Journal of Machine Learning Research 22 (2021) 1-51 Submitted 8/20; Revised 1/21; Published 2/21

Statistical Query Lower Bounds for Tensor PCA

Rishabh Dudeja RD2714@QCOLUMBIA.EDU
Department of Statistics

Columbia University

New York, NY 10027, USA

Daniel Hsu DJHSUQ@CS.COLUMBIA.EDU
Department of Computer Science

Columbia University
New York, NY 10027, USA

Editor: Gabor Lugosi

Abstract

In the Tensor PCA problem introduced by Richard and Montanari (2014), one is given a
dataset consisting of n samples T7.,, of i.i.d. Gaussian tensors of order k& with the promise
that ET} is a rank-1 tensor and ||ET;|| = 1. The goal is to estimate ET}. This problem
exhibits a large conjectured hard phase when k > 2: When d < n < d it is information
theoretically possible to estimate ET}, but no polynomial time estimator is known. We
provide a sharp analysis of the optimal sample complexity in the Statistical Query (SQ)
model and show that SQ algorithms with polynomial query complexity not only fail to solve
Tensor PCA in the conjectured hard phase, but also have a strictly sub-optimal sample
complexity compared to some polynomial time estimators such as the Richard-Montanari
spectral estimator. Our analysis reveals that the optimal sample complexity in the SQ
model depends on whether ET is symmetric or not. For symmetric, even order tensors, we
also isolate a sample size regime in which it is possible to test if ET} = 0 or ET} # 0 with
polynomially many queries but not estimate ET;. Our proofs rely on the Fourier analytic
approach of Feldman et al. (2018) to prove sharp SQ lower bounds.

Keywords: Tensor PCA, Computational-Statistical Gaps, Statistical Query (SQ) Model,
Computational Complexity, Matrix/Tensor Estimation.

1. Introduction

In the Tensor PCA testing problem, one is given a dataset consisting of n i.i.d. tensors
Ti., € ®k R?, k > 2, and the goal is to determine if the tensors were drawn from the null
hypothesis Dy,

ii.d.

-DO : (E)j1,j2,...,jk ~ N(()? 1) vjhj?a" . 7jk € [d]7 Vie [TL],

or from a distribution in the composite alternate hypothesis,
k
D={Dy:V e @R, |V|=Vd, Rank(V) =1},
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where under the alternate hypothesis Dy the entries of the tensor are distributed as

Dy (T%)jhjz,-..,jk R N <V31’];I;’]k, 1) V1,52, Jk € [d], Vie [n]
2

In the Tensor PCA estimation problem, given a dataset T7.,, sampled i.i.d. from an unknown

distribution D € D, the goal is to estimate the signal tensor EpT = V/\/dTc

When k = 2, this model is called the Spiked Wigner Model and is often attributed to
Johnstone et al. (2001), who introduced a variant of this model as a non-null model for
Principal Component Analysis. For general k, this model was introduced by Richard and
Montanari (2014'!, who envisioned this model as stylized setup to study statistical and
computational phenomena occurring in higher order moment based estimators for fitting
latent variable models (Anandkumar et al., 2014). In these applications, a suitable sample
moment tensor can also be decomposed as a sum of a low rank population tensor, which
contains information about parameters of interest, and a random tensor arising due to finite
sample fluctuations.

The most striking feature of the Tensor PCA problem is that it exhibits a large gap
between the information theoretically optimal performance and the performance achieved
by computationally efficient estimators when k& > 2. Estimating the mean of a Gaussian
tensor in general requires n = d* samples. However, in the Tensor PCA problems since the
mean is low rank, the information theoretic sample complexity requirement is n < d. For
example, when the signal tensor is symmetric, it is known that there exists a critical value
By such that if n < (85 —o04(1))-d, then it is information theoretically impossible to solve the
Tensor PCA testing or estimation problems (Montanari et al., 2015). On the other hand,
the results of Richard and Montanari (2014) imply the existence of another threshold ﬁ}i

such that if n > (612 +04(1))-d, then tests and estimators based on the maximum likelihood
value:

_ —qet 1
T(x,x,...,x), TE - T, 1
mex T ) 2T (1)

have a non-trivial testing and estimation performance. When k£ > 2, no computationally
efficient algorithm to solve the optimization problem in Eq. 1 is known. Richard and Mon-
tanari have proposed a computationally tractable relaxation of the optimization problem
that flattens the mean tensor T into a d/ 3| x dl3) matrix and uses the largest singular value
and vector of the resulting matrix for testing and estimation respectively. This procedure
requires n 2 d% to solve the testing and estimation problems (Hopkins et al., 2015 Zheng
and Tomioka, 2015). To this date no known computationally efficient procedure improves
on the performance of the Richard-Montanari spectral method. Consequently it is conjec-
tured that any computationally efficient testing or estimation procedure requires n = >
samples. Proving this conjecture is expected to be more difficult than resolving P v.s. NP
since proving computational lower bounds for average-case problems is harder than proving

1. In the standard formulation of Tensor PCA introduced by Richard and Montanari (2014) one only
observes the empirical average of the tensors T. However this is equivalent to the model studied here
since given the n samples T1.,, one can compute T, and given T, one can generate an i.i.d. sample T7.,
without knowing ET since T is a sufficient statistic for ET'.
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computational lower bounds for worst-case problems. However, recent works have exhibited
some evidence that lends credibility to this conjecture.

In this paper, we study lower bounds on a class of algorithms for Tensor PCA: those
that can be implemented in Statistical Query (SQ) computational model introduced by
Kearns (1998). In the SQ Model, the estimation or testing procedure does not have direct,
unrestricted access to the data T7., generated from the unknown distribution D € DU{Dy},
but instead can access the data only through an oracle. The algorithm can query the oracle
with a statistic g of interest, and the oracle returns an estimate of the expected value of the
statistic Epq(T'). The response of the oracle, denoted by qu(T), has an error guarantee
comparable to the error guarantee of the mean of the statistic on the dataset, but can be
otherwise arbitrary (see Definition 1); that is,

~

Epq(T) —Epq(T ’ q(T;) — Epq(T)|. (2)

S~
M:

=1

The SQ framework to study computational-statistical gaps aims to show that in the regime
where no polynomial time estimators are known for the learning problem, no SQ algorithm
can solve the learning problem after making only polynomially many queries. We emphasize
that a successful SQ algorithm must work with an arbitrary oracle whose errors [Epq(T) —
Epq(T)| are possibly adversarial but do satisfy the requirement of Eq. 2, and not just the
most natural sample mean oracle which estimates Epq(T) by the empirical mean of ¢(-)
on n samples drawn from D. This strong robustness requirement which is expected in the
SQ model is what makes it possible to prove strong lower bounds in this model. At the
same time, one hopes that though most practical procedures require direct access to the
samples T7.,, they are essentially computing certain adaptively chosen statistics ¢ on the
dataset. Moreover, one hopes that their analysis only relies on the fact that the sample
mean of these statistics satisfies an error guarantee of the form given in Eq. 2. It would
then be possible to implement these procedures in the SQ model without any degradation
in their performance and hence, lower bounds proved in the SQ model would apply to these
procedures.

Indeed, these hopes have been realized in a number of problems which exhibit statistical-
computational gaps. Two notable examples are the Planted Clique problem (Feldman
et al., 2017a) and sparse PCA (Wang et al., 2015). Both of these problems exhibited a gap
between the information theoretically optimal performance and the performance of the best
known polynomial time estimator. The performance of the best known polynomial time
estimator can be achieved in the SQ model and moreover is the best possible performance
in the SQ model. Hence, for these problems the SQ Model provides a framework to prove
lower bounds on the sample complexity of a class of computationally tractable estimators
which include the best known estimators for this problem. Furthermore, the SQ lower
bounds for these problems provide an intuitive mechanistic explanation for the observed
statistical-computational gap based on the informational structure of the problem: In order
to declare that the unknown distribution D ¢ D, an SQ algorithm must rule out all alternate
hypothesis D; € D by asking queries such that |[Epq(T) — Ep, q(T)| is more than the finite
sample fluctuations expected from n samples. The SQ lower bound proceeds by exhibiting
an exponentially large (in d) collection of distributions A C D such that even the single
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most powerful query is able to rule out only a small fraction of the distributions in H (more
precisely, o(d~") fraction for any t € N). Consequently, any SQ algorithm must make a
super-polynomial number of queries to solve these problems in the regimes where they are
believed to be computationally hard. More recently, SQ lower bounds have also been used to
reason about computational hardness of various robust estimation problems (Diakonikolas
et al., 2017, 2019). We also refer the reader to the recent review article on the SQ model
(Reyzin, 2020).

1.1 Problem Definition and the Statistical Query Model

Recall that in the alternative hypothesis for Tensor PCA, ET = V /VdF, where V is a
rank-1 tensor with ||V|| = V/d¥. Hence we can write V as:

V=v®uvy - @, v; € R |Jug]| = VdVi e [k].

In the standard symmetric version of Tensor PCA introduced by Richard and Montanari,
one further assumes v| = vy = - - - = vi. However, the completely asymmetric version where
this constraint is not enforced is also common in the literature (Zheng and Tomioka, 2015;
Zhang and Xia, 2018). It turns out that the asymmetric Tensor PCA problems are harder
to solve for SQ algorithms that make only polynomially many queries. In order to get more
insight into this phenomena, in this paper, we study a generalization of Tensor PCA to
incorporate partial symmetries where only some of the v;’s are identical. This interpolates
between symmetric Tensor PCA on one end and completely asymmetric Tensor PCA on
the other end. The generalization is parametrized by integers k, K € N with K < k and a
labelling function 7 : [k] — [K] such that, under the alternate hypothesis,

1
BT = T 0n() © Vn(2) @+ O Vrir.

For example, if k = 3, K = 2 and 7(1) = 7(2) = 1,7(3) = 2, then V&3 ET = v, @v; Quy, for
two, possibly distinct v, vy € R? with ||v1| = ||vs|| = V/d. Hence, we define the composite
alternative hypothesis:

D(r)={Dy: V= VUr(1) @ VUn(2) @+ @ Ur(k), VI:K € Rd, |lvill = VdVi e [K]}.

In order to prove the strongest possible lower bounds, we will assume the algorithm knows
the labelling function 7. In the (generalized) Tensor PCA testing problem, the testing
algorithm is given data T7i., sampled i.i.d. from some unknown D € {Dy}UD(7) and has to
decide if D = Dy or D € D(w). In the (generalized) Tensor PCA estimation problem, the
data is generated from an unknown D € D(7) and one seeks to estimate EpT with small
error.

We study tests and estimators for Tensor PCA in the Statistical Query framework,
where the algorithm can access the data only through the VSTAT oracle introduced by
Feldman et al. (2017a).

Definition 1 (VSTAT oracle for Tensor PCA) For any D € {Do} U D(m) and any
n € N, VSTATp(n) is an oracle that, when given as input an arbitrary function q :
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QFRe — [0,1], returns an estimate Epq(T) of the expectation Epq(T) with the error
guarantee:

! \/EDq<T> Xt —Equ)) | )

Epq(T) — Epq(T)| < -
|Epq(T) — Epq(T)| < max (n -

The parameter n is known as the effective sample size of the oracle.

The rational for defining the oracle in this way is that the error guarantee of the oracle
given in Eq. 3 is comparable to the error guarantee obtained if one estimated Epq(T) with
its sample average on a dataset of size n drawn from the distribution D. This is also why
the parameter n in VSTAT p(n) is interpreted as the effective sample size. Our goal is to
understand how large must the effective sample size n be for there to exist an SQ algorithm
to solve the Tensor PCA testing problem by making only polynomial number of queries in
the following sense:

Definition 2 (Tensor PCA Testing in the SQ Model) An algorithm A solves the Ten-
sor PCA testing problem in the SQ model with n samples and B queries if, for any
D € {Do} UD(m) (unknown to A), given access to an arbitrary VSTAT p(n) oracle, A
correctly decides if D = Dy or D € D(rw) after making at most B (possibly adaptive)
queries to VSTAT p(n).

Definition 3 (Tensor PCA Estimation in the SQ Model) An algorithm A solves the
Tensor PCA estimation problem in the SQ model with n samples and B queries if, for any
D € D(w) (unknown to A), given access to an arbitrary VSTAT p(n) oracle, A returns an
estimate V' such that

1

IV ~EpT| < 7.

after making at most B (possibly adaptive) queries to VSTAT p(n).

The sample complexity of Tensor PCA in the Statistical Query depends on some struc-
tural properties of the labelling function 7. For any i € [K], let s; be the number of times
label 7 is used in the labelling function 7:

5 2w (0)] = 15 € ] : 7(5) = i} (4)

The sample complexity of Tensor PCA depends crucially on the number of labels that are
used an odd number of times. We denote this parameter by o and call it the oddness
parameter of the labelling function =, i.e., o = |{t € [K] : s; is odd}|. Note that o €
{0,1,...,k}.

1.2 Our Contribution

Our main result is the following SQ lower bound for Tensor PCA.

Theorem 4 Let Cy > 0 and € € (0,1) be arbitrary constants. Consider the learning prob-
lems:
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1. Tensor PCA testing with o = 0 and sample size n < ngg_g.

2. Tensor PCA estimation with o = 0 and sample size n < C’od%_6

3. Tensor PCA testing or estimation with o > 1 and sample size n < C’od%_e.
Then for any L € N, there exists a positive constant c¢1(k, L,e,Cy) > 0 depending only on
k,L,e,Cy and a finite constant Cy(k, L,€) < oo depending only on k, L, e such that for all
d > Cy(k,L,e€), any SQ algorithm that solves any of the above problems must make at least

c1(k, L,e,Co) - d¥ queries.
We also design optimal SQ procedures, which show that the above lower bounds are tight.
Theorem 5 There exist SQ algorithms that make O(d* -log(n)) queries and solve:

1. The Tensor PCA testing problem with o = 0 provided n > VdF.

2. The Tensor PCA estimation problem with o = 0 provided n >> V/dF+2.

3. The Tensor PCA testing and estimation problems with o > 1 provided n > v/d*+°.
Our results have the following implications:

1. As mentioned previously, when k > 3, no known computationally efficient algorithm
is able to leverage the low rank structure in Tensor PCA optimally. Our results show
that SQ algorithms also do not work in the conjectured hard phase d < n < Vd*.

The SQ framework leverages the adversarial corruptions in the query responses to prove
strong lower bounds. However, our result shows that these adversarial corruptions have the
unintended effect of making the SQ lower bounds too pessimistic:

2. When k = 2, the estimator based on the best rank-1 approximation to T is able to
effectively leverage the low dimensional structure and attain the information theoretic
sample complexity in polynomial time. In contrast, SQ estimators with polynomial
query complexity are ineffective at taking advantage of this low dimensional structure
and require as many samples as in the case when the mean is unstructured (n > d?).

3. When k£ > 3, SQ estimators with polynomially many queries are still less effective
than known polynomial time algorithms in taking advantage of the low rank structure,
however now, the effectiveness of SQ procedures depends crucially on the underlying
symmetry of the mean tensor. They are least effective when the mean tensor is
completely asymmetric, where they require as many samples as in the unstructured
case (n > d¥).

4. When o = 0 (e.g., even-order symmetric Tensor PCA), the problem exhibits an
estimation-testing gap in the SQ model: in the regime VdF < n < VdFt? testing
is possible but estimation is not. No such testing-estimation gap is seen outside the
SQ model.
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The ineffectiveness of SQ algorithms seems connected to the fact that leveraging the low
rank structure requires solving stochastic non-convex optimization with adversarial, inexact
gradient oracles. The results of Feldman et al. (2017b) show that stochastic convezr opti-
mization problems based on n samples (such as the least squares problem) can be solved
with restricted access to a VSTAT (n) oracle with no degradation in performance. In con-
trast, our estimation lower bound for the symmetric spiked Wigner problem (k = 2,0 =0,
ET = vovg ) exhibits a canonical, benign stochastic non-convex optimization problem:
max|y|=1 E(v, Tv) which cannot be solved with a VSTAT (n) oracle without a degradation
in sample complexity compared to its empirical version: mavaH:1<v,T'v>. This rules out
non-convex extensions to the results of Feldman et al. (2017b) without a worse dependence
on problem parameters. This suboptimality of SQ algorithms seems to arise because ran-
dom initialization starts close to a saddle point of the population objective. In the spiked
Wigner case, the n sample empirical gradient at initialization vinix is 2(vo, Vinit)vo + 29
where g ~ N (0, I;/n). Although the “signal” part is small, (vo, Vinit) = d_%, the noise g is
randomly oriented, (g, vy) ~ n~1/2, and hence when n >> d, the signal part dominates the
noise part in the projection of the gradient along vy at initialization. This signal is amplified
in the subsequent iterations of the power method. In contrast, when a VSTAT (n) oracle is
used, the approximate gradient is of the form 2(vg, vinit)vo + 24, where [|g||? ~ ||g||> = d/n;
but the noise vector g is no longer randomly oriented and can be adversarially chosen to
cancel out the signal unless n > d2.

Given that SQ algorithms are suboptimal for Tensor PCA, one might wonder why one
should care about SQ lower bounds for Tensor PCA. Indeed, the SQ prediction of the
threshold for hardness of Tensor PCA is nowhere near the correct (conjectured) threshold,
so SQ lower bounds are not evidence for the computational hardness of the problem. We
believe that SQ lower bounds for Tensor PCA are still useful for two reasons. (1) Currently,
there are several frameworks to predict computational-statistical gaps including SQ lower
bounds, Hopkins’ Low Degree method (Hopkins, 2018; Kunisky et al., 2019), reductions
from other hard problems (Berthet and Rigollet, 2013), and statistical physics heuristics
like failure of Belief Propagation (Zdeborova and Krzakala, 2016). We believe it is of interest
to report successes and failures of these frameworks in canonical problems to understand
their relative strengths and weaknesses. (2) SQ lower bounds are also useful even beyond
the study of computational-statistical gaps. SQ algorithms are robust since they can’t use
specialized properties of finite sample fluctuations implied by model assumptions. This is
desirable in practice, and it is of interest to understand how the sample complexity changes
under some natural deviations from model assumptions.

1.3 Related Work

A number of works have investigated the computational-statistical gap in Tensor PCA,
which we discuss below.

Studies of Computational-Statistical Gap in Tensor PCA: Ben Arous et al. (2019) have
shown that in the information theoretic regime n =< d, the expected number of local max-
imizers of the maximum likelihood optimization problem (Eq. 1) is exponentially large.
These local maximizers can potentially trap gradient based methods. Ben Arous et al.
(2018) have shown that when n > d*~!, Langevin Dynamics succeeds in solving Tensor
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PCA and that this is essentially tight for Langevin Dynamics to work. Sum of Squares
relaxations for Tensor PCA have been analyzed (Hopkins et al., 2015, 2016, 2017; Bhat-
tiprolu et al., 2016) and it is known that computationally efficient sum-of-squares based
procedures match the performance of the Richard-Montanari spectral estimator but fail to
improve on it. A popular way to provide evidence for hardness of a particular problem
is via reductions, i.e., to show that solving it would lead to algorithms to solve another
problem which is widely believed to be hard. Reductions were introduced to reason about
the hardness of statistical inference problems in the seminal work of Berthet and Rigollet
(2013). In the specific case of Tensor PCA, it has been shown that hardness of Hypergraph
Planted Clique implies the hardness of Tensor PCA (Zhang and Xia, 2018; Brennan and
Bresler, 2020).

Our results reveal a gap between the optimal sample complexity of Tensor PCA for
polynomial query SQ algorithms and computationally efficient algorithms. A well known
example of this situation is efficient learning of parity functions (in a noise-free setting),
which is possible using the Gaussian elimination algorithm, but not using SQ algorithms
(Blum et al., 1994). Apart from this, we are aware of at least two other instances where
SQ algorithms are suboptimal in comparison to some computationally efficient and noise
tolerant procedure, which we discuss next.

Planted Satisfiability: Feldman et al. (2018) study a broad class of planted random
planted constraint satisfaction problems in which an unknown assignment o, € {0,1}¢
is fixed and we observe n clauses C1,Cs,...,C, drawn independently and uniformly at
random from a family of clauses C, conditioned on o, being a satisfying assignment for the
clause. The goal is to identify the planted assignment o,. When C is the set of all XOR
expressions involving k variables, the problem is called the planted k-XOR-SAT problem and
exhibits a large computational-statistical gap: observing n 2 dlog(d) clauses is information
theoretically sufficient to identify the planted assignment o with high probability. However,
all noise-tolerant and computationally efficient methods require n 2 d2 clauses. On the
other hand, Feldman et al. (2018) show that SQ algorithms fail unless n > d*. Moreover,
this work introduces the Fourier analytic approach to prove SQ lower bounds that we rely
on. Previous approaches for proving SQ lower bounds (Feldman et al., 2017a) are only

able to show a weaker sample complexity lower bounds of n 2> dz for k-XOR-SAT as well
as k-Tensor PCA. This work also proposes a hierarchical generalization of the VSTAT (n)
oracle for satisfiability problems known as the MVSTAT (n, £) oracle where /¢ is a parameter
controlling the strength of the oracle. The oracle is designed such that, for a well-chosen
value of ¢, it is possible to implement a particular 43 sample complexity estimator for
k-XOR-SAT without any degradation in performance.

Matriz Mean Estimation: The recent work Li et al. (2019) studies mean estimation
on general normed spaces. Their results on matrix mean estimation with respect to the
operator norm (|| - ||op) are particularly relevant for our problem. In this problem, one is
given n samples X1, Xo,..., X,, of d X d matrices sampled i.i.d. from some distribution
supported on unit operator norm ball, and the goal is to estimate EX with an error of
€ = 0.1 in operator norm. By the matrix Bernstein inequality (Tropp et al., 2015), when
n 2 log(d), the empirical average of the matrices X satisfies | X — EX|lop < 0.1. On the
other hand, Li et al. show that in the SQ model one requires n 2 d samples to solve this
problem. Though their results are stated for unstructured matrix mean estimation, the
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hard distribution they construct is supported on highly sparse Boolean matrices with a low
rank expectation. Thus, after a suitable change of scale, their hard instance also shows
n 2> d? sample complexity lower bound in the SQ model for a non-Gaussian variant of low
rank matrix mean estimation. Their proof also relies on the Fourier analytic approach of
Feldman et al. (2018).

Another commonly used framework to provide evidence for a computational-statistical
gap is the low-degree polynomial framework, which we discuss next.

Connection with low-degree polynomial lower bounds: The low-degree polynomial frame-
work seeks to provide evidence for a computational-statistical gap by showing that any pro-
cedure that seeks to solve the inference problem by computing a low-degree polynomial of
the data fails to solve the inference in the conjectured hard phase (Hopkins, 2018, Kunisky
et al., 2019). This framework consistently reproduces widely believed average-case hard-
ness conjectures for many problems, including Tensor PCA (Hopkins et al., 2017; Hopkins,
2018; Kunisky et al., 2019). The concurrent work of Brennan et al. (2020) identifies general
conditions under which lower bounds for low-degree polynomial procedures are equivalent
to a sufficient criterion for SQ lower bounds, namely the statistical dimension criterion of
Feldman et al. (2017a). Hence, for many inference problems, including the completely sym-
metric Tensor PCA testing problem, they obtain SQ lower bounds from previously known
low-degree lower bounds. However. the SQ lower bounds obt%ined in this manner are often
not tight. For example, Brennan et al. show that when n <« d2, SQ algorithms with polyno-
mial query complexity fail to solve the completely symmetric Tensor PCA testing problem
with k& = 3. In contrast, our results show that the same conclusion holds when n < d2.
The reason for this appears to be that the statistical dimension criterion of Feldman et al.
(2017a) studied by Brennan et al. is only a sufficient (and not necessary) criterion for SQ
lower bounds. In contrast, our lower bounds rely on a different criterion introduced by
Feldman et al. (2018) which is known to imply stronger SQ lower bounds in other problems
like planted CSPs (Feldman et al., 2018).

1.4 Notation

In this section, we introduce the notation used in this paper.

Common Sets: R,N,Nj denote the set of real numbers, natural numbers and non-
negative integers respectively. We denote the finite set {1,2...,k} by [k]. The set ®k R4
denotes the set of all d x d X --- x d tensors with real entries. The set ®k N4 denotes the
set of all d X d x - -+ X d tensors with non-negative integer entries.

Vectors, Matrices and Tensors: We denote vectors, matrices and tensors with bold face
letters. We denote the d dimension vectors (1,1,...,1) and (0,0,...,0) as 1; and 04. We
will omit the subscript d when it is clear from the context. For vectors, || - || and || - |1
denote the Euclidean (f2) norm and the £; norm respectively. For vectors a,b € R?, (a, b)
denotes the standard Euclidean inner product Zle a;b;. These norms and inner product
are analogously defined for matrices and tensors by stacking their entries into a single vector.
For a tensor T' € ®" N¢, we define the map SUM (T',1) : @ N4 x [k] = R? which computes
the partial sum of the entries of T' along all modes except mode I:

SUM (T,l)i = Z El,j2~-~jl—17i:jl+1~~~jk' (5)
J1sd2-Ji-1:di41---Jk€ld]
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Likewise we define PARITY (-,-) : ®"N¢ x [k] — {0,1}¢ as follows:

PARITY (T, l)i = @ T‘jl,jZ-ujlflyi,lerlmjk' (6)

J1J2--Ji—1:J141--Jk €[d]

In the above display, @& denotes addition modulo 2.
Given a labelling function 7 : [k] — [K], which assigns each mode [ € [k] to a label
m(l) € K, we can combine the partial sums which leave out modes with the same label by

adding them. This defines a map SUM, (T,7) : ®"N¢ x [K] — R%:

SUM, (T,i)= > SUM(T,).
L ()=t

Analogously, we combine the partial parities which leave out modes with the same label via
the map PARITY, (T, i) : ®" Nd x [K] ~ {0,1}% defined as follows:

PARITY, (T,i) = @5 PARITY (T,I).
Lim(l)=1

For a tensor T, the support of T is Supp (T') = {(i1,42,...,ix) € N¥: T}, 4, i # 0}

Special Distributions: N (u,X) denotes the multivariate Gaussian distribution with
mean p and covariance matrix X. Pois () denotes the Poisson distribution with rate A > 0.
Mult (n, k) denotes the Multinomial distribution governing the random vector that counts
the occurrences of 1,2, ...,k when a fair k-faced die is independently thrown n times. For
a finite set .S, Unif (S) denotes the uniform distribution on S, and Unif ({£1}) is also called
the Rademacher distribution.

Asymptotic Order Notation: We use the following notation to describe the behaviour of
positive sequence f(d) and g(d) for large d. We say f(d) < g(d) if there exists a constant
¢ independent of d such that f(d) < cg(d). If f(d) < g(d) and g(d) < f(d), then we say
f(d) < g(d). Finally, we say a sequence f(d) < g(d) if there exists an € > 0 such that
F(d)d S g(d).

Miscellaneous: For real numbers a, b, a V b denotes the maximum of a,b. For a vector
v € R? and a vector ¢ € NZ, we define the entry-wise factorial and the entry-wise powering
notations:

d d
T 1 g S T o
cl = ch!, a® = Ha/. (7)
i=1 i=1

We also use the natural extension of the above entry-wise operators to the case when a,c
are tensors.

2. Proof Overview for Theorem 4

For Tensor PCA with the labelling function 7, we consider the following prior on vy, ve, - -+ , vk:
v; "~ Unif ({jzl}d). Define the random tensor V' = v (1) @ vr9) @ - -+ ® vy (). Note that
for any realization of V', Dy € D(w). Standard results on the SQ framework (developed

in Feldman et al. (2018), reviewed in Appendix A) show that the minimal possible query

10
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complexity of an SQ algorithm that solves the Tensor PCA testing problem with n samples
is determined by the asymptotics of the following quantity:

def 1

q:ED?;Qé)Zl A(g; Do), where A(q; Do) = Py ||Ep, ¢(T) —Ep,q(T)| 2, Ak
The intuition for this is as follows. Consider a fixed realization of the r.v. V.. Suppose
for a query ¢, we have |Ep, ¢(T) — Ep,q(T)| 2 n~2. Then given a response from an
arbitrary VSTAT p(n) oracle, one can distinguish if D = Dg or if D = Dy, since the gap
Ep, ¢(T) — Epyq(T)| is more than the size of the error introduced by the VSTAT p(n)
oracle. In this situation, we say that the query ¢ has resolved the alternative hypothesis
Dy . In order to solve the composite hypothesis testing problem of distinguishing D = Dy
or D € D(x), one must ask queries to resolve at least every hypothesis Dy, for every possible
realization of V. Note that for a query ¢, the quantity A(q; Dy) measures the information
content of a single query: the fraction of realizations of V' that are resolved by the query g¢.
In order to minimize the number of queries asked, one should ask powerful queries: single
queries which resolve a large fraction of hypotheses in one go. Hence, in order to show that
no SQ algorithm can solve Tensor PCA with polynomially many queries it is sufficient to
show that any single query resolves at most o(d™!) fraction of possible realizations of V/
VteN.

For the estimation problem, the results of Feldman (2017b, Theorem 4.2) show that the
number of queries that need to be made to solve the estimation problem with n samples is
governed by the asymptotics of a quantity analogous to object in Eq. 8 with a small change:
the measure Dy can be replaced by an arbitrary measure on D, on ®/C R?. For most cases,
choosing D, = Dy suffices. In other cases we will choose

(8)

D, = D(7) £ Dy, where V() £EV. (9)

w)?

To analyze Eq. 8, we use a key idea of Feldman et al. (2018): ED%Q)@W@%(MQ(T) —
Ep,q(T) is a function of Boolean random vectors vy, va, ..., vk, and Hypercontractivity
Theorems can be used to control its moments and concentration properties. Implementing
this approach requires an understanding of the Fourier spectrum of Dvﬂ(1)®"‘®vﬂ<k)q(T) —
Ep,q(T), which is possible due to the additive Gaussian structure of Tensor PCA. This
structure is also leveraged in the Low Degree method for predicting computational-statistical
gaps (Hopkins, 2018; Kunisky et al., 2019). This results in the following proposition, which

is proved in Appendix B.

Proposition 6 Let € > 0, v € Nyu > 2 be arbitrary. For the reference distribution Dy,
and for any query q with Ep,q*(T) = 1, we have,

u

2
Py [[Epa(T) — Epya(T)| > < ( 5+ max_((u= 1)t p (1)) )
€2 Iy,lz,,lx€Ng
where the coefficients pr(l1,la, ..., lx) are defined as follows:
o 1 1
pﬂ-(ll,lz,...,l[()d:f* Z

e . dkllellr . el
ce®"* Nlcl 21
PARITY : (c,i)=(1;,,0) ¥ i € [K]

11
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For the reference measure D(r), for any query q such that Eﬁ(ﬂ)q2(T) =1, we have,

u
2

Py [[EoaT) ~ Epam)| > < (5 max_ (=0 p ) )

l1,l2,...,lk €ENg
where the coefficients (11,12, ..., lx) are defined as follows:
- aef 1 1 —
Pl loy . k) = . Z m~ﬂ($upp(c)ﬁ$upp (V(ﬂ')) —qb).

c6®k Ng:||c||121
PARITY x (¢,)=(1;,,0) Vi € [K]

2.1 Asymptotics of Combinatorial Coefficients p, and p_

Proving sharp SQ lower bounds for Tensor PCA requires a tight asymptotic analysis of
the combinatorial coefficients p; and p.. In order to illustrate why this requires a delicate
analysis, we consider the following natural bound:

1 1 1 R
= - - < i
pﬂ(lla l27 7lK) e Z dk‘chl el T edk Z c 6dke )
ce®@" NE:|lefli>1 ce®@" Ng
PARITY x (¢,i)=(1;,,0) Vi € [K]
(10)
where the last step follows from e = 1 4+ 1/1! 4+ 1/2! + --.. This estimate diverges expo-

nentially with d* and is too weak for our analysis. In order to obtain tight estimates, we
rely on a natural a probabilistic interpretation of the coefficients p, as a certain Poisson
probability. Let C be a random tensor in ®k Ng whose entries are sampled independently
as Ciy ig,..in "< Pois (d_k). Recalling the formula for the probability mass function of the
Poisson distribution (Fact 21), we have

def ©
p?‘((llvl27"'7lK> = Z H (dk)Cil """ ik 'cil .

C:”C”lZl ’il,iz,...,ike[d]
PARITY (c,i)=(1,,,0) ¥ i € [K]

=P(||C|1 > 1,PARITY, (C,i) = (1;,,0) Vi € [K]).

Analogously,

ﬁﬂ.(ll,lg,...,l]()
=P (HC’H1 > 1,PARITY, (C,i) = (1;,,0) Vi € [K], Supp (C) N Supp (V(W)) = ¢) )

This interpretation already shows that p, < 1 and p,. < 1, which is much better than the
trivial estimate in Eq. 10. We obtain tighter bounds by taking into account the parity con-
straints using the following conditional independence structure in Poisson random tensors.

Proposition 7 Let C be a Poisson random tensor sampled as above. Then, we have

|C||1 ~ Pois(1).

12
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Moreover, conditioned on ||C||1, we have
SUM (C,i) | [|C]l1 "~ Mult (||C]1,d), Yi € [k].
The proof of this property can be found in Appendix F. The following result provides an

exact formula for the probabilities P(PARITY (C,i) = (1;,,0) Vi € [K]) which in principle
allows us to compute the complete asymptotic expansion for these probabilities for large d.

Lemma 8 Let X1, Xo,..., Xk be K independent vectors in {£1}¢ whose entries (X;); are
i.i.d. Rademacher distributed and independent of C. Let X; denote the mean of the entries
of the random vector X;. Then,

K I;
1 <55 <53 <53 ’

P (PARITY: (C.i) = (1,,0) Vi € [K]) =~ E SN NETT T X | (11)
i=1j=1

where s1.x were defined previously in Eq. 4.

The proof of this lemma uses the following simple observation. Let Y be an arbitrary
random variable taking values in Ny. Let X be a Rademacher random variable independent
of Y. Then,

P(Y has even parity) = E[X "], P(Y has odd parity) = E[ XY ™! |Y].

Appealing to this observation, we have,

K I
P (PARITY (C,i) = (1,,,0) Vi € [K]) =E | X; M @V xpWM(@ R TTTT x4
i=1j=1

The expectation with respect to C can now be evaluated by conditioning on ||C|; and using
Proposition 7 along with the formula for the moment generating function for the Poisson and
Multinomial distributions. A complete proof is provided in Appendix C.1. The advantage of
the formula given in Lemma 8 is that it reduces the analysis of a combinatorial expression
to controlling moments of subgaussian random variables. By expanding the exponential
in Eq. 11 to a suitable order and using the fact that v/d - X; are 1-subgaussian results
in the following sharp upper bounds on the combinatorial coefficients pr(l1,l2...lx) and

ﬁﬂ(ll, lo... lK)
Proposition 9 The coefficients p(l1,1z . ..lg) satisfy the following estimates:

k

Cr-d 2 lh=lb=---=Ilg=0,0=0
Ck‘d_k li=lb=---=Ilg=0,0>1
YK
prllilo, k) S S Cp-d=— 2 2 < |m L@, LA+ 76| is even Vi € [K]
ViV Vi
Ci-d 2 i VigV - Vig > 2k
Ch-d* : otherwise.

For any l1,ly ...l € Ny, we have, p(l1,1la,...,lx) < pz(l1,l2,...,lK) and, in the special
case ly = lg = -+ = lxg = 0, we have, p,(0,0,...,0) < =£. In the above equations, Cy
denotes a universal constant that depends only on k.

U

13
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The proof of this Proposition can be found in Appendix C.2. Theorem 4 now follows
immediately by substituting the above upper bounds on p, and p, in Proposition 6 with
¢ = n~2. More details can be found in Appendix D.

3. Optimal Statistical Query Procedures

Theorem 5 claims the existence of SQ algorithms which achieve the lower bounds proved
in Theorem 4. A complete description of these procedures can be found in Appendix E.
Interestingly, these procedures do not try and solve either the maximum likelihood problem
or its spectral relaxation. Instead, these procedures leverage the “Partial Trace” technique
used by Hopkins et al. (2016); Anandkumar et al. (2017); Biroli et al. (2019) to compress
the empirical mean tensor in symmetric Tensor PCA into a vector or a matrix, and incur
only a modest decrease in the signal-to-noise ratio. To implement these estimators in the
SQ model, we leverage on the following result.

Fact 1 (SQ Scalar Mean Estimation; Feldman, 2017a) There exists a SQ algorithm
that given parameters &, B > 0, a query function q : @" R — R and access to an arbitrary
VSTAT p(n) oracle for any distribution D € D(m) U {Dy} such that Epg*(T) < B, returns
an estimate of Epq(T) denoted by Epq(T) such that:

Varp q(T)

n

Epq(T) — Epq(T)| < 8-log(n) - +¢.

after making at most 31log(4nB /%) queries.

We describe the optimal SQ algorithms in the following illustrative special cases.
Even order, Symmetric Tensor PCA Testing: In this case, k = 2[ for some | € N and
K = 1. The procedure uses Fact 1 to estimate the mean of the query

def
Q(T) - T(Id’ I, ... 7Id) - E : 1}17j1,j2,j2-~~,jz,jl'
J1,J2--J1€[d]

It is easy to check that when D is in the alternative hypothesis, ¢(T') ~ N (1, \/d’f> and

when D = Dy, then ¢(T') ~ N (0, vV d’f>. Consequently when n > v/ dF, the error guarantee

of the estimate from Fact 1 is small enough to ensure that null and alternate hypothesis are
distinguishable.

Completely Asymmetric Tensor PCA: In this case K = k. The optimal procedure
simply estimates the mean of each entry of the tensor using Fact 1. The resulting tensor of
mean estimates is used as an estimate of the signal tensor for the estimation problem and
its norm is used to solve the testing problem. Since the errors of a VSTAT (n) oracle can
be adversarial, the error in each entry can add up. Consequently, this approach works only
when n > d*.

Partially Symmetric Tensor PCA: The general case can be handled by a combination of
the above techniques. At a high level, the signal tensor can be written as a outer product of
a compressible part and an incompressible part. In the first step, a partial trace is used to
compress the tensor by eliminating the compressible part. The mean of the incompressible

14
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part is estimated entry-wise using Fact 1. The reduction in the size of the tensor during
the compression phase ensures that the accumulation of adversarial SQ errors is minimized.
The estimate of the incompressible part can be used to construct a test or to recover the
compressible part of the signal tensor.

4. Effect of Noise Variance

In the formulation of Tensor PCA that we study in this paper, we assume that the noise
variance is 1. It is natural to study formulations where the noise variance ¢ is a parameter
that is allowed to depend on n,d. More formally, in the testing problem TPCA(n,d,c?),
one is given a dataset consisting of n i.i.d. tensors T7y., € ®k R?, k > 2, and the goal is to
determine if the tensors were drawn from the null hypothesis Dy,

DO(O’Z) : (ﬂ)j17j27---7jk l"l\gi (0702) vjl?j?v o 7jk) € [d]7 Vi € [TL],

or from a distribution in the composite alternate hypothesis,

k
D(0%) = {Dy(0?): V € QR?, |[V| = VdF, Rank(V) =1},
where under the alternate hypothesis Dy the entries of the tensor are distributed as

Dy (0®): (T jorjs ~ N (M,;’]’“JQ) V1, d2 ..k €[d], Vi€ [n].

d2

In the estimation problem TPCA(n,d, c?), given a dataset Ti., sampled i.i.d. from an un-
known distribution D € D(c?), the goal is to estimate the signal tensor EpT = V/\/dTﬁ
When allowed unrestricted access to the dataset TPCA(n1,d1,0?) and TPCA(ng, d, 03) test-
ing and estimation problems are statistically and computationally equivalent if o%/n; =
03 /na because of the following observation.

Observation 1 Given ny samples drawn i.i.d. from Dy (c3) one can generate ny samples
drawn i.i.d. from Dy (03) without the knowledge of V' if 0% /n1 = 03/ny. Moreover, this
sampling mechanism is computationally efficient.

Proof Note that one can make the transformation (ni,0?) — (ng,03) in two steps:
(n1,0%) = (1,0%/n1) = (1,03 /n2) — (ng,03). Hence, it is sufficient to show that given n
samples from Dy (o?) one can generate 1 sample from Dy (02/n) and vice-versa. Note that
if Ty, & Dy (0?) then,

T:e;;:r DV( >

Hence, to generate a sample from Dy, (02 /n) one can compute the empirical average of the n
samples from Dy (02). For the other direction, we observe that since the empirical average
is a sufficient statistic for the mean parameter V of a Gaussian distribution (with known
variance), the conditional law of Ti., given T does not depend on the mean parameter
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V. Hence, given one sample from Dy (02/n) (i.e., T) one can generate n samples T}., by
sampling from this conditional law without the knowledge of V. Furthermore, since 11.,,, T’
are jointly Gaussian, this conditional law is Gaussian and can be efficiently sampled. |

As a consequence of Observation 1, the problems TPCA(n1, d1,0?) and TPCA(ng, d, 03)
are statistically and computationally equivalent: given an algorithm A; for TPCA(ny,d, 0?)
one can construct an algorithm Ay for TPCA(ng, d, 03) as follows: First use the reduction
outlined in Observation 1 to construct a TPCA(ny,d, 0?) instance from the TPCA(ng,d,03)
instance and then run A; on the TPCA(n1,d, 0?) instance. The procedure Ay has the same
statistical performance on a TPCA(ng, d, 05) instance as procedure A; has on TPCA(ny, d, 0?)
instance. Moreover if A; is computationally efficient so is As.

Given the above observation, a natural question is whether the above equivalence is
preserved when one can only access the data via an SQ oracle. Formally, let us consider a
pair of distributions (Dj, Dy) such that:

Dy € {Dy(0?)} UD(0?), Dy € {Dy(03)} UD(c3), Ep, T = Ep,T.

One can ask the question: Given access to a VSTAT p, (n1) can one simulate a VSTAT p, (n2)
oracle and vice-versa? This would allow us to use SQ algorithms designed for TPCA(n2, d, o3)
to solve TPCA(n1,d, 0?) and vice-versa and lower bounds proved for one problem would have
implications for the other problem.

Observation 2 Suppose that 05 = o3 - S for some S € N. Then given access to a
VSTAT p, (n1) oracle can one simulate a VSTAT p,(n2) oracle with:

. Sm . 1 7110%
2561log%(ny)  256log(n1) o}

na

Furthermore, this simulation makes at most 9log(n1.S) queries to the VSTAT p, (n1) oracle
to respond to one query for the VSTAT p,(n2) oracle.

The proof relies on a conditioning argument to reduce the variance of a statistic while
preserving its expectation. This is often called Rao-Blackwellization (Rao, 1992; Blackwell,
1947) in statistics.

Proof Let ¢ : @ R? — [0, 1] be the query for the VSTAT p, (ng) oracle. We will construct
a query @ for the VSTAT p, (n1) oracle with the following properties:

1. Unbiasedness: Ep, Q(T') = Ep,q(T).
2. Variance bound: Varp, Q(T') < Varp,q(T)/S.
Let us assume for the moment that such a query ) can be constructed and complete the

proof of the claim. Indeed, by Fact 1 one can compute an estimate Q by making at most
9log(n15) queries to a VSTAT p, (n1) oracle which has the following error guarantee (we set
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€= (2n2)7"):

Varp, (Q(T))
n

Varp, (Q(T))
n

Q —Ep,Q(T)| < 8log(n)- +¢

€

< 2max | 8log(ny) -

V
P ang(CJ(T))7 1
n9y ny

Since Varp,q(T) = Ep,q(T)? — (Ep,q(T))? < (Ep,q(T)) - (Ep,q(T) — 1), Q functions as a
valid VSTAT p, (n2) response, completing the simulation of a VSTAT p, (n2) oracle.

In order to finish the proof, we need to describe the construction of the query @ with
Properties 1 and 2 from above. In order to describe the construction, it will be helpful to
realize a sample from D and a sample from _D2 in the same probablhty space. We use
the following natural construction: Let Tj.g i " D5 and define T = Zl 1 T;. Note that
T ~ D;. Note that, in order to construct the query @, we need to ﬁnd a function Q of T
with the properties:

1. Unbiasedness: E[Q(T)] = E[q(T})],
2. Variance bound: Var[Q(T)] < Var[q(T})]/S.

Note that the function:
S

q(Tl,TQ"' def Z

satisfies Properties 1 and 2. However it is not a function of T. In order to fix this, define:

1< —

L],
i=1

This function () satisfies Properties 1 and 2:

1. By the tower property:

o[ | s

2. Due to the fact that conditioning reduces variance (or Jensen’s inequality):

1 S
S;q(TZ)]

_ Var[g(Th)]
R

Var[Q(T)] < Var
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Hence, we have constructed the desired function () and this concludes the proof of the
observation. |

As a consequence of Observation 2, the SQ lower bounds proved for TPCA(n,d, 1) in
Theorem 4 can be lifted to lower bounds for TPCA(n, d, 0%) provided o2 > Qg(1).

Corollary 10 Let 02 > 1. The following learning problems:
1. TPCA(n,d,0?) testing with o = 0 and sample size n < o2ds .
2. TPCA(n,d,o?) estimation with o = 0 and sample size n < o2d" 5"
3. TPCA(n,d,c?) testing or estimation with o > 1 and sample size n < o2d"3°.

cannot be solved in the SQ model with a query complexity which is polynomial in d. Fur-
thermore, there exist SQ algorithms that make polynomial in d queries and solve:

1. The Tensor PCA testing problem with o = 0 provided n > o>V d*.
2. The Tensor PCA estimation problem with o = 0 provided n >> o>V dk+2.

3. The Tensor PCA testing and estimation problems with o > 1 provided n > v/ dk+o.

Proof The lower bounds follow by a proof by contradiction: if there is a polynomial query
SQ algorithm which beats the claimed lower bounds for TPCA(n, d, 02), using the simulation
argument in Observation 2, one can use it to solve TPCA(n,d, 1) with a sample complexity
n which beats the lower bounds in Theorem 4. For the upper bound, it is straightforward
to extend the analysis of the optimal SQ procedures described in Section E to arbitrary
noise level o2. |

Remark 11 One can show that Corollary 10 holds for any o > Qq(1) (i.e., the constant
1 is not special). This is because the proof of Theorem 4 works for any constant o* (not
necessarily equal to 1).

Observation 2 shows that an oracle with a larger sample size and a larger noise level is
no stronger than an oracle with a smaller sample size and a proportionally smaller noise
level. However the converse of this does not hold.

Observation 3 There is a constant ¢ > 0 small enough such that it is possible to solve
symmetric TPCA(n,d,c?) testing problem with o®> = c/d in the SQ model with sample
complexity n = Oq(1) after making Oq(1) queries.

Proof Consider the query ¢:

(T) = max T3y ig.ip Tiy Tig - - - Ti -
lefl=1, <~
1,222k
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Lemma 2.1 in Richard and Montanari (2014) shows that if 02 = ¢/d for a small enough
constant ¢, then we have:

‘ED(](T) — EDO(JQ)C](TN >05VD € D(O'Q).
Furthermore Lemma 2.1 and 2.2 of Richard and Montanari show that:

C
Varpg(T) < =, ¥ D € D(o2) U{Do(0?)}-
for some constant C' > 0. Consequently, by Fact 1 we can obtain an estimate E pq(T) such
that |Epq(T) — Epq(T)| < 0.1 after making Og4(1) queries to a VSTAT p(n) oracle with
n = O4(1) and hence solve the testing problem. [ |

The above observation shows that the assumption that o5 > 1 cannot be completely re-
moved Corollary 10. Note that n > 4(1) is information theoretic requirement on the sample
size to solve TPCA(n, d, 0?) testing problem with 02 = ©4(1/d) and no known polynomial-
time estimator achieves this sample complexity. Hence when o? = ©O4(1/d), SQ algo-
rithms are so powerful that they completely fail to capture the conjectured computational-
statistical gap and it is, in fact, possible to implement computationally intractable estima-
tors in the SQ model.

The discussion in this section suggests that there is a possibility that for some well
chosen setting of 1/d < 02 < 1, the SQ lower bound may match the conjectured statistical-
computational gap for all variants of Tensor PCA. We have not pursued this direction in
our work because of the following reasons:

1. We believe that the setting 02 = ©4(1) is the most natural setting to study Tensor
PCA in the SQ model. This is because Tensor PCA was intended to be a stylized
setup to understand tensor based methods to fit latent variable models (Richard and
Montanari, 2014). For example, consider estimating parameter p given data

T1m ~ 05N (—p, 021;) + 0.5N (p, 0°1,).

In these applications one observes several i.i.d. samples such that the signal-to-noise
ratio per sample, measured by ||u||?/o? is ©4(1) and a sample size of n < d (the
dimension of the parameter) is information theoretically necessary and sufficient. In
Tensor PCA since the signal tensor has norm ||[ET|| = 1, this suggests the natural
setting of 02 = ©4(1) which is why we chose to study the TPCA(n, d, 1) formulation. In
contrast TPCA(n, d, 1/d) seems very different from the situation arising in applications
since the signal-to-noise ratio per sample diverges with d.

2. Setting o2 in a post-hoc manner to reproduce a widely believed computational-
statistical gap does not seem like a satisfactory fix to the SQ model since this doesn’t
provide a framework to predict computational-statistical gaps in new problems.

5. Conclusions and Future Work
In this paper, we studied the Tensor PCA problem in the Statistical Query model. We
found that SQ algorithms not only fail to solve Tensor PCA in the conjectured hard phase,

19



DUDEJA AND Hsu

but they also have a strictly sub-optimal complexity compared to some polynomial time
estimators such as the Richard-Montanari spectral estimator. Our analysis revealed that the
optimal sample complexity in the SQ model depends on whether ET is symmetric or not.
Furthermore, we isolated a sample size regime in which only testing, but not estimation, is
possible for the symmetric and even-order Tensor PCA problem in the SQ model.

Our results show that the statistical query framework leads to an incorrect and pes-
simistic prediction of the statistical-computation gap in Tensor PCA. An interesting prob-
lem for future work is to address this limitation of the statistical query framework. Feldman
et al. (2018) found that the SQ framework leads to a similar pessimistic prediction of the
statistical-computational gap in planted constraint satisfaction problems (CSPs). To ad-
dress this, Feldman et al. proposed a hierarchical generalization of the VSTAT (n) oracle for
satisfiability problems known as the MVSTAT (n, £) oracle where ¢ is a parameter controlling
the strength of the oracle. The oracle is designed such that, for a well-chosen value of £,
it is possible to implement spectral estimators that achieve the best-known performance
among known polynomial-time estimators. An interesting problem for future work is to
identify a similar generalization of the VSTAT (n) oracle for Tensor PCA. It would be ex-
citing if this generalization is not tailored to a particular inference problem and works for
a broad class of inference problems. Another desirable outcome is that this generalization
is parameter-free, i.e., does not require setting parameters governing the strength of the
oracle in a post-hoc manner to reproduce a widely believed computational-statistical gap.
A modification to the SQ framework with these two properties would enable us to predict
computational-statistical gaps in new problems rather than reproduce them. The recent
work of Brennan et al. (2020) may provide hints towards identifying the correct modifica-
tion to the SQ framework. This work shows that under some weak conditions, lower bounds
for low-degree polynomial procedures (which are known to predict computational-statistical
gaps correctly) are equivalent to a sufficient criterion for SQ lower bounds, namely the sta-
tistical dimension criterion of Feldman et al. (2017a). An interesting problem suggested
by their work is to identify a relaxation of the current adversarial noise model used in the
SQ framework under which the statistical dimension criterion of Feldman et al. (2017a)
is a necessary and sufficient condition for SQ lower bounds. Such a modification to the
SQ model would make SQ lower bounds equivalent to low-degree lower bounds, which are
known to reliably predict the computational-statistical gap in a wide range of inference
problems.
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Appendix A. Framework for Statistical Query Lower Bounds

In this section, we review a few standard definitions and results used to prove SQ Lower
bounds. First we review the notion of statistical dimension defined by Feldman et al. (2018).

20



SQ Lower BounDs FOrR TENSOR PCA

Definition 12 (Statistical Dimension; Feldman et al., 2018) Let ¢ > 0 be an arbi-
trary tolerance parameter. Let D, be a fized reference distribution and H be a finite col-
lection of distributions such that D, & H The statistical dimension at tolerance € for D,
v.s. H denoted by SDN(D,, H,€) is the largest natural number m with the property: for any
subset S C H with size at least |S| > |H|/m, we have,

k

1
S > [Epg(T) —Ep,q(T)| <eVq: QR =R, Ep,¢*(T) = 1. (12)
DesS

In our lower bounds, we will consider the following natural candidate for H:

def

H(ﬂ-) = {D’Uﬂ.(l)®’uﬂ.(2>~-vﬂ.(k) VLK € {Zl:l}d}

Our lower bounds rely on the following result which shows that the statistical dimension is
a lower bound on the query complexity of any SQ algorithm.

Proposition 13 (Feldman et al., 2018; Feldman, 2017b) Consider the Tensor PCA
problem with labelling function w. Let H be any arbitrary finite subset of D(w). Any algo-

rithm that solves the testing problem must make at least SDN (Do,H(ﬂ'), (Bn)_%) queries.
Furthermore, any SQ algorithm that solves the estimation problem must make at least
0.5- SDN(D*,H(W), (3n)_%) queries, where D, is an arbitrary reference measure (not nec-

essarily Dy ).

The claim of the above proposition for the testing problem is due to Feldman et al. (2018,
Theorem 7.1). The claim regarding the estimation problem is due to Feldman (2017b,
Theorem 4.2). A proof is provided in Appendix G for completeness.

Note in order to obtain lower bounds for the estimation problem we are free to choose
D,.. The natural choice of D, = Dq will be sufficient to obtain tight lower bounds for most
cases. For the remaining cases we will choose D, = D(7) which is a natural ‘average’ of all
distributions in H (7).

=Y def Eva
D(”) = Dv(ﬂﬁ V(ﬂ—) = Ev1,v2-.. 7'L}Ki'i&d'Unif({:l:l}d) [UW(l) ® Un(2) "+~ Uﬂ(k)} ’

The following lemma presents a lower bound on the statistical dimension. Similar results
are implicit in various previous works on SQ lower bounds (Feldman et al., 2018).

Lemma 14 For any € > 0 and any D, € {Dgy, D(7)},

SDN(D,, H(7),€) >

o

1

€

. ( sup  Ppounif(#(r)) [|EDQ(T) ~Ep,¢(T)| > 2D '
¢Ep,¢3(T)=1

The proof of the above lemma can also be found in Appendix G.
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Appendix B. Proof of Proposition 6

As a consequence of Proposition 13 and Lemma 14 from the previous section, in order to
prove a lower bound on the number of queries required to solve Tensor PCA with n samples,
we need to prove an upper bound on the quantity:

1
sup Ppunisr() | |Epg(T) — Ep,q(T)| > ]
¢Ep, ¢*(T)=1 DrUnif(#(m)) ’ ( ) )‘ 2v/3n

This section is devoted to the proof of Proposition 6 which provides an analysis of the above
quantity.

Proof Consider any query g such that Ep,q?(T) = 1. Observe that we have the following
distributional equivalence:

D ~ Unif (H(r)) £ D v, 5 Unif ({il}d) .

V(1) SVr (k)2
Hence,
Ppunit) [Epg(T) —Ep,q(T)| > €] =
IP)vl:KNUnif({jﬂ}d) HEDWU---@UW(MQ(T) - EDOQ(T)‘ > 6} :

In the remainder of the proof, for the ease of notation, we will shorthand EleKNUnif({il}d)
and ]P)vleNUnif
Step 1, Markov Inequality: By Markov’s Inequality, we have, for any v € N,

({£1}4) simply as E and P.

u

Q(T) - IED() Q(T)

Eu

E ‘E
Du_ () @o )

P [, -0,y 2(T) ~ Epga(T)| > ] < (13)

Step 2, Fourier Expansion of Ep, ( q¢(T)—Ep,q(T): Since the second moment of

q is bounded, we can expand the query ¢ in terms of the multivariate Hermite polynomials:

(M= Y d()HT)
ce®"F N¢

We refer the reader to Appendix H.2 for definitions and basic properties of this orthonormal
basis. By Parseval’s identity, we have,

The rational of expanding the query in this particular basis is the following elegant property
(see Fact 5, Appendix H.2)?

V(1)) i1 (Vr(2)) gz - + - (Uri) ) \ 1727k 1
- [ (Cabetane 1
Cj142. gk

dz
2. This property is also useful in the analysis of Tensor PCA via the low degree method (Hopkins et al.,
2017, Hopkins, 2018: Kunisky et al., 2019), a heuristic technique motivated by Sum-of-Squares hierarchy
to predict computational-statistical gaps.

ED%(U"'@%(M

J1,J2---Jk€ld]
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After rearranging the terms in the product and recalling the SUM (-, -), PARITY (-,-) and
entry-wise factorial and powering notations from Eqgs. 5, 6 and 7 one obtains the following
concise representation of the above formula:

1 SUM (c,1) _.SUM (c,2) SUM (c, k)
]E L ) ’ . ’ e ’
Doy -vnin) o(T) Vakler .l ™) 7(2) (k)
_ 1 SUM, (c,1)  SUM;, (c,2) SUM,; (¢, K)
= ——— vl . v2 e e e UK
Varleli . ¢l

1 PARITY (¢,1) _ PARITY (c,2) PARITY; (¢, K)

= . vl . 1)2 e e e UK .

\Y dk”c”l . C!

In the last step, we used the fact that v; € {£1}¢, Vi € [K]. Substituting this in the Fourier

expansion of g, one obtains the following representation of the bias Ep, 1BV H(T) —
Ep,q(T) as a polynomial in the Boolean vectors vy, va, - - vk:
EDvﬁ(l)w®v_ﬁ<k) HC(T) - EDOq(T) =
Z q(c) CPARTY R (e 1) | PARITY (¢, K)
Vakllelr .l ! K ’

ce®" N:|lc[l1>1

Observing that PARITY (c,1) € {0,1}? for any ¢,! we can regroup the terms in the above
summation as follows:

q(T) —Ep,q(T) = > Gnlrirerg) vl v wpE, (14)
r1,-ri €{0,1}4

q def q(c)
el = > —— (15)
k X
ce®kNg;||cH121 dkllellr . ol

PARITY (¢, i)=r; Vi€[K]

E
Do, (1)@v i)

The above representation will allow us to leverage tools from Fourier analysis over the
Boolean hypercube in the following step.

Step 3, Hypercontractivity: We define the following polynomial in vy, vs - - - vg € {£1}4,
for any v € N, u > 2.

P,(v1,v9- - vK) def Z (1/u_1)“"'1”1+"'+H’I‘KH1 G (rrg) - T .052”__1)7‘1(1{7
r1,r€{0,1}4

where the coefficients ¢ have been defined in Eq. 15 Note that the bias Ep, B B q(T)—
Ep,q(T) is a smoothed out version of the polynomial P (cf. Eq. 14) in the following sense:

ED”w(l)”@”n(k) - EDOQ(T) = SMOOTH /r_l[P](’Ul, V2. .. ,'UK),
where, for any A > 1, the operator SMOOTH,[-] down weights the coefficient of v]* - - - v}

by A~ Urillhit-lrxl) (see Appendix H.1 for more background). (2, u)-Hypercontractive in-
equalities allow us to upper bound the L, norm of SMOOTHm[P] (v1,v2--+ ,vK) in
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terms of the Ly norm of P(vy,vs---vk). Applying the (2, u)-Hypercontractive inequality
(Fact 4), we obtain,

SIS

E|Ep, Epyq(T)[* < (EP}(v1, vz vK)) (16)

(1) V()

Note that the monomial functions v{'v5? - - - v}3X are orthonormal when v; "= Unif ({£1}9)
(See again Appendix H.1). Hence, by Parseval’s identity and Eq. 15,

EPg('Ul,’UQ""UK) — Z (ui 1)”rl||1+H7‘2||"'+”7'KH1 .(j?r(rl,er...rK)
1‘1,-~~7'K€{0,1}d

B ot oot e q(c)
_ Z (u—l)” litlirzll-+lrxll . Z W

r1,-rr€{0,1}4 ce@" Né:||ef1>1
PARITY : (¢, i)=r; Vi€[K]

Applying the Cauchy-Schwarz inequality,

EP2(v1.r) <

S 1 )
Z (u_l)llmH1+ +Hlrxll . Z e | Z q2(c)

T, TK cilefj1>1 cilefj1>1
PARITY (¢, i)=mr; Vi PARITY (¢, i)=mr; Vi

Note that, since Ep,q¢*(T) = 1,
> > dlast
T1,TK c:lle|li>1

PARITY (c, i)=mr; Vi

Hence by the ¢/l Holder’s inequality:

1
9
71,721 €{0,1}4 drielt - e
c:lle]1>1

PARITY » (¢,i)=mr; Vi

By a relabelling of [d], the expression inside the maximum in the above display depends on

r1,79 - rx only through Iy < ||ry[|1,lo & ||rall1 -+ Ik = ||rk|1. Hence we have,

EPg(vl,'vQ cevg) < max (e- (u— 1)ll+l2“'lK cpr(ly,lg - ZK)) ,
l1,l2---lx €ENg

where,

o 1 1
pr(li,ly- 1) = = Z

e dkllel . el
cillefl1>1
PARITY x (c,i)=(1;,,0) Vi € [K]
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Substituting the above bound on the second moment in Eq. 16, we obtain,

wle

E|Ep, q(T) — Ep,q(T)|* < < max (e- (u— 1)l -pﬂul,zz...zm))

m(1) OV (k) I1,l2--1x €Ng

Finally Markov’s inequality (cf. Eq. 13) gives us,

P HED” q(T) - ]EDOQ(T)’ > e} <

1
<62 . max (e (= V) Ly (1 .lK)))

a.
l1,la...lx €Ny

w(1) " OVr(k)

u
2

This concludes the proof of the proposition for the reference measure Dy. The result for the
reference measure D(7) follows via a similar calculation and we only sketch the argument
for this case. Note that if T' ~ Dy, then,

Now consider any query function such that EE(W)QZ (T') = 1. This means that:

Ep,q* <T+ ‘\//%)) =1.

+ -) in the multivariate Hermite Basis:

<l

(7

k

Hence we can expand the function ¢(

S

q <‘;(dik) + T) = Zjﬂc)HC(T)-

Hence,

Define the tensor V (m) as:
V(7)) = V(1) ® Vr(2) -+ @ V(i)
Also note that when T' ~ Dy, then,

4G

T+ Sk )8V @

Hence,

V(r)
By 1) 00n(a) - @0 W) = EDyd <T i Vdk >
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Due to the fact that each entry of V'(7) is either 1 or marginally Rademacher distributed
and EV (1) = V (), we have,

V(M)isiain — V(Wi i = 0 : (i1, 2. .. 1) € Supp (V (7)) .
11,0250k 11,820k V(W)il,iz...,ik . (il, i2 e Zk) ¢ Supp (V(ﬂ'))

Using Fact 5, we can compute,

V(r)-V(r)\ |0 : Supp (¢) N Supp (V (7)) # ¢
Epote (T+ Vdk > - {\/X;Z—)l : Supp (¢) N Supp (V(7)) = ¢

Hence we obtain the following Fourier expansion of the bias Ep, e
EDOQ(T):

woyor ML) ~

Ep, He(T) — Epya(T) =

(1) ®Vx(k)

F o
2 Vel . el

ce®" N:|lell1>1
Supp(c)NSupp(V (r))=¢

ic) - HPARITYx (e, 1) HPARITYx (¢, K)

From here on wards the arguments made previously for the case when the reference distri-
bution was Dy can be repeated verbatim and give the second claim of the proposition. W

Appendix C. Asymptotic Analysis of p, and p,

Recall that Proposition 6 showed that the number of queries required to solve the Tensor
PCA problems was intimately connected to the asymptotics of the combinatorial coefficients
pr(liylo. .. k) and p(l1,l2,...,lx). We had also arrived at a probabilistic interpretation
of these coefficients as:

prllila. .. lx) =P(|C|l1 > 1,PARITY, (C,i) = (1;,0) Vi € [K]),
and,
T)W(ll,lQ,...,lK)
=P (|C|ly > 1,PARITY, (C,4) = (1;,,0) Vi € [K], Supp(C) N Supp (V (7)) = ¢),

where C' € ®k N4 was a tensor with i.i.d. Pois (d_k) entries. This goal of this section is
to prove Proposition 9 which provides an upper bound on these combinatorial coefficients.
This section is organized as follows:

e Section C.1 contains the proof of Lemma C.1 which provides a convenient analytic
formula for the probabilities P(PARITY (C,i) = (1;,,0) Vi € [K]).

e Section C.2 uses this formula to prove Proposition 9.
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C.1 Proof of Lemma 8

Proof The proof of this lemma relies on the following simple observation. Let Y be an
arbitrary random variable taking values in Ng. Let X be a Rademacher random variable
independent of Y. Then,

I(Y has even parity) = E[XY|Y], I(Y has odd parity) = E[X* T|Y].

Appealing to this observation, we have,

K
I(PARITY, (C,i) = (1,,0) i € [K]) =E | X; M &V x 2PN CIOTT T x5

C
i=1j=1
Recalling Eq. 5, the above expression can be written as:
S S o~
. . UM (C,1 UM (C, k
L(PARITY (C,i) = (1,,,0) Vi € [K]) =E | X2\ @Y. x 2 MEOTT T x5 | ©
i=1j=1
Hence,
P (PARITY (C,i) = (1;,,0) Vi € [K])
K I;
- SUM (C,1) +-SUM (C,2) SUM (C, k) N
=FE Xm) -Xﬂ(2) e 'Xﬂ(k) H HXW
i=1j=1

K
= EE | X2 OV X200 2O TT T

1C][1, X1, X2+ - Xg¢

7(1) (2) (k)
i=1j=1
(@) (& SUM (C, i) i
2 E <1_[1E[Xﬂ(i) ’ ||C||1,X7r(i)D HIHIX]
| \i= i=1j=

K I
O | XXy IO T X
i=1j=1

1 o K
06 g | XX E T T
e J
i=1j=1

In the above display, the Equation marked (a) uses the conditional independence implied
by Proposition 7. In the step marked (b), we used the formula for the generating function
of a Multinomial distribution (Fact 2). The equality (c¢) uses the formula for the generating
function of a Poisson distribution (Fact 3). This proves the claim of the lemma. [ |
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C.2 Proof of Proposition 9

This section is devoted to the proof of Proposition 9. Recall that Lemma 8 relates pr,D,
to expectations of the form:

YSI .YS2 . YSK K lz
B | T ] X
i=1j=1

Our strategy to analyze the above expectation will to approximate the exponential by
its Taylor expansion of a suitable degree. Recalling the independence of the Rademacher
vectors X1.x, this reduces our task to analyze expectations of the form:

!
E [XS 11 X,-] :
i=1
This is the content of the following intermediate lemma.

Lemma 15 Let X € {+1}? be a random vector with i.i.d. Rademacher entries. Let X be
the average of the entries of X. Then, if | > s or if | + s has odd parity, then,

l
xX° H Xi] =0.
=1

E

Otherwise,

l

— C

< ° o< =

0<E [X HlX] < =
1=

where Cy denotes a constant depending only on s.

Proof When [ + s has odd parity, then X~ Hézl X; is an odd polynomial in X and hence,

l
EX°J]X:] =0, if 1 + 5 is odd.
i=1
When [ > s, note that X~ is a degree s polynomial, and since s < [, it is orthogonal to
Hi:l X, hence,

!
EX°[[Xi]l=0,ifl>s.
i=1
Finally when [ < s, observe that E[X’ H§:1 X;] is simply the coefficient of H§:1 X; in
the expansion of X  in the monomial basis for Boolean functions (see Appendix H.1).
Expanding X~ using the Multinomial theorem shows that it is a polynomial with all non-
negative coefficients. This gives us the claim:

l
EX" ][ x>0
=1
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In order to understand its asymptotics, we decompose X as:

— Z d-le _ —
X=24+""V, Z¥X1+ X0+ -+ X, Y =

Z?:H—l Xi
d d '

d—1

Hence,

l s s—t
~-S S d—1 1 —s—1
EX HX,-zE <t>-<d> -E'E EYT.
=1 0

t=

l
VA H X;
=1

We observe that (using the same argument made previously), when ¢t < [, Z is a degree t
polynomial in X7, X5 ... X; and hence orthogonal to H§:1 X;:

l
A HX] =0.
=1

E

Hence,

l s s—t
~S H S d—1 1 —s—t
=1

t=l

l
VA H X;
=1

Next we observe that,

l
Z ] xl <1,
i=1
Since v/d — 'Y is 1-subgaussian (since it is a normalized sum of i.i.d. Rademacher variables),
we have,

1 s—t C
- 95t (s_HTZ < s ,
/(d _ l)sft ( ) T /dsft

where C denotes a constant depending only on s. Substituting these estimates in the
Eq. 17, we obtain,

E|?S—t‘ S

l
< Cs
EX i|:|1 X< ot

for some constant Cy depending only on s. This concludes the proof of the lemma. |

We now present the proof of Proposition 9 restated below for convenience.

Proposition 16 The coefficients pr(l1,l2...lx) satisfy the following estimates:

Ch-ds h=lg=-=1lg=0,0=0
Ck-d_k lh=lb=---=Ilg=0,0>1
L1 o) < RSl iy RPN .
pr(li,los e lKk) S Cp - d 2 2 < |m )], i+ |7 (0)] is even Vi € [K]
Cp-d= 255 VIV Vg > 2%
Clp-d* : otherwise.
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For any ly,ls...,lx € Ny, we have, p.(l1,l2,...,lx) < pz(l1,lo,...,lx) and, in the special
case Iy = lp = -+ = lg = 0, we have, p,(0,0,...,0) < =£. In the above equations, Cj
denotes a universal constant that depends only on k.

Proof First recall the definitions of the coefficients p, and p,:

pﬂ'(lliK) = ]P)(HCHI > 17 PARITY?T (C7Z) = (1li70) Vi e [KD,
P-(l.g) =P (||C|li > 1,PARITY, (C,4) = (1;,,0) Vi € [K], Supp(C)NSupp (V (7)) = ¢).

The above expressions immediately give us p,.(l1,0l2...lx) < pz(l1,l2...lx). Next we split
our analysis into 4 cases:

Case 1: [ VIy V...lg = 0. In this case, Lemma 8 gives us:
. . 1 XO1.X52. XK
P (PARITY, (C,i) =0V i € [K]) = -E [e X% X ] ,
e
where s; were defined as:
si = |r (@) = [{j € [k] : w(j) = i}].
Using the inequality [e* — 1 — z| < % V 2 <1 one obtains:

P (PARITY, (C,i) =0V i € [K])

e EX; X5 X?K>

1 —_
<<1+EX1 Xy X+
e 2
_1
e 2.4k
By Lemma 15,
C C
EX) X2 XK < 5 .

= dsitse2t...Sk — dk
Recall that o denoted the number of ¢ € [K] such that s; is odd. If o > 1, then,
EX] - Xy ... XX =0.

Otherwise, if o = 0, then Lemma 15 gives us,

e e = C
Exil.XZQ-...Xif\S\/idk—k'
Hence,
14_& 0o=20
P (PARITY, (C,i)=0Vi € [K]) <{¢ Y&
etar o0z
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We use the above estimates to bound p,(0,0,...0) and p,.(0,0...,0). Recall that,

p=(0,0,...0) =P (||C|]y > 1,PARITY, (C,i) =0V i € [K])
= P(PARITY, (C,i) =0V i € [K])—P(|C| =0)

© p (PARITY, (C,i) = 0V i € [K]) — =
e

Ci
(i
k
In the equation marked (a) we used the fact that ||C||; ~ Pois (1) (cf. Proposition 7).
Next we analyze P, (0, O .0). We have,

ﬁ

Pr

—

0,...0)

P (|C|l1 = 1,PARITY, (C,i) =0V i € [K], Supp(C) N Supp (V(r)) = ¢)

P (PARITY, (C,i) =0V i € [K], Supp (C)NSupp (V (7)) = ¢) —P(|C|ls =0)
1

P

(PARITY (C.,i) =0V i € [K], Supp(C)NSupp (V(r)) = ¢) —

e
Note that,
Supp (C) N Supp (V(7)) = ¢ & > Cir g, = 0.
(i1,i2...ix ) €Supp(V ()
Furthermore, the random variables,

> Ciyig...ip, and PARITY, (C, ),

(i1,i2---ik)€5UPP(V(W))

are independent since any Cj, j,..i, with (i1,i2...,i5) € Supp (V(m)) is counted
an even number of times in SUM; (C,-) and hence does not influence the parities
PARITY, (C,-). Hence,

ﬁw(oa 07 0) =
1
P (PARITY, (C,i) =0V i € [K])-P > Ciriie =0 | = —.
(i1,-..ix)€Supp(V (7))
Furthermore,

(il,ig...ik)ESupp(V(fr))
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and, since the entries of V() are in {0, 1}:

1 — 1 —
T |Supp (V(7)) | = T Z V(T )isia..ix

11,02k
1
—dk Z (EXlzKNUnif({:l:l}d)X”(l) ® Xr(2) ® Xa(k) )iria-in

11,6200k

CEX) XX

Hence,

P Z Cil,iz...,ik =0 = exp (_]Eyil . Y;Z - y%() ‘
(il,..,ik)GSupp(V(ﬂ-))

This gives us,

7,(0,0,...0)
‘ . 1
=P (PARITY, (C,i)=0Vi € [K])-P > Ciriz.iy =0 | = =
(i1,.--i)€Supp(V (m))
1 e — — e _
=~ (Eexp (X7 - X5 ... X —EX7 - X5 ... X)) - 1)
e
~ 51 TIK @St ~SK\2
L <E<X§1...X§§_EX?...X;§)+eE(Xl XK QEXl - Xi) >
e
Ck
=@
In the last step, we again appealed to Lemma 15. Hence,
C
5,(0,0,...0) < =%

S gk

This concludes the analysis of this case.
Case 2: [; <s;i=1,2...,K, 1 ViIy---ViIg > 1. Recall that,

pr(li,l2.. . lk) =P(]|CJ1 > 1,PARITY, (C,i) = (1;,,0) Vi € [K]).
Since l1 Vlg--- Vg > 1, can remove the condition ||C|; > 1:
pr(li,l2...,lg) =P (PARITY, (C,i) = (1,,,0) Vi € [K]).
By Lemma 8, we have,
1| ot omn oge Al
pr(lnyly. .. k) = —E [X0 XX TT T X5

e . .
1=1j5=1
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Using the bound:

2
1+x§ex§1+x+%,Vx§1,

we obtain,

1=17=1

l; K
pr(l, ... Ig) gé HH]EXU+HIE X X +§_HE[Y§SI}
j=1 i=1

We note that since [y Vip---Vig > 1,

K I
ITI]EXx:; =o0.

i=1j=1

If s; + [; is even for each i € [K], then, Lemma 15 gives us,

k l; Ck: K ) Ck Ck
E|XIT] x| < —2— T[E [Y} <k ol ) <
Z-l;Il ]1;[1 ’ Vit b E d* Ve b

On the other hand, if s; + I; is odd even for a single i, Lemma 15 gives us,
: g _C C
s _ Ck ,
i=1 j=1
Hence, when [; < s;t=1,2...,K, l1 Vis---VIg > 1, we have shown,
_ +Z7, 1 1 . .
(... lx) < Crd it siisevenVi €[K]
Crd* : otherwise

This concludes the analysis for this case.

Case 3: di :[; > s;. By the case definition, we have,

max [lz-‘ > 2.
i€[K] | S;

Without loss of generality, we can assume,
l; Iy
max |—| = |—|.
i€[K] | S; S1

ts1 < lh < (t + 1)

Let £ > 1, t € N be such that:
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By Lemma 8, we have,

pﬂ(zl,zz...z,{):%- X XKHHX”

i=17=1
We use the bound:

1+Z*_ e]a:

‘t—l—l |t+1

el
<1 — 1.
+Z + G 1S

Hence,

K
llK<HHEX”+Z HE X HX” + Gy LB
i=1

i=1j=1

Since ly >8>0 = 1 > 1,

K I
ITI]EXx:;=o0.

i=1j=1

For any a <t, as; <ts; <l;. Hence by Lemma 15,

l;
CmHXw —O:Z HE 7sinl ij| =0.
b

Finally again by Lemma 15,

K
e < st « Ok
pr(lile. . k) < (t+1) HlEHXl’ I=< dt+Dk/2”
Note that,
(t+1) = max Pl-‘ > maxﬁ = M
1eK S €K k
Hence,

Ck
pr(li o k) < — v
A5

If iy Vig---Vig < 2k, we can rely on the better bound (since ¢t > 1):

C
pw(ll,lg...lK) < d—]]:
Hence, if 34 :1; > s;, then,
Cj-d* i Vig---Vig <2k
pr(li,la. . k) < g 1 Vig Vg b K )
Cp-d™ 2z  :lyVie---Vig > 2k

Combining all of these cases gives us the claim of the proposition.
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Appendix D. Proof of Theorem 4

In this section we show how the various auxiliary results we have proved so far imply
Theorem 4. )
Proof In order to apply Proposition 13 we need to lower bound SDN (DO, D(m), (3n)7§>.

Lemma 14 gives us:

SDN(DO,’H(W), \/;n)

—1
! 1
> . sup Py ni - []EDqT —Ep,q(T >] )
4v/3n <QIED0q2(T):1 D~unif(H)(r) | ) 0d(T) 6yv/n

(18)

Let u > 2 be a integer parameter that we will set suitably later. Proposition 6 gives us, for
any ¢ such that Ep,q¢*(T) = 1,

1
P ; E T)—-E T —
DUnif (H(r)) [| pq(T) — Epyq(T)| > 6\/5]

< (36en- max ((u — 1)11“2'“ZK -}%(h:K))
l1,la...lx €Ng

u
2

In order to upper bound maxj, i, 1,eN, ((u — 1)htlzedic o (115 ..ZK)), we will utilize
Proposition 9:

When [y Vig---Vig > 2k: Proposition C.2 gives us the bound:

C - (u _ 1)kl1\/l2~~~VlK (u _ 1)k LV..lg
d1V- ik /2 = ( Jd > .

If d > (u— 1)%, then the upper bound is a decreasing function of I; V ...lx and is
maximized at [; V ...lx = 2k. Hence,

(u — 1)ll+12"'lK . pﬂ(ll, lg . l[() <

Ch(u—1)%
ey (1 Dy ) < SRRy d > (u— 1)K,
11,...1K}z111\6}?.(.z;{22k (u—1) pr(ln bz k) < dk ) > (u—1)
When [ Viy---Vig < 2k: Then,
-1 I+l Ik I < _1 2k2 ) L. '
e (u—1) pr(lik) < (u—1) T pr(lix)

By Proposition 9, when I3 V ...lx < 2k, the upper bound on p,(l1,ls...lx) is maxi-
mized by setting:

li =

0 :s;iseven
1 :s is odd

Recall that the oddness parameter o is precisely the number s; that are odd, hence,

Ch(u—1)%
C)htledi Ly (1 Dy ) < S L
11,...1K:Izil3?flk§2k (u ) IURE K) < Vdk+o
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Hence, we have obtained,

Cr - (u—1)%°

max ((U - 1)l1+l2lK . pﬂ'(l17 12 ct lK)) S W Y

l1,la...lg €Ny

provided d > (u — 1)%*. Hence,

1 Ch - (u—1)2 . n\ 2
sup Ppuni 7r[IEqT—IE q(T)| > ]S
iy Do |[EDAUE) = Bond ()= o N7

Substituting this in Eq. 18, we obtain,

1 1 1 Vo "
SDN<D0,”H(7T), \/%> > 5T (ck'(u—l)%’ - ) ; (19)

provided d > (u — 1)%*. Now suppose there exist constants Cy € (0, 00) and € € (0, k) such
that,

kto
nSC'Od 2 €,

Consider any L € N and suppose that,

AL 2k .
d>11- (Zf*") Oy (k, Ly e). (20)

We take u = ¢ ! (L + (k +0)/4) in Eq. 19. This gives us,

SDN <D0,H(7r), VT

> > Cl(kaLa 6700) ' dLa
where,

2Lk3
6 €

def 1
aik, e, Co) = g ((1 10 Cr L

(21)

Hence, by Proposition 13, any SQ algorithm which solves the Tensor PCA testing prob-
lem with n samples must make at least c;(k, L,eCy) - d* queries. In order to obtain an
estimation lower bound, we appeal to Proposition 13 which lets us conclude that any SQ
algorithm which solves the Tensor PCA estimation problem with n samples must make at
least 0.5 - c1(k, L, eCy) - d* queries.

In the case when o = (0, we can obtain a stronger estimation lower bound, by applying
Proposition 13 with the base measure D(7). Lemma 14 and Proposition 6 tell us that
SDN(Dy, H(), €) can be controlled in terms of the coefficients p,.(I1,l2 ..., Ik ). Furthermore
from Proposition 9 that in general,

Pr(lty k) <pr(ly, .. k),
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but when Iy = Iy --- =l = 0, we have the improved upper bound p,.(0,0...,0) < Cj -d~*
(compared to p,(0,0,...0) < Cpd~*/?). Consequently the quantity:

_1l1+12...lK'7 Ll 1 )
Lo e (W ) Prllislz. . k) ),

is maximized by setting one [; = 2 and the remaining ones as 0. This gives us,

< Cp - (u— 1)%2

max ((u - 1)ll+l2le : pﬂ(h? l2 s lK)) = W ’

l1,la...lx €Ny

which results in an improved lower bound:

SDN(Dy, H(m),€)

S 1 1 v dk+2 v
— 8/n Cr - (u— 1)2k2 n ’

from which we can conclude via Proposition 13 that if n < vV d¥+2, estimation is impossible
in the SQ model with polynomially many queries. |

Appendix E. Optimal Statistical Query Procedures

In this section we describe SQ procedures that achieve the optimal sample complexity for
the Tensor PCA testing and estimation problems. These procedures leverage the “partial
trace” technique. This approach was first introduced by Hopkins et al. (2016) who used this
technique to compress matrices obtained by flattening higher order tensors in the context of
symmetric Tensor PCA with k£ = 3 and some other planted inference problems. A different
variant of this technique was used by Anandkumar et al. (2017) as a initialization procedure
for tensor power method in the context of symmetric Tensor PCA with £ = 3. Recent work
by Biroli et al. (2019) generalized this approach for Symmetric Tensor PCA with arbitrary
k.

We show that procedures based on the partial trace technique can be extended to Tensor
PCA with partial symmetries and can be implemented in the SQ model via Fact 1. When
implemented in the SQ model, these procedures suffer from a degradation in performance
(when compared to the non-SQ performance on symmetric Tensor PCA problems from prior
work (Hopkins et al., 2016, Anandkumar et al., 2017; Biroli et al., 2019)). However, the
lower bounds of the previous section show that this is unavoidable.

We first design an SQ Test for even-order Symmetric Tensor PCA.

Lemma 17 (SQ Test for Even Symmetric Tensor PCA) If n > dg, there is a SQ
algorithm which solves the Symmetric Tensor PCA testing problem with even k with O(log(n))
queries.

Proof Let k = 2[. Consider the query function:

Q(T): Z T3y i i i iy iy

01,624
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It is easy to check that for any v with ||v|| = v/d, under D ek, ¢(T) ~ N <1, dg) where as,
under Dy, ¢(T) ~ N (O, dg) Hence for any D € {Dg} U {Dyex : v € RY, |Jv| = Vd},

Varp ¢(T) = 1, Epg*(T) < d% + 1.

Consequently, we can use Fact 1 to construct an SQ procedure which returns an estimate
of Epq(T) denoted by Eq(T) such that,

Epq(T) — Epq(T)| — 0, as d — oo,

if n > d2. This requires only O(log(d)) queries. This can be turned into a test for Tensor

PCA by declaring D = Dy if Epg(T) < 0.5 and D € {Dyex : v € RY, |Jv|| = Vd} if
Epq(T) > 0.5. The correctness of this test follows by the error guarantee of Epg(7). H

Next we consider testing and estimation in generalized Tensor PCA with partial sym-
metries. We introduce the notion of the standard form of a labelling function.

Definition 18 Recall that for a labelling function m : [K| — [k], we defined the oddness
parameter of ™ (denoted by o) as the number of labels in [K] which are used an odd number

of times. Given a labelling function w, we can construct | o (k — 0)/2 pairs from k — o
elements of (k] by pairing two indices i,j € [k] if w(i) = w(j). The remaining o indices
are left unpaired. A labelling function 7 is in standard form if {21+ 1,21+ 2...,k} are the
unpaired indices and,

7(2 — 1) = m(20), i € [1].
If 7 is in standard form, then for any D € D(x),
EpT =E1QE;---E, ®0O

where Eq, ..., E; are rank-1 symmetric matrices with || E;|| = Tr(E;) = 1 and O is a o-order
rank 1 tensor with ||O] = 1.

Lemma 19 There exists a SQ algorithm which given the knowledge of the labelling function
7 solves the Tensor PCA estimation problem after making at most O(d¥ - log(n)) queries
provided the sample size n satisfies:

S VdFt2 o0=0
n )
Vdkte o>1

Furthermore when o > 1, there is a test based on this estimator that solves Tensor PCA
testing problem under the same assumptions on the sample size n.

Proof Since the algorithm knows the labelling function 7, we can assume, without loss of
generality that 7 is in standard form since by applying a suitable permutation to the modes
of the tensor, the algorithm can always convert the Tensor PCA problem to the standard
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form. We define | < (k—0)/2, where o is the number of labels used an odd number of times

by w. We first consider the Tensor PCA estimation problem. Recall that by the definition
of standard form, for any D € D(x),

EDT:E1®E2"-®E1®O,VD ED(W).

Estimating O: We construct an estimator for O by estimating it entry-wise. Consider
the query functions:

qil,i2-~io(T) = E , T, g1 gasgoe Gisdisin sizemvio-
J1,J2-01

For any D € D(r)
Qirsig...io(T) ~ N <TF(E1) -Tr(E2) - ... Tr(Ep)Oiy ig....i» dl) =N (Oil,igu.,iov dl) .

Hence using Fact 1, one can obtain estimates such that,

. [l
Ean,ig...io (T) — EDQi1,i2...io (T)‘ <9- log(n) . E’ VD e 'D(ﬂ')

Now we construct an estimate of O, denoted by O with OAZ‘MZ,,_% = I@lpqimzmio (T).
This estimate has the error guarantee:

||O — OH2 == Z (Oil,ig...io - Oil,i2--~7’io)2

i1,42. 0
o Je
n n

< 81 -log?(n) - = 81 -log*(n) -

Under the sample size assumption, |[O — O|| — 0 as d — co. This further implies
|O]| = ||O|| =1 and, (O,0) — 1. Note that when o = 0, we can simply skip this
step.

Estimating FEq., We estimate FE; entry-wise by using the queries:

A~

1
4alT) = 1ol > Tabjr g1 g2da-edvsisinizenio * Oini...ior @, € [d].
lol] J1,J2,--J1—2,01,82- %0

Under D € D(m),

- {0.0)
qab(T) N((El)a,b 0 .d )

Hence using Fact 1, we can obtain estimates Eanb(T) with the guarantee:

. di-1
EDQab(T) - EDQab(T)} <9 IOg(n) : T? VD e D(ﬂ—)
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We construct an estimator of E7, denoted by El with entries defined by (El)a,b =
Epqap(T). The error guarantee of this estimator is given by:

. (0,0) 5, dt! 2, VdFot2
E, — ——E| =81-log°(n)- — =81-log"(n)  ——.
itedl n n

By Triangle Inequality,

n

1
~ ~ ] ) N Jk—ot2 \ 2
B - E1H < HEl - <(||)5(II)>E1H n |1 - <(||)£3(|)>| —9-log(n) - (d> + 0a(1).

When o = 0, the sample size assumption n > Vv dk*+2 guarantees |E; — E1|| — 0 as
d — 0o. When o > 1 since k — o + 2 < k + o, the assumption n > Vdkte = n >
Vdk=o+2 and hence, |[E; — E1|| — 0. By a similar procedure, we can also estimate
E5, E5--- E;. Hence we have obtained estimators El:l such that,

|E; — Ei|| — 0, |E]| — 1, (E;, E;) — 1 as d — oco.

Estimating Epq(T") We construct an estimator of EpT as:

E, E; E O
=R O ®——.
Bl (1Bl IE] O]

EpT
The error of this estimator can be computed as:
l

X E; E; 0,0
|]EDT—EDT\|2—1+1—2-<H< X >)< - >—>Oasd%oo.

This proves the claim of the lemma for estimation. For testing we observe that we only
need to consider the case o > 1 since Lemma 17 already handles the case o = 0. Hence for
any D € D(r), the estimator O satisfies |O| — 1. When D = Dy, the same analysis can
be repeated to show ||O| — 0. Hence we construct a test by declaring D = Dy if ||O]| < 0.5
and D € D(n) if |O| > 0.5. This test solves the Tensor PCA testing problem for large
enough d. |

Appendix F. Poisson Random Tensors

This section is devoted to the proof of Proposition 7 which describes a certain conditional
independence structure in Poisson random tensors. We first collect some standard facts
regarding the Multinomial and the Poisson distributions which will be useful for our analysis.
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Definition 20 (Multinomial Distribution) For any n € N,k € N, the Multinomial
Distribution with parameters (n, k) (denoted by Mult (n, k)) is the distribution supported on
the set:

k
Supp (Mult (n, k)) = {:1: eR*:Vie k], z; € Ny, sz = n} ,
i=1

with the probability mass function given by:

n

1
P(X;=x1,Xo=29..., Xy =a) = ( ) et V & € Supp (Mult (n, k)) .

L1, X2...,Tk

Fact 2 (Properties of the Multinomial Distribution) Let X ~ Mult(n,k) and Y ~
Mult (m, k) be two independent Multinomial random vectors. Then we have,

1. The generating function of X is given by:

AN
E zflzgﬁzi(’“] = (’zlzz> , Vz € CF.

2. The sum X +Y is also a Multinomial random vector with X +Y ~ Mult (n +m, k).

Definition 21 (Poisson Distribution) The Poisson distribution with parameter A > 0
denoted by Pois (X\) is the distribution on No with the probability mass function:

e\
z!

Fact 3 (Properties of the Poisson Distribution) Let X, X1, Xo... X} bei.i.d. Pois ()\)
distributed random variables. Then,

1. Generating Function of Pois (\): We have,

EX = XD v, ecC.

2. The sum T = Zle X is also a Poisson random variable with T' ~ Pois (k).

3. The conditional distribution of the random vector (X1, Xa...,Xy) given T is multi-
nomial:

(X1, Xo..., Xg) | T ~ Mult (T, k).

We now prove the conditional independence property of Poisson tensors (Proposition 7)
which we have restated below for convenience. Let C be a random tensor in ®k W whose
entries are sampled independently as follows:

ii.d. . 1
Ci171'27._,1'k '\(/i Pois (dk> .
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Proposition 22 Let C be a Poisson random tensor sampled as above. Then, we have
|C||1 ~ Pois (1).
Moreover, conditioned on ||C||1, we have
SUM (C.i) | [Cly "= Mult(|C|l,d), Vi € [K].

Proof The claim that ||C||; ~ Pois(1) is a direct consequence of the additivity property
of the Poisson Distribution (cf. Fact 3.3). We will prove the claim about the conditional
distribution of SUM (C, i) given T by induction on the order of the tensor, k.

Base Case, k = 2: Note that in this case C is a d x d matrix. SUM (C,1) is the
vector of row-wise sums and SUM (C, 2) are the column wise sums. We first characterise
the distribution of SUM (C,1) | ||C||;. Due to the additivity property of the Poisson
distribution (cf. Fact 3.2),

ii.d. . 1 .
SUM (C, 1), "~ Pois <d) , Vi€ [d].

Since ||C|; = 2?21 SUM (C, 1),, appealing to the Poisson-Multinomial connection (cf. Fact
3.3), we have,

SUM (C,1) | |IC]|1 ~ Mult (|C]|1,4d).

Next we characterize the conditional distribution of SUM (C,2) | ||C||1,SUM (C,1). We
first observe that,

(Ci1,Cin...Cia) | |C]1,SUM (C, 1) £ (Cy1, Cia .. Cin) | SUM (C, 1),
~ Mult (SUM (C, 1),,d).

In the last step, we again appealed to the Poisson-Multinomial connection (Fact 3.3). Hence
by the additivity property of the Multinomial distribution (Fact 2.2), we obtain,

n
SUM (C,2) | |C][1,SUM (C,1) =) (Ci1,Ciz...Cin) | |ICl1,SUM (C, 1)
=1
~ Mult (ZSUM (C,l)i,d>
=1
= Mult (|C||1,d).

Hence,
SUM (C,1) | |IC|lx ~ Mult (]|C||1,d), SUM (C,2) | |C||1,SUM (C,1) ~ Mult (||C||1,d),

which proves the proposition for k = 2.
Induction Hypothesis: We assume the claim of the proposition holds for Poisson tensors
of order k — 1.
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Induction Step: We now prove the proposition for Tensors of order k. Since we plan
to appeal to the induction hypothesis, we define a k& — 1 order tensor C' by summing over

igodier = O Ciragin ¥ 12 k1 € [d].

mode k of C:
Jk

We note that,
IC|y = ||C]l, SUM (C,i) = SUM (é, z) Vie k-1
Hence by the induction hypothesis, we have,
SUM (C,4) | |C|l1 " Mult (||C||1,d), Vi € [k —1].
We now just need to characterize the distribution of
SUM (C,k) | ||IC]|1,SUM (C,1),SUM (C,2)...SUM (C,k — 1).
We first study its distribution conditioned on a larger o-algebra: SUM (C, k)|C. Observe

that,
(Cirreciicsts Cinreciicr 2+ - Cricr ) ‘ c
J -
= (Cirierie—1, Cirgaedir2s - Citgaredeerd) | Citeis
~ Mult (le,j2--~jk—17d) :
In the last step we used the Multinomial-Poisson connection (Fact 3.3). Hence, by additivity
of Multinomial distributions (Fact 2.2),
SUM(C,K)[C = > (Ci st Ciijor 2+ Cirjyrd) | C
Ji.j2--Jk—1
~ Mult Z Cir oo @
Ji.j2--Jk—1

= Mult (|C|1, d).

This shows that,

SUM (C,k) | ||C]|1,SUM (C,1),SUM (C,2)...SUM (C,k — 1) ~ Mult (||C||1,d)
This concludes the induction step and the proof of the proposition.

Appendix G. Proof of Proposition 13 and Lemma 14
This section is dedicated to missing proofs from Appendix A on the framework for proving

SQ lower bounds.
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G.1 Proof of Proposition 13

Proof As mentioned previously, the claim regarding the testing problem is simply Theorem
7.1 of Feldman et al. (2018). The proof of the claim for estimation is a modification of their
proof. We define B as:

B§§SDN<Dh?ﬂwL(&ﬂ‘%)

We will prove the contrapositive of this statement: For any SQ algorithm A which makes
t < B/2 queries, we will exhibit a D € H(w) and a corresponding VSTAT p(n) oracle which
when used to answer queries made by A results in 4 outputting an estimator V whose
error satisfies |V — Epq(T)| > 0.5 and hence A fails to solve the Tensor PCA estimation
in the sense of Definition 3

We begin by specifying the adversarial VSTAT p(n) oracle: This oracle avoids commit-
ting to a specific D € H(7) in the beginning and simply responds to any query ¢ by the
estimate Ep, q(T'). After the learning algorithm has exhausted its query budget by asking a
sequence of queries ¢1,¢gs ..., ¢ and declares an estimator V, the oracle chooses a D € H(m)
to maximize the error of the estimate subject to the constraint that the responses are valid
VSTAT p(n) responses. Define the sets:

© 1 ANAE — 2'():

where,

pi(vi, o2 oK) Ep, o, ail(T).

Then by the definition of a VSTAT p(n) oracle (Definition 1), for any D such that:

t

DeH(m\ [ A

i=1

the above specified adversarial oracle is a valid VSTAT p(n) oracle. We make the following
claims:

Claim 1: For all i € [t], |A;] < 295 /B.

Claim 2: There exist Dy, Dy such that, Dy, Dy € H(m)\Ui_, 4 & |Ep, T —Ep,T| > 1.

We first assume the above claims are true and prove Proposition 13. By the triangle
inequality,

|IEp, T ~ Ep,T| < |[Ep,T — V| + |Ep,T — V|| < 2max(|Ep, T — V|, |[Ep,T — V).

Appealing to Claim 2, we obtain,

max(|Ep,T — V|, |[Ep,T — V|) =

N

Hence, we have found a D € D(w) and a valid VSTAT p(n) oracle such that,

- 1
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which was the claim of Proposition 2. Finally we provide a proof of the claims made above.

Proof of Claim 1: Exactly the same claim has been proved in the proof of Theorem 7.1
in Feldman et al. (2018), so we refer the reader to this paper for the proof.

Proof of Claim 2: As the SQ algorithm makes more and more queries, the set of valid
choices of D for the oracle becomes smaller. We can track the set of valid choices of D and
the relative distances between them by a sequence of undirected graphs. The initial graph
Go = (V, Ep) has the vertex set

Vo= {(vi,02--,0x) 1w € {£1}, Vj € [K]},
and the edge set:

Eo={[(u1,...,uk), (v1,...,vx)] : us,v; € {£1} |(u;, v;)| < 2% . dVie [K]}.

Note that for any two connected vertices (u1,...,ux) and (vy,...,vVK):
1
2 2
HEDuW(1)®uﬂ,(k)T - EDvﬁ(l)mQ@vﬂ,(k)TH = ﬁ”uﬂ'(l) T ® uﬂ'(k) - vﬂ‘(l) e ® ’Uﬂ'(k)H
9 o ﬁ (Ur(i), Vr(s))
i=1 d

1 k
22—2-<1> =1.
2%

Due to the underlying symmetry between the vertices, it is easy to check that Gy is a r-
regular graph for some > 1. Hence |Ep| = |Vo| - 7/2 = r - 2541 After every query ¢;, we
update the graph as follows: The new graph G; = (V;, E;) where V; = V;_1 \ A; and E; is
the set of remaining edges after all edges which involved a vertex in A; are removed from
FE;_1. Since each vertex has at most r edges, we have,

Claim 1 T2dK

|Eic1| — |Ei| < r[A]
Hence,
Pt 20K
B

Since t < B/2, |Ey| > |Eo| —r-2%~1 = 0. Hence |F;| > 1, that is, the graph after ¢
queries contains at least one remaining edge. The vertices corresponding to this edge yield
distributions D1, D9 satisfying Claim 2. [ |

| Eo| — |Ei| <

G.2 Proof of Lemma 14

Proof In order to show the desired lower bound on SDN(D,,H(7),¢€), it is sufficient to
verify the implication in Eq. 12 from Definition 12 with

] o

1

€

. ( sup  Ppounif(w) [|EDQ(T) — Ep,a(T)| > 2D '
qEDOq2(T):1
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To this goal consider any S C H(x) with |S| > m™! - |H(=)| and any ¢ with Ep, ¢*(T) = 1.
First we observe that,
D €8 [Epg(T) ~ Ep,g(T)| > 5| _ |D e Him): [Epg(T) ~ Ep,g(T)| > 5]
S| - S|

= |7Tg” Ppunif(r)) |[Epg(T) — Ep,q(T)| > a

< (22)

»Mm

Consider any D € H (7). Hence, there exist hypercube vectors vi,ve, - --vg € {£1}¢ such
that D = Dy_ ;) @uv,a)-@uppy-  We first prove a worst case upper bound on |[Epq(T) —
Ep,q(T)] when D, = Dy:

Epq(T) —Ep,q(T)| =

dp
o (p2 (1)~ 1) aT)
Y Jep (T dIPD 2
EDoq \/EDO dIPDO ) 1>
B dPp 2
_ ¢ (o) -

_k
— (B exp (ITI2 = IT = d"$ vy @ vnpr) -+ @ v ) = 1)

N

1
2

k
= (EDO exp (2<T, d_sz(l) Q U2y ® Uﬁ(k)> — 1) — 1)
2Ve-1<2.

In the above display, in the equation marked (a), we applied Cauchy-Schwarz inequality
and in the step marked (b), we noted that under Dy, the entries of T" are i.i.d. N (0, 1) and
used the formula for the Gaussian moment generating function. Hence we have obtained,
for any D € H(r)

[Epg(T) — Ep,q(T)| < 2. (23)
An exactly analogous calculation shows that:
Epg(T) — Epma(T)| < Ve —1<2.

We can now verify the implication in Eq. 12

Y pes Epa(T) —Ep,q(T)| €  2D:Epg()-Ep,om)>5 EDUT) —Ep q(T)]
<S4
S| 2 S|
(a) € €
2L
=577
<e

In the above display, the step marked (a) is a consequence of Eqgs. 22 and 23. This verifies
the implication in Eq. 12 and completes the proof of this lemma. |
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Appendix H. Fourier Analytic Tools

This section collects some basic facts from Fourier analysis on the Boolean hypercube {£1}¢
and the Gaussian Hilbert space Lo(N (0, I;)). Our reference for all these results is the book
of O’Donnell (2014).

H.1 Fourier Analysis on {+1}¢

Consider the class of arbitrary functions f : {+1}? > R:

JrBOOLEAN (d) = {f : {:l:l}d — R}.

The following is a orthonormal basis for FgooLean(d):

d

BASIS (FsooLean(d)) = {z’" == :reqo 1}d} :

i=1

The above basis is orthonormal in the following sense:

rrys 0: r#s
EUnif(il)dZ z _{1:

r=s
Hence given any function f € FgooLean(d) has a unique representation of the form:

=3 jme

re{0,1}4

The coefficients f(r) are called the Fourier coefficients of f. This representation satisfies
the usual Parseval’s identity:

EUnif({:l:l}d)fz(Z) = {Z:} (7).
rc{0,1}4

For any A > 1, we define the operator SMOOTH,[-] : FeooLean(d) — FeooLean(d) as
follows:

) Il
SMOOTH,[fl() & 3" f(r)- (i) w3
re{0,1}4

The operator SMOOTH,[-] smooths a function by down weighting the high degree Fourier
coefficients. Hypercontractivity Theorems control L, norm of the random variable SMOOTH,[f](Z)
in terms of L, norm of f(Z) where Z ~ Unif ({£1}?) where ¢ > p for a suitable value of

A. Our results use the (2, q)-Hypercontractivity Theorem stated below.

Fact 4 ((2,q)-Hypercontractivity Theorem) For any f € FgooLean(d), we have,

q
2

Eyi((e1)4) [SMOOTH =1(A1(2)"] < (Euuir(gany)[F(2)))
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H.2 Fourier Analysis on the Gauss Space

Consider the functional space Lo (N (0, 1;)) defined as follows:
£2 (W (0,1)) = {1 : R o R, Ey(o.1,)f%(2) < o0}

The multivariate Hermite polynomials for a complete orthonormal basis for Lo (N (0, I,)).
These are defined as follows: for any ¢ € Nd define,

HHC zi).

In the above display, for any k& € Ny, Hj are the usual (univariate) orthonormal Hermite

polynomials with the property
0: k#I
Eno)Hi(Z)H|(Z) = {1 el

The orthonormality property is inherited by the multivariate Hermite polynomials and we
have,

0: c#d

1: e=d’

Since these polynomials form an orthonormal basis of Lo (N (0, I;)) any f € Lo (N (0, 1))
admits an expansion of the form:

f)= Y flo)H(2).
ce(Nu{0})4

EN(OJd)HC(Z)Hd(Z) = {

In the above display f (c¢) € R are the Fourier coefficients of f. They satisfy the usual
Parseval’s relation:

Z f2(e) =Envo,1, 1 (2).

ceNd

A particular desirable property of the univariate Hermite polynomials is the following: for
any u € R, k € Ny we have,

k
EnonHe(n+ 2) = %

This implies the following property of multivariate Hermite polynomials which will be par-
ticularly useful for us:

Fact 5 For any p € R? and any ¢ € N&, we have,

EN(O,Id)Hk(N+Z) = \/g

In the above display, we are using the following notation:

m m
T 6 ol &
pe 2 T i e < e
=1

i=1
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