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SDEs with application to Schrodinger-equation
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Existence and uniqueness results for solutions of stochastic differ-
ential equations (SDEs) under exceptionally weak conditions are
well known in the case where the diffusion coefficient is nondegener-
ate. Here, existence and uniqueness of strong solutions is obtained
in the case of degenerate SDEs in a class that is motivated by
diffusion representations for solutions of Schrodinger initial value
problems. In such examples, the dimension of the range of the dif-
fusion coefficient is exactly half that of the state. In addition to
this degeneracy, two types of discontinuities and singularities in
the drift are allowed, where these are motivated by the structure
of the Coulomb potential. The first type consists of discontinu-
ities that may occur on a possibly high-dimensional manifold. The
second consists of singularities that may occur on a smoothly pa-
rameterized curve.

1. Introduction

Existence and uniqueness results for solutions of stochastic differential equa-
tions (SDEs) typically have weaker assumptions on the smoothness of the
drift than those which are required in the case of the corresponding ordinary
differential equations. The results with the weakest conditions on the drift
have been those where the diffusion coefficient is assumed to be nondegen-
erate, cf. [1, 15, 28, 30].

In recent efforts on diffusion representations for solutions of Schrodinger
initial value problems (IVPs) [3, 5, 18, 19, 20], the representation dynamics
take the form of complex-valued SDEs. In particular, the SDEs are given as

déy = f(&)dt + %U dBy,
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where B, € R™, 0 € R, f: C™ — C™, i denotes the imaginary unit, and
C denotes the complex field. Breaking out the real and imaginary parts,
one obtains an SDE with a 2m—dimensional state and a 2m x m degenerate
diffusion coefficient. Hence, we have an iconic application class for which
there were previously no solution existence and uniqueness results. This
class motivates the effort here, and particular examples appear in Section 3.
Further, this 2m-dimensional real-valued class of interest allows for two
types of nonsmoothness in the drift. The first consists of discontinuities that
may occur on a possibly high-dimensional manifold. In the example class
considered below, these occur on a manifold of dimension m. The second
consists of singularities that may occur on a one-dimensional manifold.

We briefly indicate other recent results on existence and uniqueness for
degenerate SDEs, so as to situate the result herein. Kumar [14] considers
degenerate SDEs with non-Lipschitz coefficients and states taking values in
the positive orthant, where in the particular case where the coefficients are
Lipschitz, both existence and uniqueness of a strong solution is obtained.
Figalli [7] employs known results for associated partial differential equations
(PDEs), including the Fokker—Planck equation, as an aid in developing re-
sults on existence and uniqueness for degenerate SDEs. Chaudru de Raynal
[26] also employs known results on associated PDEs to obtain pathwise
uniqueness for degenerate SDEs with Holder drift with exponents greater
than 2/3.

In Section 2, the assumptions defining the class of SDEs will be pre-
sented. Then, in Section 3, an iconic problem that motivates those assump-
tions will be described. The main result is obtained in two steps. The first
step, discussed in Section 4, is to obtain the existence and uniqueness for
a system where the discontinuities and singularities have been smoothed.
Finally, in Section 5, a limit is taken, which yields the asserted existence
and uniqueness for the original, desired class of SDEs.

2. The class of SDEs
We consider SDEs on [0, 7] of the form

(1) dny = F(ne, ¢¢) dt + dBy, no =1y° € R™,
(2) d¢ = G(n, Gt) dt, G =2"eR™,
and we let [ = 2m. In order to describe the problem structure and assump-

tions, we make some additional definitions. These are largely described in
the material leading up to, and including, Assumption (A.3). Although these
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may appear odd at first, the motivation for this selection will become appar-
ent in Section 3. For each z € R™, let Ho(z) C R™ be such that its Lebesgue
measure is zero, i.e., u(Ho(z)) = 0, and let

Ho ={(y,2) € R'|y € Ho(2)}.

Note that Hp will be a set along which the drift may have discontinuities.
There will also be a set Gy C R! along which the drift may have singular-
ities as well as discontinuities. For each z € R™, we let Gy(z) € R™, and
define Gy = {(y,2) € R'|y € Go(z)}, where a more complete specification
of Gy is given below in Assumption (A.3). For § > 0, let Gs(z) = {y €
R™ | d(y,Go(2)) < 6]z|} and G5 = {(y,2) € R!|y € Gs(2)}. We assume the
following.

F,G € CY([Go U Ho|). For each § > 0, F and G are bounded
on G§. For each § > 0, V(,,)F and V(, )G are bounded on (A1)
[Gs U Hol¢. Initial conditions (y°, z°) & Go U Ho, and 2° # 0.

Ho € Ho = {(y,2) € R' | hoy) = hi(z)}, for some hy € 4
C2(R™;R) and hy € C'(R™;R) satistying Vho(y) # 0, ¥y #£0. (4-2)

Let £ denote the space of nonsingular m x m matrices, and let I, xm € L
denote the identity matrix.

Let Z = [0,1], and let p € CY(Z°;R™) N C(Z;R™) be such that

there exists M, < oo such that \g—g()\)\ € [1/M,, M,] for all

A€ T% Let & € R™\ {0}. Let Dy = R™\ {k1&| ki € R} and J €

C?(Dy; L) be given by J(z) = (1/|2|)['(z) where I : R™\ {0} —

L is such that I'(z) is orthonormal for all z € R™\ {0}, and such (A.3)
that J(z)z = é for all z € R™\ {0}, [J(&)]7! = Lnxm, and for

each§ > 0, % is bounded on R™\{z € R™| ]z—(z-é/|é]2)é| < 0}

Finally, suppose Go(z) is specifically given by Go(z) = {y €
R™|INET s.t. y=[J(2)] tp(N)} for all z € R™.

Remark 1. The above structures for Gy and Hg, which may at first seem
unusual, were chosen for the case where the discontinuity and singular sets
are defined in terms of ny relative to ;. A motivational example where these
assumptions are satisfied is given in Section 3. In that example, the space
dimension is m = 3, while Ho = {(y,2) € R'||y|?> — |z|> = 0, yTz > 0}
and Go = {(y,2) € R'||y|?> — |2|> = 0 and y* 2z = 0}. Further, in that case,
one may take € to be (1,0,0)T and p(-) to be a parameterization of the unit
circle in the plane perpendicular to €.
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Remark 2. The assumptions may be weakened to allow for a finite number
of both discontinuity and singularity manifolds, with no fundamental change
in the proofs. For clarity of exposition, we do not include the details.

An additional assumption will appear in Section 4, and it will be the
final assumption. That assumption is more easily indicated there, after some
additional definitions.

3. Motivation

One motivation for consideration of this large class of SDE problems is the
staticization based diffusion representation for the solution of Schrodinger
initial value problems (IVPs) [17, 18, 19, 20]. The case of the Coulomb
potential was discussed in [17]. For x € C\ {0}, define the single-valued
logarithm and square-root operations

log,(x) = log(r) + 10, /= exp B log, (z)],

where r € (0,00) and § € (—m, 7] are such that z = re?. We specifically look
at the Maslov dequantization (cf. [16]) of the solution of a Schrédinger IVP
associated to the lowest energy “electron shell” of the Bohr model, cf. [10],
which may be extended to complex-valued states as S° : [0,00) x C? — C
given by

SOt x) = ;—gt +icyValz,

where T denotes transpose (without conjugation), ¢; = % = WTC,
m denotes mass, space dimension m = 3, h denotes Planck’s constant,

C = qoq1/(47€p), qo denotes the central (nucleus) charge, ¢; denotes the
electron charge and €y denotes the vacuum permittivity. One may check
that SP(r,z) = F= and S2(r,z) = iciz/Valz, ASY(r,z) = 2ic1/VaTlx,
and further, that S¥ satisfies the dequantized, time-reversed form of the
Schrodinger equation, given by
0= St(’l”,ib) + %AS(T,.T) - %(S"E(n ZL‘))TSQU(?”,l') - V(.Z‘),

where V(z) = —C/VaTx.

The dynamics of the diffusion process generating the solution as the
associated stationary value function are given by [17, 20]

dé, = (=1/m)S3(r,&) dr + v/h/m"J2 dB,,
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with {9 = 2. One may separate the three-dimensional complex state, &, into
its real and imaginary parts as & = 7, + (.. Similarly, letting S°(r,z) =
RO(r, 4, 2)+iT°(r, 7, 2) with = §+i2, and employing the Cauchy-Riemann
equations, the SDE system becomes
dily = (~1/m) Ry (r,iir, &) dr + ) g dBy, o = 4,
G = (1/m)R(r, i, ) dr +\/ f= dB,, (o = 2.
Performing the change of coordinates given by n, = (1/V2)[h, + C}], Cr =
(1/\/5)[_777“ + CT’] yields
dn, = (1/V2m)[—R) + R (r, 5%, 2ty dr 4+ /L 4B,
a6, = (1/Vm)RY + B (r, =5, 24 dr,

with ng = y° = (1/v2)[§ + 2] and (o = 2° = (1/V2)[~9 + 2]. Using the

specific form of SO in this example, this reduces to

(3) dn, = F(m, ¢r)dr+ o dB,
. m\/7 [sin(6 — cos(6,)¢,] dr + \/%dBT,
(4) d¢ = G(nr, Gr) dr = 0s(0r)nr + Sm( ) Cr] dr

mrc

= . = . 1/2 5 —297¢,
where R, = R(n;, () = [(_2777?@)2 + (‘771"|2 - |Cr‘2)2] / , cos(20;) = %
and sin(20,) = MT‘};K”Z with 0, € (—7/2,7/2].
In this case, Hy corresponds to the branch cut induced by VaTz, which
is taken at |2 —|2]2 < 0, §7 2 = 0, or equivalently, at y©z > 0, |y|2—|z|? = 0.
Thatls Ho = {(v, )E]RlHy| 1z, yTz >0} (ie., y € Ho(z) iff |y| = |2|
and "2 > 0). For Hy in (A.2), one can take ho(y) = |y|? and hi(z) = |z|2.
From this, one may easily verify Assumption (A.2). Also, we see that the
singularities occur on

Go={(y.2) ER'|R(y,2) =0} ={(y.2) eR'[y"2=0 and [y| =]z}

One easily finds that Assumption (A.1) is satisfied. To see that Assumption
(A.3) is satisfied, one may take gg(z) ={ycR™|y"2=0 and |y| =|z|}.
Note that if z = (0,0,1)7, then Go(z) is the unit circle in the (z9, 23)-plane.
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Hence, one may take p()\) = (cos(2w)),sin(27)), 0) and & = (0,0,1)7. Then,
for z € R™\ {0}, one may then let

ol
I'(z) = |vT|, whereu= ",
T ]
U XE if u # Aé for some \ € R,

0 =< (1,0,0) if u = Aé for some A € (0,00),
(=1,0,0)7 if u = \é for some \ € (—00,0),

uXv

§| (S5

- lu X v|
One may easily verify Assumption (A.3) for this I'.
4. The 6 > 0 prelimit

We smooth the dynamics as follows. For § > 0, we let ¢° € C°(R) and
G40 (-;€) € C(R™) be given by

(5)
Ao = 1 —exp{(;l2 + ,32—352} if |p| € ]0,9),

1 if |p| > 4,
(6)
5/46 .. - )0 if |2 — (z-&/lel*)e| € [0,6/4],
g (Z7e)_ 35/4 o .5 ,2,_ . o .5 —12\ =

g |z — (z-e/le|)e]l —6/4) if |z — (= -€/le|)e| > 6/4.

We also let

Qg = Gs U[R™ x CN((S; e)l,

where C(d;¢) = {z € R™ ||z — (2 e/|e|?)e| < §/4}. Next, defining R(y, z) =
d(y,Go(2))/|z| for |z| > 0, we let

(7) Fy,2) = ¢°(R(y.2)) F(y, 2),
(8) G’(y,2) = /" (z:0)9° (R(y,2))G(y, 2)
for all (y,z) € R™ x (R™\ {0}). Note that

(9) FO=F and G°=G on (Gs)°.
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Our final assumption is that for each § > 0,

F°,G° € CY(HG N [R™ x R™\ {0}]), F° and G° are bounded
on [R™ x (Bj4(0))¢], and V(%Z)F‘S,V(%Z)Gé are bounded on (4 4)
H O [R™ % (Bs4(0))°]-

Note that (A.4) holds for the example given in Section 3, and that it will
hold more generally when the dynamics are bounded by the multiplicative
inverse of appropriate polynomial forms.

Consider the system with modified dynamics given in integral form as

t
(10) nf—y°+/ Fo(nl,¢0)dr + By,
0

t
(11) =0 / GO (b, ¢ dr,
0

for ¢ € [0,T]. We demonstrate existence and uniqueness of a strong solution
via application of the Girsanov transform approach to first obtain existence
of a weak solution, followed by a demonstration of pathwise uniqueness to
then obtain the strong-solution assertion.

Lemma 3. Suppose n° is an m-dimensional {Fi}-Brownian motion on prob-
ability space (Q, F, P) where Q, F and P denote a sample space, o-algebra
and probability measure, respectively, and with filtration denoted by F =
{F:}. Let ¢° be an {F;}-adapted R™-valued continuous process on [0, T] with
bounded variation. Then, for a.e. w € Q, u({t € [0,T]|(n?,¢}) € Ho}) =0,
where y denotes Lebesgue measure on R.

Proof. Since Ho C Ho by (A.2), it suffices to show that for a.e. w € €,
p({t € 0,711 (17, ) € Ho}) = 0. Let X¢ = ho(7) — h1(¢7). We note that

{t € 0, 7] (), ¢)) € Ho} = {t € [0,T]| X, = 0}
Using the It6 formula, we have the following semi-martingale decomposition:
! N 1 5 ! 5y b
Xt = Xo +/ Vho(ns) ’ dns +/ §Ah0(ns)d8 _/ Vhl((s) ’ dCs
0 0 0
Let L{(X) be a local time of the continuous semi-martingale X = {X;}. By

the occupation time formula for continuous semi-martingales (cf. [27, (1.6)
Corollary of Chap.VI]), we have for a.e. w € Q,

T fe'e)
/0 1oy (X0) [V ho (i) dt = / Loy (@)L(X)da =0
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which implies that there exists Ny C [0,7] with pu(N1) = 0 such that

(12) Loy (X0)[Vho(n))> = 0, ¥t € [0, T]\N1.

Let nf’i be the ith component of 70 = (17?’1, . ,nf’m) and L¢(n°") be a local
time of one-dimensional Brownian motion 1% = {nf 1. By the occupation
time formula for one-dimensional Brownian motion, we have for a.e. w € €,

o0

. T ) .
(it e 0.7 =) = [“1 it = [ @)L 6 da = 0.

Thus, for a.e. w € Q, there exists Ny C [0,7] with p(N2) = 0 such that
m # 0, Vt € [0, T]\No,

which implies by (A.2)

(13) Vho(n;) # 0, ¥t € [0, T]\Ny.

Let N = N;j U Ns. By (12) and (13), we see that for a.e. w € Q, pu(N) =0
and

1{0} (Xt) =0, Vte [O,T]\N
Hence we can obtain Q° C  with P(Q") = 1 such that

T
H(it € 0.711 X = 0p) = [ 140y (Xt = /[O,T]\N 1oy (Xp)dt = 0

for all w € QY. O

Lemma 4. For a.e. w € Q, There exists absolutely continuous, unique ¢’ (w)
satisfying (11).

Proof. The proof follows the standard successive approximations approach.
We indicate the main steps. By Assumption (A.4), there exists L < oo such
that ]V(W)G‘s(y,z)\ < L for all (y,z) € H5. Let 0 =tg <t; < ...ty =T
where t; 1 —t; € (0,1/(2L)) for all j. Fix w € Q°, where QU is defined in the
proof of Lemma 3. Suppose we have a unique, absolutely continuous solution,
¢%(w), up to t; (where j may be zero), and let 27 = ij (w). We extend the

solution to [t;,t;41]. Let 50 be absolutely continuous (and hence of bounded
variation) on [t;,t;41], with *0(¢;) = 27. For k > 0, let

t
fJH_l =27 +/ Gé(ng(w)7 fyk) dr Vte [tj7tj+1]'
t;
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Noting Assumption (A.4), we find that (%% is absolutely continuous for
all k > 0. Letting A*(w) = {t € [tj, tj41]| (ng(w),g'f’k) € Ho}, we see by
Lemma 3 that u(A*(w)) = 0 for all k. Then, [[(®FF — ¢%F||, (0 ) <

%. Application of the Banach Fixed Point Theorem then yields a unique,
absolutely continuous extension of the solution, ¢*(w), to [0,t;11]. O

Lemma 5. Let 6 > 0. There exists a weak solution to (10)-(11).

Proof. Let 1n° be a Brownian motion as in Lemma 3, and let ¢° be the
corresponding solution of (11) given by Lemma 4. Let 19 (w) = F9(n?, ()
for all w € Q0 (indicated in the proof of Lemma 3) and all ¢ € [0,7]. By
Assumption (A.4), there exists D < oo such that |19 (w)| < Dy for allw € Q°
and t € [0,T]. Let BY =) — Jyf dr for all w € Q° and t € [0,T]. We note
that the Novikov condition is satisfied, and letting P(C) = EF[1¢Z7(1%)]
for C € Fr, with Z;(1°) =1 + 25:1 fg Z.(W)[0); d[v0);, B is a Brownian
motion on (Q, Fr, P), with filtration F.. Then (1%, (%) forms a solution to
(10)—(11) with Brownian motion B® and probability space (€, Fr, P). [

Theorem 6. Let 6 > 0. There exists a unique strong solution to (10)—(11).

Proof. The strong solution will follow from a demonstration of pathwise
uniqueness (cf. [11, Cor. 5.3.23]). Let ) = (nfT,CfT)T for all t € [0,T7,
H? = ([F)T,[G]T)T and 7° = ([y°]7, [2]7)7, in which case,

t
(14) 7 =70 +/ H? dr + [Imox’”} BY Vtelo,T).
0

Letting 7% and 4° be two solutions of (14), one sees from Assumption (A.4)
that there exists L < oo such that

t
e~ 48] < L/ e~ 58 dr Vte[0,T).
0

Hence, by the Gronwall inequality, v° = 4, and we have pathwise unique-
ness. ]

5. Taking 6 | 0

We obtain the limit result in the case where the dimension satisfies m > 3.
This restriction is related to the form of Q~o, which takes the form of a curve
in R™. Tt is expected that in the case where Gy is a point, the result would
follow for m > 2.
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Fix a probability space, (2, F, P), and Brownian motion, B., with fil-
tration F. generated by B.. As by (A.1), (y°,2") & Go, there exists § > 0
such that (y°,2°) € Gs for all § € [0,6]. Let 6, | 0 with §; € (0,0). Let the
corresponding strong solutions of (10)—(11) be denoted by (n™,(™). Then,
note that G® (y,2) = 0 for all z € B;, /4(0), and hence

(15) M > 6,/4 Vte[0,T], weQ neN.
For n € N, let
(16)  Ap ={we Q| Ate[0,T] s.t. (n/,¢") € Gs, U[R™ x By, (0)] }.

Recalling that F° = F on G§ and G° = G on G§ N By/4(0)¢, we see that

(17) (n™,¢") =m"¢") YVweA, and m>n>1.
Lastly, let
(18) = J¢hnr, G =JGHG =¢,

for all ¢t € [0, 7).

Lemma 7. For each weQ, (n', ([*)(w) €Gs if and only if ni' (w) € Gs(CP(w))
if and only if 7if' (w) € Gcp(w)s(CH(w)) if and only if there exists \(w) € T
such that N (w) — p(A\(w))| < 9.

Proof. The first assertion is by definition. Noting Assumption (A.3), that
assertion is true if and only if d(n?, Go (")) < 8|¢|, or equivalently, if and
only if minyez [n7—J 1 (¢P)p(\)| < §|¢|. Using the orthonormality of T'(¢}),
one finds that this is true if and only if minyez |J(¢)nf — p(A\)| < 6, which
by (18), is equivalently, minyez |7} — p(A)| < 6, which yields the remaining
two assertions. O

Lemma 8. For eachn € N, there exists a probability measure, P, mutually
absolutely continuous with respect to P, such that n™ is a Brownian motion
with respect to P,.

Proof. By the boundedness of F% and (10), one finds that the Novikov
condition is satisfied, and hence the assertion follows from the Girsanov
theorem, cf. [11]. O

Let

(19) A, ={we Q| Ate0,T] s.t. either 7 € G5, (&) or (I € By, (0)}.
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Using Lemma 7 and (15), we see that

(20) An = A,

Lemma 9. There exists a probability measure, ]5,“ mutually absolutely con-
tinuous with respect to P, such that

dijy” = J(¢") dify’
where B} is a Brownian motion under P,.

Proof. Applying Ito’s rule to 7", and noting that one has d([¢" ], [¢"];): = 0
for all k,j €]1, m[, one sees that

(21)

diff = F" (7, G dt + T () it = J(G) | (T (G T F i ) it + oy,
where, component-wise,

(22)
R = 30 (3 [5G, ) 16+ (@i,

j=1 i=1

for all k €]1, m[. We examine F. By Assumption (A.4), there exists M} <
oo such that

(23) GO (LI, ) < MY Wt e [0,T], we 9.

Also, by (15) and Assumption (A.3), there exists M2 < oo such that
(24)  max {7 [FLE|} < M7 Vjellm], te[0,T],weQ.
Lastly, by (11), (23) and Assumption (A.3) one sees that

(25) (TGN =160 < 2%+ MT = M,y < o0

for all t € [0,7] and w € Q. By (22)—(25), we see that there exists M,, < o
such that

(26) [(J(E)THF™ (7, G| < Mali?| Yt e [0,T], we Q.
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For integers 0 < k < K — 1 < oo, let Ax = T/K and t;, = kAg. By
(26),

B{e 5110 F G R dr )
f§eXP[(ALJQ/QPE{GXP[%tkpéklﬁfﬁcﬁ]}

for all 0 < k < K < oo and n € N. However, recalling that 77" is a Brownian
motion on measure P, this is finite for sufficiently large K. Hence, a weak
Novikov condition is satisfied, cf. [11, Cor. 3.5.14], and we may apply a Gir-
sanov transformation, yielding measure B, mutually absolutely continuous
with respect to P,, given by dpP, = frpd Py, where

o2 dt]

o—n

~n - _T ann_l
Hp = €Xp g(vt) M — 3

with o = (J(¢P) " E™ (7, ¢), and such that under P,, the process ij* =
Jovirdr 4+ nf is a Brownian motion. Recalling (21), we have dijf =
J(G") dij'. O

We define {8} };>0 and {a}s>0 by

tAT dr
Wi/ e o =it € 0,00 5 > s},
0 T

where the infimum of the empty set is taken to be oo.

Lemma 10. There exists a Brownian motion {ws}s>0 on an enlarged proba-
bility space of (Q, F, P,), which we denote by (0, F, P,), such that ws = i
for 0 < s < B, Moreover there exist 0 < a < a < oo such that o, . — o E
[ar, ar] for all 0 < s,r < co.

Proof. The asserted bounds on o follow from Assumption (A4.3), (15) and
(25). We extend {n} bo<i<r and {F:}o<i<r to [0,00) by

A = iy, Fi = Fiar, t > 0.

Noting that {f"};>0 is a continuous {F;}-martingale and J(¢?)J7 () =
ICP| =2 Lnxm for all t € [0,T], w € Q, we have

~AM,i

<,’7 7ﬁn7j>t — <,”77’L7’i’ ﬁN7j>t/\T — (51]6;7'
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Thus, by [27, (1.10) Theorem of Chap.V], there exists a Brownian motion
{ws}s>0 on an enlarged probability space of (€2, F, P,) satisfying ws = Theen
for s € [0, 51]. To clarify the enlargement procedure and the construction
of {ws} in the above theorem, let (€', F', P') be a probability space with
a filtration {F;} and {bs}s>0 be an m-dimensional {F}-Brownian motion
with by = 0. Define (Q, F, P,) and {F,} by

Q=0xQ, FEFRF, P, =P, P, Fy= For @ F..

Then {ws}s>0 on (Q, F, P,) is given by

- e (o) (@), 0<s<BL(w),
ws(w) = A?f (w ’ "
oo( )"’_bsfﬁgo(w)(w )’ S>ﬂoo(w)7
(27) — {T:I%Q(w) (w)’ , 0< Sné 5%(&1),
(W) + bs—ppw) (W), 5> (W),
where we denote @ = (w,w’) € Q =Q x Q. O

For & = (w,w') € Q, we let {"(@) = ¢™(w) for all s € [0,7] and n € N.
By (27), we note that

Ay x ¥ = {0 € Q| Bs € [0, B(w)] s.t. either k) € Geu s, (©)

={w e Q| As € [0, Bp(w)] s.t. either wy(@) € (j\i:(oﬁ)lﬁn(é)
or (" (Z)) € Bs,(0) }

For n € N, let
T = inf{s > 0] (n7, () (w) € G5, U[R™ x Bs, (0)]},
and let

(775758) = (U?aC?) Vs < Ty,
which is
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(29) = (15,¢§) Yk =nVs <
Next, let zs(&)) = (o(w) for all @ = (w,w’) € Q. Then,

Cn ={0 € Q| As € [0,00) s.t. either wy(d) € g~|5n(@)|5n (e)

or C(@) € Bs, (0)}
={& € Q| As €[0,00) s.t. either r/{lé%\ws(@) —p(\)| <6

or ES((D) € B; (0)} VneN.
Lastly, define
C={weQ| Bsel0,00)s.t either wy(@) € Go(€) or ES(Q) =0}.
Note that C, C C, for k < n. and that |J,.Cn = C, which implies C =
lim,, o0 Cp.
Lemma 11. Let m > 3. P,(C) = 1.
Proof. By (15),

(30) Py({w e Q|3s€[0,00)s.t. (s =0})=0.

We next employ classical potential theory and its relationship to Brow-
nian motion hitting-time problems (cf. [4, 22, 25]). As we were unable to
find an already-existing proof of assertion (33) below, a reasonably detailed
proof follows. Fix g € R™, and for y # g, let v(y;y) = \yTl?JI One may easily
verify that for m > 3,

(31) Av(y; ) <0 Yy e R™\ {7},

(i.e., v(+;y) is superharmonic), and that v(y;y) — +00 as y — ¥.

Fix z € R™\ {0}. Let V(y) = [, v(y; [J(2)]"'p(\) dA for all y € R™\
Go(z). Consider y € R™ \ Gy(2). By repeated application of the Dominated
Convergence Theorem, and (31), one obtains

1
(32)  AV(y) = /0 Ayo(y; [J(2)] 7 'p(N) dA 0 Yy € R™ \ Go(2).

Let y, — Go(2) as m — oo be such that V(y,) # +o0o. By compactness,
there exists ¥ = p(A) € Go(z) and subsequence {y,,} such that y,, — 7.
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Without loss of generality, suppose there exists 6 > 0 such that [\, \+-d] C Z.
Letting 9, = J(2)yp, for all k,

V(yn,) > /A

A+8
> |2] A (I, — V)] + My(2 = 2)) " dA

= |Milog(1 + M6/ |G, —p(\)|) = +oo as k — oo.
P

A6 P
Yn, — [J(2)] " p(N)|HdA = \zl/A |9, — (V)] dA

By contradiction, we find that V(y) — 400 as y — go(z) Combining this
with (32), we see that Go(z) is polar [4, Th. 1.V.4]. Hence, by [4, Th. 2.I1X.5],

(33) P,({w € Q|3s € [0,00) s.t. ws € Go(2)}) =0.

By (30), (33) and the mutual absolute continuity of P, with respect to P,
one obtains the result. O

Note that A, = A, C A, = A, for all k < n, and let A = Unen An-
Lemma 12. Let m > 3. P(A) = lim,, o P(A,) = 1.

Proof. Recall from (28), that A, x Q' D C,. One then finds that UnEN[An X
Q] 2 U,enCn = C. By Lemma 11, this yields P, (U, cn[An x @) = 1,
or equivalently, ﬁ"(UnEN ftn) = 1. Then, as P, is mutually absolutely con-
tinuous with respect to P, P,(A) = Pn(U,eyAn) = 1. Further, as P, is
mutually absolutely continuous with respect to P, we have P(A)=1. O

Theorem 13. Let m > 3. (7,() is a unique strong solution of (1)—(2).

Proof. We first address existence. Note that 7, = T for all w € A, C A
for all K > n > 1. By (9) and (29), (7,() satisfies (1)—(2) on [0,T] for a.e.
w € Ay. Then, by the definition of A and Lemma 12, (7, ) satisfies (1)—(2)
on [0, T] a.s., where we note that (7, () is F;-adapted by construction, hence
yielding existence.

Fix (9, F, P). Suppose (7, () and (7, (') are two strong solutions of (1)
(2) on [0,T]. Let n € N. Then, (7,¢) and (7, satisfy (10), (11), (2) on
[0, 7] a.s. Then, by Theorem 6, (7, ;) = (7, ¢;) on [0,7,]. As this is true
for all n € N, we have uniqueness on [0, . O
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