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Abstract

We present a new mechanism for inflation which exhibits a speed limit on scalar motion, gen-
erating accelerated expansion even on a steep potential. This arises from explicitly integrating
out the short modes of additional fields coupled to the inflaton ¢ via a dimension six operator,
yielding an expression for the effective action which includes a nontrivial (logarithmic) function
of (0¢)?. The speed limit appears at the branch cut of this logarithm arising in a large fla-
vor expansion, similarly to the square root branch cut in DBI inflation arising in a large color
expansion. Finally, we describe observational constraints on the parameters of this model.
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1 Introduction

Early universe inflation is a mature field, combining theory and observation to account for the
origin of structure in the universe, in the process constraining detailed physics pertaining nearly
14 billion years ago. It is of great interest to pursue this to the fullest extent possible.

One of the intermediate developments in the field was the realization that single-field inflation
may proceed even on a steep potential, given appropriate self-interactions of the inflaton field
of the sort introduced in [1]. The earliest example of this was DBI inflation [2, 3], featuring a
speed limit on scalar field motion tied to a square root branch cut in the effective action. In
the context of the AdS/CFT correspondence, such an action arises from an infinite sequence of
powers of first derivatives of the field, arising from integrating out off-diagonal Yang-Mills fields
in the large- N0 theory (as inferred from the gravity side of the duality).

In this work, we present a new example of this phenomenon, with a logarithmic branch cut
that arises from a summation accessible via a large N fjq0r €xpansion. It proceeds from a formula
derived in [4] (and anticipated in a different context in [5]), with a distinct choice of signs. We
work at the level of effective quantum field theory, with explicit calculation of the inflaton effective
action.

The early examples contributed to a more systematic understanding of inflationary theory
and associated non-Gaussian signatures, which includes model-independent treatments [6]. This
general class of inflationary scenarios features a small sound speed of perturbations, with current
observational constraints from the cosmic microwave background [7] partially constraining the
parameter space (5.2). Large-scale structure measurements could cover some fraction of the
remaining region. The effect could be rather general even among single-field inflationary models,
but since it involves a resummation of kinetic effects there are not many specific examples in
the literature. However, interesting realizations appear in [8] [9] and others such as the recent



work [10], and related mechanisms such as [11] also produce the equilateral signal. This motivates
additional examples, such as the new class of models we present in this work.

This paper is organized as follows. We first derive the effective action for the inflaton field.
Then we analyze the dynamics at the homogenous level in sections 3 and 4. First, in §3 we work
in Minkowski spacetime and use energy conservation to immediately deduce the speed limit on
scalar motion before describing more details of the evolution. We then incorporate gravity in
64, starting with a simple derivation of the inflationary dynamics. Finally, in §5 we summarize
observational constraints on the parameters of our model.

2 Deriving the inflaton effective action

We start from the classical Lagrangian

s= [v=a{geer (1+om,+ j}) #5007 Vo) - V(0] (21)

depending on the inflaton ¢ and an Ny-component vector of additional scalar fields ¥. We have
allowed for a constant parameter d Ky in the kinetic term; this is useful to keep track of but will
play a limited role in our analysis. We work in mostly plus signature, with (0¢)? = —g"” 0u 90, @.

For simplicity, we work in a region of the potential landscape of this theory for which mi =
|6>2<V| < H?. As described in [4], integrating out modes of x shorter than H~! at the Gaussian

level in an inflationary FRW background
gudrtde’ = —dt* + a(t)?dz?,  a(t) ~ M (2.2)

yields the effective action for ¢
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in direct analogy to the Coleman-Weinberg calculation of the 1-loop effective potential [12,13].
This effect was considered in the interesting work [5], as a controllably small correction to a
classical procedure deriving “P(X)” models (with X = (9¢)?) from a larger framework with
nontrivial field-space geometry. Both in [4] and in [5], the loop effect was taken as subdominant
in the dynamics. Here, we take the opposite approach and consider a large flavor regime where
the one-loop contribution dominates.

In our large-N; regime, 1-loop effects dominate. Here, by threshold effects, we are referring
to contributions arising from x modes with physical momentum of order H, the infrared limit
of the integral. These will affect the details of the physics at this scale, but not the qualitative
features of our model. The reason is becoming clear at this point in our analysis from the second
line of our expression (2.3): at the homogeneous level, as we increase the squared field velocity
$(t)?, it will hit the branch cut of the logarithm first at the scale kp ~ H: this scale will be



robust against effects of the de Sitter geometry. At this level, we may similarly neglect the mi
contribution and we will drop it in the remainder of our analysis.
The [ d*kg can be done explicitly. Working at the level of spatially homogeneous fields, and

neglecting mi, we obtain for the last term of (2.3), including the — sign,

Ny 2 ¢2 4 ¢4 Q.bQ 4 ¢54 452 t MI%V
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(2.4)

The first term is absorbed into the coefficient of the ¢? kinetic term, while for ¢ < Mgy M, the
penultimate term simplifies to
Ny Mgy
6472 M?

¢’ (2.5)

so it similarly contributes to the ¢? coefficient.

At the two-derivative level, in order to analyze the dynamics, it is often most convenient to
work with the canonically normalized scalar field. As we just computed, the effective Lagrangian
contains the two derivative term

1 Ny 2ME, — H2> i

1 12 12
§K¢¢> = <2(1 +0Ky) + i e i (2.6)
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where we defined the canonically normalized field ¢.. However for now we will proceed with the
action written in terms of ¢, ultimately seeking solutions where logarithmic term dominates over

the two-derivative kinetic term since it is responsible for the novel dynamics of our model.
We will work in a simplifying regime which respects the parameter inequalities listed in §A.1.

In this regime, we can simplify the effective action for ¢ as follows:
1. ., N ot ¢*

Tlo) = [t 5Kod* + L5 (1 =~ ) 1og (1~ )-v 2.7
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We will be interested in a regime where we are near the speed limit, gﬁQ < H?2M?2, an inequality

that will be enforced by the dynamics as we will see explicitly. Although the logarithmic term
in (2.7) goes to zero in this limit, its contribution to the dynamics (the equations of motion,
and also the Hamiltonian) becomes large, as we will derive in detail in the following sections. In
particular, the logarithmic branch cut will play a key role.

3 Non-gravitational dynamics

We will start by considering this theory in flat spacetime (a(t) = 1), still denoting by H the lower
limit of integration over our ¥’ modes. (This could arise effectively upon putting the theory in a
box of size H~!.) In this situation, there is time translation symmetry and energy conservation,
leading to a relatively simple analysis of the dynamics.



Starting from (2.7), we obtain the field momentum as

m=%
¢
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(3.1)
which gives near the speed limit
, 1. N; ¢4 }? ,
=M-T ~ -Kyd® — —L = log(1 — 1% ~ HM, 3.2

We note here that in this regime, ¢ ~ HM,, the logarithmic term in (3.2) is positive.

In the non-gravitational setting, energy conservation applies and it will prevent this term
from growing arbitrarily large, regardless of how steep the potential V' (¢) is. Before getting into
any details, it is therefore manifest that the speed limit will be respected.

To analyze the problem further near the speed limit, we can write ¢(t) = HM,(1 — &(t))
and ¢(t) ~ ¢o + HM,t. Here, the negative quantity ¢g is the smallest value of ¢ where the
approximation (3.2) to the Hamiltonian is a good one. Then, the leading terms in the equation
for energy conservation are

NyH?
1672

where E' is an energy scale depending on the initial energy and K. This gives

log(26(t)) + V(¢ + HM,t) = E (3.3)

7T2
5(t) = %exp <_]3£W(E — V(o + HM@))) (3.4)

Thus, in the non-gravitational case, ¢ is exponentially close to the speed limit and stays there
until the potential turns around. This is illustrated in Figure 1. We have also shown the case
with no speed limit, or Ny = 0 for comparison. We will see in the next section that when gravity
is reintroduced, ¢ does not necessarily approach the speed limit exponentially; regardless, the
dynamics will support inflation on a potential too steep to inflate.

4 Inflationary Dynamics

In this section, we reintroduce gravity and analyze the homogeneous cosmological evolution of
our model.

4.1 Parametric regime of inflation

Before getting into the details, we may establish inflationary dynamics rather simply as follows.
For this discussion, let us work with the case K4 ~ 1, choosing 6 K4 appropriately; we will later
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Figure 1: The phase diagram with finite Ny will be limited by the speed limit shown by the red horizontal lines in
the regime of parameters described in the text.

keep track of the more general parameter windows in the absence of such tuning, as collected in
the appendix.
Then, given
M, < Mp (4.1)

we see immediately that the speed limit ensures that the standard kinetic term is subdominant
to the potential energy:
¢* ~ M?H? < M}H? ~V (4.2)

where in the last step, we assumed that the potential altogether dominates in the Friedmann

equation, H? ~ Hepr /MIQ3 That depends on the subdominance of the logarithmic term in the

energy density Hcrs (3.2), which evaluates near the speed limit to
452

B M3H2)

Ny 1
1622 H*log(1 (4.3)

We would like to understand if this is also subdominant to M%H?, so that the potential energy
indeed dominates, driving inflation. In fact it is already clear that this is possible, since the

dynamics determining how close ¢ is to the speed limit is independent of Mp. As long as we
Ny
1672
logarithmic term is also subdominant to the potential energy term, and our model will inflate.

choose our field content such that

also does not scale with Mp, it is guaranteed that the

In the remainder of this section, we will spell this out in detail, indeed finding that the number
of e-foldings is controlled by Mp/M,. In the final section we will summarize phenomenological
predictions.

4.2 More detailed analysis of inflationary dynamics

We will be using the Hamilton-Jacobi method to find inflationary solutions to the Friedman

equation
1

3H? = —
M

Hery (4.4)
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where Hopp = %ﬁ;’dﬁ — L1pr is the energy density. By taking the time derivative of the above
equation and using the equations of motion for ¢, we obtain the equation

) 1 OLipr -  OLipr
6HH = —— (3H— H 4.5
M? ( D¢ o+ OH (4.5)
Viewing H as a function ¢ instead of time we arrive at
N ¢? 0L1p1
OMEH + —L H?H'log(1 — = 4,

where the prime indicates a derivative with respect to ¢.

Our goal is to solve (4.6) to find ¢(H, H'), and then use this to express Heps = Hepr(H, H).
This will reduce the Friedman equation to an ordinary differential equation that can be solved
to obtain H(¢). At the end of the day, we will have to ensure that the solution is inflationary
(ie. H?+ H > 0) and consistent with any approximations we will make along the way.

To make the best use of our speed limit, we will assume that d) ~ M, H to solve the equations,
and at the end we will ensure that the assumption is consistent. We can view our model at
various levels: without entering into phenomenological constraints, it will provide a mechanism
for accelerated expansion; as we saw in §4.1, this effect is rather general. However, to analyze
the details of the model, including a regime that satisfies observational constraints, it is useful to
work in a subspace of the parameter space where the logarithmic term in (2.7) dominates. Let us
write ¢ = H M, (1—0) and expand at small 4. In order to maintain consistency with observational
constraints that are analyzed in the next section, we can assume that § < 1 but not necessarily
that log(1/0) > 1. In the regime where log(1/4) is of order 1, the dominance of the logarithmic
term in (2.7) requires tuning Ky ~ %. This is consistent with the inequalities we list in the
appendix §A.1. Given this, (4.6) reduces to

Ny ¢° 1
o log (———— ) = —2MpH A7
1602 M2 S\ & P (4.7)
MZH?
where we have also dropped the second term on the right hand side of (4.6) as Mp > H and
Ny log(26) is not many of orders magnitude larger than 1.
In our regime where § < 1, dropping all O(J) terms we find that a log(2d) term dominates

and we solve for

1 3272 5 H'M,
For 4 to be consistently small we need
327, H'M
_ M?2 *>1 4.9

When this condition is satisfied, it is consistent to take ¢ ~ HM,.

Similarly to the above discussion of the dominant contribution to the relation (4.7), we wish
to simplify the Friedmann equation 3H? = H, ff /M}% and work with the most important contri-
bution to the energy density H.sr. As above, the dominance of the most singular terms as we



approach the speed limit is immediate in the regime log(1/0) > 1. For applications in which we
wish to incorporate early universe phenomenological constraints, we must instead consider the
regime 0 < 1 but log(1/d) ~ O(1). With § < 1, we can again tune the parameters in the non-log
terms in the effective Lagrangian in order to ensure that the logarithmic term dominates in the
energy density.

In this regime, where (for either of these reasons) the most singular terms dominate the kinetic
sector contribution to equation 3H? = H.rs/M3, we obtain using (4.7)

3MiH? =V — 2M2HH'M, (4.10)

up to terms that are subleading when Equation 4.9 holds. This reduces to the ODE
, 1

=—>—— (V- 3M}H? 4.11
QM2 HM, ( Pi) (4.11)
which can be integrated to
H(¢) — H2€73(¢7¢0)/M* + L ¢ 673(¢*¢/)/M* V(QS/)% (412)
0 M]% ®o M,

Note that this doesn’t yet give H(t), to do so we’d need to plug this back into

¢ = H(¢)M.(1 - 8(¢)) (4.13)

to obtain ¢(t), and by extension H (t). This equation is not analytically solvable in full generality,
though it is numerically tractable. Fortunately, for the sake of checking whether these solutions
represent an inflationary universe (and calculating the relevant e-foldings), it is sufficient to work
with H(¢).

Let us first note that inflation requires slow variation of Hubble H in the sense —H /H? < 1.
This, we can see from (4.11) (by multiplying with ¢ ~ HM,), requires

V > MiH? (4.14)

At the same time, we want H’ < 0, which means that V' < 3M2H?, which gives a decently sized
window for V' where our solution is controlled. The last thing to check is that the inequality (4.9)
also holds at the same time, which requires

N
3MEH? -V > —L H* (4.15)
1672

Combining the above inequalities we obtain a parameter window that yields inflation
2772 Ny o4 2 772
3MpH= — 100 16 sH* >V >MpH (4.16)
m

Here, 100 is an arbitrary large (but not parametrically large) number that ensures that the
“much greater than” condition of inequality (4.15) holds. These inflationary solutions will start
at V(¢) ~ 3M2H?, and then the potential will decrease until it reaches the lower end of this
interval. When this happens, the condition —H /H? < 1 is no longer satisfied and inflation ends.



Due to the speed limit qﬁ < HM,, it will take a long time for this to happen, and this will yield
solutions with a large number of e-foldings.

Let us now estimate the number of e-foldings for a general potential. We will consider a
potential V(¢) and investigate its late time behavior ¢ — ¢g > M,. Most e-foldings happen in
this “late time” regime, so our analysis will be sufficient to parametrically estimate the number
of e-foldings. Due to the exponential suppression in the d¢’ integral in (4.12), we can safely
extend the interval (¢g,¢) to (—oo, @) (up to corrections that are exponentially suppressed in
(¢ — ¢o)/M,) and re-write the d¢’ integral as

0o / X 1\ny/(n) n
; /0 ey (- gy _ L s CUV @M, (4.17)
n=0

M3 M, 3M3 3n

as long as V(¢) has a convergent Taylor expansion. Equation (4.12) can then be rewritten at
late times as

V(g) 1 = (=)"V ()M
H(¢) = 3 A2 = 30 ; o (4.18)

One thing to note right off the bat is that the right hand side is positive as long as V(¢) is
decreasing as a function of ¢. This directly follows from the fact that fooo e 3 f(x) > 0 for any
strictly negative function f. In general, the faster that V(¢) decreases, the bigger H? —V/(3M3)
is, and it becomes easy to satisfy 4.15.

If the potential is slowly varying over scales A¢ ~ M,, then we only need to keep the first
derivative term in the above expansion. While this places a constraint on the potentials we can
consider, as we will see explicitly this is parametrically much less limiting than the usual slow-roll
conditions. This constraint will be necessary in order to get a large number of e-foldings: as we
will see shortly, each e-folding reduces ¢ by ~ M,, and for (4.16) to hold we cannot let our
potential change drastically over a small number of e-foldings.

As a test case, we take V(¢) = A,|¢|P with ¢ < 0 in our regime of interest (our previous
analysis was done with the assumption that ¢ > 0, but an entirely analogous analysis can be
done for ¢ < 0 as well). We can write V'(¢) = —pV (¢)/|¢| and then

_Vi9) pM.,
H*(¢) = v (1 * 309 ) (4.19)

As long as |¢| > M,, the first derivative term is a small correction, and higher order terms are
parametrically suppressed. We now use the above expression to examine the window

N
3M2ZH? - 100F7J;2H4 >V > MpH? (4.20)

The first inequality amounts to

pM,
39|

Recall that the factor of 100 is just a sufficiently large number, a factor of 10 would likely be

V()?
Mp

pM. M}

Vi) 100N

> 100N

= V(9)lél < (4.21)

sufficient but 100 gives a conservative estimate. The second inequality is trivially satisfied in



the regime where pM, /|¢| < 1. This is only relevant in the last few e-foldings and it doesn’t
parametrically change the total number.
Using the speed limit ¢ ~ HM,, we compute the number of e-foldings as

N, = /dtH(t) _ /dt]\? _ ]\Af ~ E@J‘ (4.22)

where in the final step we assumed |¢g| > |@finar| > M, in the regime of interest. To maximize
N., we saturate the inequality (4.21) by increasing ¢ as much as possible (and using the relation
Vo =~ 3M3HE), we find
M2
L < Pipg (4.23)
100N Hj

We find that it is easy to obtain a very large N, while remaining within the controlled regime
¢~ HM,.

This is a specific domonstration of what we showed in general in §4.1 starting with (4.1). We
now turn to phenomenological predictions and observational constraints.

5 Phenomenological predictions

The tilt of the power spectrum and the level of non-Gaussianity in our model are tied to the
sound speed of perturbations [6].

We can derive this quantity by replacing ¢2 with (9¢)2 = —gh” 0up0, ¢ = $* — V2 /a(t)? in
the action (2.7) and expanding ¢ — ¢ + d¢ we can read off the sound speed: the quadratic terms
in d¢ take the form A3¢*> — B(V¢)?/a(t)?, and ¢z = B/A. For our model, near the speed limit

this boils down to
HM, HM, :
c~ —( 7 — 1) log( 3 -1 <1, ¢~ HM, (5.1)

The current observational constraint on this quantity is [7]

¢ >0.021 (95% confidence) (5.2)

which still leaves room for evolution near our speed limit. Using the formulas detailing our
proximity to the speed limit in §4.2, we can trade this for the following constraint on model

parameters:

3272 o |H'| 3272

(3M2H? —V) < 2.8 (5.3)

2
Incorporating the inequality Ny < % we find a window of parameters

|4 1

2r?)(1
332w SMZH? S 322

) K yK28=1—

_ _ 5.4

SN (5.4)
This constraint fits with our inflationary dynamics, in which the potential energy dominates in
the Friedmann equation: as such, V is indeed very close to 3M123H 2. However, as anticipated
in the previous section, this puts the model in the regime with § < 1 but log(1/d) of order 1,



necessitating some tuning to fit with early universe observations as described above.! Regardless,
the theory of accelerated expansion is of interest for many reasons, including conceptual questions
in quantum gravity and the symmetry structure of inflation; it would be interesting to connect
to recent works such as [14].

The bound (5.2) derives from observations which have constrained certain shapes of non-
Gaussianity [7]. Our model is effectively single-field, with inside-horizon interactions supporting
inflation, similarly to the case of DBI inflation [2,3]. In this situation, we expect equilateral
non-Gaussianity [15].

The tilt of the power spectrum is also observationally constrained. In a general continuous
shift-symmetric model such as ours, covered by the simplest version of the EFT of inflation, this
is given by (see e.g. [6] equation (226))

H, H, Co
HE H*H* Cs*H*

= 0.9626 = 0.0057 (5.5)

where the subscript . denotes the value of the corresponding quantity at the sound horizon where
the mode freezes out: ﬁ = g The current observational constraint [16] fixes one combination
of our parameters within the indicated window. This is straightforward given the hierarchies
established in the previous section. We should note, however, that small corrections that do not
affect the inflationary background, e.g. coming from interactions with additional massive fields in
a UV completion, could contribute to the tilt at the observed level. As such, fixing the particular
combination of parameters within our effective field theory is not as meaningful as the above
constraint on cg.

As a last phenomenological comment, we note the current bound on the tensor to scalar ratio,

H
r= _1665ﬁ < 0.064 (95% confidence) (5.6)

Finally, we leave for the future other aspects such as the question of eternal inflation for larger
fluctuations, as well as a more systematic study of the parameter space of models in this class.
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A Inequalities and parameter windows

In our analysis in the main text, we imposed various hierarchies and (in)equalities among our
scales and parameters. Here we collect them all in one place and demonstrate their mutual
consistency.

"We have not assessed applications to dark energy, something that involves extremely low energy scales.
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¢~ M.H < My, (A1)

Ny 2Mp,, — H? - M3
3212 M2 M?2
M? 6472 M3
= 0n < <N
M, M? Ny M:?

K¢ = (1+5K¢)+

The first line says we work near the speed limit for ¢, and we have specified that the UV
cutoff on the y mode integral is large compared to this value. The second line expresses the
requirement that the factor Ky = qbg /¢? is sufficiently small that the steepness allowed by the
condition (95V M,)?/V < 1 for our potential V(¢) remains an improvement over the slow roll
case (05, VMp/V)? < 1, despite the rescaled kinetic term compared to the canonical field ¢..
Combining these leads to the window required for My indicated in the third line.

B Full expressions for the action and energy

In the main text, we streamlined our analysis at times by invoking the inequalities listed in above
in §A.1 to simplify some expressions. Here we collect the full expressions for the 1PI effective
action and the energy density (Hamiltonian).

2

Fupn = {580+ s (11~ 575) 08 (1= ) + e -

*

(py o (1~ pp )] V@) B

M*ZMZQJV
where N 2 2
r_ f uv —
Ky =1+ 0K, + =0 (B.2)
N (25 (2'52 ¢4 M2
2 f Uuv
Hess = 2K¢¢ oanz |~ B 1o <1_ M3H2> Faym el )t
My —H? 15 o 0" ¢*
2 YE ¢ (3 M3 + MUV)log( ]\%ﬂ +V(g) (B.3)
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