Ll<Y S W/ |(bepn — beg—z) X (V X (bp)a) - V x byl da

q=—1|p—q|<2

S > A IVbgllsollb<p—2 — b<gall2] Vbyll2

q=—1|p—q|<2

2r+ +2
Sy N 154113

q>—1
T r(3— 0\ 2+2—r—0
SO0 AT bglIgAGE O bgll3 0 A

g=>—1

< D0 AT lbglIAgE = g1

q>—1

for 0 < § < 2 and

n n n
2 >—42-0=—+2-2 —
(3.23) r>o 5+ te> g
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provided 6 = 2 — ¢ with small enough . Thus, we have by Young’s inequality that
1+73

H r T
51l <76 Do AT NE A+ Cu | D A Nbll3

q=—1 q>—1

for some constant y3 > 0.
Notice that

Iol={ > > AﬁTABAq(vaSP,Qxbp)-bequ

q=—1|q—p|<2

SN by [l Vb<p—all o libgll2,

q=—1|g—p|<2

2\

thus Iso enjoys the same estimate as for I5iy.
To estimate I53, we proceed as, by using Holder’s inequality and Bernstein’s
inequality

I EDY )\37”/ |8, (b, X V x by) -V x by| da
R3

q=—1p=>q—2
<SS Vbl S lbpllall Vbl
q>—1 p=2q—3
2r+1+2
<SS R bl ST A3
g>—1 p=g—3
S D0 AT IEAT gl D AT B I3AE O by 150
a>—1 p=q—3

.>\1—2r—6>\§+2*7’*(0+5)
r—q
r r(l— —0 r § dyr(2—06 —0y1-2r—¢
SO AT IBAT O Nbg 1370 Y AT, [I3A, O b, 130N
q=—1 p=>q—3

for0<f<1,0<6d<2and
(3.24) rzg+2f(0+5), 1-2r— 3§ <0.

Then by Young’s inequality with (r1,79,73,74) € (1,00)* satisfying
1 1 1 1 2 2

3.25 o =2, =2

( ) T1+T2+T3+T4 Ty BTG

and Jensen’s inequality, we have

1+74 1+75

M T T r
Tsal <35 D A2 IB+ G | D0 MBI+ Cu | DD Al
g>—1 g>—1 qg>—1

for some constants 74,95 > 0. Again, (3.24) and (3.25) imply
S0
r> =

2
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provided ra, 74 are large enough. To summarize, we have for r > 2

1+7vs/2 1479/2

H 4 T T
15 < 45 D0 A2 B+Co | S0 AT IBIE | G [ DD AT IBI3

g>—1 q=—1 g=-1

for some constants vs,v9 > 0. In fact, we can take vg/2 as the smallest number of
A1, ey 75 and v9/2 as the largest one of these constants.
O
We are ready to show the uniform estimate for ||u(t)|%. + [|b(t)[|%~ on a short
time interval.

Lemma 3.7. Assume r and s satisfy

>n 1 >n n+5< <s+1
§> — — r>—-, —+-<r<s —€
2 ’ 27 4 2 -

for a small enough constant € > 0. There exists a time T = T(v, , ||uo i,
and a constant C,,,, depending on v and p such that

a7 + 167 < Co (luollr + llboll-) . vt € 10,T].

|bol| z+)

Proof: Combining (3.12), (3.13), and the estimates in Lemma 3.2 to Lemma
3.6, there exist various constants C,,,, depending on v and p such that

=7 UlellZre + 1817-) + vIIVullZ. + gl VolIZ-
14+y

1+5
<Cpu (IlullFzs + 10l17) " + Coe (laliFpe + 0l17)

with constants y = min{~y,...,79} > 0 and ¥ = max{y,...,79} > 0. It thus
follows that, there exists a time T = T'(v, u, ||uol|ms=, ||bollzz~) > 0 and constant
C = C(v, p, ||uol| mr=, ||bollzr) depending on v, i, ||ug|/ms and ||bg|| g- such that for
te€0,T7,

w7 + 16@Z- < O, luoll =, 1boll ) (luollFz- + [lboll-) -

It completes the proof of the lemma and concludes the proof of Theorem 3.1.

4. UNIQUENESS AND CONTINUITY

In this section, we establish the uniqueness of solutions stated in Theorem 1.1.
The continuity in time can be obtained through a rather standard procedure, see
[15]; hence we omit the proof.

Theorem 4.1. Let € > 0 be small enough. Assume (u1,b1,p1) and (uz,ba,p2)
are solutions of (1.1)-(1.2) in H*(R™) x HST1=¢(R™) satisfying the estimates in
Theorem 3.1. Then (u1,b1) = (ug, bs).
Proof: The difference (U, B, ) = (u1 —ug, by —ba, p1 —p2) satisfies the equations
Ui +uy - VU —by - VB+U -Vu; — B-Vb + V71 = vAU,
(4.26) Bi+us - VB—0by-VU+U - Vb —B-Vu; —V x ((V xb2) x B)
+V x ((V x B) x by) = uAB.
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The goal is to obtain a Grénwall type of inequality for the L? energy of (U, B).
Thus, we take inner product of the equations of U and B in (4.26) with U and B,
respectively, to arrive at

d

1 1
o (2|U||§ + 2||B||§> +v|VU|3 + 1 VB3

:/n(b2~V)B-de+/n(B-V)b1-de—/ (ug - VYU - U dzx

n

n

(4.27) —/n(U~V)u1-Ud:c+/n(b2~V)U-Bda:+/ (B-V)u, - Bda
—/n(uz-V)B~Bd:c—/n(U~V)b1~Bdm

+ V x ((V xbg) x B)-Bdx — V x ((V x B) x by) - Bdz.
Rn Rn

Since (u1,b1) and (ug,bs) are in H*(R™) x H51=¢(R™) with s > % —1, so is (U, B).
Thus it can be justified that many terms on the right hand side vanish, i.e.

/(uz~V)U-Ud:E:0, /(uQ~V)B-de:0,
VX ((VxB)xb)-Bdr=0

RTL
/(bg-V)B~de—|—/ (by - V)U - Bz = 0.

We are left to estimate the five non-zero flux terms. The first one is estimated as

/n(B-V)byde

/ (B-V)U - by da
<|IBll2[IVU|l2/[b1]ls

14
SgIIVUH% + G| B3lIb1 1%

v
<IVUIE + CullBI3 b1 [Fre -

where we used the embedding H*T1=¢ C L*™ for s +1—¢ > 5 (since we can choose
e=1[s— (2 —1) and s > Z — 1). Analogous computation shows

/ (U-Vuy -Udz

14
< §||VUH§ + Co||U I3[ [|3as1

[ (B Bds| < BITBIE + Gl BB ur o

"
/ (U )by - Baa| < KIVBI3+ CulU 13013
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In the end, we estimate the Hall term as follows

V x ((V xby) x B) - Bdx
R’V‘L

/ ((V xbg) x B)-V x Bdx
<V X Bl2]lV X balloo || Bll2

7
<SIVBIE + CullV x bal % (1Bl

I
SgIIVBH% + Cull Vs |Fesi—: I B3

The estimates above along with (4.27) give us

d

7 (U115 + 11B1I) + v VU3 + ullVBII3
<Cup (lurllZress + 1Vb2l|Forr— + 101l Fe01-2) (115 + I1B13)
<Cyp ([tr]|Zess + | Vb2 |2rera—c +C) (JU3 + | BI|2) -

It follows from Gronwall’s inequality that
U@+ 1B@I3

t
< (1013 + 1BO)]3) =" exp {Cu,u/o lur (P Fresr + (V027 741 dT} :

Since U(0) = B(0) =0, u; € L?(0,T; H**1) and by € L?(0,T; H**27¢), we infer

(1]

2]

(3]
[4]
(5]
(6]

(7]

(8]
(]

[10]

(11]

T3 + 1Bz =0, vt € [0,T].
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