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1. Introduction

In this paper, we consider the numerical approximations of the
Cahn-Hilliard-Darcy phase-field model of the two-phase Hele-
Shaw flow system (CHD, for short). The term Hele-Shaw (or
Hele-Shaw cells) is commonly used to describe the motions of
viscous fluids which is limited by two parallel plates with a very
small gap. For this type of flow, the fluid motion conforms to the
mechanical principles in porous media, and the boundary condi-
tions are defined by the pressure. Starting with the pioneering
work in [1], the Cahn-Hilliard equation describing the two-phase
flows is coupled with the Darcy equations to simulate the motion
of the two-phase fluid flow confined in two flat plates, in which
both fluids are assumed to be inertialess. Similar models had also
been used to describe tumor growth, see [2,3]. Although the CHD
model has received extensive attention, as a complex nonlinear
system, to develop easy-to-implement, accurate, and uncondi-
tional energy stable schemes for solving it is still very challenging.
The main difficulty lies on how to discretize the following three
terms, (i) the coupling of the velocity and phase-field function
through the nonlinear advection and surface tension; (ii) the
stiffness term related to the interfacial width due to the nonlinear
double-well potential; and (iii) the coupling between the velocity
and pressure through the divergence-free condition in the Darcy
equation.

* The review of this paper was arranged by Prof. Hazel Andrew.
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The difficulty referred in (ii) means that for a nonlinear term
that causes stiffness, simple implicit or explicit type discretization
may lead to strict stability constraints on the time step (cf. [4,5]),
resulting in practical inefficiency. We recall that many successful
efforts have been made in the direction of designing appropriate
discretization for nonlinear terms to obtain unconditionally en-
ergy stable schemes. Some well-known methods include, but are
not limited to: the convex splitting [6-11], the linear stabiliza-
tion [5,12,13], the Invariant Energy Quadratization (IEQ) [14-17]
and its various version of the Scalar Auxiliary Variable (SAV)
[18-20], nonlinear implicit derivative [21], nonlinear quadra-
ture [22-24] methods, etc. Therefore, it can be considered that
the difficulty (ii) has been solved well. The difficulty mentioned in
(iii) can also be easily solved by the direct method [25,26], or the
projection-type method [27-34]. Therefore, we can also consider
that it has been solved well.

Regarding the difficulty referred to in (i), we recall that there
is also a successful scheme developed in [11,28] that can achieve
the full decoupling structure, second-order time accuracy, and
unconditional energy stability. Its key idea is to use the convex-
splitting method to deal with the double-well potential and the
way of implicit-explicit combination to deal with the advection
and surface tension. For this scheme, we temporarily ignore its
relatively expensive computational cost due to the nonlinearity
and only discuss the decoupling method developed therein. It
is worth noting that the implicit-explicit combination used in
[11,28] to deal with advection and surface tension is a very
common method that has been widely adopted to deal with
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the same terms that appear in the Cahn-Hilliard-Navier-Stokes
system (referred to as CH-NS) for two-phase flow, cf.[10,11,13,
14,34-37]. However, for the CH-NS system, this method can
only generate a fully-coupled scheme. Hence, a natural question
arises: when dealing with the same terms in the same way, what
causes the completely different result, that is, the fully-decoupled
scheme for the CHD model and the fully-coupled scheme for the
CH-NS model? The answer is contained in the special format
of the Darcy equation, where the pressure gradient and velocity
satisfy an explicit linear relationship. Therefore, the fluid veloc-
ity can be given explicitly by the pressure, so as to achieve a
fully-decoupled scheme. However, in the Navier-Stokes equation,
there is no similar explicit relationship between the velocity
and pressure gradient at all. Therefore the way of the implicit
and explicit combination of advection and surface tension will
inevitably lead to a fully-coupled scheme.

Therefore, in this paper, we aim to construct a novel full
decoupling scheme for the CHD model. This scheme does not
require an explicit relationship between the velocity and pres-
sure, and can also achieve the fully-decoupling and second-order
accuracy. We expect the scheme to be linear and unconditionally
energy stable as well. To achieve the full decoupling structure,
we take advantage of a well-known but often overlooked special
property, the so-called “zero-energy-contribution” feature [38-42]
satisfied by the two coupling terms advection and surface ten-
sion. When deducing the energy law, if a proper test function
is selected to perform the inner product, these two coupling
terms will cancel each other out. In other words, the contribu-
tion of these two terms to the energy is zero. We apply this
property and develop a novel way to deal with these terms, by
adding a specially designed ordinary differential equation (ODE)
to the system that contains the inner product of these nonlinear
terms. This ODE is trivial at the continuous level because all the
terms in it are zero. But after discretization, it can help elimi-
nate all the troublesome nonlinear terms to obtain unconditional
energy stability. Besides, the nonlocal variable can be used to
decompose all equations into two sub-equations which can be
solved independently. As a result, the fully-decoupled feature is
achieved.

After combining this novel decoupling method with the pro-
jection type method for the Darcy fluid equation, and the SAV
method that is used to linearize the nonlinear double-well po-
tential, we arrive at an effective numerical scheme with all the
desired properties (linear, fully-decoupling, second-order accu-
rate in time, and unconditionally energy stable). Although the
developed scheme is not the first and unique fully-decoupled
scheme for solving the CHD model, compared with the scheme
in [11,28], it has two advantages. First, the scheme in [28] uses the
convex-splitting method, and its nonlinear nature requires more
time expense (cf. Fig. 4.7 (b)), while the scheme developed here is
linear and very effective in practice because we only need to solve
a few fully-decoupled elliptic equations with constant coefficients
at each time step. Second, the scheme developed in [28] utilizes
the special property of the Darcy equation, so it is difficult to
generalize to other type of fluid coupling system, while the new
decoupling method can be used to construct efficient numerical
schemes for many coupled nonlinear models, not only the Darcy
equation considered in this paper but also the Navier-Stokes
equations [14,43], magnetic field [44], electric field [45,46], heat
equations [17,47], etc.

The rest of the article is organized as follows. We briefly de-
scribe the CHD model and derive its energy structure in Section 2.
In Section 3, a fully decoupled numerical scheme is constructed,
and then its implementation is described in detail. The solvability
and unconditional energy stability are proved rigorously as well.
In Section 4, we implement the developed scheme and test its
accuracy/stability by simulating plenty of 2D and 3D examples.
Some concluding remarks are given in Section 5.
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2. Cahn-Hilliard-Darcy system

Now, we briefly introduce the Cahn-Hilliard-Darcy phase-
field model for the two-phase Hele-Shaw flow system. Suppose
that £2 is a smooth, open bounded, connected domain in R
d = 2, 3. Let ¢(x, t) be a phase-field variable (or called labeling
function) to represent the volume fraction of the two distinct fluid
components in the fluid mixture, i.e.,

o0 ) {1 fluid 1, o1

—1 fluid 2,
with a thin, smooth transition region with a width O(e). The
total free energy is postulated as a combination of the gradient
potential and Ginzburg-Landau type double-well functional:

1
@) = [ M51V0 + )i, (22
2

where F(¢) = 4%2(¢2 — 1), A accounts for the surface tension
parameter. The gradient entropy acts as the hydrophilic type of
interaction (the tendency to mix), and the double-well potential
represents the hydrophobic type of interaction (the tendency to
separate).

Assuming that the fluid motion conforms to the mechanical
principles in porous media and follows the generalized Fick’s law
of mass flux proportional to the chemical potential gradient, the
Cahn-Hilliard-Darcy model reads as:

¢+ V- (up)=MAp, (2.3)
= M—-4¢ +f(9)), (2.4)
Tw+oau+Vp+oVu =0, (2.5)
V.-u=0, (2.6)

where u is the nondimensionalized seepage velocity, f(¢) =
F'(¢) = e%(d)3 — ¢), T is a positive parameter, M is the mobility
parameter, p is the pressure, « is the dimensionless hydraulic
conductivity. Note the time derivative of the seepage velocity u
is retained for flows in porous medium, cf. [11,28,48,49].

We consider one of the following two types of boundary
conditions or their combination:

(i) all variables are periodic, or
(i) u-nljo= nolye= dnitlae= 0,
where n is the unit outward normal on the boundary 952. Re-

markably, if the boundary conditions are (ii), then it is easy to
derive that

(2.7)

nplae= 0. (2.8)
The initial conditions read as
u|¢—0y=u’, ple—oy= P’ Plic—0)= ¢°. (2.9)

The system (2.3)-(2.6) admits the law of energy dissipation
which can be derived by the following process. By multiplying
the inner product of (2.3) with —u in L?, we derive

—(¢e, 1) = M| Vpul® + /Q V - (ug)pdx. (2.10)

By taking the L? inner product of (2.4) with ¢;, we obtain

A [,
(mf)—a/Q(ilvw  AF(¢))dx. (2.11)

By taking the L? inner product of (2.5) with u and using integra-
tion by parts and (2.6), we obtain
d

£ %|u|2dx+cx||u||2+/ $Vu - udx = 0.
2

2.12
i /. (2.12)
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By combining the above three equalities, we obtain the energy
law as follows,

d

2 EW @)= =MVl —alul?, (2.13)
where the two negative terms on the right end prescribe the
energy diffusive rate and

1
E(u, ¢) =/(%|u|)2 +?»(5|V<i>|2 + F(¢))dx. (2.14)
2

Remark 2.1. When deriving the PDE energy law (2.13), the
two nonlinear terms are canceled by using integration by parts,
namely,

/(¢w ‘u+ V- (up)u)dx = 0. (2.15)
2

This shows that the advection and surface tension terms have
no contribution to the total free energy or energy diffusivity.
Therefore, the “zero-energy-contribution" feature behind these

two terms inspires us to design a fully decoupled scheme, which
will be given in the next section.

We fix some notations here. For each k > 0, let (-, -); and || - ||x
be the H¥(£2) inner product and norm, respectively (H°(2) =
L?(£2)). We use (-, -)and ||-|| to denote the L? inner product and its
norm, respectively. For any given integer N > 0, we set t = T/N
as the time step, and set " as the numerical approximation of
the value of solution (-, t) at t = t" =ndt,0 <n <N.

3. Numerical scheme

This section aims to construct a time marching scheme to
solve the CHD system (2.3)-(2.6) and it is expected to be fully-
decoupled, linear, second-order accurate, and unconditionally en-
ergy stable. To this end, we introduce a new method in this
paper, the main idea of which is to combine several approaches
that have been proved to be effective. First, the projection-type
method is used to discretize the Darcy equations. Second, for the
nonlinear term f(¢), we use the recently developed SAV approach
in which an auxiliary variable is used to convert the nonlinear
part of the energy to a quadratic form. This approach helps us to
obtain a linear scheme. Third, for advection and surface tension
terms with the “zero-energy-contribution” property, we intro-
duce a second auxiliary variable and a trivial ODE associated with
it. This method brings three benefits. First, the modified system is
equivalent to the original system. Second, the coupled nonlinear
terms can be dealt with explicitly when discretizing the system.
Third, this variable decomposes all equations into multiple inde-
pendent sub-equations that can be solved independently, thereby
achieving the full-decoupling. The detailed process is shown as
follows.

First, we introduce a nonlocal auxiliary variable Q(t) and de-
sign a special ODE that reads as

Q= [ (V- (U + (SV) - u) d,
2

Qli=0=1,
u-nlyo=0, or all variables are periodic.

(3.1)

It is easy to derive that the ODE (3.1) is equivalent to a trivial ODE
(Q: = 0, Q|(t=0)= 1) which has the solution of Q(t) = 1.

Second, we define the first nonlocal auxiliary variable U(t) as a
square root of the integral of the double-well potential, that read
as

U= / F(¢)dx + B, (3.2)
2
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where B is a constant ensuring a positive radian. This is the so-
called SAV method that is very efficient to linearize the nonlinear
terms induced by the free energy potential.

Then, by using the two nonlocal variables Q, U, and combining
the ODE system (3.1) with the CHD system (2.3)-(2.6), we obtain
the following equivalent form:

¢ +QV - (up)=MApu, (3.3)
1= M—A¢ + HU), (3.4)
Ut == 1/ HQS[dX, (35)
2 /o
U + au+ Vp+ QpVu = 0, (36)
V.u=0, (3.7)
o= / (V- (Ut + (Vi) - ) d, (38)
2
where
H(g) = — ) (3.9)

[, F(¢)dx + B

The transformed system (3.3)-(3.8) in the new variables
(u,p, ¢, u,Q,U) forms a closed PDE system with the following
initial conditions,

=)= u°, plie=0y=p°, le=0)= ¢°,

(3.10)
Ql(t:0)= 1, U|(t:0)= / F(¢0)dX+B.
2

Note the two Egs. (3.5) and (3.8) for the new variables U, Q are
only differential equations in time, hence the boundary condi-
tions of the new system (3.3)-(3.8) are still (2.7).

Remark 3.1. The new system (3.3)-(3.8) is exactly equivalent
to the original PDE system (2.3)-(2.6) since the summation of
two nonlinear integral terms in (3.8) is equal to zero by using
integration by parts, which means Q(t) = 1. Therefore, we
multiply Q to the advection term V -(u¢) and the surface tension
¢Vu will not change anything of the system. Meanwhile, after
integrating (3.5) with time t and using the initial condition (3.10),
we directly get (2.4).

The transformed system (3.3)-(3.8) also follows an energy
dissipative law which can be derived by a similar process to
obtain (2.13). We present the details here since the discrete
energy stability proof follows the same approach. We multiply
the L? inner product of (3.3) with u to get

(¢>f,u)+MIIVu||2+Q/ V - (up)pdx = 0. (3.11)
o’
Iy
By taking the L? inner product of (3.4) with ¢;, we obtain
d A
—(u, ¢) + —/ Z|Vo|2dx + AU/ H¢edx = 0. (3.12)

By taking the L? inner product of (3.5) with 24U, we obtain

d
—(AU?) = w/ Heedx = 0.
dt o

By taking the L? inner product of (3.6) with u and using (3.7), we
obtain

d T
L I updx + aful? + Q/ (6V4) - udx = 0.

(3.13)

(3.14)

114
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(a) SAV with §t = 0.01.

Fig. 4.1. Stability tests computed by the scheme SAV ((3.17)-
energy (2.14) and modified energy (3.57) are plotted in each subfigure.

By taking the L? inner product of (3.8) with Q, we obtain
d (Qz /
dt 2

By combmmg the above five equalities and noting that the
terms I; and I, II; and I, are canceled respectively, we obtain
the energy law as follows,

2
t ([ G+ Smomasa+ )

= M| Vul* — «|u|?

- (u¢ de+Q/ (pV ) - udx. (3.15)

153

dt
(3.16)

Remark 3.2. The advantages of adding a simple ordinary dif-
ferential equation for Q can be seen from the above energy
law derivation process. Note that the term I is offset by term
I, and term II; is offset by term Il,. In this way, we can use
different methods to discretize Iy and II; because they no longer
need to cancel each other out, making it possible to design a
fully-decoupled scheme.

Now, we are ready to develop a numerical scheme to solve
(3.3)-(3.8). Based on the second-order backward differentiation
formula (BDF2), a time marching scheme is constructed as fol-

lows.
We compute a1, u™!, gt m+1 yntl Qntl by

a n+1 _ b n c n—1

: 23; T L QMY gty = Map™, (3.17)

S
Mn+l — A(—A¢"+l +H*U"+l + 7(¢n+1 _ ¢*)), (3.18)
€
au™! — pu™ 4 cU™!
1
= 5/ H*(ap™! — bo™ + co™ 1)dx (3.19)
2

au"! — pu" 4 cu™! .

- + 4 O[unJrl
28t
+Vp"+ Q"¢ Vi =0, (3.20)
aQn-H _ bQTI + CQn—l
25t
:/ (V.(u*qs*)u"“ (p*V ™) - "+1) dx, (3.21)
k2]

and

a -
_L_i(uIH—] _ ul’l+1) + V(pl’H—l _ pn) — 0’ (322)

26t
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(b) SAV with 6t = 0.01/2".

(3.23) with S = 0) with two different time steps (a) §t = 0.01 and (b) 8t = 0.01/27, where the original

V.ul =0, (3.23)
where

a=3,b=4,c=1,

ut=2u" —u" = 29" — ", (3.24)

p=2u" = p" L HY = H($Y),
S > 0 is a pre-assigned stabilization parameter. We set the
boundary conditions to be periodic or

P o= 0" so= 0" se=u""" - n|;o=0. (3.25)
Remark 3.3. A second-order pressure-correction scheme is used
to decouple the computation of the pressure from that of the
velocity, see [11,27,28,28-34,50]. The initialization of the second-
order scheme requires the values of all variables at t = t!,
which can be obtained by constructing a first-order scheme using
the backward Euler method. In the above second-order scheme
(3.17)-(3.23), by setting a = 2,b = 2,c = 0, and ¥* = y° for
any variable 1, the first-order scheme can be easily obtained.

Remark 3.4. We add an extra second-order linear stabilization
term related to S in (3.18). Although this term introduces ex-
tra error of —(St O @(+), its magnitude is comparable with the
error caused by the second-order extrapolated nonlinear term
f(¢). In Section 4, we present sufficient numerical evidence that
the stabilizer is essential for maintaining accuracy and improv-
ing the energy stability while using large time steps, see the
accuracy/stability tests shown in Fig. 4.1, 4.2, and 4.6 (cf. [20]).

However, it seems that the scheme (3.17)-(3.23) is not a
fully-decoupled scheme we expect. It looks more like a fully-
coupled scheme, instead. Since all variables are related tightly,
it may require expensive iterative solvers in practical computa-
tions. To achieve the fully-decoupled implementation, we need
take advantage of the nonlocal properties of U and Q. We do
not need to explicitly solve them, but use them to divide all
variables into several equations that can be solved independently.
In this way, as long as by solving several linear equations with
constant coefficients, the final solution can be obtained, which
can greatly reduce the actual computational cost. The specific
implementation process is as follows.

First, we use the nonlocal scalar variable Q™! to split
(¢, u, Uy into a linear combination that reads as

¢n+l_
P = QT s,

+1 __ +1 +1yn+1
Ut =uit QMU

n+l+Qn+] n+1

)

(3.26)
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SAV: §t=0.01/28
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(b) Energy evolution computed by SAV and DSAV.

Fig. 4.2. (a) Stability tests computed by DSAV with seven different time steps, where the original energy (2.14) is plotted. (b) The evolutions over time of the total
free energy (2.14) computed by SAV with §t = 0.01/2% and DSAV with 8t = 0.01/2%.

Then the scheme (3.17)-(3.18) can be rewritten as

a

2Mét
_ A(/Ln+1

1
— (bo" —
+2M8t(¢

’uq-H + Qn+1ug+1

( n+1 + Qn+l¢n+1) + %Qﬂ—}—lv . (u*(p*)

Q" s
cp™ M),

= <—AA + %)( n+l Qn+l¢n+l)

(3.27)

S
+H(UTT QM — ¢,

According to Q"*!, the linear system (3.27) can be decomposed
into two sub-systems as follows:

a n+1 n+l
+ Ay,
2Ms5t S (3.28)
Mq+1 _ (—AA i :2) e Un+1 4B,
a n+1 n+1
+ Ay,
2Ms5t ; (3.29)
i = (—AA+ ?2) nel Ly ey
where A1,A2, B, are explicit, that read as
A= (b9 — "), By = — 2 Ay = — -V (w7 )
ETVEY: T et Ty '

Note that the two subsystems (3.28) and (3.29) have the same
form, so we only need to introduce a method to solve any one
of them, and the other follows the same rule. We take the first
subsystem (3.28) as an example. To solve (3.28), we continue to
use the split technique, that is, the variables (¢1, )" are split
into a linear combination form by the variable UT*! which read
as

= U T = U (330)
By substituting the split form of all variables in (3.30) into (3.28)
and decomposing the results according to U{'“, we obtain two
independent subsystems that read as

a

2Mét
S
1 1
wiit = (—AA—i- ?2) m 4By,

??—1 n+l +A1,
(3.31)

a
+1 +1
IMst no=Au

S
Mql;rl — (_}LA_i_Z) n+l+H*

(3.32)

The boundary conditions for (3.31)-(3.32) are either periodic
or

1
n¢n+ |BS?: 0

One can easily solve (¢11, 12, 11, m12)"" ! from the above two
sub-systems (3.31)-(3.32) since all nonlinear terms are given
explicitly.

We continue to solve (3.29) in a similar way where the vari-
able Uy is used to split (¢, o)™ into a linear combination,
ie.,

ﬂ¢?;1|39 8““11 lag= nﬂqz—lbg: 0. (3.33)

P R URO  = U (334)
Then the unknowns (g1, ¢22, f21, 22)"T! can be obtained by
solving another two subsystems that are similar to (3.31)-(3.32)
with the periodic or similar boundary conditions as (3.33).
Second, we rewrite (3.19) as the following form
1
Ul = — / H*¢" dx + g", (3.35)
2Ja
where g" = 1(bU" — cU"1) — L [ H*(bg" — c¢™ ')dx is an ex-
plicit form. Substituting the linear form of (U, ¢)**! represented
by Q™! given in (3.26) into (3.35), we get

1

7/ H( n+1 Qn+1¢n+1)dx+g (3.36)
2

Ut QMU = o

Then, according to Q™*!, we decompose (3.36) into the following
two equalities:

1

U?H — 7/‘ H*qﬂ“dx—i—g”,
2Ja

urtt = 1/ H*¢)+dx.
2Je

Substituting the linear form of (¢, ¢;)"*" represented by U
given in (3.30) into (3.37), we get

1
U;H—l:E/QH( n+1+Un+l n+1)dx+g ,
1

7/ H( n+1+Un+l n+1)dx.
2 Je

(3.37)

(3.38)
Uyt =
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After applying a simple factorization to (3.38), we derive

_ 3 fg H* n+1dx+g (3 39)
1 _Ef:zH*‘ibl;]dx '
1o H*¢y dx
-3Je H*¢b3 dx
We need verify that U{’“ and U;“ are solvable. This can be

obtained by applying a simple energy estimate to the subsystem
(3.32). For any ¢ € [*(£2) with [, ¥dx = 0, we define A~'y by

n+1
U]

Uyt = (3.40)

A¢:1//,/Q¢dx20. (3.41)

Applying A~! to the first equation of (3.32) and combining the
result with the second equation of (3.32), we get

a

S
—1 ,n+1 n+1 *
=(—2A+ — H*. 3.42
2Mét 2 = Tk (342)
By taking the L? inner product of (3.42) with q)?z* ! we derive
—/ H*¢ dx
2
VA~ 1pnH AV 2 anl
ZM(St” TP+ A Ve P + - |I¢ &
(3.43)

Hence, the denominator in (3.39) is non-zero, which means that
Uf“ is always solvable. Similarly, U;H can be always solved
from (3.40) as well. After calculating U™ and Uj*!, we further
obtain ¢!, 1! from (3.30), and ¢“+1, pat! from (3.34).

Third, for the velocity field ™!, u’1+1 and the pressure p"t!
in the scheme (3.20) and (3.22)-(3.23), we also use the nonlocal
variable Q™! to split them as the following linear combinations:

ﬁn+l _ ~n+1 +Qn+1~n+1

)

"

lln+l n+1+Qn+1 n+1 (3-44)

n+l + Qn+l n+1.
By replacing these variables (i1, u, p)*™*! in the scheme (3.20) and
(3.22)-(3.23), and then splitting the obtained equations according
to Q"*!, we arrive at a system that includes two sub-equations.
More precisely, from (3.20), the two split variables u"“ i=1,2
follow the equations:

a .
‘L’—lanrl +aun+1 =01,
200! ] ] (3.45)
7un+ un+ _ ,
T 2t + o =03
where o1, 0, are explicit forms that are given by
bu" — cu™!
o1=-Vp'+t1———,00 = —0*Vu*. (3.46)
268t
Similarly, from (3.22)-(3.23), the two split variables u] "', p*',
i =1, 2 follow the equations:
a
ti(ur]Prl n+1) + Vpn+1 =K. V- ul]1+1 -0,
2ot (3.47)
ri(ugﬂ n+1) 4 Vpn+1 =iy, V. ugﬂ =0,
268t
where x; = Vp" and «; = 0. We request the two split variables
pf“ i = 1, 2 follow the boundary conditions described in (3.25),

i.e, they are either periodic or satisfy:

3ap! 0= 0. (3.48)

Fourth, we solve the auxiliary variable Q"*'. Using the split
form for the variables ™!, t"*!, one can rewrite (3.21) as the
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following form:
a n+1 1 n
= — b —
(28t 22)Q 28t( ¢

where 9; are all known from previous steps:

Q")+ v, (3.49)

0,:/ (V- (")l + (¢*vp*) - o) dx,i=1,2.  (3.50)
2

We need verify that Eq. (3.49) is solvable. By taking the L? inner
product of the second equation in (3.45) with u”“ we obtain

a
- / @'V W= (1o )i, 220, (351)
5 25t

By taking the L? inner product of the first equation in (3.29) with

Mu““ and of the second equation in (3.29) wit —ﬁ "1 and

then merging the two obtained equalities, we obtain
_ / V. (u*(P*)Mg-'—]dx
2

= GV + 5 S IO5 ) MV

+ —Ug“ / H*qsg“dx. (3.52)
2

25t
From (3.37), it is easy to see that UJ™' [ H*¢)™'dx =
([, H* ¢35 dx)? > 0. Thus
- / V- (u* " )uitldx > 0. (3.53)
2

The two inequalities (3.51) and (3.53) imply —©, > 0 and then
5; — U2 # 0, namely, (3.49) is always solvable.

Finally, we update ¢™!, u"*1, U™ from (3.26), u
and p™! from (3.44).

In summary, we implement the scheme (3.17)-(3.23) in the
following way:

an+1 un+1Y

e Step 1: Compute (¢, i), i,j= 1,2 from (3.31)-(3.32)
and another similar two subsystems split from (3.29) using
the variable Uy *';

e Step 2: Update UJ™', Uy*! from (3.39) and (3.40);

e Step 3: Update (¢, ;)"+',i =1, 2 from (3.30) and (3.34);

e Step 4: Compute u/*', i = 1,2 from (3.45);

e Step 5: Compute u?“ and pi*!, i = 1,2 from (3.47);

e Step 6: Compute Q™! from (3.49);

e Step 7: Update ¢"+!, /"1, U™ from (3.26), i
p"t1 from (3.44).

Sn+1 un—H' and

Remark 3.5. For step 5, by applying the divergence operator V-
to (3.47) and using the divergence-free conditions for u"H we
can obtain the following Poisson equation for p} +1 with the pe-
riodic boundary conditions or homogeneous Neumann boundary
conditions, i.e.,

1 av o ~nti
— Aplt :_EV 't =V ok (3.54)
Once p"“ is computed from (3.54), we update u?“ by using
(3.47),1
- 26t 268t
U;H—] u?+l - Vpn+l +7 . (355)

Hence, the total computational cost needed by the scheme
(3.17)-(3.23) at each time step includes solving four independent
elliptic linear systems in Step 1 and two Poisson-type equations
in Step 5. All these equations have constant coefficients and
are fully-decoupled, which means very efficient calculations in
practice.
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The following theorem ensures that the developed scheme
(3.17)-(3.23) satisfies the energy stability unconditionally.

Theorem 3.1. The following discrete energy dissipation law holds
for the scheme (3.17)-(3.23),
1 ~
S E"—E = —al@ P = M VRt < 0, (3.56)
where
T/1
EI’H—] :E (2 ” Tl+1 ” + = ”2un+1 _ un”2>
A n+1 n+1 n;2
5( Vo™ 1> + = ||2V¢ —Vo"|)
1
+ MG S |2U"“ ~ U’ (3.57)
1 1 2
(le”“| + 2|2Q"+1 -Q"")
IIVP”“II + ||¢)'1+1 o"%.

Proof. We multiply the inner product of (3.20) with 2§ta™! in
the L? space to get

T(3ﬁn+1 —4u" + un—1, ﬁn+1) + 2a8t||l~l"+] ”2

+ 25r(Vp",ﬁ"+1)+25rQ"+1/ ¢*Vur-a"ldx=0. (3.58)
2

From (3.22), for any variable v with V - v = 0, we have

("™ v) = (@, v). (3.59)
We derive following equality

t(3u™! — 4u" +u" ! 0"t

=7(30"" — 4u" + u" !, U™

+ B! —4u" +u" @t —ut)

=7(3u™! —4u" + u" !, u™Y)

+ (3a", @t — )

3u n+1

= 1( —4u" +u" ! u™th

+ 31,( n+1 un+17

T
12
= 2 (I

ﬁn+1 + un+1 )

— [u"? + [[2a™! — w2 — 20" —u" "

+ ”un+1 _ zun + un—l ”2) + 3T(||ﬁn+l||2 _ ”un+1 ”2),
(3.60)
where we use the following identity
2(3a—4b+c,a)
2 2 2 2 2 (361)
=a"—b"+QR2a—b)—2b—c) +(a—2b+c).
We reformulate the projection step (3.22) as
7un+] + Vpn+1 7ﬁn+1 + Vpn' (3.62)

26t T28t
By taking the square of both sides of the above equation, we get

972
WIIU"+1 12+ VP2

3t
||ll"+1|| + VPP + T — (@, vp"). (3.63)

5 t2
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t2

Hence, by multiplying = 2‘3 of the above equation, we derive

37 25t2
7(”“”“” — [am?) + 3 VP2 = 1vp")

= 28t(@™!, vp). (3.64)

By taking the inner product of (3.22) with 2¢8tu™! in the I?
space, we have

37 -~
7(||u"+1|| — 0" + u™ — @™t ?) = 0. (3.65)
We combine (3.58), (3.60), (3.64), and (3.65) to obtain
T —
E(Ilu”ﬂll2 — [lu"* + 2u™! — "> — |]2u" —u" "

+ ”un+1 _ 2un + un71 ”2)

T
- un+1 _ﬁn+1 2
+ —I l (3.66)

26t 12 2 Snt1)2
+ == UVP™ " = IVP %) + 2ot @™ ||

3t

aldx =0

2
Computing the inner product of (3.17) with 26t in the L?
space, we have

(3¢n+1 _ 4¢)n +¢n—l7 Mn+1)

+ zathhq / V. (u*qﬁ*)u"“dx + 28[’M||V/Ln+] ”2
2
(3.67)

Computing the L? inner product of (3.18) with —(3¢" "1 —4¢"+

o™ 1), we find
n+l7 3¢ﬂ+l

— 49"+ ")
+ A.(V¢n+l, V(3¢ﬂ+l _4¢n +¢n—l))

—(u

+ )»Un+1[ H*(3¢n+1 _4¢n +¢n71)dx (368)
2

+ k§(¢n+l _¢*’3¢n+l _4¢n+¢n—l):0

By multiplying (3.19) with 2AU™! and using (3.61) we obtain

)\<|Un+l|2 _ |Un|2 + |2Un+1 _ Un|2 _ |2Un _ Uﬂ—1|2

1,2
+ |Un+l_2Un_,’_Un 1| ) (3.69)

)LUH+1/ H*(3¢n+1 _4¢n +¢n—1)dx.
2

By multiplying (3.21) with 26tQ™*! and using (3.61) we obtain

1
sl =
+ 120" = Q" 120" - Q" +1Q - 20" + Q" 'T)
— 28tQ"+1[ (V . (u*(p*)’uﬂ-%—l (¢ V/'L ) n+1>dX.
2

(3.70)
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Hence, by combining (3.66)-(3.70), we arrive at

T
E(IIu”“IIZ — lu"[? + 20™! —u"[? — 20" —u"?)
25t2
+ 3—(||V1a"“||2 —IVp"I*)
T
A
+ 5(||V¢>”“||2 — VO™ + IV(29™ " — ¢™)|I?

— V(29" — " )II?)

+ )\,(|Un+]|2 _ |Un|2 + |2Un+] _ Un|2 _ |2Un _ Unfllz)
1 2 2 _

+ 5(|Q““| — Q"+ 12Q™" —Q"" — 2Q" — Q™!

AS

2

%)

+ g™ = "I = lo" — ¢" 1%

T 37 -
n {illunﬂ —ou" +u ) + 7”un+1 — a2
A _ 2AS _
+ IV = 24"+ ¢" DI + ?WH —2¢" + "I

+ AU = 2um + U %m"+l ~20"+Q" '’}
= —28tar @™ |? — 28¢M || V2,
(3.71)
where we use the following identity:
(3a—4b+c)a—2b+c) = (a—b)? —(b—c)*+2(a—2b+c)*. (3.72)

Finally, we obtain (3.56) from (3.71) after dropping the posi-
tive termsin {}. O

4. Numerical simulation

In this section, we first implement several numerical examples
to verify the energy stability and convergence rate of the pro-
posed scheme (3.17)-(3.23). Then we perform several benchmark
simulations including the spinodal decompositions in 2D and 3D
and fingering instability in 2D and 3D, to show the effectiveness
of the scheme. In all the examples below, the computed domain is
set to a rectangle or a rectangular body. For directions with peri-
odic boundary conditions, we use the Fourier-spectral method to
perform the discretization. For the directions with boundary con-
ditions specified in (3.25), we use the spectral Legendre-Galerkin
method to perform the discretization.

4.1. Stability tests

In this subsection, we perform several stability tests in 2D to
verify the unconditional energy stability of the fully-decoupled
scheme (3.17)-(3.23). The initial conditions at t = t° for all
variables are set as follows (as shown in the first subfigure of
Fig. 4.3),

2
0 _ =& —x)2 + (- yi)?
¢°(x,y) =1+ ) _ tanh( Tas Y

i=1

w’(x,y)=0,p%x,y) =0,
wherer; = 14,1, =05,x, =7—-08,x, =7+1.7,y1 =y, = 7.
The computational domain is 2 = [0, 27]? and the periodic
boundary conditions are assumed. We use the Fourier-spectral
method and 128 Fourier modes for each direction to discretize
the space such that the interface is resolved well by sufficiently
fine mesh. The parameters read as

T=1,a0a=100,M =1,¢ =5e-2,A=0.01,B=10,5 = 2.
(4.2)
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Note that the scheme (3.17)-(3.23) contains an additional sta-
bilizer (term S in (3.18)), to verify whether it effectively enhances
the stability, we compare the numerical solutions obtained by
the stabilized version (S # 0) with that obtained by using the
non-stabilized version (S = 0). For convenience, we use DSAV to
denote the stabilized version ((3.17)-(3.23) with S = 2), and SAV
to denote the non-stabilized version ((3.17)-(3.23) with S = 0).

In Figs. 4.1 and 4.2, we compute the original free energy (2.14)
and the modified free energy (3.57) computed by using different
time steps to verify the energy stability of DSAV and SAV.

e First, we plot the energy evolution curves calculated us-
ing SAV with a time step of §t = 0.01. It can be seen
from Fig. 4.1(a) that the modified energy of the system
(3.57) does show a monotonic downward trend, while the
original energy (2.14) shows an upward trend. Moreover,
the difference between the two energies is very large. We
again use a smaller time step of §t = 0.01/27, but the results
obtained have not improved, as shown in Fig. 4.1(b).

e Then, we use the scheme DSAV and different time steps to
plot the original energy evolution curves in Fig. 4.2 (a). The
results show that the obtained energy curves present a good
monotonic attenuation, which means that the stabilizer S
can effectively stabilize the computations. In Fig. 4.2 (b), we
use SAV and time step 8t = 0.01/2% to plot the time
evolution of the original energy (2.14) and compare it with
the result obtained by using DSAV with the time step 6t =
0.01/2*. We find that the two energy curves are very con-
sistent. However, the time step of 0.01/2% is the maximum
time step size that can be used by SAV to get the decaying
energy evolution curve. This means that if the expected
energy curves are the same, the time step available in DSAV
is 32 times the time step available in SAV.

o Finally, we use DSAV and time step 6t = 0.01/2% to run to
the steady-state. Fig. 4.3 shows the profiles of ¢ at different
times. It can be seen that due to the coarsening effect, the
small circle is gradually absorbed by the large circle. In
Fig. 4.4(a), we plot the evolution curve of the original energy
(2.14) and the modified energy (3.57) with the time that are
computed from DSAV and time step §t = 0.01/2%. We find
that the difference between these two energies is very small.
Also, in Fig. 4.4(b), we plot the evolution of the value of the
auxiliary variable Q over time using different time steps. We
find that as the time step size gradually decreases, the size
of Q tends to 1, which means that if the time step is small,
the two integral terms in (3.21) will be closer to 0.

4.2. Accuracy tests

In this subsection, we perform convergence tests to verify the
accuracy of the scheme DSAV. For comparisons, we also compute
the numerical solutions by using the following schemes:

e DSAV scheme but no Q and no S (by setting Q" = 1 for
any n such that (3.21) is removed, and setting S = 0 in
the scheme (3.17)-(3.23) to illustrate the effectiveness of
additional stabilizer S), referred to as AV;

e DSAV scheme with S but no Q (by setting Q" = 1 for
any n such that (3.21) is removed), i.e., the advection and
surface tension terms are all treated explicitly, referred to
as EX-SAV;

e Convex-splitting scheme (the scheme developed in [28]
where the nonlinear term f(¢) is discretized using the
second-order convex-splitting approach, and the advection
and surface tension terms are treated by implicit-explicit
combinations), referred to as CS.
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Fig. 4.3. The profiles of ¢ computed using the scheme DSAV with time step 8t = 0.01/2%. Snapshots are taken at t = 0, 1.4, 1.9, 1.95, 2.45, and 5, where the initial

conditions are given in (4.1).
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(a) Original and modified energy with 6t = 0.01/2%.
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(b) Time evolution of @ using different time steps.

Fig. 4.4. (a) The evolution of the original energy (2.14) and modified energy (3.57) calculated by DSAV using the time step 8t = 0.01/2%. (b) The evolution of the

auxiliary variable Q computed by using different time steps.
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(b) Accuracy tests by refinement in time step.

Fig. 4.5. (a) Convergence tests by using the pre-assumed exact solutions given in (4.3) where L?> numerical errors of ¢, the average of u = (u, v), and p are computed
by DSAV using different time steps at t = 10. (b) Convergence tests by refinement in time step calculated by DSAV with the initial conditions given in (4.1) and

different time steps.

We first perform convergence tests by assuming the exact
solutions of the system (2.3)-(2.6) are known, which are given

by
¢(x,y,t) =sinxcosycost, p(x,y,t) = sinxsinysint,

(4.3)

u(x,y, t) = cosxsinycost, v(x,y,t) = —sinxcosy cost,

and apply some suitable force fields so that the given solutions
in (4.3) satisfy the system. We set the 2D computational domain

as £2 = [0, 27 1%, and set the model parameters as
t=1,a=100,M =1,¢ =0.1,A=0.01,B=10,S =2. (44)

We assume the periodic boundary conditions and use 128 Fourier
modes to discretize each direction. Therefore, compared to the
time discretization error, the spatial discretization error is negli-
gible. In Fig. 4.5(a), we plot the numerical errors of [? at t = 10
of the all unknown variables between the obtained numerical
solution and the given exact solution (4.3) by using different time
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(a) DSAV and EX-SAV (no Q). (b) DSAV and AV (no S and Q).

Fig. 4.6. Convergence tests by refinement in the time step, where (a) the L> numerical errors of ¢ computed by using the schemes DSAV and EX-SAV (no Q) with
different time steps, and (b) the [?> numerical errors of ¢ computed by using the schemes DSAV and SAV (no S and Q) with different time steps.
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Fig. 4.7. Convergence tests by refinement in the time step, where (a) the L? numerical errors of ¢ computed by using the schemes DSAV and CS with different time
steps; and (b) the average number of iterations required by the two schemes at each time step. (Note: DSAV does not require any iterations at each time step, but
it requires solving six linear equations with constant coefficients, thus we count the number of iterations as 6.)

ool )|

(a) ¢o =0 and sndpshots of ¢ at t = 0.5, 5, 10, 15, and 40.

L

(b) ¢o = 0.3 and snapshots of ¢ at t = 5, 10, 15, 40, and 50.

Fig. 4.8. 2D dynamics of spinodal decomposition examples computed using the scheme DSAV. Snapshots of ¢ are taken at different times, where the initial conditions
are (a) ¢ = 0 and (b) ¢ = 0.3.

10
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(b) éo = 0 and snapshots of ¢ at t = 1, 5, 30, 40, 45, and 70.

Fig. 4.9. 3D dynamics of spinodal decomposition examples computed using the scheme DSAV. Snapshots of the isosurfaces {¢ = 0} are plotted at different times,

where the initial conditions are (a) ¢o = 0 and (b) ¢y = 0.5.

3D.
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Fig. 4.10. The evolution over time of the logarithm of the total free energy (3.57) calculated by DSAV for all 2D and 3D spinodal decompositions in (a) 2D and (b)
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(a) Snapshots of p at at t =0, 1, 2, 3, 4, 4.5, 5, 5.5, 6, 7, 8, 9.

(b) The velocity field at t = 5.5. (c) The pressure p at t = 5.5.

Fig. 4.11. (a) 2D fingering pattern example where snapshots of ¢ are taken at various times, (b) the velocity field at t = 5.5, and (c) the pressure p at t = 5.5.

.n
-

Fig. 4.12. Comparison of number of fingers where A = 0.01, 0.001, 0.0005, 0.0001, and 0.00001, from left to right.
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Fig. 4.13. 3D fingering pattern example where snapshots of isosurfaces {¢ = 0} are taken at t =0, 0.4, 0.8, 0.9, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, and 1.9.

steps. We note that the scheme DSAV provides almost perfect
second-order accuracy for all variables.

We further test the convergence rates by performing mesh
refinement in time. We use the initial conditions given in (4.1)
and the model parameters given in (4.2). Since the exact solutions
are not known yet, we choose the numerical solutions computed
by the scheme DSAV with a very tiny time step size §t = 1e—9
as the exact solution.

e In Fig. 4.5 (b), we plot the L? errors of ¢ computed by DSAV
between the numerical solution and the exact solution at
t = 0.2 where the time step §t is changed from &t = 0.01
toét = 02# with a factor of 1/2. The computed results show
the expected second-order of accuracy for all variables.

13

e In Fig. 4.6(a), we compare the convergence rate obtained
by using schemes DSAV and EX-SAV (DSAV but no Q). We
observe that both schemes exhibit a second-order conver-
gence rate. But for any fixed time step §t, the magnitude of
the error calculated using the scheme DSAV is much smaller
than the error calculated using the scheme EX-SAV. This
means that the scheme DSAV is more accurate because the
second auxiliary variable Q records all variances caused by
the coupled nonlinear terms.

e In Fig. 4.6 (b), we plot the L? errors of ¢ by using the schemes
DSAV and AV (DSAV but no S and Q) by refining the time
step. We observe that the scheme DSAV always presents
almost perfect second-order accuracy. However, when AV
uses a large time step of §t > 0.01/25, the convergence
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*

(a) A = 0.0025.
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(b) A = 0.0005.

(c) A = 0.0001.

(d) A = 0.00001.

Fig. 4.14. Comparison of number of 3D fingers where A = 0.0025, 0.0005, 0.0001, and 0.00001.

rate is very poor. Only when a smaller time step is used
(8t <0.01/27), AV can display second-order accuracy.

In Fig. 4.7 (a), we compare the error of ¢ calculated by DSAV
and CS. Both schemes present the second-order convergence
rate. We note that for any fixed time step t, the mag-
nitude of the error calculated using CS is slightly smaller
than the error calculated using DSAV because of its implicit
processing for the nonlinear term. But in Fig. 4.7 (b), we also
compare the number of iterations required for each time
step. Although DSAV does not require iterations at each time
step, it needs solving six elliptic equations, so we still count
the number of iterations as 6. We can see that the scheme
CS requires a large number of iterations and is very time-
consuming. For example, when §t = 0.01, CS needs around
800 iterations per step. This means that CS requires a lot of
CPU time, which reflects the effectiveness of DSAV.

4.3. Spinodal decomposition in 2D and 3D

In this example, we use the developed scheme DSAV to study
the spinodal decomposition (phase separation). By setting the
initial condition to a uniform binary mixture with a certain range
of random number perturbations, the system can evolve from
a uniform state to the two-phase state, which is caused by the
spontaneous growth of the concentration fluctuations.
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We give the initial conditions as follows,

u’(x) = 0, p°(x) = 0, p(x) = ¢ + 0.001rand(x), (4.5)

where the rand(x) is the random number in [—1, 1] that follows
the normal distribution.

We first perform 2D simulations. The computational domain
is 2 = [0,2x]? that is equipped with the periodic boundary
conditions. We use the Fourier-spectral method to discretize the
space, and use 512 Fourier mode for each direction. The model
parameters are setas T = 1, = 100, M = 1, ¢ = 0.025, B = 10,
S = 10, A = 0.01, and the time step is set as 6t = 1le—3. In
Fig. 4.8, two simulations with initial average ¢p = 0 and ¢p = 0.3
are performed. Snapshots of the profiles of ¢ at various times
are plotted in Fig. 4.8 (a)-(b). We find that the final equilibrium
solutions in the two simulations show a banded phase and a
circular phase, respectively.

We then perform 3D simulations. The computational domain
to be 2 [0,27] x [0,27] x [0, 2]. The periodic bound-
ary conditions are assumed for x- and y-directions which are
then discretized by using the Fourier-spectral method with 256
Fourier modes for each direction. The boundary conditions along
the z-direction read as (p;, ¢;, i4z)|z=0.2) = O and the spatial
discretization for z-direction is discretized by using the Legendre-
Galerkin method and the Legendre polynomials with degrees up
to 256. We set the initial average value ¢y = 0 and ¢y = 0.5,
and plot the dynamical evolutions of the isosurface {¢p = 0} at
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different times in Fig. 4.9 (a)-(b). We observe that the equilibrium
solution presents the lamella phase when ¢ = 0, and the
cylindrical phase when ¢y = 0.5.

In Fig. 4.10, we present the time evolution of the total free
energy functional (3.57) for all 2D and 3D simulations. The en-
ergy curves show the decay over time, which confirms that the
developed algorithm is unconditionally stable.

4.4, Fingering pattern in 2D and 3D

When a liquid droplet is located in the rotating Hele-Shaw
cell, the rotating motion will cause the fluid interface to become
centrifugally unstable and deformed. In the experiment, a rich
swirling fingering pattern was observed, for example, they may
change from teardrop-like structures to filament-like arms with
extended ends, or branched skeleton structures with almost con-
stant fingertip width, see [51-55]. In this section, we investigate
the fingering pattern instability by imposing the rotating force
in the Darcy equations, where the momentum equation (2.5) is
replaced by the following form:

(1+9)

W +au+ Vp+ ¢Vu = gT(a)zr +2w(e, x u)).  (4.6)

where e, = (0, 0, 1).
We first perform a 2D simulation with the computed domain
£2 = [0, 27]. The initial conditions read as follows:

_ 22 — (v — 7 )2
¢° = tanh( Ve—np —(y—m) ), u® = (0,0),p° =0,
€
(4.7)
where ry = 1.3 + 0.01rand(x) where rand(x) is the random

number in [0, 1]. For simplicity, we assume periodic boundary
conditions and discretize the space by using the Fourier-spectral
method, where each direction is discretized using 2048 Fourier
modes. The model parameters read as

T=1,a =40,M = 0.01, ¢ = 0.0125, >, = 0.0001, B = 10,
S=2,w=5g=5r=x—m,y—m).
(4.8)

In Fig. 4.11 (a), snapshots of the phase-field variable ¢ at
different times are plotted using the black-white color map. We
observe that a large number of fingers are formed over time. In
Fig. 4.11(b) and (c), we plot the velocity field and the pressure
patt 5.5. It can be seen that the velocity field presents
a clear vortex in the vicinity of each finger. In Fig. 4.12, by
using various surface tension parameter A, we show the finger-
ing pattern where smaller surface tension contributes a larger
number of fingering structures. These numerical simulations are
qualitatively consistent with the numerical simulations in [51]
and the experimental results in [54,55].

We continue to perform a simulation in 3D and set the com-
puted domain as (x,y,z) € £ = [0,2xn] x [0,27] x [0, 0.6].
The initial conditions read as (shown in the first subfigure of
Fig. 4.13):

¢0 — tanh(r - \/(X - 7-[)2 - (ye_ 7[)2 + (Z + 105)2 )! (49)
u’ =(0,0,0),p° =0,

where r 1.5 + 0.01rand(x). We assume periodic boundary
conditions for the x and y-directions which are then discretized
by using 512 Fourier-modes for each direction. The boundary con-
ditions along the z-direction read as (p;, ¢;, i;)l(z=0,0.6)= 0. The
spatial discretization for z-direction is based on the Legendre-
Galerkin method and the Legendre polynomials with degrees up
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to 256 are used. The order parameters are still from (4.8). In
Fig. 4.13, we plot the isosurfaces of {¢ = 0} at different times
which clearly display that plenty of 3D fingers are formed over
time. In Fig. 4.14, we vary the surface tension parameter A, and
find that the magnitude of A directly affects the number of fingers,
which is consistent with the 2D simulations, with a small surface
tension causes more fingers. Similar dynamics were also observed
experimentally/numerically in [51,54,55].

5. Concluding remarks

For the coupled nonlinear Cahn-Hilliard-Darcy phase-field
model of Hele-Shaw flow, we have developed a novel and effec-
tive scheme in this paper. The novelty of the developed scheme is
in the design of a special ODE to deal with the coupled nonlinear
terms by utilizing their “zero-energy-contribution" characteristic.
The combination of the new decoupling method, the projec-
tion method for the Darcy equations, and the AV method to
linearize the nonlinear double-well potential leads to a fully-
decoupled, linear, second-order accurate, unconditionally energy
stable scheme. We give a detailed practical implementation and
also prove the unconditional energy stability rigorously. By simu-
lating a large number of 2D and 3D numerical examples and com-
paring them with several other known methods, we numerically
prove the effectiveness of the developed scheme.
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