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A POSITIVITY-PRESERVING, ENERGY STABLE

AND CONVERGENT NUMERICAL SCHEME

FOR THE POISSON-NERNST-PLANCK SYSTEM

CHUN LIU, CHENG WANG, STEVEN M. WISE, XINGYE YUE, AND SHENGGAO ZHOU

Abstract. In this paper we propose and analyze a finite difference numerical

scheme for the Poisson-Nernst-Planck equation (PNP) system. To understand
the energy structure of the PNP model, we make use of the Energetic Varia-
tional Approach (EnVarA), so that the PNP system could be reformulated as
a non-constant mobility H−1 gradient flow, with singular logarithmic energy
potentials involved. To ensure the unique solvability and energy stability, the
mobility function is explicitly treated, while both the logarithmic and the elec-
tric potential diffusion terms are treated implicitly, due to the convex nature of
these two energy functional parts. The positivity-preserving property for both
concentrations, n and p, is established at a theoretical level. This is based on
the subtle fact that the singular nature of the logarithmic term around the
value of 0 prevents the numerical solution reaching the singular value, so that
the numerical scheme is always well-defined. In addition, an optimal rate con-
vergence analysis is provided in this work, in which many highly non-standard
estimates have to be involved, due to the nonlinear parabolic coefficients. The
higher order asymptotic expansion (up to third order temporal accuracy and
fourth order spatial accuracy), the rough error estimate (to establish the �∞

bound for n and p), and the refined error estimate have to be carried out to
accomplish such a convergence result. In our knowledge, this work will be
the first to combine the following three theoretical properties for a numerical
scheme for the PNP system: (i) unique solvability and positivity, (ii) energy
stability, and (iii) optimal rate convergence. A few numerical results are also
presented in this article, which demonstrates the robustness of the proposed
numerical scheme.
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1. Introduction

We consider the two-particle Poisson-Nernst-Planck (PNP) system of equations

∂tn = DnΔn−
z0e0
kBθ0

∇ · (Dnn∇φ) ,(1.1)

∂tp = DpΔp+
z0e0
kBθ0

∇ · (Dpp∇φ) ,(1.2)

−εΔφ = z0e0(p− n) + ρf ,(1.3)

where kB is the Boltzmann constant; θ0 is the absolute temperature; n and p
are the concentrations of negatively and positively charged ions, respectively; ε
is the dielectric coefficient of the solution; z0 is valence of ions; e0 is the charge
of an electron; φ is the electric potential; and Dn and Dp are diffusion/mobility
coefficients. Boundary conditions are very important for PNP systems and must
be handled carefully [17]. However, we will assume periodic boundary conditions
in this work for simplicity of presentation. The analysis could be extended to more
complicated, more physical boundary conditions. In addition, for simplicity of
presentation in the theoretical analysis, we assume that source term, ρf , associated
to the background fixed charge density, vanishes everywhere. The extension to a
non-zero source term is straightforward.

The PNP system is one of the most extensively studied models for the trans-
port of charged particles in many physical and biological problems, including free
electrons in semiconductors [28, 35, 36]; fuel cells [40, 43]; ionic particles in elec-
trokinetic fluids [3, 27, 34]; phase separation and polarization for ionic liquids [19];
and ion channels in cell membranes [2,15,41]. The Energetic Variational Approach
(EnVarA) [14] shows that the PNP system is the gradient flow with respect to a
particular free energy. In more detail, the free energy functional of a two-particle
mixture may be formulated as

(1.4) E(n, p) =

∫

Ω

{

kBθ0

(

n ln
n

n0
+ p ln

p

p0

)}

dx+
z20e

2
0

2ε
‖n− p‖2H−1 ,

under the assumption that n − p is of mean zero, where n0 and p0 are reference
concentrations. The H−1 norm is defined via

‖f‖H−1 :=
√

(f, f)H−1 ,

where

(f, g)H−1 := (∇ψf ,∇ψg)L2 ,

and ψf ∈ H̊1
per(Ω) := H1

per(Ω) ∩ L̊2(Ω) is the solution to

−Δψf = f ∈ L̊2(Ω) :=
{

f ∈ L2(Ω)
∣

∣ (f, 1)L2 = 0
}

.

Formally, then

‖f‖
2
H−1 =

(

f, (−Δ)−1f
)

L2 .

The PNP system (1.1)–(1.3) is the following H−1-like gradient flow:

(1.5) ∂tn = ∇ ·

(

Dn

kBθ0
n∇μn

)

, ∂tp = ∇ ·

(

Dp

kBθ0
p∇μp

)

,
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where μn and μp are chemical potentials given by

μn := δnE = kBθ0(ln
n

n0
+ 1) +

z20e
2
0

ε
(−Δ)−1(n− p) = kBθ0(ln

n

n0
+ 1)− z0e0φ,

(1.6)

μp := δpE = kBθ0(ln
p

p0
+ 1) +

z20e
2
0

ε
(−Δ)−1(p− n) = kBθ0(ln

p

p0
+ 1) + z0e0φ,

(1.7)

and φ is the periodic and mean-zero solution to

−εΔφ = z0e0(p− n).

Of course, for the system to make sense, we require that the initial data satisfy

1

|Ω|

∫

Ω

n(x, 0) dx =
1

|Ω|

∫

Ω

p(x, 0) dx > 0.

Notice that non-constant coefficient mobility functions are involved in the formu-
lated gradient flow.

It is clear that the PDE solutions are conserved, positive (in the sense that
n, p > 0, point-wise) and energy dissipative. There are a number of papers de-
scribing numerical methods for the PNP system. However, the theoretical anal-
ysis for numerical approximations turns out to be very challenging, in particu-
lar for those based on the EnVarA formulation. First, the positivity of n and p
have to be enforced to make the numerical scheme well-defined in the EnVarA
formulation. Some existing works have reported a positivity-preserving analy-
sis [7, 8, 17, 25, 26, 30–32, 47], while many of these analyses come from the max-
imum principle argument, instead of in the variational framework. Second, the
energy stability has also played a central role in the study of gradient flows. Such
a stability analysis has appeared in a few existing numerical works [16, 33, 37],
while the unique solvability and positivity-preserving analysis have been missing.
Furthermore, there have been a few existing works for the convergence analy-
sis [6, 18, 42, 48], while these convergence estimates have been based on the per-
fect Laplacian operator structure for n and p, instead of the H−1 gradient flow
structure, so that the energy estimate is not available. Many other numerical
schemes have been reported [24, 37, 39, 44, 49, 57]. However, no existing work has
combined the following three theoretical features in the numerical analyses: (i)
unique solvability/positivity-preserving property, (ii) energy stability in the varia-
tional framework, and (iii) optimal rate convergence analysis.

In this paper we construct and analyze a finite difference numerical scheme,
which preserves all three important theoretical features. For the energy stability
property, the numerical scheme has to be based on the variational structure of the
original PNP system. The mobility function is explicitly updated in the scheme
to enforce the strictly elliptic nature of the operator associated with the temporal
derivative part in the H−1 gradient flow. For the chemical potential part, all the
terms are treated implicitly, because of the convex nature of both the logarithmic
and the electric potential diffusion energy parts (in terms of n and p). Moreover, the
positivity-preserving property, for both n and p, will be theoretically established.
Such an analysis is based on the fact that the numerical solution is equivalent to
the minimization of the numerical energy functional, and the singular nature of the
logarithmic term around the value of 0 prevents the numerical solution reaching a
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singular value. As a result, the numerical scheme is always well-defined, and the
unique solvability analysis results from the convex nature of the implicit parts in
the scheme. Such a technique has been successfully applied to the Cahn-Hilliard
model [4, 9, 10], while its application to the PNP system will involve more subtle
details, due to the non-constant mobility. Furthermore, the energy stability comes
directly from the corresponding convexity analysis, combined with the positivity of
the mobility functions.

We provide an optimal rate convergence analysis for the proposed numerical
scheme. The variational structure and the non-constant mobility make this analysis
highly challenging, especially when compared with existing convergence estimates
in [6, 42, 48], wherein a perfect Laplacian operator is kept intact. To overcome
such a well-known difficulty, several highly non-standard estimates have to be in-
troduced, due to the nonlinear parabolic coefficients. The higher order asymptotic
expansion, up to the third order temporal accuracy and fourth order spatial ac-
curacy, has to be performed with a careful linearization technique. Such a higher
order asymptotic expansion enables one to obtain a rough error estimate, so that
to the 	∞ bound for n and p could be derived. This 	∞ estimate yields the up-
per and lower bounds of the two variables, and these bounds play a crucial role
in the subsequent analysis. Finally, the refined error estimate is carried out to
accomplish the desired convergence result. To our knowledge, it will be the first
work to combine three theoretical properties for any numerical scheme for the PNP
system: unique solvability/positivity-preserving, energy stability, and optimal rate
convergence analysis.

The rest of the article is organized as follows. In Section 2 we propose the fully
discrete numerical scheme. The detailed proof for the positivity-preserving property
of the numerical solution is provided in Section 3, and the energy stability analysis
is established in Section 4. The optimal rate convergence analysis is presented in
Section 5. Some numerical results are provided in Section 6. Finally, the concluding
remarks are given in Section 7.

2. The fully discrete numerical scheme

2.1. Nondimensionalization. We introduce the dimensionless dependent vari-

ables n̂ := n/n0, p̂ := p/p0, with c0 = n0 = p0, and φ̂ := φ/φ0, with

φ0 =
kBθ0
z0e0

.

We use the dimensionless independent variables x̂ := x/L and t̂ := t/T , with

L =

√

εkBθ0
(z0e0)2c0

and T =
L2

Dn
.

Define D̂ := Dp/Dn. Then the dimensionless dynamical equations may be written
(after dropping the hats on the parameters and variables) as

∂tn = ∇ · (∇n− n∇φ) ,(2.1)

∂tp = D∇ · (∇p+ p∇φ) ,(2.2)

−Δφ = p− n.(2.3)
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This system dissipates the dimensionless energy

(2.4) E(n, p) =

∫

Ω

{

n lnn+ p ln p+
1

2
(n− p)(−Δ)−1(n− p)

}

dx,

and may be viewed as the following conserved gradient flow:

(2.5) ∂tn = ∇ · (n∇μn) , ∂tp = D∇ · (p∇μp),

where μn and μp are the dimensionless chemical potentials given by

μn := δnE = lnn+ 1 + (−Δ)−1(n− p) = lnn+ 1− φ,(2.6)

μp := δpE = ln p+ 1 + (−Δ)−1(p− n) = ln p+ 1 + φ,(2.7)

and φ is the periodic solution to

−Δφ = p− n.

Consequently, the energy is dissipated at the rate

dtE = −

∫

Ω

{

n |∇μn|
2
+Dp |∇μp|

2
}

dx ≤ 0.

2.2. The finite difference spatial discretization. We use the notation and re-
sults for some discrete functions and operators from [23,55,56]. Let Ω = (−Lx, Lx)×
(−Ly, Ly) × (−Lz, Lz), where for simplicity, we assume Lx = Ly = Lz =: L > 0.

Let N ∈ N be given, and define the grid spacing h := 2L
N , i.e., a uniform spatial

mesh size is taken for simplicity of presentation. We define the following two uni-
form, infinite grids with grid spacing h > 0: E := {pi+1/2 | i ∈ Z}, C := {pi | i ∈ Z},

where pi = p(i) := (i − 1/2) · h. Consider the following 3-D discrete N3-periodic
function spaces:

Cper := {ν : C × C × C → R | νi,j,k = νi+αN,j+βN,k+γN , ∀ i, j, k, α, β, γ ∈ Z} ,

Ex
per :=

{

ν : E × C × C → R

∣

∣

∣
νi+ 1

2
,j,k = νi+ 1

2
+αN,j+βN,k+γN , ∀ i, j, k, α, β, γ ∈ Z

}

,

in which identification νi,j,k = ν(pi, pj , pk) is taken. The spaces Ey
per and Ez

per are
analogously defined. The functions of Cper are called cell centered functions . The
functions of Ex

per, E
y
per, and Ez

per, are called east-west , north-south, and up-down
face-centered functions , respectively. We also define the mean zero space

C̊per :=

⎧

⎨

⎩

ν ∈ Cper

∣

∣

∣

∣

∣

∣

0 = ν :=
h3

|Ω|

N
∑

i,j,k=1

νi,j,k

⎫

⎬

⎭

,

and denote �Eper := Ex
per × Ey

per × Ez
per. In addition, we introduce the important

average and difference operators on the spaces:

Axνi+1/2,j,k :=
1

2
(νi+1,j,k + νi,j,k) , Dxνi+1/2,j,k :=

1

h
(νi+1,j,k − νi,j,k) ,

Ayνi,j+1/2,k :=
1

2
(νi,j+1,k + νi,j,k) , Dyνi,j+1/2,k :=

1

h
(νi,j+1,k − νi,j,k) ,

Azνi,j,k+1/2 :=
1

2
(νi,j,k+1 + νi,j,k) , Dzνi,j,k+1/2 :=

1

h
(νi,j,k+1 − νi,j,k) ,
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with Ax, Dx : Cper → Ex
per, Ay, Dy : Cper → Ey

per, Az, Dz : Cper → Ez
per. Likewise,

axνi,j,k :=
1

2

(

νi+1/2,j,k + νi−1/2,j,k

)

, dxνi,j,k :=
1

h

(

νi+1/2,j,k − νi−1/2,j,k

)

,

ayνi,j,k :=
1

2

(

νi,j+1/2,k + νi,j−1/2,k

)

, dyνi,j,k :=
1

h

(

νi,j+1/2,k − νi,j−1/2,k

)

,

azνi,j,k :=
1

2

(

νi,j,k+1/2 + νi,j,k−1/2

)

, dzνi,j,k :=
1

h

(

νi,j,k+1/2 − νi,j,k−1/2

)

,

with ax, dx : Ex
per → Cper, ay, dy : Ey

per → Cper, and az, dz : Ez
per → Cper. The

discrete gradient ∇h : Cper → �Eper and the discrete divergence ∇h· : �Eper → Cper
are given by

∇hνi,j,k =
(

Dxνi+1/2,j,k, Dyνi,j+1/2,k, Dzνi,j,k+1/2

)

,

∇h · �fi,j,k = dxf
x
i,j,k + dyf

y
i,j,k + dzf

z
i,j,k,

where �f = (fx, fy, fz) ∈ �Eper. The standard 3-D discrete Laplacian, Δh : Cper →
Cper, becomes

Δhνi,j,k :=∇h · (∇hν)i,j,k = dx(Dxν)i,j,k + dy(Dyν)i,j,k + dz(Dzν)i,j,k

=
1

h2
(νi+1,j,k+νi−1,j,k+νi,j+1,k+νi,j−1,k+νi,j,k+1+νi,j,k−1−6νi,j,k) .

More generally, if D is a periodic scalar function that is defined at all of the face

center points and �f ∈ �Eper, then D �f ∈ �Eper, assuming point-wise multiplication,
and we may define

∇h ·
(

D �f
)

i,j,k
= dx (Dfx)i,j,k + dy (Dfy)i,j,k + dz (Dfz)i,j,k .

Specifically, if ν ∈ Cper, then ∇h · (D∇h·) : Cper → Cper is defined point-wise via

∇h ·
(

D∇hν
)

i,j,k
= dx (DDxν)i,j,k + dy (DDyν)i,j,k + dz (DDzν)i,j,k .

In addition, the following grid inner products are defined:

〈ν, ξ〉 := h3
N
∑

i,j,k=1

νi,j,k ξi,j,k, ν, ξ ∈ Cper, [ν, ξ]x := 〈ax(νξ), 1〉, ν, ξ ∈ Ex
per,

[ν, ξ]y := 〈ay(νξ), 1〉, ν, ξ ∈ Ey
per, [ν, ξ]z := 〈az(νξ), 1〉, ν, ξ ∈ Ez

per,

[�f1, �f2] := [fx
1 , f

x
2 ]x + [fy

1 , f
y
2 ]y + [fz

1 , f
z
2 ]z ,

�fi = (fx
i , f

y
i , f

z
i ) ∈ �Eper, i = 1, 2.

Subsequently, we define the following norms for cell-centered functions. If ν ∈
Cper, then ‖ν‖22 := 〈ν, ν〉; ‖ν‖pp := 〈|ν|p, 1〉, for 1 ≤ p < ∞, and ‖ν‖∞ :=

max1≤i,j,k≤N |νi,j,k|. The gradient norms are introduced as follows:

‖∇hν‖
2
2 := [∇hν,∇hν] = [Dxν,Dxν]x + [Dyν,Dyν]y + [Dzν,Dzν]z , ∀ ν ∈ Cper,

‖∇hν‖
p
p := [|Dxν|

p, 1]x + [|Dyν|
p, 1]y + [|Dzν|

p, 1]z , ∀ ν ∈ Cper, 1 ≤ p < ∞.

Higher order norms can be defined. For example,

‖ν‖
2
H1

h
:= ‖ν‖

2
2 + ‖∇hν‖

2
2 , ‖ν‖

2
H2

h
:= ‖ν‖

2
H1

h
+ ‖Δhν‖

2
2 , ∀ ν ∈ Cper.

In addition, for any f ∈ C̊per (so that f = 0), its discrete inverse Laplacian is
introduced as

ψ = (−Δh)
−1f, if −Δhψ = f, and ψ = 0.
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It is noticed that, the zero-average constraint for ψ, namely ψ = 0, makes (−Δh)
−1f

unique.

Lemma 2.1 ([53, 56]). Let D be an arbitrary periodic, scalar function defined on

all of the face center points. For any ψ, ν ∈ Cper and any �f ∈ �Eper, the following
summation-by-parts formulas are valid:

(2.8) 〈ψ,∇h · �f〉 = −[∇hψ, �f ], 〈ψ,∇h · (D∇hν)〉 = −[∇hψ,D∇hν].

2.3. The numerical scheme. For simplicity, we denote (Mm
n )i,j,k = nm

i,j,k,

(Mm
p )i,j,k = Dpmi,j,k, and introduce the following mobility function at the face-

centered mesh points:

(M̆m
n )i+1/2,j,k := Ax(M

m
n )i+1/2,j,k,

(M̆m
n )i,j+1/2,k := Ay(M

m
n )i,j+1/2,k,(2.9)

(M̆m
n )i,j,k+1/2 := Az(M

m
n )i,j,k+1/2,

with similar definitions for M̆m
p . We use the following semi-implicit scheme: given

nm, pm ∈ Cper, find nm+1, pm+1 ∈ Cper such that

nm+1 − nm

Δt
= ∇h ·

(

M̆m
n ∇hμ

m+1
n

)

,(2.10)

pm+1 − pm

Δt
= ∇h ·

(

M̆m
p ∇hμ

m+1
p

)

,(2.11)

μm+1
n = lnnm+1 + (−Δh)

−1(nm+1 − pm+1),(2.12)

μm+1
p = ln pm+1 + (−Δh)

−1(pm+1 − nm+1).(2.13)

3. Positivity-preserving and unique solvability analyses

Recall the average operator: f = 1
|Ω| 〈f,1〉. It is obvious that the numerical

scheme (2.10)–(2.13) is mass conservative, so that

nm = n0 := β0, pm = p0 := β0, with 0 < β0, ∀m ≥ 1.

The following preliminary estimates, which are proved in the recent paper [4], are

recalled. For any ϕ ∈ C̊per, there exists a unique ψ ∈ C̊per that solves

(3.1) LM̆(ψ) := −∇h · (M̌∇hψ) = ϕ.

The following discrete norm may be defined:

(3.2) ‖ϕ‖L−1

M̆

=
√

〈ϕ,L−1

M̆
(ϕ)〉.

If M̆ ≡ 1, we have LM̆(ψ) = −Δhψ and define

(3.3) ‖ϕ‖−1,h =
√

〈ϕ, (−Δh)−1(ϕ)〉.

Lemma 3.1 ([4]). Suppose that ϕ�, ϕ̂ ∈ Cper, with ϕ̂ − ϕ� ∈ C̊per. Assume that
0 < ϕ̂i,j,k, ϕ

�
i,j,k ≤ Mh, for all 1 ≤ i, j, k ≤ N , where Mh > 0 may depend on h.

The following estimate is valid:

(3.4) ‖(−Δh)
−1(ϕ̂− ϕ�)‖∞ ≤ C̃1Mh,

where C̃1 > 0 only depends on Ω.
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Lemma 3.2 ([4]). Suppose that ϕ1, ϕ2 ∈ Cper, with ϕ1 − ϕ2 ∈ C̊per. Assume

that ‖ϕ1‖∞, ‖ϕ2‖∞ ≤ Mh, and M̆ ≥ M0 at a point-wise level, for some constant
M0 > 0 that is independent of h. Then we have the following estimate:

(3.5)
∥

∥

∥
L−1

M̆
(ϕ1 − ϕ2)

∥

∥

∥

∞
≤ C2 := C̃2M

−1
0 h−1/2,

where C̃2 > 0 depends only upon Mh and Ω.

The positivity-preserving and unique solvability properties are established in
Theorem 3.1.

Theorem 3.1. Given nm, pm ∈ Cper, with 0 < nm
i,j,k, p

m
i,j,k, 1 ≤ i, j, k ≤ N ,

and nm − pm ∈ C̊per, there exists a unique solution (nm+1, pm+1) ∈ [Cper]
2
to

the numerical scheme (2.10)–(2.13), with 0 < nm+1
i,j,k , p

m+1
i,j,k , 1 ≤ i, j, k ≤ N and

nm+1 − pm+1 ∈ C̊per.

Proof. Suppose, as before, that nm = pm = β0 > 0. Define νm := nm − β0

and ρm := pm − β0. The numerical solution of (2.10)–(2.13) is equivalent to the
minimization of the following discrete energy functional:

Jm
h (ν, ρ) =

1

2Δt

(

‖ν − νm‖2
L−1

M̆m
n

+ ‖ρ− ρm‖2
L−1

M̆m
p

)

+ 〈(ν + β0) ln(ν + β0) + (ρ+ β0) ln(ρ+ β0),1〉+
1

2
‖ν − ρ‖2−1,h,(3.6)

over the admissible set
(3.7)

Åh :=

{

(ν, ρ) ∈
[

C̊per

]2
∣

∣

∣

∣

0 < νi,j,k + β0, ρi,j,k + β0 < Mh, 1 ≤ i, j, k ≤ N

}

,

where Mh := (β0|Ω|)/h3. We observe that Jm
h (n, p) is a strictly convex function over

this domain. Next, we prove that there exists a minimizer of Jm
h (n, p) over the

domain Åh.
Consider the following closed domain: for δ > 0,

(3.8)

Åh,δ :=

{

(ν, ρ) ∈
[

C̊per

]2
∣

∣

∣

∣

δ ≤ νi,j,k + β0, ρi,j,k + β0 ≤ Mh − δ, 1 ≤ i, j, k ≤ N

}

.

Since Åh,δ is a compact set in the hyperplane H := {(ν, ρ)|ν = ρ = 0}, there exists

a (not necessarily unique) minimizer of Jm
h (ν, ρ) over Åh,δ. The key point of the

positivity analysis is that, such a minimizer could not occur at one of the boundary
points (in H) if δ is sufficiently small.

Let us suppose that the minimizer of Jm
h (ν, ρ) occurs at a boundary point of Åh,δ.

Without loss of generality, we assume the minimizer is (ν�i,j,k, ρ
�
i,j,k), with ν�i0,j0,k0

+

β0 = δ, at some grid point (i0, j0, k0). Suppose that ν� attains its maximum value
at the point (i1, j1, k1). By the fact that ν� = 0, it is obvious that ν�i1,j1,k1

≥ 0.

Consider the following directional derivative: for any ψ ∈ C̊per,

ds J
m
h (ν� + sψ, ρ�)|s=0 =

1

Δt

〈

L−1

M̆m
n

(ν� − νm) , ψ
〉

+ 〈ln (ν� + β0) + 1, ψ〉

+
〈

(−Δh)
−1 (ν� − ρ�) , ψ

〉

.
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Let us pick the direction ψ ∈ C̊per, such that

ψi,j,k = δi,i0δj,j0δk,k0
− δi,i1δj,j1δk,k1

,

where δk,� is the Kronecker delta function. Then,

1

h3
ds J

m
h (ν� + sψ, ρ

�)|s=0 = ln

(

ν�
i0,j0,k0

+ β0

ν�
i1,j1,k1

+ β0

)

+ (−∆h)
−1(ν� − ρ

�)i0,j0,k0
− (−∆h)

−1(ν� − ρ
�)i1,j1,k1

+
1

∆t

(

L−1

M̆m
n

(ν� − ν
m)i0,j0,k0

−L−1

M̆m
n

(ν� − ν
m)i1,j1,k1

)

.(3.9)

Because

n�
i0,j0,k0

= ν�i0,j0,k0
+ β0 = δ and n�

i1,j1,k1
= ν�i1,j1,k1

+ β0 ≥ β0,

we have

(3.10) ln

(

ν�i0,j0,k0
+ β0

ν�i1,j1,k1
+ β0

)

≤ ln
δ

β0
.

For the third and fourth terms appearing in (3.9), we apply Lemma 3.1 and obtain

(3.11) −2C̃1Mh ≤ (−Δh)
−1(ν� − ρ�)i0,j0,k0

− (−Δh)
−1(ν� − ρ�)i1,j1,k1

≤ 2C̃1Mh.

Similarly, for the last two terms appearing in (3.9), an application of Lemma 3.2
indicates that
(3.12)

−2C̃2M
−1
0 h−1/2 ≤ L−1

M̆m
n

(ν�−νm)i0,j0,k0
−L−1

M̆m
n

(ν�−νm)i1,j1,k1
≤ 2C̃2M

−1
0 h−1/2.

Consequently, a substitution of (3.10)–(3.12) into (3.9) yields

(3.13)
1

h3
ds J

m
h (ν� + sψ, ρ�)|s=0 ≤ ln

δ

β0
+ 2C̃1Mh + 2C̃2M

−1
0 Δt−1h−1/2.

Define

D0 := 2C̃1Mh + 2C̃2M
−1
0 Δt−1h−1/2,

and note thatD0 is a constant for fixed Δt and h, though it is singular, as Δt, h → 0.
For any fixed Δt and h, we may choose δ > 0 small enough so that

(3.14) ln
δ

β0
+D0 < 0.

This in turn guarantees that

(3.15) ds J
m
h (ν� + sψ, ρ�)|s=0 < 0.

This contradicts the assumption that Jm
h has a minimum at (ν�, ρ�), since the

directional derivative is negative in a direction pointing into the interior of Åh,δ.
Using similar arguments, we can also prove that, the global minimum of Jm

h (ν, ρ)

over Åh,δ could not possibly occur at a boundary point satisfying ρ�i0,j0,k0
+β0 = δ,

if δ is small enough. The details are left to interested readers.
Therefore, the global minimum of Jm

h (ν, ρ) over Åh,δ could only possibly occur at
an interior point, for δ > 0 sufficiently small. Since Jm

h (ν, ρ) is a smooth function,

we conclude that there must be a solution (νi,j,k, ρi,j,k) ∈ Åh,δ (provided that δ is
sufficiently small), so that

(3.16) ds J
m
h (ν + sψ, ρ+ sφ)|s=0 = 0, ∀ (ψ, φ) ∈

[

C̊per

]2

,
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which is equivalent to the numerical solution of (2.10)–(2.13), due to the fact that
the functional derivatives of Jm

h (ν, ρ) (in terms of ni,j,k and pi,j,k, respectively)
exactly give the numerical system. Therefore, there exists a numerical solution to
(2.10)–(2.13), over the compact domain Åh,δ ⊂ Åh, with point-wise positive values
for nm+1, pm+1. The existence of a positive numerical solution is established.

Meanwhile, since Jm
h (ν, ρ) is a strictly convex function over Åh, the uniqueness

analysis for this numerical solution (over the open set Åh) is straightforward, fol-
lowing a convexity analysis. The proof of Theorem 3.1 is complete. �

Remark 3.1. It is noticed that, the point-wise lower bound for M̆m
n and M̆m

p , de-
noted as the value of M0, only depends on the numerical solution nm and pm at the
previous step. Therefore, for given profiles nm and pm, the quantity M0 becomes a
fixed constant, and the value of δ in the positivity analysis is not in the same order
of M0. In more details, the value of M0 has been fixed for given numerical profile
of nm and pm, the value of D0 depends on Mh := (β0|Ω|)/h3, M0, Δt and h, and
δ > 0 has to be chosen sufficiently small so that (3.14) is satisfied. A more careful

calculation reveals that δ = O
(

min(exp(−C/h3), exp(−C(M−1
0 Δt−1h−1/2))

)

. In

other words, M0 is a fixed constant with given nm, pm, while δ > 0 is a positive
value that depends on M0 in an exponentially singular manner.

Remark 3.2. From the analysis in the proof of Theorem 3.1, we see that the value
of δ could not be made uniform-in-time. In fact, since a careful calculation of δ
reveals that

δ = O
(

min(exp(−C/h3), exp(−C(M−1
0 Δt−1h−1/2))

)

,

with M0 as the minimum value of nm and pm at the previous time step, we con-
clude that a uniform value of δ is not available by an induction argument, in this
analysis approach. Such a singular dependence of δ on M0 comes from the H−1

nature of the PNP flow in the energy variational formulation, and the non-constant
mobility feature results in even more singular dependence. Also see the related
analyses in [4], for the standard Cahn-Hilliard equation with the Flory-Huggins
energy potential.

Meanwhile, although a uniform distance from the numerical solution to the sin-
gular limit value of 0 is not available in the positivity-preserving analysis, it is
well-known that the PDE solution to the Flory-Huggins-Cahn-Hilliard equation
keeps such a phase separation property, at least for the 2-D gradient flow; see the
related works [5,20,38], etc. For the PNP system, a similar theoretical property of
phase separation for the PDE solution is also expected, following similar arguments.
Therefore, although a uniform distance between the numerical solution and the sin-
gular limit value could not be directly proved in the positivity-preserving analysis,
we are able to derive a uniform bound for the numerical solution, in combination
with the convergence analysis and error estimate, as will be demonstrated in the
later sections.

4. Energy stability analysis

With the positivity-preserving and unique solvability properties for the numerical
scheme (2.10)–(2.13) established, we now prove energy stability. We introduce the
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following discrete energy:

Eh(n, p) := 〈n lnn+ p ln p,1〉+
1

2
‖n− p‖2−1,h.(4.1)

Theorem 4.1. For the numerical solution (2.10)–(2.13), we have

Eh(n
m+1, pm+1) + Δt

([

M̆m
n ∇hμ

m+1
n ,∇hμ

m+1
n

]

+
[

M̆m
p ∇hμ

m+1
p ,∇hμ

m+1
p

])

(4.2)

≤ Eh(n
m, pm),

so that Eh(n
m, pm) ≤ Eh(n

0, p0) ≤ C0, for all m ∈ N, where C0 > 0 is a constant
independent of h.

Proof. Taking discrete inner products of (2.10) with μm+1
n and of (2.11) with μm+1

p ,
we obtain

〈

nm+1 − nm, μm+1
n

〉

+
〈

pm+1 − pm, μm+1
p

〉

+Δt
([

M̆m
n ∇hμ

m+1
n ,∇hμ

m+1
n

]

+
[

M̆m
p ∇hμ

m+1
p ,∇hμ

m+1
p

])

= 0.(4.3)

On the other hand, the convexity of the energy terms 〈n lnn,1〉, 〈p ln p,1〉 and
‖n− p‖2−1,h imply that

〈

nm+1 − nm, lnnm+1
〉

≥
〈

nm+1 lnnm+1,1
〉

− 〈nm lnnm,1〉 ,(4.4)
〈

pm+1 − pm, ln pm+1
〉

≥
〈

pm+1 ln pm+1,1
〉

− 〈pm ln pm,1〉 ,(4.5)

(4.6)

〈

nm+1 − nm, (−Δh)
−1(nm+1 − pm+1)

〉

+
〈

pm+1 − pm, (−Δh)
−1(pm+1 − nm+1)

〉

≥
1

2

(

∥

∥nm+1 − pm+1
∥

∥

2

−1,h
− ‖nm − pm‖

2
−1,h

)

.

Substitution of (4.4)–(4.6) into (4.3) leads to (4.2), so that the unconditional energy
stability is proved.

Finally, we conclude that there is a constant C0 > 0 that is independent of h,
such that Eh(n

0, p0) ≤ C0, following from a consistency argument. The details are
left to the interested reader. �

5. Optimal rate convergence analysis in 	∞(0, T ; 	2) ∩ 	2(0, T ;H1
h)

Now we proceed into the convergence analysis. Let (N,P,Φ) be the exact PDE
solution for the non-dimensional PNP system (2.1)–(2.3). With sufficiently regular
initial data, it is reasonable to assume that the exact solution has regularity of class
R, where

(5.1) N,P ∈ R := H4 (0, T ;Cper(Ω)) ∩H3
(

0, T ;C2
per(Ω)

)

∩ L∞
(

0, T ;C6
per(Ω)

)

.

In addition, we assume that the following separation property is valid for the exact
solution:

(5.2) N ≥ ε0, P ≥ ε0, for some ε0 > 0,

which we assume holds at a point-wise level. Define NN ( · , t) := PNN( · , t), PN ( · , t)
:= PNP( · , t), the (spatial) Fourier projection of the exact solution into BK , the
space of trigonometric polynomials of degree to and includingK (with N = 2K+1).
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The following projection approximation is standard: if (N,P) ∈ L∞(0, T ;H�
per(Ω)),

for any 	 ∈ N with 0 ≤ k ≤ 	,

(5.3)
‖NN − N‖L∞(0,T ;Hk) ≤ Ch�−k‖N‖L∞(0,T ;H�),

‖PN − P‖L∞(0,T ;Hk) ≤ Ch�−k‖P‖L∞(0,T ;H�).

Notice that the Fourier projection estimate (5.3) does not preserve the positivity
of the variables, while we could take h sufficiently small (corresponding to a large
N) so that NN ≥ 1

2ε0, PN ≥ 1
2ε0.

By N
m
N , Pm

N we denote NN ( · , tm) and PN ( · , tm), respectively, with tm = m ·Δt.
Since (NN ,PN ) ∈ BK , the mass conservative property is available at the discrete
level:

Nm
N =

1

|Ω|

∫

Ω

NN (·, tm) dx =
1

|Ω|

∫

Ω

NN (·, tm−1) dx = N
m−1
N ,(5.4)

Pm
N =

1

|Ω|

∫

Ω

PN (·, tm) dx =
1

|Ω|

∫

Ω

PN (·, tm−1) dx = P
m−1
N ,(5.5)

for any m ∈ N. On the other hand, the solution of (2.10)–(2.11) is also mass
conservative at the discrete level:

(5.6) nm = nm−1, pm = pm−1, ∀ m ∈ N.

As indicated before, we use the mass conservative projection for the initial data:
n0 = PhNN ( · , t = 0), p0 = PhPN ( · , t = 0), that is

(5.7) (n0)i,j,k := NN (pi, pj , pk, t = 0), (p0)i,j,k := PN (pi, pj , pk, t = 0).

For the exact electric potential Φ, we denote its Fourier projection as ΦN . The
error grid function is defined as

(5.8) emn := PhN
m
N − nm, emp := PhP

m
N − pm, emφ := PhΦ

m
N − φm, ∀ m ∈ N.

Therefore, it follows that emn = emp = 0, for any m ∈ N, so that the discrete norm
‖ · ‖−1,h is well defined for the error grid function.

Theorem 5.1 is the main result of this section.

Theorem 5.1. Given initial data N( · , t = 0),P( · , t = 0) ∈ C6
per(Ω), suppose the

exact solution for the PNP system (2.1)–(2.2) is of regularity class R. Then, pro-
vided Δt and h are sufficiently small, and under the linear refinement requirement
C1h ≤ Δt ≤ C2h, we have

(5.9) ‖emn ‖2+‖emp ‖2+
(

Δt
m
∑

k=1

(‖∇he
k
n‖

2
2+‖∇he

k
p‖

2
2)
)1/2

+‖emφ ‖H2
h
≤ C(Δt+h2),

for all positive integers m, such that tm = mΔt ≤ T , where C > 0 is independent
of Δt and h.

5.1. Higher order consistency analysis of (2.10)–(2.13): Asymptotic ex-

pansion of the numerical solution. By consistency, the project solution NN ,
PN solves the discrete equations (2.10)–(2.13) with a first order accuracy in time
and second order accuracy in space. Meanwhile, it is observed that this leading
local truncation error will not be enough to recover an a priori 	∞ bound for the
numerical solution to recover the separation property. To remedy this, we use a
higher order consistency analysis, via a perturbation argument, to recover such a
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bound in later analysis. In more detail, we need to construct supplementary fields,
N∆t,1, N∆t,2, Nh,1, P∆t,1, P∆t,2, Ph,1, and Ň, P̌ satisfying

(5.10)
Ň = NN + PN (ΔtN∆t,1 +Δt2N∆t,2 + h2

Nh,1),

P̌ = PN + PN (ΔtP∆t,1 +Δt2P∆t,2 + h2
Ph,1),

so that a higher O(Δt3 + h4) consistency is satisfied with the given numerical
scheme (2.10)–(2.13). The constructed fields N∆t,j , Nh,1, P∆t,j , Ph,1which will be
found using a perturbation expansion, will depend solely on the exact solution
(N,P).

In other words, we introduce a higher order approximate expansion of the exact
solution, since a leading order consistency estimate, with first order temporal ac-
curacy and second order spatial accuracy, is not able to control the discrete W 1,∞

h

norm of the numerical solution. Instead of substituting the exact solution into the
numerical scheme, a careful construction of an approximate profile is performed by
adding O(Δt), O(Δt2) and O(h2) correction terms to the exact solution to satisfy
an O(Δt3 + h4) truncation error. In turn, we estimate the numerical error func-
tion between the constructed profile and the numerical solution, instead of a direct
comparison between the numerical solution and exact solution. Such a higher order
consistency enables us to derive a higher order convergence estimate in the ‖ · ‖2
norm, which in turn leads to a desired ‖ · ‖W 1,∞

h
bound of the numerical solution,

via an application of inverse inequality. This approach has been reported for a
wide class of nonlinear PDEs; see the related works for the incompressible fluid
equation [12, 13, 45, 46, 50–52], various gradient equations [1, 21, 22, 29], the porous
medium equation based on the energetic variational approach [11], nonlinear wave
equation [54], etc.

The following truncation error analysis for the temporal discretization can be
obtained by using a straightforward Taylor expansion, as well as the estimate (5.3)
for the projection solution:

N
m+1
N − N

m
N

Δt
= ∇ ·

(

N
m
N∇(lnNm+1

N + (−Δ)−1(Nm+1
N − P

m+1
N ))

)

+Δt(G(0)
n )m +O(Δt2) +O(hm0),(5.11)

P
m+1
N − P

m
N

Δt
= ∇ ·

(

DP
m
N∇(lnPm+1

N + (−Δ)−1(Pm+1
N − N

m+1
N ))

)

+Δt(G(0)
p )m +O(Δt2) +O(hm0).(5.12)

Here m0 ≥ 4 and the spatial functions G
(0)
n , G

(0)
p are smooth enough in the sense

that their derivatives are bounded.
The leading order temporal correction function (N∆t,1,P∆t,1) is given by solving

the following equations:

∂tN∆t,1 = ∇ ·
(

N∆t,1∇(lnNN + (−Δ)−1(NN − PN ))

+NN∇(
1

NN
N∆t,1 + (−Δ)−1(N∆t,1 − P∆t,1))

)

−G(0)
n ,(5.13)

∂tP∆t,1 = ∇ ·
(

DP∆t,1∇(lnPN + (−Δ)−1(PN − NN ))

+DPN∇(
1

PN
P∆t,1 + (−Δ)−1(P∆t,1 − N∆t,1))

)

−G(0)
p .(5.14)
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Existence of a solution of the above linear PDE system is straightforward. Note
that the solution depends only on the projection solution (NN ,PN ). In addition,
the derivatives of (N∆t,1,P∆t,1) in various orders are bounded. Of course, an appli-
cation of the semi-implicit discretization (as given by (5.11)–(5.12)) to (5.13)–(5.14)
implies that

N
m+1
∆t,1 − N

m
∆t,1

Δt
= ∇ ·

(

N
m
∆t,1∇(lnNm+1

N + (−Δ)−1(Nm+1
N − P

m+1
N ))

+N
m
N∇(

1

N
m+1
N

N
m+1
∆t,1 + (−Δ)−1(Nm+1

∆t,1 − P
m+1
∆t,1 ))

)

−(G(0)
n )m +Δthm

1 +O(Δt2),(5.15)

P
m+1
∆t,1 − P

m
∆t,1

Δt
= ∇ ·

(

DP
m
∆t,1∇(lnPm+1

N + (−Δ)−1(Pm+1
N − N

m+1
N ))

+D(PN )m∇(
1

P
m+1
N

P
m+1
∆t,1 + (−Δ)−1(Pm+1

∆t,1 − N
m+1
∆t,1 ))

)

−(G(0)
p )m +Δthm

2 +O(Δt2).(5.16)

Therefore, a combination of (5.11)–(5.12) and (5.15)–(5.16) leads to the second
order temporal truncation error for Ň1 := NN+ΔtPNN∆t,1, P̌1 := PN+ΔtPNP∆t,1:

Ň
m+1
1 − Ň

m
1

Δt
= ∇ ·

(

Ň
m
1 ∇(ln Ňm+1

1 + (−Δ)−1(Ňm+1
1 − P̌

m+1
1 ))

)

+Δt2(G(1)
n )m +O(Δt3) +O(hm0),(5.17)

P̌
m+1
1 − P̌

m
1

Δt
= ∇ ·

(

DP̌
m
1 ∇(ln P̌m+1

1 + (−Δ)−1(P̌m+1
1 − Ň

m+1
1 ))

)

+Δt2(G(1)
p )m +O(Δt3) +O(hm0).(5.18)

In the derivation of (5.17)–(5.18), the following linearized expansions have been
utilized:

ln Ň1 = ln(NN +ΔtPNN∆t,1) = lnNN +
ΔtPNN∆t,1

NN
+O(Δt2),(5.19)

ln P̌1 = ln(PN +ΔtPNP∆t,1) = lnPN +
ΔtPNP∆t,1

PN
+O(Δt2).(5.20)

Similarly, the next order temporal correction function (N∆t,2,P∆t,2) is given by
the following linear equations:

∂tN∆t,2 = ∇ ·
(

N∆t,2∇(ln Ň1 + (−Δ)−1(Ň1 − P̌1))

+Ň1∇(
1

Ň1

N∆t,2 + (−Δ)−1(N∆t,2 − P∆t,2))
)

−G(1)
n ,(5.21)

∂tP∆t,2 = ∇ ·
(

DP∆t,2∇(ln P̌1 + (−Δ)−1(P̌1 − Ň1))

+DP̌1∇(
1

P̌1

P∆t,2 + (−Δ)−1(P∆t,2 − N∆t,2))
)

−G(1)
p ,(5.22)

and the solution depends only on the exact solution (N,P), with derivatives of vari-
ous orders stay bounded. In turn, an application of the semi-implicit discretization
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to (5.21)–(5.22) implies that

N
m+1
∆t,2 − N

m
∆t,2

Δt
= ∇ ·

(

N
m
∆t,2∇(ln Ňm+1

1 + (−Δ)−1(Ňm+1
1 − P̌

m+1
1 ))

+ Ň
m
1 ∇(

1

Ň
m+1
1

N
m+1
∆t,2 + (−Δ)−1(Nm+1

∆t,2 − P
m+1
∆t,2 ))

)

− (G(1)
n )m + (O(Δt)),(5.23)

P
m+1
∆t,2 − P

m
∆t,2

Δt
= ∇ ·

(

DP
m
∆t,2∇(ln P̌m+1

1 + (−Δ)−1(P̌m+1
1 − Ň

m+1
1 ))

+DP̌
m
1 ∇(

1

P̌
m+1
1

P
m+1
∆t,2 + (−Δ)−1(Pm+1

∆t,2 − N
m+1
∆t,2 ))

)

− (G(1)
p )m + (O(Δt)).(5.24)

Subsequently, a combination of (5.21)–(5.22) and (5.23)–(5.24) yields the third or-
der temporal truncation error for Ň2 := Ň1+Δt2PNN∆t,2, P̌2 := P̌1+Δt2PNP∆t,2:

Ň
m+1
2 − Ň

m
2

Δt
= ∇ ·

(

Ň
m
2 ∇(ln Ňm+1

2 + (−Δ)−1(Ňm+1
2 − P̌

m+1
2 ))

)

+Δt3(G(2)
n )m +O(Δt4) +O(hm0),(5.25)

P̌
m+1
2 − P̌

m
2

Δt
= ∇ ·

(

DP̌
m
2 ∇(ln P̌m+1

2 + (−Δ)−1(P̌m+1
2 − Ň

m+1
2 ))

)

+Δt3(G(2)
p )m +O(Δt4) +O(hm0).(5.26)

In fact, similar linearized expansions (as in (5.19)–(5.20)) have been used in the
derivation.

Next, we construct the spatial correction term (Nh,1,Ph,1) to upgrade the spatial
accuracy order. The following truncation error analysis for the spatial discretization
can be obtained by using a straightforward Taylor expansion for the constructed
profile (Ň2, P̌2):

Ň
m+1
2 − Ň

m
2

Δt
= ∇h ·

(

A(Ňm
2 )∇h(ln Ň

m+1
2 + (−Δh)

−1(Ňm+1
2 − P̌

m+1
2 ))

)

+Δt3(G(2)
n )m + h2(H(0)

n )m +O(Δt4 + h4),(5.27)

P̌
m+1
2 − P̌

m
2

Δt
= ∇h ·

(

DA(P̌m
2 )∇h(ln P̌

m+1
2 + (−Δh)

−1(P̌m+1
2 − Ň

m+1
2 ))

)

+Δt3(G(2)
p )m + h2(H(0)

p )m +O(Δt4 + h4),(5.28)

in which the average operator is taken in a similar form as (2.9). In fact, such
an average operator A has to be involved with Ax, Ay and Az in three directions,
respectively, with a more detailed expansion given by

∇h · (A(f)∇hg) := Dx((Axf)Dxg) +Dy((Ayf)Dyg) +Dz((Azf)Dzg).

The spatially discrete functionsH
(0)
n , H

(0)
p are smooth enough in the sense that their

discrete derivatives are bounded. We also notice that there is no O(h3) truncation
error term, due to the fact that the centered difference used in the spatial dis-
cretization gives local truncation errors with only even order terms, O(h2), O(h4),
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etc. Subsequently, the spatial correction function (Nh,1,Ph,1) is given by solving
the following linear PDE system:

∂tNh,1 = ∇ ·
(

Nh,1∇(ln Ň2 + (−Δ)−1(Ň2 − P̌2))

+Ň2∇(
1

Ň2

Nh,1 + (−Δ)−1(Nh,1 − Ph,1))
)

−H(0)
n ,(5.29)

∂tPh,1 = ∇ ·
(

DPh,1∇(ln P̌2 + (−Δ)−1(P̌2 − Ň2))

+DP̌1∇(
1

P̌2

Ph,1 + (−Δ)−1(Ph,1 − Nh,1))
)

−H(0)
p ,(5.30)

and the solution depends only on the exact solution (N,P), with the divided differ-
ences of various orders stay bounded. In turn, an application of a full discretization
to (5.29)–(5.30) implies that

N
m+1
h,1 − N

m
h,1

Δt
= ∇h ·

(

A(Nm
h,1)∇h(ln Ň

m+1
2 + (−Δh)

−1(Ňm+1
2 − P̌

m+1
2 ))

+A(Ňm
2 )∇h(

1

Ň
m+1
2

N
m+1
h,1 + (−Δh)

−1(Nm+1
h,1 − P

m+1
h,1 ))

)

−(H(0)
n )m +O(Δt+ h2),(5.31)

P
m+1
h,1 − P

m
h,1

Δt
= ∇h ·

(

DA(Pm
h,1)∇h(ln P̌

m+1
2 + (−Δh)

−1(P̌m+1
2 − Ň

m+1
2 ))

+DA(P̌m
2 )∇h(

1

P̌
m+1
2

P
m+1
h,1 + (−Δh)

−1(Pm+1
h,1 − N

m+1
h,1 ))

)

−(H(0)
p )m +O(Δt+ h2).(5.32)

Finally, a combination of (5.29)–(5.30) and (5.31)–(5.32) yields the higher order
truncation error for (Ň, P̌) (as given by (5.10)):

Ň
m+1 − Ň

m

Δt
= ∇h ·

(

A(Ňm)∇h(ln Ň
m+1 + (−Δh)

−1(Ňm+1 − P̌
m+1))

)

+ τm+1
n ,

(5.33)

P̌
m+1 − P̌

m

Δt
= ∇h ·

(

DA(P̌m)∇h(ln P̌
m+1 + (−Δh)

−1(P̌m+1 − Ň
m+1))

)

+ τm+1
p ,

(5.34)

where

‖τm+1
n ‖2, ‖τ

m+1
p ‖2 ≤ C(Δt3 + h4).

Again, the linear expansions have been extensively utilized.

Remark 5.1. Trivial initial data N∆t,j( · , t = 0),P∆t,j( · , t = 0) ≡ 0 are given
(j = 1, 2) as in (5.13)–(5.14), (5.21)–(5.22), respectively. Similar trivial initial
data is also imposed to (Nh,1,Ph,1) as in (5.29)–(5.30). Therefore, using similar
arguments as in (5.4)–(5.6), we conclude that

(5.35) n0 ≡ Ň
0, p0 ≡ P̌

0, nk = n0, pk = p0, ∀ k ≥ 0,
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and

Ňk =
1

|Ω|

∫

Ω

Ň(·, tk) dx =
1

|Ω|

∫

Ω

Ň
0 dx = n0, ∀ k ≥ 0,(5.36)

P̌k =
1

|Ω|

∫

Ω

P̌(·, tk) dx =
1

|Ω|

∫

Ω

P̌
0 dx = p0, ∀ k ≥ 0,(5.37)

where the first step of (5.36) is based on the fact that Ň ∈ BK , and the second step
comes from the mass conservative property of Ň at the continuous level. These two
properties will be used in later analysis.

In addition, since (Ň, P̌) is mass conservative at a discrete level, as given by
(5.36)–(5.37), we observe that the local truncation error τn, τp has a similar prop-
erty:

(5.38) τm+1
n = τm+1

p = 0, ∀m ≥ 0.

Remark 5.2. Since the temporal and spatial correction functions (N∆t,j ,P∆t,j),
(Nh,1,Ph,1) are bounded, we recall the separation property (5.2) for the exact so-

lution, and obtain a similar property for the constructed profile (Ň, P̌):

(5.39) Ň ≥ ε�0, P̌ ≥ ε�0, for ε�0 > 0,

in which the projection estimate (5.3) has been repeatedly used. Notice that we
could take Δt and h sufficiently small so that (5.39) is valid for a modified value ε�0,
such as ε�0 = 1

4ε0. Such a uniform bound will be used in the convergence analysis.
In addition, since the correction functions only depend on (NN ,PN ) and the

exact solution, its W 1,∞ norm will stay bounded. In turn, we are able to obtain a
discrete W 1,∞ bound for the constructed profile (Ň, P̌):
(5.40)

‖Ňk‖∞ ≤ C�, ‖P̌k‖∞ ≤ C�, ‖∇hŇ
k‖∞ ≤ C�, ‖∇hP̌

k‖∞ ≤ C�, ∀ k ≥ 0.

Remark 5.3. The reason for such a higher order asymptotic expansion and trun-
cation error estimate is to justify an a-priori 	∞ bound of the numerical solution,
which is needed to obtain the separation property, similarly formulated as (5.39)
for the constructed approximate solution. With such a property valid for both the
constructed approximate solution and the numerical solution, the nonlinear error
term could be appropriately analyzed in the 	∞(0, T ; 	2) convergence estimate.

5.2. A rough error estimate. Instead of a direct analysis for the error function
defined in (5.8), we introduce alternate numerical error functions:
(5.41)

ñm := PhŇ
m − nm, p̃m := PhP̌

m − pm, φ̃m := (−Δh)
−1(p̃m − ñm), ∀ m ∈ N.

The advantage of such a numerical error function is associated with its higher
order accuracy, which comes from the higher order consistency estimate (5.33)–
(5.34). Again, since ñm = p̃m = 0, which comes from the fact (5.35)–(5.37), for
any m ≥ 0, we conclude that the discrete norm ‖ · ‖−1,h is well defined for the error

grid function (ñm, p̃m).
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In turn, subtracting the numerical scheme (2.10)–(2.13) from the consistency
estimate (5.33)–(5.34) yields

ñm+1 − ñm

Δt
= ∇h ·

(

A(nm)∇hμ̃
m+1
n +A(ñm)∇hV

m+1
n

)

+ τm+1
n ,(5.42)

p̃m+1 − p̃m

Δt
= ∇h ·

(

DA(pm)∇hμ̃
m+1
p +DA(p̃m)∇hV

m+1
p

)

+ τm+1
p ,(5.43)

where

μ̃m+1
n = ln Ňm+1 − lnnm+1 + (−Δh)

−1(ñm+1 − p̃m+1),(5.44)

Vm+1
n = ln Ňm+1 + (−Δh)

−1(Ňm+1 − P̌
m+1),(5.45)

μ̃m+1
p = ln P̌m+1 − ln pm+1 + (−Δh)

−1(p̃m+1 − ñm+1),(5.46)

Vm+1
p = ln P̌m+1 + (−Δh)

−1(P̌m+1 − Ň
m+1).(5.47)

Since Vm+1
n and Vm+1

p only depend on the exact solution and the constructed

profiles, we assume a discrete W 2,∞ bound:

(5.48) ‖Vm+1
n ‖W 2,∞

h
, ‖Vm+1

p ‖W 2,∞

h
≤ C�.

To proceed with the nonlinear analysis, we make the following a-priori assumption
at the previous time step:

‖ñm‖2, ‖p̃
m‖2 ≤ Δt

11
4 + h

11
4 .(5.49)

Such an a-priori assumption will be recovered by the optimal rate convergence
analysis at the next time step, as will be demonstrated later. In turn, a discrete
W 1,∞ bound is available for the numerical error function at the previous time step,
with the help of inverse inequality:

‖ñm‖∞ ≤
C‖ñm‖2

h
3
2

≤
C(Δt

11
4 + h

11
4 )

h
3
2

≤ C(Δt
5
4 + h

5
4 ) ≤ 1,(5.50)

‖∇hñ
m‖∞ ≤

C‖ñm‖∞
h

≤
C(Δt

5
4 + h

5
4 )

h
≤ C(Δt

1
4 + h

1
4 ) ≤ 1,(5.51)

where the linear refinement constraint C1h ≤ Δt ≤ C2h has been used. By similar
arguments,

(5.52) ‖p̃m‖∞ ≤ C(Δt
5
4 + h

5
4 ) ≤ 1 and ‖∇hp̃

m‖∞ ≤ C(Δt
1
4 + h

1
4 ) ≤ 1.

Subsequently, the following W 1,∞
h bound is available for the numerical solution at

the previous time step:

‖nm‖∞ ≤ ‖Ňm‖∞ + ‖ñm‖∞ ≤ C̃3 := C� + 1,(5.53)

‖pm‖∞ ≤ ‖P̌m‖∞ + ‖p̃m‖∞ ≤ C̃3,(5.54)

‖∇hn
m‖∞ ≤ ‖∇hŇ

m‖∞ + ‖∇hñ
m‖∞ ≤ C� + 1 = C̃3,(5.55)

‖∇hp
m‖∞ ≤ ‖∇hP̌

m‖∞ + ‖∇hp̃
m‖∞ ≤ C� + 1 = C̃3,(5.56)

with the regularity assumption (5.40) applied. In addition, because of the 	∞

estimate (5.50), (5.52) for the numerical error function, we can bound it by
ε�0
2 :

(5.57) ‖ñm‖∞ ≤ C(Δt
5
4 + h

5
4 ) ≤

ε�0
2

and ‖p̃m‖∞ ≤ C(Δt
5
4 + h

5
4 ) ≤

ε�0
2
,
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so that the separation property is also valid for the numerical solution at the pre-
vious time step:

(5.58) nm ≥ Ň
m − ‖ñm‖∞ ≥

ε�0
2

and pm ≥ P̌
m − ‖p̃m‖∞ ≥

ε�0
2
,

where the separation estimate (5.39) has been utilized.
Proposition 5.1 states the rough error estimate result; the detailed proof will be

provided in Appendix A.

Proposition 5.1. For the numerical error evolutionary system (5.42)–(5.47), we
make the regularity requirement (5.48) assumption for the constructed profiles Vm+1

n ,
Vm+1
p , as well as the a-priori assumption (5.49) for the numerical solution at the

previous time step. Then we have a rough error estimate

‖ñm+1‖2 + ‖p̃m+1‖2 ≤ Ĉ(Δt
7
4 + h

7
4 ),(5.59)

in which Ĉ is independent of Δt and h.

As a direct consequence of the rough error estimate (5.59), an application of 3-D
inverse inequality implies that

(5.60) ‖ñm+1‖∞ + ‖p̃m+1‖∞ ≤
C(‖ñm+1‖2 + ‖p̃m+1‖2)

h
3
2

≤ Ĉ1(Δt
1
4 + h

1
4 ),

where Ĉ1 := CĈ, under the same linear refinement requirement. Because of the
accuracy order, we could take Δt and h sufficiently small so that

(5.61) Ĉ1(Δt
1
4 + h

1
4 ) ≤

ε�0
2
,

so that

(5.62) ‖ñm+1‖∞ + ‖p̃m+1‖∞ ≤
ε�0
2
.

Its combination with (5.39), the separation property for the constructed approxi-
mate solution, leads to a similar property for the numerical solution at time step
tm+1:

(5.63)
ε�0
2

≤ nm+1 ≤ C� +
ε�0
2

≤ C̃3 and
ε�0
2

≤ pm+1 ≤ C� +
ε�0
2

≤ C̃3.

Such a uniform ‖ · ‖∞ bound will play a very important role in the refined error
estimate.

Remark 5.4. In the rough error estimate (A.29), we see that the accuracy order
is lower than the one given by the a-priori-assumption (5.49). Therefore, such
a rough estimate could not be used for a global induction analysis. Instead, the
purpose of such an estimate is to establish a uniform ‖·‖∞ bound, via the technique
of inverse inequality, so that a discrete separation property becomes available for
the numerical solution, as well as its maximum values. With such a property
established for the numerical solution, the refined error analysis will yield much
sharper estimates.
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5.3. A refined error estimate. Before proceeding into the refined error estimate,
the following two preliminary results are needed. For simplicity of presentation, the
detailed proof of Lemma 5.1 will be provided in Appendix B.

Lemma 5.1. Under the a-priori ‖ · ‖∞ estimate (5.53), (5.58) for the numerical
solution at the previous time step and the rough ‖ · ‖∞ estimate (5.63) for the one
at the next time step, we have

〈A(nm)∇h(ln Ň
m+1 − lnnm+1),∇hñ

m+1〉 ≥ γ(0)
n ‖∇hñ

m+1‖22 −M (0)
n ‖ñm+1‖22

−M (1)
n h8,(5.64)

D〈A(pm)∇h(ln P̌
m+1 − ln pm+1),∇hp̃

m+1〉 ≥ γ(0)
p ‖∇hp̃

m+1‖22 −M (0)
p ‖p̃m+1‖22

−M (1)
p h8,(5.65)

where the constants γ
(0)
n , γ

(0)
p , M

(0)
n , M

(0)
p , M

(1)
n , M

(1)
p only depend on ε�0, C

�, C̃3,
D and |Ω|.

The next preliminary estimate is more straightforward.

Lemma 5.2. For φ̃k (for any k ≥ 0) defined in (5.41), we have the estimate

(5.66) ‖∇hφ̃
k‖2 ≤ C̃4‖ñ

k − p̃k‖2,

for some constant C̃4 > 0 that is independent of h.

Proof. Inequality (5.66) is a direct consequence of the standard estimate: ‖f‖−1,h ≤

C‖f‖2, for any f with f = 0. �

Now we proceed with the refined error estimate. Taking a discrete inner product
with (5.42), (5.43) by 2ñm+1, 2p̃m+1, respectively, leads to

1

Δt
(‖ñm+1‖22 − ‖ñm‖22 + ‖ñm+1 − ñm‖22 + ‖p̃m+1‖22 − ‖p̃m‖22 + ‖p̃m+1 − p̃m‖22)

+ 2(〈A(nm)∇hμ̃
m+1
n ,∇hñ

m+1〉+D〈A(pm)∇hμ̃
m+1
p ,∇hp̃

m+1〉)

=2(〈τm+1
n , ñm+1〉+ 〈τm+1

p , p̃m+1〉)

− 2(〈A(ñm)∇hV
m+1
n ,∇hñ

m+1〉+D〈A(p̃m)∇hV
m+1
p ,∇hp̃

m+1〉),

(5.67)

where summation-by-parts has been applied. For the local truncation error terms,
similar estimates could be derived:
(5.68)
2〈τm+1

n , ñm+1〉 ≤ ‖τm+1
n ‖22 + ‖ñm+1‖22, 2〈τm+1

p , p̃m+1〉 ≤ ‖τm+1
p ‖22 + ‖p̃m+1‖22.

For the nonlinear diffusion error inner product on the left hand side, we see that

〈A(nm)∇hμ̃
m+1
n ,∇hñ

m+1〉 = 〈A(nm)∇h(ln Ň
m+1 − lnnm+1),∇hñ

m+1〉

+〈A(nm)∇hφ̃
m+1,∇hñ

m+1〉.(5.69)

The second part has the following lower bound:

〈A(nm)∇hφ̃
m+1,∇hñ

m+1〉

≥ −C̃3‖∇hφ̃
m+1‖2 · ‖∇hñ

m+1‖2

≥ −C̃3C̃4‖ñ
m+1 − p̃m+1‖2 · ‖∇hñ

m+1‖2

≥ −(C̃3C̃4)
2(γ(0)

n )−1‖ñm+1 − p̃m+1‖22 −
1

4
γ(0)
n ‖∇hñ

m+1‖2,
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in which the inequality (5.66) (in Lemma 5.2) has been applied in the second
step. Its substitution into (5.69), combined with the preliminary estimate (5.64)
(in Lemma 5.1), leads to

(5.70)

〈A(nm)∇hμ̃
m+1
n ,∇hñ

m+1〉

≥
3

4
γ(0)
n ‖∇hñ

m+1‖22 −M (0)
n ‖ñm+1‖22 −M (1)

n h8

− 2(C̃3C̃4)
2(γ(0)

n )−1(‖ñm+1‖22 + ‖p̃m+1‖22).

A similar lower bound could be derived for the other nonlinear error inner product
on the left hand side; the details are skipped for the sake of brevity:

(5.71)

D〈A(pm)∇hμ̃
m+1
p ,∇hp̃

m+1〉

≥
3

4
γ(0)
p ‖∇hp̃

m+1‖22 −M (0)
p ‖p̃m+1‖22 −M (1)

p h8

− 2(DC̃3C̃4)
2(γ(0)

p )−1(‖ñm+1‖22 + ‖p̃m+1‖22).

For the last two nonlinear error inner product terms on the right hand side, a direct
application of Cauchy inequality gives

−2〈A(ñm)∇hV
m+1
n ,∇hñ

m+1〉 ≤ 2‖∇hV
m+1
n ‖∞ · ‖A(ñm)‖2 · ‖∇hñ

m+1‖2

≤ 2C�‖ñm‖2 · ‖∇hñ
m+1‖2

≤ 2(C�)2(γ(0)
n )−1‖ñm‖22 +

1

2
γ(0)
n ‖∇hñ

m+1‖22,(5.72)

−2D〈A(p̃m)∇hV
m+1
p ,∇hp̃

m+1〉 ≤ 2(DC�)2(γ(0)
p )−1‖p̃m‖22 +

1

2
γ(0)
p ‖∇hp̃

m+1‖22,

(5.73)

with the regularity assumption (5.48) recalled.
Finally, a substitution of (5.68), (5.70)–(5.71) and (5.72)–(5.73) into (5.67) re-

sults in

1

Δt
(‖ñm+1‖22 − ‖ñm‖22 + ‖p̃m+1‖22 − ‖p̃m‖22) + γ(0)

n ‖∇hñ
m+1‖22 + γ(0)

p ‖∇hp̃
m+1‖22

≤ M (2)(‖ñm+1‖22 + ‖p̃m+1‖22) +M (3)(‖ñm‖22 + ‖p̃m‖22) +M (4)h8

+‖τm+1
n ‖22 + ‖τm+1

p ‖22,(5.74)

where

M (2) = 4(C̃3C̃4)
2((γ(0)

n )−1 +D2(γ(0)
p )−1) + 2(M (0)

n +M (0)
p ) + 1,(5.75)

M (3) = 2(C�)2(γ(0)
n )−1 + 2(DC�)2(γ(0)

p )−1,(5.76)

M (4) = 2(M (1)
n +M (1)

p ).(5.77)

Therefore, an application of discrete Gronwall inequality leads to the desired higher
order convergence estimate

(5.78) ‖ñm+1‖2 + ‖p̃m+1‖2 +
(

Δt
m+1
∑

k=1

(‖∇hñ
k‖22 + ‖∇hp̃

k‖22)
)1/2

≤ C(Δt3 + h4),

based on the higher order truncation error accuracy, ‖τm+1
n ‖2, ‖τ

m+1
p ‖2 ≤ C(Δt3+

h4). This completes the refined error estimate.
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Recovery of the a-priori assumption (5.49). With the higher order error esti-
mate (5.78) at hand, we notice that the a-priori assumption in (5.49) is satisfied at
the next time step tm+1:

(5.79) ‖ñm+1‖2, ‖p̃
m+1‖2 ≤ Ĉ2(Δt3 + h4) ≤ Δt

11
4 + h

11
4 ,

provided Δt and h are sufficiently small. Therefore, an induction analysis could be
applied. This finishes the higher order convergence analysis.

As a result, the convergence estimate (5.9) for the variable (n, p) is a direct
consequence of (5.78), combined with the definition (5.10) of the constructed ap-
proximate solution (Ň, P̌), as well as the projection estimate (5.3).

In terms of the convergence estimate for the electric potential variable φ, we
recall the definition for φ̃k in (5.41) and observe that

(5.80) ‖φ̃m‖H2
h
≤ C‖Δhφ̃m‖2 ≤ C‖ñm − p̃m‖2 ≤ Ĉ3(Δt3 + h4),

where Ĉ3 = CĈ2. Then

(5.81) ‖φ̃m − emφ ‖H2
h
≤ C‖Δh(φ̃

m − emφ )‖2 ≤ Ĉ4(Δt+ h2),

and

(−Δh)(φ̃
m − emφ ) = PN (ΔtP∆t,1 +Δt2P∆t,2 + h2

Ph,1

−ΔtN∆t,1 −Δt2N∆t,2 − h2
Nh,1) + τmφ ,(5.82)

where the discrete elliptic regularity has been applied in (5.80), (5.81), and the
truncation error for φ is defined as τmφ = (−Δh)ΦN − (P̌m − Ň

m).
Finally, we arrive at

(5.83)

‖emφ ‖H2
h
≤ ‖φ̃m‖H2

h
+‖φ̃m−emφ ‖H2

h
≤ Ĉ3(Δt3+h4)+Ĉ4(Δt+h2) ≤ (Ĉ4+1)(Δt+h2).

This completes the proof of Theorem 5.1.

Remark 5.5. The O(Δt3 + h4) convergence estimate (5.78) is not a super-conver-
gence analysis. In fact, we make a comparison between the constructed approxi-
mate solution (Ň, P̌) (as introduced in (5.10)) and the numerical solution, with the
numerical error function defined in (5.41). Due to the fact that the constructed
approximate solution (Ň, P̌) satisfies the numerical scheme with a higher order con-
sistency estimate (5.33)–(5.34), a careful error estimate results in an O(Δt3 + h4)
convergence analysis (5.78). However, such a higher order convergence rate is only
available for the numerical error between the numerical solution and the constructed
approximate solution (Ň, P̌); if we measure the numerical error between the numer-
ical solution and the exact PDE solution (N,P), the accuracy is still O(Δt+h2), as
stated in Theorem 5.1, since the constructed approximate solution (Ň, P̌) contains
O(Δt), O(Δt2) and O(h2) correction terms.

In fact, the constructed auxiliary fields N∆t,1, N∆t,2, Nh,1, P∆t,1, P∆t,2, Ph,1

depend on the exact solution, and their explicit forms are not available, due to the
linear PDE evolution in the higher order consistency analysis. As a result, such
a higher order convergence order could hardly be tested in the practical computa-
tion. All the constructed approximate solution are only used for the convenience of
theoretical justification of the convergence analysis, in particular in the application
of inverse inequality to derive an ‖ · ‖W 1,∞

h
bound of the numerical solution.

Licensed to Shanghai Jiao Tong University. Prepared on Tue Jul 20 21:15:48 EDT 2021 for download from IP 202.120.13.124.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NUMERICAL SCHEME FOR THE PNP SYSTEM 2093

Remark 5.6. There have been other alternative ways to establish the positivity-
preserving property and energy stability for the PNP system. For example, a
rewritten formulation of the PNP system was used in [25]:

(5.84) nt = ∇ ·
(

eφ∇
( n

eφ

))

, pt = ∇ ·
(

e−φ∇
( p

e−φ

))

.

In turn, the authors proposed the following numerical method

(5.85)

nm+1 − nm−1

2Δt
= ∇̃h ·

(

eφ
m

∇̃h

(nm+1

eφm

))

,

pm+1 − pm−1

2Δt
= ∇̃h ·

(

e−φm

∇̃h

(pm+1

e−φm

))

.

Moreover, the positivity-preserving property of the numerical scheme was proved
using a maximum-principle-type argument, and the following modified energy sta-
bility was established:

(5.86)

Eh(n
m+1, pm+1, φm+1, nm, pm, φm) ≤Eh(n

m, pm, φm, nm−1, pm−1, φm−1),

Eh(n
m, pm, φm, nm−1, pm−1, φm−1) =

1

2
〈nm lnnm + nm−1 lnnm−1

+ pm ln pm + pm−1 ln pm−1, 1〉

+
1

2
〈∇hφ

m,∇hφ
m−1〉.

Such a modified energy functional is a numerical approximation to the original
energy (2.4), if the numerical solution converges to the exact PDE solution.

In comparison, our proposed numerical scheme (2.10)–(2.13) is based on the
energy variational formulation (2.4)–(2.7). As a result, the positivity-preserving
analysis could be extended to many other related physical models, such as the
Poisson-Nernst-Planck-Cahn-Hilliard system reported in [44], as long as the sin-
gular terms correspond to a convex energy. In addition, because of the energetic
variational structure in the numerical scheme (2.10)–(2.13), the dissipation prop-
erty for the original energy functional could be theoretically justified, as stated in
Theorem 4.1, by noticing that Eh(n, p) stands for a direct spatial discretization for
the energy functional E(n, p) at the continuous level (as given by (2.4)). This sub-
tle fact stands for another advantage of our energetic variational approach over the
numerical algorithm (5.85): the energy stability reported in our work is in terms
of the original energy functional, instead of a numerical approximation as defined
in (5.86).

In general, the numerical algorithm (5.85) has been a very useful method in the
numerical approximation to the PNP system, and many nice theoretical properties
have been established at a discrete level. In comparison, our proposed numerical
scheme (2.10)–(2.13) has introduced an energetic variational approach, and many
essential improvements could be observed in both the positivity-preserving analysis
and energy stability estimate.

Remark 5.7. In addition to the positivity-preserving analysis and energy stability
estimate, an optimal rate convergence analysis turns out to be a very challenging
issue, especially for structure-preserving numerical methods for the PNP system.
Among the existing works for the convergence analysis [6,18,42,48], these estimates
have been based on the perfect Laplacian operator structure for n and p, instead
of the H−1 gradient flow structure. As a result, the positivity-preserving property
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and the energy dissipation could hardly be theoretically justified for these existing
works. Our paper stands for the first work to combine three theoretical properties
for a numerical scheme to the PNP system: unique solvability/positivity-preserving,
energy stability, and optimal rate convergence analysis.

Remark 5.8. The proposed numerical scheme (2.10)–(2.13) is only first order ac-
curate in time, and such a temporal accuracy may not be perfect in the practical
computation. A second order accurate (in time) numerical scheme will be consid-
ered in our future work. For instance, the following numerical scheme could be
designed, following a similar idea, while with many non-standard modifications:

nm+1 − nm

Δt
= ∇h ·

(

M̆m+1/2
n ∇hμ

m+1/2
n

)

,(5.87)

pm+1 − pm

Δt
= ∇h ·

(

M̆m+1/2
p ∇hμ

m+1/2
p

)

,(5.88)

μm+1/2
n =

nm+1 lnnm+1 − nm lnnm

nm+1 − nm
− 1 + Δt ln

nm+1

nm
(5.89)

+ (−Δh)
−1(nm+1/2 − pm+1/2),

μm+1/2
p =

pm+1 ln pm+1 − pm ln pm

pm+1 − pm
− 1 + Δt ln

pm+1

pm
(5.90)

+ (−Δh)
−1(pm+1/2 − nm+1/2),

M̆m+1/2
n =

3

2
nm −

1

2
nm−1, M̆m+1/2

p =
3

2
pm −

1

2
pm−1,

nm+1/2 =
1

2
(nm+1 + nm), pm+1/2 =

1

2
(pm+1 + pm).

The positivity-preserving analysis, the energy stability estimate, and an optimal
rate convergence analysis are expected for such a second order accurate scheme,
following similar ideas presented in this paper. However, there will be too many
technical details, and these details are left to the future work.

6. Numerical results

To get numerical solutions, we need to solve the fully nonlinear scheme (2.10)–
(2.13) at each time step. We propose an iterative method as follows. First, the
initial value for the nonlinear iteration is taken as nm+1,0 := nm, pm+1,0 := pm,
and φm+1,0 := φm. Subsequently, given the k-th iterate numerical solution nm+1,k,
pm+1,k, φm+1,k, we obtain the first stage of the (k + 1)-th iterate by solving

(6.1)

nm+1,∗ −Δt∇h ·

(

M̆m
n ∇h

(

nm+1,∗

nm+1,k

))

= nm +Δt∇h ·
(

M̆m
n ∇h

(

lnnm+1,k − φm+1,k
)

)

,

pm+1,∗ −Δt∇h ·

(

M̆m
p ∇h

(

pm+1,∗

pm+1,k

))

= pm +Δt∇h ·
(

M̆m
p ∇h

(

ln pm+1,k + φm+1,k
)

)

,

−Δhφ
m+1,∗ = pm+1,∗ − nm+1,∗.
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Table 1. The 	∞ error and convergence order for the numerical
solutions of p, n, and ψ with Δt = h2, with the exact solution
given by (6.3)

h 	∞ error in p Order 	∞ error in n Order 	∞ error in ψ Order
1
10 1.898E-2 - 1.898E-2 - 1.200E-1 -
1
20 4.864E-3 1.96 4.864E-3 1.96 3.001E-2 2.00
1
40 1.231E-3 1.98 1.231E-3 1.98 7.524E-3 2.00
1
80 3.093E-4 1.99 3.093E-4 1.99 1.882E-3 2.00

In addition, to make the nonlinear iteration smoother, we then obtain nm+1,k+1,
pm+1,k+1, and φm+1,k+1 by

(6.2)

(

nm+1,k+1, pm+1,k+1, φm+1,k+1
)

=ωr

(

nm+1,k, pm+1,k, φm+1,k
)

+ (1− ωr)
(

nm+1,∗, pm+1,∗, φm+1,∗
)

,

where ωr ∈ (0, 1) is a relaxation parameter. We notice that, two linear systems
for n and p, associated with M-matrices, need to be solved in the the k + 1-th
iteration algorithm (6.1). In fact, (6.1) could be viewed as a linearized Newton
iteration for the proposed numerical scheme (2.10)–(2.13), at least in the lnn and
ln p nonlinear parts. It is expected that, under a sufficient condition on the time step
size Δt, such a linearized iteration algorithm guarantees positive concentrations at
a discrete level in each iteration stage, and an iteration convergence to the proposed
numerical scheme (2.10)–(2.13) is also available. The detailed analysis will be left
in the future works.

In the following, we demonstrate the performance of the proposed numerical
scheme in a two dimensional setting. With rescaling, the computational domain
becomes Ω = (−1, 1)2. Also, we take the parameters z0 = 1, n0 = p0 = c0 = 0.1 M,
L = 13.6 Å, and Dn = Dp = D0 with D0 being the diffusion constant of sodium
ions in water.

6.1. Accuracy tests. To test accuracy, we consider the following exact solution

(6.3)

⎧

⎪

⎨

⎪

⎩

n = e−t sin(2πx) cos(2πy) + 2,

p = e−t cos(2πx) sin(2πy) + 2,

φ = e−t sin(2πx) sin(2πy),

to the PNP equations with source terms:

∂tn = ∇ · (∇n− n∇φ) + fn,(6.4)

∂tp = ∇ · (∇p+ p∇φ) + fp,(6.5)

−Δφ = p− n+ ρf .(6.6)

Here the source terms fn, fp, and ρf , and the initial conditions are obtained with
the known exact solution.

To verify the accuracy of the proposed scheme (2.10)–(2.13), we perform numer-
ical tests using various mesh resolutions with Δt = h2. Note that such a mesh
ratio is chosen for the purpose of accuracy tests rather than the stability concern.
As shown in Table 1, the 	∞ error for numerical solutions of p, n, and φ at time
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T = 0.1 decreases robustly as the mesh refines. The convergence order, as expected,
is about two for both the concentrations and electrostatic potential.

6.2. Property tests. We also conduct numerical simulations to test the perfor-
mance of the proposed scheme in preserving physical properties at discrete level.
The numerical schemes are applied to solve the rescaled PNP equations (6.4)–(6.6)
without sources terms in the Nernst–Planck equations, but with a fixed charge
distribution given by

(6.7)
ρf (x, y) =e−100[(x+ 1

2
)2+(y+ 1

2
)2] − e−100[(x+ 1

2
)2+(y− 1

2
)2]

− e−100[(x− 1
2
)2+(y+ 1

2
)2] + e−100[(x− 1

2
)2+(y− 1

2
)2].

The initial data for concentrations are given by

(6.8) p(x, y, 0) = 0.1 and n(x, y, 0) = 0.1.

Figure 1. Left: The snapshots of ψ, p, and n at time T = 0.05,
T = 0.1, and T = 5. Right: The evolution of discrete energy Eh,
total mass of p, and the minimum concentration CMin.

Figure 1 displays snapshots of the electrostatic potential and concentrations at
time T = 0.05, T = 0.1, and T = 5. One observes that the concentrations of cations
and anions develop peaks and valleys due to electrostatic interactions, and that the
electrostatic potential initially induced by the fixed charges gets screened quickly
by attracted mobile ions carrying opposite charges, as time evolves. At T = 5, the
system nearly reaches equilibrium.

By periodic boundary conditions, the total mass of concentrations is conserved
in time evolution. This is verified in the right panel of the Figure 1, in which
the total mass of the cations converses perfectly. In addition, the discrete energy
Eh decreases monotonically, being consistent with our analysis; cf. Theorem 4.1.
What of interest is the evolution of the minimum concentration that is defined by
CMin := Min{Mini,j,kn

m
i,j,k,Mini,j,kp

m
i,j,k}. The evolution of CMin, together with

the inset plot, demonstrates that the numerical solution of concentration remains
positive all the time. In summary, our numerical tests further confirm that the
proposed numerical scheme respects mass conservation, energy dissipation, and
positivity at discrete level.

To verify the numerical accuracy of the proposed scheme for this case, we perform
a numerical test on a sequence of mesh resolutions: h = 1

20 ,
1
40 ,

1
60 ,

1
80 ,

1
100 , and the
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Table 2. The 	∞ differences and convergence order for the nu-
merical solutions of p, n, and ψ at time T = 0.5, for the given
initial data (6.8) and charge distribution (6.7). Various mesh res-
olutions are tested: h1 = 1

20 , h2 = 1
40 , h3 = 1

60 , h4 = 1
80 , h5 = 1

100 ,

and the time step size is taken as Δt = h2.

— u = p Order u = n Order u = ψ Order
‖uh1

− uh2
‖∞ 1.800E-3 - 1.800E-3 - 1.131E-2 -

‖uh2
− uh3

‖∞ 3.722E-4 1.84 3.722E-4 1.84 1.971E-3 2.09
‖uh3

− uh4
‖∞ 1.302E-4 2.00 1.302E-4 2.00 6.932E-4 1.99

‖uh3
− uh4

‖∞ 6.157E-5 1.93 6.157E-5 1.93 3.183E-4 2.03

time step size is set as Δt = h2. Again, a second order accuracy in terms of
h is expected, because of this time step choice. Since an analytical form of the
exact solution is not available, we compute the 	∞ differences between numerical
solutions with consecutive spatial resolutions, hj−1, hj and hj+1. In such a Cauchy
convergence test, the convergence order is calculated by the following formula:

ln
(

1
A∗ ·

‖uhj−1
−uhj

‖∞

‖uhj
−uhj+1

‖∞

)

ln
hj−1

hj

, A∗ =
1−

h2
j

h2
j−1

1−
h2
j+1

h2
j

, for hj−1 > hj > hj+1.

As shown in Table 2, the numerical errors at time T = 0.5 improve robustly as
the mesh refines, with a convergence order maintaining around two for both the
concentrations and electrostatic potential. This is a remarkable numerical result,
since an explicit form of the analytic solution is not available, and the exact solution
may develop sharp gradient structures. From the right panel of the Figure 1, we
can see that the minimum ionic concentration is relatively low up to time T = 0.5.
This accuracy test has demonstrated that the proposed numerical scheme is very
robust even when the mobility of ions, i.e., the ionic concentration, is low.

7. Concluding remarks

A finite difference numerical scheme is proposed and analyzed for the Poisson-
Nernst-Planck (PNP) system. The Energetic Variational Approach (EnVarA) is
taken, so that the PNP system could be reformulated as a non-constant mobility
H−1 gradient flow, with singular logarithmic energy potentials involved. In the
proposed numerical algorithm, the mobility function is explicitly treated to ensure
the unique solvability, while both the logarithmic and the electric potential diffu-
sion terms are treated implicitly, because of their convex natures. The positivity-
preserving property for both n and p are theoretically established, which is based
on the subtle fact that, the singular nature of the logarithmic term around the
value of 0 prevents the numerical solution reaching the singular value. As a result,
the numerical scheme is always well-defined. The energy stability of the numerical
scheme comes from the convex nature of the energy functional in terms of n and p,
combined with their positivity property. In addition, an optimal rate convergence
analysis is provided in this work. To overcome a well-known difficulty associated
with the non-constant mobility, many highly non-standard estimates have to be
involved, due to the nonlinear parabolic coefficients. The higher order asymptotic
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expansion, up to third order temporal accuracy and fourth order spatial accuracy,
has to be performed with a careful linearization technique. Such a higher order
asymptotic expansion enables one to obtain a rough error estimate, so that to the
	∞ bound for n and p could be derived. This 	∞ estimate yields the upper and
lower bounds of the two variables, and these bounds have played a crucial role in
the subsequent analysis. Finally, the refined error estimate is carried out to accom-
plish the desired convergence result. It is the first work to combine three theoretical
properties for numerical scheme to the PNP system: unique solvability/positivity-
preserving, energy stability and optimal rate convergence analysis. A few numerical
results are also presented in this article, which demonstrates the robustness of the
proposed numerical scheme.

Appendix A. Proof of Proposition 5.1

Taking a discrete inner product with (5.42), (5.43) by μ̃m+1
n , μ̃m+1

p , respectively,
leads to

〈ñm+1, μ̃m+1
n 〉+ 〈p̃m+1, μ̃m+1

p 〉+Δt(〈A(nm)∇hμ̃
m+1
n ,∇hμ̃

m+1
n 〉

+D〈A(pm)∇hμ̃
m+1
p ,∇hμ̃

m+1
p 〉)

= 〈ñm, μ̃m+1
n 〉+ 〈p̃m, μ̃m+1

p 〉+Δt(〈τm+1
n , μ̃m+1

n 〉+ 〈τm+1
p , μ̃m+1

p 〉)

−Δt(〈A(ñm)∇hV
m+1
n ,∇hμ̃

m+1
n 〉+D〈A(p̃m)∇hV

m+1
p ,∇hμ̃

m+1
p 〉).(A.1)

Because of the separation estimate (5.58), at a point-wise level, the following in-
equalities are available:

〈A(nm)∇hμ̃
m+1
n ,∇hμ̃

m+1
n 〉 ≥

ε�0
2
‖∇hμ̃

m+1
n ‖22,(A.2)

〈A(pm)∇hμ̃
m+1
p ,∇hμ̃

m+1
p 〉 ≥

ε�0
2
‖∇hμ̃

m+1
p ‖22.(A.3)

By the mean-free property (5.38) for the local truncation error terms, the following
estimate can be derived:

〈τm+1
n , μ̃m+1

n 〉 ≤ ‖τm+1
n ‖−1,h · ‖∇hμ̃

m+1
n ‖2 ≤

2

ε�0
‖τm+1

n ‖2−1,h +
1

8
ε�0‖∇hμ̃

m+1
n ‖22,

(A.4)

〈τm+1
p , μ̃m+1

p 〉 ≤ ‖τm+1
p ‖−1,h · ‖∇hμ̃

m+1
p ‖2 ≤

2

Dε�0
‖τm+1

p ‖2−1,h +
1

8
Dε�0‖∇hμ̃

m+1
p ‖22.

(A.5)

For the two terms 〈ñm, μ̃m+1
n 〉 and 〈p̃m, μ̃m+1

p 〉, an application of the Cauchy in-
equality reveals that

〈ñm, μ̃m+1
n 〉 ≤ ‖ñm‖−1,h · ‖∇hμ̃

m+1
n ‖2 ≤

2

ε�0Δt
‖ñm‖2−1,h +

1

8
ε�0Δt‖∇hμ̃

m+1
n ‖22,

(A.6)

〈p̃m, μ̃m+1
p 〉 ≤ ‖p̃m‖−1,h · ‖∇hμ̃

m+1
p ‖2 ≤

2

Dε�0Δt
‖p̃m‖2−1,h +

1

8
Dε�0Δt‖∇hμ̃

m+1
p ‖22.

(A.7)
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For the last two terms on the right hand side of (A.1), we see that

−〈A(ñm)∇hV
m+1
n ,∇hμ̃

m+1
n 〉 ≤ ‖∇hV

m+1
n ‖∞ · ‖A(ñm)‖2 · ‖∇hμ̃

m+1
n ‖2

≤ C�‖ñm‖2 · ‖∇hμ̃
m+1
n ‖2

≤
2(C�)2

ε�0
‖ñm‖22 +

1

8
ε�0‖∇hμ̃

m+1
n ‖22,(A.8)

and, similarly,

(A.9) −D〈A(p̃m)∇hV
m+1
p ,∇hμ̃

m+1
p 〉 ≤

2(C�)2D

ε�0
‖p̃m‖22 +

1

8
Dε�0‖∇hμ̃

m+1
p ‖22.

A substitution of (A.2)–(A.9) into (A.1) leads to

〈ñm+1
, μ̃

m+1
n 〉+ 〈p̃m+1

, μ̃
m+1
p 〉+

ε�0
8
∆t(‖∇hμ̃

m+1
n ‖22 +D‖∇hμ̃

m+1
p ‖22)

≤
2

ε�0∆t
‖ñm‖2−1,h +

2

Dε�0∆t
‖p̃m‖2−1,h +

2∆t

ε�0
‖τm+1

n ‖2−1,h +
2∆t

Dε�0
‖τm+1

p ‖2−1,h

+ 2(C�)2(ε�0)
−1∆t(‖ñm‖22 +D

−1‖p̃m‖22).(A.10)

Moreover, the detailed expansions in (5.44) and (5.46) reveal the following identities:

〈ln Ňm+1 − lnnm+1, ñm+1〉 = 〈ln Ňm+1 − lnnm+1, Ňm+1 − nm+1〉 ≥ 0,(A.11)

〈ln P̌m+1 − ln pm+1, p̃m+1〉 = 〈ln P̌m+1 − ln pm+1, P̌m+1 − pm+1〉 ≥ 0,(A.12)

and

〈(−Δh)
−1(ñm+1 − p̃m+1), ñm+1〉+ 〈(−Δh)

−1(p̃m+1 − ñm+1), p̃m+1〉

= ‖ñm+1 − p̃m+1‖2−1,h

≥ 0,(A.13)

where the positivities of (nm+1, pm+1) and (Ňm+1, P̌m+1) have been applied in the
derivation of (A.11) and (A.12). Then we conclude that

(A.14) 〈ñm+1, μ̃m+1
n 〉+ 〈p̃m+1, μ̃m+1

p 〉 ≥ 0.

For the right hand side of (A.10), the following estimates are available, which come
from the a-priori assumption (5.49):

2

ε�0Δt
‖ñm‖2−1,h ≤

C

ε�0Δt
‖ñm‖22 ≤ C(Δt

9
2 + h

9
2 ),(A.15)

2

Dε�0Δt
‖p̃m‖2−1,h ≤

C

Dε�0Δt
‖p̃m‖22 ≤ C(Δt

9
2 + h

9
2 ),(A.16)

2Δt

ε�0
‖τm+1

n ‖2−1,h ≤ CΔt‖τm+1
n ‖22 ≤ C(Δt7 +Δth8),(A.17)

2Δt

Dε�0
‖τm+1

p ‖2−1,h ≤ CΔt‖τm+1
p ‖22 ≤ C(Δt7 +Δth8),(A.18)

2(C�)2(ε�0)
−1Δt‖ñm‖22 ≤ CΔt‖ñm‖22 ≤ C(Δt

13
2 + h

13
2 ),(A.19)

2(C�)2(ε�0)
−1D−1Δt‖p̃m‖22 ≤ CΔt‖p̃m‖22 ≤ C(Δt

13
2 + h

13
2 ),(A.20)

where the fact that ‖f‖−1,h ≤ C‖f‖2, as well as the linear refinement constraint
C1h ≤ Δt ≤ C2h, have been repeatedly applied. Going back (A.10), we obtain

(A.21)
ε�0
8
Δt(‖∇hμ̃

m+1
n ‖22 +D‖∇hμ̃

m+1
p ‖22) ≤ C(Δt

9
2 + h

9
2 ),
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so that

(A.22) ‖∇hμ̃
m+1
n ‖2, ‖∇hμ̃

m+1
p ‖2 ≤ C(Δt

7
4 + h

7
4 ).

Meanwhile, the error evolutionary equation (5.42) implies that
(A.23)

‖ñm+1 − ñm‖2 ≤ Δt(‖∇h · (A(nm)∇hμ̃
m+1
n )‖2 + ‖∇h · (A(ñm)∇hV

m+1
n )‖2)

+ Δt‖τm+1
n ‖2.

Furthermore, the following estimate is available for the first term, based on a de-
tailed nonlinear expansion in the finite difference space, as well as repeated appli-
cations of discrete Hölder inequality:

‖∇h · (A(nm)∇hμ̃
m+1
n )‖2 ≤ C(‖nm‖∞ · ‖∇h∇hμ̃

m+1
n ‖2 + ‖∇hn

m‖∞ · ‖∇hμ̃
m+1
n ‖2)

≤ CC̃3(‖∇h∇hμ̃
m+1
n ‖2 + ‖∇hμ̃

m+1
n ‖2)

≤ C(Δt
3
4 + h

3
4 ),(A.24)

in which the a-priori estimates (5.53), (5.55) have been used in the second step,
and the following inverse inequality has been applied in the last step:

(A.25) ‖∇h∇hμ̃
m+1
n ‖2 ≤

C‖∇hμ̃
m+1
n ‖2

h
≤ C(Δt

3
4 + h

3
4 ).

The second term on the right hand side of (A.23) could be similarly analyzed:

‖∇h · (A(ñm)∇hV
m+1
n )‖2 ≤ C(‖ñm‖2 · ‖∇h∇hV

m+1
n ‖∞

+ ‖∇hñ
m‖2 · ‖∇hV

m+1
n ‖∞)

≤ CC�(‖ñm‖2 + ‖∇hñ
m‖2)

≤ C(Δt
7
4 + h

7
4 ),(A.26)

in which the regularity assumption (5.48) has been recalled in the second step, while

an inverse inequality ‖∇hf‖2 ≤ C‖f‖2

h has been applied in the last step. Therefore,
a combination of (A.24), (A.26) and (A.23) results in
(A.27)

‖ñm+1 − ñm‖2 ≤ C(Δt
7
4 + h

7
4 ) +C(Δt

11
4 + h

11
4 ) +C(Δt4 +Δth4) ≤ C(Δt

7
4 + h

7
4 ).

A similar estimate could be derived for ‖p̃m+1 − p̃m‖2:

‖p̃m+1 − p̃m‖2 ≤ C(Δt
7
4 + h

7
4 ).(A.28)

As a consequence, a combination with the a-priori error bound (5.49) (at the pre-
vious time step) results in a rough error estimate for ñm+1, p̃m+1:

(A.29)
‖ñm+1‖2 + ‖p̃m+1‖2 ≤ ‖ñm‖2 + ‖p̃m‖2 + ‖ñm+1 − ñm‖2 + ‖p̃m+1 − p̃m‖2

≤ Ĉ(Δt
7
4 + h

7
4 ),

under the linear refinement requirement C1h ≤ Δt ≤ C2h, with Ĉ dependent on
the physical parameters. This inequality is exactly the rough error estimate (5.59).
The proof of Proposition 5.1 is complete.
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Appendix B. Proof of Lemma 5.1

Looking at a single mesh cell (i, j, k) → (i + 1, j, k), we make the following
observation:

Dx(ln Ň
m+1 − lnnm+1)i+1/2,j,k

=
1

h
(lnNm+1

i+1,j,k − lnNm+1
i,j,k )−

1

h
(lnnm+1

i+1,j,k − lnnm+1
i,j,k )

=
1

ξN
DxN

m+1
i+1/2,j,k −

1

ξn
Dxn

m+1
i+1/2,j,k

=

(

1

ξN
−

1

ξn

)

DxN
m+1
i+1/2,j,k +

1

ξn
Dxñ

m+1
i+1/2,j,k,(B.1)

in which the mean value theorem has been repeatedly applied, where
(B.2)

ξN is between N
m+1
i+1,j,k and N

m+1
i,j,k , and ξn is between nm+1

i+1,j,k and nm+1
i,j,k .

In turn, its product with Dxñi+1/2,j,k leads to

Dxñi+1/2,j,k ·Dx(ln Ň
m+1 − lnnm+1)i+1/2,j,k

=

(

1

ξN
−

1

ξn

)

DxN
m+1
i+1/2,j,k ·Dxñi+1/2,j,k +

1

ξn
|Dxñ

m+1
i+1/2,j,k|

2.(B.3)

For the second part, the rough ‖ · ‖∞ estimate (5.63) for nm+1 implies that 0 <

ξn ≤ C̃3, which in turn gives

(B.4)
1

ξn
≥

1

C̃3

and
1

ξn
|Dxñ

m+1
i+1/2,j,k|

2 ≥
1

C̃3

|Dxñ
m+1
i+1/2,j,k|

2.

For the first term on the right hand side of (B.3), we begin with the following
identity:

1

ξN
=

lnNm+1
i+1,j,k − lnNm+1

i,j,k

N
m+1
i+1,j,k − N

m+1
i,j,k

=
ln

(

1 +
N

m+1

i+1,j,k
−N

m+1

i,j,k

N
m+1

i,j,k

)

N
m+1
i+1,j,k − N

m+1
i,j,k

.(B.5)

By setting t
(0)
N =

N
m+1

i+1,j,k
−N

m+1

i,j,k

N
m+1

i,j,k

, the following Taylor expansion is available:

(B.6) ln(1 + t
(0)
N ) = t

(0)
N −

1

2
(t

(0)
N )2 +

1

3
(t

(0)
N )3 −

1

4
(t

(0)
N )4 +

1

5(1 + ηN )5
(t

(0)
N )5,

with ηN between 0 and t
(0)
N . Its substitution into (B.5) yields

1

ξN
=

1

N
m+1
i,j,k

−
N

m+1
i+1,j,k − N

m+1
i,j,k

2(Nm+1
i,j,k )

2
+

(Nm+1
i+1,j,k − N

m+1
i,j,k )

2

3(Nm+1
i,j,k )

3
−

(Nm+1
i+1,j,k − N

m+1
i,j,k )

3

4(Nm+1
i,j,k )

4

+
1

5(1 + ηN )5
(Nm+1

i+1,j,k − N
m+1
i,j,k )

4

(Nm+1
i,j,k )

5
.(B.7)
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A similar equality could be derived for 1
ξn
:

1

ξn
=

1

nm+1
i,j,k

−
nm+1
i+1,j,k − nm+1

i,j,k

2(nm+1
i,j,k )

2
+

(nm+1
i+1,j,k − nm+1

i,j,k )
2

3(nm+1
i,j,k )

3
−

(nm+1
i+1,j,k − nm+1

i,j,k )
3

4(nm+1
i,j,k )

4

+
1

5(1 + ηn)5
(nm+1

i+1,j,k − nm+1
i,j,k )

4

(nm+1
i,j,k )

5
,(B.8)

with ηn between 0 and t
(0)
n =

nm+1

i+1,j,k
−nm+1

i,j,k

nm+1

i,j,k

. In addition, the following estimates

are derived:

(B.9)
∣

∣

∣

1

N
m+1
i,j,k

−
1

nm+1
i,j,k

∣

∣

∣
=

∣

∣

∣

ñm+1
i,j,k

N
m+1
i,j,k n

m+1
i,j,k

∣

∣

∣
≤

2

(ε�0)
2
|ñm+1

i,j,k |,

and
∣

∣

∣

N
m+1
i+1,j,k − N

m+1
i,j,k

(Nm+1
i,j,k )

2
−

nm+1
i+1,j,k − nm+1

i,j,k

(nm+1
i,j,k )

2

∣

∣

∣
≤

∣

∣

∣

ñm+1
i+1,j,k − ñm+1

i,j,k

(nm+1
i,j,k )

2

∣

∣

∣

+
∣

∣

∣

(Nm+1
i+1,j,k − N

m+1
i,j,k )(n

m+1
i+1,j,k − N

m+1
i,j,k )ñ

m+1
i,j,k

(Nm+1
i,j,k )

2(nm+1
i,j,k )

2

∣

∣

∣

≤
4

(ε�0)
2
(|ñm+1

i,j,k |+ |ñm+1
i+1,j,k|)

+
2C�(C� + C̃3)

1
4
(ε�0)

4
|ñm+1

i,j,k |

≤ Q
(2)(|ñm+1

i,j,k |+ |ñm+1
i+1,j,k|),(B.10)

where

Q(2) :=
4

(ε�0)
2
+

8C�(C� + C̃3)

(ε�0)
4

,

and the rough ‖ · ‖∞ estimate (5.63), the regularity assumption (5.40), and the
separation property (5.39) have been extensively applied. The two other difference
terms could be similarly analyzed:

∣

∣

∣

(Nm+1
i+1,j,k − N

m+1
i,j,k )

2

(Nm+1
i,j,k )

3
−

(nm+1
i+1,j,k − nm+1

i,j,k )
2

(nm+1
i,j,k )

3

∣

∣

∣
≤ Q(3)(|ñm+1

i,j,k |+ |ñm+1
i+1,j,k|),(B.11)

∣

∣

∣

(Nm+1
i+1,j,k − N

m+1
i,j,k )

3

(Nm+1
i,j,k )

4
−

(nm+1
i+1,j,k − nm+1

i,j,k )
3

(nm+1
i,j,k )

4

∣

∣

∣
≤ Q(4)(|ñm+1

i,j,k |+ |ñm+1
i+1,j,k|),

where Q(3), Q(4) only depend on ε�0, C� and C̃3. For the remainder terms, we
observe that

|Nm+1
i+1,j,k − N

m+1
i,j,k | = h|DxN

m+1
i+1/2,j,k| ≤ h‖DxN

m+1‖∞ ≤ C�h,(B.12)

|t
(0)
N | =

∣

∣

∣

N
m+1
i+1,j,k − N

m+1
i,j,k

N
m+1
i,j,k

∣

∣

∣
≤ C�(ε�0)

−1h ≤ Q(5)h ≤
1

2
,(B.13)

where Q(5) = C�(ε�0)
−1 and where we have used ε�0 ≤ N

m+1
i,j,k . Furthermore |ηN | ≤ 1

2 ,
so that

(B.14) |1 + ηN | ≥
1

2
and

∣

∣

∣

1

5(1 + ηN )5

∣

∣

∣
≤

32

5
.
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Finally,

(B.15) |R1| =
∣

∣

∣

1

5(1 + ηN )5
(Nm+1

i+1,j,k − N
m+1
i,j,k )

4

(Nm+1
i,j,k )

5

∣

∣

∣
≤

32

5
·
(C�h)4

(ε�0)
5

≤ Q(6)h4,

with Q(6) = 32(C�)4

5(ε�
0
)5 . The other remainder term has a similar bound

(B.16) |R2| =
∣

∣

∣

1

5(1 + ηn)5
(nm+1

i+1,j,k − nm+1
i,j,k )

4

(nm+1
i,j,k )

5

∣

∣

∣
≤

32

5
·
(C̃3h)

4

1
32 (ε

�
0)

5
≤ Q(7)h4,

with Q(7) =
1024C̃4

3

5(ε�
0
)5 . Consequently, a combination of (B.9)–(B.11), (B.15) and

(B.16) indicates that
∣

∣

∣

1

ξN
−

1

ξn

∣

∣

∣
≤ Q(0)(|ñm+1

i,j,k |+ |ñm+1
i+1,j,k|) +Q�h4,(B.17)

with

Q(0) =
2

(ε�0)
2
+

1

2
Q(2) +

1

3
Q(3) +

1

4
Q(4) and Q� = Q(6) +Q(7).

Then we arrive at an estimate for the first part on the right hand side of (B.3):
(

1

ξN
−

1

ξn

)

DxN
m+1
i+1/2,j,k ·Dxñi+1/2,j,k

≥ −(Q(0)(|ñm+1
i,j,k |+ |ñm+1

i+1,j,k|) +Q
�
h
4) · C� · |Dxñi+1/2,j,k|

≥ −(Q(0)(|ñm+1
i,j,k |+ |ñm+1

i+1,j,k|) +Q
�
h
4)2(C�)2C̃3 − (4C̃3)

−1|Dxñ
m+1
i+1/2,j,k|

2
.(B.18)

Subsequently, a combination of (B.3), (B.4) and (B.18) results in

Dxñi+1/2,j,k ·Dx(ln Ň
m+1 − lnnm+1)i+1/2,j,k

≥ −(Q(0)(|ñm+1
i,j,k |+ |ñm+1

i+1,j,k|) +Q
�
h
4)2(C�)2C̃3 +

3

4C̃3

|Dxñ
m+1
i+1/2,j,k|

2

≥
3

4C̃3

|Dxñ
m+1
i+1/2,j,k|

2−4(Q(0)
C

�)2C̃3(|ñ
m+1
i,j,k |

2+|ñm+1
i+1,j,k|

2)−2(Q�
C

�)2C̃3h
8
.(B.19)

Notice that this inequality is valid at a point-wise level. With summation over
space, and keeping in mind of the a-priori ‖ · ‖∞ estimate (5.53), (5.58) for nm, we
obtain

〈A(nm)∇h(ln Ň
m+1 − lnnm+1),∇hñ

m+1〉

≥
ε�0
2

·
3

4C̃3

‖∇hñ
m+1|22 − 8(Q(0)C�)2C̃2

3‖ñ
m+1‖22 − 2(Q�C�)2C̃2

3 |Ω|h
8.(B.20)

This proves the first nonlinear estimate (5.64), by setting γ
(0)
n =

3ε�0
8C̃3

, M
(0)
n =

8(Q(0)C�)2C̃2
3 , and M

(1)
n = 2(Q�C�)2C̃2

3 |Ω|. The second nonlinear estimate (5.65)
could be derived exactly in the same manner. The details are skipped for the sake
of brevity.
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