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Abstract

We show a simple reduction which demonstrates the cryptographic hardness of
learning a single periodic neuron over isotropic Gaussian distributions in the pres-
ence of noise. More precisely, our reduction shows that any polynomial-time
algorithm (not necessarily gradient-based) for learning such functions under small
noise implies a polynomial-time quantum algorithm for solving worst-case lattice
problems, whose hardness form the foundation of lattice-based cryptography. Our
core hard family of functions, which are well-approximated by one-layer neural
networks, take the general form of a univariate periodic function applied to an affine
projection of the data. These functions have appeared in previous seminal works
which demonstrate their hardness against gradient-based (Shamir’18), and Statisti-
cal Query (SQ) algorithms (Song et al.’17). We show that if (polynomially) small
noise is added to the labels, the intractability of learning these functions applies to
all polynomial-time algorithms, beyond gradient-based and SQ algorithms, under
the aforementioned cryptographic assumptions. Moreover, we demonstrate the
necessity of noise in the hardness result by designing a polynomial-time algorithm
for learning certain families of such functions under exponentially small adversarial
noise. Our proposed algorithm is not a gradient-based or an SQ algorithm, but is
rather based on the celebrated Lenstra-Lenstra-Lovasz (LLL) lattice basis reduction
algorithm. Furthermore, in the absence of noise, this algorithm can be directly
applied to solve CLWE detection (Bruna et al.’21) and phase retrieval with an
optimal sample complexity of d + 1 samples. In the former case, this improves
upon the quadratic-in-d sample complexity required in (Bruna et al.’21).

1 Introduction

The empirical success of Deep Learning has given an impetus to provide theoretical foundations
explaining when and why it is possible to efficiently learn from high-dimensional data with neural
networks. Currently, there are large gaps between positive and negative results for learning, even
for the simplest neural network architectures [61} 29, |14, [27]]. These gaps offer a large ground for
debate, discussing the extent up to which improved learning algorithms can be designed, or whether
a fundamental computational barrier has been reached.

One particular challenge in closing these gaps is establishing negative results for improper learning
in the distribution-specific setting, in which the learner can exploit the peculiarities of a known input
distribution, and is not limited to outputting hypotheses from the target function class. Over the last
few years, authors have successfully developed distribution-specific hardness results in the context
of learning neural networks, offering different flavors. On one hand, there have been several results
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proving the failure of a restricted class of algorithms, such as gradient-based algorithms [54} 52], or
more generally Statistical Query (SQ) algorithms [33] 20, 157, 29} [17]. Notably, such results apply to
the simplest cases, such as learning one-hidden-layer neural networks over the standard Gaussian
input distribution [29} [17]. On the other hand, a different line of work has shown the hardness
of learning two-hidden-layer neural networks for any polynomial-time algorithm by leveraging
cryptographic assumptions, such as the existence of local pseudorandom generators (PRGs) with
polynomial stretch [15]. Despite such significant advances, important open questions remain, such as
whether the simpler case of learning one hidden-layer neural network over standard Gaussian input
remains hard for algorithms not captured by the SQ framework. To make this question more precise,
are non-SQ polynomial-time algorithms, which may inspect individual samples — such as stochastic
gradient descent (SGD) [[L] — able to learn one-hidden layer neural networks over Gaussian input?
Understanding the answer to this question is a partial motivation of the present work.

A key technique for constructing hard-to-learn functions is leveraging “high-frequency” oscillations
in high-dimensions. The simplest instance of such functions is given by pure cosines of the form
f(x) = cos(2my(w, x)), where we refer to w € S as its hidden direction, and v as its frequency.
Such functions have already been investigated by previous works [S7, 154,152 in the context of lower
bounds for learning neural networks. For these hard constructions, the frequency + is taken to scale
polynomially with the dimension d. Note that as the univariate function cos(27yt) is O(+)-Lipschitz,
the function f is well-approximated by one-hidden-layer ReLU network of poly(~y)-width on any
compact set (see e.g., Appendix [G). Hence, understanding the hardness of learning such functions is
an unavoidable step towards understanding the hardness of learning one-hidden-layer ReLU networks.

In this work, we pursue this line of inquiry, focusing on weakly learning the cosine neuron class
over the standard Gaussian input distribution in the presence of noise. Our main result is a proof,
via a reduction from a fundamental problem in lattice-based cryptography called the Shortest Vector
Problem (SVP), that such learning task is hard for any polynomial-time algorithm, based on the
widely-believed cryptographic assumption that (approximate) SVP is computationally intractable
against quantum algorithms (See e.g., [49, 43| |19, 3] and references therein). Our result therefore
extends the hardness of learning such functions from a restricted family of algorithms, such as gradient-
based algorithms or SQ, to all polynomial-time algorithms by leveraging cryptographic assumptions.
Note, however, that SQ lower bounds are unconditional because they are of an information-theoretic
nature. Therefore, our result, which is conditional on a computational hardness assumption, albeit a
well-founded one in the cryptographic community, and SQ lower bounds are not directly comparable.

The problem of learning cosine neurons with noise can be studied in the broader context of inferring
hidden structures in noisy high-dimensional data, as a particular instance of the family of Generalized
Linear Models (GLM) [45| 44]. Multiple inference settings, including, for example, the well-
known planted clique model 30} S]], but also GLMs such as sparse regression [23]] exhibit so-called
computational-to-statistical gaps. These gaps refer to intervals of signal-to-noise ratio (SNR) values
where inference of the hidden structure is possible by exponential-time estimators but appears out of
reach for any polynomial-time estimator. Following this line of work, we define the SNR of our cosine
neuron learning problem to be the inverse of the noise level, and analyze its hardness landscape. As it
turns out, weakly learning the cosine neuron class provides a rich landscape, yielding a computational-
to-statistical gap based on a worst-case hardness guarantee. We note that this is in contrast with the
“usual” study of such gaps where such worst-case hardness guarantees are elusive and they are mostly
based on the refutation of restricted computational classes, such as Sum-of-Squares [10]], low-degree
polynomials [37], Belief Propagation [9], or local search methods [24].

Finally, we establish an upper bound for the computational threshold, thanks to a polynomial-time
algorithm based on the Lenstra-Lenstra-Lovasz(LLL) lattice basis reduction algorithm (see details
in Section [3.3). Our proposed algorithm is shown to be highly versatile, in the sense that it can
be directly used to solve two seemingly very different GLMs: the CLWE detection problem from
cryptography and the phase retrieval problem from high-dimensional statistics. Remarkably, this
method bypasses the SQ and gradient-based hardness established by previous works [54}57]. Our
use of the LLL algorithm to bypass a previously considered “computationally-hard” region adjoins
similar efforts to solve linear regression with discrete coefficients [60L 26], [37, Sec. 4.2.1], as well as
the correspondence retrieval problem [6], which includes phase retrieval as a special case. We show
in Section [3.3]and Appendix [Flhow our algorithms obtain optimal sample complexity for recovery in
both these problems in the noiseless setting. An interesting observation is that in the latter case, the
resulting algorithm, and also the very similar LLL-based algorithm by [6]], improves upon AMP-based



algorithms [11]] in terms of sample complexity, often thought to be optimal among all polynomial-time
algorithms [41]. While our LLL algorithm can be seen as an appropriate modification of [6]], our
analysis employs different tools, leading to improved guarantees. More precisely, our analysis easily
extends to distributions that are both log-concave and sub-Gaussian, as opposed to solely Gaussian in
[6]. In addition, our algorithm incorporates an explicit rounding step for LLL, which allows us to
determine its precise noise-tolerance (see details in Appendix [F).

1.1 Related work

Hardness of learning from cryptographic assumptions. Among several previous works [34}[35]
which leverage cryptographic assumptions to establish hardness of improper learning, most relevant
to our results is the seminal work of Klivans and Sherstov [36]] whose hardness results are also based
on SVP. To elaborate, they show that learning intersections of halfspaces, which can be seen as
neural networks with the threshold activation, is hard based on the worst-case hardness of GapSVP,
a decision version (approximate) SVP. Our work differs, though, in several important aspects from
theirs. First, and perhaps most importantly, our result holds over the well-behaved Gaussian input
distribution over R%, whereas their hardness utilizes a non-uniform distribution over the Boolean
hypercube {0, 1}¢. Second, at a technical level and in agreement with our continuous input domain
and their discrete input domain, we take a different reduction route from SVP. Their link to SVP
is the Learning with Errors (LWE) Problem [49]], whereas our link in the reduction is the recently
developed Continuous Learning with Errors (CLWE) Problem [13]]. On another front, very recently,
[15] presented an abundance of novel hardness results in the context of improper learning by assuming
the mere existence of Local Pseudorandom Generators (LPRGs) with polynomial stretch. While the
LPRG and SVP assumptions are not directly comparable, we emphasize that we rely on the worst-
case hardness of GapSVP, whereas LPRG assumes average-case hardness. A worst-case hardness
assumption is arguably weaker as it requires only one instance to be hard, whereas an average-case
hardness assumption requires instances to be hard on average.

Lower bounds against restricted class of algorithms and upper bounds. As mentioned
previously, a widely adapted method for proving hardness of learning is through SQ lower
bounds [33 12} 58, 20]. Among previous work, most closely related to our work is [57] and [54],
who consider learning linear-periodic function classes which contain cosine neurons. By constructing
a different class of hard one-hidden-layer networks, stronger SQ lower bounds over the Gaussian
distribution, in terms of both query complexity and noise rate, have been established [29,[17]. Yet,
for technical reasons, the SQ model cannot rule out algorithms such as stochastic gradient descent
(SGD), since these algorithms can in principle inspect each sample individually. In fact, [1] carry this
advantage of SGD to the extreme and show that SGD is poly-time universal. [7|] establishes sharp
bounds using SGD for weakly learning a single planted neuron, and reveals a fundamental depen-
dency between the regularity of their dimension-independent activation function, which they name
the “information exponent”, and the sample complexity. The regularity of the activation function
has been leveraged in several works to yield positive learning results [31} 61} 27, 156} 4} 28] 211 [16].
Finally, statistical-to-computational gaps using the family of Approximate Message Passing (AMP)
algorithms [[18 [47]] for the algorithmic frontier have been established in various high-dimensional
inference settings, including proper learning of certain single-hidden layer neural networks [8]], spiked
matrix-tensor recovery [S0]] and also GLMs [11]].

The LLL algorithm and statistical inference problems. For our algorithmic results, we employ
the LLL algorithm. Specifically, our techniques are originally based on the breakthrough use of the
LLL algorithm to solve a class of average-case subset sum problems in polynomial-time, as established
first by Lagarias and Odlyzko [38]] and later via a greatly simplified argument by Frieze [22]. While
the power of LLL algorithm is very well established in the theoretical computer science [53} 39,
integer programming [32f, and computational number theory communities (see [S3] for a survey),
to the best of our knowledge, it has found only a handful of applications in the theory of statistical
inference. Nevertheless, a few years ago, a strengthening of the original LLL-based arguments by
Lagarias, Odlyzko and Frieze has been used to prove that linear regression with rational-valued
hidden vector and continuous features can be solved in polynomial-time given access only to one
sample [60]. This problem has been previously considered “computationally-hard” [23]] and is proven
to be impossible for the LASSO estimator [59, 23], greedy local-search methods [23]] and the AMP
algorithm [48]]. In a subsequent work to [60], the suggested techniques have been generalized to
the linear regression and phase retrieval settings under the more relaxed assumptions of discrete
(and therefore potentially irrational)-valued hidden vector [26]. Our work is based on insights from



[60, 26], but is importantly generalizing the use of the LLL algorithm (a) for the recovery of an
arbitrary unit continuous-valued hidden vector and (b) for multiple GLMs such as the cosine neuron,
the phase retrieval problem, and the CLWE problem. However, for noiseless phase retrieval, we note
that the optimal sample complexity of d + 1 has previously been achieved by [6] using an LLL-based
algorithm very similar to ours.

1.2 Main Contributions: the Hardness Landscape of Learning Cosine Neurons

In this work, we thoroughly study the hardness of improperly learning single cosine neurons over
isotropic d-dimensional Gaussian data. We study them under the existence of a small amount of
adversarial noise per sample, call it 3 > 0, which we prove is necessary for the hardness to take
place. Specifically we study improperly (weakly) learning in the squared loss sense, the function
f(x) = cos(2my(w,z)), for some hidden direction w € S9!, from m samples of the form

zi = f(x;) +&,i=1,...,m where xii'iN'Cl'N(O,Id) and arbitrary |&;| < 8.

Information-theoretic bounds under constant noise. We first address the statistical, or also
known as information-theoretic, question of understanding for which noise level 3 one can hope to
learn f(z) from polynomially in d many samples, by using computationally unconstrained estimators.
Since the range of the functions f = f,, is the interval [—1, 1] it is a trivial observation that for any
B > 1 learning is impossible. This follows because the (adversarial) noise could then produce always
the uninformative case where z; = O foralli =1,...,m.

Our first result (see Section [3.1] for details), is a design and analysis of an algorithm which runs
in O(exp(dlog(v/B))) time and satisfies the following property. For any 8 smaller than a suffi-
ciently small constant, the output hypothesis of the algorithm learns the function f with access to
O(dlog(v/pB)) samples, with high probability. To the best of our knowledge, such an information-
theoretic result has not appeared before in the literature of learning a single cosine neuron. We
consider this result essential and reassuring as it implies that the learning task is statistically achiev-
able if 3 is less than a small constant. Therefore, any hardness claim in terms of polynomial-time
algorithms aiming to learn this function class is meaningful and implies a computational barrier.

Cryptographic hardness under moderately small noise. Our second and main result, presented
in Section[3.2] is a reduction establishing that (weakly) learning this function class under any 8 which
scales at least inverse polynomially with d, i.e. 8 > d~¢ for some constant C' > 0, is as hard as a
worst-case lattice problem on which the security of lattice-based cryptography is based on.

Theorem 1.1 (Informal). Consider the function class F, = {fyw(x) = cos(2ny(z,w)) | w €
S4=1Y. Weakly learning F, over Gaussian inputs x ~ N(0, 1) under any inverse-polynomial

adversarial noise when ~y > 2v/d and 8 = 1 /poly(d), is hard, assuming worst-case lattice problems
are secure against quantum attacks.

The exact sense of cryptographic hardness used is that weakly learning the single cosine neuron
under the described assumptions, reduces to solving a worst-case lattice problem, known as the
Gap Shortest Vector Problem (GapSVP). The approximation factor of GapSVP obtained in our
reduction, is not known to be NP-hard [2], but it is widely believed to be computationally hard
against any polynomial-time algorithm, including quantum algorithms [43]. The reduction makes
use of a recently developed average-case detection problem, called Continuous Learning with Errors
(CLWE) [13]] which has been established to be hard under the same hardness assumption on GapSVP.
Our reduction shows that weakly learning the single cosine neuron in polynomial time, implies a
polynomial-time algorithm for solving the CLWE problem (see Section 2] for the definition). The link
here between the two settings comes from the periodicity of the cosine function, and the fact that the
CLWE has an appropriate mod 1 structure, as well.

Interestingly, our reduction works for any class of function g(z) = ¢(y(w, z)) where ¢ is a 1-periodic
and O(1)-Lipschitz function and under v > 2+/d, generalizing the hardness claim much beyond
the single cosine neuron. Moreover, our reduction shows that the computational hardness in fact
applies to a certain position-dependent random noise model, instead of bounded adversarial noise
(See Remark [3.5)). Lastly, as mentioned above, we highlight that this is a (conditional) lower bound
against any polynomial-time estimator, not just SQ or gradient-based methods.

Polynomial-time algorithm under exponentially small noise. We finally address the question of
whether there is some polynomial-time algorithm that can weakly learn the single cosine neuron, in



the presence of potentially exponentially small noise. Notably, the current lower bound with respect
to SQ [57] or gradient based methods [54] apply without any noise assumption per-sample, raising
the suspicion that no “standard” learning method works even in the case 3 = 0.

We design and analyze an algorithm for the single cosine neuron which provably succeeds in learning
the function f = f,, when 8 < exp(—O(d?)), and with access to only d + 1 samples. Note that this
sample complexity is perhaps surprising: one needs only one more sample than just receiving the
samples in the “pure” linear system form (w, x;) instead of cos(2my(w, z;)) + &;. The algorithm
comes from reducing the problem to an integer relation detection question and then make a careful
use of the powerful Lenstra-Lenstra-Lovasz (LLL) lattice basis reduction algorithm [40] to solve it in
polynomial time. The integer relation detection allows us to recover the (unknown) integer periods
naturally occuring because of the periodicity of the cosine, which then allows us to provably “invert”
the cosine, and then learn the hidden direction w simply by solving a linear system.

The LLL algorithm is a celebrated algorithm in theoretical computer science and mathematics, which
has rarely been used in the learning literature (with the notable recent exceptions [6} 60} 26]). We
consider our connection between learning the single cosine neuron, integer relation detection and the
LLL algorithm, a potentially interesting algorithmic novelty of the present work. We note that [[13]]
likewise use the LLL algorithm to solve CLWE in the noiseless setting. When applied to CLWE, our
algorithm, via a significantly more involved application of the LLL algorithm and careful analysis,
improves upon their algorithm in terms of both sample complexity and noise-tolerance.

Application to noiseless phase retrieval: d + 1 samples suffice. Notice that the cosine activation
function loses information in two distinct steps: first it “loses” the sign, since it is an even function,
and then it “loses” localisation beyond its period (fixed at [—1/2,1/2)). As a result, any algorithm
learning the cosine neuron (such as our proposed LLL-based algorithm) can be immediately extended
to solve the two separate cases, where one only loses the sign (which is known as the phase retrieval
problem in high dimensional statistics) or only the localisation (which is known as the CLWE problem
in cryptography). In particular, the noiseless cosine learning problem ‘contains’ the phase retrieval
problem, where one is asked to recover an unknown vector w from measurements |{x;,w)|, since
cos(2my{w, x;)) = cos(2my|{x;, w)|). Therefore, as an immediate consequence of our algorithmic
results, we achieve the optimal sample complexity of noiselessﬂ phase retrieval. As mentioned
previously, this algorithmic result, while interesting and a consequence of our analysis for cosine
learning, has already been established in the prior work [6] using a very similar LLL-based algorithm.

We note that achieving in polynomial-time the optimal sample complexity is perhaps of independent
interest from a pure algorithm design point of view. While Gaussian elimination can trivially solve for

w given d samples of the form (x;, w) where 2 XN (0, I), our algorithm shows that by “losing” the
sign of (z;, w) one needs only one sample more to recover again w in polynomial-time. However, we
remark that the LLL algorithm has a running time of O(d® log® M) [46 where d is the dimension
and M is the maximum ¢5-norm of the given lattice basis vectors, which can relatively quickly become
computationally challenging with increasing dimension despite its polynomial time complexity. We
refer the reader to Appendix [F| for a formal statement of the phase retrieval problem and our results.

2 Definitions and Notations

Distribution-specific PAC-learning. We consider the problem of learning a sequence of real-
valued function classes {Fy}qen, each over the standard Gaussian input distribution on R, an
instance of what is called distribution-specific PAC learning [35} 154]. The input is a multiset of
i.i.d. labeled examples (x,y) € R? x R, where z ~ N(0,14), y = f(x) + &, f € Faq,and € € Ris
some type of observation noise. We denote by D = D the resulting data distribution. The goal of
the learner is to output an hypothesis h : R? — R that is close to the target function f in the squared
loss sense over the Gaussian input distribution. We say a learning algorithm is proper if it outputs an
hypothesis h € F4. On the other hand, we say a learning algorithm is improper if h is not necessarily
in Fy [51]]. We omit the index d, when the input dimension is clear from the context.

We denote by £ : R x R — R the squared loss function defined by ¢(y, z) = (y — 2)?. For a given
hypothesis h and a data distribution D on pairs (z, z) € R? x R, we define its population loss L (h)

2Or exponentially small noise; see Corollaryfor the precise statement
3The L? algorithm by [46] speeds up LLL using floating-point arithmetic, but the running time still grows
faster than O(d°).



Comp-to-Statistical Gap

. Crypto Polynomial-Time
Impossible Hard 5 Y Possible
o(1) poly(d) exp((dlogd)®) SNR o 87!

Figure 1: Our results at a glance for weakly learning the class F.,. Section|3.1|describes information-
theoretical limits, Section [3.2] presents the reduction from CLWE, while Section [3.3]introduces an
efficient algorithm based on LLL.

over a data distribution D by

Lo = E_[(h(x).)]. 1)

Definition 2.1 (Weak learning). Let € = ¢(d) > 0 be a sequence of numbers, 6 € (0,1) a fixed
constant, and let {Fy}aen be a sequence of function classes defined on input space R, We say
that a (randomized) learning algorithm A e-weakly learns {Fy}qen over the standard Gaussian
distribution if for every [ € Fy the algorithm outputs a hypothesis hg such that for large values of d
with probability at least 1 — §

Lp,(ha) < Lp,(E[f(z)]) — €.

Note that E[f(x)] is the best constant predictor for the data distribution D = Dy. Hence, we refer to
Lp(E[f(x)]) = Varz.no,1,)(f(Z)), as the trivial loss, and € as the edge of the learning algorithm.

From simplicity, we refer to an hypothesis as weakly learning a function class if it can achieve edge e
which is depending inverse polynomially in d.

Periodic Neurons. Lety = y(d) > 1 be a sequence of numbers indexed by the input dimension
d e N,and let ¢ : R — [—1, 1] be an 1-periodic function. We denote by }"ff the function class

Fy={f:R" = [-1,1] | f(z) = ¢(v(w,2)),w € ST} 2

Note that each member of the function class ]-"ff is fully characterized by a unit vector w € S9!,
We refer such function classes as periodic neurons.

Cosine Learning. We define the cosine distribution on dimension d with frequency v = ~(d),
adversarial noise rate 3 = 3(d), and hidden direction w € S9! to be the distribution of samples of

the form (xz, z) € R? x R, where 2N (0,14), some bounded adversarial noise || < 3, and
z = cos(2my{w, x)) + &. 3)

The cosine learning problem consists of weakly learning the cosine distribution, per Definition
This learning problem is the central subject of our analysis. Hence, we slightly abuse notation and
denote the corresponding cosine function class by

F, = {cos(2nmy(w, x)) | w € S47}. 4)

Continuous Learning with Errors (CLWE) [13]. We define the CLWE distribution A,, g~ on
dimension d with frequency v = v(d) > 0, and noise rate 8 = 3(d) > 0 to be the distribution of
i.i.d. samples of the form (=, z) € RY x [~1/2,1/2) where x ~ N (0, ), & ~ N(0, 3) and

z=~{z,w)+& mod 1. 3)

Note that for the mod 1 operation, we take the representatives in [—1/2,1/2). The CLWE problem
consists of detecting between i.i.d. samples from the CLWE distribution or an appropriate null
distribution. In the context of CLWE, we refer to the distribution N (0, I4) x U([—1/2,1/2)) as the



null distribution and denote it by Ag. Given v = v(d) and 8 = /3(d), we consider a sequence of
decision problems { CLWEg , } 4en, indexed by the input dimension d, in which the learner is given
samples from an unknown distribution D such that either D € {A,, 3, |w € S =11 "and D = A,.
The algorithm is asked to decide whether D € {A,, 5~ | w € S} or D = Ay in polynomial-time.
Under this setup, we define the advantage of an algorithm as the difference between the probability
that it correctly detects samples from D € {A, 5 | w € S47'}, and the probability that errs
(decides “D # Agy”) given samples from D = A,. We call the advantage negligible if it decays
superpolynomially. For a more detailed setup of this problem, we refer the reader to Appendix B}

Bruna et al. [[13]] showed worst-case evidence that the CLWE problem is computationally hard even
with inverse polynomial noise rate /3 if 4 > 2+v/d, despite its seemingly mild requirement of non-
negligible advantage. In fact, their evidence of computational intractability is based on worst-case
lattice problems called the Gap Shortest Vector Problem (GapSVP) [42]]. In particular, they showed
that distinguishing a typical CLWE distribution, where the randomness is over the uniform choice
of hidden direction w € S%~!, from the null distribution is as hard as solving the worst instance of
GapSVP. For a formal definition of the GapSVP, we refer the reader to Appendix [B] but note that
the (quantum) worst-case hardness of this lattice problems is widely-believed by the cryptography
community [43] (See Conjecture [2.3).

Theorem 2.2 ([13, Corollary 3.2]). Let 3 = (d) € (0,1) and v = ~v(d) > 2v/d such that /8 is
polynomially bounded. Then, there is a polynomial-time quantum reduction from O(d//3)-GapSVP
to CLWEg ..

Conjecture 2.3 ([43 Conjecture 1.2]). There is no polynomial-time quantum algorithm that solves
GapSVP to within polynomial factors.

Weak learning and parameter recovery. Recall that every element of the function class F is
fully characterized by the hidden unit vector w € S%~!. Hence, one possible strategy towards
achieving weak learning of the cosine distribution, could be to recover the vector w from samples of
the form (3). The following lemma (proven in Appendix|[I) shows that given any w’ sufficiently close
to w one can construct an hypothesis that weakly learns the function f(z) = cos(2my(w, z)).

Proposition 2.4. Suppose v = w(1). For any w' € S ! with min{||w — w’||3, ||w + w’||3} <
1/(1672~2), the functions ha(z) = cos(2ny(A, x)), A € {w', w} satisfy for large values of d that

Eono (0,1 [0((hs (), P (2))] < Vargn(o,1)[(hw(2))?] = 1/12.

The LLL algorithm and integer relation detection. In our algorithmic result, we make use of
an appropriate integer relation detection application of the celebrated lattice basis reduction LLL
algorithm [40]. We say that for some b € R" the vector m € Z™ \ {0} is an integer relation for
b if (m,b) = 0. We make use of the following theorem, and we refer the interested reader to the
Appendix [E] for a complete proof and intuition behind the result.

Theorem 2.5. Let n, N € N. Suppose b € (2=NZ)™ with by = 1. Let also m € Z" be an
integer relation of b. Then an appropriate application of the LLL algorithm with input b outputs
an integer relation m' € Z" of b with |m/'||2 = O(2"/2||m)||2||b||2) in time polynomial in n, N and
log([[m/[oo1bl]o0)-

Notation. Let Z denote the set of integers and R denote the set of real numbers. For a € R,
We use Z>, and R, for the set of integers at least equal to a, and for the set of real numbers
at least equal to a, respectively. We denote by N = Z>; the set of natural numbers. For £ € N
we set [k] := {1,2,...,k}. Ford € N,1 < p < oo and any z € R?, ||z||,, denotes the p—norm
(Zle |2:[P)1/P of 2, and ||| o denotes max;<;<q|x;|. Given two vectors x,y € R? the Euclidean
inner product is (z,y) := Zle x;y;. By log : Rt — R we refer the natural logarithm with
base e. Forz € Z and N € N we denote by (z)y := sgn(z)|2Vz]|/2". Throughout the paper
we use the standard asymptotic notation, o, w, O, ©, Q) for comparing the growth of two positive
sequences (a4)qen and (bg)aen: we say ag = O(by) if there is an absolute constant ¢ > 0 such
that 1/¢ < agq/bg < ¢; aqg = Q(bg) or by = O(ay) if there exists an absolute constant ¢ > 0 such
that ag/bg > ¢; and ag = w(by) or by = o(ay) if limg ay/bg = 0. We say x = poly(d) if for some
0 < ¢ < ritholds Q(d?) =z = O(d").



3 Main Results

In this section we present our main results towards understanding the fundamental hardness of
(weakly) learning the single cosine neuron class given by ([@). We present our results in terms of
signal to noise ratio (SNR) equal to 1/, where recall that 5 > 0 is an upper bound on the level of
adversarial noise £ one may introduce at the samples given by (3). All proofs of the statements are
deferred to the appendices of each subsection.

A key correspondence. At the heart of our main results are the following simple elementary
equalities that hold for all v € R, and may help the intuition of the reader.

cos(2m(v  mod 1)) = cos(27v) (6)
arccos(cos(2mv)) = 27|v mod 1|, 7

where in Eq (7), we recall that our mod 1 operation takes representatives in [—1/2,1/2).

An immediate outcome of these equalities, is a key correspondence between the labels of cosine
samples and “phaseless” CLWE samples, where we reminder the reader that the notion of a CLWE
sample is defined in (). By (6), applying the cosine function to CLWE labels results in the cosine
distribution with the same frequency, and hidden direction. Conversely, by (7)), applying arccos to
cosine labels results in an arguably harder variant of CLWE, in which the (mod 1)-signs of the labels
are dropped, with again the same frequency and hidden direction. We say this “phaseless” variant of
CLWE is harder than CLWE as we can trivially take the absolute value of CLWE labels to obtain
these phaseless CLWE samples, and so an algorithm for solving phaseless CLWE automatically
implies an algorithm for CLWE.

We have ignored the issue of additive noise for the sake of simplicity in the above discussion. Indeed,
the amount of noise in the samples is a key quantity for characterizing the difficulty of these learning
problems and the main technical challenge in carrying the reduction between learning single cosine
neurons and CLWE. In subsequent sections, we carefully analyze the interplay between the noise
level and the computational difficulty of these learning problems.

3.1 The Information-Theoretically Possible Regime: Small Constant Noise

Before discussing the topic of computational hardness, we address the important first question of
identifying the noise levels 8 under which some estimator, running in potentially exponential time,
can weakly learn the class of interest from polynomially many samples. Note that any constant level
of noise above 1, thatis 8 > 1, would make learning impossible for trivial reasons. Indeed, as the
cosine takes values in [—1, 1] if 5 > 1 all the labels z; can be transformed to the uninformative 0 value
because of the adversarial noise. One can naturally wonder whether any estimator can succeed at the
presence of some constant noise level 5 € (0, 1). In this section, we establish that for sufficiently
small but constant 3 > 0 weak learning is indeed possible with polynomially many samples by
running an appropriate exponential-time estimator.

Towards establishing this result, we leverage Proposition according to which to achieve weak
lernability it suffices to construct an estimator that achieves {5 recovery of w or —w with an {5 error
O(1/~). For this reason, we build an exponential-time algorithm that achieves this {5 guarantee.

Theorem 3.1 (Information-theoretic upper bound). For some constants cy,Cy > 0 (e.g. ¢y =
1 — cos(555), Co = 40000) the following holds. Let d € N and let v = ~(d) > 1, f(d) < co,
and 7 = arccos(1 — 8)/(27). Moreover, let P be data distribution given by (B) with frequency ~,
hidden direction w, and noise level B. Then, there exists an exp(O(dlog(v/7)))-time algorithm
using O(dlog(v/7)) i.i.d. samples from P that outputs a direction w € S?~! satisfying min{|| —

w3, || + w3} < Cor2 /42 with probability 1 — exp(—(d)).
The following corollary follows immediately from Theorem 3.1] Proposition [2.4] and the elementary
identity that arccos(1 — 3) = ©(y/B) for small 3.

Corollary 3.2. Under the assumptions of Theorem[3.1|there exists some sufficiently small ¢; > 0,
such that if < c; there exist a exp(O(dlog(v/B)))-time algorithm using O(dlog(vy/B)) i.i.d.
samples from P that weakly learns the function class F.

The proof of both Theorem [3.1]and Corollary [3.2]can be found in Appendix



3.2 The Cryptographically Hard Regime: Polynomially Small Noise

Given the results in the previous subsection, we discuss now whether a polynomial-time algorithm can
achieve weak learnability of the class F., for some noise level 8 smaller than an inverse polynomial
quantity in d, which we call an inverse-polynomial edge, per Definition We answer this in
the negative by showing a reduction from CLWE to the problem of weakly learning F, to any
inverse-polynomial edge. This implies that a polynomial-time algorithm for weakly learning F,
would yield polynomial-time quantum attacks against worst-case lattice problems, which are widely
believed to be hard against quantum computers. As mentioned in the introduction, our reduction
applies with any 1-periodic and O(1)-Lipschitz activation ¢. We defer the proofs to Appendix @

Theorem 3.3. Letd € N, v = w(y/logd), 8 = 5(d) € (0,1). Moreover, let L > 0, let ¢ : R —
[—1, 1] be an L-Lipschitz 1-periodic univariate function, and 7 = 7(d) be such that 8/(LT) =
w(y/logd). Then, a polynomial-time (improper) algorithm that weakly learns the function class

F? ={fyw(@) = o(v(w,z)) | w € S} over Gaussian inputs x%i'N(O, 1,) under 3-bounded
adversarial noise implies a polynomial-time algorithm for CLWE; ..

By the hardness of CLWE (Theorem [2.2)) and our Theorem [3.3] we can immediately deduce the
cryptographic hardness of learning the single cosine neuron under inverse polynomial noise.

Corollary 34. Letd € N, v = ~(d) > 2v/d and 7 = 7(d) € (0,1) be such that v/7 = poly(d),
and 8 = (d) be such that 8/7 = w(y/log d). Then, a polynomial-time algorithm that weakly learns
the cosine neuron class F., under 3-bounded adversarial noise implies a polynomial-time quantum
algorithm for O(d/T)-GapSVP.

Remark 3.5 (Robust learning under position-dependent random noise is hard). Robustness against
advesarial noise in Theorem[3.3]is not necessary for computational hardness. In fact, the reduction
only requires robustness against a certain position-dependent random noise. More precisely, for a
fixed hidden direction w € S%~1, the random noise € is given by ¢ = ¢(v{w, x) + &) — ¢(v{w, z)),
where x ~ N(0,1,,) and & ~ N(0, B).

3.3 The Polynomial-Time Possible Regime: Exponentially Small Noise

In this section, in sharp contrast with the previous section, we design and analyze a novel polynomial-
time algorithm which provably weakly learns the single cosine neuron with only d + 1 samples, when
the noise is exponentially small. The algorithm is based on the celebrated lattice basis reduction LLL
algorithm and its specific application obtaining the integer relation detection guarantee described in
Theorem@ Let us also recall from notation that for a real number x and N € Z~, we denote by
(z)n = sgn(z)| 2Nz /2. We establish the following result, proved in Appendix [E}

Theorem 3.6. Suppose that 1 < ~v < d© for some fixed Q > 0, and 3 < exp(—(dlogd)?). Then
Algorithmwith input (x;, Zi)i:l,...,d+1 i.i.d. samples from @]) with frequency -y, hidden direction w
and noise level 3, outputs w' € S~ with

min{[[w’ — w(lz, [|w' + w2} = O (f) = %exp(*ﬁ((dlogd)g)) :

and terminates in poly(d) steps, with probability 1 — exp(—§(d)). Moreover, if the algorithm skips
the last normalization step, the output w' € RY satisfies min{||w’ — yw|2, [|w’ +yw||2} = O (B).

In particular, by combining our result with Proposition one concludes the following result.

Corollary 3.7. Suppose that w(1) =~ = poly(d) and 3 < exp(—(dlogd)?3). Then there exists a
polynomial-in-d time algorithm using d + 1 samples from a single cosine neuron distribution (3),
with frequency v and noise level 3, that weakly learns the function class F. .

Proof sketch of Theorem[3.6] For the purposes of the sketch let us focus on the noiseless case, explain-
ing at the end how an exponentially small tolerance is possible. In this setting, we receive m samples
of the form z; = cos(2m(w, z;)),% € [m]. The algorithm then uses the arcosine and obtains the
“phaseless” CLWE values Z; which according to (7)) satisfy for some unknown e; € {—1,1}, K; € Z
(w, z;) = €;Z; + K;. Notice that if we knew the integer values of ¢;, K;, since we know Z;, the prob-
lems becomes simply solving a linear system for w. The algorithm then leverages the application of
the powerful LLL algorithm to perform integer relation detection and identify the values of ¢;, K, as
stated in Theorem [2.5] The way it does it is as follows. It first finds coefficients \;, i = 1,2,...,d+1



Algorithm 1: LLL-based algorithm for learning the single cosine neuron.

Input: i.i.d. noisy 7-single cosine neuron samples {(z;, z;) fill

Output: Unit vector @ € S?~! such that min(||& — w||, | + w|) = exp(—Q((dlogd)?)).
fori =1tod+ 1do
L z; < sgn(z;) - min(|z;], 1)

Z; = arccos(z;)/(27) mod 1
Construct a d x d matrix X with columns @, ..., z411, and let N = d>(log d)?.
if det(X') = 0 then
| return @ = 0 and output FAIL
Compute \; = 1and \; = \;(21,...,2441) given by (Mg, ..., Agy1) | = X 1oy,
Set M = 23d and v = (()\Q)N, ey ()\dJrl)N, ()\12’1)]\], ey (/\d+1zd+1)N7 2_N) S R2d+2
Output (ty,ts,t) € Z3*! x Z4*! x Z from running the LLL basis reduction algorithm on the
lattice generated by the columns of the following (2d + 3) x (2d + 3) integer-valued matrix,

<M2N(>\1)N M2N% )

02d+2)x1 | L(2d+2)x(2d+2)

Compute g = ged(ts), by running Euclid’s algorithm.
ifg=0V(t2/g) ¢ {—1,1}%*! then

| return w = 0 and output FAIL
@ < SolveLinearEquation(w’, X Tw’ = (t2/g9)z + (t1/9))
return &/ ||w|| and output SUCCESS.

such that Zf;l X\;z; = 0 which can be easily computed because we have d + 1 vectors in R?. Then
using the definition of z;, the relation between the coefficient implies the identity

d+1 d+1 d+1
i=1 i=1 =1

In particular, the ¢;, K; are coefficients in an integer relation connecting the known numbers
Nizi,Ni,i = 1,2,...,d + 1. Now, an issue is that as one cannot enter the real numbers as in-
put for the lattice-based LLL, the algorithm truncates the numbers to the first N bits and then hope
that post-truncation all the near-minimal integer relations between these truncated numbers remain a
(small multiple of) ¢;, K;, a sufficient condition so that LLL can identify them based on Theorem
We establish that indeed this the case and this is the most challenging part of the argument. The
argument is based on some careful application of the anticoncentration properties of low-degree poly-
nomials (notice that the \; are rational functions of x; by Cramer’s rule), to deduce that the numbers
Ai, Aiz; are in “sufficient general position”, in terms of rational independence, for the argument to
work. We remark that this is a potentially important technical advancement over the prior applications
of the LLL algorithm towards performing such inference tasks, such as for average-case subset sum
problems [38, [22]] or regression with discrete coefficients [60, |26] where the corresponding A;, A;z;
coefficients are (truncated) i.i.d. continuous random variables in which case anticoncentration is
immediate (see e.g. [60, Theorem 2.1]). The final step is to prove that the algorithm is able to tolerate
some noise level. We establish that indeed if N = é(dg’) then indeed the argument can still work and
tolerate exp(—©(d?®))-noise by showing that the near-minimal integer relations remain unchanged
under this level of exponentially small noise. O

Remark 3.8 (CLWE with exponentially small noise). Notice that the detection problem in CLWE
reduces to the cosine learning problem . Indeed, if 2 = v(z,w) +Emod 1 € [—1/2,1/2)isa
CLWE sample, then z = cos(%) satisfies

z = cos(2my(z, w)) + ¢,
with |§| < 27r7\5 |- Algorithmand the associated analysis Theorem@thus improve upon the exact

CLWE recovery of [13| Section 6] in two aspects: (i) it requires d + 1 samples as opposed to d*; and
(ii) it tolerates exponentially small noise.
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A Future Directions

Our results heavily rely on the specific nature of the periodic activation function, so a natural question
is to which extent our results can be extended beyond the single periodic neuron class.

* For lower bounds, a challenging but very interesting generalization would be to establish
the cryptographic-hardness of learning certain family of GLMs whose activation function
does not need to be periodic. A potentially easier route forward on this direction, would
be to consider the Hermite decomposition of the activation function, similar to [|A3]], and
establish lower bounds on the performance of low-degree methods [A23]], of SGD [A3]], or
of local search methods methods [A135]], for activation functions whose low-degree Hermite
coefficients are exponentially small.

* For upper bounds, we believe that our proposed LLL-based algorithm may be extended
beyond learning even periodic activation functions, such as the cosine activation, by appro-
priately post-processing the measurements, but leave this for future work. Furthermore, it
would be interesting to better understand (empirically or analytically) the noise tolerance
of our LLL-based algorithm for “low-frequency” activation functions, such as the absolute
value underlying the phase retrieval problem which has “zero” frequency.

B Formal Setup

In this section, we present the formal definitions of all problems required to state our hardness result
(Theorem[2.2)). We begin with a description of average-case decision problems, of which the CLWE
decision problem is a special instance [A6].

B.1 Average-Case Decision Problems

We introduce the notion of average-case decision problems (or simply binary hypothesis testing
problems), based on [[A17], where we refer the interested reader for more details. In such average-
case decision problems the statistician receives m samples from either a distribution D or another
distribution D’, and needs to decide based on the produced samples whether the generating distribution
is D or D’. We assume that the statistician may use any, potentially randomized, algorithm A which is
a measurable function of the m samples and outputs the Boolean decision { YES, NO} corresponding
to their prediction of whether D or D’ respectively generated the observed samples. Now, for any
Boolean-valued algorithm A examining the samples, we define the advantage of A solving the
decision problem, as the sequence of positive numbers

B, penlA(z) = YES] - P, pon[Alx) = YES]| .

As mentioned above, we assume that the algorithm A outputs two values “YES” or “NO”. Further-
more, the output “YES” means that algorithm .4 has decided that the given samples x comes from
the distribution D, and “NO” means that A decided that 2 comes from the alternate distribution D’.
Therefore, naturally the advantage quantifies by how much the algorithm is performing better than
just deciding with probability 1/2 between the two possibilities.

Our setup requires two standard adjustments to the setting described above. First, in our setup we
consider a sequence of distinguishing problems, indexed by a growing (dimension) d € N, and for
every d we receive m = m(d) samples and seek to distinguish between two distributions Dg and D/,.
Now, for any sequence of Boolean-valued algorithms A = A, examining the samples, we naturally
define the advantage of A solving the sequence of decision problems, as the sequence of positive
numbers

P, pom [A(z) = YES] — Py prom [A(z) = YES]| .
As a remark, notice that any such distinguishing algorithm A required to terminate in at most time
T = T(d), is naturally implying that the algorithm has access to at most m < 7T samples.

Now, as mentioned above, we require another adjustment. We assume that the distributions Dy, D/,
are each generating m samples in two stages: first by drawing a common structure for all samples,
unknown to the statistician (also usually called in the statistics literature as a latent variable), which
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we call s, and second by drawing some additional and independent-per-sample randomness. In
CLWE, s corresponds to the hidden vector w chosen uniformly at random from the unit sphere
and the additional randomness per sample comes from the Gaussian random variables ;. Now, to
appropriately take into account this adjustment, we define the advantage of a sequence of algorithms
A = { A4} qen solving the average-case decision problem of distinguishing two distributions Dy
and D</17s parametrized by d and some latent variable s chosen from some distribution Sy, as

pen[A(z) = YES] - P ponlAlz) = YES]| .

s~Sq,x~ s~Sq,x~

Finally, we say that algorithm A = {A;} e has non-negligible advantage if its advantage is at least
an inverse polynomial function of d, i.e., a function behaving as 2(d~¢) for some constant ¢ > 0.

B.2 Decision and Phaseless CLWE

We now give a formal definition of the decision CLWE problem, continuing the discussion from
Section Q} We also introduce the phaseless-CLWE distribution, which can be seen as the CLWE
distribution A,, g defined in (3), with the absolute value function applied to the labels (recall that we
take representatives in [—1/2,1/2) for the mod 1 operation). The Phaseless-CLWE distribution is, at
an intuitive level, useful for stating and proving guarantees of our LLL algorithm in the exponentially
small noise regime for learning the cosine neuron (See Section [3.3]and Appendix [E)).

Definition B.1 (Decision-CLWE). For parameters 3,y > 0, the average-case decision problem
CLWEg ., is to distinguish from i.i.d. samples the following two distributions over R? x [—1/2,1/2)
with non-negligible advantage: (1) the CLWE distribution A, g, per @), for some uniformly
random unit vector w € S~ (which is fixed for all samples), and (2) N (0, 1) x U([-1/2,1/2]).

Phaseless-CLWE. We define the Phaseless-CLWE distribution on dimension d with frequency -, (-
bounded adversarial noise, hidden direction w to be the distribution of the pair (z,z) € R? x [0,1/2]

where atti'ri'vd‘N(O7 I;) and
z=e(y(z,w) +§) mod 1 9)

for some € € {—1, 1} such that z > 0, and bounded noise |£| < .

B.3 Worst-Case Lattice Problems

We begin with a definition of a lattice. A lattice is a discrete additive subgroup of R?. In this work,
we assume all lattices are full rank, i.e., their linear span is R<. For a d-dimensional lattice A, a set
of linearly independent vectors {by, ..., bq} is called a basis of A if A is generated by the set, i.e.,
A = BZ® where B = [by, ..., bg]. Formally,

Definition B.2. Given linearly independent by, . ..,b; € R?, let

d
A:A(bl,...,bd):{Z/\ibi:)\iez,izl,...,d}, (10)

i=1

which we refer to as the lattice generated by by, . . ., by.

We now present a worst-case decision problem on lattices called GapSVP. In GapSVP, we are given
an instance of the form (A, ¢), where A is a d-dimensional lattice and ¢ € R, the goal is to distinguish
between the case where A1 (A), the £2-norm of the shortest non-zero vector in A, satisfies A\ (A) < ¢
from the case where A;(A) > «(d) - ¢ for some “gap” «(d) > 1. Given a decision problem, it is
straightforward to conceive of its search variant. That is, given a d-dimensional lattice A, approximate
A1(A) up to factor a(d). Note that the search version, which we call a-approximate SVP in the main
text, is harder than its decision variant, since an algorithm for the search variant immediately yields
an algorithm for the decision problem. Hence, the worst-case hardness of decision problems implies
the hardness of their search counterparts. We note that GapSVP is known to be NP-hard for “almost”

polynomial approximation factors, that is, 2(1°8 )" for any constant € > 0, assuming problems in
NP cannot be solved in quasi-polynomial time [A22,|A20]. As mentioned in the introduction of the
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Algorithm 2: Information-theoretic recovery algorithm for learning cosine neurons

Input: Real numbers v = y(d) > 1, 8 = (d), and a sampling oracle for the cosine distribution
with frequency -y, S-bounded noise, and hidden direction w.
Output: Unit vector @ € S s.t. min{||@ — w]|2, | + w]|2} = O(arccos(1 — B)/7).

Let 7 = arccos(1 — 8)/(2w), e = 27/, m = 64dlog(1/e), and let C be an e-cover of the unit

sphere S9~1. Draw m samples {(z;,y;)}™, from the cosine distribution (3).
for i =1tomdo

| z; = arccos(y;)/(2m)
for v € C do

Compute
T, = % Yo 1y (v, i) — 2 mod 1] < 37] + 1 [|y(v,z;) + z; mod 1| < 37]

return w = arg max,ec 1.

paper, the problem is strongly believed to be computationally hard (even with quantum computation),
for any polynomial approximation factor «(d) [A32].

Below we present formal definitions of two of the most fundamental lattice problems, GapSVP
and the Shortest Independent Vectors Problem (SIVP). The SIVP problem, similar to GapSVP, is
also believed to be computationally hard (even with quantum computation) for any polynomial
approximation factor a(d). Interestingly, the hardness of CLWE can also be based on the worst-case
hardness of SIVP [A6].

Definition B.3 (GapSVP). For an approximation factor « = «(d), an instance of a-GapSVP is
given by an d-dimensional lattice A and a number t > 0. In YES instances, A\1(A) < t, whereas in
NO instances, A1 (A) > o - t.

Definition B.4 (SIVP). For an approximation factor « = «(d), an instance of SIVP,, is given by an
d-dimensional lattice A. The goal is to output a set of d linearly independent lattice vectors of length
at most - Ag(N).

C Exponential-Time Algorithm: Constant Noise

We provide full details of the proof of Theorem [3.1] restated as Corollary [C.5] at the end of this
section. The goal of Algorithmis to use m = poly(d) samples to recover in polynomial-time the
hidden direction w € S?~!, in the ¢, sense. More concretely, the goal is to compute an estimator
W = W((2;, 2)i=1,...m) for which it holds min{||@ — w||3, ||@ + w||3} = o(1/~?), with probability
1 — exp(—Q(d)).

We first start with Lemma [C.T] which reduces the recovery problem under the cosine distribution
(See Eq. (3)) to the recovery problem under the phaseless CLWE distribution (See Appendix [B.2).
Then, we prove Lemma[C.4] which states that there is an exponential-time algorithm for recovering

the hidden direction w € S9! in Phaseless-CLWE under sufficiently small adversarial noise.
Theorem [3.1]follows from Lemmas and

Lemma C.1. Assume (3 € [0, 1]. Suppose that one receives a sample (x, Z) from the cosine distribu-
tion on dimension d with frequency ~y under 3-bounded adversarial noise. Let Z := sgn(Z) min(1, |Z|).
Then, the pair (z,arccos(z)/(2m) mod 1) is a sample from the Phaseless-CLWE distribution on
dimension d with frequency -~y under ﬁ arccos(1 — 8)-bounded adversarial noise.

Proof. Recall z = cos(2m(y(w, z))) + &, for x ~ N(0, I;) and |£| < S. It suffices to show that
1
Dy arccos(z) = ey{w,z) + & mod 1 (11)
T

for some € € {—1,1} and &’ € R with |¢/| < - arccos(1 — B).

First, notice that we may assume that without loss of generality z = Z. Indeed, assume for now z > 1.
The case z < —1 can be shown with almost identical reasoning. From the definition of Zz, it must
hold that £ > 0 and Z < 1 + £. Hence

z=1=cos2n(v(w,x))) + &
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Algorithm 3: Information-theoretic recovery algorithm for learning the Phaseless-CLWE

Input: Real numbers v = v(d) > 1, § = 8(d), and a sampling oracle for the phaseless-CLWE
distribution @]) with frequency -y, 8-bounded noise, and hidden direction w.
Output: Unit vector @ € S~ s.t. min{||@ — wl|2, | + w2} = O(8/7).

Let e = 27/, m = 64dlog(1/¢), and let C be an e-cover of the unit sphere S¢~1. Draw m
samples {(z;, z;)}7, from the phaseless CLWE distribution ().
for v € C do
Compute
L Ty = 5 2 Llyv(v,23) — zi mod 1] < 36] + 1 [|y(v, i) + 2 mod 1| < 3]

return w = arg max,ecc 1y.

for€ :=¢+1—% e (0,6) C (0,8). Hence, (z,%) is a sample from the cosine distribution in
dimension d with frequency ~ under S-bounded adversarial noise.

Now, given the above observation, to establish , it suffices to show that for some € € {—1,1},
and K € Z,

1 1
o arccos(z) — ey(w,z) — K| < o arccos(l — ) ,

or equivalently using that the cosine function is 27 periodic and even, it suffices to show that
| arccos(2) — arccos(cos(2my{w, x)))| < arccos(1 — ) .

The result then follows from the definition of Z and the simple calculus Lemma [K.7} O

We will use the following covering number bound for the running time analysis of Algorithm 2] and
the proof of Lemma|C.4]

Lemma C.2 ([A42, Corollary 4.2.13]). The covering number N of the unit sphere S¢~! satisfies the
following upper and lower bound for any € > 0

d d
(1> g/\/(sd—l,e)g<2+1) : (12)

€ €

Remark C.3. An e-cover for the unit sphere S=' can be constructed in time O(exp(dlog(1/¢)))
by sampling O(N log N) unit vectors uniformly at random from S=1, where we denote by N =
N(S%1 €). The termination time gurantee follows from Lemma and the property holds with
probability 1 — exp(—Q(d)). We direct the reader for a complete proof of this fact in Appendix|H]

Now we prove our main lemma, which states that recovery of the hidden direction in Phaseless-CLWE
under adversarial noise is possible in exponential time, when the noise level 3 is smaller than a small
constant.

Lemma C.4 (Information-theoretic upper bound for recovery of Phaseless-CLWE). Let d € N and
lety=~(d) > 1, and 8 = (d) € (0,1/400). Moreover; let P be the Phaseless-CLWE distribution
with frequency vy, [B-bounded adversarial noise, and hidden direction w. Then, there exists an

exp(O(dlog(v/B)))-time algorithm, described in Algorithm 3| using O(dlog(v/B)) samples from
P that outputs a direction W € S satisfying

min([l& — w|f3, | + wl3) < 400005 /7? (13)
with probability 1 — exp(—(d)).
Proof. Let P be the Phaseless-CLWE distribution and w be the hidden direction of P. We describe

first the steps of the Algorithm 3] we use and then prove its correctness.

Let ¢ = 3/, and C be an e-cover of the unit sphere. By Remark we can construct such
an e-cover C in O(exp(dlog(y/B))) time such that |C| < exp(O(dlog(y/B))). We now draw
m = 36dlog(vy/5) samples {(z;, z;) }.; from P. Now, given these samples and the threshold value
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t = 33, we compute for each of the |C| < exp(O(dlog(/B))) directions v € C the following
counting statistic,

T, = %Z (1 [[v{v, zi) — 2z mod 1] < 3B] + 1 [|[(v, z;) + 2 mod 1| < 35]) .

i=1

m

T, is simply measuring the fraction of the z;’s falling in a mod 1-width 3/ interval around (v, x;)
or —y(v, x;), accounting for the uncertainty over the sign e € {—1, 1} in the definition of Phaseless-
CLWE. We then suggest our estimator to be w = argmax,cc T),. The algorithm can be clearly
implemented in |C| < exp(O(dlog(y/5))) time.

We prove the correctness of our algorithm by establishing (I3]) with probability 1 — exp(—Q(d)). We
first show that some direction v € C which is sufficiently close to w satisfies T, > % with probability
1 — exp(—€(d)). Indeed, let us consider v € C be a direction such that ||w — v|2 < € = 3/7.

The existence of such a v follows from our definition of C. We denote for every i = 1,...,m by
€; € {—1, 1} the sign chosen by the i-th sample, and
§i = zi — ey{w, ;) (14)

the adversarial noise added to the sample per (9). Now notice that the following trivially holds almost
surely for v,

1 m
T, > — Ti) — €% d 1] <38 .
> o1l ez mod 1539
By elementary algebra and using (T4) we have €;2; — y{(v, ;) mod 1 = y(w —v,x;) +§ mod 1.
Combining the above it suffices to show that

5)

[N )

1 m
—> 1w —v.z) +& mod 1] <3p] >
i=1

with probability 1 — exp(—£2(d)).
Now we have
Pllyv{w —v,z;) +& mod 1| < 38] > P[|y{w —v,z;) mod 1] < 20]
> Plly{w — v, )| < 26]

using for the first inequality that 5-bounded adversarial noise cannot move points within distance 23
to the origin to locations with distance larger than 33 from the origin and for the second the trivial
inequality |a| > |a mod 1|. Now, notice that y(w — v, ;) is distributed as a sample from a Gaussian
(see Deﬁnition with mean 0 and standard deviation at most ||v —w||2 < e = 3. Hence, we can
immediately conclude P[|y(w—wv, z;)| < 2/5] > 3/4 since the probability of a Gaussian vector falling
within 2 standard deviations of the mean is at least 0.95. By a standard application of Hoeffding’s
inequality, we can then conclude that (T3] holds with probability 1 —exp(—§(m)) = 1—exp(—Q(d)).

We now show that with probability 1 —exp(—£(d)) for any v € C which satisfies min(||v —w||z, ||v+
wl|2) > 2008/, it holds T,, < 1/2. Notice that given the established existence of a v which is
B/~-close to w and satisfies T,, > 2/3, with probability 1 — exp(—£2(d)), the result follows. Let
v € C be a direction satisfying ||v — w|l2 > 2003/~. Without loss of generality, assume that
[lv = w|l2 < |Jv + w||2. Then, using (T4) we have v(v,x;) — z; = V(v — w, ;) — €& mod 1
and y(v,x;) + z; = y(v + w,x;) + €& mod 1. Hence, since € € {—1,1},]&| < B for all
i =1,...,m we have by a triangle inequality

T, < 7711;(1 [lv{v —w,z;) mod 1] < 48]+ 1[|v{v+w,x;) mod 1| <45]) .

Now by our assumption on v both y(v—w, x;) and y(v+w, z;) are distributed as mean-zero Gaussians
with standard deviation at least y||w—wv||s > 2008. Hence, both y{(v—w, ;) mod 1 and y(v+w, z;)
mod 1 are distributed as periodic Gaussians with width at least 2003 (see Definition [K.I). By
Claim[K.6]and the fact that 5 < 1/400,

P[ly(v — w,2;) mod 1| < 48] < 163/(4008v/27) - (1 + 2(1 + (4003)2)e 1/ (1600005%)
<4/(25V27) < %
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By symmetry the same upper bound holds for P[|y(v 4+ w, z;) mod 1| < 43]. Hence,
Pz, zy~p {7(v —w,2;) mod 1] <38} U {|y(v+w,x;) mod1 mod 1| <38} <1/6.
By a standard application of Hoeffding’s inequality, we have

P[T,, > 1/2] < exp(—m/18) < exp(—2dlog(1/e)),

and by the union bound over all v € C satisfying ||v — w|| > 2008/,

P U {T, > 1/2}| <|C|-exp(—2dlog(1/€)) = exp(—(d)) .
lo—w]|>2008/~

This completes the proof. O

Finally, we discuss the recovery in terms of samples from the cosine distribution.

Corollary C.5 (Restated Theorem [3.1). For some constants c¢y,Cy > 0 (e.g., ¢¢ = 1 —
cos(m/200), Cy = 40000) the following holds. Let d € N and let v = ~v(d) > 1, = 8(d) < ¢y,
and T = i arccos(1l — ). Moreover, let P be the cosine distribution with frequency v, hidden
direction w, and noise level 3. Then, there exists an exp(O(dlog(y/7)))-time algorithm, described
in Algorithm |2} using O(dlog(v/7)) i.i.d. samples from P that outputs a direction @ € S¢1

satisfying min{||@ — w||3, |@ + w3} < Cor? /42 with probability 1 — exp(—Q(d)).

Proof. We first define m = O(dlog(vy/5)) reflecting the sample size needed for the algorithm
analyzed in Lemma|C.4|to work. We then draw m samples { (;, Z;) }7-, from the cosine distribution.
From this point Algorithm[2]simply combines the reduction step of Lemma|C.1]and then the algorithm
described in the proof of Lemma[C.4}

Specifically, using Lemma [C.I] we can transform our i.i.d. samples to i.i.d. samples from the
Phaseless CLWE distribution on dimension d with frequency  under % arccos(1 — (3)-bounded
adversarial noise. The transformation simply happens by applying the arccosine function to every
projected Z;, so it takes O(1) time per sample, a total of O(m) steps. We then use the last step
of Algorithm [2] and employ Lemma [C.4] which analyzes Algorithm [2]to conclude that the output
W € S satisfies min (|| —w||?, ||@+wl|?) < 4000072 /42 with probability 1 —exp(—Q(d)). O

D Cryptographically-Hard Regime: Polynomially-Small Noise

We give a full proof of Theorem[3.3] restated as Theorem [D.T|here. Given Theorem[3.3] Corollary[3.4]
also restated below as Corollary follows from the hardness of CLWE [A6].

Theorem D.1 (Restated Theorem[3.3). Let d € N, v = w(y/logd), 8 = B(d) € (0,1). Moreover,
let L >0, let ¢ : R — [—1,1] be an L-Lipschitz 1-periodic univariate function, and 7 = 7(d) be
such that B/(Lt) = w(y/1og d). Then, a polynomial-time (improper) algorithm that weakly learns

the function class F? = { fyw(2) = ¢(v(w,z)) | w € S9=1Y over Gaussian inputs :ci'im"zi'N(O, 1)
under (3-bounded adversarial noise implies a polynomial-time algorithm for CLWE, ..

Proof. Recall that a polynomial-time algorithm for CLWE, , refers to distinguishing between
m samples (x;, 2z = y(w,z;) +& mod 1);=12, . m, Where z; ~ N(0,1;),& ~ N(0,7) and
w ~ U(S971), from m random samples (5, 2;)i—1.2,....m, Where y; ~ U([0, 1]) with non-negligible
advantage over the trivial random guess (See Appendix and[B.2)). We refer to the former sampling
process as drawing m i.i.d. samples from the CLWE distribution, where from now on we call P for
the CLWE distribution, and to the latter sampling process as drawing m i.i.d. samples from the null
distribution, which we denote by (). Here, and everywhere in this proof, the number of samples m
denotes a quantity which depends polynomially on the dimension d.

Let ¢ = €(d) € (0, 1) be an inverse polynomial, and let .4 be a polynomial-time learning algorithm
that takes as input m samples from P, and with probability 2/3 outputs a hypothesis h : R — R
such that Lp(h) < Lp(E[¢(z)]) — €. Since we are using the squared loss, we can assume without
loss of generality that h : R — [—1,1] because clipping the output of the hypothesis h, i.e.,
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h(x) = sgn(h) - max(|h(z)|, 1) is always an improvement over h pointwise because the labels are
always inside the range [—1, 1]

Let D be an unknown distribution on 2m i.i.d. samples, that is equal to either P or (). Our reduction
consists of a statistical test that distinguishes between D = P and D = Q. Our test is using the
(successful in weakly learning f, ,, if D = P) predictor h returned by .4 on (some appropriate
function of the first) m out of the 2m samples drawn from D. Then, we compute the empirical loss
of h on the remaining m samples from D, and m samples drawn from @), respectively, and test

Lp(h) < Lo(h) —€¢/4 . (16)

We conclude D = P if h passes the test and D = @) otherwise. The way we prove that this test
succeeds with probability 2/3 — o(1), is by using the fact that A outputs a hypothesis ~ with e-edge
with probability 2/3 when given m samples from P as input. In the following, we now formally
prove the correctness of this test.

We first assume D = P, and consider the first m samples (z;, 2;);=1,....m drawn from P. Now
observe the elementary equality that for all v € R it holds ¢(v mod 1) = ¢(v). Hence,

o(v(w, i) + &) = ¢(2i).
Furthermore, notice that by the fact that the ¢ is an L-Lipschitz function we have

(v(w,z:) +&; = ¢(2) (17)
for some &; € [—L|&|, L|&|]. By Mill’s inequality, for all i = 1,2, ..., m we have P[|&;| > 8/L] <
\/2/mexp(—B3?/(2L27?)). Since 3/(L7) = w(y/log d), we conclude that

Pl {16 > B/L} < V/2/m - mexp(—p2/(87°7%)) = md ) = o(1) ,
i=1

where the last equality holds because m depends polynomially on d. Hence, it holds that

foralli = 1,...,m with probability 1 —o(1) over the randomnesss of £;,7 = 1,2, ..., m. Combining
the above with (I7), we conclude that with probability 1 — o(1) over &;, using our knowledge of
(x;, 2:), we have at our disposal samples from the function f, ,(z) = ¢(y{w,z)) corrupted by
adversarial noise of magnitude at most 3. Let us write by ¢(P) the data distribution obtained by
applying ¢ to labels of the samples from P, and similarly write ¢(() for the null distribution Q.

By assumption and the above, given these samples (z;, $(;))i=1,2,... m We have that A outputs an
hypothesis / : R? — [—1, 1] such that for m large enough, with probability at least 2/3,

Lucr () < Loy (B [606)]) —

for some e = 1/poly(d) > 0.

Now, note that by Claim [K.6] the marginal distribution of ¢((w, x)) is 2 exp(—2m2~?)-close in
total variation distance to the distribution of ¢(y), where y ~ U([0, 1]). Moreover, notice that since
the loss ¢ is continuous, and h(z), z € R? and of course ¢(z),y € R both take values in [—1, 1],

sup  L(h(x), (y)) < sup {(a,b) < 4. (18)
(2.9)€R? xR (a.b)€[~1,1]7x[-1,1]

Let us denote ¢ = E(, ,)~q[¢(y)] for simplicity. Clearly |c|,[¢(y)| < 1. Also,

E 6y —c’]— E [(6(y)—c)]

(zy)~P (z,y)~Q

|Lopy(c) = Loy (c))| =
1 1

< / ()’ 1P(y) — Q)ldy + 2¢ / 16)I1P@) - Qy)ldy
-1 -1

< (1+2]e) / P(y) — Q)ldy

<6-TV(Py,Qy)
< 12exp(—271%4?) .
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From the above, since E. . p[¢(z)] is the optimal predictor for P under the squared loss, we deduce
Loawr (| B_Jolo)]) < L (B J000]) < Lucoy (B fo)]) + 126xp(-20%2).
Now since E,~q[¢(y)] is the optimal predictor for () under the squared loss, Ly ) (E[o(y)]) <
Lg(q)(h) for any predictor h. In addition, exp(—2m24?) = o(e) since v = w(y/logd) and € is an

inverse polynomial in d. Hence, for d large enough, with probability at least 2/3
Lypy(h) < Lyp)(E[¢(v(w, z))]) — €
< Ly(g)(h) + 12exp(—271°+?) — €
< Ly (h) —€¢/2. (19)
Using the remaining m samples from P, we now compute the empirical losses Lz:( py(h) =
LS U(h(@i), d(2:)), and Ly (h) = = 3 6(h(;), ¢(yi)), where (2, z;) are drawn from

m m

P and (z;,y;) are drawn from (). By a standard use of Hoeffding’s inequality, and the fact that the
loss is bounded based on (T8)), it follows that

- €
[Lopy(h) = Lopy (M) < o
with probability 1 — exp(—£2(m)) and respectively
T €
Loy (h) = Lo (W] < ¢

with probability 1 — exp(—(m)) for sufficiently large, but still polynomial in d, m. Combining the
last two displayed equations with (T9), we have that, for m large enough, with probability at least

2/3 — o(1),

A € S €
Ly(p)(h) < Lo(py(h) + g < Loy (h) = -

Hence, for m large enough, with probability at least 2/3 —o(1), the test correctly concludes D = P or
D = Q@ by using the empirical loss Ly(p)(h), and comparing it with the value Lyg)(h) —€/4. O

Corollary D.2 (Restated Corollary . Letd € N, v = y(d) > 2/d and 7 = 7(d) € (0,1) be
such that v/T = poly(d), and 8 = (d) be such that /7 = w(+/logd). Then, a polynomial-time
algorithm that weakly learns the cosine neuron class F., under $-bounded adversarial noise implies
a polynomial-time quantum algorithm for O(d/7)-GapSVP.

Proof. The cosine function ¢(z) = cos(27z) is 2w-Lipschitz and 1-periodic. Hence, the result
follows from Theorem [D. Il with L = 2. O

Remark D.3 (CLWE with subexponentially small noise). The intermediate regime of subexpo-
nentially small noise, which corresponds to the uncharted region between “Crypto-Hard” and
“Polynomial-Time Possible” in Figure[l|where 8 = exp(—©(d®)) for some ¢ € (0,1), has not been
explored in our work. However, we conjecture that this regime is still hard for polynomial-time
algorithms. While [A6] did not consider this noise regime for the CLWE problem, given the prob-
lem’s analogy to the LWE problem [A36]], it is plausible that the quantum reduction from CLWE
to GapSVP also applies for subexponentially small noise, since the quantum reduction for LWE
extends to subexponentially small noise. That is, it is possible that the requirement /3 = poly(d)
in Theorem can be relaxed, given the high degree of similarity between CLWE and LWE. If
this is true, then a polynomial-time algorithm for CLWE with v > 2+/d and 3 € (0,1) implies a
polynomial-time quantum algorithm for O(d/3)-GapSVP. Hence, by Theorem a polynomial-time
algorithm for our setting with subexponentially small noise would yield a “breakthrough” quantum
algorithm for GapSVP, since no polynomial-time algorithms are known to achieve subexponential
approximation factors of the form 20 for any constant ¢ < 1. In more detail, the best known
algorithms for GapSVP are lattice block reductions, such as the Block Korkin-Zolotarev (BKZ)
algorithm and its variants [A39,|1A38| |A33)], or slide reductions [A14, |All], which actually solve the
harder search problem. These block reduction algorithms, which can be seen as generalizations of
the LLL algorithm, trade-off running time for better SVP approximation factors. However, none is
known to achieve approximation factors of the form 2°4°) for any constant ¢ < 1 in polynomial
time.
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E LLL-based Algorithm: Exponentially Small Noise

In this section we offer the required missing proofs from the Section[3.3]

E.1 The LLL Algorithm: Background and the Proof of Theorem 2.5

The most crucial component of the algorithm analyzed in this section is an appropriate use of the LLL
lattice basis reduction algorithm. The LLL algorithm receives as input n linearly independent vectors
v1,...,V, € Z™ and outputs an integer combination of them with “small" /5 norm. Specifically, let
us (re)-define the lattice generated by n infeger vectors as simply the set of integer linear combination
of these vectors.

Definition E.1. Given linearly independent vy, . .. ,v, € Z", let

A:A(vl,...,vn):{Z)\iviz)\ieZ,izl,...7n}7 (20)
i=1

which we refer to as the lattice generated by integer-valued vy, . . ., vy,. We also refer to (vy,...,vy,)
as an (ordered) basis for the lattice A.

The LLL algorithm is defined to approximately solve the search version of the Shortest Vector Problem
(SVP) on a lattice A, given a basis of it. We have already defined decision-SVP in Appendix [B.3] We
define the search version below for completeness.

Definition E.2. An instance of the algorithmic A-approximate SVP for a lattice A C Z™ is as follows.
Given a lattice basis v1, . .., v, € Z™ for the lattice, A; find a vector T € A, such that

I# <A min_ ]
zeN,z#0

The following theorem holds for the performance of the LLL algorithm, whose details can be found
in [A26].

Theorem E.3 ([A26l]). There is an algorithm (namely the LLL lattice basis reduction algorithm),
which receives as input a basis for a lattice A given by vy, . .., v, € Z™ which

(1) solves the 23 -approximate SVP for A and,
(2) terminates in time polynomial in n and log (max} | ||v;||co) -

In this work, we use the LLL algorithm for an integer relation detection application.

Definition E.4. An instance of the integer relation detection problem is as follows. Given a vector
b= (b1,...,b,) € R", findan m € Z™ \ {0}, such that (b,m) = >, bym; = 0. In this case, m
is said to be an integer relation for the vector b.

We now establish Theorem [2.5] by proving following more general result. In particular, Theorem
follows from the theorem below by choosing M = 2"+1||m/||, and using notation m (used in
Theorem [2.3)) instead of m’ (used in Theorem|[E.5), and m’ (used in Theorem [2.3)) instead of ¢ (used
in Theorem [E-3).

The following theorem, is rigorously showing how the LLL algorithm can be used for integer relation
detection. The proof of the theorem, is based upon some key ideas of the breakthrough use of the
LLL algorithm to solve the average-case subset sum problem by Lagarias and Odlyzko [A24], and
Frieze [[A13], and its recent extensions in the context of regression [A44}A16]].

Theorem E.5. Let n, N € Z~. Suppose b € (2~ NZ)" with by = 1. Let alsom’ € Z" be an integer
relation of b, an integer M > 2" |m’||2 and setb_1 = (ba, ..., b,) € (2=NZ)"~L. Then running
the LLL basis reduction algorithm on the lattice generated by the columns of the following n X n
integer-valued matrix,

[ M2Ny, ‘ M2Nb_y

B (0(7,,—1)x1 \ I(n,—l)x(n—l))

21

outputs t € Z" which
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(1) is an integer relation for b with ||t||s < 275" [lm||2]|b]|2 and,

(2) terminates in time polynomial in n, N,log M and log(||b||cc)-
Proof. Tt is immediate that B is integer-valued and that the determinant of B is M2~ # 0, and

therefore the columns of B are linearly independent. Hence, from Theorem we have that the
LLL algorithm outputs a vector z = Bt with t € Z™ such that it holds

<23 i Bzx||». 22
2]z < 2%%@mﬂ |2 (22)

Moreover, it terminates in time polynomial in 7 and log(M 2" ||b ||~ ) and therefore in time polyno-
mial in n, N, log M and log(]|5||~0)-

Since m/ is an integer relation for b it holds, Bm' = (0, m}, ..., m},)" and therefore

min | Bz|ly < [[Bm[|2 < [Jm/]2.
xzeZ\{0}

Hence, combining with (2Z)) we conclude
l2ll2 < 2% /]l (23)

or equivalently

JOLENb, )2 + t1]13 < 25 v 24)

where t_q := (t2,...,t,) € Z" L.

Now notice that since 2V (b, t) = (2Vb,t) € Z either 2V (b, ) # 0 and the left hand side of (24)

is at least M, or 2V (b,t) = 0. Since the former case is impossible given the right hand side of
inequality described in (24) and that M > 2% ||m/||s > 2% ||m/||> we conclude that 2V (b, t) = 0
or equivalently (b, t) = 0. Therefore, ¢ is an integer relation for b.

To conclude the proof it suffices to show that ||¢]|z < 221 ||m/||2]|b||2. Now again from (24) and the
fact that ¢ is an integer relation for b, we conclude that

[t-1ll2 < 2% |m’|2. (25)
But since (b, t) = 0 and b; = 1 we have by Cauchy-Schwartz and (24)
1] = [{t—1,b-1)] < [[E=all2llb=1l2 < 2% [ [|2[D]2.
Hence,
n n n+1
[tz < V2max{2% |[m'||2]|b]|2, 2% [|m/[|2} < 272
since ||b||]2 > |b1] = 1. O

I/ [[2]1b1]2,

E.2 Towards proving Theorem [3.6; Auxiliary Lemmas

We first repeat the algorithm we analyze here for convenience, see Algorithm 4] Next, we present
here three crucial lemmas towards proving the Theorem [3.6] The proofs of them are deferred to later
sections, for the convenience of the reader.

Remark E.6. While the main recovery guarantee in Theorem[3.6]is stated in terms of the hidden
direction w € S471, Algorithm in fact also recovers the vector yw (up to global sign), if one skips
the last line of the algorithm, which normalises the output to the unit sphere. Such recovery is shown
as a crucial step towards establishing the main result. This stronger recovery will be used for exact
phase retrieval (See Appendix|F).

The first lemma establishes that given a small, in /5 norm, “approximate” integer relation between
real numbers, one can appropriately truncate each number to some sufficiently large number of bits,
so that the truncated numbers satisfy a small in /5-norm integer relation between them. This lemma is
important for the appropriate application of the LLL algorithm, which needs to receive integer-valued
input. Recall that for real number x we denote by () its truncation to its first IV bits after zero, i.e.
(x)n =27V [2VNz].
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Algorithm 4: LLL-based algorithm for learning the single cosine neuron (Restated)

Input: i.i.d. noisy 7-single cosine neuron samples {(z;, z;) fill

Output: Unit vector @ € S?~! such that min(||& — w||, | + w|) = exp(—Q((dlogd)?)).
fori =1tod+ 1do

z; < sgn(z;) - min(]z;], 1)
Z; = arccos(z;)/(27) mod 1

Construct a d x d matrix X with columns @, ..., z411, and let N = d>(log d)?.
if det(X') = 0 then
| return @ = 0 and output FAIL
Compute \; = 1and \; = \;(21,...,2441) given by (Mg, ..., Agy1) | = X 1oy,
Set M = 234 and o = (()\Q)N, ey ()\dJrl)N, ()\12’1)]\], ey (/\d+1zd+1)N7 2_N) € R2d+2
Output (ty,ts,t) € Z3*! x Z4*! x Z from running the LLL basis reduction algorithm on the
lattice generated by the columns of the following (2d + 3) x (2d + 3) integer-valued matrix,

<M2N(>\1)N M2N% )
02d+2)x1 | L(2d+2)x(2d+2)

Compute g = ged(ts), by running Euclid’s algorithm.
ifg=0V(t2/g) ¢ {—1,1}%*! then

| return w = 0 and output FAIL
@ < SolveLinearEquation(w’, X Tw’ = (t2/g9)z + (t1/9))
return &/ ||w|| and output SUCCESS.

Lemma E.7. Suppose n < Cod for some constant Co > 0 and s € R" satisfies for some m € Z"
that |(m, s)| = exp(—Q((dlogd)3)). Then for some sufficiently large constant C > 0, if N =
[d3(log d)?] there is an m’ € 7" which is equal with m in the first n coordinates, which satisfies

that |m’||y < Cdz ||m)|2 and is an integer relation for the numbers (s1)n - - ., (sn)n, 2.

The proof of Lemma [E.7]is in Section

The following lemma establishes multiple structural properties surrounding d + 1 samples from the
cosine neuron, of the form (z;,2;),4 =1,...,d + 1 given by (3).

Lemma E.8. Suppose that y < d® for some constant Q > 0. For some hidden direction w € S~
we observe d + 1 samples of the form (z;,2;),i = 1,...,d + 1 where for each i, x; is a sample from
the distribution N (0, 1), and

zi = cos(2m(y(w, zi))) + &,

for some unknown and arbitrary &; € R satisfying |&;| < exp(—(dlogd)?). Denote by X € RY*? the
random matrix with columns given by the d vectors o, . .., x4y1. With probability 1 — exp(—(d))
the following properties hold.

(1) maxi—1,...a+1 ||zill2 < 10Vd.

,,,,,

(2) minj—1, g1 |sin2ry(x;, w))| > 24,

(3) Foralli=1,...,d+ 1it holds z; € [-1,1] and z; = cos(2m(~y{x;, w) + &})), for some
& € Rwith |£]] = exp(—0((dlog 4)?)).

(4) The matrix X is invertible. Furthermore, | X 'z1||o = O(2%/d).
(5) 0 < |det(X)| = O(exp(dlogd)).
The proof of Lemma [E.§]is in Section

As explained in the description of our main results in Section a step of crucial importance
is to show that all “near-minimal" integer relations, such as @), for the (truncated versions of)
Aiy AiZi, 2 =1,...,d + 1 are "informative". In what follows, we show that the integer relation with
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appropriately “small" norm are indeed informative in terms of recovering the unknown ¢;, K; of (§)
and therefore the hidden vector w. The following technical lemma is of instrumental importance for
the analysis of the algorithm.

Lemma E.9. Suppose that v < d% for some constant Q > 0, and N = [d>(log d)?]. Let ¢’ € R¥+!
be such that ||€'|| o < exp(—(dlogd)?) and w € S4=1. Suppose that for all (z;)i=1,...a+1 are i.i.d.
N(0, Iz) and that for each i = 1,...,d+1 for some z; € [—1/2,1/2] there existe; € {—1,1}, K, €
Z with | K;| < d° such that

Y(w, zi) = €z + Ki — &. (26)
Define also X € RY*4 the matrix with columns the To,...,Tq+1 and set \1 = 1 and
(N2, Aar1)t = X~tay. Then with probability 1 — exp(—§Q(d)), any integer relation t €
72943 between the numbers ()\1)1\[, ey ()\d+1)N7 ()\12’1)]\/, RN (>\d+12d+1)N7 2=N with Ht”g <

224 satisfies in the first 2d + 2 coordinates it is equal to a non-zero integer multiple of

(K1,..., Kar1,€1,. .., €d41)

The proof of Lemma [E.9]is in Section

E.3 Proof of Theorem 3.6

We now proceed with the proof of the Theorem [3.6]using the lemmas from the previous sections.

Proof. We analyze the algorithm by first analyze it’s correctness step by step as it proceeds and then
conclude with the polynomial-in-d bound on its termination time.

We start with using part 3 of Lemma which gives us that z; € [—1,1] with probability 1 —
exp(—Q(d)) for all i = 1,2,...,d + 1. Therefore the z;’s remain invariant under the operation
z; < sgn(z;) min(|z;|, 1), with probability 1 — exp(—£2(d)). Furthermore, using again the part 3 of
Lemma [E.§|the Z;’s computed in the second step satisfy

cos(2mz;) = cos(2m(y{w, x;) + &)

for some &/ € R with [£]] < exp(—Q((dlogd)?)). Using the 27- periodicity of the cosine as well as

that it is an even function we conclude that for all for¢ = 1,...,d+ 1 there exists ¢; € {—1,1}, K; €
Z for which it holds forevery i = 1,...,d+ 1
Y(w, z;) = €z + K — &. (27)

Notice that if we knew the exact values of ¢;, K;, since we already know z;, Z; the problem would
reduce to inverting a (noisy) linear system of d 4+ 1 equations and d unknowns. The rest of the
algorithm uses an appropriate application of the LLL to learn the values of ¢;, K; and solve the (noisy)
linear system.

Now, notice that using the part 5 of Lemma[E.8| with probability 1 — exp(—£(d)) the matrix X is
invertible and the algorithm is not going to terminate in the second step.

In the following step, the \;,i = 1,2,...,d + 1 are given by A\; = 1 and the unique \; =
Ai(x1, .oy xqe1) ERji=2,...,d + 1 satisfying

d+1

Z)\ixi =21+ XN, ..., Aag1) | = 0.
i=1

Hence, we conclude that for the unknown direction w it holds

d+1 d+1

Aiy(w, zi) = y(w, Y Aiw;) =0
Z Z

Using now (27) and rearranging the noise terms we conclude

d+1 d+1 d+1

Doz + > MK =) Ngl. (28)
=1 =1 =1
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Now using the fourth part of Lemma E.8|and the upper bound on ||¢’|| we have with probability
1 — exp(—Q(d)) that
d+1

Y e -

Hence, using (28)) we conclude that with probability 1 — exp(—(d)) it holds
d+1 d+1

D Niziei + Y NiK;| = exp(—Q((dlogd)?)). (29)
- —

O Nl lI€'llo0) = O(d2% Vd exp(—((dlog d)*))) = exp(—Q((dlog d)*)).

Define s € R24+2 givenby s; = A\j,e=1,...,d+lands; = \j_g—12j—q-1,0 =d+2,...,2d+2.
Define also m € Z***2 givenby m; = K;,i=1,...,d+1landm; = €;_q_1,i =d+1,...,2d+2.
For these vectors, given the above, it holds with probability 1 — exp(—£2(d)) that |(s,m})| =
exp(—Q((dlogd)?)) based on (29). Now notice that

LKl = O(yVd) (30)

= 1

with probability 1 — exp(—Q(d)). Indeed, from the definition of K; we have for large enough values
of d that |K;| < ~v[(w,z;)| + 1+ |&] < 7]|@;l2 + 2. Recall that using part 1 of Lemma [E.8] for
alli = 1,...,d+ 1itholds ||z;]2 = O(/d) with probability 1 — exp(—(d)). Hence, for all i,
|K;| = O(yV/d), with probability 1 — exp(—$(d)). Therefore, since |¢;| = 1 for alli =1,...,d+1
it also holds with probability 1 — exp(—$(d)) that ||m||s = O(d||K||s) = O(~d3).

We now employ Lemma [E.7] for our choice of s and m to conclude that for the NV chosen by the
algorithm there exists an integer m5,;, 5 so that m' = (m, my,, 4) € € 7Z24%3 is an integer relation for

()\1)]\[, Cey ()\d+1)N7 ()\12:1)]\[, ey ()\d+1zd+1)N, o—N with ||m’||2 = O(d2 )

Now we set b € (27VZ)24+3 givenby b; = (\))y fori=1,...,d+1,b; = (N\;_g_1Zi_aq_1)n for
i1=d+2,...,2d + 2, and byg43 = 2—N_ Notice that b; = (1) = 1 and furthermore that the ©
defined by the algorithm satisfies © = (bs, . .., bag+3). On top of this, we have that the m' defined in
previous paragraph is an integer relation for b with ||m’||2 = O(d?). Since -y is polynomial in d we
have that 25" Hm’ |l < 237 for large values of d. Hence, to analyze the LLL step of our algorithm
we use Theorem S|for n = 2d + 3, to conclude that the output of the LLL basis reduction step is a
t = (t1,t2,t') € Z“ x Z%*1 x Z which is an integer relation for b and it satisfies that

d
[tll2 < 272 m/||2 1B,

with probability 1 — exp(—£(d)).

Now we use part 4 of Lemmato conclude that ||Al|z < d||A]|sc = O(22d?), with probability
1 — exp(—£2(d)). Since for any real number z it holds |(z)n| < |z| + 1 and Z; € [-1/2,1/2] for all
i=1,2,...,d+1we conclude that ||b]|2 = O(||A||2) = O(22d?), with probability 1 —exp(—$(d)).
Furthermore, since ||m/|| = O(d?~) we conclude that since - is polynomial in d, for large values of
d it holds,

Il = 0(2%) < 2%, (3D
with probability 1 — exp(—£(d)).

We now use the above and to crucially apply Lemma and conclude that for some non-zero
integer multiple ¢ it necessarily holds (¢1); = c¢K; and (t2); = ce;, with probability 1 — exp(—Q(d)).
Note that the assumptions of the Lemma can be checked to be satisfied in straightforward manner.
Now, the greatest common divisor between the elements of ¢, equals either c or —c, since the elements
of to are just c-multiples of €; which themselves are taking values either —1 or 1. Hence the step of
the algorithm using Euclid’s algorithm outputs g such that g = ec for some € € {—1, 1}. In particular,
ta/g = €(e1, ..., €q+1) # 0 implying that the algorithm does not enter the if-condition branch on the
next step.

Finally, since ¢ = eg it also holds t1/g = €(Kj,...,Kqy1) and therefore the last step of the
algorithm is solving the linear equations for i = 2,...,d + 1 given by

(i, W) = € (6;2; + €K;) = ey(zy, w) + €.,
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where we have used (7). Hence if £’ = (&, ...,£), ;)" we have
W=eyw+eX €.
Hence,
[ — eywllz < [ XTE]l2.

Now, using standard results on the extreme singular values of X, such as [A37, Equation (3.2)],
we have that 0.y (X ™1) = 1/0min(X) < 29, with probability 1 — exp(—(d)). Hence, with
probability 1 — exp(—£2(d)) it holds

o = evulls < O (2% ig]l ) -
Now since almost surely [|£]ls < df and 8 < exp(—(dlogd)®) we have 22 ||£]s = O(8) =
exp(—Q((dlogd)?)) and therefore, with probability 1 — exp(—(d)) it holds
[ — eywl> < O (8) = exp(—Q((dlog d)°)). (32)

Finally, since |[|z||2 — ||2’[|2] < ||z — 2’||2 we also have |||@]2 — 7| < O(B) = exp(—Q((dlogd)?))
and therefore

| e = o |2 —an| <o (1 - i+ L2220
ja ~ o~ =Ty~ il
< 4 (l# - eywll + 0()
< 0(2) = ewl-a(ozd®).

since v = w(B). Since € € {—1, 1} the proof of correctness is complete.

For the termination time, it suffices to establish that the step using the LLL basis reduction algorithm
and the step using the Euclid’s algorithm can be performed in polynomial-in-d time. For the LLL
step we use Theoremto conclude that it runs in polynomial-time in d, N, log M and log ||A|| -
Now clearly N, log M are polynomial in d. Furthermore, by part 4 of Lemma also log || Al o
is polynomial in d with probability 1 — exp(—(d)). The Euclid’s algorithm takes time which is
polynomial in d and in log ||t2||. But we have established in (3T)) that ||t2 ]2 < [|t]]2 < 22¢, with
probability 1 — exp(—£2(d)) and therefore the Euclid’s algorithm step also indeed requires time
which is polynomial-in-d. O

E.4 Proof of LemmalE.9

We focus this section on proving the crucial Lemma|[E.9} As mentioned above, the proof of the lemma
is quite involved, and, potentially interestingly, it requires the use of anticoncentration properties of
the coefficients A\; which are rational function of the coordinates of ;. In particular, the following
result is a crucial component of establishing Lemmal[E.9]

Lemma E.10. Suppose w € S~ is an arbitrary vector on the unit sphere and v > 1. For two
sequences of integer numbers C = (C;)i=1,2,...a+1,C’ = (C})i=1,2,....a+1 we define the polynomial

Pocr(x1,...,xq41) in d(d + 1) variables which equals
det(z2,...,zqr1) ((yw,z1)Cy + (C")1) (33)
d+1

+ Zdet(l‘27 ey Lj—1y, =T, L1y - - - ,l‘d+1) <<7waxz>01 + (C/)’L) B
=2

where each x1, . .., x4+1 is assumed to have a d-dimensional vector form.

We now draw x;’s in an i.i.d. fashion from the standard Gaussian measure on d dimensions. For any
two sequences C, C' it holds

d+1
Var(Po,cr(21, ... 2a1)) = (d =Dy > (Ci=Cy)P +d Y (C);.
1<i<j<d+1 i=1

Furthermore, for some universal constant B > 0 the following holds. If C;, C! are such that either
the C;’s are not all equal to each other or the C}’s are not all equal to zero, then for any € > 0,

P(|Pe.cr (21, .., 2ap1)| < €) < B(d+ 1)eT. (34)
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Proof. The second part follows from the first one combined with the fact that under the assumptions
on C,C’ in holds that for some i = 1,...,d + 1 either (C; — C/)? > 1 or (C!)? > 1. In particular,
in both cases since v > 1,

Var(Pco,cr (21, ..., &a+1)) > (d— 1) > 1.

Now we employ [A30, Theorem 1.4] (originally proved in [[A7]) which implies that for some universal
constant B > 0, since our polynomial is multilinear and has degree d + 1 it holds for any € > 0

P <PC,C’($17 ey @ag1)] < 6\/Var(Pc,c'($17 e ,$d+1))> < B(d+1)em

Using our lower bound on the variance we conclude the result.
Now we proceed with the variance calculation. First we denote
w(x_q) :=det(xa,...,T441) ,
and for each ¢ > 2
wlx—;) :=det(xa, ..., Tim1, =1, Tit1, -+, Tdr1)-

As all coordinates of the x;’s are i.i.d. standard Gaussian, for eachi = 1,...,d 4 1 the random
variable p(z_;) has mean zero and variance d!. Furthermore, let us denote ¢ (mz) := (yw, x;), which
is a random variable with mean zero and variance 2. In particular (2 _;)¢(x;) has also mean zero
as u(x_;) is independent with x;. Now notice that under this notation,

d d
Pocr(wy, .o wapn) = 3 Coplm_i)l(xi) + > Cip(z—

Hence, we conclude
E[PC7C’ (131, [N ,l‘d+1)] =0.

Now we calculate the second moment of the polynomial. We have

d+1 a1
Bl o/ was)] = 3 Cld* + 3 CiOBlpte-di(m)putz—5)lei)) +3_ '
1<i#j<d i—1

Now for all 7 # 7,

Elu(z—i)l(z;) p(z—;)l(z;)]
=E[det(...,zi—1, —x1, Tit1,...)det(...,xj1, =21, Tjp1, .. ) (Yw, 25) (Yw, ;)]

= Z 'yzwpwq]E[det(. ey Li—1y —T1, Ti41y - - ) det( .. ,Ij_l, —Iy, 1'j+1, .. )(Il)p(l‘])q]
p,q=1

Now observe that the monomials of the product
det(. oy Li—1, — L1, Li+1y - - ) det(. ey Lj—1, —T1, Lj41,- - .)(l‘i)p(l‘j)q

have the property that each coordinate of the various x}s appears at most twice; in other words
the degree per variable is at most 2. Hence, the monomials that could potentially have not zero
mean with respect to the standard Gaussian measure are the ones where all coordinates of every
x;,t = 1,...,d + 1 appear exactly twice or none at all, in which case the monomial has mean
equal to the coefficient of the monomial. By expansion of the determinants, we have that the studied
product of polynomials equals to the sum over all o, 7 permutations on d variables of the terms

-1
(=) Ti1,0(i-1)(—T1)o () TitLoit1 - - )+ Tjo1,7(-1) (=T r(NTjr1,7G+1) - - ) (@) p(T5) g

Hence, a straightforward inspection allows us to conclude that for every coordinate to appear
exactly twice, we need the corresponding permutations o, 7 to satisfy 7(i) = p, o(j) = ¢ (from the
coordinates (z;),, (z;)q), 0(i) = 7(j) (from the coordinate of 1) and finally o(x) = 7(x) for all
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x € [d] \ {i,7} (the rest coordinates). Furthermore, the value of the mean of this monomial would
then be given simply by (—1)&n(c7 1),

Now we investigate more which permutations o, 7 can satisfy the above conditions. The last two
conditions imply in straightforward manner that 7~ 1o is the transposition (i,7). Hence, 77 1o (j) = i.
But we have o(j) = q and therefore i = 7o (j) = 7 1(q) which gives 7(i) = q. We have though
as our condition that 7(7) = p which implies that for such a pair of permutations o, 7 to exist it must
hold p = ¢. Furthermore, for any o with o(j) = p there exist a unique 7 satisfying the above given
by 7 = o o (i, ), where o corresponds to the multiplication in the symmetric group S,. Hence, if
p # q no such pair of permutations exist and the mean of the product is zero. If p = ¢ there are
exactly (d — 1)! such pairs (all permutations o sending j to p and 7 given uniquely given o) which
correspond to (d — 1)! monomials with mean (—1)%e(@)+sen(m) — (_1)sen(c™"7) — _] where we
used that the sign of a transposition is —1. Combining the above we conclude that

E[det( ey Li—1, = L1, Li+41y - - ) det( sy Lj—1y =T, T4y - - )(ml)p(xj)q] = —(d — 1)'1(]) = q)
Hence, since ||w|2 = 1,

d
Elp(zi)l(@i)p(z—;)l(z;)] = Y —y*wp = =™

Therefore,
d+1 d+1
E[P o1, man)] = CHW — (d—1)ly* Y CiCj+ Z 'zl
= 1<i#£5<d+1
d+1
=(@d-14" D (Ci-C)P+dYy (O
1<i<j<d+1 i=1
The proof is complete. ]

We now proceed with the proof of Lemma [E.9]

Proof of Lemma[E9} Let ty,ty € ZH1 ¢ € Z with ||(t1,t2,¢')]2 < 22¢ which is an integer
relation;

d+1 d+1
> (i)n(t): —|—Z/\zl Yi+t27N =o.
=1

First note that it cannot be the case that t; = 5 = 0 as from the integer relation it should be also
that ¢’ = 0 and therefore ¢ = 0 but an integer relation needs to be non-zero. Hence, from now on we
restrict ourselves only to the case where ¢, t5 are not both zero. Now, as clearly [t/| < 224 jt also
holds

d+1 d+1
> (Na)n(t)i + Z (\iZs < 92dg=N
=1

Consider 7 the set of all pairs t = (t1,t3) € (Z4+1 x Z4+1)\ {0} for which there does not exist a
c€7Z\{0}suchthatfori=1,...,d+ 1 (¢1); = cK; and (t2); = ce;.

To prove our result it suffices therefore to prove that

d+1 d+1
P U { > (A)n(t): +Z (NiZ)n 22d/2N} < exp(—Q(d))
teT,||t]|2<22d \|i=1

for which, since for any z it holds |z — (z) x| < 27N and ||(t1, t2)|[1 < /2(d + 1)||(t1,t2)]]2 < 2%¢
for large values of d, it suffices to prove that for large enough values of d,

o y |

teT[[t]2<224

d+1 d+1

Z)\ tl +Z)\Z7‘ tz

i=1

< 24d/2N} < exp(—Q(d)).
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Notice that by using the equations (26) it holds

d+1 dt1
Z Ai(t1)i + Z Aizi(ta2);
i=1 i=1
dt1 dt1
=D Nilt)i+ Y Nilev(w, i) — &K + 6€))(t2)
i=1 i=1
dt1
=Y i (6lyw, ) (ta)i — e Kita)i + €:i(ta)i + (t1):)
i=1
dt1 d
= X ((yw, ) Ci+ C) + Y NG,
i=1 i=1

for the integers C; = €;(t2); and C! = —¢;K;(t2); + (t1);. Since t € T some elementary alge-
bra considerations imply that either not all (C;);=1,... 4+1 are equal to each other or one of the
(C1)i=1,2,....a+1 is not equal to zero. Let us call this region of permissible pairs (C,C") as C. Fur-
thermore, given that all ¢ satisfy ||| < 22¢, and that for all K; satisfy |K;| < d© it holds that any
(C,C") defined through the above equations with respect to 1, to, €;, K; satisfies the crude bound
that

I, CIN3 < Nitall3 + 2(d>?it213 + It [3) < 2.

Hence, using this refined notation it suffices to show

d+1 d
P U { Z Ai ((yw, ;) C; 4 CF) + Z Ai&iCi| < 24d/2N} < exp(—€(d)).
(c.onecc.enfa<es Uizt i=1

Now notice that from our exponential-in-d norm upper bound assumptions on C, the part 4 of Lemma
and since N' = o((dlog d)?), the following holds with probability 1 — exp(—(d))

d
Z INi&iCil = 0(2*[¢]|oc) = O(exp(—(dlogd)®)) = O(27™).

Hence it suffices to show that for large enough values of d,

P U {

(C,CN)EC,|I(C,C")[l2<2%¢

dt1
> i ((yw, zi)Ci + CY)

=1

< 25d/2N} < exp(—Q(d)).

Using the polynomial notation of Lemma [E-T0]and specifically notation (33), as well as the fact that
by Cramer’s rule \; are rational functions of the coordinates of z; satisfying A\;det(xo, ..., x441) =
det(...,x;—1,—%1, Tit1,...) it suffices to show

P U {|Po,cr(x1, . wap)| < |det(ws,. .., 2441)[2°7/2V} | < exp(—Q(d)).
(C,CNeC,I(C,C) |2 <234
Using the fifth part of the Lemma [E.8]there exists some constant D > 0 for which it suffices to show

P U {|Pc.cr(21,. .., xa01)| < 2P108d 19N | < exp(—Q(d)).
(C,C")eC,|[(C.C7) |2 <234

Now since N = O(d3(log d)?) we have N = w(d log d). Hence, for sufficiently large d it suffices to
show

P U {IPc.or(@1y .- at1)| < 273} | < exp(—Q(d)).
(C,C/)EC7H(C7C/)H2§23(1
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By a union bound, it suffices

3 B (1Poor(a,. . wan)| <27 %) <2790, (35)
(C,CNec,|(C,C) 25234

Now the integer points (C, C") with £ norm at most 237 are at most 23¢°+¢ as they have at most

239+1 choices per coordinate. Furthermore, using the anticoncentration inequality (34) of Lemma
[E.10} we have for any (C, C") € C that it holds for some universal constant B > 0,

i (|PC,C, (@1, Tas1)] < 2—%) < B(d +1)27 %,
Combining the above with the left hand side of (33), the right hand side is at most
B(d+ 1)23‘12*‘{27% = exp(O(d?) — Q(N/d)) = exp(—Q(d)),
where we used that N/d = Q(d? log d). This completes the proof. O

F Exact Recovery for Phase Retrieval with Optimal Sample Complexity

Phase retrieval is a classic inverse problem [[A12]] with important applications in computational
physics and signal processing, and which has been thoroughly studied in the high-dimensional
statistics and non-convex optimization literature A4}, |A21, A 18 |A35||AS| /A9, IA28]|A29] A34]]. In
the noiseless setting, the phase retrieval problem asks one to exactly recover a hidden signal w € R?,
up to global symmetry £w, given sign-less measurements of the form

y = [z, w)| .

As mentioned in Section [I.2] our cosine learning problem can be seen as “containing” the phase
retrieval problem since the even-ness of the cosine function immediately “erases” the sign of the inner
product (z, w). More precisely, the phase retrieval problem can be reduced to the cosine learning
problem by simply applying the cosine function to the measurements and noticing that

cos(2m|[{z, w)|) = cos(2m(x,w)) .

Hence, Algorithm([T] without the last normalization step (see Remark [E.6), can be immediately used to
exactly solve phase retrieval under exponentially small noise. Formally, Theorem [3.6|(for v = ||w||2)
certifies near exact recovery for (Gaussian) phase retrieval using only d 4 1 samples:

Corollary F.1 (Recovery of Phase Retrieval under exponentially small noise). Let us consider
noise level 8 < (2m) ™! exp(—(dlogd)?), and arbitrary w € R? such that 1 < ||wl|2 = poly(d).
Suppose {(x;,y;) }Yi=1. .at1 are i.i.d. samples of the form x; ~ N(0,I4) and y; = |(x;, w)| + &,
with arbitrary |€;| < B. Then Algorithm with input {(z;, z; = cos(2my;)) }i=1,...a+1 returns an
un-normalized output w' satisfying min{||w’ — wl|z, ||[w’ + w|l2} = O(B) and terminates in poly(d)
steps, with probability 1 — exp(—Q(d))

Remarkably, our lattice-based algorithm improves upon the AMP-based algorithm analysed in [AS]],
which requires m ~ 1.128d in the high-dimensional regime for exact recovery, and therefore shows
that AMP is not optimal amongst polynomial-time algorithms in the regime of exponentially small
adversarial noise. Hence, this adds phase retrieval to a list of problems, including for example linear
regression with discrete coefficients, where in the exponentially-small noise regime no computational-
statistical gap is present [A44] [[A23], Section 4.2.1]. We note that the possibility that LLL might
be efficient for exponentially-small noise phase retrieval was already suggested in [[A44] and later
established for discrete-valued w in [A16]. In fact, previous results by [[A2] have already shown
that exact (i.e., noiseless) phase retrieval is possible with optimal sample complexity using an LLL-
based algorithm very similar to ours. We also remark that our result is stated under the Gaussian
distribution, as opposed to generic i.i.d. entries as in [[AS]. The reason is that we rely crucially on
anti-concentration properties of random low-degree polynomials, which are satisfied in the Gaussian
case [A7,/A30]. However, these anti-concentration properties can be extended to log-concave random
variables [[A7, Theorem 8], and as a result our analysis easily extends to x; following a product
distribution of a density which is both log-concave and sub-Gaussian. In this respect, we strengthen
previous results by [A2]], whose analysis is tailored to the Gaussian case.
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An interesting question is whether the sample size d + 1 is information-theoretically optimal to
recover w up to error 3 from the studied phase retrieval setting. In other words, whether the recovery
is possible with d samples by any estimator, and irrespective of any computational constraints. For
simplicity, we focus on the noiseless case 3 = 0, in which case the goal is exact recovery. We note
that the answer depends on the prior knowledge on w, or, assuming throughout a rotationally invariant
prior for w, on the prior distribution of ||w||. Indeed, in the extreme setting where the hidden vector
w € R? is unconstrained, we immediately observe that there are 27 possible vectors w’ satisfying
|{(z;,w")| = |{x;, w)|. As a consequence, by taking into consideration the global sign flip symmetry,
exact recovery is possible only with probability at most 2~¢*1. On the other extreme, if one knew
that ||w|| = 1, then generically only two (w and —w) of these 2¢ possibilities will satisfy the exact
norm constraint, making exact recovery (up to global sign flip) possible with only d samples in that
case. The following theorem addresses the general case between these two extremes, and establishes
that exact recovery using only d samples cannot be generally certified with high probability, in stark
contrast with Corollary

Theorem F.2. Assume a uniform prior on the direction w/||wl||2 € S9!, and assume that v =
llwl|l2 > 0 is distributed independently of w according to a probability density q,, which satisfies the

following assumption: For some B > /2 and C' > 0, the function ¢y : R —= [0, 400) satisfies
B
¢ ()t~ is non-increasing int € [1, B], and / g, (t)dt > C. (36)
V2

Consider d > 2 i.id. samples {x;,y; = |(xi,w)|}iz1..a, where z; are i.i.d. N(0,1;) and w is
drawn from two independent variables: w/||w| uniformly distributed in S~ and ||w|| is distributed
with density q, satisfying @) Let A be any estimation procedure (deterministic or randomized)
that takes as input {(z;,y;)}i=1....a and outputs w' € R%. Then with probability w(d~?) it holds
w' & {—w,w}.

This theorem is proved in Appendix [J]} The main idea of the proof is to show that, with non-neglibile
probability (w(d~?)), some of the ‘spurious’ solutions w’ satisfying |{z;,w’}| = |(x;, w)| are such
that ||w’|| < ||w|. Combined with our assumption on the prior ¢, and the optimality of MAP
estimators in terms of error probability, the result follows. We also note that Assumption is very
mild, and is satisfied e.g. when ~ is uniformly distributed in [1, B], or when w is either uniformly
distributed in a circular ring, or follows a Gaussian distribution. Therefore, our proposed algorithm, as
well as the algorithm used in [[A2], obtains a sharp optimal sample complexity in this phase-retrieval
setup, in the sense that even one less sample than the sample complexity of our algorithm is not
sufficient for exact recovery with high probability.

Finally, we would like to highlight that our result and the described lower bound should be also
understood in contrast with the recently established weak recovery threshold that d/2(1 + o(1))
measurements actually suffice for achieving some non-trivial (constant) error with w [A35]].

G Approximation with One-Hidden-Layer ReLLU Networks

The members of the cosine function class 7., = {cos(2my(w,z)) | w € S9!} consist of a
composition of the univariate 27-Lipschitz, 1-periodic function ¢(z) = cos(27z), and an one-
dimensional linear projection z = ~(w,z). Notice that since x ~ N(0,1;), z lies within the
interval [— R, R], where R = v+/2log(1/4§), with probability at least 1 — § due to Mill’s inequality
(Lemma [K.3). Hence, to achieve e-squared loss over the Gaussian input distribution, it suffices for the
ReLU network to uniformly approximate the univariate function ¢(z) = cos(27z) on some compact
interval [—R(, €), R(, €)], and output O for all z € R outside the compact interval.

The uniform approximability of univariate Lipschitz functions by the family of one-hidden-layer
ReLU networks on compact intervals is well-known. To establish our results, we will use the
quantitative result from [AIT]l, which we reproduce here as Lemma[G.I] We present our ReLU
approximation result for the cosine function class right after, in Theorem[G.2]

Lemma G.1 ([AT1l Lemma 19]). Let o(z) = max{0, z} be the ReLU activation function, and fix
L,n, R > 0. Let f : R — R be an L-Lipschitz function which is constant outside an interval [— R, R).
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There exist scalars a, {a, B}y, where w < 3%, such that the function

z)=a+ Zaia(m‘ - B)
i=1
is L-Lipschitz and satisfies

sup| f(x) — h(x)| <.
z€R

Moreover, one has |a;| < 2L.

Theorem G.2. Letd € N, v > 1, and € € (0, 1) be a real number. Then, the cosine function class

Fy = {cos(2my(w,z)) | w € S} can be e-approximated (in the squared loss sense) over the
Gaussian input distribution © ~ N (0, 1) by one-hidden-layer ReLU networks of width at most

0 (/=22

Proof. Let R = [v+/210g(8/€)] + 1/2, and 2 = y{w, x). Then, by Mill’s inequality (Lemma K.3)

and the fact that R > ~,
2 R? €
P(|z] > R) < A/ ;GXP <—272> < g (37)

Let f : R — R be a function which is equal to cos(27z) on [—R, R] and 0 outside the compact
interval. We claim that f is still 2w-Lipschitz. First, note that cos(2rR) = cos(—27R) = 0
Moreover, f is 2m-Lipschitz within the interval [—R, R] and O-Lipschitz in the region |z| > R.
Hence, it suffices to consider the case when one point z falls inside [— R, R] and another point z’
falls outside the interval. Without loss of generality, assume that z € [— R, R] and z’ > R. The same
argument applies for z/ < —R. Then,

IF() = f(2) = [f(R) = f(2)] < 2m|R — 2| < 22" — 2] .
Now set L = 2w, = \/¢/2, R = [vy/2log(8/€)] + 1/2 in the statement of Lemma and
approximate f with a one-hidden-layer ReLU network g(z) of width at most O (’y\/ bg(j/e)>
Then,

E L leos@mytwa) — gyfw.z))? = E - [(cos(2rz) - g(z)?)

= ’y\ﬁ/ cos(2mz) — g(2))? exp(—22/(27?))dz

(cos(27mz) — g(2))? exp(—22/(27%))d=

’Y\/ﬂ H<R
Wm on (cos(2mz) — g(2))? exp(—22/(27?))dz
<ot [ el s
< n?+ 4(¢/8)
<€,

where the first inequality follows from the fact that the squared loss is bounded by 4 for all z ¢
[—R, R] since cos(27z) € [—1,1] and g(z) € [-n,n] C [—1, 1] and the second inequality uses (37).
This completes the proof. O

H Covering Algorithm for the Unit Sphere

The (very simple) randomized exponential-time algorithm for constructing an e-cover of the d-
dimensional unit sphere S%~! is presented in Algorlthml 5| We prove the algorithm’s correctness in
the following claim, which is essentially an appropriate application of the coupon collector problem.
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Algorithm 5: Exponential-time algorithm for constructing an e-cover of the unit sphere

Input: A real number € € (0, 1), and natural number d € N.

Output: An e-cover of the unit sphere S%~! containing 2N log N points, where
N = (1 + 4/€)¢ with probability 1 — exp(—Q(d)).

Initialize the cover C = (), and set m = 2N log N.
fori =1tomdo
L Sample x ~ N (0, 1)

v af|z|2
Addv e S 1t C
return C.

Claim H.1. Let d € N be a number, let ¢ € (0,1) be a real number, and let N = [(1 + 4/¢)?].
Then, [2N log N vectors sampled from S4=1 uniformly at random forms an e-cover of S~ with
probability at least 1 — exp(—(d)).

Proof. By Lemma we know that there exists an ¢/2-cover of S~1 with size less than N =
[(1+4/€)?]. Let us assume for simplicity and without loss of generality, that it’s size equals to N,
by adding additional arbitrary points on the sphere to the cover if necessary. We denote this €/2-cover
by IC. Of course, K C Gd-1 by the definition of an e-cover in [[A42] Section 4.2].

Now, observe that any family W of M vectors on the sphere, say W = {wy,...,wps}, with the
property that for any v € K there exist i € [M] such that ||v — w;||2 < €/2 is an e-cover of S91.
Indeed, let € S9 1. Since K is an €/2-cover, there exist v € K with ||z — v|| < €/2. Moreover,
using the property of the family W, there exists some ¢ € [M] for which ||v — w;|2 < €/2. By
triangle inequality we have ||w; — x||2 < €.

Now, by definition of the e/2-cover it holds

U (B(U,€/2) ﬂSd—l) — gd-1,

vel

where by B(z,7) we denote the Euclidean ball in R? with center € R? and radius r. Hence,
denoting by p the uniform probability measure on the sphere, by a simple union bound we conclude
that for all v € K, Nu(B(v,¢e/2) N S41) > 1 or

p(B(v,e/2) NS4~ > % (38)

In other words, if we fix some v € K and sample a uniform point w on the sphere, it holds that with
probability at least 1/N we have ||w — v||s < €/2.

Hence, the probability that M random i.i.d. unit vectors wq, ..., wys are all at distance more than
€¢/2 from a fixed v € K is upper bounded by

M
P (ﬂ{lluz' —vf2> 6/2}> < (1 =1/N)™ < exp(—=m/N) .

i=1

Now let M = 2N log N. By the union bound, the probability that there exists some v € K not
covered by M random unit vectors wy, . .., wys is upper bounded by

P (U{|’U,7,_U||2 >e/2foralli = 1,...,M}> < |K|-exp(-M/N) <1/N.
veK

Since N = exp(£2(d)), we conclude that M = 2N log N random unit vectors form an e-cover of
S4=1 with probability 1 — exp(—£(d)). The proof is complete. O
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I The Population Loss and Parameter Estimation

Let f(x) = cos(2my(w, x)) be the target function defined on Gaussian inputs  ~ N (0, I;). In this
section, we consider the proper learning setup, where we wish to learn a unit vector w’ such that the
hypothesis g, () = cos(2my(w’, z)) achieves small squared loss with respect to the target function
f. Towards this goal, we define the squared loss associated with a unit vector w’ € S9!

Definition L.1. Lerd € N, v > 1, and w € S~ be some fixed hidden direction. For any w' € S?~1,
we define the population loss L(w') of the hypothesis g, (x) = cos(2my(w', x)) with respect to w
by

L(w") = Eyunio,1,)[(cos(2my(w, z)) — cos(2my(w', z)))?] . (39)

Notice that because the cosine function is even, the population loss inherits the sign symmetry and
satisfies that L(w') = L(—w’) for all w’ € S¢~1. Reflecting that symmetry, we obtain a Lipschitz
relation between the population loss and the squared ¢5 difference between w and w’ (or —w’ if
lw+ w'||2 < |Jlw — w||2). In particular, when + is diverging, we can rigorously show that recovery
of w with o(1/7) £s-error is sufficient for (properly) learning the associated cosine function with
constant edge. This is formally stated in Corollary [[.3] We start with the following useful proposition.

Proposition 1.2. For every w' € S%~1 it holds

(2my)%* ,
L(w') =2 Z o exp(—4n?~?) (1- <w7w'>k) . (40)
kE2Z g
In particular,
L(w') < 4r*y* min{|lw — w'[13, lw + w'[[5}- (41)

Proof. Let {hy}kez., be the (probabilist’s) normalized Hermite polynomials. We have that the pair
Z = (w,x),Z, = (w', x) is a bivariate pair of standard Gaussian random variables with correlation
p = (w,w'). Using the fact that hj’s form an orthonormal basis in Gaussian space (See item (1) of
Lemma [K.T0), we have by Parseval’s identity that

L(w") = 2(E[cos(2mvZ)?] — E[cos(2mvZ) cos(2m7Z,)])
=2 (Elcos(2my2)h(Z))* — Elcos(2myZ)hi(Z)|Elcos(2myZ, ) hi(Z)]) -
keZ
Using now item (2) of Lemma for p = 1 and for p = (w, w’), we have

)2k
w') = 22 ((2 />k- (2 ];Y') exp(—477272)>
kez ’

-2 j{:

k€2Z50

exp(—47m24?) — (w,w

)zk )
exp(—4n®4?) (1~ (w, w')*),

as we wanted for the first part.

For the second part, notice that since the summation on the right hand from Eq. (0) is only containing
an even power of (w,w’) it suffices to establish the upper bound in terms of ||w — w’||3. The exact
same argument can be used to obtain the upper bound in terms of ||w + w’||3, due to the observed
sign symmetry of the population loss with respect to w’.

Now notice that using the elementary inequality that for o € (0,1), 2 > 1 we have (1—a)* > 1—ax,
we conclude that for all £ > 0 (the case k£ = 0 is trivial) it holds

1 k
1= (w,0)* = 1= (1= Sflw—w|3)* < Sl —w'|3.
Hence, combining with the first part, we have

2 2k
L)< 3 kT () o — w3

k!
k€2Z>¢
2 2k
< 3 O ep(—any) - w3
kE€Z>o :
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; (2m7)**
Now notice that Zkezzo k=
parameter (and mean) equal to 4722, Hence, the proof of the second part of the proposition is

complete. O

exp(—4m2~?) is just the mean of a Poisson random variable with

The following Corollary is immediate given the above result and the item (3) of Lemma[K. 10

Corollary 1.3. Let d € N and v = v(d) = w(1). For any w' € S~ which satisfies min{|Jw —

w |3, [|lw+w'||3} < W and sufficiently large d,

L(w") < Var(cos(2my(w, z))) — 1/12 .

Proof. Using our condition and w’ and the second part of the Proposition .2l we conclude

1

/
< —.
L(w)74

Now using item (3) of Lemma we have that for large values of d (since v = w(1)), it holds
1
3 < Var(cos(2my(w, x))) .

The result follows from combining the last two displayed inequalities. O

J Optimality of d + 1 samples for exact recovery under norm priors

In this appendix, we argue that d + 1 samples are necessary in order to obtain exact recovery with
probability 1 — exp(—£(d)), irrespective of any estimation procedure. Since our upper bound holds
for arbitrary w/||w|| € S9!, and arbitrary 1 <y = ||w||2 = poly(d), it suffices to prove a lower
bound for some distributional assumption on -y and w/||w||2 which respects these constraints. Hence,
for our lower bound, we assume a uniform prior on the direction w/|w||z € S%~!, and assume that
v = |Jw|l2 > 0 is distributed independently of w according to a probability density ¢, which satisfies
the following assumption.

Assumption J.1. For some B > /2 and C > 0, the function ¢, : R — [0,00) satisfies that
¢ (t)t~ 4+ is non-increasing for t € [1, B], and f\% g, (t)dt > C.

‘We now state our lower bound, restating Theorem E] for convenience.

Theorem J.2. Consider d > 2 samples {(x;,y; = |{x;, w)|) }i=1...q, in which the x;’s are drawn
i.i.d. from N(0,1;), and w is drawn from two independent variables: w/||w|| uniformly distributed in
S and ||w|| distributed with density satisfying Assumption Let A be any estimation procedure
(deterministic or randomized) that takes as input {(z;,v;) }i=1,... a and outputs w' € R%. Then with
probability w(d=?) it holds w' & {—w,w}.

Proof. The key idea of the proof will be to establish that with probability w(d~2) over the
draws of the data {z;},=1, 4 and the hidden vector w, the following event occurs: There ex-
ist a pair of antipodal solutions {—w’,w’} different from +w, such that the posterior prob-

ability measure p(@ | {(%i,y:)}i=1...4) over any possible hidden vector @ € R? satisfies
p({—w',w'} | {(xs,9:)}) > p({—w,w}| | {(zi,y:)}). In this event, the MAP estimator will
thus fail to exactly recover {—w, w} at least with probability 1/2 (over the randomness of the algo-
rithm). Finally, using the optimality of the Maximum-a-Posteriori Bayes estimator in minimizing the
probability of error, the result follows.

Let X = (¥;)i=1..a € R?*?, be the matrix where fori = 1, ..., d with i-th row equal to z,] , and
X ! its inverse (which exists with probability 1 since the determinant of a squared matrix with i.i.d.
Gaussian entries is non-zero almost surely [AS8]). Furthermore, let y = (y;)i=1..q € R the vector of
the labels. Let us introduce binary variables ¢ € {—1,1}%, and the associated matrix

Ao = X diag(e) X, .

where by diag(e) we refer to the d x d diagonal matrix with the vector € on the diagonal.
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We say that a w’ € R? is a feasible solution if forall i = 1,. .., d it holds that | (x;, w’)| = y;. Notice
that if w’ is a feasible solution, then for any ¢ € {—1,1}¢, A.w’ is also a feasible solution. This
follows since foreach: = 1,...,d it holds by definition ;] X 1 = e, where ¢; is the i-th standard
basis vector, and therefore xTA = g,z . Hence we have

\xiTAsw'| = |€ixjw'| =y .

On the other hand, if w’ is a feasible solution, then there exists ¢ € {—1,1}%, for which for all
it =1,...,d,itholds (x;, w’) = e;y;. Therefore, using the definition of y; and the already established
propertles of A,

/ T T
(mj,w) = ey =) eqw =] Acw .

Hence, X (w’ — A.w) = 0. As X is invertible almost surely, we conclude that w’ = A.w. Combining
the above, we conclude that the set of feasible solutions is almost surely the set

B, = {Acwle € {—1,1}9).

Of course, this set includes w when ¢ = 1 is the all-one vector, and —w when ¢ = —1 is the all-
minus-one vector. Furthermore, from the almost sure linear independence of all z;, = 1,...,d + 1,
and that w is drawn independent of X, we conclude that for all £ ¢ {—1,1} it holds almost surely
that A,w & {—w, w}.

Now consider the joint density of the setup in this notation (where we recall that @ € R? denotes the
generic vector to be recovered, while w is the actual draw of the prior), which decomposes as

p(X,,y) = px(X) - pa(@) ply | X, @) , X e R @ e R,y e R

Notice that since we work under the noiseless assumption it holds p(y | X, w) = 6 (y — | X @),
where by a slight abuse of notation for a vector v € R¢ we denote by |v| € R? the vector with
elements |v;|,4 = 1,...,d. Further recall that in this notation we sample a hidden w ~ pg and
independently a matrix X ~ px. We observe the vector of labels y = | Xw| and X. The posterior
probability p(w | X, y) is therefore

p(X, w,y)
p(X,y)

From our previous argument, we know that this posterior distribution is necessarily supported in the
set B,, of 2¢ points of the form (X~ - diag(e))y for any ¢ € {—1, 1}¢, which include w. Denoting
by 0(@) the Dirac unit mass at w, we have

1
p(w | X,y) = ~ Z ax,y(w)o(w—w'), 43)

w’ €Buy

p(w| X,y) = o pa(w) - ply | X, w) . (42)

for some normalizing constant Z and some coefficients « x ,(¢) that we now determine. We evaluate
the posterior distribution over w from (11_;[2]) using the coarea formula [A27]: Given an arbitrary test
function ¢ € C2°(R%), and F : R? — R7 defined as F'(u) := | Xu|, we have

2 [ vl Xpo@dn = [ pu@ily - F@)oo)do @)

- /]R (/F( )5(y - z)pﬁz(u)(b(uﬂDF(u)|_1d’}-[0(u)) 4445)

- [ -2 ( / Z pfu<u>¢<u>|DF<u>|—1dHo<u>) d: 46)
> pa(w)d(w)|det(X)| 7", 47)

w! €By

where dH, is the 0-th dimensional Hausdorff measure. From we also have that

[ po | Xt = 3 ax,(w)ole) .

w! EBy



hence we deduce that the weights in (#3)) satisfy
Ve, axy (X' diag(e)y) = pa(X " - diag(e)y)|det(X)[ " .

By plugging y = | Xw| = diag(e*) X w for the sign coefficients ¢ = sign({z;, w)), and recalling
the definition of A, we conclude that the posterior distribution over the hidden vector w satisfies
almost surely

o] X ={ g7

where Z 1=} . g pa(W).
Now to prove the desired result, based on the folklore optimality of the Maximum-A-Posteriori (MAP)

estimator in minimizing probability of failure of exact recovery (see Lemma[J.4] for completeness) it
suffices to prove that with probability w(d~2) there exists w’ € B, \ {—w, w} such that

pa(w') > pa(w) . (48)

Indeed, recall that since py is rotationally invariant, we have pg (W) = pg(—) for any w, therefore
immediately implies pg(+w’) > pg(dw). Hence, the MAP estimator (and therefore any
estimator) fails to exactly recover an element of {w, —w} with probability w(d~?2), as we wanted.

Now, using a standard change of variables to spherical coordinates, for all @ € R? the density of
the prior equal to pg (@) = g, (||@]|2)||@[]7 “™*. In particular, based on Assumptionit suffices to
prove that with probability w(d~2) there exists a w’ € By, \ {—w, w} such that 1 < [|[w'||2 < |Jw]|2,
or equivalently there exists ¢ € {—1,1}%\ {—1, 1} such that

1< [J[Acw|l2 < [lwllz - (49)

We establish {#9) by actually studying only one such ¢, potentially the simplest choice, which we call
() where agl) = —1and agl) = +1forj = 2,...,d. This is accomplished by the following key

lemma:

Lemma J.3. Suppose X € R%* has i.i.d. N(0,1;) entries, and w is drawn independently of X,
such that w/||wl|2 is drawn from the uniform measure of S4=* and its norm ||w||s is independent
of w/||\w||2 and distributed according to a density q., satisfying Assumption (36). Set also A.) =
X ~'diag(eM) X. Then with probability greater than w(d~?), it holds

L< [[Acmwllz < [lwllz - (50)

This lemma thus proves and the failure of the MAP estimator with probability w(d~?2).

We conclude the proof by formally stating and using the optimality of the MAP estimator in terms
of minimizing the error probability, by relating it to a standard error correcting setup. From our
previous argument, we can reduce ourselves to decoders that operate in the discrete set 3,,, since any
w outside this set will be different from +w almost surely.

Lemma J.4. Suppose X is a discrete set, and let t* € X be an element to be recovered, with
posterior distribution p(zly), * € X, after having observed the output y = g(z*). Then, any
estimator producing & = &(y) will incur in an error probability P(& # x*) at least 1 — max,, p(x|y),
with equality if 3 is the Maximum-A-Posterior (MAP) estimator which outputs arg max, p(z|y).

We apply the Lemma [J.4] for X' containing all the pairs of antipodal elements of 5,,, that is X' =
{{w',—w'} : w" € By} and 2* = {w, —w}. As we have established that the MAP estimator fails to
exactly recover z* with probability w(d~?2) this completes the proof.

O
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J.1  Proof of Lemma|[].3]

Proof. If e; denotes the first standard basis vector, observe that by elementary algebra,
Ay = XM (Iy— 2e1e] ) X = Iy — 2%121 (51)
where z is the first row of X and 7 is the first column of X 1.

We need a spectral decomposition of matrices of the form A = I; — 2uv ", which is provided in the
following lemma:

Lemma J.5. Letn € Rand A = I; — 2nuv’ € R¥9, with |luls = ||v]|s = 1, and a = (u,v).
Then AT A has the eigenvalue 1 with multiplicity d — 2, and two additional eigenvalues A1, Ay with
multiplicity 1 given by

A1 :1—|—277(n—a—\/172+1—277a) , )\2:1+217(77—a+ 772+1—2na) . (52
In particular, Amin (AT A) = A1 < 1 and Apax (AT A) = Xy > 1 whenever n > 0 and |a| < 1.

From (51), we now apply Lemma By noting that (x1, 1) = 1 since X X ! = I, note that the
lemma applies for A,y with parameters

X1 i‘l 1 ~
o= = = ——andn = [[z1]|2 - [|Z1]]2 -
lzill2” [|21]]2 llz1ll2 - [|Z1]]2

Since |a| € (0, 1] by Cauchy-Schwarz and and an = 1, it follows that n > 1 and the eigenvalues of
Al Al are (Amin(A ) Ac)s 1,0 1 Amax(A] ) AL))), with

Amin(AlnAcw) = 1421 (77 —a— P 1) — 4t =1 (53)
Amax(Aln A.y) = 142 (n —at+ = 1) — 12— 1. (54)

In fact, we claim that |a| < 1 with probability 1, which by Lemma [J.5|implies that

Amin (Al Acn) < 1< Amax (A Acy) (55)
Indeed, recalling from LemmaJ.5|that by definition o = (m, H§71H> with 71 = (X T X))~ lay, first

observe that || < 1 almost surely. Indeed, |a| = 1 iff Z1 and x4 are colinear, that is for some scalar
Aitholds (X " X)~'x; = Az, which in particular implies that z; is an eigenvector of (X T X)~1,
or equivalently of X " X. Letting y; = ] x1, this means that

Az = (XTX)xl = (Z xmj) T, = Zmzyl .

Since X has rank d almost surely, {z; };—1..4 are linearly independent almost surely, which in turn
implies that y; = (x1, ;) = 0 for ¢ # 1 almost surely. This is a O-probability event since the x;’s are
continuously distributed and independent of each other.

In what follows to ease notation we denote £(*) simply by ¢ and in particular A, simply by A.. In
the following lemma we establish that 17 < d? with probability close to 1. The proof of this fact is
given in Section More precisely, we claim the following:

Lemma J.6. There exist constants C' > 0 and dy > 0 such that for any d > dy,
P(n<Cd®)>1-1/d.

We shall now establish (50) building from Lemma[J.6] We first relate the spectrum of A, with the
probability that ||Acwl|2 < ||w||2 or equivalently HAEWH < 1. Letw := w/||w||, so w = ~w,
2

with @ € S9! uniformly distributed, and independent from ~. We claim that with respect to the
randomness of w but conditioning on X it holds

1-— Amin(AA:grféla) ) ) (56)

3 2 :
Puo(||Acw] < 1) = - aresin (\/)\max(A;rAE) — Amin (AT AL)
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Indeed, assuming without loss of generality that the two eigenvectors of A A, associated with the
distinct eigenvalues Apmin (A A.) and Apax (Al A.) are respectively e; and e, the first two standard
basis vectors, we have that
||As111||§ = Amin(AeTAs)ﬂ’% + /\maX(AsTAa)ﬂ’% + Z w12 )
i>2
and therefore, using the uniform distribution on S9=1 of @, it holds
Py (||Acw]ls <1) = Py([|Acw]3 < [@]?)
= PuOmin(A] AD)w? +

= Py Amin ATA& ~92 , -2 >\max ATAE ——— <1
(AT 7% AT A0 00 <1)

= Poovro,20) (Amin (Al Ac) cos(0)? + Amax (AL A2) sin(0) < 1) ,(57)

Amax (Al A)ws < W} + ©3)
2
1

where the last equality follows since the marginal of @ corresponding to the first two coordinates is
also rotationally invariant.

From the last identity of (57) and (33)), we verify that

PGNU[0727T] ()\Inin(A;rAs) COS(G)2 + )\maX(A;rAE) sin(9)2 < 1)
1 27

— o 1 [Amin (Al A2) cos(0)? + Amax (AL A.) sin(0)? < 1] d6
T Jo

2

w/2
— z / 1 [Amin (AL A2) c08(0)? + Amax(A] Ac)sin(0)? < 1] d6
™ Jo

2
= 70* s
T
where 0* is the only solution in (0, 7/2) of
Amin (AL A2) c05(0)% 4 Amax (Al Ao)sin(0) = 1. (58)
From (58) we obtain directly (36), as claimed.

1-Amin (AT Al)

N (AT As) A (AT ALY expressed in terms of & = 1/ and 7) becomes

Now, the quantity p :=

_ 1- )‘min(A;rAe) _ _772 + U\/ﬁ—i— 1
P N ATAD) —Aam(ATAD) — o fr—1

and satisfies 0 < p = p(n) < 1 almost surely. Denoting

f(n) := arcsin (\/p) ,

we verify that f/(n) < 0 for n > 1. In order to leverage Lemma we consider the event
that n < Cod?. We can lower bound f(n) as follows. First, observe that ¢ + arcsin(/%) is
non-decreasing in ¢ € (0, 1), thus

f(n) > arcsin

)

\/n(\/7727——\/777)+1
22

Ui

since

A L S AV e W VA e SRV
2ny/n? -1 - 2 2n? '

Moreover, since v/t + 1 — \/t = 2%/5 + O(t3/?), we have that

77<v772_ 2_2\/"7>2)+1 _ §77—2+O(77—4)’

n 4
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which, combined with the fact that arcsin(t) = ¢ + O(t3) for |t| < 1, leads to

3 _ _
fm) =gt +0m™?).
Finally, using Lemma[J.6|and the definition of f(r), we obtain that
6
Py (|[Acw]| € 1) > ——-d™? +0(d™")
47‘(02

with probability (over X) greater than 1/2. Since X and w are independent, we conclude that

~ 1 6 —2 —4 -2 —4
- < > =
Py o(||Acw] <1) > 5 (47TC'2d +0(d )> Cyd™*+0(d™") (59)

where (Y is a constant.

Now we show that
Py (I40)3 > 1-1/Vd) > 1—exp (-0(VA)) .

Recall that 1 is distributed uniformly on the sphere S¢~1, and that all eigenvalues of AT A. are all
greater or equal to 1, except for A,i,. Assuming without loss of generality that e; is the eigenvector
corresponding to Ami,, we have for any @ € S%1,

[A-wl5 > 1 —wf .

Let H be the hemisphere H = {1, < 0 | w € S9~1}. By the classic isoperimetric inequality for the

unit sphere S9! [A23] Chapter 1], the measure of the r-neighborhood of H, which we denote by
H, = {u € S9! | dist(u, H) < r}, satisfies

Py (H,) =Py (i < 1) > 1 — exp(—(d — 1)r?/2) .

An analogous inequality holds for the event {w; > —r} by the sign symmetry of the distribution of
w. Plugging in r = d—'/4, It follows that

Po (4] > 1-1/Vd) > By (1- a3 > 1-1/Vd)
~ P, (|w1| < 1/d1/4)
>1—exp (—Q(\/(E)) .

Therefore, combining the above with @) using the union bound, we obtain

Px.q (\/1 “d12 < || A < 1) > 04d=2 + 0(d™) — exp(—Q(Vd)) = Cud™2 + O(d™) .

(60)
Finally, since B > v/2 and /1 — d—1/2 > 1/\/5, we have
1
P 1—d-1/2>1)= Py >
(v >1) (v %1_(11/2)
B
= / ) gy (v)dv == Qs (61)
Vi

Since w = ~yi, where 1 is uniformly distributed in S?~! and  is independent of 1w, we conclude by
assembling (60) and (61)) that

Pxw (1 < [ Acw| < wl)) > (Cad™ + O(d™))Qs = Csd > + O(d ™),
since Qs > @ = C for d > 2 thanks to Assumption@ This concludes the proof of @ O
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J.2  Auxiliary Lemmas

Proof of Lemma Observe that
P@@#2")=1-P@=21") =1-p(ly) 21— maxp(zly) ,

with equality if Z is the Maximum-a-Posteriori estimator. O

Proof of Lemma(J.3] First notice that we can reduce to a two-by-two matrix, since the directions
orthogonal to both u and v clearly belong to an eigenspace of eigenvalue 1. The result follows directly
by computing the characteristic equation det[A" A — \I] = 0. O

Proof of Lemma(J.6] First, observe that since the law of X is rotationally invariant, we can assume
without loss of generality that z; is proportional to e , the first standard basis vector. Using the
Schur complement, we have

_ (llzallz 0 1 (lelzt 0
X—( v X ,and X~ = b 1) (62)
where v is the (d — 1)-dimensional vector given by v; = ||z1 |5 (z1, 2i11) = Ti41.1 ~ N(0,1), X
isa(d—1) x (d — 1) matrix whose entries are drawn i.i.d. from N (0, 1), and b = —||z ||2_1)_(_1v.

Observe that X and v are independent, since the choice of basis depends only on z. The coordinates
of v are independent as well for the same reason. It follows that

~ _ o—1
@103 = llz )iz (141X " 0l3)
_ o—1
< Jlzallz® (141X 02 1oll3) (63)

where \\X_l | = max,ega—1 ||X_1u\\2 is the operator norm of X . Now let « be a fixed constant,
which will be specified later. Additionally, assume that d is sufficiently large so that ad* > 2. From
Eq. (63), we have that

P{n? > ad'} < P{llerllf (lleallz? (141X 12 oll3) ) > ad*}
=P {1+ X1 lollf 2 ad* |
<P{IXTIP - loll3 > ad?/2}
=P{IX7")- ol = Va2 d} . (64)

To upper bound Eq. (64), we use the fact that X ~!and v are independent, and split the event into two
cases: {|v|l2 > v/d/2} and {||v||2 < v/d/2}. By [A4Z, Theorem 3.1.1], we know that there exists a
constant C; > 0 such that

P{Jlvll2 < Vd/2} < exp(—=Cy - d).

Moreover, by [[A41, Theorem 1.2], we have that for sufficiently large d, there exists a universal
constant Cy > 0 such that for any ¢ > 0,

P{IX7 > Vi) <o/t
By setting o = 2C% and d sufficiently large so that exp(—C1d) < 1/(2d), we have
P{IXT! - ol > Va2 ¢}
g]}»{n)‘( Y Vd/2 > Va)2- d2} {\|U|2 > \f/z}w{uvnz < f/z}
<P{IX |- Vd/2 = Va2 d} + exp(~Cid)
=P {IX""I| = V2a-d¥2} + exp(~C1d)

< Co/(V2a - d) + exp(—Chd)
<1/d.
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Therefore,

P{y > V20, - d?} =P{? > 265 - d'} < P{IX |- Julle = Co a2} < 1/d.

K Auxiliary Results

K.1 The Periodic Gaussian

Definition K.1. Let U,(z) : [-1/2,1/2) — R be the periodic Gaussian density function defined

by
1 1/2—k\2
IR SR G VN
) _zs%xp( (= )
=—00
We refer to the parameter s, the standard deviation of the Gaussian before periodicization, as the
“width” of the periodic Gaussian V.

Remark K.2. For intuition, we can consider two extreme settings of the width s. If s < 1, then VU
is close in total variation distance to the Gaussian of standard deviation s since the tails outside
[—1/2,1/2) will be very light. On the other hand, if s > 1, then ¥ is close in total variation
distance to the uniform distribution on [0, 1). This intuition is formalized in Claim

The Gaussian distribution on R satisfies the following tail bound called Mill’s inequality.
Lemma K.3 (Mill’s inequality [A42] Proposition 2.1.2]). Let z ~ N(0,1). Then for all t > 0, we

have
2 [ _, 1 2
P(lz| > t) = \/7/ e 2y < \/7e_t2/2 .
T J; t ™

The Poisson summation formula, stated in Lemma [K:5]below, will be useful in our calculations. We
first define the dual of a lattice A to make the formula easier to state.

Definition K.4. The dual lattice of a lattice A, denoted by N*, is defined as
AN ={yeR?| (x,y) €Z forallz € A} .

A key property of the dual lattice is that if B is a basis of A then (B7)~! is a basis of A*; in particular,
det(A*) = det(A) 1, where det(A) is defined as det(A) = det(B) (the determinant of a lattice is
basis-independent) [|[A31l Chapter 1].

For “nice” functions defined any lattice, the following formula holds [A10, Theorem 2.3].

Lemma K.5 (Poisson summation formula). For any lattice A C R¢ and any function f : R¢ — C
satisfying some “niceness” assumption

D f@) =det(A) - Y fly),

zeA yeA*
where J?(y) = Jpa f(x)e= 2™ W2 dx, and A* is the dual lattice of A.

Note that by the properties of the Fourier transform, for a fixed ¢ € R?
Yo fl@) =) flete)=det(A%) Y exp(=2mile,y)) - f(y) -
z€A+c TEA yEN*

Claim K.6 (Adapted from [A40, Claim 2.8.1]). Forany s > 0 and any z € [—1/2,1/2) the periodic
Gaussian density function ¥ (z) satisfies

1
sV 2w

U,(2) < (1 +2(1+ 52)6*1/@52)) .

and
2.2

|Wy(z) — 1] < 2(1 + 1/(4ms)?)e 2" *

“For our purposes, it suffices to know that the Gaussian function of any variance s > 0 satisfies this niceness
assumption. Precise conditions can be found in [A10, Theorem 2.3].
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Proof. We first derive an expression for W4(0) using the Poisson summation formula. Note that

the Fourier transform of f(y) = exp(—y?/2) is given by f(u) = V27 - exp(—2m2u?). Moreover,
viewing Z as a one-dimensional lattice, the determinant of the dual lattice ((1/8)Z)* = sZ is s.
Hence,

1
W) = —— 3 exp(—4?/2)
SV2M | Weyz
_ det(sZ)v2m Z exp(—2n2u)

sV 2 wcol

= Z exp(—2m2u?) . (65)

uESL

We now observe that ¥4(z) < U,(0) for any z € [—1/2,1/2). This can again be shown using the
Poisson summation formula as follows.

1
Us(2) = —— > exp(—y7/2)

svem ye(1/s)Z+z/s
Z exp(—2miuz/s) - exp(—2m*u?)
u€SsZ

< Z | exp(—2miuz/s)| - exp(—2m2u?)
uESsZ

< Z exp(—2m%u?)
u€ESZ

=T,(0).

Hence, it suffices to upper bound ¥,(0) and show a lower bound for U,(z) forall z € [-1/2,1/2).
For the first upper bound, we use Mill’s inequality (Lemma [K.3) to obtain

1
U, (0) = —— exp(—y?/2
0= 3w

<1 <1+2exp(—1/(282))+2/1mexp(—x2/(282))dm>

svV2m
1

sV2m

IA

(1+2(1+s%) exp(—1/(25?))) .

For the second upper bound, we use Eq. (63) and Mill’s inequality to obtain

U,(0) = Z exp(—2m2u?)
u€sZ
=1+ Z exp(—2m%u?)
u€esZ\{0}

=1+2 Z exp(—2725%k?)
k=1

< 14 2exp(—272s?) + 2/ exp(—2n?s%z?)dx
1

< 1+2(1+1/(4ns)?) exp(—272s?) .
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For the lower bound on ¥,(z), we use the Poisson summation formula and Mill’s inequality again to
obtain

Uy(z) = Z exp(—2mizu/s) - exp(—2m%u?)

uESL

=1+ Z exp(—2mizu/s) - exp(—2m°u?)
u€esZ\{0}

>1-2 Z | exp(—2mizk)| - exp(—272s%k?)
k=1

>1-2 (exp(—27r232) —|—/ exp(—27r252x2)dx)
1

>1—2(1+ 1/(4ws)?) exp(—272s?) .

K.2 Auxiliary Lemmas for the Constant Noise Regime
Lemma K.7. Fix some 7 € (0,1]. Then, for arccos : [—1, 1] — [0, 7] it holds that
sup | arccos(x) — arccos(y)| < arccos(l — 7).

z,y€[-1,1],|z—y|<T

Proof. Let us fix some arbitrary £ € [0, 7] and consider the function G(z) = arccos(x) — arccos(z +
€). Given the fact that arccos is decreasing, it suffices to show that |G(z)| < arccos(1 — 7) for all
x € [—1,1 — &]. By direct computation it holds

1 1
G'(z) = — +
(=) Vi—22  /1—(z+¢§)?
_ €20 +¢)
VI—22/T— (z+&2(V1— 22+ /1 - (z +&)?)
Hence, the function G decreases until 2z = —&/2 and increases beyond this point. Consequently, G
obtains its global maximum at one the endpoints of [—1,1 — £]. But since cos(m — a) = — cos(a)

for all € R it also holds for all b € [—1, 1] arccos(—b) + arccos(b) = 7. Hence,
G(—1) = ™ —arccos(—1 + &) = arccos(1 — &) = G(1 = §).
Therefore,
G(z) < arccos(1 — &) < arccos(1 — 7).

The proof is complete. O

K.3 Auxiliary Lemmas for the Exponentially Small Noise Regime
Lemma K.8. [Restated LemmalE.7)] Suppose n < Cyd for some constant Cy > 0 and s € R™
satisfies for some m € Z" that |(m, s)| = exp(—Q((dlogd)?)). Then for some sufficiently large

constant C > 0, if N = [d®(log d)?] there is an m’ € Z"* which is equal with m in the first n

coordinates, satisfies |m’||y < Cd2||ml|y and is an integer relation for the (s1)n, . . ., (sn)n, 27 N.

Proof. We start with noticing that since N = o((d log d)3) we have

[(m, s)| < exp(=Q((dlogd)*)) = O(27")..
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Hence, since for any real number x we have |z — (z) x| < 277 it holds
Z mz(sz)N = Z m;S; + O(Z mi2_N)
i=1 i=1 i=1

=02 +0()_ Imif27N)
i=1

= O3 mif2™).

Now observe that the number Y/, m;(s;)x is a rational number of the form a/2", a € Z. Hence
using the last displayed equation we can choose some integer m;, , ; with

Z mi(si)n =mh 27N,
i=1
for which using Cauchy-Schwartz and n = O(d) it holds
My 1l = O(Imlh) = O(nlmll2) = O(Vd|ml2).
Hence m’ = (my,...,my, —m!,_ ) is an integer relation for (s1)n, ... (s,)n,2”". On top of that
lm/[13 < m]3 + O(dlm||3) = O(d|m3)-
This completes the proof. O

Lemma K.9 (Restated Lemma . Suppose that v < d° for some Q > 0. For some hidden
direction w € S we observe d + 1 samples of the form (z;,2;),i = 1,...,d -+ 1 where for each i,
x; is a sample from N (0, I;) samples, and

z; = cos(2m(y{w, z;))) + &,

for some unknown and arbitrary &; € R satisfying |¢;| < exp(—(dlogd)?). Denote by X € RY*? the
random matrix with columns given by the d vectors o, . .., x4y1. With probability 1 — exp(—(d))
the following properties hold.

(1)
max ||z]2 < 10Vd.
i=1,...,d+1

(2)

i sin(2 : > 927
i | sin(2my(z;, w))| >

(3) Foralli=1,...,d+ 1litholds z; € [—1,1] and
z; = cos(2m(y(ws, w) + &),
for some & € R with |€]| = exp(—Q((dlog d)?)).
(4) The matrix X is invertible. Furthermore,
[ X~ a1 [loo = 025 V).

(5)
0 < |det(X)| = O(exp(dlogd)).
Proof. For the first part, notice that for each i = 1,2,...,d + 1, the quantity ||z;||3 is distributed

like a x%(d) distribution with d degrees of freedom. Using standard results on the tail of the x>
distribution (see e.g. [A43l Chapter 2]) we have for each i,

P (lle1]l> > 10Vd) = exp(~92(d).
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Hence,

d+1
P (U il > 10@) < (d+ 1P (Jlan]l2 = 10Vd) = O(dexp™ D) = exp(-0(d)),

i=1

For the second part, first notice that for large d the following holds: if for some o« € R we have
|sin(a)| < 27¢ then for some integer k it holds |a — kn| < 279+1, Indeed, by substracting an
appropriate integer multiple of = we have a — k7 € [—m /2, 7/2]. Now by applying the mean value
theorem for the branch of arcsin defined with range [—7 /2, 7/2] we have that

1
|oo — k| = |arcsin(sin ) — arcsin(0)] < \/17752

for some ¢ with |¢| < |sina| < 27¢. Hence, using the bound on ¢ we have

1
|sinal < 17241

_€2

1 —d —d+1
;274 <27

k< —
o= hrl < 75

Using the above observation, we have that if for some i it holds | sin(27y{z;,w))| < 274 then for
some integer k € Z it holds |(z;, w) — %| < %2“1. Furthermore, since by Cauchy-Schwartz and
the first part with probability 1 — exp(—(d)) we have

s, w)| < ||| < 10Vd,

it suffices to consider only the integers k satisfying |k| < 10y+/d, with probability 1 — exp(—Q(d)).
Hence,

d+1 d+1 i 1
P (U | sin(2my(z;, w))| < 2_d> <P U U [{(x;,w) — 2*| <~

=1 =1 g:|k|<107Vd 7 7
1
< 20aVaysup [(o1,w) /2] < T2)
kezZ v
< 40dvd2~?
= exp(—Q(d)),

where we used the fact that (x1,w) is distributed as a standard Gaussian, and that for a standard
Gaussian Z and for any interval I of any interval of length ¢ itholds P(Z € I) < —tt < t.

Var
For the third part, notice that from the second part foralli = 1,...,d + 1 it holds
1 — cos? (2my(z;, w)) = sin® (27 (x;, w)) = Q(272%)

with probability 1 — exp(—(d)). Hence, since ||¢]|ooc < exp(—(dlogd)®) we have that for all
i=1,...,d+ 1itholds

Zi = COS(2W7<‘T’i’w>)) +€1 € [717 1}7

with probability 1 — exp(—£(d)). Hence, the existence of &/ follows by the fact that image of the
cosine is the interval [—1, 1]. Now by mean value theorem we have

& = cos(2m(y{zs, w) + £)) — cos(2my{x;, w))) = 2wyE] sin(2myt)

for some t € ({x;, w) — |&], (x;, w) + |&]). By the 1-Lipschitzness of the sine function, the second
part and the exponential upper bound on the noise we can immediately conclude

|sin(2myt)| > sin(2my(wi,w) — & = Q277),
with probability 1 — exp(—(d)). Hence it holds |£/|Q(27%) < |¢;| and therefore
€1] < 2%1&] = exp(—Q((dlog d))?)
with probability 1 — exp(—(d)).
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For the fourth part, for the fact that X is invertible, consider its determinant, that is the random
variable det(X). The determinant is non-zero almost surely, i.e. det(X) # 0 almost surely. This
follows from the fact that the determinant is a non-zero polynomial of the entries of X, e.g. for
X = I it equals one, hence, using folklore results as all entries of X are i.i.d. standard Gaussian
it is almost surely non-zero [A8]. Now, using standard results on the extreme singular values of
X, such as [A37, Equation (3.2)], we have that o0y (X 1) = 1/0min(X) < 2¢, with probability
1 — exp(—Q(d)). In particular, using also the first part, it holds

1X 7 21 ]|oo < [1X 7 21]l2 < /omax (X )|l ]|2 < 2%V,

with probability 1 — exp(—(d)).
For the fifth part, notice that the determinant is non-zero from the fourth part.

For the upper bound on the determinant, we apply Hadamard’s inequality [A19] and part 1 of the
Lemma to get that

d+1
|det(za, ..., x411)| < H 2]l < (10vVd)? = O(exp(dlogd)),

=2

with probability 1 — exp(—Q(d)).

K.4 Auxiliary Lemmas for the Population Loss

Fix some hidden direction w € S¢~!. Recall that for any w’ € S?~!, we denote by
L(w') = Eqmn(o, 1) [(cos(2my(w, ) — cos(2my(w’, z)))?] -

Lemma K.10. Let us consider the (probabilist’s) normalized Hermite polynomials on the real line
{hi}rez~,- The following identities hold for Z ~ N (0, 1).

(1) FOFCI”IC,EEZZO

Elhi(Z)he(Z)] = 1[k = ] .
(2) Let Z, be a standard Gaussian which is p-correlated with Z. Then, for all v > 0, k € Zx,

Elhy(Z) cos(2nvZ,)] = (—1)]“/2pk(27:/%)]~C exp(—21%~?%) - 1[k € 2Z>¢] .

(3) The performance of the trivial estimator, which always predicts 0, equals

)2k
Var(cos(2nyZ)) = Z % exp(—4m?y?) = % +O(exp(—Q(7%))) -

k€2Z>0\{0}

Proof. The first part follows from the standard property that the family of normalized Hermite
polynomials form a complete orthonormal basis of L?(N (0, 1)) [A23] Proposition B.2].
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For the second part, recall the basic fact that we can set Z, = pZ ++/1 — p?W for some W standard
Gaussian independent from Z. Using [A23| Proposition 2.10], we get

E[h(Z) cos(2n7Z,)] = Elhi(Z) cos(2ny(pZ + /1 — p2W)]
1 dk
= \/I?E <7k C0s (2my(pZ + \/1—7W
= (=1)*2(2mpy)* WE[COS(QW’Y pZ + /1= PPW)] - 1(k € 2Z50)

4 (—1)BFD/2 (27 5y 7112[5111(2777 pZ + /1= p*W)] - 1(k & 2Z>0)

VE!
= (—1)*/2(2mpy)k WE[COS(?W’Y pZ + /1 —p2>W)] - 1(k € 2Z>0)
= (—1)k/2(2ﬂp’7)kﬁE[COS(27T’YZ)] - 1(k € 2Z>0)

VE!

where (a) in the third to last line we used that the sin is an odd function and therefore when k& is
odd the corresponding term is zero, (b) in the second to last line we used that Z, follows the same
standard Gaussian law as Z and, (c) in the last line we used the characteristic function of the standard
Gaussian to conclude that for any ¢ > 0,

= (—1)*2(2mpy)*F —= exp(—27242) - 1(k € 2Z>) ,

E[cos(tZ)] = Re[E[e??]] = e7"/2 .

For the third part, notice that by applying the result from part (1) and the result from part (2) (for
p = 1) it holds,

Var(cos(2nyZ)) = Z Elcos(2myZ)hi(Z))?

keZ>0\{0}
2 2k
- Z (W]:;) exp(—4n?~?)
k€2Z50\{0} ’
2 2k
> BT (- am2?) — exp(—4m4?)
ke2Z>, :

—Z CT exp(—m42)(1 + (~1)) = expl—dn*4?)

[N

k!
k>0 k>0

11
= 5+ 5 &P(=8777%) — exp(—4n*y?)

=} +0(esp(-2(+)))
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