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Abstract

Motivated by recent Linear Programming solvers, we design dynamic data structures for
maintaining the inverse of an n x n real matrix under low-rank updates, with polynomially faster
amortized running time. Our data structure is based on a recursive application of the Woodbury-
Morrison identity for implementing cascading low-rank updates, combined with recent sketching
technology. Our techniques and amortized analysis of multi-level partial updates, may be of
broader interest to dynamic matrix problems.

This data structure leads to the fastest known LP solver for general (dense) linear programs,
improving the running time of the recent algorithms of (Cohen et al.’19, Lee et al.’19, Brand’20)
from O*(n2tmax{sw=215}) o O*(p2tmax{#5w=23*}) where w and « are the fast matrix
multiplication exponent and its dual. Hence, under the common belief that w ~ 2 and o ~ 1,
our LP solver runs in O*(n*%5%) time instead of O*(n*16).
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1 Introduction

Dynamic matrix inverse problems ask to maintain the inverse of an n X n matrix M over some field
(say R), when M undergoes a long sequence of row/column updates. This data structure problem
arises in many important TCS applications, such as directed reachability in dynamic graphs and
maintaining the eigenvalues and rank of a matrix [San04|, empirical risk minimization [LSZ19],
routing and electrical-flow computation (inverting Laplacians) [ST04, Mad13|, and in fastest known
linear programming solvers [LS15, CLS19, BL.SS20]. While many variants of this problem have been
considered over the years (depending on the specific application), the most common one requires the
data structure to support vector-queries, i.e., computing QUERY(h) = M ~'h where h comes from
some restricted! family of R”, under a long sequence of low-rank updates (e.g., row/column changes
to M). Recomputing the inverse from scratch upon each update in this setting incurs a daunting
computational overhead, and therefore the goal is to optimize the tradeoff between the (amortized)
update time t,, and query time ¢, (or the total running time). The first dynamic data structure for
this problem, tracing back to the 1950’s [Wo049, Woo50] shows how to ezplicitly maintain the inverse
of M in O(n?) time, which is already nontrivial. Substantial improvements to this data structure
were developed more recently, showing that row-queries (which are equivalent to answering (M T)_lh
for any 1-sparse vector h) under row /column updates, can be done in max{t,,t,} = O(n'*?%) time
[San04, SM10, BNS19]. Brand et al. [BNS19] also showed a certain conditional Q(n!-®) worst-case
lower bound for the exact version of this problem, which is important for some of the aforementioned
applications (e.g., maintaining graph properties such as directed reachability).

In this work we consider a more challenging dynamic inverse problem: The data structure needs
to support low-rank updates of the form UPDATE(u,v) = M +uv ' where u,v come from some fixed
set of vectors of size O(n), and needs to answer inverse queries M 10 under a slowly changing
vector sequence (|| —h(=D ||y < O(1)). In contrast to row-queries (a special case |h(?)||o = 1), here
the online query vectors h may be arbitrarily dense, but their differences are sparse.? An important
special case of this dynamic problem is “projection maintenance" [CLS19]|, where updates to M take
the form UPDATE(D) = M+ ADA" where A is an arbitrary fixed matrix and D is a sparse diagonal

matrix (hence rank(ADAT) < rank(D) is small and can be therefore written as Z:i?k(D) AilA;;).

Nevertheless, an important difference between this work and the aforementioned ones on dy-
namic inverse maintenance (e.g., [San04, SM10, BNS19)|), is allowing approzimate answers, i.e., the
data structure needs to compute M ~'h up to some small relative o, error. This enables the use of
randomized tools from sketching and sparse recovery literature [GLPS10, CW13, LNNT16, LSZ19].
Another point of departure is our use of very heavy amortization, augmenting the approach of
[CLS19, LSZ19, Bra20] with a novel algebraic technique and more sophisticated potential analysis
(based on “high order” martingales). A recurring theme in dynamic data structures (both upper
and lower bounds) is that amortized analysis is a different ballgame compared to worst-case perfor-
mance — Some classic examples are the amortized analysis of fully-dynamic undirected connectivity
[ST85] and its matching amortized cell-probe lower bound [PD06], which required substantially new
techniques (and another decade) compared to the worst-case lower bound [FS89]. In contrast to
dynamic graph problems, whose amortized complexity has been studied extensively, its counterpart
in dynamic matriz problems is far less understood (JHKNS15, BNS19]), and we believe our work
sheds further light on the power of amortization.

Tndeed, supporting arbitrary online queries h € R™ is conjectured to be impossible in truly sub-quadratic time
even in the static case where M remains fixed, see the “oMV Conjecture” [HKNSI5].

2 Note that sparsity of Ah is not equivalent to sparsity of queries h themselves: If M were fized, then by linearity,
computing Mﬁl(Ah) would indeed suffice, but here M is dynamically changing so this standard trick doesn’t work.



Dynamic inverse in linear programming The primary application and motivation of this
work is the role of dynamic matrix inverse data structures in speeding up interior-point methods
(IPMs) for solving linear programs (LPs) in close to matrix-multiplication time.

Linear programming is one of the cornerstones of algorithm design and convex optimization,
dating back to as early as Fourier in 1827. LPs are the key toolbox for (literally hundreds of)
approximation algorithms, and a standard subroutine in convex optimization problems. Dantzig’s
1947 simplex algorithm [Dan47| was the first proposed solution for general LPs with n variables
and d constraints (mingz—p z>0 c'x). Despite its impressive performance in practice, however, the
simplex algorithm turned out to have exponential worst-case running time (Klee and Minty [KM72]).
The first polynomial time algorithm for general LPs was only developed in 1980, when Khachiyan
[Kha80] introduced the Elliposid method, and showed that it runs in O(n%) time. Unfortunately,
this algorithm is very slow in practice compared to the simplex algorithm, raising a quest for LP
solvers which are efficient in both theory and practice.

This was the primary motivation behind the development of interior point methods (IPMs),
which uses a primal-dual gradient descent approach to iteratively converge to a feasible solution
(Karmarkar, [Kar84|). An appealing feature of IPM methods for solving LPs is that they are not
only guaranteed to run fast in theory, but also in practice [Str87]. In 1989, Vaidya proposed an
O(n?%) LP solver based on a specific implementation of [IPMs, known as the Central Path algorithm
[Vai87, Vai89|. Vaidya already observed that the main bottleneck of this algorithm boils down to a
dynamic data structure problem of maintaining the inverse matrix M associated with the central
path equations (see Section 3), under a sequence of updates of the form (M + AAAT)™! where A is
a sparse diagonal matrix and A is the fixed LP constraint matrix. Since A is sparse, each “gradient
descent” iteration of this algorithm induces a low-rank update to M, hence it is conceivable to avoid
recomputing the inverse matrix from scratch—which would naively cost n* time per iteration—and
gain substantially from amortization. This data structure problem was the centerpiece of the recent
line of developments on IPM solvers [CLS19, 1.SZ19, Bra20|, which focused on designing faster
dynamic inverse structures for implementing the Central Path algorithm.

The fastest known algorithm for general (dense) LPs, based on this approach, is due to Cohen,
Lee and Song [CLS19], whose running time is

():k(nu.z_i_nQ.L"Sfoz/Z_’_nQJrl/G)7

where w < 2.37 is the fast matrix-multiplication exponent and « > 0.31 is the dual matrix multi-
plication exponent.? Note that n“ is the minimal time for merely inverting a matrix, i.e., finding
any feasible solution (Az = b) to the LP, hence it seems quite remarkable that solving the full op-
timization problem (minaz—p z>0 ¢'x) may be done at virtually no extra cost. It is widely believed
that w ~ 2 [CKSUO05, Will2] and as such, a = 1 (though the only formal connection between these
constants is w + (w/2)a < 3 [CGLZ20]). Assuming indeed that w < 2+ 1/6 ~ 2.166 and « > 0.66,
the runtime of the aforementioned algorithms is n?1%6. Whether the additive n?1%® term can be
improved or completely removed was explicitly posed as an open question in [CLS19] and [Son19].

Our main result is an affirmative answer to this open question, asserting that LPs can be solved
in matrix multiplication time for nearly any value of w (i.e., so long as w > 2.055). We design an
improved LP solver which runs in time O*(n® + n?5~%/2 4 n2+1/18) I the most notable (ideal)
case that w ~ 2 and a ~ 1, our algorithm runs in O*(n?%3) time, instead of O*(n?1%6) time of
previous IPM algorithms [CLS19, LSZ19, Bra20|. More precisely:

3The dual exponent « is defined as the asymptotically maximum number a < 1 s.t multiplying an n x n® matrix
by an n® x n matrix can be done is n?*°() time. The current best lower bound is a > 0.31389 [GU18].



Theorem 1.1 (Main result, Informal statement of Theorem 4.1). Let mingz—p z>0 e’z be a linear
program where A € R™™ and d = Q(n). Then for any accuracy parameter 5 € (0,1), there is a
randomized algorithm that solves the LP in expected time

O*(nw + n2.5fa/2 + n2+1/18) . log(n/é)

We achieve this result by designing a more efficient projection maintenance data structure,
speeding up both the update and query times of previous algorithms. This is done via a new
algebraic framework for bootstrapping lazy updates (described next), combined with randomized
compression techniques and a sophisticated amortized analysis of the underlying dynamic process.

Organization In Section 2 we provide a high-level description of our main technique, which is
the centerpiece of this paper. Section 3 contains some necessary background and brief overview
of previous related work. In Section 4, we provide a detailed technical overview of the proof of
Theorem 1.1. This 10-page streamlined overview should be understood as an extended abstract of
our entire result, deferring technical proofs and calculations to the Appendix.

Appendiz Organization. Section A contains preliminaries and notation. In Section B we pro-
vide an analysis of the Stochastic Central Path algorithm, postponing output-feasibility issues to
Section I. We put preliminary part of our data structure in Section C. We present our full “cas-
cading data structure” and prove its correctness in Section D, and we analyze its running time in
Sections E, F. Finally, Section G contains the final runtime analysis of our LP solver using the full
data structure. In Section H, we present more details for Section 2.

2 Bootstrapping low-rank updates via cascading lazy updates

One of the main new ideas of this work is “bootstrapping” the lazy updates technique of [CLS19]
by repeated application of the Woodburry-Morrison identity (Lemma A.2), allowing faster low-
rank operations via cascading lazy updates. For ease of presentation, let us focus on the following
simplified dynamic data structure problem, which we henceforth call low-rank inverse maintenance
problem (Definition. H.5). The data structure is initially given a full rank matrix M) = M € R?*",
and a fixed vector h € R™. The data structure needs to support a sequence of rank-one updates and
vector-queries as follows. In the t-th UPDATE operation, we are given two vectors u(® o) e R™
and a real number ¢(!) € R, and need to perform a rank-1 update M® = M1 4 (0 . 4 ®) (v(t))T.
A QUERY operation asks to calculate x = (M(T))_1 - h, where T is the number of updates in the
sequence so far. Note that this setting easily captures rank-k updates invoking k consecutive rank-1
updates.

Achieving sub-quadratic update and query times for this problem requires some restriction on
the update vectors u(®, u® (we show in Section H that otherwise it would break the oMV Conjecture
[HKNS15]). Our technique requires one reasonable assumption, namely, that all updates u® and
v®) come from a fixed set |S| = O(n). As noted in the introduction, LP projection maintenance is
a special case where M = (ADAT), A is the fixed LP matrix and D is a diagonal matrix which is
changing slowly under £y norm. Thus, a sparse update A; to D corresponds to M < M +Ai-AiAZT.

4This term refers to a general approach for speeding up dynamic algorithms by repeating a certain technique
several times recursively [San04, BNS19]. We remark that [BNS19] uses a different kind of bootstrapping to speed up
exact inverse maintenance under simpler row-updates and row-queries (via “one more leve” of FMM). In particular,
[BNS19] has nothing to do with dynamic LU-decompositions nor recursion on Woodburry’s identity. Nevertheless, it
is noteworthy that the bottleneck in both works is maintaining certain matrix products for > 2 “levels” of recursion.



We also remark that the assumption that the query vector h is fixed throughout the sequence—
while natural in many streaming applications—is only for simplicity of exposition: Our data struc-
ture will actually support an online sequence of slowly-changing queries h (i.e., [[h®) — Rty =
o(n)). Handling sparse updates to h turns out to be much easier than low-rank updates to M, hence
we focus on the latter task.

Our technique for solving the low-rank inverse maintenance problem is based on an algorithmic
generalization of Woodbury’s identity to K > 1 “levels” (to be explained below), allowing for
recursive lazy updates of these K levels using different thresholds. The basic idea is to (dynamically)
group updates into K “epochs” 0 < t; < ... < tg_1 < tg = T. The first “level” maintains the
first epoch t; and M), Similarly, in level k € {2,---, K} we group all updates u® v® ¢® for
which t € (tx_1,tx], and partition the update sequence in terms of these epochs. More formally,
let Uy, Vi € R™(te~t-1) and the diagonal matrix Cj, € Rtx—t—1)x(t—~ti—1) he respectively, the
concatenation of all u;, v; and ¢; in the kth epoch, so that ng:tk—l‘f‘l G uzvlT = UkaVkT. Let r, be
defined as the rank of UkaVkT, the epochs are maintained under the invariant that rp < ny, where
n=mn;>no > - > ng > 1 are predefined thresholds that decrease exponentially and can later
be optimized. In this terminology, for any A € R", the query answer

T -1
T = <M(t1) + Z cmw?) h

1=t1+1
can be equivalently re-written as the following linear system (by adding ‘dummy’ variables ;):

-1

EX (M) U, Us U o Uk ] (1]
& v, —Ccyt 0 o - 0 0
& V' o -c;' o0 - 0 0
G| v 0 0o -c;t 0 0 (1)
€k | | Vi 0 0 0 - —CgY 0]
D

Note that this equation is precisely Woodbury’s identity, written in a K-block matrix form.
Indeed, Woodbury’s identity is derived as the solution x to the linear system

- )

where here &, U, V, C' denote the concatenation of &, Ug, Vi, Cj respectively, over all k €
{2,--+,K}. We now explain how the above generalization leads to an efficient data structure for
implementing low-rank updates.

LU-decomposition At update time, the data structure will maintain an LU-decomposition
(lower-upper triangular factorization) of the matrix D in (1).

D=L-T, (2)

where L and U are both K-block triangular matrices (which are uniquely defined by the Gaussian-
elimination algorithm and imposing the diagonals of L to be identity matrices, see Eq.(70) for an
example of the case K = 3). As we will explain in the next paragraph, such decomposition is useful
since the inverse of triangular matrices (L,U) can be maintained efficiently. This means that the
(slowly changing) query answers UL =1[h,0]" = D71[h,0]" = [2,£]" can be maintained efficiently
with respect to the updated D.



Cascading lazy updates and query The key part of our data structure is performing lazy
updates recursively w.r.t different thresholds, to speed up the amortized runtime. Recall that
in the latest T-th update, we are given up, vy, c¢p. In order to solve the forthcoming queries
using this framework, we need to update the epoch in the bottom level tx to reflect the up-to-
date M), by updating its corresponding tuple Uk, Vi, Ck and maintain the LU-decomposition.
If the update tx < T violates the invariant rx < ngx (Recall ry, = tp — tx_1 is the rank of
the update UkC’kaT in the k-th epoch), we “cascade” the update to the next level by updating
tk_1 < tg < T and also updating Ug_1, Vix_1,Cx_1 to include Uy, Vi, Cg, and recurse on the
next level tx_o and so on, until the threshold invariant is restored. A crucial observation in the
implementation of cascading lazy updates and maintaining the LU-decomposition is that when level
k gets updated, the upper-left (k — 1) x (k — 1) blocks of L and U, which is the dominating part
compared to the entire matrix, does not change. Since L and U are triangular matrices, the upper-
left (k — 1) x (k — 1) blocks of L™! and U~! also remain intact. If we write the new L™1, U1 as
(L7hHrew = L=1 4+ AL and (U 1)V = U~! 4+ AU, the non-zero part of AL (AU) is lower (upper)
triangular of n x n; submatrices that reside on the bottom (right). Thus, the query answer can be
maintained by computing (U~1)re%(L=1)meW[p 0]T = (U1 + AU) (L~ + AL)[R,0]". (The “heavy”
part U"'L™1[h,0]T can be reused, and the remaining components are relatively cheap to calculate).
This argument implies that, at level k, we can afford time proportional to its size r; < ng to
rebuild the lower-upper triangular matrix L and U on their changed part along with the vector
U='L71[R,0]7, to perform fast queries. We remark that recomputing AL, AU requires certain
preprocessing which is where we exploit the assumption that updates u, v are from a fixed set.

Application to the LP setting. We now explain how the above framework can be successfully
applied to the LP setting, i.e., to efficiently implement IPM algorithms. As explained in the next
section, the goal of each iteration in IPM solvers is to (re-)calculate an approximate matrix-vector
product r of the following form, given new disposition vectors w?PP" and h?PP" (see Algorithm 1):

r o= P(wPPPr) - h#PPT = \/Tappr AT (ATWPPr AT) =1 Ay/T7appr . pappr,

We can use our cascading lazy updates technique to maintain the middle term (AWHLPPUXT)*1 - h,
where for simplicity we assume here that h is some fixed vector. Indeed, letting w®PP" denote the
j-th iteration update w), recalculating (AWaPPr AT)=1 . b corresponds to maintaining a sequence
of Tj := w@) — w=Dy of updates u;,v;, ¢; followed by one query such that ZZT;l ci -] =
AWG) —wU-1HAT,

Pictorially, the cascading lazy updates process resembles the following “chasing game” Child
number t,_1 is chasing its friend ¢;. Once the distance between them is too large, t;_1 updates his
position to the position of t; (Figure 1). This process generalizes |[CLS19], in which there’s only
one child t; chasing its friend to = T'. To analyze the amortized cost of this process, we exploit the
following special features of the LP problem:

1. The updates u®, v® is some row of the original (fixed) LP matrix A.

2. w?P' is slowly changing in each IPM iteration, which imposes nontrivial sparsity guarantees
that can be used to determine the cascading thresholds {nk}lez Informally speaking, since
w?PP is roughly a martingale, the rank 7y, of epoch k will be typically far less than its boundary
condition (ryp < tr — tg—1) — It takes about /N LP-iterations for epoch £k to exceed the
threshold ng, in which case we need to update epoch k — 1 and compute AL, AU which are
of size n X ng_1. (see Sections 4.2, F for more details).
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Figure 1: The cascading lazy updates process with per-level invariants ||w() — w® =Dy < ny.
Updates become more expensive but less frequent as we move down the levels.

3. The robustness of the Central Path algorithm implies that queries M~! - h can tolerate
small relative £, error. This allows the use of randomized compression (left-sketching R'T R -
U='L7'h,0]7) to further reduce the running time (see Section 4.1 for technique overview).

Therefore, assuming ideal matrix-multiplication constants (w = 2, a = 1) and that AL and
AU can be recomputed in time linear in their sparsity O(n - ny) for every level k € [K], the vector
(L=H)1e%[h,0]" = (L~'4+AL)[h,0]" can be maintained in O(n-ny,) time. Furthermore, the solution

(U=hynew(p=hyewp o]T = (UL + AU)(L™ + AL)[h, 0] T
= UL h, 0T + AU ((L—1 +AL) [h,O}T> +(ULAL)[R,0)T

can be maintained in the same O(n - ny) time since the non-zero part of AL is an (ng X n) block.
The bottom K-th level is a special one, as every level k except the last one involves extra pre-
computation to support the next (k+ 1)-th level. As we show, with some extra (non-trivial) effort,
this fact enables maintaining the K-th level in only O(ng_1 - nx) time instead of the brute-force
O(n-ng) time. (Our algorithm implements K = 3 levels of this framework. By convention, in later
sections we refer to the third level as the “query level”; The first and second levels are referred as
“two-level” updates).
In conclusion, the ideal time per LP-iteration according to our framework is proportional to

K-1
Z (n - ny/y/MEs1) +ng -1 1K, (3)
k=1 K — 1 levels K-tﬁrlevel

where n - ng/ /N1 is the amortized update cost of level k € [K — 1], and nx_1 - nk is the update
cost of the last level K. Carefully balancing the terms by setting geometrically decreasing thresholds
ng’s (see Claim H.6), this runtime is optimized to be

~ 1 ~ _
O(K)-n” o510 = O(K) - w102, (@)

using the fact that the LP algorithm (see Algorithm 1) has O(y/n) iterations. The formal calculation
can be found in Section H.3. Note that when K = 2, this running time is precisely O* (nQH/ 5),
matching [CL.S19, LSZ19, Bra20]’s results. For K = 3 levels, this matches our result O*(n?*1/18).
Achieving the runtime predicted by Eq. (4) for K = w(1) levels would show that LPs can be
solved in the ideal time O*(n“). The main challenge in implementing our technique beyond K > 3
levels is maintaining the LU-decomposition of (2) in the desired (~ n - ng) time, and indeed doing
so even for K = 3 is highly nontrivial, as this paper shows. While completing this ambitious
program is beyond the reach of this paper, we believe the cascading lazy updates framework may
have applications in future developments in LP and SDP solvers, cutting plane methods, and more
generally for dynamic inverse problems, hence it is worthwhile presenting it at its full generality.



3 Background

This section provides a brief overview of recent developments in LP solvers, the optimization frame-
work of IPMs and its relation to dynamic inverse problems.

3.1 Recent developments in LP solvers

The recent work of [CLS19] improved the O(n?®) LP algorithm of [Vai89] to®
O*(nw _’_n2,57a/2 +n1.5+a)? (5)

where a < « is a tunable parameter, and w, o are the fast matrix multiplication exponent and its
dual, respectively. Note that for the current values of w ~ 2.38 and « = 0.31, this running time
is already O*(n“). However, under common belief that w = 2 and o = 1 [CKSU05, Will2], the
running time is O*(n?+1/6), hence there is still a polynomial gap to the ideal running time O*(n?).

The three main ingredients in [CLS19|’s algorithm are: (i) considering a stochastic version of the
Central Path algorithm (see Algorithm 1 below), and then leveraging the robustness of this algorithm
to design a more efficient matrix maintenance data structure via subsampling (sparsification of the
“gradient” vector) yielding o(n?) query time per iteration. (ii) Lazy updates: Delaying updates to the
projection matrix (associated with the central path equation) via “soft thresholding” and analyzing
their amortized performance via martingale-based potential analysis. (iii) Using fast rectangular
matrix multiplication to gain extra speedup. Our data structure will also take advantage of these
building blocks.

3.2 Optimization: The stochastic central-path algorithm

We use a similar optimization framework as that of [CLS19] (see Section 2.1 for a more detailed
explanation and context). Roughly speaking, the Central Path (CP) algorithm maintains a primal-

dual pair of vectors, 2 and s, and iteratively shrinks the duality gap u(i) = 2?21 x§i)s§i) by
~ (1 —1/4/n) in each iteration, until converging to a feasible point (u(?) ~ 0). Hence, the Central
Path algorithm has a total of O(y/n) iterations. In matrix notation, this algorithm essentially boils

down to implementing the following iterative algorithm [CLS19]:

Algorithm 1 Stochastic Central Path
1: i < 1, initialize z,s € R™

2: while i < \/n do > In each iteration, we hope u ~ ¢
3: t<t-(1—1/y/n) > target decrease of duality gap
4: U zx-s > actual decrease in duality gap
5 Compute J,, based on —% and the gradient —VU(u/t —1).

6 P \[EAT(AXAT)1A /X > matriz inverse, matrix-matrix mult.
T 0y \/%(I - P)\/%SM, 05 \/%SP\/%S% > matrix-vector mult.
8: T X+, 8 S+05, 0 i+1

9: end while

Here, X = diag(x), S = diag(s) are the primal and dual vectors, and A € R"*" is the (fixed) LP
constraint matrix. W is a potential function measuring how close p is from t (the “target” duality

®The running time is actually O* (n* + p257e/2 4 plbta | pwat0.5 4 n?279%) "and the n**T%% and n?**° terms
also come from query time. But they are dominated by other terms. In our paper we improved not only the n'™®
term, but also these other two terms.



gap), and the vector 0, has two purposes: decreasing p by a (1 — 1/4/n) factor while keeping the
potential function bounded. The vectors d,,ds compute the disposition of the primal and dual
vectors in each iteration. P is an orthogonal projection matriz (P> = P and P = PT), and the

formulas \/%, \/%, \/;ﬁ’ and % € R™ ™ are the diagonal matrices of the corresponding vectors.

A key observation in [CLS19] is that this algorithm is robust to small perturbations along the

\/%, [CLS19| shows that in the
w, h*PP* = h, where ey, < 1/4

central path: Denoting by w the vector x/s, and by h the vector

above algorithm, is enough to approximately maintain w?PP" ~
and =%, denotes coordinate-wise approximation.

€mp

3.3 Data structures: Projection maintenance

The main bottleneck of Algorithm 1 is to efficiently maintain the approximate projection matrix
P(w™P) = VIWappr AT (AWPPr AT ) =1 A/ WWappr, (6)

recalculating the queries r := P(w*P")h on line 7, where h := ¢,,/v X S. There are O(y/n) iterations.

Lazy updates. It was already observed in [Vai89| that since each iteration only changes the f5
mass of w by a small amount (which can be turned into an ¢y sparsity guarantee by “rounding” and
absorbing a small error), most of the time the queries can be answered efficiently by computing the
low-rank incremental change in P, amortizing away the rare cases where too many coordinates of
w have changed, which are handled using brute force fast matrix multiplication. As noted above,
[CLS19] further used the power of fast rectangular matrix multiplication: By definition of «, for
any threshold parameter a < «, the complexity of multiplying an n x n® rectangular matrix by an
n® X n rectangular matrix is the same as multiplying an n x 1 vector with a 1 x n vector, so they
only update P when at least n® coordinates of w have changed. [CLS19] further make a clever use
of soft thresholding on n®, which combined with a potential function analysis, yields an amortized
O(n¥~1/2 4-n?=%/2) update time per iteration. Note that the n?>~%?2 term needs to be balanced with
query time. [LSZ19] and [Bra20] both follow the same update scheme.

Fast queries. Computing the queries 7 = P(w®")h in each iteration from scratch takes n? time
since the projection matrix may be very dense. The three papers [CLS19, LSZ19, Bra20| proposed
different techniques for speeding up this matrix-vector multiplication to o(n?). In [CLS19, LSZ19],
the authors use the idea of “iterating and sketching” [Son19], an adaptive version of the classic
“sketch and solve” paradigm [CW13]. In [Bra20|, the author maintains the query answer r directly,
exploiting the observation that the vector h is also slowly changing (and not just updates w). Both
techniques (|[CLS19, Bra20]) are essentially using sparsification of the vector h, hence involve a “right
hand side” linear operation. In contrast, [LSZ19] uses a “left-hand side” operation by sketching the
projection matriz itself, effectively making it smaller.

Sampling on the right [CLS19]. Here the idea is to apply a O(y/n)-sparse diagonal sampling
matriz D € R™ ™ on the right hand side of the maintained matrix:

VIWarer AT(AWPPr AT =L Ay/Wappr D p,
sample right
After this sampling, the vector Dh becomes O(y/n)-sparse, so computing the multiplication of a

matrix with Dh takes O(n'®) time. Also, since the rank of the change in W is guaranteed to be at
most n?, there is also a O(n'*%) term in the query time.



Sketching on the left [LSZ19]. The idea here is to apply a (subsampled) Hadamard /Fourier
transform matrix [LDFU13, PSW17] R € RV™™" by sketching on the left hand side:

R'R VWarpr AT(AWPPTAT) = Ay/TWappr,

sketch left

In this way the matrix RM has size \/n x n,% so multiplying this matrix with a vector takes O(n!?)
time. So the final query time is also O(n!'® + n!*@). [LSZ19] algorithm is also maintaining some
extra vectors, e.g., the explicit/implicit version of x, s.

Maintaining query answers [Bra20]. Brand observed that is possible to maintain not only the
inverse matrix P(w?®PP") via lazy updates, but also the previously computed query answers r, by
observing that the vector h it also changes slowly. In each iteration, the new r is computed as:

r 4+ VWP AT (AWPPTAT) T Ay Waper - AR

change in h

[Bra20] chooses a similar sparsity threshold n® for the vector and updates the maintained r when Ah
exceeds n?, so Ah is guaranteed to be n%-sparse at query time. As such, the query time is O(n!*%).
It is noteworthy that this algorithm is deterministic, as it avoids sketching/sampling altogether.
Indeed, the main motivation of [Bra20] was derandomizing [CLS19].

Our approach. We show how to break the O(n!'*%) barrier for query time, by combining both
left-hand and right-hand linear transformations on P, together with the cascading lazy updates
technique from Section 2. Such combination is needed to further “compress” the matrix-vector
multiplication when (re)calculating r. It turns out that using two sources of randomness—sampling
on the right [CLS19] + sketching on the left [LSZ19]—obliterates the error analysis (which needs to
be controlled to ensure convergence), and this is intuitively where [Bra20]’s deterministic alternative
is useful for us as a substitute to right-hand-sampling.

4 Detailed Technical Overview

This section provides a detailed, streamlined technical overview of the proof of Theorem 1.1, which
we restate formally below. This section should be understood as a self-contained extended abstract
of our entire algorithm. Formal proofs of all technical claims can be found in the Appendix.

Theorem 4.1 (Main result). Given a linear program minaz—p x>0 ez with no redundant con-
straints. Assume that the polytope has diameter R in £1 norm, namely, for any x > 0 with Ax = b,
we have ||z||1 < R.

Then, for any 0 € (0,1], MAIN(A, b, ¢, d,a,a) (Algorithm 17) outputs x > 0 such that

¢z < ) Izlbin>ocT:c +d|lc|lecR, and ||Az —0b|1 < (R|| A1+ ||b]l1)

i expected time
O(nw+o(1) + n2.5—a/2+0(1) + n1.5+a—5/2+0(1) + n0.5+a+(w—1)?i) . log(n/5)
for any 0 < a < a and 0 < a < aa. In particular, so long as the constants of fast matriz

multiplication satisfy w > 2.055 and o« > 5 — 2w, general LPs can be solved in O(nw+0(1)) time. In
the ideal case that w =2 and o = 1, the running time is n>+1/18 = 2055,

STntuitively, O(/n) rows is the minimal sketch size one can hope for, as this ensures that with O(,/n) CP iterations,
every coordinate i € [n] has a constant chance to be sampled



The first two terms n® and n*5~%2 of our running time are the same as [CLS19], stemming

from the amortized cost of lazy updates (for K = 1 levels). The n'®*%=%/2 term comes from the
amortized cost of our cascading lazy updates algorithm for the K = 2nd level update. Finally, the
n0-5tat(w=1)a term is the worst-case cost of the query algorithm. We note that a prerequisite for
1+a term as well as the two (implicit)
, n?® terms in the query time of all previous works. Below we elaborate on how this is achieved
step by step, as shown in Table 1.

achieving the runtime of Theorem 1.1 is removing the explicit n
naw

Statement | Technique | Time Ideal Choice
[CLSIQ] Sec. 3 n2.5—a 2 + n0.5+2a + n0.5+wa + n1.5+a n2+1 6 a = 2/3
Thm. 4.2 Sec. 4.1.1 n257a/2 4 p0-5+2a 4 p0.5Fwa 2t/ g =4/5
Thm. 4.3 Sec. 4.1.2 n25-a/2 4 p0-5+2a n2t/10 g =4/5
Thm. 4.1 | Sec. 4.1.3 [ n*P~0/2 4 pl-5Fa=a/2 4 p05Fat=Da [ 271718 | 4 = 8/9 4 =2/3

Table 1: We ignore the n® term, and also ignore all the n°(Y) terms. Ideal denotes the resulting running
time when w = 2 and o = 1. (Note that the current values are w ~ 2.38 and o ~ 0.31).

b — WP < né

€mp —approx €mp —approx

new
w

[[v — w*PH|g < n® [l —9lo < n®

(a) CLS19 (b) Ours

Figure 2: (a): In each iteration, we are given w™®" which is changing slowly. The algorithm will find w?PP*
such that w®PP" is coordinate-wise €, close to w™*" (pink wave line), and it is also close to v in £y norm(blue
solid line). (b): Based on (a), we add an intermediate level ¥, such that in the query, ||v — 9ljp < n(blue
solid line) and || — w?PPT ||y < n?(green dashed line).

We note that, although our better running time is achieved by breaking the three bottlenecks
of the query time of previous works, it actually requires non-trivial design of both the query part
and the update part. Indeed, our data structure involves an entirely new update subroutine for
second-level of updates.

In the next Section 4.1, we walk through the techniques for removing the three Query bottlenecks
one by one, while introducing the data structure members that must be maintained in order to make
queries faster. At a high level, these members correspond to maintaining the components appearing
in the LU-decomposition part of our cascading framework for K = 2 levels (described in Section 2,
see Figure 2 for illustration). In Section 4.2 we describe and analyze the Update algorithm of
our data strucutre. This part uses a combination of “soft thresholding” for two levels of updates
(Figure 6), capturing the cascading lazy updates process. We remark that this type of analysis may
be of independent interest to “bootstrapping” techniques in dynamic matrix problems.

4.1 Owur Query Algorithm

Our dynamic data structure relies on the following three main ingredients, for removing each of the
three bottlenecks shown in Table 1 respectively:

1. “Compressing” the projection matrix using linear operations on both sides (Section 4.1.1): We
show that by combining a sketching on the left to reduce the matrix size from n xn to v/n xn,
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with the direct maintenance of the previous query answer that makes the new query vector
sparse, already breaks the n'T® query time barrier of previous works.

2. Faster queries through the “cascading lazy updates” framework (Section 4.1.2): The core
technique of previous works is exploiting the fact that the inverse matrix and the query vector
are both changing slowly over iterations, hence the data structure can maintain all intermediate
values from previous iterations, and only re-compute the differences. As explained in the last
part of Section 2, we show that even the “derivative” of updates and queries is slowly changing
(these are the “sparsity thresholds” we allude to in Section 2). It is therefore natural to
maintain a second-level of values (“changes” of the inverse matrix and the query vector),
where each new iteration only computes the changes in these second-level values. We update
both levels according to the cascading lazy updates framework (recall Figure 1). We show this
technique removes the n®™ term in the query time of previous data structures (Table 1).

3. Maintaining the components of the second-level structure efficiently (Section 4.1.3): This is
done by essentially recursing the approach of maintaining the first-level to the second-level, by
carefully designing the maintained objects (matrix-products, vectors, sets). This removes the
n?® term in the query time, which in fact appeared in multiple places in previous algorithms.

We now turn to a detailed description of the query algorithm, using [CLS19] as a baseline. Recall
that each iteration of the CP algorithm generates two vectors w and h from the previous outputs
of the data structure. The data structure needs to re-calculate

VIWAT(AWAT) L AVWh.
By robustness of the stochastic CP algorithm, it suffices to output an approximated value

r= (R)" -RVWapPrAT (AWPPrAT) =1 A/TiapprpapPr
——
de—sketch sketch

where for some fixed parameter e, < 1/4 the data structure guarantees that w®P* ~ = w and
h#PPT . h. We use the same sketching matrix R as that of [LSZ19] which satisfies E[R'R] = I
and a guarantee that the variance and £o, error of (R' RPh— Ph) are both small. R has size \/n xn
— this value is natural, since we have ~ /n CP iterations, hence using o(y/n) linear measurements
would fail to even detect changes in all n coordinates. Also, the size of R allows us to pre-batch
O(y/n) copies of sketching matrices in the beginning, which only takes O(n®) time.

As in [CLS19, Bra20], our data structure maintains a member v that serves as a proxy for w,
and a member g that serves as a proxy for h. If the new value w?PP" is too far from v, then in
addition to computing the new displacement r, the data structure also updates v along with all
of its members that depend on v. An analogous scheme is used for g w.r.t h®PP". Since the new
values w?PP" and AP show up in three places in the output 7, from now on we will refer to these
three places as the left part, the middle part, and the right part, and label them as a™*V € RVPxn,
brew ¢ R™X™ ¢heW ¢ R for ease of presentation. Accordingly, we use a € RV™X™ h e R™ " ¢ ¢ R"
to denote the values that depend on v and g:

RVWarpr AT(AWPPTAT) =LA /WWaverp2pPr - RV AT(AVAT) 1AV,
— N— S~—~— ~ ~——

anew

pnew chew a b c

We also denote da := a™*V — a, 0b := bV — b, Jc := "V —c.
For a tunable parameter a € (0, ], the worst case query time per iteration of [CLS19]’s data
structure for implementing this process is t;, = n%® 4 n®® 4+ nlte the three terms come from the
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cost of recomputing the query r. In the remainder of this subsection, we describe how this query
time can be improved to

tq _ na—i—(w—l)ﬁ (7)

for any a € (0,a] and @ € (0, aa]. We show this in three steps, removing the terms n!*® n
n?® one by one.

4.1.1 Technique for removing n'*®

We combine the “sketching on the left” technique of [LSZ19]| and the “query maintenance” technique
of [Bra20| to remove this term. In [Bra20] the query is computed as

r = \/ Wappr ( Ba + M (./Wapprhappr _ \/Vg) + ( _ MS(AE,E + Ms,s)fl(Ms)T) ,/Wapprhappr>’

anew be b ac 6b chew

where M := AT(AVAT)™'A, By := M+\/Vg € R" are members that the data structure maintains,

A = WaPPr — V and S := supp(w®P" — v). The subscript Mg means taking the sub matrix of

columns of M in the set S. Note that this output is a"*¥(bc + b - dc 4 b - c"°V) = a™*Vp"eVeeW,
The n'*? term shows up in three places when computing different terms:

e In a"V - b dc, multiplying a n x n matrix M with a n®-sparse vector (\/Whappr — Wg)
e In a™V-0b-c"*V, multiplying a nxn® matrix Mg with a n®x 1 vector (A§715+M5,5)_1(M5)T\/Whappr.
e In a™v - 9b - ™V, multiplying a n® x n matrix (Mg) " with a n x 1 vector /T/7apprpappr,

The last one is easy, and we deal it by splitting ¢"*¥ € R" into ¢ 4+ dc again:

(MS)T \/Whappr — (52)5 + (MS)T (\/Whappr N \/Vg)

chew

dc

Since the dc term is n®-sparse, this computation only takes n?® time now.

We deal with the first two n't® terms by adding the sketching matrix R on the left, and
splitting a™¥ into a + da. Aside from maintaining M = AT(AVAT)™'A and B = MV Vg, we
further maintain their sketched versions:

Q=RVVM e RV™™ B = RVVB; € RV",

In addition to the temporary variables S = supp(w?PP* — v) and A = W?PP" — V| we also define
I := VWapPr —/V. We have the guarantee that A, T' and (v/TWaPPrR2PPT — \/V ¢) are all n%sparse
and |S| < n®, because otherwise the algorithm would first update V' and g. The query part of our
new data structure becomes

r= B, ra= (Qs +BIM) (VWP —VVg), g = RL - B
abe ab da-b de Oa be
ob
ri = (Qs + RT - Mg)(—(A5k + Mo,s) ™) (Ms) T (VIVRP 2P — \/Vg) + B 5 )
—_———
a™ew. Mg

(MS)T.Cnew
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Note that this output is

r:= abc + (a+ da)b-dc+ Ja - bc+ a"®" - Ob - "V = a" VPV OV,
-~ —— =~ Y/

! 2 T3 T4

Recall that the n'*® term stemmed from multiplying an n x n matrix by an n®sparse vector
when computing a""V - b - dc. We split this term as ™V -b-0c := a-b-9dc+ da - b - dc (see the
formula for r9). The data structure will now maintain ab := Qg, whose size is only v/n x n%, hence
computing ab - dc only takes n'/2t% < nl5 time now. Note that when computing da - b - ¢, the
n X n matrix M is “sandwiched” by a n®-sparse diagonal matrix I on the left and a n®-sparse vector
(v/Wapprpappr _ /T g) on the right, thus computing the product I'M (v/WaPPrhaPPT — /T g) takes
n?® time.

The last n'*® bottleneck from [CLS19] is removed in a similar way, yielding the following
intermediate result:

Theorem 4.2 (Informal, first improvement). For any a < «, there is a randomized algorithm for
solving general LPs in expected time O* (n® + n?5=4/2 4 p0-5+awy,

Note that for w = 2 and « = 1, this approach already yields an improved n2+/10 LP algorithm.

4.1.2 Technique for removing n“®

The n“* term in previous data structures came from computing the inverse of an n® x n® matrix
(Agig%—M s,5), and this inverse is still present in the intermediate algorithm described in Section 4.1.1
(see the formula for r4). This is where the cascading lazy updates technique comes useful — we shall
remove the n“® by showing how to implement it for K = 2 “levels”. We now provide the details of
this data structure.

Once again, the main observation is that since we’ve already computed (Ag}g + Mg )™t in
previous iterations, we do not need to re-compute it from scratch. Instead, we only need to compute
the difference between the new inverse matrix and the old one. More concretely, we maintain a
second-level data structure member v. v keeps a closer distance with w?PP" than v, and is therefore
updated more frequently. We update v whenever [|[v — v||g > n?® (for some a < «) and update v
whenever ||w®P" — || > n® (for some @ < aa). By abuse of notation, we define

S :=supp(v —v), SV :=supp(w —v), 95 = supp(w*P’ —v). (8)

In this overview we can think of S™% = S U dS. Later we also handle the possibly non-empty set
S’ = (SUOS)\S™Y, but the key ideas are the same. The updates guarantee that in the query we
always have that |S™V| < n® and |0S| < n® Our data structure maintains a second-level member

B := (Agig + Mgs)_l e RV X,
Observe that the new matrix ((Anew)gl}ew7 gnew + Mgnew gnew) only differs from Bl = (Ag{q + Mg s)

on entries in S™ x 95 and 95 x S"°V. (See the left part of Figure 3.)
So we have the following decomposition that can be computed in O(n®**) time:

U,CUT = ((Anew)_&cw,Sncw + MSneW,Snew) - (AE}S + MS,S)7

where U',U € R™ " and C € R™*"". In fact U’ and U are both constructed by taking a
submatrix from M and concatenate it with two identity matrices (see Figure 3), this will be useful
in the next section where we remove the n?® term. Now we can use Woodbury identity to compute

((Anew)gr}ew,Snew + MSnew“S'new)_l - (B_l + U’CUT)—I — B - Ble(Cf_1 + UTBU/)_IUTB
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Figure 3: An illustration of the construction of U’,C,U". N is defined as ((Anew)gﬁcw gnew T
Mgnew gnew) — (Agls + Mg s). I denotes the identity matrix.

The most expensive part of this formula is to compute the multiplication U B and BU’, and the
inverse (C~! +UTBU")~!. Since @ < aa, using fast rectangular matrix multiplication, multiplying
a n® x n® matrix U' with a n® x n® matrix B takes O(n?®) time. Computing BU’ takes the same
time. Computing the inverse of a n® x n® matrix (C~! + U T BU’) takes n™ = Trat(n®, n® n?) <
Tmat(n®, n%, n%) = n?*. All other parts of the query algorithm remain the same as in Section 4.1.1.
Hence, so far, the running time is upper bounded by O(n??):

Theorem 4.3 (informal, second improvement). For any a < «, there is a randomized algorithm
for solving general LPs in expected time O* (n® + n?5=9/2 4 n0-5+20),

We remark that the second-level members B and the local variables U, C and U’ that the
data structure maintains, correspond to the variables in the cascading lazy update framework of
Section 2: The matrix B here is exactly the same inverse B as defined in Section 2 for K = 2 (see
Eq.(70)). In the same vein, the block C~! here corresponds to the term —C’;l Vol M~U,, UT
corresponds to VQTM ~1U,, and U’ corresponds to VlTM ~1U; of Eq.(70). That said, since Section 2
deals with a simplified version of our actual inverse problem, we will need to maintain several other
ad-hoc members to achieve the claimed running time. We turn to describe those next.

4.1.3 Technique for removing n?*

Now we show how to remove the n?® term from the current algorithm as described in Section 4.1.1,
with the inverse matrix of 74 computed as described in Section 4.1.2). The n?? term appears in
the computation of both 75 and r4. Since removing the n?® terms in r4 is more difficult, we mainly
focus on the r4 term in this section. In analogy to the second-level member v, we also maintain g,
and update it whenever ||h*PP* — G| > n®. Similar to the definition of S™%, S, 35S (Eq. 8), we shall
use the following three variants of notations:

APEW — J/aPPr _ v, A — ‘7 —V, OA = Wappr _ ‘7’
ey _ \/T7aner — /7, VAT 4 ar = v/t — /7,
e = VW Vg, e=VVG- Vg, 96 = Ve - VTG

Intuitively, for X € {S, A, T", £}, X"V represents the difference between w*PP" and the first-level
proxy v, this is the real “first derivative”, and it is what we need to compute the output; X represents
the difference between the first-level proxy v and the second-level proxy v, this is what we maintain
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wPPT — g v—0 WAPPT _ 3

Figure 4: The three variants of notations. The left vector w?PP* — v corresponds to the notations XV, and
| supp(w®PP* — )| < n®. The middle vector ¥ — v corresponds to the notations X, and | supp(v — v)| < n®.
The right vector w?PP* — ¥ corresponds to the notations 0X, and | supp(w?PP* — )| < n®.

in the data structure, and we can think of it as an out-of-date “first derivative”; X represents the
difference between w?PP’ and the second-level proxy v. This term is very sparse, and should be
thought of as the “second derivative”. The actual “first derivative” is the sum of the outdated “first
derivative” plus the “second derivative”. We can therefore split X"V as X + 0X when computing
the output. In this way we exploits both the maintained members of the data structure and the
sparsity of 0X, compares to computing X"V from scratch.

We now turn to formalize the above intuition. Our data structure maintains the second-level
members S C [n], A € R™*"™ T' € R™*" ¢ € R". By design, our update algorithm ensures that

S, A o, 1T o, [1€%* Nlo, 1S, [1Allo, [T llo. 1€]lo < n% 851, [19A o, 8L [0, 190 < n.

Now, recall that from Section 4.1.1 and Section 4.1.2, r4 is computed as follows

ry = —(QSnew + RI‘neWMSnew> . (\B\ZQL(C—l + UT@\IZ)—lUT _ I) -B((ﬂz)snew + (MSnew)Tgnew>,
3 1

where B = ((Ags)™! + Mgs)~! and U'CUT = ((A™Y)ghy grew + Mgnew gnew) ™! — B. Observe

that in the above formula the n2? term appears in the following places:
1. Multiplying a n® x n® matrix B with a n® x 1 vector (32)gnew + (Mgnew) T £7V,
2. Multiplying a n® x n® matrix B with a n® x n® matrix U’.

3. Multiplying a n®-sparse diagonal matrix I'"*" with a n X n® matrix Mgnew and then with a
n® x 1 vector that comes from later terms.

To remove these n?® terms, we maintain additional second-level data structure members (precom-
puted matrix products):

ry= — (QSnew + RPMS —I—R(FMag\S —+ 8FMS’H€W)> . ((BU/(C—l + UT BU/)—lUT) _ [)
F: member Utmp Utmp
(B(B)s + B(Ms)T € +B(B)asys + B(Mas\s) €™ + B(Ms)T o¢)
b E b
~1: member : member

Each of the previous n?® terms are removed as follows.

1. We maintain 7y := B(f2)s + B(Ms) ¢ € R™ so that we only need to compute the difference

(B(B2)snew + B(Mgnew) T€") — 31 = B(B2)as\s + B(Mas\s) €™ + B(Mg) " O¢.

Since (82)as\s is n%-sparse, and (Mag\g)T only has n® non-zero rows, the first two terms
B(B2)as\s and B(Mas\s)TgneW can both be computed in O(n**®) time. For the third term,
we also maintain E := B(Mg)T € R Since 9¢ is also n®-sparse, it takes O(n®*?) time

to compute this term as well.
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2. The construction of U’ has the following property: BU' = [B(ys\s), Bas, BMg 9s\s)]- Since we
already maintain E := B(Mg)" € R™*" we define a local variable U™ := [Bas\s), Bas, Eas\s)] €
R *3n " Then U'™P = BU’, and it can be computed in the same time as its size, which is

O(naﬁ‘ra).

3. We maintain F := R['Mg € RV™ ™" and the difference is RTY Mgnew — F = R(T'Mas\s +
O Mgnew ). Multiplying F with a n® x 1 vector that comes from later terms only takes n'/2t¢ <
n'® time. Also since Mg\ s only has n® non-empty columnns, and 9T is n%sparse, multiplying
(' Mag\s + OI' Mgnew) with the n® x 1 vector that comes from later terms takes n%te time.

A full list of all the second-level members that we maintain is as follows:

5.B=(Agls+Mss)™', 6.E=DB(Ms)', 7.F=RI'Msg, 841 = B(fB2)s + B(Ms) €.

Now whenever our data structure needs to multiply an n® X n® matrix with an® x 1 vector, it
is always the case that either the vector is n®-sparse, or the matrix only has n® rows, so in both
cases this operation takes O(n®t?) time. We also avoid multlplylng the n® x n® matrix B with the
n® x n® matrix U’ directly by maintaining E = B(MS) , and we can now extract U tmp — B’
from E efficiently. But still we need to multiply a n® x n® matrix UT with a n® x n® matrix U™P,
which takes time Tpat(n%, n%, n%) < n% . Toa(n® n% n%) = n®t@=Y%  This is our final running
time for query, as presented in the last line of Table 1.

Finally we remark that removing the last n?® term that stems from computing 72, can be done in
an analogous way to the usage of 1 for r4 (i.e., by maintaining an additional member 9 := T'M¢).
We omit the formal details here.

Thus we finished the proof of how to get the O(n®t“~1%) query time of Theorem 4.1.

4.2 Owur Update Algorithm

Bounding the running time of our two-level update scheme requires both algorithmic modifications
and a more sophisticated amortized analysis than that of [CLS19], in order to capture the cascading
lazy updates process (as a random process under the sketching of the CP). This section is organized
as follows. In Section 4.2.1 we describe the four update subroutines for maintaining the two-level
members for both w and h, and present their worst-case running time per call in Table 2. These
subroutines correspond to maintaining the LU-decomposition of the cascading updates algorithm
for a K = 3 block matrix, described in Section 2 (see Figure 2). Section 4.2.2 describes the main al-
gorithm deciding when to call each of these four subroutines, using “two-level soft thresholding” (see
Figure 6). In order to synchronize two levels of soft thresholding, we introduce a new ADJUST func-
tion. Finally, Section 4.2.3 describes a potential-based amortized analysis of our update algorithm,
and the final amortized running time of the four update subroutines is presented in Table 3.

4.2.1 Cascading updates subroutines

We now describe the four subroutines required to efficiently implement the cascading lazy updates
process for K = 3 levels as described in the previous section. Recall our data structure maintains
two levels of proxies v and v for the input w: v is the first-level proxy, and v is the second-level
proxy. v keeps a larger distance of n® with w and is updated less frequently, while v keeps a smaller
distance of n® with w and is updated more frequently. We define two subroutines to update v and
v (see Figure 5 for illustration).
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Level | Name Time per call | Rank/Sparsity | Comment

1 Matrix Tias(n,n, k) k:= v —vl|lo | Update v and v if [|[w?PP* — vl|g > n®
2 PartialMatrix | Tmat(n, n%, k) k= |o"¥ — 3|y | Update o if ||w*P* — |y > n®

1 Vector pn + n?® p:=||g™" —¢gllo | Update g and g if ||h?PP* — g||p > n®
2 PartialVector | pn + n?® p:= g™ — ¢gllo | Update g if ||h®PP" —g|lo > n®

Table 2: Four update procedures

The first subroutine is PARTIALMATRIXUPDATE, which corresponds to second-level updates we
alluded to in Section 2: so long as the rank of the updates is smaller than the second level threshold
n%, it suffices to only update the second level members as defined in Section 4.1.3. These members
are relatively cheap to update, and thus PARTIALMATRIXUPDATE has a cost of Tmat(n,n%, k) per
call (third column of Table 2). When the algorithm has exceeded the allowable changes in w, we
cascade to the first level update subroutine MATRIXUPDATE. This subroutine must update all data
structure members, and consequently is more expensive: it has has a cost of Tyat(n,n, k) per call
(third column of Table 2). The subroutines VECTORUPDATE and PARTIALVECTORUPDATE play
an analogous role for updating h. We proceed to describe when to execute each of these subroutines.

a
n

(c). Par. Matrix update.

(a). No update.

(b). Matrix update.

Figure 5: An illustration of the two types of updates in our UPDATE algorithm. The blue leash connects v
with ¥ and w*P" and is of length n®. The pink leash connects ¥ with w®PP* and is of length n?. (a) When all
leashes are loose, no update is performed. (b) The leash on v is tight. In this case we call MATRIXUPDATE.
(c) The leash on v is tight. In this case we call PARTIALMATRIXUPDATE.

4.2.2 Synchronizing two-level soft thresholding

For simplicity, we only focus on MATRIXUPDATE and PARTIALMATRIXUPDATE (VECTORUPDATE
and PARTIALVECTORUPDATE are analogous).

In order to bound the amortized cost of the two level updates, we use the “soft thresholding”
implicit” in [CLS19] to determine when to invoke each update. The basic idea is to use a smooth
threshold (see Algorithm 7) to approximate the discrete threshold shown in the last column of
Table 2. Soft thresholding ensures that there is a gap between errors of coordinates that are updated
and the errors of other coordinates, and is essential to guarantee a proper decrease in potential.
Our update algorithm invokes this subroutine SOFTTHRESHOLD twice — once for v and once for v
(see Figure 6). We now explain the 3 main components of combining the two SOFTTHRESHOLD
subroutines (see Algorithm 2):

Restoring threshold gaps via ADJUST. Our algorithm first computes v™V to update all the
coordinates ¢ for which |w}*¥ /v; — 1| exceeds the threshold €. It then calls the ADJUST function

"The soft thresholding is proposed by [CLS19], and note that they embed it inside their update function since
they only have one update function. Since we use it four times, we give it an explicit name SOFTTHRESHOLD.
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Algorithm 2 When to execute MATRIXUPDATE and PARTIALMATRIXUPDATE

Y ¢~ SOFTTHRESHOLD(y ¢ [w™Y /o — 1], w™™, ¥, €mp, n%)
ADJUST(D"Y, €mp/(1001ogn))
if ||[o"" — v|lg > n* then
V"W <~ SOFTTHRESHOLD(y < |[w™®" /v — 1| + |w"™ /v — 1], w™", v, ﬁo}”,n“)
wappr % ,Unew
MATRIXUPDATE()
else
wappr <_ ’inew
if |77V —7]|p > n® then
PARTIALMATRIXUPDATE()
end if
. end if

— = e
Y22

0" whose new value v}V is within a distance of ep,, /(100 logn)

to restore all updated coordinates v

from v;, back to the original value v;. Since vV is the new value of ¥, in this way we ensure that
|U; — vi| > €mp/(1001log n) for all i € supp(v — v). Hence when |0 — v||g exceeds its threshold, there
is a large enough decrease in our potential function (= ||[v — vl|o - €mp/(100logn)) for “charging”
the update cost (of v <— ). The purpose of using a smaller threshold-error of €n,/(1001logn) here
ensures that even when vV (which is the new value of v) is v; instead of w}", the error still

new

decreases by at least a (1 — 1/logn) factor after updating v « ¥’

Synchronizing the error function. When updating v, we define the error as |w™"V /v — 1| 4+
|w"Y /v — 1| which is a function of both v and v. This is because as long as one of v; and v; is too
far from w}°", we need to update both variables to be the same as w}**" .

Two error thresholds. When updating v, we use a smaller error threshold of ey, /(100log? n)
than that of the ADJUST threshold. This is because ADJUST guarantees that v; —v; > €mp/(100logn)
on all coordinates 7 for which v; # v;, hence using an even smaller threshold when updating v ensures
that all such coordinates are counted as “error larger than threshold”. As such, after MATRIXUP-
DATE, ¥ is set back to be the same as v on all coordinates.

4.2.3 Amortized analysis based on high-order martingales

As noted in Section 2, the main source of amortization in the update algorithm comes from the fact
that the maintained variables in all levels are changing slowly. More formally, the j-th iteration of
the CP algorithm calls our data structure with the following inputs: A vector wt1) € R™ and a
vector hUTD € R” satisfying the following relative error bounds (where the randomness is over the
sketching matrix used to generate wU+1) and h(j+1)):

| EfwY ) [w]/w) — 1]y <O(1), [ERYFIRD]/AD — 1], < O(1). 9)

The “evolution” of w?) and h() is essentially a martingale process with the above guarantee.
Informally, this is true because we are using independent random sketches in each iteration. We
analyze these random processes by defining four different potential functions to capture our four
different update subroutines, as shown in Table 3. We next elaborate on the careful design of
potentials and what they aim to measure.

1. MATRIXUPDATE. The potential function for this subroutine is defined in row 1 of Table 3.
Instead of splitting the change in the potential function into “w move” and “v move” as [CLS19],
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Y
Soft Threshold Two-level Soft Threshold
o s < (1= 1/l 5[ o < (1= 1/ lox(n)
e 7 [T | T
I L s < (1= 1/log(n)i;
O k 1.5k i 0] k 1.5k k 1.5k i
N————
Matrix PartialMatrix
Matrix
(a) CLS19 (b) Ours

Figure 6: Two-level vs. one-level soft thresholding: (a). [CLS19] has a single level update scheme, im-
plemented via one level of soft thresholding. (b). Our Update algorithm has two cascading subroutines
(MATRIXUPDATE, PARTIALMATRIXUPDATE), each requires its own potential function and soft threshold.

Level | Name P eR ¢ €R™, i >n® (resp. ¢ > n®) | Amortized
w—2 a(w—2)
1 Matrix S i (lwifvi — 1] + Jwi /Ui — 1]) | ¢ =jit-a '.p " 1-a n?/2 4 pem1/2
— eI ) —
2 PartialMatrix o1 b0 (lwi/vi — 1)) ¢ =1 a-a L p~"a-a plte—a/2
1 Vector Z?:l ¢>Z(\h,/gl—1|+|hl/§z—1\) ¢ =1 nt®
2 PartialVector o b0 (|hi/ge — 1) ¢i =i " n'® 4 p2a/2

Table 3: The four different potential functions ® are shown in the third column. We always assume that
the coordinates are sorted in decreasing order, e.g., for PARTIALMATRIX, we assume that |w;/v; — 1| >
|wit1/Vix1 — 1]. The vector ¢ € R™ is non-increasing (in 7): for level-1 subroutines, ¢; := n~* when i < n%,
and for level-2 subroutines, ¢; := n~% for i < n®. The definition of ¢; for i > n® (level 1) or n® (level 2) are
shown in the fourth column. The vectors ¢ are designed to upper bound the worst-case running time of the
update procedures. The last column shows the amortized cost of our four update subroutines.

we split the change into a “w move” part and a “v and v move” part:

@;nff - q);-nat = (w move) — (v and v move)

where the “w move” part measures how much the potential can increase due to the input changes
from w@ to wU*Y and the “v and ¥ move” part measures how much we can decrease the potential
by updating v, 70) to v+ FG+) The formal details can be found in Section F.

Using Eq. (9) which upper bounds the expected relative error of wUY with w), it is possible
to upper bound the “w move” term by O(||¢|l2) = O(n¥=5/2 + n=2/2),

When entering MATRIXUPDATE, for some coordinate i € [k] (recall that k := ||[v"V — v||o, see
Table 2), by design v and @UH) are both reset to w(jH), hence the potential ¢i(|w§j+1)/v§j+1) -

1|+ ]wgﬁl)/i?fﬁl) — 1) decreases to 0. This fact can be used to show that the “v move” term in ®
decreases by at least

Qk - ¢) > 12 Toar(n,n, k).
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We also prove that PARTIALMATRIXUPDATE can only further decrease the “v move” term. Since
the “v and ¥ move” term is upper bounded by the “w move” term, and the cost per call of MA-

TRIXUPDATE i8S Tmat(n, 1, k), the amortized cost of MATRIXUPDATE per iteration is bounded by
O(nw—1/2+o(1) _|_n2—a/2+0(1))‘

2. PARTIALMATRIXUPDATE. The potential function for this subroutine is defined in row 2
of Table 3. Once again, we split the change in the potential function, this time into a “w move”
part and a “v move” part:

¢ — ®; = (w move) — (v move)

The “w move” term is upper bounded by O(||¢[]2) = O(n™~5%/2 4 n=/2). To lower bound the
“0 move” term, we observe that when entering PARTTALMATRIXUPDATE, for any i € [k] (recall
that k := ||o"®" — ¥]|o, see Table 2), the term |wP*¥/vP*" — 1| is decreased by at least a factor of
(1 —1/logn). This is where we use the guarantees (and smaller threshold parameter) of ADJUST
and SOFTTHRESHOLD for v. Using this, we show that the “v move” term decreases by at least

Q(k - o7) > ' Toa(n, n® k).

Therefore, the amortized cost of PARTIALMATRIXUPDATE is O(nH(“’H)“_EE/2 + plte=a/2) —
O(n'*9%/2) since the cost per call of PARTIALMATRIXUPDATE is Trat (7, n%, k).

3. VECTORUPDATE. The potential function for this subroutine is defined in row 3 of Table 3.
Note that the dominating term in the worst-case cost (per call) of this subroutine is the pn term
(recall p := [|g"*" — g|lo, see Table 2). Again, after amortization in each iteration we have

Vi=|gllz = Qp - ¢p) =0 (pn).

Therefore, the amortized cost of VECTORUPDATE per iteration is O(n'?).

4. PARTIALVECTORUPDATE. The potential function for this subroutine is defined in row 4
of Table 3. Here, the dominating term in the worst-case cost (per call) is the n?* term (Table 2).
Since PARTIALVECTORUPDATE is invoked only when p > n® (recall that p := ||g"V — gllo, see
Table 2), the amortized cost of the j-th iteration is n?® - 1 Once again, after amortization in
each iteration we have

ﬁj >na-

= glla > Qp - ¢p) > 15,50

Thus the amortized cost of VECTORUPDATE per iteration is n2% - O(||¢||2) = O(n?*~%/2).

4.3 Putting it all together

Combining the query time ¢, = notw=1a (Bq. (7) in Section 4.1) and the update time t, =
n@=1/2 4 p2-a/2 L pl+a=a/2 (see the last column of Table 3), and since there are O(y/n) iterations
in total, we have that the final running time of our LP algorithm is

\/ﬁ . (tq + tu) _ n0.5+a+(w—1)fi +n¥ 4+ n2.5—a/2 + n1,5+a_5/2’

matching the statement of Theorem 4.1.
Also note that in the ideal case where w = 2 and « = 1, we can choose a = % and a =
this leads to an O(n?t1/1%) algorithm.

, and
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Appendix

A Preliminaries

Throughout this paper when considering the linear program mingz—p »>0 c'z, we always assume
that the input matrix A € R¥" is full-rank, and d = Q(n), d < n. For convenience we also assume
that n» > 10. In our algorithm we use the standard transformation of LP by [YTM94] such that it
is easy to obtain the initial z and s for the transformed LP. We refer the readers to [YTM94| and
[CLS19] for more details.

Standard notations. For a positive integer n, we denote [n] = {1,2,--- ,n}.
For a positive integer n, we use I, to denote the identity matrix of size n x n. We use standard
definitions of hyperbolic functions sinh(z) = £=£—, cosh(z) = £H—.

For a vector v € R™, we use the standard definition of ¢, norms: ¥p > 1, ||v|l, = (32, |vi|P)/P.
Specially, [[v]|occ = max;ep,) |vi-

A vector v € R" is called k—sparse if at most k entries in v is non-zero.

For any random variable z, we use E[z] to denote its expectation, and we use Var[z] to denote
its variance. We define Sup|[z| to be the deterministic maximum of x.

Approximations. For any function f, we define 5(f) = f - polylog(f), and O*(f) = f - fo).

For vectors a,b € R™ and accuracy parameter € € (0,1), we use a =, b to denote that (1—¢€)b; <
a; < (1+ €)b;, for any i € [n]. For constant ¢, we use a =, t to denote that (1 —€)t < a; < (1 + €)t,
for any i € [n].

Coordinate-wise operations. For a vector z € R™ and s € R", we denote s € R” as a length-
n vector whose i-th coordinate is (zs); = x;s;, Vi € [n]. Similarly, we also define other scalar
operations on vectors as coordinate-wise operations.

For a scalar function f : R — R and a vector z € R™, we define f(z) = [f(z1), f(z2),..., f(xn)]".

Upper case as diagonal matrix. Given vectors z,s € R”, we use X € R™*" and S € R™*"
to denote the diagonal matrix of those two vectors. We use X/S to denote the diagonal matrix
there the i-th entry on the diagonal is (X/S);; = ;/s;, Vi € [n]. Similarly, we extend other scalar
operations to diagonal matrix.

Matrix and vectors with subscripts. For any matrix M € R"™*"™ where m > 1 and n > 1, and
any subset S C [n], we define Mg € R™*I5! to be the submatrix of M that only has columns in S.
For any subsets S C [m], S2 C [n], we also define Mg, 5, € RISUXI52l to be the submatrix of M
that only has rows in S; and columns in Ss.
For any vector v € R™*! where n > 1, and any subset S C [n], we define vg € RISI*! to be the
subvector of M that only has the entries in S.

Fast Matrix Multiplication. We use w to denote the exponent of matrix multiplication, which
is defined as the infimum number such that the multiplication of two n X n matrices can be done in
O(n*) time. We use « to denote the the dual exponent of matrix multiplication, which is defined
as the supremum over all ¢ > 0 such that the multiplication of a n x n® matrix with another n* x n
matrix can be done in O(n?T°()) time.
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We denote That(n, k,7) to be the time needed to multiply a n x k& matrix with a k£ X r matrix.
Tmat(n, k,7) has the following property.

Lemma A.1 ([Str91, GU18, CGLZ20]).
Tmat (TL, ka T) == O(Tmat (77,, r, k)) == O(Tmat(ka n, T))

Woodbury identity. We use the Woodbury matrix identity to calculate the inverse of a matrix
M under low-rank updates.

Fact A.2 (Woodbury matrix identity, [Woo49, Woo50]). For matrices M € R™" U ¢ R"*k,
Ce kak Ve kan

M+UucV) =M —-MTUCTT + VMU VML

Probability tools. We use the following well-known probability tools.

Lemma A.3 (Bernstein Inequality, [Ber24]). Let Xi,---,X, be independent zero-mean random
variables. Suppose that | X;| < M almost surely, for all i. Then, for allt >0,

zn:Xi > t] < exp (— o /2 ) .
> EIXZ) + Mt/3

=1

Pr

Central Path Method. The stochastic central path method of [CLS19] consider the following
LP with A € R¥*"; min gz—p >0 ¢z, and its dual: MaX 4T y< bTy. By defining s € R™ as the slack
variables, the optimal solution of the above LP must satisfy the following constraints:

x;s; = 0, Vi,
Az =0,
Aly+s=c,
x;, 8; > 0, Vi.

where Y | x;s; is the duality gap, and the other three equations are the feasibility constraints.
In the central path method, the duality gap is parameterized by ¢ that decreases by a factor of
1-— O(ﬁ) in each iteration. Let p := zs. [CLS19] designed a potential function W(u/t — 1) such
that as long as W(u/t — 1) < poly(n), p ~ t is satisfied. The change 6, of y has two parts: a term
—% to decrease u, and a term —VW(u/t — 1) to bound the potential function.

Given §,, the changes 6, and 65 should satisfy the following constraints (the second-order term
0z - 05 1s ignored):

X0s+ S5 = 0y, (10)
Ad, = 0,
AT, + 6, = 0.
The unique solution of the above linear equations is
X 1
Op = \/75([ — P)\/TS(SM
5, S 1

-2 P — 5,
VXS VxSt

where P = \/%AT(A%AT)*A,/% is a projection matrix. Thus the stochastic central path
method is summarized as the Algorithm 1 presented in Section 3.2.
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Lemma Section Comment

Lemma B.16 | Section B.3 | Bounding d,, ds, 0., ¢, 0o

Lemma B.21 | Section B.4 | Bounding pu™% —

Lemma B.27 | Section B.5 | Bounding the expectation of potential function
Lemma B.28 | Section B.6 | Bounding the movement of w

Lemma B.29 | Section B.7 | Bounding the movement of y

Table 4: Summary of this section

B Optimization

In this section we provide the error analysis of central path method. The meaning of z, s, and the
deviation of d,, d5 are standard (see the Central Path Method paragraph of Section A).

The proof of this whole paper is induction based. The induction hypothesis ensures that at
the beginning of each iteration Assumption B.5 is satisfied. In this section we use this induction
hypothesis to prove the guarantees of the central path method. Later in Section G we combine the
central path guarantees with the data structure guarantees to prove that Assumption B.5 is still
satisfied at the end of each iteration. More specifically in this section we prove the following:

1. Two guarantees Lemma B.28 and B.29 that are needed by the data structure given in Sec-
tion D. Then the properties of the data structure prove that Part 1 of Assumption B.5 is still
satisfied.

2. An upper bound on the potential function (Lemma B.27) which proves that Part 2 of As-
sumption B.5 is still satisfied.

B.1 Definitions

Some of the definitions are used as variables in the algorithm, some of the definitions are used only
for analysis, and some of the definitions are used for both.

Assumption B.1. We use the following two error parameters € and €mp:
€€ (0,107, and emp € (0,107%).
We use the same potential function as [CLS19, LSZ19, Bra20],

Definition B.2 (Potential function). For a parameter \ > logn, we define function ®y : R™ — R:
n
Dy (r) := Zcosh()\ri).
i=1

Definition B.3 (Overline version of parameters). At the beginning of each iteration, we have t € R,
and T,s € R™ from last iteration. t**% € R is the new value of t. We define w € R™ and n € R™:

wW:=T/S, i:=T-3.
We define overline version of projection matriz P € R™ ";

P o= VWAT(AWAT) LAV
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The change in i consists of two parts §; and dg:

- tnew = € . Vo,(a/t—1) - -
= — 1 = —— ew | = .
e e N e R
The changes to T and s is computed from 5“:
~ X - 1 - = S — 1 -
5:1: - tI_P t(s 5 (53 = tpt5 .
s PR VXS vxs "

The data structure will take w € R™ and @z € R™ as inputs, and output some w € R™ and g € R"
such that w =, W, @ =~,, [

Definition B.4 (Tilde version of parameters). For a given w € R™ and i € R™ that is returned by
the data structure, we define T € R"™ and s € R™:

T = /wp, S§:=\/p/w.
Note that /s = w, and s = i. We define tilde version of projection matrix P € R
P:=VWAT(AWA") ' AVW.

Further, we define gt, g@, gﬂ € R":

L mew ’ Vor/t—-1) o~ = =
0 := -1 0p = —=t"W. o , 0,:= 0+ da.
N 2 N
And we define gx, gs € R"™:
Soim N (I-P)b, b= P13,
XS VXS XS XS

Given these definitions, we state the following important assumptions. We assume they are
satisfied in the beginning of each iteration, and use them to prove the correctness of the algorithm
in this iteration. Later we will verify that these assumptions are always satisfied by induction on
iterations. Note that the second assumption is true if the potential function is bounded by poly(n).

Assumption B.5. We make the following assumptions:

1 Ji Ry, M, W R, W, where (i and w are returned by the data structure, and fi, W are the
input to the data structure.

2. =01t
We further make the following definitions that make use of sketching matrices:

Definition B.6 (Hat version of parameters). Let b = o(n). For any T € R", 5 € R", P € R™n,

~

0y € R™, and a sketching matriz R € RY>™  we define dy, gs e R"™:

Oy 1= i(I—RTRﬁ) 1~~5M, 5= 2 RTRIB%&-

VX8 XS VXS

5
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Remark B.7. In our case, R € RY" is a subsampled randomized Hadamard matriz. See more
details in Definition B.10.

Definition B.8 (New versions of definition). We use a superscript “new” to denote the corresponding
variables at the beginning of the next iteration. Specifically, we define t"°V € R as follows:

£ = ( )t.

€
3vn
We define ™V, w™*" € R™ as follows:
Y = (T+0,) - (5+40s), W' := (T +02)/(5+ 0s).
The following facts directly follow from the definitions and Assumption B.5.
Fact B.9. We have the following properties:
1. X6s+ 86, = 6, = 01 + b,

2. ~2emp x, s R 2emp S5
3. |6cll2 < 0.5¢t, [|0a]|2 < 0.5€t, ||d,]|2 < et.
Proof. Part 1. From the definition of 0, and d, (Definition B.6) we have that

SN X 1 ~ SX ~ 1 o~

X85+ 56, = %RTRP —0,, + SW(I — RTRP)——4,
VXS XS XS VXS
XS 1= ~ o~

Part 2. By part 1 and part 2 of Assumptlon B.5, we have that g~ @ and w ~,, W, so we have

T=VU- [ %, VO-T=V(T/5)-(T-5) =T,
where the first step follows from Definition B.4, the second step follows from the fact that if a =, a

and b e, V', then ab =, a'l’, and the third step follows from Definition B.3.
Using a similar argument, we also have that s ~g, 5

/!

Part 3. We upper bound |62 as follows:

tHeW Et
= = —_— < 0.5¢t.
= (5 )l =7, 5 1+ g, <110 w5, <0

where the first step follows from the definition of 6: (Definition B.4), the second step follows from the
definition of """ (Definition B.8), the third step follows from i ~,, @ (Part 1 of Assumption B.5),
the forth step follows from & =~ ¢ (Part 2 of Assumption B.5), and the last step follows from
€mp < 1074 (Assumption B.1).

Then we upper bound ||dg ||z as follows:

Vo,(n/t—1) € € €
a = "V = Z(1 — — )t < 0.5¢t,
Va2~ 2" 3 )i < 0.5¢

3vn

where the first step follows from the definition of g@ (Definition B.4), and the third step follows
from the definition of t"*V (Definition B.8).
Finally, we can use triangle inequality to upper bound

~ €
5 — 7tnew .
1ol = 115

10,2 < 10 ll2 + [|0w]l2 < 0.5¢t + 0.5¢t < et.
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B.2 Facts

Random sketching matrices are usually used to give subspace embedding and approximate matrix
product. Instead of using subspace embedding [Sar06] and approximate matrix product [KN12],
LP solver requires a different version of embedding, it was from [PSW17] implicitly and defined in
[LSZ19] explicitly.

Definition B.10 (Coordinate-wise embedding). Let I denote a distribution on b x n matrices R.
We say 11 is an (o, 8,0)-coordinate-wise embedding if for any fixed vector h € R™, the following
properties hold:

1. E [R"Rh] = h,
R~II

2. E [(RTRR)?] < B2 + Z|n|2
RNHKR Rh)z] = hz + b HhH27

T
. i — Ny — <0.
3. Pr [|(R Rh); — hi] > ||h||2\/ﬁb 5

Lemma B.11 (Lemma A.1 in [CLS19]). Let x and y be (possibly dependent) random variables such
that |x| < ¢z and |y| < ¢y almost surely. Then, we have

Var|zy] < 2¢2 - Var[y] + 203 - Var[z].

Fact B.12 (Gradient and Hessian of potential function). Let ®y(r) = > cosh(Ar;) for some
A > 0. The gradient and the Hessian of ®x(r) are

V‘I’)\(T’) =\ (Sinh()\’l“l)7 Sinh()\rQ)’ ce ,Sinh()\rn))T c Rn,
VQ@A(T) = diag ()\2 cosh(Ary), A2 cosh(Arg), - - - A2 cosh()\rn)) c R™X"™,

Lemma B.13 (Basic properties of potential function, Lemma 4.12 in [CLS19]). Let ®)(r) =
>y cosh(Ar;) for some A > 0. For any vector r € R™,
1. For any vector ||v]|so < 1/X, we have that

OA(r +v) € DA(1) + (TOA(), 0) + 20 B, -
2. [Vex(r)ll2 = J5(@a(r) — ).
3. (X0, A2 cosh?(Ar)) % < Ay + [V @A(r) o

Lemma B.14 (Appendix E in [LSZ19]). Let R € R®™ denote a subsample randomized Hadamard
transform, then it gives (a« = 1,8 = O(log(n/¢)), 0)-Coordinate-wise Embedding (Definition B.10).

We state another property of potential function

Lemma B.15 (Basic properties of potential function, general version of Lemma 5.14 of [Bra20]).
Let @5\ (r) =Y i, cosh(Ar;) for some X > 0. If ||v]lo < 1/(30X), then we have

VCI))\(T + 1))

(00~ T ol

> < —0.9) VB (r)||2 + 0.1\,

The proof is very similar to that of [Bra20], we put it here for completeness.
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Proof. We have

(VOA(r), =V Py(r+v)) = —(VO(r +v),VOu(r+v)) + (VO (r +v) — VO, (r), VO, (r + v))
< = [VOA(r +0)[5 + [IVA(r) = VOA(r + 0) 2 - [[VOA(r + 0|2

where the last step follows from (a,b) < ||al|2 - ||b||2. Then we have that

Vo, (r+w)
N )
< —[[VOA(r +0)[l2 + [[VEA(r) = VEA(r +0)|l2
< = (IV@AW)ll2 = IV@A(r) = TRA(r +v)l]2) + [ VOA(r) = DA + 0
< —[[Vea(r)llz + 2[[VOA(r) — VOA(r + v) |2, (11)

where the second step follows from the fact that ||all2 > ||b||2 — [|b — a]|2-
Now we need to upper bound the norm |[V®y(r) — V®,(r + v)|2. Note that V®y(z); =
Asinh(Az;) and sinh(z) = (e —e™*)/2. We have the following property for | sinh(x + y) — sinh(z)|:

|sinh(x 4+ y) — sinh(z)| = |e* - e¥ —e ¥ - e7¥ — (e* — e 7)|/2
=le" (e —1)+e - (1—-eY)|/2

™

< (e |V — 1|+ 1 — V)2
< (e +e7*)/2 max{le! — 1], [1 - 7|}
< (" +e )2 (W —1) = cosh(z)(eM — 1), (12)

where the first and the last step follows from the definitions of sinh and cosh, the third step follows
from the triangle inequality of absolute values, and the fifth step follows from e¥ 4+ e=¥ > 2.
Thus we can upper bound the difference as follows
|V®x(r) — VO (r +v)|l2 = A||sinh(A(r + v)) — sinh(Ar)]|2
< Al cosh(Ar) (el — 1) |5
< Al cosh(ar)[[o (Ml — 1)
< (Wit [V@r(r)[|2) (> — 1), (13)
where the second step follows from Eq. (12), the third step follows from the fact that ||a - b|ls <

l|lall2]|b||oc, and the last step follows from Part 3 of Lemma B.13.
We then have

(Ml — 1) < ¢1/30 _1 < 0.0, (14)

where the first step follows from ||v]/s < 1/(30M).
Finally, this allows us to obtain

V‘I))\(T + 1))

<V®A(’”)’ TIVeA(r + )2

> < — [[VOA(r)[|l2 + 2| VOA(F) — VOA(r + v)]|2

< = [Ver(r)[l2 + 0.1(AVn + [[V@,(r)]|2)
< —0.9||VOx(r)]l2 + 0.1Av/n

where the first step follows from Eq. (11), and the second step follows from Eq. (13) and Eq. (14). O

33



Quantity Bound | Stated in Lem. B.16 | Used by Lem. B.21
157102, |77 0|2 € Part 1 Part 1

| EE"104]|l2, | E[Z~10,]]|2 € Part 1 Part 1

IE=1(6: — 6¢)]|2 €mp - € | Part 1 Part 1

lE=1(0s + 6a)||2 € Part 1 Part 4

Var[z; '0,.], Var[s; 10, ] €% /b Part 2 Part 1, 2

[ @ = D)lloc, 157G = 3o | €mp Part 3 /

7~ 0 lloo, 5™ 0l € Part 3 /

716,00 € Part 3 Part 3

17720200, 113716500 € Part 4 Part 2, 3

Table 5: Summary of Lemma B.16. We ignore the constants. Note that the Part 4 (last row of this
table) holds with probability 1 — 1/poly(n) and requires b > 1000 log? n.

B.3 Bounding d,, d,, d;, 0 and 9,

The goal of this section is to prove Lemma B.16.

Lemma B.16 (A deep version of Lemma 4.3 in [CLS19]). Under Assumption B.5, and given that
b> 100010,5.);2 n, we have the following:
1. 57102 < 26, |T71 0,2 < 2,

IEE 0]z < 2€, | E[Z'd.]l2 < 2,

17~ (6t = 1)ll2 < €mp - €,
7= (5: + da) 2 < 5e.
2. Var[z; '6,,] < 2€%/b, Var[s; 1d5,] < 2€%/b.
5 177 @ — D)lloo < 26mp, 15715 = 3)lloo < 2emp,
Hiilgxuoo < 2¢, Hgilgsuoo < 2¢,
I Sulloe < 5.
4. 1T 0000 < 3¢, |5 0sl00 < 3€ hold with probability 1 — 1/n.

Claim B.17 (Part 1 of Lemma B.16, bounding the ¢ norm).

(1) 5 8sll2 < 26, 715, ]l2 < 2e,

(2) I1E[F0]ll2 < 2¢, | B[z 16,][l2 < 2¢,
(3) 17710 — 80)ll2 < €mp - €,

(4) |77 (8% + da) |2 < 5e.

Proof. Proof of (1). We first upper bound the ¢ norm of P2 in the following way:
vV XS
- - 17 ~ 1
1Pzl < |, < sup [ =] 18ule < Sup [ s -

1 ~
—== =
H\/XS ' Vi
1
< et < 1.1eVt 15
 V0.9(1 — emp)t ¢t < Llevt (15)

1
VX3

where the first step holds since P is an orthogonal projection matrix, the second step is because
75 = i (Definition B.4) and [|a - b|l2 < Supla]||b[|2, the third step follows from & ~,,, 7 (Part 1 of
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Assumption B.5) and ||guH2 < et (Part 3 of Fact B.9), the fourth step follows from @~ ¢t (Part 2
of Assumption B.5), and the last step follows from ep,, < 10~* (Assumption B.1).
Then we can upper bound [|37 16,2 as follows:

— —
- -1~ -1~ 14 2em -1~
55 = |2 2F—L5,| <sup Sﬁ] L 5 < L2 p 15
VXS VXS |, XS XS |, V@ —emp)09 || VX5 |,
< 1TZm < oo
(1 — €mp)0.9¢

where the first step follows by definition of 85 (Definition B.4), the second step follows from [|a-b||s <
Supla] - ||b]|2, the third step follows from § =~ , 5 (Part 2 of Fact B.9) and 75 = pi =, i =01t
(Definition B.4, Assumption B.5), the fourth step follows from Eq. (15), the last step follows from
€mp < 1074 (Assumption B.1).

The proof for |[Z710,|2 < 2€ is similar since I — P is also an orthogonal projection matrix.
Proof of (2). Note that from Lemma B.14 and definition of 5 and 0y we have ]E[Ss] = 0, therefore,

IEE15:] )12 = [[5710|2 < 2e.

Similarly, we can prove ||Z710, |2 < 2e.
Proof of (3).
1 € - _
= Hu '—(i—n)

G- doll = |t (55 -1) 7= (5 -1)m) =

where the first step is by definition of ¢; and ¢; (Definition B.4 and B.3), the second step is by
[ (A—¢/3vn)t _ 1= —_¢€

7 7 3/n
Proof of (4). We use triangle inequality to upper bound

< €mp - €,

2 2

and the last step is by i =, & (Part 1 of Assumption B.5).

7" @+ 0a)ll2 = 7 (8¢ = 81) + (0 + d0))ll2 < 51 (30 = 0)llz + |5 (3¢ + da) -

The first term is upper bounded in Part (3): ||z~ (d; — 8;)||2 < €mp €.
For the second term, we have

7" (6t 4 00) |2 = 7 Spulla = 177" (@65 + 30, [|2 < [ F0s ]l + |50 12
< (14 2€mp) |5 0512 + (1 4 2€mp) |7 102 ]|2 < 4e(1 + 2€mp) < 5e,

where the first step follows from gﬂ =6+ 0o (Definition B.4), the second step follows from

fliﬁ'ggx:SiX(I—ﬁ) L g, X5 p 1 8, = 0,

— —0pu — —
VXS VXS XS XS
the third step follows from triangle inequality, the forth step follows from = ~a,,, T, § ~ae,,, 5 (Part

2 of Fact B.9) and 7-5 = 1 (Definition B.3), the fifth step follows from Part (1) that HE‘I(SNQCHQ < 2¢
and ||3716,|2 < 2, and the sixth step follows from €y, < 107* (Assumption B.1). O

Claim B.18 (Part 2 of Lemma B.16, bounding the variance per coordinate).

Var(z; 10,,] < 2¢%/b, Var[s; '6,,] < 2¢*/b.
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Proof. For each i € [n], we can rewrite the expectation of E,L-_lgw as follows:

53
5,V TiS;

E[s; 05 =E [ (RTRﬁ

1 ~ i ~ 1 ~ ~
- = L P——=0, | =504, 16
L u)j TM( L u)i T

where the first step follows from the definition of &, (Definition B.6), the second step follows from
the property of matrix R (Part 1 of Definition B.10 and Lemma B.14), and the third step follows
from the definition of 05 (Definition B.4).

We then upper bound the expectation of (5; (5 ) as follows:

B0 = iﬁ»f[< p ] < L (P i )
g P ~~u1 w

where the first step follows from definition of Ss (Definition B.6), the second step follows from Part
2 of Definition B.10, and the third step follows from the definition of § (Definition B.4).
Now we have

o L B 12 -1 - 114+ 2emp)? 5 1 =
Var[s; 10,] = E[(5;0,:)") = (E[5; 05))" = 75 %g-"P@5”|’%§5 A ”P@MQ
1(1 + 26m)? 2¢?
< P20l g0 < L0 4 26,)2(1102(00 1 ) < 2
i

Where the first step follows from definition of variance, the second step follows from Eq. (16) and
q. (17), the third step follows from 5; ~a,,, 5; (Part 2 of Fact B.9) and i = Z-5 (Definition B.4), the

forth step follows from HP\/f(s |2 < 1.1evt (Eq. (15)), and the sixth step follows from /i ~0.14¢,, t

(Part 1 and 2 of Assumption B.5), the last step follows from €y, < 101 (Assumption B.1).
The other part that Var[z; 10, ] < 2¢2/b follows from a similar argument. O

Claim B.19 (Part 3 of Lemma B.16, bounding the infinity norm).

) 71T — 3)l|oc < 26mps I571E = 3)[loo < 2€mp,
(2) ||5715:c||oo < 2, ||§7155||oo < 2,
(3) I Oulloo < Be.

Proof. Proof of (1). From Part 2 of Fact B.9, we have that & ~a,, T and 5 ~a,,, 5. Therefore
1774 @ = D)oo < 2€mp, 15715 = 5)lloc < 26mp,

Proof of (2). From Part 1 of Claim B.17, we have ||z710,]2 < 2¢. Therefore, |7 0z]lc0 <
|Z10]]2 < 2e. Similarly, we have ||57104][oc < ||57104][2 < 2e.

Proof of (3). Now, the last term follows by

1T Ol = (7715, (@i + Fi0)| < (14 2emp)5;
< (1+ 26mp)26 + (1 4+ 2emp)2e = Be,

Fs,i] + (14 2emp) [T 1001

where the first step is by fgs + 'svgx = SM (Definition B.4), the second step is by T =, T and
S Rge,, S (Part 2 of Fact B.9), the third step follows from Part (2) that [[$7'd[cc < 2€ and
2710200 < 2¢, and the last step follows from €p, < 107% (Assumption B.1). O
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Claim B.20 (Part 4 of Lemma B.16, bounding the infinity norm with high probability). Given
b > 1000 log2 n,® we have

1770 |0 < 36, |57 10|00 < 3e,
holds with probability 1 — 1/n*.
Proof. By triangle inequality, we have
57 0 lloo < 115 3 lloo + 11571 (3 = 86) -

The first term is upper bounded by [|5710,]|oc < 2¢ (Part 2 of Claim B.19). The second part
involves randomness, therefore we need to prove that it holds with high probability. Note that 05 is
the unbiased estimation of ds, i.e. E[ds] = ds. We have

.- § 1~ S
(Ss - 53 — <RTRP — W(S“) =
VX VX VXS VXS
where the first steps is by definition of 5 (Definition B.6) and bs (Definition B.4), and in the second
step we define h := .(15), we have ||h]]2 < 1.1ev/t.

Definition B.10 and Lemma B.14 guarantee that for any vector h € R", a subsample randomized
Hadamard transform matrix R € R satisfies

(RTRh - h) : (18)

log(n/0)
Vb

In every iteration we use a fresh subsample Hadamard matrix R which is independent of h, therefore
we can apply this bound using the same h and failure probability 6 = 1/ n*, and we have that with

probability at least 1 — 1/n*, |(RT Rh); — h;| < Bbevilogn - Therefore,

Pr [[(RTRh)i — hi| > ||hl2 - ] < 4.

Vb
1,5 7 5,5 T 1+ 2€mp T
" 0s —05)il = | "= (R Rh; — h; R'Rh; — h;
5i ) VT8 ( ) | 0.9(1 — emp)t ( )
14 2emp 5. 56\/ilogn < . (19)
\/0 91 —emp)t Vb -

where the first step is by Eq. (18), the second step is because s ~g,,, 5 (Part 2 of Fact B.9) and

T8 = I Re,, B ~0.1t (Part 1 and 2 of Assumption B.5), and the third step is by the upper bound

on |(RTRh); — hy|, the last step follows by b > 1000log®n and €y, < 10™* (Assumption B.1).
Finally, we have

Hg_lgsuoo < Hg_lgsuoo + Hg_l(gs - ES)HOO < 2e+ Hg_l(gs - SS)HOO < 3¢,

where the second step is by ||§_}\gs||oo < 2e (Part 2 of Claim B.19), the third step is by Eq.(19).
Similarly, we can show ||[Z710,||cc < 3¢ with probability 1 — 1/n%. O
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Quantity Bound Part | Prob. Use Lem. B.16
| E[m~ ( neW 7 — 6y — 0s)]|l2 | €mpe + €2 +€2y/n/b | Part 1 | 1 Part 1,2

Var[fi; eV eope/b+€*/b Part 2 | 1 —1/poly(n) | Part 2,4
17T — )]l € Part 3 | 1 —1/poly(n) | Part 3,4

IEE @ — 02 e+ e2\/n/b Part 4 | 1 Part 1

Table 6: Summary of Lemma B.21. We ignore the constants.

B.4 Bounding "V —

The goal of this section is to prove Lemma B.21.

Lemma B.21 (A deep version of Lemma 4.8 in [CLS19]). Let i and u"*"V be defined as that of
Deﬁnition B.3 and Definition B.8: i =T -5, and p"*"V = (T + 62)(5 + 05). We have

L | Efa=t(a" — i — 0 — 0a)][l2 < 9empe + 46 + 262/n/b,
2 Var[fi; '] < 16€2,,€2/b+ 320€* /b holds with probability at least 1 — 1/ poly(n) for all i € [n],
3. la (e — Fi)llo < Ge,

4 | B[E—H (e —m)]ll2 < 6e + 2¢%y/n/b.

Claim B.22 (Part 1 of Lemma B.21). |E[z " (7"" — i — 6; — 03)]|l2 < Yempe + 4€2 + 2€2y/n/b.
Proof. From the definition of "%, we have
" =(T + 02) (5 + 0s) = T + Tds + 50 + 0,05
=i+ (T65 + 303) + (T — T)0s + (5 — 5)05 + 0205
—Ti + (0 + 09) + (T — T)ds + (5 — 5)05 + 0205
=fi+ (8¢ +d0) + (0 = 80) + (T — D) + (35— 33 + bus, (20)

where in the forth step we use the fact igs + ’5“31, = gu = gt + gq; (Part 1 of Fact B.9). Subtracting
7t + (0 + 0g) on both sides and taking the expectation, we have

E["" — i — 8; — 0a] = (& — 0) + (T — F) E[05] + (5 — 3) E[0,] + E[0,04].
Hence, we have that

||ﬁ_1 E[ﬁnew - — & - (5Nq>]”2

<z '@ =0l + 17 @ —2)5 -5 B[l + 177G — )7 - 7 E[0a] 2 + 7 E[da04] |2
<emp et 7@ -5)5 5 BG4+ 177G - 57T EG] ]2 + 7 E[0a0s]l2

< emp €+ 7T = D)5lloo - 5 EB 2 + 17 E = 3T oo - |7 EBL]ll2 + 7" E[0204] |12

< €mp € + 26mp - [ B[S [l2 + 2€mp - [T EG,][l2 + [ E[0:04]2

< Oemp - € + [T E[0,04]|2, (21)

where the first step follows by triangle inequality, the second step follows by Part 1 of Lemma B.16,
the third step follows by |labll2 < ||allso - ||]l2, the forth step follows by |7~ (Z — Z)3]lee < 2€mp
and [|[E71(5 — 3)T||c < 2€mp (since T ~ac,, T, § R2q,, 5 by Part 2 of Fact B9, and 1 = 7 -5

8This assumption is added in Part 3 of Assumption B.26.
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by Definition B.3), the last step follows by ||E[578,][2 < 2¢ and || E[F'8,]|l2 < 2 (Part 1 of
Lemma B.16). L R N
To bound the last term of Eq. (21), using E[ds] = d5 and E[d,] = 0., we have that

~

53 z] - g:c,igs,i + E[(gm,z - g:c,i)(gs,i - gs,z‘)]-

)

E[0,.
Hence, we have

n 1/2

17 B35, 2 < 55,3412 + (Z (B [77 G = G0) - 5771 (B — MDQ)
=1
1/2

=1

n 1/2
<4+ % (Z 2(Var(z; 10,.4])% + 2(Var[si_1357i])2>
=1

< 42 +2¢/n - €4 /b2 = 4€® + 2¢2\/n)b, (22)
where the first step follows from triangle inequality and @ = T35, the second step follows by

[T 1020sl2 < |77 0, ||2- |5~ 0s]|2 < 4€2 (Part 1 of Lemma B.16) and 2ab < a*+b?, the third step fol-

~

lows by (a+b)? < 2a%+2b?, the fourth step follows by Var[z; 10, ;] < 2¢2/b and Var[s; 10 ,] < 2€2/b
(Part 2 of Lemma B.16).
Finally, we have that

I B[ — T — 6y — 0))|l2 < Yempe + I E[0205][l2 < Yempe + 4€2 + 2¢2/n/b.
where the first step follows from Eq. (21), and the last step follows from Eq. (22). O

Claim B.23 (Part 4 of Lemma B.21). We have
IE[E (7Y — @)lll2 < 6e+ 2¢*V/n/b.

Proof. From Part 1 of Lemma B.16, we know that |[i~*(6; + d)|l2 < 5e. Thus using triangle
inequality and Part 1 of Lemma B.21, we know

I B[ = a2 < |7 (B — 7 = 3¢ — da)) |2 + 7" (3 + de) 2
< Yempe + 4€% + 2623/n /b + 5e < 6e + 262\/n /b,
where the last step follows by emp < 107* and e < 107* (Assumption B.1). O]

Claim B.24 (Part 2 of Lemma B.21). Var[f; '7"] < 16¢2, €% /b + 320€* /b holds with probability
at least 1 — 1/ poly(n) for all i € [n].

Proof. Recall that we showed in Eq. (20) that
™Y =TI+ 0, + (T — T)0s + (5 — 5)0, + 020s.

We compute the variance of each of the terms in this formula. For (Z — 5)35 we have

Var[fi; | (T; — 7:)0s,] = Var[z; (T — 7:)5; 105] < 4€2, Var[s; 19,:] < 8¢2.¢2/b  (23)
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where the second step is by Z =g, , ¥ (Part 2 of Fact B.9), and the third step is by Var[s;” 13\3,1-] <
2¢2 /b (Part 2 of Lemma B.16).

And similarly for (5 — 5’)&0 we can show
Var[fi; 1 (5; — 5;)02,:] < 8¢2,¢2/b. (24)

Now we can upper bound the variance of —1 i,

Var[fi; '] < 4Var[ﬁl-_15/“-] + 4 Var[i; 1(z; — 2)63 i + 4 Var[m; (5 );5\ i| +4 Var[f; 15, 1(53 i
< 4-0+ 862,62 /b+8e2 € /b + 4 Var[fi; 15,0, ]
= 1662 2/b+4Var[ 15“ '71‘_155,1']
< 16€mp62/b+ 8 Sup[(z; 3“)2] - Var[s; 15 i) +8Sup|(5; 15 DEE Var[**léx il

2¢2 2¢
< 1663np62/b+8 - (3¢)%- % + 8- (3¢)? - =

< 16€p,€” /b + 320€* /b,
where the first step follows from trlangle inequality and the fact that Var[1] = 0, the second step
follows by Var(f; 5 ..i] = 0 (since 7i; ' and (5“,Z don’t involve randomness) and plugging in Eq. (23)
and Eq. (24), the third step follows by i = Z-5 (Definition B.3), the fourth step follows by Var[zy] <
2 Sup[z?] Var[y] + 2 Sup[y?] Var[z] (Lemma B.11) with Sup denoting the deterministic maximum
of the random variable, the fifth step follows by Var[s; 13572-] < 2¢?/b and Var[z; 13“] < 2¢2/b
(Part 2 of Lemma B.16) and ||Z710,/|ec < 3¢ and |5 204||cc < 3¢ (Part 4 of Lemma B.16). O

Claim B.25 (Part 3 of Lemma B.21). ||z (7" — 11)|lc < 6€ holds with probability at least
1 —1/poly(n).
Proof. We again note that from Eq. (20) we have
Y = T4 0, + (T — )04 + (5 — 5)0p + 0,05.
Hence, we have that with probability at least 1 — 1/n* the following is true:

mil(inew — M — gu,i)‘ < |(f - i)iﬂ;lgsi| + |(7 - N)iﬁl xl’ + |/‘Z 1590 158 2|
=@ =), |- 15 0l + 15 = 3)i5; 1 - (77 Ol + |7y 00l - [57 10
< Qemp[5;10s 4] 4 2emp Ty 0| + [T 00| - |57 0]
< 2emp - 3€ 4+ 2emp - 3¢ + (3¢)?
< 20€mp - € + 1062, (25)

where the first step follows by triangle inequality, the second step follows by fi; = ;5; (Defini-
tion B.3), the third step follows by Z ~s,,, T and 5 o, 5 (Part 2 of Fact B.9), the forth step

follows by \§flgs,i| < 3e and \E;lg“| < 3¢ holds with 1 — 1/n* (Part 4 of Lemma B.16).
Finally, we have
7 (A — )| < 1 (A — T = 0i)| + 757 0pi] < 20€mp - €+ 106> + |11, 13y
< 20€mp - € + 106® + 5¢ < 6,
where the first step follows from triangle inequality, the second step follows from Eq.(25), and

the third step follows from |z; 15%@" < 5e (Part 3 of Lemma B.16), and fourth step follows from
€, €émp < 107* (Assumption B.1). O
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Notation € €mp A b
Choice 10-7/logn | 107%/logn | 40logn | 1022\/nlog™n

Table 7: Choice of €, eyp, A and b that satisfies all constraints in Assumption B.5 and Assump-
tion B.26. These parameters are assigned in MAIN procedure (Algorithm 17). Later they are used
to prove Theorem G.3.

B.5 Potential martingale

We first state the constraints of the parameters.

Assumption B.26. Let parameters b, \, €, emp satisfying the following constraints:

1. b > 20000 - (Aexpev/n + €6v/n), 2. A > 30logn,
1 €
. b>10001og? 4, — > —
3. b > 1000 log” n, 30>\_\/ﬁ+86,
5. b > 20000ev/n2, 6. Ae < 1075,
7. X < 60logn, 8. 1.2emp < 1/30A,

Now we are ready to prove the main lemma for bounding the potential function. The goal of
this section is to prove Lemma B.27.

Lemma B.27 (A deep version of Lemma 4.13 in [CLS19]). Under the Assumptions B.1, B.5,
and B.26, we have

(5o (1) () )

Proof. Let €, = p"*" — 1 — 8, — 65. From this definition, we have
ﬁnew _gmew _ ﬁ'f'gt +gq> ey — {oew

which implies

e poo1 iom, 1 -
ew 1= fnew tmew Ot T 00 6) = 1= 5+ S (0g = 1) + 15 (0 + 0o + ) — 1
T [

v

To apply Lemma B.13 with r = i/t — 1 and r + v = "V /t"*" — 1, we first compute E[v]:

Elo] = D (te 1)+ B+ 50 + Eley)
ot 1y e V(- 1)
L e (e T Pet)
e Vo (p/t—1) Lo
= 2V Dl e (21)

where the second step follows by definition of 3; (Definition B.3) and dg (Definition B.4).
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Next, we bound ||v||s as follows:

i, t new = = )l
< ||= -1 - <
LN i S e
1
<— 8e
N,

where the second step follows from "V = (1 —€/(3y/n)) - t (Definition B.8) and 7 ~¢ 1 t (Part 2 of
Assumption B.5), the third step follows from Part 3 of Lemma B.21, and the last step follows from
Part 4 of As&umptlon B.26 that 30/\ f + 8e.

Since ||v]loo < 30—>\, we can apply Part 1 of Lemma B.13 and get
E[®A i/t +0— 1) < B2/t — 1) + (VO(/t — 1), Blo]) + 2B[[0]Zg, 1)

= ®)\(/t - 1) + ( B %<V%(ﬁ/t —U IIVV;I)AA(%//;—11>)||2>)

al

o (VRS — 1B ) + 2Bl g ) (29

az as

where the second step follows by Eq. (27).

We have |(z — )/t]| < 1.lémp < zi5 since i e, I and I &1 t (Assumption B.5) and
1.2emp < 1/30A (Part 8 of Assumption B.26). So we can use Lemma B.15 and let r <— i/t — 1 and
v < (@ —7)/t — 1 in the lemma statement to upper bound the a; term in Eq. (28):

a1 < —0.45¢|| VP (fi/t — 1) |2 + 0.1 ev/n. (29)

We upper bound ag term in Eq. (28) as follows:

az = VoL(i/t —1),Et 'e,]) < tHEWHV‘I’A(M/t—l)!b IE[t €]l

< LAUVeAE/t = Dll2 - B eu]ll2 < 2(9empe + 4¢® + 26*V/n/b) [VOA(E/t = 1)]l2 (30)

tnew <

where the second step follows by (a,b) < |lall2 - ||b]|2, the third step follows from definition of
"% (Definition B.8), the forth step follows by ||E[z ' e,]ll2 < empe + 4€% + 2¢2y/n/b (Part 1 of
Lemma B.21) and 71 =01 t (Part 2 of Assumption B.5).

We still need to bound ag = 2E[||v]|2 | term in Eq. (28). Before bounding it, we first

V2&, (/t-1)
bound E[v?],
— 2 2
0] < 28 | (5~ 1)) | +28 | (@™ - m) ] < &/ 4+ SE[(@ — ) /1)
- 2/” + 3Var[( P = :uz)/:uz] + 3(E[( P = :u'z)/:u“z])
< € /n+ 406,,€° /b + 1000 /b + 3(E[(m*™ — ;) /1;])?, (31)

where the first step follows by definition of v (see Eq. (26)), the second step follows by @ ~g1 ¢
(Part 2 of Assumption B.5) and (¢/t"*" — 1)2 < €2/(4n) (Definition B.8), the third step follows by
E[z?] = Var[z] + (E[z])?, the fourth step follows by Part 2 of Lemma B.21.

Now, we are ready to bound a3/2 = E[HUHQVQ%(Wt_l)]:

E[HUH%?C})\(ﬁ/t—l)]
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= 223 @)/t - 1))
=1

< a2 Zn: PAE/t = 1)i - (€[ + 40656 /b + 1000€" /b + 3BT — 1) /7))

1=1
= (2/n+ 4Oeilp62/b 4 1000€* /D) A\? - @ (m/t — 1)
+3732 Y ea(m/t = 1) (E[E —m)/mi)’, (32)
i=1

where the first step follows by defining ®(z); = cosh(Az;), the second step follows from Eq. (31).
For the second term in Eq. (32), we can upper bound it in the following way:

3023 0/t — 1) Bl — 7)) < 30 (3 N - 1?2) B e - )l
i=1 =1

<3N (Wi + [[VeAE/t — 1)) - (6¢ + 262V/n/b)?
<3N (AWn+ |[VOA(T/t — 1)]2) - (100€? + 10e*n/b?)
(33)

where the first step follows from Cauchy-Schwarz inequality, the second step follows from Part 3
of Lemma B.13 and the fact that | E[z—1(z"V — n)]||3 < |E[z (5" — n)]||3 < (6€ + 2¢2y/n/b)?
(Part 4 of Lemma B.21), the last step follows by (a + b)? < 2a? + 2b2.

Combining Eq. (32) and Eq. (33), we have

asz = 2E[||UH2V2<I>A(ﬁ/t—1)]
< 2(e%/n + 40€,,¢* /b + 1000€* /b)A* - @5 (7i/t — 1)
+6X (A\Vn + V@A (1/t — 1)||2) - (100€* + 10" n/b?) (34)
Then, loading Eq. (29), (30), (34) back into Eq. (28)
E[@x(r/t +v—1)] < ®a(/t —1) + a1+ a2 + a3

< 5@/t — 1) + (Eq. (29)) + (Eq. (30)) + (Eq. (34))

=®)\(p/t—1)+Dr(/t —1)- (bL‘I’ + b2 + bg’cp)
+ IVex(E/t = 1)[|2 - (b1,v + b2, + b3,v)
+ AE\/E . <b17\/ﬁ + bQ’\/ﬁ + b37\/ﬁ)

where we define terms that come from ai:
bio =0, biyv=-045, b 5m=0.1,
and terms that come from as:
bro =0, by =2(Yempe + 4€” +26°/n/b) = € - 2(Yemp + 4e + 2ev/n/b), by s =0,
and terms that come from ag:

by = 2(¢%/n + 40€%,,€* /b + 1000e* /b)A* = (Xe//n) - 2(Ne/v/n + 40€X,, Aev/n /b + 1000X®v/n/b),
bsv = 6A(100€* + 10 n/b%) = ¢ - 6(100\e + 10Xe - €2n/b%),
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by, = 6(100Xe + 10Xe’n/b%).

Note that, if b > 20000ey/n (Part 5 of Assumption B.26), ey, < 1/1000 (Assumption B.1),
Ae < 107° (Part 6 of Assumption B.26), we have

biv + by +b3v < —0.4¢ (35)

Thus, using Eq. (35) and Part 2 of Lemma B.13, we have

E[@x(a/t +v—1)] < @x(m/t — 1) + 2A(m/t — 1) - (b1,0 + b20 + b3,0)
+[[VOA(E/t = 1|2 - (—0.4¢)
+Xev/n - (by 4 by m + b3 )
< Pa(m/t = 1)+ @A(B/t = 1) - (bre + b2o + b3,a)
@G/t = 1) =) (0.4)
+Aev/n - (by jm + by sm + b3 /)
=®\(u/t — 1) (14 br,o + ba,a + bsa — 0.4Xe//n1)

&3

+Aev/n - (by jm+ by, jm + b3 m +0.4),

_l’_

cym

where the first step follows from Eq. (35) and the second step follows from Part 2 of Lemma B.13.
If b > 20000 - (AeZey/n + €y/n) (Part 1 of Assumption B.26) and Ae < 107° (Part 6 of
Assumption B.26), we have cg < 1 — 0.2)\e/\/n.

If Ae < 107° (Part 6 of Assumption B.26) and b > 20000¢,/n (Part 5 of Assumption B.26), we
have Cn < 0.6.
Thus, we obtain

E[®)(a/t +v—1)] < ®x(f/t — 1) - (1 — 0.2Xe/v/n) + 0.6 e/n
< BA(ift = 1) = =@/t = 1) = 10n)

B.6 Bounding the movement of w

The goal of this section is to prove Lemma B.28

Lemma B.28 (Bounding the movement of w). Let 7%V = T + bz, SV =5+ 05, W = L and
new zew

wV = gn% (same as Definition B.8). Let b denote the size of sketching matriz. Then we have
n
LY (B[] /w; — 1)* < 10062,
=1
n 2
2.} (E [(w;leW/m - 1)2}) <107 - etn/b? +4-10% - €,
i=1

3. |wi®" Jw; — 1| < 10e.
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Proof. From the definition, we know that

e o P

w?w . 1 wi—i—ém . 1—|—3§‘i 533,2'
— - _1_ _ = — S .
w; 5, T8 +0s; 1435 0

Part 1. For each i € [n], we have

RPN TS
€; (51,2'_31' 0s,i

El[wew < N
Efwp] _ e ] < 2 Efg; '8, - 5715,
+§i— ER

7

w;

< 2|E[F; '5,,]| + 2| E[s; '8,

where the third step follows from \Ei_lgs,i] < 3e (Part 4 of Lemma B.16), the last step follows from
triangle inequality. Then summing over all the coordinates we have

> (EBf@pe)/w; - 1)° < 28 (B[Z; 16,.4])? + 8(E[5; 1054])? < 100€.

=1

where the first step follows by (a+b)? < 2a%+2b2, the last step follows by || E[5~15,] 12,1 E[z-15,] 2 <
2 (Part 1 of Lemma B.16).
Part 2. For each i € [n], we have

(wz, - 1> ] - E <$Z . S/Z\ S7Z> é 2E[(f;15$97’ - 5;15371)2]

143510,

< 2E[2(T; 0,4)7 + 2(5; 1050)7] = AE[(F; 1000)7) + 4E[(5; 1050)7]
= 4 Var[z,; 5171'] + 4(Elz; 1(530,1]) +4Var[s; 5571'] + 4(E[s; 153,1-])2
< 16€2 /b + 4(B[T;16,4))? + 4(B[5; 105.4])2,

where the last step follows by Var[fi_lgm], Var[Ei_lgs,,;} < 2€¢2/b (Part 2 of Lemma B.16).
Thus summing over all the coordinates

n n
3 (E [(m?ew s — 1)2})2 1% n/b% + 64y ((E[z;l&,i])‘* n (E[g;lgs,i])‘l)
i=1 =1
103e*n/b? +4-10* - €

IN

IN

where the last step follows by || E[E*ISS]H%, | E[z16,] 13 < 4€?(Part 1 of Lemma B.16).
Part 3. For each i € [n]

Tonew =15
'w" — ‘:W_l §'1+3€_1‘§1067
w; 1+35; 05 1 —3e
where the second step follows by \fflg%ﬁ < 3e and ]§;1§S7i| < 3e (Part 4 of Lemma B.16). O

B.7 Bounding the movement of 7

The goal of this section is to prove Lemma B.29
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Lemma B.29 (Bounding the movement of f). Let z"°V = T + gx, SV =5 +0s, ;m=71T"3, and

iV =gV . gV Let b denote the size of sketching matriz. Then we have

1. Z E[@Y)/G; — 1)* < 100€2,

2. Z <IE [(ﬁyeW/m - 1)2})2 < 41044 /6% + 10° - 4,
i=1
3. ™ /m; — 1] < 10e.
Proof. From the definition, we know that
i = (T5) 7 (@i 4 00) (i + 0si) = (1+ 75 000) (145, 1040)-
Part 1. For each i € [n], we have
B[] /f; — 1= B[(1+7; 10,,)(1+ 5, 105:)] — 1 = B[ 10, + (1 +7; 10,,) - 5, 105.4]
< QRB[E; 0pi + 5, 0] = 2B[E; Y00i] + 2E[5; 10s4]

where the third step follows by ]E;lggm < 3¢ (Part 4 of Lemma B.16).
Thus, summing over all the coordinates gives us

n

> EEe]/E - 1) <Z8 E[Z; "3:4])* + 8(E[s; '6,.])” < 100¢”,

i=1
where the first step follows by (a+b)2 < 2a2+2b2, the last step is by || E[Z~10,] 2,1 E[5715,] 12 < 4¢?
(Part 1 of Lemma B.16).
Part 2. For each i € [n], we have
Bl /f = 1)) = Bl ai + (1477 100) 57 10))
< AE[(T; 100, + 55 105,0)?]
< AE[2(F; 100:)* + 2(5; 105,0)?)
= 8 Var(z; '05] + 8(E[z; 10,,1))” + 8 Var[s; 10,,1] + S(E[5; '05,1))°
< 3252/b+8( [Tz_léﬂcZ]) +8(E[s _155 z]) ]
where the second step follows by |@_1§m] < 3e (Part 4 of Lemma B.16), and the last step follows
by Var[z; '6,,], Var[s; '0s;] < 2¢2/b (Part 2 of Lemma B.16).
Thus summing over all the coordinates

S (Bl /- 1) < 4-10%n/8? + 256 Y ((Blz; '5,4])" + (El5; '3,,)")
=1 =1
< 4-10%*n/b% + 107!

where the second step follows by || E[E*ISI]H%, I E[Eilgs]H% < 4¢€% (Part 1 of Lemma B.16).
Part 3. For each i € [n],

2 i — 1] = [(1+ 75100, (1457 10,,) — 1] < |(1+ 3€)? — 1] < 10,

where the second step follows by \fflg%ﬁ < 3e and ]§;1§S7i| < 3e (Part 4 of Lemma B.16). O
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Algorithm 3 One step central path

1: procedure ONESTEPCENTRALPATH(mp,, mpg, T, S, t, ") > Lemma B.30, Lemma B.37
2 W T[S

3 TS

4 (w, gt, pt) < mp,.UPDATEQUERY (W, 1) > Algorithm 8
5: > mp; works with function fi(z) = /z
6 > w ~emp w, gt ~emp W, pt = P(ﬁ)ft(gt)
7 (W, 9o, po) < mpg. UPDATEQUERY (W, fi/t) > Algorithm 8
8 > mpg works with function fg(z) = V®(z —1)/\/x
9 > w N emp w, g@ Remp H/ta pPe = P(’[Ij)fq)(@p)
10: > Two data structures will return the same w
11:  qo < fo(ga)
12: ﬁ — §q> -t
13: T/ pw
14: S \/njw > T and § satisfies 1 = s and w = x/5
15 o (BN —1)i
6 o e =5 Rl
17: 5# — 0t + 03
5 (= g 5 e

. 5
19: s < Jabe
200 Oy 4 20, — ﬁpﬂ

21: return (9, 0s)
22: end procedure

B.8 One step of central path

The central path method is implemented as Algorithm 3. In this section we prove that the output
of this algorithm indeed matches the definitions of previous sections. First note that the T, s, w,
and & matches Definition B.3, and Z, 5, w, & matches Definition B.4.

Lemma B.30 (Correctness of one step central path). The Sy and 6, returned by Algorithm 3
matches the definition in Definition B.6, that

~ X

5 = 1 = -~ S

— (I — (R[I) " R[|P)—==0u, 0 = —=(R[l)) " R[|P—=

XS XS VXS
where [ is the parameter maintained in the data structure, note that the two data structures mp;
and mpg use the same | and R][l].

1 ~
Ops

3

We have the following claims from Algorithm 3.

Claim B.31. 6, (Line 15) matches Definition B.4, that 6, = (tn:w - 1.

Claim B.32. &p (Line 16) matches Definition B.4, that 5o = —g -tV %.

Proof. We have

0 = —— . oW \/@.% _ _ € ew, \//T/t;fé(@b) _ € jnew V@,\(;ﬁ/t—l) |
2 Ve (a/t — 1)l 2 [Ver(a/t —1)]|2 2 [Ver(n/t —1)|2
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where the first step is by definition of b0 (Line 160f Algorithm 3), the second step is by definition
of go (Line 11 of Algorithm 3), the third step is by definition of fe (Line 11 of Algorithm 17) and
definition of zi (Line 12 of Algorithm 3) which implies gy = 11/t. O

Claim B.33. 5~M (Line 17) matches Definition B.4, that gﬂ = 0y + 0.

Claim B.34. p, (Line 18) satisfies p, = (R[l])TR[l]]B\/%fggH, where P is defined in Definition B.}.
X

Proof.

[t _ € new be
Pu= ( t 1) 2 VEHIV(@r(1/t = 1)]2 N
- <tnew B 1) RITRUP /G % rew | (BUDTRIPY @A/t = 1)/ /]t

Dt

i VAV @/t = 1)
T am s L (Y N € e (RIDTRIPVOAG/t—1)/\E
= (Rl R[Z]P\/ﬁ< : 1)’”2 t [V (@t = Dl

B B PN e ey VOG- 1)

= (Bl ROP ﬁ(( i 1)“*2 t HV(‘I’A(ﬁ/t—l)Hz)

— (R RIP——— (5, +30) = (RU)TRIP——5,

Vxs "

where the first step is by definition of p,, (Line 18), the second step is by definitions of p; (Line 4) and
ps (Line 7) and the correctness of UPDATEQUERY (Part 2 of Theorem D.6), the fourth step is by 1 =
x5 (Line 13 and 14), and the last two steps are by definitions of d;, dp and 6, (Definition B.4). [

X

nn

Claim B.35. 4, (Line 19) matches Definition B.6, that b = (R[I])T R[I| P—~ 5~M,

XS X

n

Proof. &5 = R[I))T R[] P—~=04,, by Claim B.34. 0

Sy = 5
VxsTt VXS VX5
Claim B.36. 6, (Line 20) matches Definition B.6, that 6, = —— (I — (R[l])T R[] P)—=3,..

XS XS
Proof. 6, =15, — Zp, =X L 5 — X (RI)TR[]P—L_5, by Claim B.34. 0
: Vi VXS VX5 VXS VXS
Proof of Lemma B.30. Combine Claim B.35 and B.36. O

We also have the following lemma about the running time of Algorithm 3:

Lemma B.37 (Running time of one step central path). The cost of every operation except data
structure calls in Algorithm 3 is linear in n, so the bottleneck is the two calls to the data structure.

C Data structure : preliminary

C.1 Preliminary and Definitions

For ease of presentation, we define the following £ operator that extends the size of a matrix. This
L operator determines the way that our algorithm stores matrices, and executes matrix additions
and multiplications.
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Procedure Algorithm Type | Correctness | Time/Call | Amortized
INITIALIZE Algorithm 5 | public | Lemma D.33 | Lemma E.37 | /
UPDATEQUERY Algorithm 8 | public | Theorem D.6 | / Theorem C.9
QUERY Algorithm 12 | private | Lemma D.7 Lemma E.3 | /

UPDATEV Algorithm 9 | private | Lemma D.13 / /

UPDATEG Algorithm 10 | private | Lemma D.14 | / /
MATRIXUPDATE Algorithm 13 | private | Lemma D.17 Lemma E.12 | Lemma F.19
PARTIALMATRIXUPDATE Algorithm 14 | private | Lemma D.21 Lemma E.18 | Lemma F.30
VECTORUPDATE Algorithm 15 | private | Lemma D.25 Lemma E.27 | Lemma F.35
PARTIALVECTORUPDATE Algorithm 16 | private | Lemma D.29 Lemma E.33 | Lemma F.36
COMPUTELOCALVARIABLES | Algorithm 11 | private | Definition D.2 | Remark D.3 | /

Table 8: Summary of the improved data structure. Amortized denotes the “amortized time”.

Definition C.1 (Operator L., L,, L£). The operator L. can only be applied to some sub-columns
of a matriz. For a matriz Mg where M € RF1*k2 S C [ko] with |S| < 6n®, L.[Ms] means to store
the matrix Mg in a k1 x 6n® block by appending extra 0s. The algorithm executes L. operator in the
following way:

1. Addition: The L. operator supports storing two disjoint submatrices of the same matriz in the
same block. For a matriz M € R¥>*¥2 and two subsets S1,S2 C [ko] with S1 N Sy = ) and
|S1 U Sy| <6n%, L[Mg,]+ L[ Msg,] := L[ Mg,us,]-

2. Multiplication: When we multiply a matriz L.[Mg] with column subscript S with another
matriz (or vector) (Bs)" with row subscript S, if their subscripts are the same, the algorithm
will align columns of L.[Ms] and rows of (Bs)' before doing multiplication.

In the same way, we define L, as the row operator, and we define L = L, o L..

Similarly, we define £, that extends a square matrix to 6n® by appending an identity matrix.
The motivation of appending identity matrix instead of appending Os is to let the matrix inverse
being well-defined.

Definition C.2 (Operator L£.). For any square matric M € R¥** and S C [k] with |S| < 6n?,
we define the operator L, such that L.[Mgg] is stored in a 6n* x 6n* block by appending 1 in the
diagonal (so we have 6n® — |S| extra 1s) and appending 0 otherwise. We do the same alignment as
what we did for L. The extra 1s are also involved in addition and multiplication.

Note that in our algorithm whenever we use L., L., L or L, on a matrix, we always ensure that
the size of the extended rows or columns is no larger than 6n®. From their definitions, we directly
have the following properties.

Remark C.3. The operators L, L., L and Ly satisfy the following properties:

1. Non-zero entries: For any A € RF1%k2 and two subsets Sy, Sy C [k2] where S1 C Sy and
|S2| < 6n%, if A only has non-zero entries on columns in Sy, then

‘CC[Asz] = ‘CC[ASJ’
L,[(As) ] = L:[(As,)T].
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2. Addition: For any A € RF***2 gnd two subsets S, So C [ko] with SN Sy = 0 and |S1USs| <
6m?,
ﬁc[ASH] + EC[AS2] - EC[AS1U52]’
‘CT[(Asl)T] + ‘CT[(ASQ)T] = [’T[(ASHUSQ)T]'
3. Multiplication 1: For any A € RF2Xk B ¢ Rk2Xks  gnd S C [ky], S2 C [ks] where
|S1], |S2] < 6n%, we have
£T[(A51)T ) B] - £T[(A51)T] - B,
LJAT - Bs,) = AT - L[Bs,).
4. Multiplication 2: For any A € RF>*k2 B ¢ Rksxke ¢ ¢ RF2*k2 gnd Sy, Sy C [ko] where
S1 € Sy and |S2| < 6n°, we have
Lc[As)]- L:[(Bs,) '] = Ag, - (Bs,) "
[’C[ASQ] ’ ‘CT[(BS1)T] = A51 : (BS1)T
Lc[As,]- Li[Cs, 5] Lo[(Bs,) '] = As, - Cs, 5, - (Bs,) T

5. Inverse: For any C € RF**2 and S C [ks] where |S| < 6n%, we have
L.[(Cs5)7"] = (Lu[Cs,s]) 7"

C.2 Facts

We first prove the following facts that are the cornerstones of the correctness of our data structure.
The first lemma shows that we can efficiently decompose low-rank matrices with certain structure.

U, U U,
//\//\//\

S S: S S-

" N |Sa| [Sa| 1Sz |Sa| [Sa| || " 2
I ‘S2| NS1,52 ‘SZ| U2
; il N 152 EERY:
A A 1 52,8 2 2 1

= =
= x I 1S x I 1S2| p Un
NS2,S1 NSQ,Sz 1 1 Sa
N U’ C Ut

(a) (b) (c) (d)

Figure 7: A visualization of the decomposition N = U'CUT constructed by the DECOMPOSE
function. (See Lemma C.4.)

Lemma C.4 (U'CUT Decomposition). If all the non-zero entries of the 6n® x 6n® symmetric
matriz N can be split into three parts: Ng, s,, Ns, s,, and Ng, s,, where S1,S2 C [n], S1 and S,
are disjoint, and |S1USa| < 2n%. Then there exist matrices U',U € RO x3[52] 0 g R3IS21%3192] gyycp,
that the following decomposition holds:

U'cu’ = N.
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Also, we can compute this decomposition in O(|S1|-|S2|) time. We define a function DECOMPOSE()
such that DECOMPOSE(N) = (U',C,U).

Proof. We explicitly give a construction of U’, C' and U. See Figure 7(a) for an illustration of the
structure of N, and see Figure 7(b),(c),(d) for an illustration of the construction of U’, C, and U.
First note that from Part 1 and 2 of Remark C.3, we have

N = L[NShSQ] + ‘C[NSQ,S1] + ‘C[NSQ,Sz]'

We define Uy € RO *I%2l such that (U )s,)" = Ij5,| and all other entries of Uy are 0. We let
Uy = L[Ns, s,] € RO *I%21 We construct U’ as U’ = [Uy, Uy, Us], note that U’ has size 6n® x 3| Sa|.
And we construct U as U = [Us, Uy, Up], note that U also has size 6n® x 3|Ss|.
Iy 0 0
We construct C'as | 0 Ng, 5, 0 [. Note that C has size 3|S2| x 3|S2]|.
0 0 s
It is easy to check that this decomposition is correct:

I, 0 0 Uy
U'cuT=[Uh Ui Us]-| 0 Ngs 0 |-|U/
0 0 Il U]
= U Uy + Uy - Ns, 5, - U +UsUy
= ‘C[((UIT)SQ)T : UZT] + ‘C[((UIT)SQ)T “Ng,,5, - (UlT)SQ] + ‘C[UQ ’ (UIT)SQ]
= LU | + L[Ns, 5] + L[]
= E[N52,51] + ‘C[N52752] + ‘C[NSLSQ] = N,
where the third step follows from the fact that U; only has non-zero entries on the rows in Sy and
Part 1 of Remark C.3, the fourth step follows from (U] )s,)" = (U1)s,.s, = I, the fifth step follows
from Uj only has one block of non-zero entries: (Us)s, s, = Ng,,5, and Part 1 of Remark C.3.
Finally, since U’, C, U are all constructed by copying certain entries of N, the running time

of this decomposition is the sum of the sizes of the three matrices. Thus we can compute this
decomposition in O(|S1| - |S2|) time. O

The next lemma shows that a particular matrix satisfies the constraints of the previous lemma.

Lemma C.5 (Structure of the change in inverse matrix). For v,v,w?PP" € R"™, and a symmetric
matrizv M € R™", let S = supp(v — v), S = supp(w —v), SV = supp(w™™" —v), and
S = (SUISH\S™W. Let A =V —V, A"V = WPt — V. [Let N = E*[(Agi‘évw7s,,ew)_1 +
Mgnew gnew] — L[AG + Mg s].

Then the non-zero entries of N can be split into three parts: Nis\ss),05, Nos,s\05), and Nos a5,
as shown in Figure 8(a). And N(s\as),05 has the following structure (as shown in Figure 8(b)):

e [or columns in 0S\S, Ns\0s),05\5) = M(5\05),(85\5)-
e For columns in S/, N(S\BS),S/ = —M(S\as)ysl.
e [or other columns, N(s\as),(snas)\s’ = 0-

Proof. Note that N is a symmetric matrix. It is easy to see that S™" C SUAS and S’ C SN OS.
We also have the following observations:

o Vi e S\OS, v; # v;, and v; = wi".
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S1=5\9S5 S, =88 S\oS

/—/%/_/\
—(Ms\as),5') " s’
@ (0(\08),(snos)N\8") " (SNasNS
1 &
= | 3
(M(s\08),05\5) " aS\S
NS2,51 NSZ,SQ
3 2
N (Ns,.5,) " = (N(s\05),08) "
(a) (b)

Figure 8: A visualization of the matrices involved in DECOMPOSE function. Figure (a) illustrates
the structure of the input matrix N (see Lemma C.4 and Lemma C.5). Figure (b) illustrates the
structure of Ng, 5, = N(s\99),05- (See Lemma C.5.) For clarity we show its transpose here.

o Vi€ 65\5, v; = U5, and v; =+ w?ppr'

o Vie S, v; #;, and v; = wi".

o Vi€ (SNISH\S, vi # 0y, vi # w;P, and v; # wi™".

Using the above observations and the definition of £, N has the following properties:

e Vi, j € S\OS, we have N; ; = (A} + M, ;) — (Aij + M, ;) = 0, where the second step follows
from the fact that AP§™ = wiPP" — v; = U; — v; = A, ;. This means the block with label 1 in
Figure 8(a) only has zeroes.

o Vi,j ¢ SUOS, if i = j, we have N; ; =1 —1 = 0, otherwise we have N; ; = 0 — 0 = 0. This
means the block with label 2 in Figure 8(a) only has zeroes.

e Vie SUODS,j ¢ SUIS, we have N; ; =0 — 0 = 0, then we also have N;; = N; ; = 0. This
means the two blocks with label 3 in Figure 8(a) only has zeroes.

Thus we prove the first statement of this lemma: the non-zero entries of N can be split into three
parts: N(s\a9),05, Nos,(s\05), and Nags gs. Using the above observations we also have the following
properties for entries in Ng\pg)95. For any i € S\0S, note that 7 € S and i € S™V.

o Vj € (SNAS)\S’, note that ¢ # j, and j € Sand j € S™V. So N; ; = (0+M; ;)—(0+M; ;) = 0.

e Vj €S note that i # j, and j € S and j ¢ S™V. So N; j = (0+0) — (0 + M; ;) = —M; ;.

e Vj € 0S\S, note that i # j, and j ¢ S and j € S"V. So N; j = (04 M;;) — (04+0) = M; ;.
Thus Ns\s5),95 has the structure as described in lemma statement. 0

The next lemma shows that we can use Woodbury identity together with the previous U'CU "
decomposition to efficiently maintain the inverse of a matrix.

Lemma C.6 (Correctness of B using Woodbury Identity). For v, v, w®??* € R", and a symmetric
matriv M € R™", let S = supp(v — v), S = supp(w™"" — v), SV = supp(w?P" — v), and
S'=(SUIS)\S™vW. Let A=V =V, A"V = WaPPr V' Let B = E*[(Agls + Mgs)7Y, and let

N = L[(AFE gnew) ™!+ Mguew guew] — LL[AG g + Ms,s]-
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Suppose |SUIS| < 2n®, and let (U, C,U) := DECOMPOSE(N), where DECOMPOSE() is the function
of Lemma C.4, note that U',U € RO >G5 ¢ ¢ RBIISD=GIOSID  then we have

B—BU'(C™ '+ UTBU) ' B = L.[((A%% guew) ™ + Maguow gnew) ).

Proof. From Lemma C.5, we know that the non-zero entries of N can be split into three parts:

Nis\09),08 Nos,(s\as): and Nas gs. S\0S and 95 are disjoint, and |S U dS| < 2n?, so N satisfies

the requirements of Lemma C.4. And in the lemma statement of Lemma C.4, S; corresponds to

S\OS here, Sy corresponds to 9S here. Thus U’, C, U are well-defined, and we have U'CU T = N.
Also note that from the property of L, operator (Part 5 of Remark C.3) we have

B =L.(Ags+ Mss) '] = (LdAgg + Mss]) "
Using Woodbury identity (Fact A.2), we have that
new — -1 new — -1
£*[(( Snew’Snew) ! + Ms'ncw75ncw) ] = (E*[( Snewﬂgnew) ! + MSHCW,SUCW})

-1
L[AGS + Mss)+U'CUT)

=B-BU(C'+U'BU)Y'WU'B

where the first step follows from Part 5 of Remark C.3, the second step follows from U'CU " = N,
the third step follows from the fact that B = (L. [Agls + Mg s])~!, and the forth step follows from
Woodbury identity. O

We can exploit the fact that the output matrices U and U’ of DECOMPOSE resembles the input
matrix, and we have the following corollary:

Corollary C.7 (Correctness of U™P). Given v, v, w*™P" € R", and a symmetric matriz M € R"*™.
Let S, 98, S, S/, A, AV B, N, U, U', and C be defined the same way as in Lemma C.5 and
C.6. Let E = B - L,[(Ms)"]. Define OE € R <1951 sych that

(OF)s\5) = E(as\s) — Basns)M(asns),(as\s)
(0E)sr = — Es/ + BasnsMasns),s

and other entries of OF are all zero. Define U™P e RO *3105] 44
U™P = [Bys, Bps, OF),

then we have U"™P = BU'. Note that OF is the same one as defined on Line 12 and 12 of Algo-
rithm 12, and UY™P is the same one as defined on Line 15.

Proof. From Lemma C.5 we know that N can be split into three parts: N(g\gs).05, Nas,(s\a5), and
Njs.ps. From the proof of Lemma C.4, we have that U’ = [Uy, Uy, Uz, where

1. Uy € RO <1951 such that ((U]")as)" = I 155, and all other entries are 0,

2. Uy € RS X195 and Uy = £,[N(s\05),05]-
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Since BU' = [BU;, BU;, BU,], it suffices to prove that BU; = Byg and BU; = OE. We have
BU1 = Bys - (U )as) " = Bos;

where the first step follows from U; only has non-zero rows in 0.5, and the second step follows from
(U] )as) " = Ijpg|- For BU, we first prove the following:

Eas\s) = B - L[Mgas\s)] = B Lr[M@asns),@as\s)] + B - Lr[M(s\55),85\9)]
= Basns) - M(asns),as\s) + B - Lr[M(s\05),05\9)]>

where the first step follows from E = B - £.[(Ms)'], the second step follows from Part 2 of
Remark C.3, and the third step follows from Part 4 of Remark C.3. So we have

B - L.[M(s\a5),005\9)] = Eas\s) — Basns) - Masns),@s\9)s

and similarly we also have B - L.[M(s\as),5'] = Es' — B(asns) - M(asns),s-
Thus combining with the structure of N(g\gs) a5 proved in Lemma C.5, we have
1. For columns in 95\ S,

(BU2)as\s = B - Lr[N(s\a9),005\9)] = B - L:[M(s\05),:95\5)] = E(as\s) — Basns) - M(asns),05\5)-

2. For columns in $’,

(BUz)s: = B - Ly[N(s\0s),5'] = B - Lr[=M(s\05),5'] = —Es' + B(asns) - M(asns),s'-

3. For all other columns, (BU2)(snasy s = 0.
Thus we have BUy = OF, and therefore BU' = U™™P, O

We also have the following lemma that shows how to use Woodbury identity to update the
inverse of a matrix directly.

Lemma C.8 (Correctness of M using Woodbury Identity). Let A € R™ ", and let 17, V e R™"
be two diagonal matrices. Let M = AT(AVAT)™TA € R™" and let A =V —V € RV, let
S = supp(v — v) C [n], then we have
_ -1 ~ T
M —Ms- ((Ags) ™t +Mgs) - (Mg)T =AT(AVAT) 1A (36)
Proof. We have
(AVAT) 1= (AV+A)AT) P = (AVAT + AAAT) ' = (AVAT 4+ AsAg5(Ag) ")
1
— (AVAT)"L — (AVAT) L. Ay ((AS,S)—1 + (AS)T(AVAT)—lAS) ((Ag)T - (AVAT) !
— (AVAT) ' = (AVAT) ™ Ag - (Ass) "+ Msg) ' - (Ag)T - (AVAT) ™,

where the first step follows from the definition of A, the third step follows from A only has non-zero
entries on (i,7)-th entries where i € S, the fourth step follows from Woodbury identity, and the fifth
step follows from the definition of M. Then from the definition of M we have Eq. (36). O
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Notation MATRIXUPDATE | P.MATRIXUPDATE | VECTORUPDATE | P.VECTORUPDATE
v A

v v v

g v

g v v

M A

Q v

B v v

B2 Vv V

S vl v

T v v

A vl v

r v v

3 vl v v v

B v v

E v v

F A v

T v v v v

Y2 A v v A

Goal v,0 v 9,9 g

Algorithm Algorithm 13 Algorithm 14 Algorithm 15 Algorithm 16
Correctness | Lemma D.17 Lemma D.21 Lemma D.25 Lemma D.29
Time Lemma E.12 Lemma E.18 Lemma E.27 Lemma E.33

Table 9: Summary of things got changed over different updates. List of members in Algorithm 4.

C.3 Main result

The goal of this section is to present Theorem C.9.

Theorem C.9 (Main data structure theorem). Given a full rank matriz A € R¥>™ with d < n, two
two threshold parameters a < o and a < - a
where « is the dual exponent of matrix multiplication, a parameter of sketching size b € (0,1).
Let f: R — R be some pre-defined function which can be computed in O(1) time, and extend the
definition of f on vector v with f(v); := f(v;). Let w denote the exponent of matriz multiplication.
There is a data structure (in Algorithm 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16) that approzimately

error parameters 0 < emp < 1/4 and €gy <

maintains the vector

€mp
100 log n.’

VIWAT(AWAT)PAVW f(h).

The data structure uses n>°1) space and supports the following operations:

1. INITIALIZE(f, €mp, b, L, A, wo, ho, R): Initialize all data structure members including L = n'~0+o(1)

sketching matrices Ry, Ro, ..., Ry € R X" This operation takes O(n®) time.

2. UPDATEQUERY(w, h): On the j-th call to this function, it outputs the following three vectors

(see Theorem D.6):

(a) A vector w*P € R" such that w*PP"

(b) A vector h*PP* € R™ such that h*PP* Rlemp -

(c) A vector r € R such that

r = R R/ Warpr AT (AW=PP AT) A/WWabpr f (hPPT).
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Furthermore, if the initial vectors (w(o), h(o)) and the update sequence (w(l), h(l)), cee (w(T), h(T)) €
(R™, R™) satisfy the following constraints:

2

n (B - @ n WD _ @\ WD @)
- <Cf, E||l t+t—s—"t <C3, |t | < O,
() e x =) (55 |) =
2
n AR ) 2 n G+ _ @\ G+ _ )
] Hy < 027 Z E u < 052, u < Cg,
() )
i=1 Z i=1 My M
for j =0,1,...,T — 1, where the expectation is conditioned on w9 for Part 1, and conditioned

on h\9) for Part 2, and the parameters Cy,Co,Cs,Cy, Cs, Cg satisfy that C1,Cy,Cy,Cs > 0 and
0<C3,Cs <13 1+ Then the worst-case running time of QUERY per iteration is

O*(Tmat(na, na’ n?i) + nl—i—b)’
and the expected amortized running time per iteration of the other procedures are

1. MATRIXUPDATE!: O*( (Crémp/ed, + Ca/ed)) - (n?~4/% + nw—1/2)>7
2. PARTIALMATRIXUPDATE: O* ((C’l/emp + 02/€i1p) - (ntte—a/2 4 n1+(w—3/2)a)>’
3. VECTORUPDATE: O* <(C4emp/efar + C5 /€t ) - nt 5),

4. PARTIALVECTORUPDATE: O* ((Cmnp/e?ar +Cs/€ét,) - (n'? + n2“—5/2)),

where O* notation hides all n°Y) terms.

Proof. The properties of the output of UPDATEQUERY follow from Theorem D.6. The running time
of INITIALIZE is by Lemma E.37, the running time of QUERY is by Lemma E.3. The amortized
running time of MATRIXUPDATE is by Lemma F.19, the amortized running time of PARTIALMA-
TRIXUPDATE is by Lemma F.30, the amortized running time of VECTORUPDATE is by Lemma F.35,
and the amortized running time of PARTIALVECTORUPDATE is by Lemma F.36. O

We prove the correctness of the data structure in Section D. We give the worst-case analysis of
the running time per call for all procedures in Section E, and the amortized analysis in Section F.
D Data structure : correctness

The purpose of this section is to show the correctness of our data structure, stated in Theorem D.6.
We start with the invariants that we maintain for data structure members.

Assumption D.1 (Invariants). The following invariants are maintained in the data structure:

o6



Algorithm 4 Data structure : members

data structure > Theorem C.9
: members > Table 9

€mp) Efar eR

1:

2

3

4:

5: Function f: R — R
6.

7 v, U, g, g €R"
8

9

a,a,b e (0,1]

LeN > number of sketching matrices
10: leN , > count of iterations
11: Vi e [L], R; € R" *"
12: R=[R[,R), - ,R[]" € R xn > We have the guarantee that Ln® = n'*+o()
13: > Below are the invariant variables
14: M e R™*"
15 QeRn T
16: By € Rnto®)
17: B2 € R”

18: Set S C [n]
19: Set T C [n]
20: A e Rmxm
21: I e Rmxn

22: £eR”
23: B € ROn"x6n"
24:  F R x6n”

25: E € RO xn

26: 1 € RO

27: Y2 € R"

28: end members

29: end data structure

1. M =AT(AVAT) 14, 8. T =VV-V,

2.Q=RVVM, 9. ¢ =VVI(@) - VV [(g),

3. B =QVV f(g), 10. B = L.[(Ags+ Mss)™',

4. B2 =MVVf(g), 11. E=B-L,[(Ms)T],

5. 8 = supp(v — v), 12. F = RT - L[Mg],

6. T = supp(j — g), 13. y1 = B+ L,[Bas] + B+ L:[(Ms)"] - €,
7. A=V -V, 14. 2 =TM -&.

We will prove that if these invariants are true before we enter a procedure, they are still true
when the proecedure returns. Thus the correctness of the invariants can be proved by induction.

The following local variables are used in procedures QUERY (Algorithm 12), MATRIXUPDATE
(Algorithm 13), and PARTIALMATRIXUPDATE (Algorithm 14). For clarity of the presentation, we
write their definitions here.

Definition D.2 (Local variables). Given inputs w*?P" and h*PP*, we define these local variables:
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Algorithm 5 Data structure : INITIALIZE()

1
2
3
4:
5:
6.
7
8
9

10:
11:
12:
13:
14:
15:

: data structure

f<7f
€mp < €mp
€far < €far
a<—a
a<+a
b« b
L+ L
A+ A
R+ R
l+1
V4= U 4 wy
g g ho

16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

M+ AT(AVAT)~1A
Q+ RVVM
B+ QVV f(g)
B2 = MVV f(9g)
S« 0
T+ 0
A+0
I'0
E+0
B+ 1
E+0
F+0
7 <0
Y20
end procedure

32:

33

: end data structure

: procedure INITIALIZE(f, €mp, €far, @, @, b, L, A, wo, ho, R)

>R=[R[,R], - ,R]]T €R"

> Theorem C.9

> Lemma D.33, Lemma E.37

> Ac Rdxn
1+o(1) xn
> count of iterations

> v, v € R"”

>g,9g €R"

> Below are the invariant variables
> M e Rr*n

>QeRMTxn

> f € R”

> [y € R”

> .S C [n]

> T C [n]

> A € R™*" is a diagonal matrix
> I' e R"*™ is a diagonal matrix
>&eR”

> B¢ Rﬁn“xﬁn“

> E e RO xn

[> F E Rnl+o(l)><6na

>y € RO

> 2 € R™

140(1)

Algorithm 6 Data structure : ADJUST()

10:
11:
12:
13:
14:

1
2
3
4:
5:
6
7
8
9

: data structure

%’adj — ’ﬁtmp
for i =1 ton do
2
end if
end for
return v®
end procedure

— V;

dj

end data structure

> This procedure doesn’t use any members in the memory of data structure.

: procedure ADJUST(V'™P, ¥, v, €gar)
> TP is the temporary new update of 0. 9P is adjusted to v’

if ﬁfmp # v; and ﬁ;mp € [(1 — €far)vi, (1 + €far)v;] then

adj

~tmp

. . . ~t ~ ~t .
> If in coordinate 7, v;""" # v; and v;""" is close to v;, then ;""" should move back to v;.
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Algorithm 7 Data structure : SOFTTHRESHOLD()

1: data structure
2: > This procedure doesn’t use any members in the memory of data structure.
3: procedure SOFTTHRESHOLD(y, w™" v, €, n%)

4 Let 7 : [n] — [n] be a sorting permutation such that y.y > yx(i+1)
5: k < the number of indices ¢ such that y; > €

6: if £ > n° then

7 repeat
8 k < min{[1.5k],n}
9: until k =n or yrp) < (1 —1/10gn) - Yr/1.5)
10: end if

new ; .. .
11: vﬁ?}’; «— Wr () Z € {12 ks
Vr(i)s ZE{k+1,~--,n}.
12: return v"°V, k
13: end procedure
14:

15: end data structure

Algorithm 8 Data structure : UPDATEQUERY ()

1: data structure > Theorem C.9
2:

3: procedure UPDATEQUERY (w"%, h"*V) > Theorem D.6
4 wAPPT ko k UPDATEV (w™eW) > Algorithm 9, k and k are only used for analysis.
5: h?PPT p 1 < UPDATEG (h"Y) > Algorithm 10, p and p are only used for analysis.
6 r < QUERY (w?PP* h2PPT) > Algorithm 12, Lemma D.7, Lemma E.3
7 > Compute 7 = R[l]T R[[|VWappr AT (AW2PPr AT) =1 A/ TV appr f (papPr)
8 return w?PP* hAPPT

9: end procedure

10:
11: end data structure

1. OA « WawPr 6. T% « I + 0T,

2. 00 « Werr — /7, 7. 60V £ 4 0¢,

3. 0€ WPt f(hPPr) — VT (), 8. 5™V 4= supp(wP —v),
4. 9S + supp(wPr — ), 9. 8"+ (SUDS)\Sev.

5. APV L A 4 OA,

Remark D.3 (Compute local variables). The private procedure COMPUTELOCALVARIABLES (Al-
gorithm 11) computes these local variables (defined in Definition D.2) correctly.

Remark D.4 (Temporary variables). All variables with super-script “tmp” are temporary local
variables that are only used in update procedures.

Remark D.5 (Properties of S” and S™V). Note that S™V C SUJS, and S"’ C SNIS.
In this section we prove the following main theorem using lemmas proved in later sections.

Theorem D.6 (Correctness of UPDATEQUERY). On the j-th call to the procedure UPDATEQUERY
(Algorithm 8), the output satisfies the following:
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Algorithm 9 Data structure : UPDATEV()

1: data structure > Theorem C.9
2:
3: procedure UPDATEV (w"*") > Return (w®PP*, k, k). Lemma D.13
4 Pk ¢ SOFTTHRESHOLD(y; ¢ (wl®™ /; — 1), w™™, T, émp/2,n%) > Algorithm 7
5. 0"V < ADJUST(D'™P, 0, v, €far) > Algorithm 6
6 if |supp(@"°™ —v)| > n* then
7 vV k<= SOFTTHRESHOLD(y; < (Y (wi™ /v, — 1) + ¢p(wPV /v; — 1)), w"¥, v, 3%;,7”@)
8 > If | supp (™Y — v)| > n®, then k > n®. See Fact F.10
9: MATRIXUPDATE (v"*") > Algorithm 13, Lemma D.17, Lemma E.12, Lemma F.19
10: > Update v,v to be vV,
11: > Update invariants M, Q, 51, 52, S, A, ', &, B, 71, v, E, F.
12: return (v"*V, k, 0)
13: else
14: if | supp(?"°V —?)| > n® then
15: > If | supp("¥ — 0)| > n?, then k > n®. See Fact F.11.
16: PARTIALMATRIXUPDATE(?"°%) > Algorithm 14, Lemma D.21, Lemma E.18, Lemma F.30
17: > Update v to be v™¢V.
18: B > Update invariants S, A, T', &, B, 71, ¥, E, F.
19: return (0", 0, k)
20: end if
21: end if

22: return ("%, 0, 0)
23: end procedure

24:

25: end data structure

appr ~o new appr ~o new
1. w?PP ~emp w 5 h?PP ~emp h 5

2. = R R TSN TS99 £ (HPP), where A = AT(AWSPPAT) L4

Proof. Part 1. The output w?PP" is returned by UPDATEV, it can be v™*" returned from Line 12,
or it can be vV returned from Line 19 and 22 (in Algorithm 9).

In the case of w?PP' = ™V the properties of vV are given in Fact F.7. According to Part 2
and 3 of Fact F.7, there exists a permutation 7 : [n] — [n] and a number k such that Vi € = ([k]),
vV = w,L(]Jrl) and Vi ¢ w([k]), 07V =, wl(jﬂ), where wUTD is defined as w™" in the j-th
iteration. So v"V & w"®" in this case.

If w?PP" = "V the properties of v"°V are given in Fact F.6. According to Part 3 and 4

of Fact F.6, there exists a permutation 7 : [n] — [n] and a number k such that Vi € w([k]),

0PV R, w,gjﬂ) and Vi ¢ m([k]), UV R w§j+1), where wUtD) is defined as w™" in the j-th

iteration. Using the assumption that €g, < emp, we get wPPr ~ - w"™
h#PPt xR follows by similar reasons.

Part 2. First we prove by induction that all invariants of Assumption D.1 hold all the time. In the

beginning, the data structure calls INITIALIZE. By Lemma D.33, all invariants hold.

In the following iterations, the data structure is only accessed via calls to its procedure Up-
DATEQUERY by ONESTEPCENTRALPATH (Line 4 and 7 in Algorithm 3). UPDATEQUERY calls
UprDATEV, UPDATEG and QUERY (Line 4, 5, 6 in Algorithm 8). The procedure QUERY does not
modify any data structure member, so it won’t violate any invarint. By Part 2 of Lemma D.13

and D.14, if all invariants are satisfied before entering the procedure UPDATEV (or UPDATEG),
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Algorithm 10 Data structure : UPDATEG()

1: data structure > Theorem C.9
2:
3: procedure UPDATEG (h"W) > Return (h?PP",p,p). Lemma D.14
4 G"™P. P < SOFTTHRESHOLD(y; < ¥ (h2% /g; — 1), A%, G, €mp/2, n%) > Algorithm 7
5: g™V « ADJUST(¢"™P. G, g, €far) > Algorithm 6
6: if |supp(g"™ — g)| > n® then
7 9"V, p < SOFTTHRESHOLD(y; < (¢(h}V/g; — 1) + (hPV/g; — 1)), h"V, g, 3§§zp,n“)
8 > Similarly, if | supp(g™¢™ — g)| > n®, then p > n®.
9: VECTORUPDATE(g"¢") > Algorithm 15, Lemma D.25, Lemma E.27, Lemma F.35
10: > Update g, g to be ¢g"®V. Update invariants 81, B2, &, 71, V2, T
11: return (¢"°V, p, 0)
12: else
13: if | supp(g™®¥ — g)| > n® then
14: > Similarly, if |supp(g™®¥ — g)| > n?, then p > n?.
15: PARTIALVECTORUPDATE(G"®") > Algorithm 16, Lemma D.29, Lemma E.33, Lemma F.36
16: > Update g to be ¢g"°V. Update invariants &, v, 72, T
17: return (g"°v, 0, p)
18: end if
19: end if
20: return (g"°", 0, 0)
21: end procedure
22:
23: end data structure
Algorithm 11 Data structure : COMPUTELOCALVARIABLES()
: data structure > Theorem C.9

1
2:
3: procedure COMPUTELOCALVARIABLES(w?PP", h2PPT)

4: OA «— WarPr _(/

5. 0 « Ve — /T

6: 0S8 + supp(w®PP* — v)

7 AV A+ A

8 reew « '+ 9or

9: SPW +— supp(w?PPT — v)

10: S+ (SUIS)\Snew

11: > If the input A*PP" is null, we don’t need to compute the following two local variables.
12 0€ « VW f(heorr) — \/V £(7)

13: EMeV £ 4 9¢

14: return (OA, JT", 9€, S, AreW Tnew gnew gunew G

15: end procedure

16:

17: end data structure

then after executing the procedure UPDATEV (or UPDATEG), all invariants are still satisfied. By
induction, all invariants of Assumption D.1 hold all the time.

Next we prove that before entering QUERY, we always have |[S U 9S| < 2n%, so that all £, L.,
L., L, operators are well-defined. Note that

S = supp(v — v) (by Part 5 of Assumption D.1),
0S = supp(w*P' — ) (by Part 4 of Definition D.2).
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Algorithm 12 Data structure : QUERY()

1
2
3
4:
5:
6
7
8
9

10:

11:
12:
13:
14:
15:
16:

17:

18:
19:
20:
21:
22:

: data structure > Theorem C.9
: procedure QUERY (w?PPr h2PPT) > Lemma D.7, Lemma E.3
: OA, 0T, 0¢,0S, Arew, | §neW §" + COMPUTELOCALVARIABLES(w?PP*, gneW) > Algorithm 11
T Blm >ry e R"b
o QUE + R[l]y2 + R[IJOTM (€ + 0¢) + (Q[I] + R[IITM )¢ >y € R
ry < R[I)(T + 0T") s >ry € R

97+ B (Lo[(B2)as\s] — Lr[(B2)s']) + B - (Lo[(Mas\s) ] = L [(Ms)T]) - (€ +9€) + E - 9¢
> local variable 9y € R
(U',C,U) + DECOMPOSE (ﬁ* (AR gnew) ™'+ Mgnew gnew] — L., [Ag’ls + MS,S]>

> DECOMPOSE is defined in Lemma C.4. U’,U € R6""*3195| ¢ ¢ R3I95[x3|95]
OF < Eps — Basns) - M(asns),as
(0E)s <= —(0E)s/, (OE)(snasy\s' < 0 > local variable 9E € R67"*195]
Utmp < [Bas, Bas, 8E}
> local variable Ut™P ¢ RO *319S| rrtmp — BU’ (Corollary C.7)

AP (O L UTUER)TIUT L (4 + O) > local variable, y*™P € R6™"
T4 (LC[(Q[Z])SM] + F[l] + R{T(L[Mas\s] — Lc[Ms:]) + R[l]@FL‘C[MSmw]) (Y™ — 41 = 07)
TFR[Z]T(TI +7“2+7"3+r4) >r e R
l+<1+1

return r

end procedure

23: end data structure

Algorithm 13 Data structure : MATRIXUPDATE()

1
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:

: data structure > Theorem C.9
: procedure MATRIXUPDATE(w?PP") > Lemma D.17, Lemma E.12, Lemma F.19
: s 5, JAnew Tmew o gunew . COMPUTELOCALVARIABLES(w?®PP*, ) > Algorithm 11

MU M — Mgnew - (AR%% guew) ™!+ Mgnew gnew ) ™1 (Mgnew) T
thp s Q+R(Fnewthp) + R\/V(thp _ M)
5‘{mp — thp /Wapprf(g>

;mp — thp /Wapprf(g)
£ VIVEPPE(f(g) — f(9))

> We start to refresh variables in the memory of data structure

Q + Q'™P M < MtmP
51 — B;mp7 ﬂQ — B;mp7 é- — gtmp
V4= U — wPPT
B+~ I1,F+0,E+0
S0, AT+ 0,71+ 72«<0

end procedure

18: end data structure

By Part 1 of Lemma D.13, we have ||w®P" — 7| < n%, so |0S| < n® By Corollary D.15, we have
|v —vllo <n% so |S| <n® Therefore

1S US| < |S]+10S| < n®+n® < 2n,

where we use the fact that @ < a.
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Algorithm 14 Data structure : PARTIALMATRIXUPDATE().

data structure > Theorem C.9

1:
2:
3: procedure PARTIALMATRIXUPDATE(w?PP") > Lemma D.21, Lemma E.18, Lemma F.30
4 00, 98, Arew Trew . gnew .« COMPUTELOCALVARIABLES(w?PP", ) > Algorithm 11
5: (U',C,U) + DECOMPOSE (E* (A gnew) ™" 4 Mgnew gnew] — L, [Agig + Mg g]
6 > DECOMPOSE is defined in Lemma C.4
7. B™P + B_BU(C-'+U'BU)"'UTB

8 F'we « F 4+ RD- (LC[ME)S\S] — L‘C[Msl]) + ROT - ,CC[MSnew]

9:  E™P  E4 B™(L,[(Myg\s)T] - £,[(Ms)T]) — BU(C-' + UTBU')\UTE
10: &P VIR £(g) — V'V f(9)
11: ™P < B™P . L [By gnew] + B™P . L, [(Msnew) Jgtmp
120 AP oy 4 (D 4 OD) M (VWP — V) £(G) + OCM(VV £(§) — VV £(9))

13: > We start to refresh Varlables in the memory of data structure
14: B+ B™WP [ ¢ thp E «+ Etwp

15: £ £y = P yp = P

16: U — wPPT G ¢ SUEW A ¢ APV T ¢ hew
17: end procedure

18:

19: end data structure

Algorithm 15 Data structure : VECTORUPDATE().

data structure > Theorem C.9

1:
2:
3: procedure VECTORUPDATE(h®PP) > Lemma D.25, Lemma E.27, Lemma F.35
4 B B+ QVV(f(h*P) — f(9))

5. B Bo + MVV(f(R*P) — [(9))

6 Etmp — ( \f VV) f(h2PPr)

T e B L Vel B2 ()T

8 5P« T'M - gt

9 > We start to refresh variables in the memory of data structure

10: B By, B = B3P, € = £y 4= T p oy
11: g < g < h?PPT,

122 T+ 0

13: end procedure

14:

15: end data structure

Now the two conditions of Lemma D.7 are both satisfied, so we have

r = R[] T R[[]V/WaPpr [P \/T7apbr f (B2PPT),
where MV = AT (AW2PPrAT)=1 A, -

D.1 Correctness of QUERY

In this section we follow the notation of the procedure QUERY (Algorithm 12). Note that v, v, g, g,
M, Q, R, 51, B2, 71, 72, B, E, F, A, T',S are all members of the data structure (See Algorithm 4).
QUERY (Algorithm 12) takes w®PP* and h®PP" as input, and uses the inputs and members of the
data structure to compute the following local variables: 9A, o', &, 9S, Oy, APV, S»ev &' U/,
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Algorithm 16 Data structure : PARTIALVECTORUPDATE().

1: data structure > Theorem C.9

2:

3: procedure PARTIALVECTORUPDATE(h®PP")

gmp  VV [(hPrr) = VV f(g)

W™ =+ B L[(Ms)T] - VV(f(h7) - £(3))

B = 70+ TMVV (f(h7%) = £(3))
> We start to refresh variables in the memory of data structure

> Lemma D.29, Lemma E.33, Lemma F.36

1 tmp tmp
8™ e 2 e

T < supp(h?PPr — g)
10: g <« gv

11: end procedure

12:

13: end data structure

Procedure Lemma Section
UPDATEQUERY Theorem D.6 | —

QUERY Lemma D.7 Section D.1
UPDATEV Lemma D.13 | Section D.2
UPDATEG Lemma D.14 | Section D.2
MATRIXUPDATE Lemma D.17 | Section D.3
PARTIALMATRIXUPDATE | Lemma D.21 | Section D.4
VECTORUPDATE Lemma D.25 | Section D.5
PARTIALVECTORUPDATE | Lemma D.29 | Section D.6
INITIALIZE Lemma D.33 | Section D.7

Table 10: Summary of the section that proves the correctness of the data structure.

C, U, OF, U™P_ APy py rg ry. Finally, QUERY (Algorithm 12) outputs 7. The goal of this
section is to prove Lemma D.7 which gives a close-form formula of the output r.

Lemma D.7 (Correctness of QUERY). Before entering QUERY (Algorithm 12), if we have the
following two guarantees: |S US| < 2n%, and all the invariants of Assumption D.1 are satisfied,
then the output r is

r = R[] " R[]V WapPr "% \/ TV appr f (R7PPT),
where MY = AT(AWaPPrAT)=1 A,
This lemma is proved in Claim D.12 using the following:
L. 1= QUVV f(g)
2. 12 = (QU] + RI(T + OT)M) - (VW=Pr f(h*PPY) — V'V f(g))
3. r3 = R[J(T+0T)MVV f(g)
4. vy = —R[I[|[VWPP Mgnew (ALY, gnow ) "L+ Mgnew gnew) ™ (Mgnew ) T/WaPPT £ (h#PPT) (Claim D.11)

(Claim D.8)
(Claim D.9)
(Claim D.10)

Now we prove these claims one by one. In the following we assume that |S U 9S| < 2n® and all the
invariants of Assumption D.1 are satisfied. Note that when |S U 9S| < 2n?, all of the £, L., L,
and £, are well-defined, and the DECOMPOSE function is also well-defined.

Claim D.8 (Close-form formula for 71). We have 1 = Q[I]VV f(g).
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Proof. From the assignment of 1 (Line 5 of Algorithm 12), we have
r = fill] = QUIVV f(9)-
where the last step follows from 81 = Qv'V f(g) (Part 2 of Assumption D.1). O
Claim D.9 (Close-form formula for r2). We have
ra = (QU + RII)(T + OT)M) - (VI f(h*7%) — /7 £ (g)).
Proof. From the assignment of ry (Line 6 of Algorithm 12), we have

ry = Q[UE + R[l]yo + R[JOT M (€ + 9€) + (Q[I] + R[IT M) D¢
= (Q] + R[II'M)E + R[JOTM (€ + 0§) + (Q[I] + R[]I M)0¢

]
= (QI] + R[I)(I' +0T)M) - (& + 0¢)
= (Q[U] + R[I)(T + L) M) - (VW=rr f(h*PP") — V'V f(g)),

where the second step follows from v, = T'M - £ (Part 14 of Assumption D.1), the third step follows
from merging terms, and the fourth step follows from the invariant E VvV f(@)—VVf(g) (Part 9 of
Assumption D.1) and the definition 9§ = /W appr f( h2PPT) \/> V f(g) (Part 3 of Definition D.2). O

Claim D.10 (Close-form formula for r3). We have r3 = R[I](T" + 8F)M\/Vf(g).
Proof. From the assignment of 3 (Line 7 of Algorithm 12), we have
r3 = R[IJ(I' + 00 Bz = RI)(T + oT)MVV £(g),
where the second step follows from the invariant 8o = M~/V f(g) (Part 4 of Assumption D.1). [
Claim D.11 (Close-form formula for r4). We have
—R[IVWPPT Mgnew - (A% gnew) ™ + Mgnew gnew) ™"+ (Mgnew ) Tv/TW2PPE f(R2PPT).

Proof. First note that the left part of r4 is

RV L [Mguew] 4+ R[I)(T 4 0T) - L[ Mgnew]
= R[I|VWaPPrL [ Mgnew], (37)

L[(Q[l]) gnew] + F[I] + RUT - (Le[Mag\s] — Le[Msr]) + R[IJOT - Lc[Mgnes]
= Lc[(QI])snew] + R[IT - Lc[Ms] + R[IT - (Lc[Mas\s] — Le[Msr]) + R[JOT - L[ Mgnew]
= L[(Q[l])gnew] + RIT - Le[Mgnew] + R[IOT - Lo[Mgnew]
= Lc[(Q[l]) snew] + R[I|(I" + OT) - Lc[Mgnew]
]
]

where the first step follows from F' = RI' - L.[Mg] (Part 12 of Assumption D.1), the second step
follows from S = (S U 9S5)\S™" (Part 9 of Definition D.2) and thus L. Mg/] + L[ Mgnew] =
Lc[Msuas] = Le[Ms] + L[Mys\s] by Part 2 of Remark C.3, the fourth step follows from @ =

RVVM (Part 2 of Assumption D.1) and Part 3 of Remark C.3, and the fifth step follows from

r=Vv- V'V (Part 8 of Assumption D.1) and 9T = /TVappr — \/> Part 2 of Assumption D.2).
We also have

Y1+ 0y =B L[(B2)s] + B L[(Mg)]- &+
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B (L,[(B2)as\s] — Lo[(B2)s']) + B+ (Lo[(Mpg\s) '] — Lo [(Msr) ")) - (€ + 9€) + E - 9¢
= B L;[(B2)s] + B - (L+[(B2)as\s] — Lr[(B2)s]) +
B L[(Ms)"]- £+ B (L,[(Mas\s) '] = Le[(Mg)T]) - (€ +08) + E - €, (38)

a2

where the first step follows from 71 = B - L.[(B2)s] + B - L.[(Mg) "] - ¢ (Part 13 of Assumption D.1)
and the assignment of 0+ on Line 8 of Algorithm 12, the second step follows from changing the
order of terms. And

a1 = B L;[(B2) snev], (39)

which follows from S" = (SU0S)\S™™ (Part 9 of Definition D.2) and thus L.[(82)s/]+Lc[(B2) snew] =
Lc[(B2)suas] = Le[(B2)s] + Le[(B2)as\s] by Part 2 of Remark C.3. And also

az = B-L:[(Ms)']- €+ B - (L:[(Mas\s) '] = L,[(Mg) T]) - (€ +0€) + B L,[(Ms) ] - 8¢
= B (£,105) ] + £e[(Mosys) ]~ £[(Ms)T]) - (6 +06)
= B L [(Mgnew) ] - (€ + 0€), (40)
where the first step follows from E = B - £,.[(Ms) "], the second step follows from merging terms,
and the third step follows from S’ = (SUAS)\ SV (Part 9 of Definition D.2) and thus £,.[(Mg/) "]+
,CT[(MSnew)T] = »Cr[(MSLJaS)T] = Er[(Ms)T] + ,Cr[(Mas\S)T] by Part 2 of Remark C.3.
Combining Eq. (38), (39), and (40) together, we have
N+ 0y = B Ly[(B2)smew] + B+ Lo[(Msoew) '] - (€ + 08)
= B : £r[(MSnew)T]\/‘7f(g) + B ° LT»[(MSneW)T] . (\/ Wapprf(happr) - \/Vf(g))
= B L,[(Mguew) "] - VWappr f(R2PPT), (41)
where the second step follows from 8o = M+/V f(g) (Part 4 of Assumption D.1) and using Part 3
of Remark C.3, and & + 9¢ = VWapPr f(h2PPY) — \/V f(g) (Part 9 of Assumption D.1 and Part 3 of
Definition D.2), and the third step follows from merging terms.
Therefore,
PP = =y = — (I =UM(CT +UTU™)TUT) - (11 + 9)
(I-BU(C 4+ UTBU)Y U - (y1 4 7)
(I = BU'(C™'+UBU')'U") - B+ L,[(Mgnew) "] - VWaPPr f(h2PPT)
= = L((ARE guew) + Mnow guow) '] - Ly[(Mgnew) ] - VWP £ (RPPT), - (42)

where the first step is by assignment of 4*™P on Line 16 of Algorithm 12, the second step is by
UtmP = BU'(Corollary C.7), the third step follows by Eq. (41), the fourth step is by B— BU(C~! +
UTBU) 'UT B = L.[((A%% grew) + Mgnew gnew) ] (Lemma C.6),

Then from the assignment of r4 on Line 17 of Algorithm 12, we have

T4 = (ﬁc[(Q[l])Snew] + F[l] + R[Z]F . (ﬁc[MBS\S] — ,CC[MS/]) + R[l]@r . ﬁc[MS“eWD . (,ytmp oy — 87)
= RUVW#PLo[Mgnew] - (Y — 71 = 07)
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= - R[l] v WapprL"C[MS“ew] . L"*[(( g‘%vevw75new) + MSnew“S'new)il] . LT[(MSHQW)T] . \/Wapprf(happr)

= — R[[]\/WapprMsnew . (( %%?wﬂgnew) + MSDEW,SneW)_l . (MSneW)T . \/Wapprf(happr), (43)
where the second step follows from Eq. (37), the third step follows from Eq.(42), the fourth step
follows from the property of £ operators (Part 4 of Remark C.3). O

Claim D.12 (Close-form formula for r).
= R[l]" R[I]V/Wappr \[°% \/J7appr f(2PPT)

where MV = AT(AW*PPrAT)~1A.
Proof. From Claim D.8, we have 71 = Q[I]V/V f(g).

From Claim D.9, we have ry = (Q[I] + R[I](T + oT)M) - (VWappr f(h#PPT) — \/V f(g)).

From Claim D.10, we have r3 = R[I](T + oI )M~V f(g).

From Claim D.11, we have

_R[l] V WapprMSnCw M (( Ié%‘g“xsnew)il + MSncw7Sncw)71 . (MSI]CW)T \/ Wapprf(happr>.

The proof sketch is as follows: we first compute r; 4 73, then compute (r; +73) + r2, and finally

we compute (11 + ro + r3) + 4. First we compute 1 + r3 as follows:
r1 4713 = QUVV f(g) + R[IJ(T + dT)MVV f(g) = RNV MYV f(g) + R[I|(T + o) MV f(g)
= R[J(VV + (I + 00))MVV f(g) = RIVW>»Pr MV f(g), (44)

where the first step follows from Claim D.8 and D.10, the second step follows from Q = RVV M
(Part 2 of Assumption D.1), the third step follows from merging terms, and the fourth step follows

from I'+0I' = (ﬁ— VV) + (VWappr — ﬁ) = /Wappr —/V (T from Part 8 in Assumption D.1,
OI' from Part 2 in Definition D.2).
Secondly, we can compute (1 + 73) + 72,

RINWPE MYV f(g) + (QU] + RI(L + OT) M) (VWP £ (h*P) = V/V f(g))

RUNW#*P MYV f(g) + (RUVVM + RI(T + O0) M) (VWP f(h*) = VV f(g))
= RW Werpt MYV f(g) + RIV WP M(VW=vr f(h*P") = vV f(g))
= R[[]VWarpr My Waper f(R*PPT), (45)
where the first step follows from Eq. (44) and Claim D.9, the second step follows from Q = RvVV M

(Part 2 of Assumption D.1), the third step follows from I'+ 0" = (ﬁ_ VV) + (VWappr — \/‘:/) _
VWapPr —/V (T from Part 8 in Assumption D.1, T from Part 2 in Definition D.2), and the fourth

step follows from merging terms.
Finally, we can compute r; 4+ ro + r3 + 74.

(r1+7r2+713) +ra = R[IVWaPPr My Wappr f(p2PPY)
RI[1]VWaPPT Mgnew ((Age‘é’w gnew )"+ Msnew’snew)71 (Msnew)T\/Wapprf(happr)

(ri4m3) +r2=

[l
R[l]v/Wappr (M — Mgnew ((Anivgw7sncw)7l + Msnew,snew)71 (Msnew)T) VWappr f(pPPT)
[ }mMﬂewmf(happr) (46)

where the first step follows from Eq. (45) and Claim D.11, the second step follows from merging

terms, and the third step follows from Lemma C.8 (by setting the parameters in the lemma statement

as A < A"V S ¢ SV 5 ¢« @PPY) and the definition that M"Y = AT (AW2PPrAT)=1 A,
Therefore, from the assignment of r on Line 18 of Algorithm 12, we have

r= R[] (r1 + 79 + 3+ r4) = R[] R[I]V/WaPPr M"Y \/J/appr f(R2PPT)
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D.2 Correctness of UPDATEV and UPDATEG

Lemma D.13 (Correctness of UPDATEV). After executing the procedure UPDATEV, the following
properties are satisfied:

1. ||w*P — vllg < n?, ||[w*PP — 3|y < no.

2. If all invariants of Assumption D.1 are satisfied before entering the procedure UPDATEV (Al-
gorithm 9), then all invariants are still satisfied after UPDATEV.

Proof. Part 1. The procedure UPDATEV could exit in three places: Line 22, 19 and 12. We discuss
them case by case.

(a. Line 22). w®PP" is assigned to be v"V. The algorithm avoids the if branches on Line 6 and
the if branch on Line 14. Therefore, both of the conditions of the if branches are false, so we have
[TV — vl < n® and ||[7°Y — 3| < n.

(b. Line 19). w®PP" is assigned to be v"*V. The algorithm avoids the if branch on Line 6, so
we have [[o"Y — v||o < n® Then the algorithm enters procedure PARTIALMATRIXUPDATE (see
Line 16) to update ¥ + 2™V (see Line 16 of Algorithm 14), so |7V — o = 0 < n®.

(c. Line 12). w®PP" is assigned to be v™V. The algorithm enters the procedure MATRIXUPDATE
(see Line 9) to update v <— v <— w®PP" (see Line 13 of Algorithm 13). Thus |[v"V —v|lp = 0 < n®
and vV — 3o = 0 < n®.

Part 2. We first prove that |[S U 0S| < 2n® is satisfied if we enter PARTIALMATRIXUPDATE. Note
that the input w?PP* of PARTIALMATRIXUPDATE is v"°V (Line 16), so S = supp(w®PP* —v) =
supp(v"°" — v) (Part 4 of Definition D.2). We have

|SUS| = |S| +10S\S| < n®+ |0S\S| =n®+ |{i € [n] : v; = 0;, 07V # V;}]
=n*+|{i €[n]: 00"V £ v} < 2n%,

where the second step follows from |S| < n® which is a direct implication of Part 1 of this lemma (see
proof of Corollary D.15), the third step follows from S = supp(v — v) (Part 5 of Assumption D.1)
and 0S5 = supp(v"®V — ), and the fifth step follows from |supp(v™®" — v)| < n® since the if-clause
of Line 6 of UPDATEV (Algorithm 9) has to be false to enter PARTIALMATRIXUPDATE.

In procedure UPDATEV, the data structure members are modified only by procedure MATRIX-
UPDATE (on Line 9) and procedure PARTIALMATRIXUPDATE (on Line 16). Since all invariants are
satisfied before entering MATRIXUPDATE or PARTIALMATRIXUPDATE, and |S U 0S| < 2n® is also
satisfied before entering PARTIALMATRIXUPDATE, from Lemma D.17 and Lemma D.21 we know
that all the invariants are still satisfied after MATRIXUPDATE and PARTIALMATRIXUPDATE. [

Lemma D.14 (Correctness of UPDATEG). After executing the procedure UPDATEG, the following
properties are satisfied:

1. |[RPPT — gllo < n?, [[APP* —gllo < n.

2. If all invariants of Assumption D.1 are satisfied before entering the procedure UPDATEG (Al-
gorithm 10), then all invariants are still satisfied after UPDATEG.

Proof. Part 1. The proof is analogous to that of Part 1 of Lemma D.14.

Part 2. In procedure UPDATEG, the data structure members are modified only by procedure VEC-
TORUPDATE (see Line 9) and procedure PARTIALVECTORUPDATE (see Line 15). So this directly
follows from the fact that all the invariants are satisfied after VECTORUPDATE (Lemma D.25) and
PARTIALVECTORUPDATE (Lemma D.29). O
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By the same reasoning, we immediately have the following corollary:

Corollary D.15 (Sparsity of v — v and g — g). Throughout the algorithm the following is always
satisfied:
[0 =vllo <n? [lg —gllo < n”

Corollary D.16 (Sparsity guarantees when entering the procedures). Let k and k be the output
returned by UPDATEV (Line j in Algorithm 8). Let p, p be the output returned by UPDATEG
(Line 5 in Algorithm 8).

1. When entering the procedure MATRIXUPDATE (Algorithm 13), we have

[P = llo = k.

2. When entering the procedure PARTIALMATRIXUPDATE (Algorithm 14), we have

[w*PP" — v]lg < n®, WP =3¢ = k < 2n®.

3. When entering the procedure VECTORUPDATE (Algorithm 15), we have

" — ol < n, [ =l <, |12~ gllo = p.

4. When entering the procedure PARTIALVECTORUPDATE (Algorithm 16), we have

[w™PP" —wllg < 0, [[w*PP" —Tllo < 0, AP — gl < n?, [P —gllo =5 < 2n".

5. When entering the procedure QUERY (Algorithm 12), we have

[ = vflg < %, [[w PP =Tl < 0, [[WPPT = gllo < n, ||h*PPT — Gl < n.

Proof. All line number mentioned in the proof is in UPDATEV (Algorithm 9).

Part 1. MATRIXUPDATE is entered in Line 9, and its input w?PP* is v™¥, which is defined on
Line 7. So [[w®*PP" —v||g = [|[v"°Y — v||o = k directly follows from the definition of k.

Part 2. PARTIALMATRIXUPDATE is entered in Line 16, and its input w?PP' is 9™V, which is
defined on Line 4. [[w*P" —v|o < n® is because the algorithm bypass the if-branch in Line 6. And
||w?PPr — g = [|[o"Y — v|lo = k directly follows from the definition of k. And ||w®PP" — v]|p <
|w?PPr — g + |Jv — V|l < 2n® follows from triangle inequality and Corollary D.15.

Part 3,4. The guarantee that ||w*P" —v||g < n®, |[w*P* —7|jg < n is from Part 1 of Lemma D.13.
The remaining proof is the same as Part 1 and Part 2.

Part 5. This directly follows from Part 1 of Lemma D.13 and Part 1 of Lemma D.14. O

D.3 Correctness of MATRIXUPDATE

Lemma D.17 (Correctness of MATRIXUPDATE). If all invariants of Assumption D.1 are satisfied
before entering the procedure MATRIXUPDATE (Algorithm 13), then after the procedure MATRIX-
UPDATE we have the following guarantees:

1. v ="0v = wPPr,

2. g and g both remain the same.
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3. All invariants of Assumption D.1 are still satisfied.
Part 1 and 2 are proved in Claim D.18, and Part 3 is proved in Claim D.20 by using Claim D.19.

Claim D.18 (Part 1 and 2 of Lemma D.17). After the procedure MATRIXUPDATE (Algorithm 13),
we have v = v = w*P" | and g and g remain the same.

Proof. This follows directly from the value assignment of v and v on Line 13 of Algorithm 13, and
the fact that g and g are not modified by Algorithm 13. O

Claim D.19. In the procedure MATRIXUPDATE (Algorithm 13), before we refresh variables in the
memory of data structure, we have the following:

1 M = AT(AWPrAT)=14,
2. QUP = Ry/Wappr [tmp,
3. By = QU f(g),
4o By = MWL f(g),
5. €me = IV (5) T ()
Proof. Part 1. On Line 5 of Algorithm 13 we assigned M'™P as

thp = M - Msnew . (( g%‘g/w7snew)_l + MSnew7Snew)_1 . (MSnew)T.

Since M = AT(AVAT)"1A (Part 1 of Assumption D.1), A"V = WaPP* — |/ (Part 7 of Assump-
tion D.1), and S = supp(w®*PP" — v) (Part 5 of Assumption D.1), from Lemma C.8 we have

thp — AT(AWapprAT)_lA.
Part 2. We have

thp _ Q + R(Fnewthp) + R\/V(thp _ M) — R\/VM—F R(Fnewthp) +R\/V(thp _ M)
— R(Fnew + \/V)thp _ R(F 4 al—\ + \/V)thp
= RI(VV = V) + (VW — VT) 4 V)M = RyTTapprpgome,

where the first step follows from the assigned value for Q"™P on Line 6 of Algorithm 13, the second
step follows from Q = RvVVM (Part 2 of Assumption D.1), the third step is by merging terms,
the fourth step follows from IV = T" 4+ JI' (Part 6 of Definition D.2), the fifth step follows from
r=Vv- VV (Part 8 of Assumption D.1) and o' = /TVappr — % (Part 2 of Definition D.2),
and the last step is by merging terms.

Part 3, 4 and 5. These directly follow from the assignment of ﬂ;mp on Line 7 of Algorithm 13,
the assignment of ﬂgmp on Line 8, and the assignment of £"™P on Line 9. O

Claim D.20 (Part 3 of Lemma D.17). All invariants of Assumption D.1 are satisfied after the
procedure MATRIXUPDATE (Algorithm 13).
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Proof. First note that g, g, and T all remain the same after MATRIXUPDATE. Note that v and v
are both assigned the value w®PP" (Line 13 of Algorithm 13). Then using Claim D.19, and since we

assigned M'™P to M, Q™ to Q, 5™ to B1, 85" to B, and £'™P to £, we have

M=AT(AVAT) 1A, Q= RVVM,
B =QVVf(g), Ba = MVV f(g),
E=VVI@ - VV ).

We prove the other invariants directly from the assignment on Line 15 of Algorithm 13:

S =0 = supp(v — v), A=0=V -V,
r=0=VV_-VV, B=1=_L.[(Agk+Mss)™],

N =0=B-L[Bs]+ B L[(Ms)]-¢, Y2=0=TM-¢,
E=0=B-L][(My)"|=B-L.[(Ms)"], F=0=RT-LJ[My] = RT - L[Msg].

D.4 Correctness of PARTIALMATRIXUPDATE

Lemma D.21 (Correctness of PARTIALMATRIXUPDATE). If all invariants of Assumption D.1 are
satisfied before entering the procedure PARTIALMATRIXUPDATE (Algorithm 14), and |SUOS| < 2n?,
then after the procedure PARTIALMATRIXUPDATE we have the following guarantees:

1. v = w?P", and v remains the same.
2. g, g both remain the same.
8. All invariants of Assumption D.1 are still satisfied.

Note that since we have the guarantee that [S US| < 2n®, all L£,, L., L. operators that appear
in the procedure PARTIALMATRIXUPDATE are well-defined. And the DECOMPOSE function used in
PARTIALMATRIXUPDATE is also well-defined.

Part 1 and 2 are proved in Claim D.22, and Part 3 is proved in Claim D.24 by using Claim D.23.

Claim D.22 (Part 1 and 2 of Lemma D.21). After the procedure PARTIALMATRIXUPDATE (Algo-
rithm 14), we have v = w*P* and v, g, g all remain the same.

Proof. v = w?PPT follows directly from the value assignment of ¥ on Line 16 of Algorithm 14.
The procedure PARTIALMATRIXUPDATE (Algorithm 14) does not modify v, g, g, so they all
remain the same. 0

Claim D.23. In the procedure PARTIALMATRIXUPDATE (Algorithm 14) before we refresh variables
in the memory of the data structure, we have the following:

1, Btmp - E* [((Ag‘%\évw73new)_1 —l— MSnew}Snew)_l],
2. &M = VWPt f(g) — vV f(g),
8. NP = B - L[ gnew] + BUP - Ly [(Mgnew) T] - €50,

4. 'YSmp — [hew pf . gtmp,
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5. F™P = RV . £ [Mgnew],
6. E™P = BYWP . £ [( Mgnew) ']
Proof. Part 1. On Line 7 of Algorithm 14, we assigned B'™P as
B"™P « B — BU'(C~'+U"BU)"'U"B,

where (U',C,U) = DECOMPOSE(,C*[(Ag%‘éVwﬁnew)_1 + Mgnew gnew] — L, [Agig + Mg s]), then using
Lemma C.6 we have that B™P = E*[((Agivevwvsnew)_l + Mgnew gnew )~ 1].
Part 2 and 3. Part 2 directly follows from the assignment of £&'™P on Line 10 of Algorithm 14.

And Part 3 directly follows from the assignment of fyfmp on Line 11 of Algorithm 14.
Part 4. We have

AP =y 4 (T + O0)M (VPP — V) £(3) + arM<f @) = VV£(9))
= TM - (VV(E) —VV(g)) + (T + D) M(/Waorr - VV)(G) + OrM(VV f(G) — VV f(g))
— TM - (VWP £(5) — VV f(g)) + aer apprf( 3 —VV ()
— (T +O0)M - (VWP £(5) = VV f(g))
— T - (VIR £(G) — VTV f(g)
— TV [ . gtmp

where the first step follows from the a581gnment of v5°% (Line 12 of Algorithm 14), the second step
follows from 7o = TME = TM(VV(§) — VV (g)) (Part 14 and 9 of Assumption D.1), the third
and the fourth step both follow from merging terms, the fifth step follows from 'Y = T' 4+ JI'
(Part 2 of Definition D.2), and the sixth step follows from the Part 2 of this claim.
Part 5.
Ftmp — g + RI'- (‘CC[M(?S\S] — ['c[MS’]) + RO - L. [ SneW]

= RU - L[Mg] + RT - (Lc[Myg\s] — Le[Msr]) + ROT - L[ Mgnew]

- RF . £C[Msnew} —|— Rar . EC[MSneW]

- anew . EC[MSneW:I’
where the first step follows from the assignment of F*™P(Line 8 of Algorithm 14), the second
step follows from F = RI' - L.[Mg] (Part 12 of Assumption D.1), the third step follows from
S = (SUdS)\S™™ (Part 9 of Definition D.2) and thus L.[Mg/] + L[ Mgnew] = L[ Msuss] =
Lc[Ms] + Lc[Myg\s] by Part 2 of Remark C.3, and the fourth step follows from IV = T" + dI'
(Part 6 of Definition D.2).
Part 6
E™P = F + B™P(L,[(Mps\s)'| — L:[(Ms)"]) = BU'(C™' +U'BU)'U"E

= B L,[(Ms)"]+ B™P(L,[(Mys\s) '] = L,[(Ms)']) = BU'(C™' + U BU')'UT B - L,[(Ms) "]
= (B—=BU'(C™' +U"BU)'UTB) - L;[(Ms) "] + B™P(L,[(Mas\s) '] — L, [(Ms:)'])
= B™PL,[(Ms)"] + B™P(L,[(Mas\s) '] — L, [(Ms1)'])
= Btmpﬁr[(MSnew) ]

where the first step follows from the assignment of E*™P(Line 9 of Algorithm 14), the second step
follows from E = B - £,.[(Mg)"] (Part 11 of Assumption D.1), the fourth step follows from the
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definition of B™P  and the fifth step follows from S = (S U 9S)\S"*" (Part 9 of Definition D.2)
and thus Er[(MS’)T] + Er[(MSnew)T] = ET[(MSUQS)T] = ﬁr[(MS)T] + ET[(M&S'\S)T] by Part 2 of
Remark C.3, and the fourth step follows from I’V =T" + JI" (Part 6 of Definition D.2). O

Claim D.24 (Part 3 of Lemma D.21). All invariants of Assumption D.1 are satisfied after the
procedure PARTIALMATRIXUPDATE (Algorithm 14).

Proof. First note that the value of v, g, g, T, M, Q, 51 and P all remain the same after the
procedure PARTIALMATRIXUPDATE (Algorithm 14). Also note that v is assigned the value w?PP*
(Line 16 in Algorithm 14).

From the assignment of S, A, and I" on Line 16 of Algorithm 14, we have

S = SV = supp(wP" —v) = supp(v — v),
A:Anewzwappr_vzv_v’
D= I = Ve — Y = VT — VTV

Then using Claim D.23, and since we assigned B"™P to B, £"P to £, 41V to v;, and 75°Y to
Yo, E'MP to E, F'™P to F'| we have

B = L.[(Ass) ™ + Msg)™, ¢=VVI@E - VVf(9),
Y1 = B - L[Bas] + B-L[(Ms)"] ¢, v2=TM €,
E=B-L.[(Ms)"], F = RT - L.[Mg].

D.5 Correctness of VECTORUPDATE

Lemma D.25 (Correctness of VECTORUPDATE). If all invariants of Assumption D.1 are satis-
fied before entering the procedure VECTORUPDATE (Algorithm 15), then after the procedure VEC-
TORUPDATE we have the following guarantees:

1. v, v both remain the same.
2. g =g = h?PPr,
3. All invariants of Assumption D.1 are still satisfied.

First note that from Corollary D.15 we have that |S| < n®, so all £, operators that appear in
the procedure VECTORUPDATE are well-defined.
Part 1 and 2 are proved in Claim D.26, and Part 3 is proved in Claim D.28 by using Claim D.27.

Claim D.26 (Part 1 and 2 of Lemma D.25). After the procedure VECTORUPDATE (Algorithm 15),
v and v both remain the same, and g = g = h*PP".

Proof. The procedure VECTORUPDATE does not modify v or ¥, so they both remain the same. And
g = g = h?PPT follows directly from the value assignment of g and g on Line 11 of Algorithm 15. O

Claim D.27. In the procedure VECTORUPDATE (Algorithm 15) before we refresh variables in the
memory of the data structure, we have the following:
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B = QVV f(hPr), b N = B LBy ]+ B Lo[(Ms) ] - €,
2. Btmp MVV f(h*Pr),

5. gm0 = (VT — V) f(n0or), 5. 4™ = DM - g,
Proof. Part 1. From the assignment of B;mp on Line 4 of Algorithm 15, we have
1P = B4+ QVV(F(h™P) = f(9)) = QVV f(g) + QVV (F(hPP") = f(g)) = QVV f(h™P"),

where the second step follows from 1 = QvV f(g) (Part 3 of Assumption D.1).
Part 2. From the assignment of Bgmp on Line 5 of Algorithm 15, we have

" = B+ MYV () = f(g)) = MVV(g) + MVV(F(1%7) = (g) = MYV (7).

where the second step follows from By = M~V f(g) (Part 4 of Assumption D.1).
Part 3, 4 and 5. These directly follow from the assignment of £&""P (Line 6), 'y;mp (Line 7), and
P (Line 8) in Algorithm 15. O

Claim D.28 (Part 3 of Lemma D.25). All invariants of Assumption D.1 are satisfied after the
procedure VECTORUPDATE (Algorithm 15).

Proof. First note that v, v, M, @Q, B, A, I', and S all remain the same after the procedure VEC-
TORUPDATE. Also note that g and g are both assigned the value A*PP" (Line 11 of Algorithm 15).

Then using Claim D.27, and since we assigned 8;™ to 81, B3P to Ba, £™P to &, 1™ to 71,
and vgmp to 2, we have

= QVV (), By = MVV f(g),
= B-L[Bas] + B - L[(Ms)T] ¢, =TM ¢,
¢ = (VV = VV)F(h™) = VTV £(5) = VV £(9).

Also, from the assignment of 7" on Line 12 of Algorithm 15, we have T'= () = supp(g —g). O

D.6 Correctness of PARTIALVECTORUPDATE

Lemma D.29 (Correctness of PARTIALVECTORUPDATE). If all invariants of Assumption D.1
are satisfied before entering the procedure PARTIALVECTORUPDATE (Algoritm 16), then after the
procedure PARTIALVECTORUPDATE we have the following guarantees:

1. v, U both remain the same.
2. g = h®P" and g remains the same.
3. All invariants of Assumption D.1 are still satisfied.

First note that from Corollary D.15 we have that |S| < n®, so all £, operators that appear in
the procedure PARTIALVECTORUPDATE are well-defined.
Part 1 and 2 are proved in Claim D.30, and Part 3 is proved in Claim D.32 by using Claim D.31.

Claim D.30 (Part 1 and 2 of Lemma D.29). After the procedure PARTIALVECTORUPDATE (Algo-
rithm 16), we have g = h*PP* and v, v, g all remain the same.
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Proof. g = h?PP" follows directly from the value assignment of g on Line 10 of Algorithm 16.
The procedure PARTIALVECTORUPDATE (Algorithm 16) does not modify v, v, g, so they all
remain the same. O

Claim D.31. In the procedure PARTIALVECTORUPDATE (Algorithm 16) before we refresh variables
in the memory of the data structure, we have the following:

1. €mp =V f(h*PPr) — VTV f(g),
2. WP =B . L,[Bas] + B-L.[(Ms)T] - etmp,
3. yy'P =TM - ¢t
Proof. Part 1. This directly follows from the assignment of £™P on Line 4 of Algorithm 16.
Part 2. From the assignment of 4{™ on Line 5 of Algorithm 16, we have
Y =y B L [(Mg)T] ﬁ(f(happw - f@)
— B L,[Bes] + B L,[(Ms) |(VV 1(3) >> + B L,[(Ms) WV (%) - 1(@))
=B L,[B25) + B L,[(Ms)T] (ff 9) + VTP — @)
= B-L,[Bas] + B L,[(Ms)T]- (VV f(h) Wf(g))
=B-L[fas] + B L, [(Msm e

where the second step follows from the invariant of 77 (Part 13 in Assumption D.1), the third and
the fourth steps follow from merging terms, and the last step follows from Part 1 of this lemma.

Part 3. From the assignment of *y;mp on Line 6 of Algorithm 16, we have

WP = 5+ TMVV (F(P7) = £(§)) = TM(VV £(5) = VV £(9)) + TMVV (£(h™) = £(3))
= TM(VV (%) = VV f(g)) = TM - £,

where the second step follows from the invariant of o (Part 14 in Assumption D.1), the third step
follows from merging terms, and the last step follows from Part 1 of this lemma. O

Claim D.32 (Part 3 of Lemma D.29). All invariants of Assumption D.1 are satisfied after the
procedure PARTIALVECTORUPDATE (Algorithm 16).

Proof. First note that v, v, g, M, Q, B, A, T, S, 81, and 9 all remain the same after the procedure
VECTORUPDATE. Also note that g is assigned the value h*PP" (Line 10 of Algorithm 16).
Then using Claim D.27, and since we assigned £"™P to £, yimp to 71, and 'y;mp to 79, we have

=B L.[fas] +B-L[(Ms)"] - €, vo=IM-§&,
¢ = VV ) = VV f(g) = VV (@) — VV F(9).

Finally, from the assignment of 7" on Line 9, we have T' = supp(h®PP* — g) = supp(g —g). O
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D.7 Correctness of INITIALIZE

Lemma D.33 (Correctness of INITIALIZE). When initialized, all the invariants of the data structure
members stated in Assumption D.1 are satisfied.

Proof. Since in the beginning v and v are both assigned the value wg, and g and g are both assigned
the value hg, it is obvious that S =0, T =0, A =0, T =0, £ =0, v; = 0, 72 = 0 all satisfy
their invariant requirement of Assumption D.1. Also, B = I = L,[0] also satisfies the invariant
requirement. Finally note that the initial assignment of M, Q, 51, B2 directly satisfy their invariant
requirement of Assumption D.1. O

E Data structure : time per call

In Section E we provide a worst-case analysis of the running time per call for the five major pro-
cedures MATRIXUPDATE, PARTIALMATRIXUPDATE, VECTORUPDATE, PARTIALVECTORUPDATE,
QUERY. We prove the amortized running time of these procedures later in Section F. In Section E,
we ignore the running time of adding two vectors since it is only O(n).

Procedure Time per Call Amortized Time Lemma

QUERY Trnas (1%, 0% n%) + 0t | T (n® n® n®) + nttP Lemma E.3
MATRIXUPDATE Tmat (k, n,n) O(n»=1/2 4 p2-a/2) Lemma E.12, F.19
PARTIALMATRIXUPDATE | Trat(k, n%, 1) O(n'+(@=3/2)a 4 pl+a=3/2) | Lemma E.18, F.30
VECTORUPDATE pn + n2? O(n'®) Lemma E.27, F.35
PARTIALVECTORUPDATE | pn® + n?¢ O(n22=4/2) Lemma E.33, F.36

Table 11: Time for different procedures. Summary of Section E and Section F.

E.1 Sparsity guarantees

We first present some sparsity bounds that will be useful in the time analysis.

Procedure [ —olfo [ T — ol [ T —gllo | 1™ —3llo [ 15— vlo | 15 —glo
MATRIXUPDATE =k / / / <n® <no
P.MATRIXUPDATE | < n® =k < 2n® / / <n® <n®
VECTORUPDATE <n® <n® =p / <n® <n?
P.VECTORUPDATE | < n? <n® <n® =p<2n° <n® <n®
QUERY <n? <n¢ <n? <n? <n? <n?

Table 12: Sparsity guarantees of w®PP* v, v, h*PP' g g when entering the procedures (Part 1 of
Lemma E.1). We say some vector 2 € R" is k-sparse, it means that supp(z) = k.

Lemma E.1 (Sparsity guarantees). The members of data structure presented in Table 12 and
Table 13 all follow the invariants of Assumption D.1, and the local variables presented in Table 13
all follow the definition of Definition D.2. We have the following sparsity guarantees.

1. When entering the procedures MATRIXUPDATE, PARTIALMATRIXUPDATE, VECTORUPDATE,
PARTIALVECTORUPDATE, and QUERY, we have the sparsity bounds on ||[w?PP* —v||g, ||w*PP"—
U0, |R*PP" — gllo, ||A?*PP" —gllo, ||[v — vllo, and ||g — gllo as presented in Table 12.
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Procedure A+ 0Aljo, | [0A]o, 1€+ 0¢llo | 1100 [Allo, [[€llo, | [STU OS]
IT+ 00y | T]o, |9S] ITlo, 1S
MATRIXUPDATE =k / / / <n? < 3k
P.MATRIXUPDATE | < n® =k<2n* |/ / <n® < 3n?
VECTORUPDATE <n® <n® =p / <n? /
P.VECTORUPDATE | < n® <n® <n® =p<2n® | <n® /
QUERY <n® <n® <n® <n <n® < 2n“

Table 13: Sparsity guarantees of other local variables (Definition D.2) when entering the procedures
(Part 2 of Lemma E.1). We say some vector z € R" is k-sparse, it means that supp(z) = k.

2. When entering the procedures MATRIXUPDATE, PARTIALMATRIXUPDATE, VECTORUPDATE,
PARTIALVECTORUPDATE, and QUERY, we have the sparsity bounds on A + 0A, T' 4+ JT,
SuUaS, 0A, o', 08, £+ 0¢, ¢, A, I, S, £ as presented in Table 13.

Proof. Part 1. The first four columns follow from Corollary D.16, and the last two columns follow
from Corollary D.15.
Part 2. For Col. 1, we have
1A +0A[lo = [[WP' = Vo = [|w*™P" — oo,
T+ 0T lo = [[VIW2PPT — VV||g = [[w™P" — ]|y,
the bounds of this column then follow from Col. 1 of Table 12.
For Col. 2, we have
10A[lo = [[WP = V[|o = [[w™P" — |o,

10T lo = [V — VT g = [[w™P — 5],
0S| = WP — Vo = ™ — 7o,

the bounds of this column then follow from Col. 2 of Table 12.
For Col. 3 we have

1€ + O€llo = [VW2pPr f(AP) — V'V f(g)]lo < max{||[VW2PPr — VV|lo, [|f (h*PP") — f(g)]lo}

= max{[|w*™" —vllo, [A*"** = gllo},

the bounds of this column then follow from Col. 1 and Col. 3 of Table 12 and the fact p > n® (since
we have the equivalent fact for p as of Fact F.10 for k).
For Col. 4 we have

10€]l0 = VIV f(h27) — VT f(@)lo < max{ ||V — VT o, [|£(h2PP") ~ £(§)]]o}

= max{[|w*™*" —vllo, [|A**" —gllo},

the bounds of this column then follow from Col. 2 and Col. 4 of Table 12 and the fact p > n? (since
we have the equivalent fact for p as of Fact F.11 for k).
For Col. 5 we have

1Al = [V = Vo = |IF — vllo,
o = [VV = VV]lo = |5 — vllo,
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S| = [ supp(@ — v)| = [[7 = v]lo,
1l = IVV @) = VV £(9)llo < max{|[7 — vlo, I3 — gllo},

the bounds of this column then follow from Col. 5 and Col. 6 of Table 12.
For the first part (MATRIXUPDATE) of Col. 6, we have

|SUAS| < |S|+ 0S| < |supp(v — ¥)| + | supp(w*PP* — )]
< [supp(v — )| + [ supp(w™™" — v)| 4 [supp(v — V)| < n® + k +n® < 3k,
where the first and the third steps both follow from triangle inequality, the second step follows from
S = supp(v — v) (part 5 Assumption D.1) and 0S5 = supp(w*P" — v) (Part 4 of Definition D.2),
the fourth step follows from Col. 1 and Col. 5 of Table 12, the last step follows from the fact that

k > n* (Fact F.10).
For the second part (PARTIALMATRIXUPDATE) of Col. 6, we have

|ISUOS| < |S|+10S| < |supp(v — v)| + | supp(w®™P" — )| < n® 4+ 2n® = 3n?,

where the first two steps are the same as previous inequality, and the third step follows from Col. 2
and Col. 5 of Table 12.
For the fifth part (QUERY) of Col. 6, we have

1ISUdS| < |S|+10S| < |supp(v — D)| + | supp(w?P* — 7)| < n® + n® < 2n%,

where the first two steps are the same as previous inequality, the third step follows from Col. 2 and

Col. 5 of Table 12. O

Procedure Lemma Section

QUERY Lemma E.3 Section E.2
MATRIXUPDATE Lemma E.12 | Section E.3
PARTIALMATRIXUPDATE | Lemma E.18 | Section E.4
VECTORUPDATE Lemma E.27 | Section E.5
PARTIALVECTORUPDATE | Lemma E.33 | Section E.6
INITIALIZE Lemma E.37 | Section E.7

Table 14: Summary of the section that proves running time per call.

E.2 Running time of QUERY

The goal of this section is to prove Lemma E.3. We will use the following sparsity guarantees that
are proved in Lemma E.1.

Fact E.2 (Sparsity guarantees for QUERY). When entering QUERY we have the following sparsity
guarantee (from Table 13):

1. ||IT+dTp < n%, 4. 1€+ 9¢|lo < n?, 7. |S| < n®.
2. ||0T|o < n?, 5. |0€|lo < nf,
3. Il < ne, 6. 10S| < n?,
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Lemma E.3 (Running time of QUERY). In procedure QUERY (Algorithm 12), it takes

1. O(n'*° + n*9) time to compute

ry = Q[il¢ + R[jlv2 + R[j]OTM (€ + 9€) + (QLj] + R[ITM) 0,

2. O(n'*b) time to compute
r3 < R[j](T' + OT') 32,

3. O(n**?) time to compute

0y B Lr[(Bo)os\s] + B - Lel(Mos\s) ']+ (€ + 0€) + B - 9%,
4. O(n®*9) time to compute

(U/, C, U) — DECOMPOSE (;C*[( g'%‘é]w75ncw)_1 + MSH6W7SDEW:| - E*[A§7,15' + MS’S]>,

5. O(Tmat(n®, n% n%)) time to compute
E™ +Egs — Bas\s)M(os\s),05, By + B, Elghogng < 0, and
U™ «[Bys, Bag, E™],

6. O(Tmat(n%, n® n%)) time to compute

,ytmp - Utmp(cr—l + UTUtmp)—lUT . (’71 + 87)7
7. O(n®F% 4+ n'*b) time to compute

ra ¢ (Lol(QU])soes -+ FLH+RUIT-(Le[Mas\ s~ LM )+ RIOT-Lo[ Msaon] ) - (™ =1 -07).

Overall, the time to compute r (which is 1 4+ ro + 13 +14) is
O(ng + ’Tmat(na, n?, na))

Claim E.4 (Part 1 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(n'T? 4 notd)
time to compute

ry < QUi1E + Rljlv2 + RIjIOTM (€ + 9€) + (Qj] + R[jIT M) O€ .

/

ail az

Proof. The running time of this step can be split into the following parts:

The first part is to compute Q[j]¢ by multiplying a n® x n matrix Q[j] with a n x 1 vector £.
It takes O(n'*?) time. The second part is to compute R[j]vy2 by multiplying a n® x n matrix R[j]
with a n x 1 vector y2. It takes O(n!*?) time.

The third part is to compute a; as follows:

1. We multiply a n®-sparse n x n diagonal matrix 9" (Part 2 of Fact E.2) with a n x n matrix M
and then with a n%sparse n x 1 vector (€ + 9¢) (Part 4 of Fact E.2). It takes O(n®"®) time.
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2. We multiply a n® x n matrix R[j] and a n x 1 vector (T M (& + 9€)). It takes O(n'*?) time.

So computing a; takes O(n®*t? 4 n!*?) time in total.
The fourth part is to compute ay as follows:

1. We multiply a n®-sparse n x n diagonal matrix I (Part 3 of Fact E.2) with an X n matrix M
and then with a n%sparse n x 1 vector 9¢ (Part 5 of Fact E.2). It takes O(n%"®) time.

2. We multiply a n® x n matrix R[j] with a n x 1 vector (TM3¢). It takes O(n'*?) time.

3. We multiply a n® x n matrix Q[j] and a n%sparse n x 1 vector 9¢ (Part 5 of Fact E.2). It
takes O(n*?) time.

So computing as takes O(n®*t® 4+ n'*?) time in total since @ < 1.
Thus the total running time is O(n'*? 4 na+9). O

Claim E.5 (Part 2 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(n'*?) time to
compute r3 < R[j](T + OT')Ba.

Proof. The running time of this step can be split into the following parts.

1. We multiply a n®-sparse n x n diagonal matrix (I' + dI') (Part 1 of Fact E.2) and a n x 1
vector B2. It takes O(n?) time.

2. We multiply a n® x n matrix R[j] and a n x 1 vector ((I' + 0T')32). It takes O(n'*?) time.
The total running time is O(n® 4+ n'*?) = O(n'*?) since a < 1. O

Claim E.6 (Part 3 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(n®+®) time to
compute Oy < B L.[(B2)as\s] + B - Le[(Mas\s) ']+ (£ +9€) + E - 9¢.

Proof. The running time of this step can be split into the following parts.

1. We multiply a 6n® x 6n® matrix B with a n®-sparse 6n® x 1 vector L:[(B2)as\s] (since [0S\S| <
|0S| < n® by Part 6 of Fact E.2). Tt takes O(n®t%) time.

2. We multiply a 6n® x n matrix L,[(Mag\s)'] that only has n% non-zero rows (since |35\ S| <

0S| < n® by Part 6 of Fact E.2) with a n®-sparse n x 1 vector (§ + 0§) (Part 4 of Fact E.2).
It takes O(n®t?) time.

3. We multiply a 6n® x 6n® matrix B with a n®sparse 6n® x 1 vector (L [(Myg\s) 1(€ + 9¢))
(since |0S\S| < |0S| < n® by Part 6 of Fact E.2). It takes O(n®*®) time.

4. We multiply a 6n® x n matrix E with a n’sparse vector 9¢ (Part 5 of Fact E.2). It takes
O(n%*%) time.

Thus the total running time is O(n®+%). O

Claim E.7 (Part 4 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(n®t%) time to
compute

(U',C,U) < DECOMPOSE (L, [(AB o) ™" + Monon now] — Lo[AG) + Msg]).
And the size of the computed matrices are U',U € R**¢, C' € R*¢, where ¢ < O(n%).
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Proof. For ease of notation, we denote N := L*[(Ag?.‘é’wﬁnew)_l + Mgnew gnew] — L, [Agls + Mg s].

From Lemma C.5 we know that the non-zero entries of N can be split into three parts: Nyg (5\05),
Ns\09),05, and Ngg gs. Thus we don’t need to compute N explicitly, but only compute the non-zero
entries of N, which takes O(|3S|-[S\0S| + |05 - |0S]) = O(n®*%) time (from Part 7 and Part 6 of
Fact E.2 and since a < a).

Then N satisfies the requirement of Lemma C.4 with S; = S\0S, S2 = 05, so the function
DECOMPOSE can be computed in O(n?|S3|) = O(n®dS|) = O(n®+%) time (Part 6 of Fact E.2).
Also using Lemma C.4, we know that the computed matrix C has size ¢ x ¢ = (3]S2|) x (3|S2]) =
(3]0S]) x (3|0S]), thus ¢ < O(n?) (Part 6 of Fact E.2).

Thus the total running time is O(n®+?). O

Claim E.8 (Part 5 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(Tmat(n®, n®, n%))
time to compute

E"™  Eps — B(asns)yMasns)os; Eg’ < —Eg"; E(tglrfas)\s, «0; U™P « [Bys, Bys, E™P].

Proof. To compute the initial E*™P < Ejs—B(gsns)M@asns),as, we need to multiply a 6n® x|0SNS|
matrix Bggng) with a [0S N S| x |0S] matrix M(psns) as, and this takes Tmat (617, [0S N S|, [0S]) =
O(Tmat (n®,n%,n%)) time (Part 6 of Fact E.2).

Finally note that the other two steps Eg}lp — —nglp and E;rsnﬁ as)\s < 0 to adjust E'™P takes
the same time as the size of E'™P which is n® x |0S| = O(n®+%) (Part 6 of Fact E.2). Computing
U™P only needs to copy entries from the already computed B and E'™P, so it also takes the same

time as the size of U™P | which is n® x 3|0S| = O(n®*%). Thus the total running time is
O(Taat (n%,n%, n®) + n"*%) = O(Toar (n, %, n")).
O

Claim E.9 (Part 6 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(Tmat(n®, n% n®))
time to compute

AP U (O UMY TLUT L (4 + 9).
N

Proof. First note that from Lemma E.7 we have that the sizes of U’ and U are 6n® x 3|9S|, and
the size of C is 3|0S| x 3|0S|. From the assignment of U'™P on Line 15, we know that the size of
U™P is also 6n® x 3|0S|. The running time of this step can be split into the following parts:

The first part is to compute the 3|0S| x 3|0S| matrix N.

1. Computing the inverse of a 3|0S| x 3|0S| matrix C' takes O(n®) time (Part 6 of Fact E.2).

2. We multiply a 3|0S| x 6n® rectangular matrix U T with a 6n¢ x 3|0S| matrix U P which
takes Tmat (3|0S], 6n%, 3|0S|) = O(Tmat(n®,n% n®)) time (|0S| < n® from Part 6 of Fact E.2).

3. We add a 3|0S| x 3|0S| matrix g’_l with a 3|0S| x 3|0S| matrix UTU'™P and calculate its
inverse. It takes O(|0S|¥) = O(n®) time (Part 6 of Fact E.2).

Thus in total computing N takes time O(Tmat(n?, n% n)+n%) = O(Tmat(n%, n% n?)), sinnce @ < a
and thus n% = Tyt (n% n% n%) < Tmat(n®, n% n).

The second part is to compute the 6n% x 1 vector P,
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1. We multiply the 3|0.S[x6n® matrix U with a 6n%x1 vector (y;+07). This takes O(n®-|0S|) =
O(n%t%) time (Part 6 of Fact E.2).

2. We multiply the 3|0S5] x 3[0S| matrix N with a 3|0S| x 1 vector UT(y1 4+ 0v). This takes
O(|0S|%) = O(n??) time (Part 6 of Fact E.2).

3. We multiply the 6n x 3|0S| matrix U™P with a 3|0S| x 1 vector NU " (71 + 97). This takes
O(n®-10S]) = O(n**%) time (Part 6 of Fact E.2).

Thus this part takes O(n%t?) time since @ < a.
Thus the total time to compute «*™P is

O(Tmat (nﬁ, n?, na) + na+a) = O(Tmat (n?i’ n?, na)).
O

Claim E.10 (Part 7 of Lemma E.3). In procedure QUERY (Algorithm 12), it takes O(n®+® 4 nl+?)
time to compute

ra = (Lel(@U)sew] + Flj) + RUIT - (LelMas\s] = Lo[Ms]) + RIIOT - Lo[Msnen]) - (4 = 31 = 97).

Proof. The running time can be split into the following parts:

1. We multiply a nsparse n x n diagonal matrix oI (Part 2 of Fact E.2) with a n x 6n® matrix
Lo[Mgnew] with a 6n® x 1 vector (y"™P —~; — 9v). It takes O(n%"®) time.

2. We multiply a n® x n matrix R[j] with a n x 1 vector (0T Lc[Mgnew](y"™P —~; —97)). It takes
O(n'*?) time.

3. We multiply a n-sparse n x n diagonal matrix I' (Part 3 of Fact E.2) with a n x 6n® matrix
L[Myg\s] that only has n® non-zero columns (since [0S\ S| < [9S| < n® by Part 6 of Fact E.2)
and then with a 6n® x 1 vector (y"™P —~; — 9v). It takes O(n®*%) time.

4. We multiply a n® x n matrix R[j] with a nx 1 vector (D(Le[Mag\ 5] — Le[Mg]) (4P =41 — 7).
It takes O(n'*?) time.

5. We multiply a n® x 6n® matrix F[j] with a 6n® x 1 vector (y"™P —~; — 7). It takes O(n'*?)
time.

6. We multiply a n® x 6n® matrix £.[(Q[j])gnew] with a 6n® x 1 vector (y'™P —~; — d). It takes
O(n*2) time.

Thus this part takes O(n%T® 4 n!*t0 4 pb+) = O(n@+e 4+ n'*P) time, since a < 1.
Thus, the total running time to compute ry is O(n+® + nl+b). O

Proof of Lemma E.3. Summing over the time to compute rq, 73, (U, C,U), 87, ra1, ra 2, ra 3, U™P,
and 744, the total running time of computing r is

O(n1+b + na—i—ﬁ + na+b + Tmat(n67 na7 n&)) _ O(n1+b + Tmat (na’ na7 na))’

which follows by ¢ < 1 and n%t@ < 'Tmat(na, n?, na)) .
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E.3 Running time of MATRIXUPDATE

The goal of this section is to prove Lemma E.12. We will use the following sparsity guarantees that
are proved in Lemma E.1.

Fact E.11 (Sparsity guarantees for MATRIXUPDATE). When entering MATRIXUPDATE we have
the following sparsity guarantee (from Table 13):

1.]5m%| < [S US| < 3k, 2. |[T"%]jo = [IT' 4 OL'(jo = k.

Lemma E.12 (Running time of MATRIXUPDATE). In the procedure MATRIXUPDATE (in Algo-
rithm 13) it takes

1. O(k“ M) 4 Tooi(n, k,n)) time to compute

thp <— M - MSnew . (( g?l‘gw7snew)_1 —|— MSHEW,SDGW)_l(MSHEW)T’

2. O(k* o) £ To i (n' oM k. n)) time to compute

thp - Q + R(Fnewthp) + R\/V(thp . ]\4)7

3. O(n?t°M) time to compute

Br = QUL VWERLf(PPr),

4. O(n?) time to compute

By = MUP~/TI7apPr f(J2PPT),

Further, it takes O(n) time to do all other computation. So the overall running time of the procedure
MATRIXUPDATE is O(Tmat(n'1°M) | k,n)).

Claim E.13 (Part 1 of Lemma E.12). In procedure MATRIXUPDATE, it takes O(k“+°(D) 4+ T 0 (n, k, n))
time to compute

thp — M — Msnew . (( g%‘gwysnew>_l + Msnew7sn8W)_1<M5’new)T.
Proof. The running time of computing M"*" can be split into the following parts:

1. Computing the inverse of a O(k) x O(k) matrix ((Ag‘i‘évwﬁnew)*l + Mgnew gnew ) (the size follows
from |S™%| = O(k), see Part 1 of Fact E.11), this part takes O(k<T°0) time.

2. Computing the multiplication of a n x O(k) matrix Mgnew with a O(k) x O(k) matrix
((Ag%vcijsncw)_l + Mgnew gnew) ™1, this part takes O(Tmat(n, k, k)) time.

3. Computing the multiplication of a n x O(k) matrix MSDeW(<AI§%\gw,SneW)71 + Mgnew gnew) ™!
with a O(k) x n matrix (Mgnew) ", this part takes O(Tmat(n, k,n)) time.

4. Subtracting a n x n matrix Mgnew - ((Ag?,vevwvsnew)_l + Mgnew gnew ) ™} (Mgnew) T from the n x n
matrix M, this part takes O(n?) time.
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So in total computing M'™P takes time
O(k“T°N) 4 Trae (ny by k) + Trnat (0, Ky ) + n2) = Ok M) 4 Toi(n, kb, n)).
O

Claim E.14 (Part 2 of Lemma E.12). In MATRIXUPDATE, it takes O(k“+°(N) 4+ Toac (n* o)k n))
time to compute
Q"™ Q + R(I™™M"™) + RVV (M — M).

N1 N2

Proof. The running time of computing Q*™P can be split into the following parts:
The first part is to compute the n x n matrix Ny:

1. Multiplying a k-sparse n x n diagonal matrix IV (Part 2 of Fact E.11) with a n x n matrix
M'™P takes O(kn) time.

2. Multiplying a n'+°() x n matrix Q™™ with a k-row-sparse n x n matrix (I'™*VM®™P) (Part 1
of Fact) takes O(Tmat(n'T°W k. n)) time.

So in total computing Nj takes O(Tmat (0 k. n)) time.
The second part is to compute the n x n matrix No. By the definition of M"P we have

NQ - R\/V(thp - M) — R\/VMSnew . (( g%‘gw“gnew)il + MsneW7SDeW)71(MSneW)T .

N3

And we computes Ny as follows:
1. Multiplying a n't°(!) x n matrix R with a n x n diagonal matrix vV takes O(n2+0(1)) time.

2. Multiplying a n't°(1) x n matrix RvVV with a n x O(k) matrix Mgnew (Part 1 of Fact E.11)
takes O(Tmar(n' oM n, k) time.

3. The O(k) x n matrix Nj is already computed when we were computing M*™P (Claim E.13),
and this takes O(k“T°() + Trae(k, k,n)) time.

4. Multiplying a n't°M) x O(k) matrix (RvVV Mgnew ) with a O(k)xn matrix N3 takes O(Tmat (n' 1)k, n))
time.

So in total computing Q"™P takes time
O(n*™oW 4 ko0 4 Tooe(k, kyn) + Tmat (0700 &, n)) = O D + Tae (0 W)k, n)).
O
Claim E.15 (Part 3 of Lemma E.12). In MATRIXUPDATE, it takes O(n*t°(N)) time to compute
B = QP WPPT f(RPPT).

Proof. To compute f1, we first multiply a n'T°(1) x n matrix Q™P with a n x n diagonal matrix
VWapPr which takes O(n?t°()) time. Then we multiply a n!T°(1) x n matrix QU™P/TWaPPr with a
n x 1 vector, which takes O(n?*°(1)) time. So in total computing f; takes time O(n?*+°(1), O
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Claim E.16 (Part 4 of Lemma E.12). In procedure MATRIXUPDATE, it takes O(n?) time to compute
By < M™™P\/T}/appr f(pAPPT),

Proof. To compute 32, we first multiply a n x n matrix M*™P with a n x n diagonal matrix /W appr,
which takes O(n?) time. Then we multiply a n! x n matrix M"™P+/I¥aPPr with a n x 1 vector, which
takes O(n?) time. So in total computing £; takes time O(n?). O

Proof of Lemma E.12. Overall time. The running time of procedure MATRIXUPDATE is
O(karo(l) + Trnat (n1+0(1)’ k, n) + n2+o(1)) — O(Tmat(nlJro(l)’ k, n)) m
E.4 Running time of PARTIALMATRIXUPDATE

The goal of this section is to prove Lemma E.18. We will use the following sparsity guarantees that
are proved in Lemma E.1.

Fact E.17 (Sparsity guarantees for PARTIALMATRIXUPDATE). When entering PARTIALMATRIX-
UPDATE (Algorithm 14) we have the following sparsity guarantee (from Table 12 and Table 13):

Lo WWe — Vo <n?, 4 [1£@) — Fg)llo < n, 7. 10S| <k < 2n.
2. T o < k < 2n°, 5. Jl€llo < ne,
3.0+ 0T < ne, 6. |S] < ne,

Lemma E.18 (Running time of PARTIALMATRIXUPDATE). In the procedure PARTIALMATRIXUP-
DATE (Algorithm 14) it takes

1. O(kn®) time to compute
(U',C,U) < DECOMPOSE (ﬁ*[(Agivve,Snew)_l + Mgnew gnew] — L, [Agiq + M575]>,
2. O(Tmat(%, n% n®)) time to compute
B™P ¢+ B - BU'(C™'+U'BU')"'U"B,

3. O(n) time to compute

¢ VWERer £ () — VV £(g),

4. O(n?®) time to compute

,Y;mp — Btmp . ‘CT [527Sncw] =+ Btmp . ﬁr[(Msncw)T]gtmp7

5. O(kn) time to compute
95" = 2 + (0 + OD)M (VWP = V) f(§) + OTM(VV £(G) = VV H(9)).

6. O(Tmat(n“"(l),n“,E)) time to compute

FYP  F 4 RT - (L [Myg\s] — Lc[Msg/]) + ROT - L[ Mgnew].
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7. O(Tmat(n,n%, k)) time to compute
E™P = B + B™P(L,[(Mps\s) "] — L:[(Mg)']) = BU(C+U'BU)'UTE
Further, it takes O(n) time to do all other computation. So the overall running time of the procedure
PARTIALMATRIXUPDATE is O(Tpat ('), ne k)).

Claim E.19 (Part 1 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14),
it takes O(kn®) time to compute

(U',C,U) < DECOMPOSE (ﬁ*[( %?stnew)_l + Mgnew gnew] — E*[A;g + Ms,s]).

And the size of the computed matrices are U',U € RS *¢ C € R, where ¢ = O(E)

Proof. The analysis for the DECOMPOSE function in PARTIALMATRIXUPDATE is the same as the
analysis in QUERY (Claim E.7). We still have |S| < n® (Part 6 of Fact E.17), but the bound on 95
is different and now we have |9S| = k < 2n® (Part 7 of Fact E.17). So ¢ = O(|9S]) = O(k).

And to compute (U’,C,U) it takes O(kn®) time. O

Claim E.20 (Part 2 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14),
it takes O(Tmat(k,n% n®)) time to compute

B™P ¢« B-BU'(C'+U'BU)'U'B
N

Proof. The running time of computing B™P € R6""*6n" can be split into the following parts.
The first part is to compute N € R*¢ as follows:

1. Multiplying a ¢ x 6n% matrix U with a 6n% x 6n® matrix B takes O(Tmat(c, n% n®)) time.
2. Multiplying a ¢ x 6n® matrix (U B) with a 6n® x ¢ matrix U’ takes O(Tmat(c, n%, ¢)) time.
3. Computing the inverse of a ¢ x ¢ matrix (C~' + UT BU’) takes O(c*T°M) time.

So the total running time to compute N is O(Tmat (¢, n%, n%)+Tiat (¢, n%, )+ FoM) = O(That (k,n® n®))

since ¢ = ~§ n y Claim E. , an < 2n%.

i O(k) < O(n*) by Claim E.19 d k <2n°
The second part is to compute BU/NU "B € R6**6n% a5 follows:
1. Multiplying a 6n® x 6n® matrix B with a 6n® x ¢ matrix U’ takes O(Tpat(n®, n®, ¢)) time.
2. Multiplying a ¢ x 6n® matrix U with a 6n® x 6n® matrix B takes O(Tmat(c, n% n®)) time.
3. Multiplying a 6n® x ¢ matrix BU’ with a ¢ x ¢ matrix N takes O(Tmat(n%, ¢, c)) time.
4. Multiplying a 6n® x ¢ matrix BU'N with a ¢ x 6n® matrix U ' B takes O(Tmat(n?, ¢, n%)) time.

So the total running time to compute BU'NU T B is O(Tmat (n, n%, ¢)+Tmat (n?, ¢, ¢)) = O(Tmat(n®, n, k))
(since ¢ = O(k) < O(n*) by Claim E.19), and k < 2n°.
Finally, subtracting BU'NU " B from B takes O(n?®) time since both matrices has size 6n® x 6n.
So in total computing B'™P € R6"**6n* takes time O(Tmat (k, n%, n%)+n??) = O(Tmat (k, n%, n%)).
O
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Claim E.21 (Part 3 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14), it
takes O(n) time to compute £™P « /WaPPr () — \/V f(g). And the computed vector €™ ¢ R™¥!
18 n®-sparse.

Proof. The O(n) running time follows trivially from the fact that /1¥2PPr and /V are n xn diagonal
matrices, and f(g) and f(g) are n x 1 vectors. We also have

1€ o = [V £(g) — VV £(g)llo = max{[|[VIWarPr — v/ Vo, | () — f(g)llo} < n”,
which follows from Part 1 and 4 of Fact E.17. O

Claim E.22 (Part 4 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14),
it takes O(n?®) time to compute 7™ < B™P . L, [By gnew] + B™P . L, [( Mgnew) ] - £42P.

Proof. The running time of computing ;™"

can be split into the following parts:
1. Multiplying a 6n¢ x 6n® matrix B™P with a 6n® x 1 vector £,[Bg gnew| takes O(n?®) time.

2. Multiplying a 6n® x n matrix £,[(Mguew) '] with a n%sparse n x 1 vector £'™P (Claim E.21)
takes O(n?) time.

3. Multiplying a 6n% x 6n® matrix B'™P with a 6n% x 1 vector L,[(Mgnew)]E"P takes O(n??)
time.

So in total computing 4™ takes O(n?®) time. O

Claim E.23 (Part 5 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14),
it takes O(kn®) time to compute

,thp — e+ (F + ar) \/W \/> —I—aFM \/>f \/Vf(g)) .

CLl a2

Proof. First note that the n x 1 vectors a; and az can both be computed in O(n) time. Also,

laallo = [(VIVPPF — V) £(@) lo < min{ ||V TWoPr — VT lo, [ @) lo} < F»

where the last step follows from Part 1 of Fact E.17. And

lasllo = V'V @) = VV £(9)llo = lIE]lo < n°,

where the last step follows from Part 5 of Fact E.17.
The running time of computing ~5™" can be split into the following parts:

1. Multiplying a n®-sparse n x n diagonal matrix (I' 4 0I') (Part 3 of Fact E.17) with a n x n
matrix M and then with a k-sparse n x 1 vector a; takes O(kn®) time.

2. Multiplying a E—sparse n x n diagonal matrix OI' (Part 2 of Fact E.17) with a n x n matrix
M and then with a n®-sparse n x 1 vector ag takes O(kn®) time.

So in total computing v5™ takes time O(kn®). O

Claim E.24 (Part 6 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14),
it takes O(Tmat(n' 100 n® k) time to compute

F"P  F 4 RT - (L [Mys\s] — Le[Msg/]) + ROT - L[ Mgnew].
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Proof. By sparsity guarantee(Part 7, 6 of Fact E.17), we have |0S| + || < |85] < k < 2n%. The
running time of computing F*™P can be split into the following parts:

1. Multiplying a n'to() x n matrix R with a n%sparse n x n diagonal matrix T and then with
a k-column-sparse n x 6n® matrix L.[Mag\s] — Lc[Mg] takes O(Tmat (0100 n® k) time.

2. Multiplying a n'T°(") x n matrix R with a E—sparsg n x n diagonal matrix JI' and then with
a n x 6n® matrix L.[Mgnew] takes O(Tmat(n' Tk, n®) time.

3. Adding two matrices RI'(Lc[Mpg\s] — Lc[Ms]), ROUL:[Mgnew] on the current stored matrix
F takes O(n'to)+2) time.

So in total computing F*™P takes O(Tmat(~n1+°(1), n, k) +ntto0+e) = O(Trar (n2 M) 0o k)) time
since O(nl+o(1)+a) < O(Tmat(nl+o(l)anaa k)) U

Claim E.25 (Part 7 of Lemma E.18). In the procedure PARTIALMATRIXUPDATE (Algorithm 14),
it takes O(Tmat(n,n% k)) time to compute

Etop E+ Btmp(ﬁr[(M6S\S)T] _ L‘r[(MS’)T]) — BU' (Cfl + UTBU/)—l UTE

N> N
Ny

Proof. By sparsity guarantee(Part 7, 6 of Fact E.17), we have [9S| < k < 2ne, S| < n® So
|SmeW | < ]S UAS| < |S] 4 |0S] < 3n®. The running time of computing F'™P can be split into the
following parts:

First we compute N; € R67“xn

1. We already compute the time of computing N in Claim E.20. It takes O(Tmpat(c, n%, n®)) time.
2. Multiplying a 6n x 6n® matrix B with a 6n® x ¢ matrix U’ takes O(Tmat(n%, n%, ¢)) time.
3. Multiplying a 6n® x ¢ matrix BU" with a ¢ X ¢ matrix N takes O(Tpat(n?, ¢, c)) time.

4. Multiplying a ¢ x 6n® matrix U with a 6n® x n matrix E takes O(Tmat(c,n% n)) time.

5. Multiplying a 6n® x ¢ matrix BU'N with a ¢ x n matrix U E takes time O(Tmat(n%, c,n)).

Next, we compute Ny € R X" Multiplying a 6n® x 6n matrix B'™P with a E—row—sparse
6n® x n matrix (L.[(Mas\s)"] — L,[(Mgr)]) takes O(Tmat(n®, k,n) time.
So in total computing E'™P takes time

O(Tmat (Ca na7 na) + Tmat(naa na7 C) + Tmat (naa c, C) + Tmat(cv naa n) + Tmat(na7 C, n))
= O(Tmat (n, 1% ¢)) = O(Tanat(n,n", %)),

where the first step follows since ¢ = O(k) < O(n®) by Claim E.19), and k < 2n°. O

Proof of Lemma E.18. Overall time. So in total the running time of procedure PARTIALMATRIX-
UPDATE (Algorithm 14) is

O(Ena + Tmat(ﬂlzz, n® n%) +n+ n%e + Tmat (1, na,%)) = O(Tmat(n,n%, E))
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E.5 Running time of VECTORUPDATE

The goal of this section is to prove Lemma E.27. We will use the following sparsity guarantees that
are proved in Lemma E.1.

Fact E.26 (Sparsity guarantees for VECTORUPDATE). When entering VECTORUPDATE (Algo-
rithm 15) we have the following sparsity guarantee (from Table 12 and Table 13):

1. [Tflo = V'V = VV]lo < ne, 2. | £ (hP7) = f(g)llo = p-

Lemma E.27 (Running time of VECTORUPDATE). The procedure VECTORUPDATE (Algorithm 15)
takes

1. O(pn* M) time to compute

BI™ = B+ QVV(F(h™P) = f(9)),  B5™ 4= Ba + MVV(f(h™) = f(g)),
2. O(n) time to compute
£ (VV = V) fner),

3. O(n?) time to compute

NP B LBy + B Ly[(Ms)T]- £,

4. O(n??) time to compute

P TM - £hmp,

Owverall, the running time of procedure VECTORUPDATE is
O(n2a +pn1+0(1))'

Claim E.28 (Part 1 of Lemma E.27). In the procedure VECTORUPDATE (Algorithm 15), it takes
O(pn'+°M) time to compute

BY™ = B+ QVV(F(R™) = f(9),  B3™ « B2+ MVV(F(h™™) - f(g).

Proof. We compute imp as follows.

1. Multiplying a n x n diagonal matrix vV with a p-sparse vector f(h®P*) — f(g) (Part 2 of
Fact E.26) takes O(p) time, and the resulting vector vV (f(h*PP") — f(g)) is also p-sparse.

2. Multiplying a n't°(1) xn matrix Q with a p-sparse vector v/V ( f (h?PP")— f(g)) takes O(pn!*o)
time.

So the total running time to compute }mp is O(pnite),
Following the same reason and note that M has size n X n, we can compute Bgmp in O(pn) <
O(pn'*+°)) time. O

Claim E.29 (Part 2 of Lemma E.27). In the procedure VECTORUPDATE (Algorithm 15), it takes
O(n) time to compute £™P < (ﬁ—ﬁ)f(happr). And the computed nx 1 vector €™P is n®-sparse.
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Proof. £'™P is computed by multiplying a n x n diagonal matrix (ﬁ — V) with a n x 1 vector
f(h?PPT) "and this takes O(n) time. We also have

lem®llo = (VT = V) £ (B o < min{ V'V = V], £ (B o} < n*,
where the last step follows from Part 1 of Fact E.26. O

Claim E.30 (Part 3 of Lemma E.27). In the procedure VECTORUPDATE (Algorithm 15), it takes
O(n**) time to compute 7™ < B - L, [ﬁ;rgp] + B L [(Mg)T] - &tmp,

p

Proof. The running time of computing ’y{m can be split into the following parts:

1. Multiplying a 6n% x 6n% matrix B with a 6n% x 1 vector £,[35'¢] takes O(n?®) time.

2. Multiplying a 6n® x n matrix £.[(Ms)'] with a n®sparse n x 1 vector £&"™P (Claim E.29)
takes O(n??) time.

3. Multiplying a 6n% x 6n® matrix B with a 6n® x 1 vector £,[(Mg)T]"P takes O(n??) time.
The total running time to compute v;™ is O(n?®). O

Claim E.31 (Part 4 of Lemma E.27). In the procedure VECTORUPDATE (Algorithm 15), it takes
O(n??) time to compute fy;mp « TM . ¢tmp,

Proof. We compute ’y;mp € R™ by multiplying a n®-sparse n X n diagonal matrix I' (Part 1 of
Fact E.26) with a n x n matrix M and then with a n®sparse n x 1 vector £"™P ((Claim E.29)),
which takes O(n??) time. O

Proof of Lemma E.27. Overall, the total running time to compute 'ﬁmp is O(ano(l) + n?) =
O(pn'+°M), since we always have p > n®. O

E.6 Running time of PARTIALVECTORUPDATE

The goal of this section is to prove Lemma E.33. We will use the following sparsity guarantees that
are proved in Lemma E.1.

Fact E.32 (Sparsity guarantees for PARTIALVECTORUPDATE). When entering PARTIALVEC-
TORUPDATE (Algorithm 16) we have the following sparsity guarantee (from Table 12 and Table 13):

1 [[Pflo < n?, 2. |[f(R*PPT) = f(g)llo = P < 2n.

Lemma E.33 (Running time of PARTIALVECTORUPDATE). In the procedure PARTIALVECTORUP-
DATE (in Algorithm 16) it takes

1. O(n) time to compute
& VS =V f(g),
2. O(n?* 4 pn®) time to compute

Yy B L [(Ms)T] - VT (F(RPP) — £(5)),
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3. O(pn®) time to compute
WP ey + TMVV (f(hP) — £(3)).

Owerall, the procedure PARTIALVECTORUPDATE takes O(n?® 4+ pn?) time.

Claim E.34 (Part 1 of Lemma E.33). In the procedure PARTIALVECTORUPDATE (Algorithm 16),
it takes O(n) time to compute £™P « ﬁf(happr) —VV{g).

Proof. £™P is computed by multiplying the n x n diagonal matrices \/‘T/ and vV with the n x 1
vectors f(h?PP') and f(g) respectively, and this takes O(n) time. O

Claim E.35 (Part 2 of Lemma E.33). In the procedure PARTIALVECTORUPDATE (Algorithm 16),
it takes O(n** + pn®) time to compute 7\ < 1 + B - L,[(Mg) '] - ﬁ(f(happr) - f(9)).

p

Proof. The running time of computing yim can be split into the following parts:

1. Multiplying a n x n diagonal matrix \/17 with a p-sparse n x 1 vector (f(h*PP") — f(g)) (Part 2
of Fact E.32) takes O(p) time, and the resulting vector &% (f(h*PPY) — f(g)) is also p-sparse.

2. Multiplying a 6n% x n matrix £.[(Ms)'] with a p-sparse n x 1 vector ﬁ(f(happr) - f(9)
takes O(pn®) time.

3. Multiplying a 6n® x 6n® matrix B with a 6n® x 1 vector £,[(Ms) ] ﬁ(f(happr) — f(9)) takes
O(n?®) time.

4. Adding two n x 1 vectors together takes O(n) time.

So in total the running time to compute 7™ is O(n2® + pn®). O

Claim E.36 (Part 3 of Lemma E.33). In the procedure PARTIALVECTORUPDATE (Algorithm 16),
it takes O(pn®) time to compute vy"> < o + FMﬁ(f(happr) — f(9)).

p

Proof. The running time of computing ’ygm can be split into the following parts:

1. Multiplying a n X n diagonal matrix \/I:/ with a p-sparse n x 1 vector (f(h*PP") — f(g)) (Part 2
of Fact E.32) takes O(p) time, and the resulting vector &% (f(h*PPT) — f(g)) is also p-sparse.

2. Multiplying a n%sparse n x n diagonal matrix I (Part 1 of Fact E.32) with a n X n matrix
M and then with a p-sparse n x 1 vector ﬁ(f(happr) — f(9)) takes O(pn®) time.

3. Adding two n x 1 vectors together takes O(n) time.
So in total the running time to compute ygmp is O(pn?). O

Proof of Lemma E.33. Overall, the running time of PARTIALVECTORUPDATE (Algorithm 16) is
O(n** + pn?). O

91



E.7 Running time of INITIALIZE

The goal of this section is to prove Lemma E.37.

Lemma E.37 (Running time of INITIALIZE). The procedure INITIALIZE (in Algorithm 5) takes
O(n@teM)) time.

Proof. The bottleneck in INITIALIZE is to compute M = AT(AVAT)™'A and Q = RVV M. Other
operations take at most O(n>+°(1)) time.

Computing M involves matrix multiplication of two n X n matrix, and inversion of a n x n
matrix. Both of them can be done in O(n*+°M) time.

Computing Q involves matrix multiplication of ntto()
can be done in O(n® o)) time.

Therefore, the total running time is O(n< o). O

X n matrix with a n x n matrix. This

F Data structure : amortized time

In this section we provide an amortized analysis of the four procedures MATRIXUPDATE, PARTIAL-
MATRIXUPDATE, VECTORUPDATE, and PARTIALVECTORUPDATE. Our amortized analysis builds
upon the amortized analysis of [CLS19].

F.1 Definitions and Preliminaries

Our algorithm makes T calls to the procedure UPDATEQUERY. For clarity, we define some notations
with superscripts that represent the number of iterations. For the input diagonal matrix W and its
approximations V and V', we define the following notations:
Definition F.1 (Definitions of sequences {w(j)};‘rzo, {v0) ;"F:o and {30 ;‘-F:O). When initializing,
we use v and 9O to denote the initial values of the data structure members v and v. Note that
(0 = 5(0) — 4,(0)

In the j-th iteration, we use w9t to denote the input w™™ of UPDATEQUERY. Since the
procedure UPDATE might update both v and ¥, we use vUTY) and 3UTY to denote the new values of
v and v respectively.

We define similar notations for the input query vector h and its approximations g and g:

Definition F.2 (Definitions of sequences {h(j)}JTZO, {gV) jT:o and {"g(j)}JTZO)_ When initializing,

we use g0 and GO to denote the initial values of the data structure members g and §. Note that

g =30 = p0),

In the j-th iteration, we use hUtY) to denote the input h™Y of UPDATEQUERY. Since the
procedure UPDATE might update both g and §, we use gUTY and gUY to denote the new values of
g and g respectively.

The following four notations will be helpful to prove the amortized cost of the procedures:
Definition F.3 (Definition of k, E, p, and p). In the j-th iteration, we define the following notations:
1. kj and %j denote outputs k and k of UPDATEV on Line / of UPDATEQUERY (Algorithm 8).

2. p;j and p; denote outputs p and p of UPDATEG on Line 5 of UPDATEQUERY (Algorithm 8),
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We also define a function 1 that approximates absolute function |z| around 0. It will be used
to define the potential functions for amortized analysis.

Definition F.4 (Definition of ¢ function). Let emy, € (0,1/10). Let ¢ : R — R be defined by

1=*

2€mp |1‘| € [Ovemp]3
V(@) = § emp — FE o € (enps 26mp);
€mp> |z| € (2€mp, +00).

We also make the following assumption about the values of ey, and ey,

Assumption F.5. The error parameters satisfy 0 < emp < 1/10 and 0 < €gay < mg‘}‘iggn.

F.2 Facts based on ADJUST and two level of SOFTTHRESHOLD

The following facts are direct results from the algorithms, and they are proved solely based on the
algorithms. They will be useful when proving the lemmas of amortized running time.

Fact F.6 (Characterization of k (Lme 4), o"™P (Line 4), 2"*% (Line 5) of UPDATEV). In the j-th
iteration, Vi € [n], let y; = \wZ(]Jrl /Ui —1|. Let 7 : [n] — [n] be the sorting such that yr(iy > Yr(it1)-
We have the following guarantees from the description of procedures SOFTTHRESHOLD (Algorithm 7)
and ADJUST (Algorithm 6).

L {i € [n] s (I /59 — 1) > enp/2} C w([K])
9 ~tmp — {ng‘i‘l)? ifie W([%Da

.U, 4
! 79 otherwise.

v, if i € w([k]) and w(ﬁl) € [(1 — €gar)v
3. = Ut i e n([E]) bu w(jH) ¢ [(1 — €gar)v
v, otherwise.

4.9 ¢ w([k]), [l /o — 1] < .

@/‘\

) (1+6far) »L(J)]a
0,1+ el

@/‘\

Proof. Part 1 and 2. In Line 4 in Procedure UPDATEV (Algorithm 9), we create v"™P, k by calling
procedure SOFTTHRESHOLD(y; < @/}(wl(-ﬁl)/@(j) —1),wl+D 30 ey /2, n%).

From the initial assignment of k on Line 5 of SOFTTHRESHOLD(Algorithm 7), and the fact that
the repeat-loop (Line 7 to 9) only increases k, we know that for any i such that y; = ((w*V —
5)/) > enp/2, 1 € m([E]).

By how we calculate 0"™P in SOFTTHRESHOLD (Line 11 of Algorithm 7), Part 2 follows directly.
Part 3. We get 9"V by calling procedure ADJUST (M“mp 7)) Efar) (Line 5 in Procedure Up-
DATEV, Algorithm 9). By Part 2 and the rule of how we calculate vV (see Line 5 to 8 in Proce-
dure ADJUST(Algorithm 6)):

~t
T ¢ g

if ’ﬁ?mp # i%j and vtmp e[(1- Gfa_r)’l)l(j), (1+ Efar)’l)l(j)] then
()

/VHEWF’U

It is easy to see that for i ¢ w([k]), O™

(J+1)

€ [(1—€gar) 1( 7) s (14-€gar)v; U )] then v}*V is adjusted to be U(j) otherwise 7P = o;"™P =

Y

_ U(J) so TRV = ’qjtmp = 'q}l(j). And for i € Tr([k]
(G+1)
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Part 4. From Part 3, v]°" has three possible values. If v]°% = ngﬂ), we have ]ngﬂ)/ﬁ?ewfﬂ =0.
If o = fugj), we have wgﬁ ) € [(1 — €far) Z( ), 1+ efar)vl(])]. So \wgﬁl)/'ﬁ;‘ew — 1| < €far < €mp
(Assumption F.5).
If oV = ’U(]) we have i ¢ m([k]), then by Part 1 we know that t(w (]H)/v( 7 —1) < emp/2. By

)

deﬁmtlon of 9 functlon (Definition F.4), if ¢(z) < emp/2, we have |z| < enp. O
Fact F.7 (Characterization of k (Line 7), vV (Line 7) of UPDATEV). In the j-th iteration,
Vi € [n], let y; = w(wl(ﬁl)/vf]) - 1)+ ¢(w§j+1)/@m —1). Let m : [n] — [n] be the sorting
such that yriy > Yriv1)- We have the following guarantees from the description of procedure
SOFTTHRESHOLD (Algorithm 7).

1€ Il s (@ ol = 1) + 9 Y < 1) > &,/ (326mp) | S 7([K)

5. phew {@”W if i € m([k]);

i ()
Ui s

otherwise.
3.%i ¢ w([K]), [ /o2 1] < emp.

Proof. Part 1 and 2. From Line 7 of UPDATEV (Algorithm 9) vV € R™ is the output of

2

SOFTTHRESHOLD(y; + ¥ (w ]H)/ U) 1) 4 p(w ]H)/HZ@ —1),wU*D ), 3;&7#)'
€mp

The statements then follow from a similar proof as that of Part 1 and 2 of Fact F.6.
Part 3. From Part 2, v]'°" has two possible values. If v}V = wZ(JJrl), we have |w§]+1)/v?ew —1]=0.

If vV = i(J), we have ¢ ¢ w([k]), then by Part 1 we know that 1/1(w§j+1)/vi(j) —-1) <
€2 /(32€mp) < €mp/2 (Assumption F.5). Then ]wgﬁl)/vg]) — 1] < €mp by Definition F.4. O
Fact F.8 (v is far away from v). For any j € {0,...,T}, for any i € [n], either vl(j) = i?,fj), or

5 109 1] > e

Proof. We prove it by induction. When initializing, we set v(®) = 50 (Line 14 of INITIALIZE,
Algorithm 5), so the statement is true when j = 0.

In later iterations, v and ¥ can only be modified by procedure UPDATEV. And in UPDATEV
(Algorithm 9), the if branch on Line 6 ensures that we can enter at most one of MATRIXUPDATE
or PARTIALMATREXUPDATE. Now we analyze iteration j by looking into these two cases.

Case 1. When we enter Procedure MATRIXUPDATE, we always set v <— v™" and v < vV (Line 13
of Algorithm 13). So vU+1) = 3U+Y and the statement holds in this case.

Case 2. When we enter Procedure PARTIALMATREXUPDATE, we know we did not enter Proce-
dure MATRIXUPDATE due to the else-if branch, and we do not modify v in PARTIALMATREXUP-
DATE, so v does not change, i.e., vt = (),

And for ¥, we set 29U+ < 7% (Line 16 in Algorithm 14), where 7"V is defined on Line 5 of
Procedure UPDATEV (Algorithm 9). By Part 3 of Fact F.6 we have

| v, if i € w([k]) and wZ ™ € [(1 = )0, (1 + egar)v);
U ey = LU i i e (k) but w§J+” ¢ [(1— ear)v?, (1 + egar)v);
Z(j ) , otherwise.
In the first case, we have v(j ) _ vi(j ) = Ui(j H), and the lemma statement holds.

94



In the second case, we have |v(]+1)/v§j+1) —1] = |w§j+1)/v§j) —1| > €far, and the lemma statement

is also true.
In the third case we have U = (). The lemma statement is true by induction hypothesis. [

The following corollary follows from the above fact and triangle inequality:
Corollary F.9. For any j € {0,...,T} and any i € [n], if vz(j) # ﬁz(j), then VYx € R, we have
_ 0

E |+ | > /2.
vi]) @(J)
Proof. Since vi(j ) #* 5§j ), from Fact F.8, we have
B 09 1] > €. (47)

We consider the following two cases depend on the value of ]@(‘j ) / ’UZQ ) |:

Case 1, |v / G) | <1: We have
S N ) T NP N
il i = g 2+ P 2| 1215

2 ’L K2 K2

| > €far-

where the second step follows from the assumption of Case 1 that ]N(] / z(j )] < 1, the third step
follows from triangle inequality, and the fourth step follows from Eq. (47).

Case 2, |5£j)/vl(j)| > 1: We have

o =0 @D — o)) G = o) /) s
T e 2 0 0.0 L 2 [ 2 Car/2
v; [o;" v | (07 —v) Jv [ +1 Cfar +

7

where the second step follows from triangle inequality, the third step follows from Eq. (47) and the

fact that function % is monotonically increasing, and the last step follows from eg,, < 1.

Then similar as Case 1 we have
Tz @(J’) r— Uij) r— 51(1') r— Uz(j) (J) r— v(]) Tz U(J) ~(J) ()

[ v
| 5§j) | + | i i 62(j) | ])| = | | + | 52(]-) | = | lj) ‘ > 6far/2'

Fact F.10 (Lower bound on kj). In the j-th iteration, we have that either kj =0, or k; > n®.

Proof. Recall that k; is the second returned value by UPDATEV on Line 4 of UPDATEQUERY
(Algorithm 8). If in UPDATEV (Algorithm 9) we do not enter the if-branch on Line 6, then by the
return clauses on Line 19 and Line 22, we have that k; = 0.
Now we only need to prove that when we enter the if-branch on Line 6 of UPDATEV (Algo-
rithm 9), the returned value k; = k > n®. When the if-clause on Line 6 is true, we have
| supp(T**™ — 01| > n?, (48)

where 0"V is defined on Line 5. Vi € [n], let y; = w(ngﬂ)/vl(j) — 1) + ¢(w; G+ /v —1). Let
7 : [n] — [n] be the sorting such that y, ) > yr(i4+1). From Part 1 of Fact F.7, we have

{iem:v@™/? 1)+ 9@ /i 1) 2 &,/ (32emp) f SR (49)
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Now it suffices to prove
supp(" —v0)) € {i: (I o = 1) + 9@ 5 < 1) = e/ (82emp) . (50)
because then we would have

By =k = IR = {7 0P ol = 1)+ @I /50— 1) 2 e/ (32emp) ||
> |supp(T*™ — o)) > n?,

where the first step follows from the definition of k;, the third step follows from Eq. (49), the fourth
step follows from Eq. (50), and the fifth step follows from Eq. (48).
Now it remains to prove Eq. (50). We first prove that

supp(** = v@) € {3+ w0 = 1] + [0 50— 1] > erar/2}

Using Part 3 of Fact F 6 we know that vV can be vl(j), ngH) or ’U( ) So for any i € supp(v"®V —

v9), since TPV #£ 7)7; , we know that v;'°" is either 39 or wZ(] 1)

; . We consider these two cases:

1. oV = ”ﬁgﬁ =+ vz-j . Using Corollary F.9, and plugging in = <« ngﬂ)

D /o 1+ w5 1] > /2

we directly have that

2. vV = w(jH) # v(j . By Part 3 of Fact F.6 we have wl(jJrl) ¢ [(1 — €gar)v; G) ,(1+ Efar)’l}i(j)],
which then gives us |w(3+1)/v§j) — 1] > €far > €gar/2.

Thus we always have that Vi € supp(™®" — v\9)), \ngﬂ)/ ) 1)+ lw; ) /N(J — 1| > €gar/2. So
at least one of the following is true:

W o <1 2 e/t or w3~ 1 2 e /4.
Without loss of generality, assume ]w(] +1) / Ul(j ) 1| > “=. We have

(w9 1) 4PV a0 1) > T oD < 1) > Per/4) = €/ (32emp).

where the first two steps follow from 1 is non-negative and non-decreasing, and the third step follows
from 1 (€ar/4) = €2, _/(32€mp) (see Definition F.4 of ). Thus this proves Eq. (50). O

Fact F.11 (Lower bound on %J) In the j-th iteration, we have that either %j =0, or Ej > nt,

Proof. Recall that %j is the third returned value by UPDATEV on Line 4 of UPDATEQUERY (Algo-
rithm 8). If in UPDATEV (Algorithm 9) we do not enter the else-if branch on Line 14, then by the
return clauses on Line 12 and Line 22, we have that E =0.

Now we only need to prove that when we enter the else-if branch on Line 14 of UPDATEV
(Algorithm 9), the returned value k: = k > n® When the if-clause on Line 14 is true, we have

| supp (3" — 79))| > n,
From Part 3 of Fact F.6, we have | supp(7™®" — 5())| C m([k]). Therefore,

kj =k > |supp(@*®V — W) > nf.
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Fact F.12 (Characterization of MATRIXUPDATE). Assume Assumption F.5 is true. In the j-th
iteration, Vi € [n], let y; = w(ngﬂ)/vg]) —-1)+ 1/J(w§]+l)/5£j) —1). Let 7 : [n] — [n] be the sorting
such that Yry > Yr(iv1)- If kj > 0, we have the following:

1. kj satisfies that either kj = n or yr(;) < (1 — 1/logn) “Yr(k;/1.5)-
2. Yr(hy) = €tar/ (3200€mp).

3. After the procedure MATRIXUPDATE,

~(+1) _ G+ _ ) (G+1) ; .
{U@'(i)n T I
Ur) = VUn(i) = Vn() = Un(ey VP> Ky

4. The running time of MATRIXUPDATE in the jth iteration is Tmat(k:j,nHO(l), n).

Proof. Part 1 and Part 2. Note that as long as k; > 0, k; is the £ computed in Line 7 in

Procedure UPDATEV (Algorithm 9). By Fact F.10 and k; # 0, we have k; > n®. Therefore, when

calculating k using one call of SOFTTHRESHOLD (Line 7 in Algorithm 9), we must have entered

the repeat-until branch (Line 7 to 9 in Algorithm 7). So k; must satisfy the end condition of the

repeat-loop that either k; =n or yr(r,) < (1 —1/logn) - yrm;/1.5)- This finishes the proof of Part 1.
Further, let k* denote the largest index such that y, ) > €2 /(32€mp). We have

2 2

L * € €
Un(ky) 2 (1= 1/logn)8rsfimloBra kg oy > (1—1/logn)'8rs™ - 322;, = 32oga;mp’

where the first step follows from the repeat-loop (Line 8 in Algorithm 7), the second step follows
from log, 5 k;j —log; 5 k* <logy 51 and yr(k+) > €,/ (32€mp), and the last step follows from the fact
that for n >4, (1 — 1/logn)'81.5™ > 1/100. This finishes the proof of Part 2.
Part 3. From Line 13 of MATRIXUPDATE (Algorithm 13) we have that vU+1) = gU+1) = gnew,
Using Part 2 of Fact F.7, we have that
w0t g

{”2@) = wps Vi <y (51)
_ ) ~

v;“(’g = Uﬂ,j(i), Vi > kj,

so we have

[ =t =g s
~(j+1) G+1) _ () : A

Uniiy = Vrti) | = V(i) Vi > kj.

Note that by Part 1, either kj = n or yr4,;) < (1—1/logn) - yrx,/1.5)- If kj =n, there is no i > kj,
so the proof is already finished.

Otherwise, for any 7 > k;, we prove that v(()) = v(]()) by contradiction. If v )) % v ), using

Corollary F.9 and plugging in = < w(](Jr)l) we have ]wwj(;r) / vw(i) -1+ ]wﬂj(;r)l / vw()l.) — 1] > €far/2,

so at least one of the following is true:

|w(3+1 /Un(z — 1] > €ar/4 or \wfrj(;r)l)/ﬁg()i) — 1| > €gar /4.

Thus we have
ny = V(8D o8~ 1) 4 (8D B0~ 1) > letar/4) = i/ (32emp).
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where the first two steps follow from 1 is non-negative and non-decreasing, and the third step follows
from t(€gar/4) = €2_/(32€mp) (see Definition F.4 of 9)).

Then we have yr4,) = Yn@) = e?ar /(32€mp) since y is decreasingly sorted according to 7 and
i > kj. But from the initial assignment of k; on Line 5 of SOFTTHRESHOLD(Algorithm 7), and
that k; can only strictly increase afterwards, we have that yr;;) < € ./(32€mp). This leads to

contradiction. Thus we have 7% :rl) vfr]'(j)l) = vfrj()i) = )) Vi > kj.
Part 4. This directly follows frorn Lemma FE.12 which proves the running time of MATRIXUPDATE
per call. O

Fact F.13 (Characterization of PARTIALMATRIXUPDATE). Assume Assumption F.5 is true. In
the j-th iteration, Vi € [n], let y; = q/;(wZ(JJrl)/@(J) —1). Let w: [n] — [n] be the sorting such that
Yr(i) = Yn(i+1)- If kj > 0, we have the following:

1. kj satisfies that either k; = n or Yr(iy) < (1—-1/logn) Yr(i/15)"
2. Yr(iey) > €mp/100.
~(+1)
(2

3. After the procedure PARTIALMATRIXUPDATE, Vi € W([Ej]), v satisfies

Q]Z)(wz(j“)/’ﬁgjﬂ) —1) < €mp/(20010g n), (52)
and Vi ¢ 71'([%]-]), ’6§j+1) (J) Also, Vi € [n], v (JH) = Ul(j)-
4. The running time of PARTIALMATRIXUPDATE in the j-th iteration is Tmat(%j,na7 n®).

Proof. Part 1 and 2. Note that as long as Ej > 0, Ej is the k computed in Line 4 in Procedure Up-
DATEV (Algorithm 9). By Fact F.11, we have k > n So by a similar argument as that of the
proof Part 1 and 2 of Fact F.12, we can prove Part 1 and 2 of this fact.
Part 3. Because we do not modify v in PARTIALMATRIXUPDATE, so Vi € [n], UZ(J—H) = vi(J).

In procedure PARTIALMATRIXUPDATE, we set 00U+ « 3% (Line 16 of Algorithm 14), where
"V is created by one call to SOFTTHRESHOLD (Line 4 in UPDATEV, Algorithm 8). By Part 3 of
Fact F.6, we have

v, if i € w([k]) and w7 ™ € [(1 = ear)o, (1 + egar)v));
0V ngﬂ), if 1 € 77([%]) but w, (7+1) ¢ [(1 — €gar) Z(j) (1 + €far) Z(])],
@Q ) , otherwise.

For i ¢ ([% ] ~(j+1) ~(J)

), U
Fori € w([k D), if o J+ ) pnew — Z( 7+ , Eq. (52) is trivially true since 9 (w, D) /NOH) 1)=0.
D spew _ o) g w(a+ Ve [(1 = eqar)v?, (1 + egar)v?], we have:

Otherwise v( 0] ;

(AT 1) = I 0D~ 1) < Plegar) = ) (2emp) < (Emp/(200l0g 1)),

where the last step is by €far < €mp/(100logn) (Assumption F.5).

Part 4. This directly follows from Lemma E.18 which proves the running time of PARTIALMA-
TRIXUPDATE per call. O

Corollary F.14. Assume Assumption F.5 is true. In the j-th iteration, zf we enter PARTIALMA-
TRIXUPDATE, we must have Yi € [n], ¢ (w; J+1)/~ i+1) —1) <Y(w; 1) /~ —1).
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Proof. If we enter PARTIALMATRIXUPDATE, we must have Ej > 0. By Part 2,3 of Fact F.13, there
is some permutation 7 such that Vi € 7([k;]),

G(wI™ /5 —1) > €0p/100 and  p(wl T /G — 1) < enp/(200log n) < €mnp,/100.

And also by Part 3 of Fact F.13, Vi ¢ ([%]]), '17£j+1) = ng). Therefore, Vi ¢ ﬂ([%j]), we have that
Pl A - 1) =yl /a0 1), O

F.3 Amortized analysis for MATRIXUPDATE
F.3.1 Definitions

Definition F.15 (z and y for MATRIXUPDATE). For any j € {0,1,...,T —1}, and for any i € [n],
(4) (4)

we define ;7 and y;”" as follows:

2= o = 1)+ @@ 5D - 1), P = @ o 1) gl P 1),
where v9), ) and w0 are defined as of Definition F.1.

Note that the difference between x( ) and y( 2

difference between y( D and J:EJ—H) is that v and ¥ changes from v, 50 to U+ Fl+1),
For convenience, we define permutations of the coordinates that are sorted according to x or y.

is that w changes from w@) to w@+1). The

1

Definition F.16 (Sorting permutations for MATRIXUPDATE). For any j € {0,1,...,T}, let 7; be
the permutation such that x(])( ) > x(])(zﬂ), and let 7; be the permutation such that y( )(z) > y( )(H-l)
Tj
When it is clear from the context that we are only arguing about the j-th iteration, for szmplzczty

we assume the coordinates of vector 1) € R™ are sorted such that x(]) > x(i) And we use T and

(+1) (j+1) ©) (J)
7w to denote the permutations such that T20) > T2 i41) and yﬂ(l) 2 Yrit1)"

Definition F.17 (g for MATRIXUPDATE). For some a < «, where « is the dual exponent of matriz
multiplication, we define g € R™ as follows:

n=%, if 4 < n%
gi = ‘w—2_1 _a(w=2)

it=e " .p” 1ma o if i€ (n%n)].

w=2 _a(w=2)
Note that g is non-increasing. For all k; € (n%, n], (k; - gk].n2) = k:jl’“ .n?"1e is an upper

bound of the running time Tmat(n,n, k;j) of multiplying a n x n matrix with a n x k; matrix. For
more details please refer to [GU1S|.

Definition F.18 (Potential function ® for MATRIXUPDATE). We define the potential function in
the j-th iteration as

(I) = Zgz ‘(ri)z)

Note that we always have ®; > 0 since Vi, g; and :ng ) are both non-negative.
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F.3.2 Main result

Lemma F.19 (Amortized time for MATRIXUPDATE). Let sequences {w'7) }T qv j)}T {aU }T

be defined as of Definition F.1, let k; be defined as of Definition F.3, and let {xU }T 0 1y J)} 0
g, ®© be defined as of Definition F.15, F.17 and F.18. If we further have the condztzon that the mput
sequence satisfies the following: Vj € {0,...,T — 1}

STEI V)l —1)2 <02 STE[wI T wf —1)? [w@)? <02, [wlTY fwl? —1] <1/4.

=1 i=1

Then, we have that in expectation

1S by, = 0((C2 4 C2) logn- gla).

j=1 far far

Further, combining with Lemma FE.12, the expected amortized runmning time per iteration of
MATRIXUPDATE 15

Ciém C —a o
oG+ G )

Proof. First note that in the j-th iteration, the value of the potential ®; depends on w®, v and
U, And the value of v\9) and 7 are affected by both MATRIXUPDATE and PARTIALMATRIX-
UpPDATE. We upper bound how much the potential function can increase due to changing w) to
wUtD in Section F.3.3, and we also lower bound how much the potential function can decrease
because of changing v to vUTY and 51 to FUHY in Section F.3.4.

In the beginning v(® = 7(® = 1w s0 &y = 0. Also note that ®; >0,Vj € [T]. Thus we have

T—1 T—1 n
0 < E[br] - ®g = > E[d;1— 0= 3> gi-E o) — ]
=0 =0 i=1
-3 (St ]S sl o))
Jj=0 i=1 —-
T-1
< > (O(C1 + Cofemp) - ligllz = @ (R - s - ghy / (emplog ) )
7=0
T
= T-O(C1 + Ca/emp)llglla = Y Q (6far - k5 - gk /(€mp logn)) ,
j=1

where the second step follows from splitting terms and the fact that &g is deterministic, the third
step follows from the definition of ® (Definition F.18), the fourth step follows from splitting terms,
the fifth step follows from Lemma F.20 which states that Yw(), 0@ 30) we have

>0 E [y — o | 0,00, 50] < 0(C1+ Caofemp) - lgll

then this upper bound also holds for unconditional expectation, the fifth step also follows from

Lemma F.24 which states that > " | g; - (y(]()) - xij(:r)l)) > Q(ef, - k5 - g,/ (emplogn)).
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Therefore, we have

kaggk < oS 4 2y togn- lgl).

far far

Using Lemma E.12, we have that the expected amortized running time per iteration of MA-
TRIXUPDATE is

1 T n T Cie 02
7 2 T 1) < 7 D =0((Z5™2 + 52) - n*logn - lgll )
]:1 T j=1 6far far
Ciem C _ _
:O<( 126 p+T2)‘("2 a/2 4w 1/2)10gn),
Efar Efar

where the first step follows from the definition of g which gives that Tat(n,n, k;) < anj gk, and
the third step follows from Lemma F.25 that [|g||2 = O(n~%2 4+ n@=5/2). O
F.3.3 w move

The goal of this section is to prove Lemma F.20.

Lemma F.20 (w move). In the j-th iteration, for any possible values w9, 00 and U, we have
> g E [yjj&.) — ‘ w), UU'),%U)] < O(C1 + Ca/emp)lgll2- (53)

Proof. For simplicity, in this proof we write E[] as a shorthand of E[-|w(), (), 5(7)].
Observe that since the non-negative values acg] )
non-increasing, we have

are sorted in descending order, and g is also

n n
gy < 3 il (54)
i=1 i=1
We then have
n
j) (]) j) (])
Zgl Tr()_z SZ: Tr()_ 71-()]
= Egi-E[w J+1 /vﬁ() 1) 4+ (w (J+1)/U 7) _1)]_2%.1@[ ﬂ(z /“ff()z 1)+ ( W(Z /“7(3& 1)
= ;91‘ «E[w(wgrj(z‘)l)/vfrj()i) —1)— ( (J) /U(J) —1)] +Zlgi CEf( (J+1)/v7(rj()Z 1) — d(w 7(3()1/ 7(3()1 )

where the first step follows from Eq.(54), the second step follows from the definitions of () and
y\9) (Definition F.15).

Now >, gi - Ely 7(3()2) - xgj)] < O(C1 + Cy/emp)|lgll2 directly follows from Lemma F.21 and
Lemma F.22. O

It remains to prove the following two lemmas.
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Lemma F.21. Under Assumption F.5, in the j-th iteration, for any w00 and U we have

S g Bl o — 1) =l ol 1) | w0059 = O(Cr + Co/emp) - llg]la-
=1

Proof. For simplicity, in this proof we write E[-] as a shorthand of E[-|w@), v() 0], And we also
define x and y as

yi:wl(jﬂ)/vl(j)—l, x5 —w])/’u(]) (55)

and they are only used in this proof. Then the lemma statement becomes

Zgz Yr(i)) — V(@r(i))] = O(C1 + C2/emp) - [|g]l2-

Let I be the set of indices such that |z;| < 1. We separate the term into two:

> 0 Bl (yn) — 0(@n@)] = Y gr10y - Bl () — (@)l + Y gr1s) - Bl (i) — ()
=1

iel iclc

Case 1: Terms from I. Mean value theorem shows that for any y;, there exist ¢ such that

V) — () = ¥ (@) — ) + 59O — 1)

(j+1) () (+1) ()
1oy Wi —wy Ly w; — Wi 2

where the second step follows from plugging in the definition of z; and y; in Eq. (55), and letting
Ly = max, " (). Taking conditional expectation (over w(), v and 7)) on both sides, we get

G+1) J ' '
E[(yi) — (i) < @' () - Bl U(}) + [é( (i)) E[(wd ™ — w)?)

(4) (9)\2
ooy Wi o g(wz)

where f3; and ; are defined as 8; = E[w (J+1)]/w§j) -1,y = E[(ngﬂ)/ng) —1)2.

This then gives us

w9 (w(j))z
> 9n) B () — 0@l £ 3 g1 (1) g]) Bit D gn10) Gy i (56)
el el vy el (Uz )
For the term w(j)/ G) , we note that for ¢ € I, we have
o @) = Jzi 1] < il +1< 2, (57)

where the first step follows the definition of x; in Eq. (55), the second step follows from triangle
inequality, and the third step follows from |z;| <1 for i € I.
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Using this, we can bound the first term of Eq. (56) by
7) )

? , ( 12
w@') Pi< (Z (gr-105) - ¥/ (i) - %)2 : ZB?)

> ey - ¥ (i) -

i€l Y i€l Ui( i€l
< (Z(2L1 Gr1()” 251‘2)1/2
el el
<owy- (Ya-a)" = ociigly.  6y)
=1

where L1 = max, |¢'(x)]|, the first step follows by Cauchy-Schwarz inequality, and the second step
follows by | (x;)| < L1 and \wl(])/vgj)] < 2 by Eq.(57), and the third step follows from > I, 32 < C?
from the lemma statement of Lemma F.19.

For the second term of Eq. (56), we have

‘LQ (U}
Zgwfl(i) "o

iel (v;

(j))Q

n
e Y S O(L2) - Y ga13y - % < O(L2) - llgll2 - [7]l2 = O(CaLallgll2), (59)
i=1
where the first step follows from \ng )/ 1)1(] )\ < 2 by Eq.(57), the second step follows from Cauchy-
Schwarz inequality, and the third step follows from ;" ; %-2 < C? from the lemma statement of
Lemma F.19.
Now, plugging the bound of Eq. (58) and Eq. (59) into Eq. (56) and using that L; = O(1),
Ly = O(1/€émp) (from Part 4 of Lemma F.37), we have that

Y 91y Elb (i) — $(@i)] < O(C1 + Ca/emp) - gl

el

Case 2: Terms from I¢. For all i € I, we have |z;| > 1. Note that ¢ (x) is a constant for
x > 2€mp, and from Assumption F.5 we assume that e, < 1/4. Therefore, if |y;] > 1/2, we have
that ¢ (y;) — ¥ (z;) = 0. Hence, we only need to consider the i € I¢ such that |y;| < 1/2. For these
i, we have that

lyi — xil > |oi| — |yi| > 1/2, (60)

where the first step follows by triangle inequality, and the second step follows from the assumptions
|x;| > 1 and |y;| < 1/2. We also have

G+ _ wﬁ”))/vf)’ _ wgm/vgﬂ] , ‘(wz@“) _ wz(”)/w?“)’ <3 ’1 - wgn/wgm)‘ . (61)

lys — x| = ‘(w

where the first step follows from the definition of y; and z; in Eq. (55), the third step follows from
il = (w9t /uD 1] < 1/2 and thus w07 < 3/2.

Combining Eq. (60) and Eq. (61), we have that \l—ng)/w§j+1)| > 1/3 and hence |w§j)/w§j+1)| <
2/3 or \ng)/wz(jﬂ)] > 4/3, which then gives us \wgﬁl)/wz(j) — 1] > 1/4, but this contradicts with
the lemma statement of Lemma F.19, so |y;| < 1/2 is impossible.

Hence, we have

> 010 - Elbyi) — d(ai)] = .

i€l¢

Combining both cases, we have the result. O
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Lemma F.22. In the j-th iteration, for any w9, v\9), and 79 we have
0B [o(@U0 /A9 1) — v /59— 1) | w0 50] = O(Ch + Cofem) - gl

Proof. The proof of this lemma is exactly the same as that of Lemma F.21, just replace all v with
v in the proof of Lemma F.21. O

Note that in the proof of Lemma F.21 we do not have any requirement on v, so in fact we have
the following more generalized lemma.

Lemma F.23 (Generalized “w move” lemma). Let {w J)} _o be a random sequence that satisfies
vje {0,.,T -1},

n , , , 2 n , , N2 : ,
> (Bl Pl 1) <, 37 (Bl ~ 02 | w@]) < 03, w0l 1 <174
i=1 i=1

Let {v(j)}};o be another random sequence such that ¥j € [T], v9) only depends on w9 and

v Let o be defined as of Definition F.4, where the parameter emp < 1/4. Let g € R™ be
a sequence that is non-increasing, i.e., g1 > g2 > -+ > gn. Let mj : [n] = [n] be the sorting

(+1) 1
WIS )~ 1) > w1 | |
Then Vj € {0,...,T — 1}, in the j-th iteration, for any w9 and v we have

>0 B [wtwl () ol = 1) vl /ey = 1) | w00 = 0+ Cofem) -l

F.3.4 v,v move

The goal of this section is to prove Lemma F.24.

Lemma F.24 (v,v move). In the j-th iteration, we have,

2
. ]+1) > €far k] : gkj
Zgz L (i) )_Q( €mp logn )7
in which 7,7 : [n] — [n] are permutations such that yg&) > yT(r]()l 1) and x(Tj(;r)l) > a:(T](ZLli)

Proof. Case 1, k; = 0. When k; = 0, we didn’t enter the MATRIXUPDATE procedure, so Ut =
v, If we further enter the PARTIALMATRIXUPDATE procedure and change U, we have that Vi € [n],

R (e DR (U

K3 K3

where the first step follows by the definition of :1:(] 1 and yi(j ) (Definition F.15) and the fact that
v do not change, and the last step follows by Corollary F.14.
Thus yl-(J ) > xgj H), Vi € [n]. Since g; and y(J().) are both non-increasing, we have

Zgz Ve — o) 2 D0 el — o) 2 0= ek by gy e log ),
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where the last step follows by k; = 0.
Case 2, k; # 0. When k; # 0, we must have entered MATRIXUPDATE, and by Fact F.10, we must

have k; > n®. By Part 3 of Fact F.12, the difference between 20U+ and y9) is that in coordinates
(+1) . ()

i € m([kj]), 2 s cleared to 0, and in other coordinates x,

Zgi : (yfrj( TJ(ZH Z i~ wj( - yw()z-i-k )- (62)
=1

is the same with 3,”’. So we have

Note that when the subscripts are out of range, we define y(]()n sy == yfrj()n k) = 0.
Part 2 of Fact F.12 shows that
Yy > G/ (32006mp). (63)
Part 1 of Fact F.12 shows that either k; = n or yfrj()k_) < (1-1/logn)y (()k: /15) If kj = n, we let
J

L = kj = n, otherwise we let L = k;/1.5. The L we choose always satisfied that for all i € [L],

Yoty ~ Yliony) Z Yty ~ Yrlreny 2 e/ (3200mp logn), (64

where the first step follows by y(]().) is non-increasing, the second step is true because:

1. In the case of k; = n, we have y( () L= yT(r()k )2 3206&; by Eq. (63) and yfrj()kjﬂ) = yT(rj()nH) = 0.

2. In the case of y(j()k_) <(1-1/log n)yfrj()k_/m), we have

yfr?L) - yfrj()1+k ) = y(()k /15) y(() k;) > y7(r(k i/1.5) /logn > 6far/(?’QOOEHIP log n)
(j

where the second step follows from the inequality of y ()k ) and the third step follows from
Eq. (63) and the fact that yfrj()i) is non-increasing,.

Putting it all together, we have

Z i (j(+)1)) = Z gi - yvr(z-‘rk Z - yﬂ()H-k: ))

~

ez e ki g,
> ( far ):Q( far ™7 J))
ZZ; gi 3200€mp logn €mp log N

where the first step is by Eq. (62), the second step follows from y(j()) is non-increasing and thus all

terms > 0, the third step is by Eq. (64), and the last step follows from g, > gi, and L = Q(k;). O

F.3.5 /o-norm of g
Lemma F.25 ({3-norm of g). g € R" (Definition F.17) satisfies ||g|la = O(n=%? 4 n®=5/2),

Proof. For i < n“, we have Z:L:al g2 = E?:al n2% =n=e,
For i > n®, note that there exists ¢ € [n] such that i > n® implies a < 1, so we have

n n 2(w—2) 2a(w—2) n 2(w—2) 2a(w—2)
Z g? frd Z Z 1—a -2 . niﬁ — O(l) . / € l1—a -2 . ni l1—a dx
i=nat1 i=nat1 natt
= O(1) - max{n P n2a§:2>7a}'n*2a§:2> =0(n* % +n%).
Therefore, we have ||g|ls = O(n=%? 4 n¥=5/2), O
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F.4 Amortized analysis for PARTIALMATRIXUPDATE
F.4.1 Definitions

Definition F.26 (x and y for PARTIALMATRIXUPDATE). For any j € {0,1,...,T — 1}, and for
(4) (4

any i € [n], we define x;”’ and y;” as follows:

2 = 57 1),y = T 0 - 1),

7 (3

where v, 59 and w9 are defined as of Definition F.1.

Note that the difference between ml(»j ) and ygj ) ()

is that w is changing. The difference between y;

and $Z(j+1) is that v is changing.

Definition F.27 (Sorting permutations for PARTIALMATRIXUPDATE). For any j € {0,1,...,T},

let 7; be the permutation that x(é)(z) > ;U(Tz_)(iﬂ), and let mj be the permutation that 3/7(:()1') > yff()iﬂ).
When it is clear from the context that we are only arquing about the j-th iteration, for simplicity

Z(J) > xgi_)l And we use T and

()
w(i+1)"

we assume the coordinates of vector 1) € R™ are sorted such that x

T to denote the permutations such that xij(j)l) > xij(j_a) and yfri)i) >y

Definition F.28 (g for PARTIALMATRIXUPDATE). For some a < «-a, where « is the dual exponent
of matrixz multiplication, and a is the parameter for MATRIXUPDATE, we define g € R™ as follows:

n=a, if 4 < n%
La(w=2) _aa(w—2) . ~

gi=Qiaea t.n aa , ifie (n%, n%;
0 if ¢ > n%.

~a(w=2) a— aa(w—2)

Note that g is non-increasing. For all Ej € (n% nY, (%] -gE_nza) = k; aT L p?TTuSE s an
J

upper bound of Tpat(n®, na,Ej) of multiplying a n® x n® matrix with a n® x Ej matrix. For more
details please refer to [GU18].

Definition F.29 (Potential function ® for PARTIALMATRIXUPDATE). We define the potential func-
tion in the j-th iteration as

@5 =D 0
i=1

()

Note that we always have ®; > 0 since Vi, g; and x;” are both non-negative.

F.4.2 Main result

Lemma F.30 (Amortized time for PARTIALMATRIXUPDATE). Let sequences {w(j)}jT:O, {U(j)}?zo,

{E(j)}]rzo be defined as of Definition F.1, let Ej be defined as of Definition F.3, and let {x(j)}]rzo,
{y(j)};frzo, g, ® be defined as of Definition F.15, F.28 and F.29. If we further have the condition
that the input sequence satisfies the following: ¥j € {0,...,T — 1}

> Ew! VW) 1) < 0f, Y Ew T )7 [0 <03 ol ful) 1] < 1/4.

=1 i=1
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Then, we have that in expectation
1 o~
T Z k:ngj = O<(Cl/emp + Cg/G?np) -logn - ||g||2)
j=1

Further, combining with Lemma E.18, the expected amortized runmning time per iteration of
PARTIALMATRIXUPDATE 1is

o((c1 Jemp + Ca/E0) - (n' 072 4 plH(@=3/2)a) 150 n)

Proof. Similar to the proof of Lemma F.19, we upper bound how much the potential function can
increase due to changing w?) to wU+Y) (in Section F.4.3), and also lower bound how much the
potential function can decrease because of changing o) to gU+1 (in Section F.4.4).

Similar to Lemma F.19, we have

T-1 n n
o<mins -0 5 (S8l -] - S 2l - 457
i=1

7=0 =1 —
w move UV move
T-1 _
< > (0(C1 + Cafemp) - lgllz = emphsgg /10gn))
7=0
T ~
=T-0(C1 + Co/femp)llgll2 — ZQ(€mp’€jg;j/10g n),
j=1

where the third step follows from Lemma F.31 which states that V) v@) 50 we have
>0 E [y —al | w00, 50| <O(C1 + Cofem) - o
i=1

then this upper bound also holds for unconditional expectation, the third step also follows from
. ) o ~
Lemma F.33 which states that > " | g; - <y7(r]()l.) — a:(T](;S )) > Q(empkjg%j/log n).
Therefore, we have

1

M|

T
> kigg, = O((Cfemp + Ca/eky) - 1ogn - gll2).
j=1

Using Lemma E.18, we have that the expected amortized running time per iteration of PAR-
TIALMATRIXUPDATE is

T
a 7. 1 —a a a 1. n 7
ZTmat(n7n 7k]) S an . Tmat(n , 7kj) S T ijgE]

1

1
T 4

T
T
j:
= O((C1/emp + Ca/eky) - ' logn - | g]]2)
O((C1/€mp + C’z/efnp) (T2 g pltw=3/2)ay o0 n),

where the first step follows from the fact that we can always divide a n x n® matrix into n'=¢

copies of n® x n® matrices, the second step follows from Definition F.28 of g which gives that
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Tmat(na,n“,%j) < n?. %J’gﬁj for n® < Ej < n?, and we indeed have Ej > n® (Fact F.11) and

%j < 2n® (Lemma E.1) when entering PARTIALMATRIXUPDATE. (We ignore the 2 factor since
it can only increase the final ar~nortized time by a constant factor.) The fourth step follows from
Lemma F.34 that [|g||s = O(n~%?2 4 paw=5a/2),

O]

F.4.3 w move

The goal of this section is to prove Lemma F.31.

Lemma F.31 (w move). In the j-th iteration, for any possible values w9, 00 and V) we have
>0 E [y ol | w00, 50] <0(C1+ Cofemy) - gl (65)
i=1

Proof. For simplicity, in this proof we write E[ - | as a shorthand of E[ - | w(), v, 50) |,
Similar to the proof of Lemma F.20, we have

n

n
. . (G4+1) N
> 0Bl — 21 <D i Byl - Zgz Py [0 = 1) = 9wy /5 — 1)
i=1 i=1

where the first step follows from that the non-negative values $Z(-j ) are sorted in descending order, and
g is also non-increasing, the second step follows from the definitions of 2(9) and y@) (Definition F.26.

Now >, gi E[yfrj()l) - ajgj)] < O(C1 + Ca/emp)]lgl|2 directly follows from Lemma F.32. O
It remains to prove the following Lemma.
Lemma F.32. In the j-th iteration, for any w9, v and U we have

n

S0 B [l o) = 1) = g i) = 1) | 0@, 00, 59] = 0(Ch + Co/emp) - gl
i=1

Proof. The proof of this lemma is exactly the same as that of Lemma F.21, just replace all v with
v in the proof of Lemma F.21. O
F.4.4 79 move

The goal of this section is to prove Lemma F.33.

Lemma F.33 (v move). In the j-th iteration, we have,
: . -
> gir (yff&) - w% ) > Qempkijgi /logn).
i=1

Proof. Case 1. If we enter the MATRIXUPDATE procedure, we have %j = 0 since we won’t enter
the else branch in Line 13 of UPDATEV (Algorithm 9). From Part 3 of Fact F.12, we know that

Vi < k; vfrj(zl) = wfrj(; ), and Vi > kj, v(j(Jr)l) ~(j()) Therefore, Vi € [n],

eV = D A0 — 1) <P 1) =4,

3 (2
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where the first and the third steps follow by the definition of U+ and y9) (Definition F.26). This
means y( 7 > SB(]+ ) , Vi € [n]. Since g; and yT(rJ()Z) are both non-increasing, we have

Zgl ﬂ(z (J+1 > Zgl ' xTJ(;r)l)) >0= Q(émpgjg@/log n),

where the last step follows by %j = 0.

Case 2. If we do not enter both the MATRIXUPDATE and the PARTIALMATRIXUPDATE procedure,
nothing happens and 2011 is the same as y9), this statement also holds.

Case 3. Now we only need to consider the case where we enter the PARTIALMATRIXUPDATE

procedure. By Part 3 of Fact F.13, 2U+1) satisfies that in coordinates i € 7([k;]), xEj“) < 2007

and in coordinates i ¢ W([%j]), 20Ut is the same with y). So we decompose zU+) into two

pieces U1 = x1 + 25, where x; copies the values on coordinates i € W([EJ]) and has 0 on other
coordinates, and xy copies the values on coordinates i ¢ m([k;]) and has 0 on other coordinates.

And when the subscripts are out of range, we define yT(rJ()n by == yT(rJ()n k) = 0. We have
J

n n n kj

L ) - €m
Zgi -(y 7(3()) — x,(rj(j) )) Zgi : (yfrj()i) — T1,7(i) xQ,T(i)) 2 Zgi ) (yfr]()i) - xQ»T(i)) o Zgi " 200 lopgn
=1

i=1 i = i=1

I
INgE
I

) @) @) €mp
29 W) = Yririy)) Zgl 200log n
- G ) R ¢
>S50 —y9 )15 Y g
=29 W) ~ Yngiaiy) ~ 1 p 9" 200logn’ (66)

©
Il
-

soois for 7(i) € m([k;]) and @1,y = 0 for 7(i) & m([k;]),

the third step follows by x5 (;y = 0 for 7(i) € W([k ]) and x5 () = 5()) for i ¢ m([k 1), and the last
step follows by ¢ is non-increasing.
Part 2 of Fact F.13 shows that

where the second step follows by x1,(;) <

Y9 > enp/100 (67)
(k;)
Part 1 of Fact F.13 shows that either %j =n or y(j)~ <(1—1/logn) - y(jl CIf %j =n, we let
m(kj) m(k;j/1.5)

L= Ej = n, otherwise we let L = %j /1.5. The L we choose always satisfies that for all i € [L],

y7(r]()i) - yT(r]()l %)) > yT(r]()L) N y7(r]()1+k N = émp/(100log n), (©8)

where the first step follows by y(]().) is non-increasing, the second step is true because:

1. In the case ofz;j = n, we have yfrj()L) = y(J)~_ > €mp/100 by Eq. (67) and yij()EjH) = yT(r]()n_H) =0.

2. In the case of y(j() ) <(1-1/logn)- y(J

G) 0 50

Ur(t) ~ Ymuaiy 2 D> 49) Jlogn > eup/(10010gn),

) _
x(hi/15)  Ixliy) = Yk
(4)

)’ and the third step follows from
m(k;j

where the second step follows from the inequality of y
Eq. (67).
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Putting it all together, we have

kj/15

S G Gy e N o) G o Cmp

;gz Wy = T2 ) 2 ;92 (Y iy yw(i+7éj)) L5 Z_; 9" 2001ogn
- G G Rt €

> YY)y 15 g ——2

= ;g (yﬂ(l) yw(i+kj)) 1_21 9500 logn

Y

L
() () €mp
;- L — o~ — 15—
;g (y“(z) yﬂ(l+kj) 520010gn)

v

L

€mp €mp ~
S g (15 ) Qe -k - g /logn).
=’ ‘T001ogn 5001ogn) — Hemp ks - g, /logn)

where first step is by Eq. (66), the second step follows from yT(rj(l) is non-increasing and thus all terms

> 0, the third step follows from L > ?{:}-/1.5, the forth step is by Eq. (68), and the last step follows

from gy, > gz and L = Q(%J) O
J

F.4.5 /{5-norm of g

Lemma F.34. g € R" (Definition F.28) satisfies ||g|la = O(n~%? + naw=5¢/2),

Proof. The proof is same as that of Lemma F.25. We use n® to replace n, and n® to replace n®. [0

F.5 Amortized analysis for VECTORUPDATE

Lemma F.35 (Amortized time for VECTORUPDATE). Let sequences {h(j)}};o, {g\9) ?:0, {ﬁ(j)}]-TZO

be defined as of Definition F.2, and let p; be defined as of Definition F.3. If we further have the
condition that the input sequence satisfies the following: ¥j € {0,...,T — 1}

DBV 1) < Y (EIRTY 0 = )R | RO)? < CF T R =1 < 1/4,

=t i=1

Then, we have that in expectation
1. % ZjT:1 Pjn1+o(1) = O((C4€mp/6%ar + 05/6?31) logn - n1.5+0(1))’
2. 7 Zle n?@ -1, o = O((Cremp/ €k, + C5/e},) -logn - n1>?).

Further, combining with Lemma E.27, the expected amortized runmning time per iteration of
VECTORUPDATE s

O((C4€mp/6f2‘ar + C5/6?ar) -logn - n1'5+0(1))_

Proof. Part 1. For the first equation, we define g € R™ to be g; = 1, Vi € [n]. Note that g is
non-increasing, n!*°W - (p;g,.) = pn!*°W, and ||g|l2 = v/n. Then we can use the same argument
as Lemma F.19 for MATRIXUPDATE to prove that

T
1
T ijn1+0(1) = O((C4€mp/€%ar + 05/6%311") : logn : TLH_O(I) : ||g||2)
j=1
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= O((Cuémp/ ety + Cs/edy) - logn - n>FoW),
Part 2. For the second equation, we define g € R" to be
_Jn7Y i <nf,
g’L - i_l, na < Z <n.

Note that ¢ is non-increasing, and n?® - 1,50 = n%e . 1p,>ne < n%e . (pjgp;) since analogous to
Fact F.10 we have that either p; = 0 or p; > n®. We also have

n

n(l
Hg”% < 2a + / r23dr=n"%4+n"%—nt= O(n=9).
n

a

Then we can use the same argument as Lemma F.19 for MATRIXUPDATE to prove that
1 Z
T Z n?® - Lp>0 = O((C4/€mp + 05/612np) logn - ”2a||9||2) = O((C4/€mp + 05/61211;)) -logn - n1'5“).
j=1

Combine Part 1 and Part 2. Using Lemma E.27 and note that n'®% < n!5+°(1) we have that
the expected amortized running time per iteration of VECTORUPDATE is

T
1
T Z(pjn1+°(1) + n2a1pj>o) = O((C’4/emp + C’5/er2np) -logn - n1‘5+°(1)).

j=1
O

F.6 Amortized analysis for PARTIALVECTORUPDATE
Lemma F.36 (Amortized time for PARTIALVECTORUPDATE). Let sequences {h(j)}};o’ {g(j)}f:o,

{g(j)}]TZO be defined as of Definition F.2, and let p; be defined as of Definition F.3. If we further
have the condition that the input sequence satisfies the following: ¥j € {0,...,T — 1}

S ERTVRD RS — 1) <}, S ERITV /AT - ) [ RO <02, TV /e 1] < 1/4.

=1 =1
Then, we have that in expectation
1. % Zle pnttem = O((Ca/femp + Cs/ekp) - logn - nloto)
2. % Z;‘-le n2a . 15,50 = O((Cya/emp + Cs /€%y, - logn - n2a*5/2).
Further, combining with Lemma E.33, the expected amortized running time per iteration of
PARTIALVECTORUPDATE is
O((C‘Lemp/e?ar + 05/6%%) ' logn ' (n1'5+0(1) + n?(l—ﬁ/?)) :

Proof. First note that we always have p; < 2n® by Lemma E.1.

Part 1. For the first equation, we define g € R™ to be g; = 1, Vi € [2n?], and ¢; = 0, Vi ¢ [2n?].
Note that ¢ is non-increasing, n®+to(). (Pigp;) = pin®teM and |g||2 = v/2n4. Then we can use the
same argument as Lemma F.30 for PARTIALMATRIXUPDATE to prove that

mp

T
1
T Zﬁjn‘”"(l) = O((Cua/emp + Cs/€2,) logn - pato) . lgll2) = O((Ca/emp + C’5/efnp) -logn - n1'5“+0(1)).
j=1
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() | V(@) 1f Y(@)"

Figure 9: ¢(z), ¢(z)" and ¢(x)". For eynp € (0,1), and for simplicity we use € in the figures.

Part 2. For the second equation, we let g € R" be
n*a, 1 < na,
gi=<i1, nt<i<2ne,
0, i > 2n%.
Note that ¢ is non-increasing, and n?® - lpj>0~: ne . lijna < n?e. (pjgp;) since analogous to
Fact F.11 we have that either p; = 0 or p; > n®. We also have
n’d 2n® " . .
lgll3 = 25—1—/ t2dz=n""+n""—n"%2=0(n"9).
n n

Then we can use the same argument as the Lemma F.30 for PARTIALMATRIXUPDATE to prove that
T
1 e
721 1550 = O((Ca/emp + Cs/ehp) log - n*lg]|2) = O((Ca/eump + Cs/€np) log - /%)
j=1

Combine Part 1 and Part 2. Using Lemma E.33 and note that n'5* < n!5 we have that the
expected amortized running time per iteration of PARTIALVECTORUPDATE is

T
1 _
f § :(pjnl—i-o(l) + nQa . ]-pj>0) _ 0((04/5mp + 05/631113) . logn . (n1.5+o(1) + n2a—a/2))'
Jj=1

F.7 Potential function v

Lemma F.37 (Properties of function ¢, Lemma 5.10 of [CLS19|). Let function v be defined as of
Definition F.J. Then function ¢ satisfies the following properties:

1. Symmetric: Y(—x) = (x) and ¥(0) = 0;

2. Y(|x|) is non-decreasing;

3. ¢ ()] = Q1),V|z| < 1.5€mp;

4. L1 :=max, ¢'(z) =1 and Ly := max, " (x) = 1/emp;

5. Y(x) is a constant for |x| > 2emp.

Proof. We can see that

4

P— || € [0, €mp] i z € [0, émp] U [—2€mp, —€mp)]
P(z) = 25%?24 |z| € (€mp,2€mp] and P(a)" = *i T € (€mp, 2€mp| U [—€mp, 0]
0 x € (2€mp, +00) 0 z € (2€mp, +00)
From the ¢ (z)" and 1 (z)”, it is not hard to see that v satisfies the properties needed. O
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Algorithm 17 Main algorithm

: procedure MAIN(A, b, c,0,a,a) > Theorem G.3
: > A, b, ¢ are inputs of LP
> 0 is the accuracy parameter

1
2
3
4: €mp < 1075/ logn, €gy emp/100 logn, €<+ 1077/logn
5: A+ 40logn, bgketch 1012\/>10g n/emp, sketch nl/2+o(1)
6 d mln{Q, X

7

8

9

Create Lgketch sketching matrices Ry, Ro, -+, Rr ., € Rbsketch X7 > Lemma B.14
Let R=[R{,Ry,---,R} 1T
Modify the linear program and obtain an initial x and s.
10: Let mp,, mpg be projection maintenance data structures.
11: Let f;: x — /x, and fp : © +— Asinh(A(z —1))/\/x
12: t+1
13: mp, . INITIALIZE( f;, €mp, €far, @, G, bsketch, Lsketchs A, 5, 5, R) > Algorithm 5
14: MpPg INITIALIZE( fa, €mp, €fars @5 @ sketchs Lsketens A, 5, 55 R) > Algorithm 5
15: while t > §2/(32n3) do
16: eV ( 3f)
17: repeat
18: 0z, 05 < ONESTEPCENTRALPATH(mp,, mpg, , S, t, t"V) > Algorithm 3
19: if the Lgietcn sketching matrices are used up then
20: re-initialize mp, and mpg with new skeching matrices.
21: end if
22: until ||2716, ||eo < 3¢, [[s7 05|00 < 3e
23: TV x4 Oy, SPVY — s+ 6
24: if @y (z"*Vs"V /t —1) > n? then
25: (xV, s"W) «— CLASSICALSTEP(z, s,t"*V) > Use the central path step of [Vai89].
26: Construct sketching matrices R similar as before.
27 mp, INITIALIZE( 1, €mp, €fars @, @, bsketch, Lsketchs A, G, 27V s"°Y, R) > Algorithm 5
28: MPg . INITIALIZE( f2, €mp, €far, @, @, bsketch s Lsketch, A, %, w, R) > Algorithm 5
29: end if
30: T "V s s"V < eV
31: end while
32: Return an approximate solution of the original linear program

33: end procedure

G Combining data structure with optimization

In this section we combine the results of optimization and data structure to prove Theorem 4.1.
Lemma G.1. During the Main algorithm (Algorithm 17), we have the following guarantees:

1. Assumption B.1, B.26, and F.5 about the error parameters are always satisfied.

2. Assumption B.5 that i e, I, W R, W, and fi =01t is always satisfied.

3. The CLASSICALSTEP (line 25 of Algorithm 17) is executed with probability at most }72 i each
iteration.

4. In expectation the repeat-loop on line 17 of Algorithm 17 is executed at most 2 times.
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Notation | ¢ €mp €far A b
Choice 1077/logn | 107°/logn | 1077 /log®n | 40logn | 102%2\/nlog™n

Table 15: Extension of Table 7. Summary of choice of €, €np, €ar, A and b. Assigned in MAIN
procedure (Algorithm 17). They are used to prove Theorem G.3.

Proof. Part 1. After plugging in the parameters in Table 15, it is straightforward to see that the
constraints stated in Assumption B.1, B.26, and F.5 are all satisfied.

Part 2. The assumption that fi =, #i follows from Part (b) of the correctness of UPDATEQUERY
in Theorem C.9 that A*PP" x. ~ h""Y, and the assumption that w ~,,, w follows from Part (a) of
the correctness of UPDATEQUERY in Theorem C.9 that w®PP* =~ w"".

Finally, whenever ®,(xs/t — 1) > n3, the main algorithm runs the procedure CLASSICALSTEP,
and the (x, s) returned by CLASSICALSTEP is guaranteed to satisfy xs =01 t (see [Vai89]). Also, if
Dy (zs/t—1) < n3, we have that eM®5i/t=11 < 73 and since A > 30logn (Part 2 of Assumption B.26),
we have |z;s;/t — 1| < 0.1. Thus 1 &1 t is always satisfied as well.

ROWO)

Part 3. Let &) = &, ( - —1) denote the value of the potential function in the i-th iteration. We
use induction to prove E[®(®)] < 10n, for all i. In the beginning of the main algorithm, z;s; = 1 = t,
Vi < n. Therefore in the base case, ®©) = n < 10n. If the algorithm executes CLASSICALSTEP in
the i-th iteration, CLASSICALSTEP outputs x and s that xs = o1 t, and since A < 60 logn (Part 7 of
Assumption B.26), ®() < 10n. If the algorithm doesn’t execute CLASSICALSTEP, Lemma B.27 gives

us E[@0)] < (1 - 15>\\€/ﬁ) E[®(~D] 4 15>‘\€/ﬁ10n. Therefore E[®(")] < 10n since we have E[®(~1] < 10n

from induction hypothesis. Then using Markov’s inequality we have Pr[®®*) > n3] < 10/n?. Thus
the CLASSICALSTEP on line 25 of Algorithm 17 is executed with probability at most 10/n? in each
iteration.

Part 4. From Part 4 of Lemma B.16 we have that [|2716, s > 3¢ and ||s71J4/|oc > 3¢ each happens
with probability at most 1/n*. Thus in expectation the repeat-loop on line 17 of Algorithm 17 is
executed at most 2 times. O

Lemma G.2. For e € (0,1/10000), emp € (0,1/10000), and €gy = €mp/100logn, each iteration of
MAIN (Algorithm 17) takes

O* ((e/emp) ) (nwfl/Q Lop2a/2 n1+a—’d/2) 4 plo—Data 4 n1+b)

expected amortized time per iteration, where w is the exponent of matriz multiplication, « is the dual
exponent of matriz multiplication, 0 < a < « and 0 < a < aa are the thresholds used by the data
structure, and n® is the sketching size. O* notation hides all n°Y) terms.

Proof. Part 3 of Lemma G.1 shows that in each iteration CLASSICALSTEP is executed with probabil-
ity at most O(1/n?). Since the cost of CLASSICALSTEP is O(n?®), the amortized cost of executing
CLASSICALSTEP is O(n%?) for one iteration.

Part 4 of Lemma G.1 shows that in expectation ONESTEPCENTRALPATH is executed at most
2 times in each iteration. So now we only need to bound the running time of the procedure
ONESTEPCENTRALPATH (Algorithm 3). In the procedure ONESTEPCENTRALPATH, we call the
procedure UPDATEQUERY of the data structures (Algorithm 8) two times. Since the time analysis
of these two data structure is the same, we are going to focus on one of them. Also note that the
running time of UPDATEQUERY is the sum of that of MATRIXUPDATE, PARTIALMATRIXUPDATE,
VECTORUPDATE, PARTIALVECTORUPDATE, and QUERY, so we analyze them one by one.
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From what we proved in Lemma B.28 and Lemma B.29, we have C; = Cy = O(¢) and Cy =
Cs = 0(e?) and C3 = Cg = O(e) < 1/4.

By Theorem C.9 and plugging in €y = €p/100log n, the expected amortized cost per iteration
of the following procedures are as follows:

So the overall expected amortized cost of one iteration is

MATRIXUPDATE + PARTIALMATRIXUPDATE
+ VECTORUPDATE + PARTIALVECTORUPDATE + QUERY

= O (({e/emp) - (0272 4072 o (e feny) - (nHO2 4 8/

MATRIXUPDATE PARTIALMATRIXUPDATE
1.5 1.5 2a—a/2 —1)a 1+b
+ (¢/emp) -1+ (¢/emp) - (015 4 0272 (e Ve 4yt )
VECTORUPDATE PARTIALVECTORUPDATE QUERY

= O* ((e/emp) . (nw—l/Q + n2—a/2 + nl—&-a—ﬁ/?) + n(w—l)ﬁ-i—a + n1+b>’

where in the last step weuse w > 2, a<a<landw—-1/2=1+4+(w—3/2) > 1+ (w—3/2)a. O
Now we are ready to prove the main theorem of this paper.

Theorem G.3 (Restate Theorem 4.1, Main result, third improvement). Given a linear program
mingz—p >0 ¢z with no redundant constraints. Assume that the polytope has diameter R in {1
norm, namely, for any x > 0 with Ax = b, we have ||z|1 < R.

Then, for any § € (0, 1], MAIN(A,b,c,0) (Algorithm 17) outputs x > 0 such that

o< min cTo+de|R, and [|Az = bl <5- (RIAJ + b))

in expected time

6(nw+o(1) + n2.5—a/2+o(1) + n1.5+a—5/2+0(1) + n0.5+a+(w—1)5) . log(n/5)
where w is the exponent of matrix multiplication, « is the dual exponent of matriz multiplication,
and 0 < a < a.

In the ideal case when w = 2 and o = 1. The running time is 5(n2+1/18). For general 2 < w < 3
and 0 < a < 1, the running time is O*(n® + n?>5-%/2 4 n(8+\/ﬁ)/6) = O*(n¥ 4 n>5~%/2 4 p206),
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Proof. We use the parameters of Table 15 to prove the theorem. Since ¢ is decreasing by a (1 —

factor, the MAIN algorithm will take O(e~1y/nlog(n/§)) iterations in total.
Thus the total running time is

355

#iterations - cost per iteration
— O(eilﬁlog(n/é)) . OF ((G/Emp) . (nw71/2 + ana/2 + n1+a75/2) + n(w71)5+a + n1+b)

B O*( B (n b n25-0/2 4 pL5ta=a/2) | =1 (05w Data | n1'5+b)) -log(n/d).

By plugging in the parameters e = O(1/logn), €mp = O(1/logn), and b = /nlog'®n (see Table 15),
the above running time becomes

O* (nw + 712'5_&/2 + n1.5+a—ﬁ/2 + n0.5+(w—1)?i+a> . log(n/é), (69)

and recall that parameters a and a need to satisfy that ¢ < a and @ < «aa.

Therefore, in the ideal case where w = 2 and a = 1, we can choose a = % and @ = %, and we
have 2.5 —a/2=15+a—a/2 =0.5+ (w—1)a+a =2+ 1/18, so the above running time simplifies
to

O*(n2+1/18+0(1)) . log(n/d).

For general w and «, the parameters are optimized as follows:

: 2 2 : dw
. {047 if o < 3(2w DE 5 — {mm{a oot fa< 3Qw—1)°
2

50—1° 0. W.

4w
Sew-): OV
Here we prove the final running time by discussing two cases.

1. In the first case where o < (7 we have a = a and @ < o? = aa.

0
Ifa=a? then 1.5+a—a/2=15+a—a*/2 <2.5— /2 since a < 1.
Ifa= 427, then 1.5+ a—a/2=15+a—1/(2w —1) < 2.5 — a/2, since a <

3(2‘5’_1) is the value that balances the two terms. Thus the following inequality holds:

4w
30w and

pl5ta=/2 < p25-a/2

We also have 0.5 + (w —1)a+a < 1.5+ a —a/2, since a < 5 1 and 5= is the value that
balances these two terms. Thus the following inequality also holds

n0.5+(w—1)5+a < nl,5+a—6/2.

Therefore the running time of Eq. (69) is dominated by O(n® + n*5~%/2) in the first case.

we have a =

2 4
2. In the second case where o > m, m <a,and a = 57 < (3(2;’ 1))2 <

aa, where the second step follows since w > 2. With these parameters, we have that

13 1

25—a/2=1.5 —a/2=0.5 —1)a == - —— .
a/ +a—a/ +(w—-1a+a 6 3w

Therefore in the second case the running time of Eq. (69) is dominated by

O(n¥ +n® 5@ T) < O(n® + n+VI/6),
where (8 +1/19)/6 ~ 2.0598 < 2.06 is the solution of equation w = 13 — -1
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Thus the running time in Eq. (69) is always upper bounded by

O* (nw +n2o7/2 4 n(8+m)/6) -log(n/d).

H Multi-level with more details

In this section we provide more details for Section 2.

H.1 LU-decomposition of Woodbury identity when K = 3

M U Us
The LU-decomposition of matrix D = |V, —C5* 0 where the diagonal blocks of L are

‘/31— 0 —Cgl
identity matrices is
[T 0 0] [M U, Us
D= |V, ,M~' T 0 0 —Cy' =V, MU, ~V, MU,
V'm0 1) o V' MU, ~Cy = V' MU,
[T 0 0] [I 0 0
=|V,'M~1 T 0]-|0 I 0

V,'Mt o 1) |0 —Vi'MU,BTY T

L
(M U, Us
0 B V' M~1Us; : (70)
0 0 —C3'—-ViIM'Us - V" MU BTV MU

U

where B := —6’2_1 — VQTMilUQ.

H.2 Online low-rank inverse and the oMV conjecture.

The following static data structure problem has received significant attention recently (see [HKNSI5,
BNS19] and references therein).

Definition H.1 (Ounline matrix-vector multiplication (oMV)). Preprocess a (fized) matriz M €
R™ ™ so that, given an online sequence of T wectors hy € R™ (arriving one by one), the data
structure can efficiently output Mhy (exactly) before the next iteration t + 1.

The oMV Conjecture [HKNS15] states that with poly(n) preprocessing time, the (amortized)
query time of any word-RAM data structure for oMV is at least ¢, > n2=°M . Note that this is in
sharp contrast to the offline setting where the vectors {h;}ier are given as a batch, in which case
fast-matrix multiplication can achieve n*~! < n'37 query time on average (assuming 7 = n, say).
Now consider the following static problem:

Definition H.2 (Online low-rank inverse multiplication). Preprocess a fived matriz M € R™*™ and
a fized vector h, so that given an online sequence of T pairs of vectors uz, vy € R™, the data structure
can efficiently output (M + ugv] )~'h (exzactly) before the next iteration t + 1.
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Perhaps surprisingly, we prove that these problems are essentially equivalent in the word-RAM
model with polynomial preprocessing time. We first show that oMV is at least as hard as the
problem in Definition H.2:

Lemma H.3. If there is a data structure A with polynomial preprocessing time for oMV (Defi-
nition H.1) with worst case query time Ta(n,T), then there is a data structure A’ for the online
low-rank inverse problem in Definition H.2 with polynomial preprocessing time and O(Ta(n,T))
query time.

Proof. We design A’ as follows. In the preprocessing time, we use O(n*) time to pre-compute the
vector x := M ! - h € R" and run the oMV data structure A on the input matrix M ~'. Recall in
the query stage, we are given uy,v; € R”. By Woodbury’s identity, the solution (M + wusv, )~ - h
can be written as

(M +uw) ) th = M~ Yh — MYy (1 + o] M~ ug) Yo M~ b,

Thus, using a single invocation of the query algorithm of A, we can compute the product y :=
M~ - u;, and the remaining calculation is

M7Yh— M7 (14 o M7 ) o, M~ h = —y(1 + o) -y) o) -z,

which only involves vector inner product calculation and can be done in O(n) time.
Therefore, A’ takes O(Ta(n,T)) + O(Tn) worst case query time. The lemma is proved by
observing that T4(n,T) is at least Q(Tn). O

We proceed to the other direction of the proof.

Lemma H.4. Given a word-RAM data structure B with polynomial preprocessing time for the
online low-rank inverse problem, with worst-case query time Tg(n,T), there is a data structure B’
for the oMV problem with polynomial preprocessing time and O(Tg(n,T)) worst case query time.

Proof. We construct B’ as follows: Given the input M in Definition H.1, the data structure first
compute M~!, and finds an arbitrary vector h for which A" Mh # 0, then pre-computes x := Mh
and y := h"M. This takes O(n®) preprocessing time. We can now invoke the preprocessing
function of the data structure B (for online low-rank inverse) with inputs M < M~ h + h. In
each iteration t € [T], given the vector h; of Definition H.1, invoke B with query vector u; < hy,
v < h to get an answer g. Note that by Woodbury’s identity

g= M +uw/)th = Mh — Mus(1 + v Muy) o] M -h=Mh— Mhy(1+h" Mu)'h" M - h.
Then B’ outputs the query answer

1+ (h"M)hy

=M
RTM - h ,

which only involves vector inner product calculation and can be done in O(n) time.
Therefore, B’ takes polynomial preprocessing time and O(7g(n,T)) + O(Tn) worst case query
time. The lemma is proved by observing that Tg(n,T) is at least Q(T'n). O

As a corollary, we get that the following problem is at least as hard as the oMV problem:

Definition H.5 (Online cumulative low-rank inverse). Preprocess a fized matriz M € R™™ and a
fized vector h, so that given an online sequence of T pairs of vectors ug, vy € R™, the data structure
can efficiently output (M + Ele wv] )" h (exactly) before the next iteration t + 1.
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H.3 Optimizing the parameters of Eq. (3)
Claim H.6. For any positive integer n, K, the following equation holds.

K—1

154 — 1

min <Z n-ng// M1 + NK—1 -nK) =0(K)-n oK)
k=1

n=ni>n2>-ng-1>ng>1

Proof. Denote p = 61 Define a; as the exponent of n; such that ny = n*. Then it is

1
6 2K-T=1)"
equivalent to finding ai,--- ,ax € R such that the following three conditions hold:

LLl=a>ay> ->ag-12>ax 2>0.
2. 1+a; — aip1/2 < 1.5+ p, Vi€ [K —1].
3. a1 +ag < 1.5+ p.

The optimal solution is given by a; = 1 — 1/(3 - 2K7%) 4 (2 — 2=K+i+1) .y i ¢ [K]. Now we
prove that the three conditions are satisfied with this solution.
Condition 1.

. 1 N 9 _ 2—K+2 ) 1 N (2K—1 _ 1)/2K—1 )
a1 = — g — == .
! 3.2K-1 7 6. (2K-1 1) 3.2K-1 7 3. (2K-1_7)
Since a; is decreasing with 4, a; > a;41 is also satisfied. Finally, ax = % > 0.
Condition 2. For all i € [K — 1],
K4 1 e
1+ai—ai+1/2: 1+(1—m+(2—2 K+Z+1) p) —(1— m+(2—2 K+Z+2) p)/2
K4 1 iy

= 15— oo + (22 K+’+1)-p+m—(1—2 Kitly )

=15+p.
Condition 3. ax_1 +ax = (1 — % +p)+ % =15+p. O

I A feasible algorithm

In previous sections, we show a fast algorithm calculating an LP solution z. However, T is not
always a feasible solution since we used sketching to calculate §, and hence Ad, is not 0. In this
section we present how to turn the output x of Theorem 4.1 to a feasible LP solution, i.e. || Az —b||;
is bounded. Our technique is based on the robust central path of |[LSZ19|, and we extend it to
two level update setting. Our algorithm use G, M, uq, ug, us, ug to implicitly maintain the solutions
x = Guy +uz and s = Mug + uy. Each iteration, the algorithm updates G, M, uy, ug, us, u4 so that
x and s change by d, and J, in each iteration (see Definition B.4). In this way, we can postpone the
expensive matrix vector multiplication to every y/n iterations. The running time of maintaining x
and s is dominated by the pre-existing computations, so our algorithm still achieves the same overall
running time. Also since we do not multiply the sketching matrix on the left when computing ¢,
and 0, Ad, = 0 is always satisfied and in each iteration we always have Az = Az(®) = b.
We introduce a smaller error constant €y in this section.

Definition I.1. We define €iny = %.
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Algorithm 18 Feasible version of MAIN (Algorithm 17)

1: procedure MAIN(A, b, ¢, 0, a,a) > Theorem G.3+1.2, A, b, ¢ are inputs of LP, § is the accuracy
parameter
2: €mp < 1075/ logn
3: €far < €mp/1001logn
4: e+ 107"/logn
5: A<+ 40logn
6: § + min{$, +
7 beketeh — 10124/nlog® n/e,
8: Lisketeh < nt/2Ho(l)
9: Create Lgketch sketching matrices Ry, Ra, -, Ri oo € RDsketcn X1 > Lemma B.14
10:  Let R=[R],Ry,--- ,R[  |"
11: Modify the linear program and obtain an initial z(®) and s(©).
12: Let mp, and mpg be projection maintenance data structures.
13: Let fi:x— x, fo:xz— Asinh(A(z—1))/Vz
14: mp, INITIALIZE( ft, €mp, €tar, @, @, bsketch, Lisketch, A, W,x(o) O R) > Algorithm 21
15: mpg . INITIALIZE( f3, €mp, €far; @, @, Dsketch, Lisketchs A, ;”Eg;, (O)t © ,R) > Algorithm 21
16: Global 7,3, x,s,t, t"", weld
17: T a4+ 20, 5 5 50 old (040
18 Mt 1, 40
19: while ¢t > §2/(32n?) do
20: P = (1= 550)t j—j+1
21: repeat
22: 635, 6S,w"*ppr < ONESTEPCENTRALPATH(mp,, mpg, t, t*") > Algorithm 19
23: if the Lgieten sketching matrices are used up then
24: re-initialize mp, and mpg with new ones.
25: end if N
26: until |76, |eo < 5e, [|57 10500 < Be, if this condition is false, revoke the updates of u1, us, u3, uy
in mp, and Mpg_
27: w<—x+6z,s<—s+5
28: MAKEFEASIBLE(w?PP")
29: if j > \/nort<t'4/2 then
30: x < x — (mp;.u; + mp,.G - mp,.uz) — (mpg.u1 + mpg.G - mpg.us)
31: s <= s + (mp;.uzg + mp,.M - mp,.uq) + (Mpg.uz + mpg.M - mpg.ug)
32: mp, . INITIALIZE(€pp, €far, G, @, b, L, A, w*PP* h2PPT R)
33: mMpg.INITIALIZE(€p, €far, @, G, b, L, A, w*PPT RAPPT [t R)
34: g1, oM ¢t
35: end if
36: if ®,(73/t — 1) > n® then
37: (7,5) + CLASSICALSTEP(T, 5, t"°%) > Use the central path step of [Vai89).
38: 4T, < S
39: Construct sketching matrices R similar as before.
40: mp, . INITIALIZE( f¢, €mp, €far, @, @, bsketch, Lsketch, A, Z, TS, R) > Algorithm 21
41: Mpg INITIALIZE(fo, €mp; €fars @, @, bsketchs Lsketens A, Z, Z2, R) > Algorithm 21
42: end if
43: t <« thev
44: end while
45: return z

46: end procedure
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Algorithm 19 Feasible version of ONESTEPCENTRALPATH (Algorithm 3)
1: procedure ONESTEPCENTRALPATH(mp,, mpg, t, t"%) > Part 1 of Theorem 1.2
2: W+ T/ > T, 5 is global variable
3 [+ TS
4: (@4, Ptz Pt,s, W*PP") <— mp,. UPDATEQUERY (W, i) > Algorithm 23
5: > this data-structure works with function fi(z) = /z
6: (q®,2, P 2y Do,s, WPPT) <— mpg. UPDATEQUERY (W, i/t) > Algorithm 23
7 > this data-structure works with function fo(z) = V®(z —1)/\/z
8 éx Gt + 922 — (pt,:c + ptb,x)
9: s < Dt,s T DPa,s

10: T T+ qdt,x + 4o,z

11: return (0., ds, w?PP)

12: end procedure

Algorithm 20 Data structure : MAKEFEASIBLE.
1: data structure
2: procedure MAKEFEASIBLE(w?PP") > Part 2 of Theorem 1.2
30 S {i jwdd — wiPP > weld/2}
4: ZTg < x5 — ((mps.u1)g + (mpy.G - mp;.uz)g) — (Mpg.u1)g + (Mpg.G - mpg.uz)g)
5: 5g < sg+ ((mps.u3)g + (mp;. M - mp;.ug)g) + ((Mpg.u3)g + (Mpg. M - mpg.ug)g)
6: wdd wg™
7: end procedure
8: end data structure

Algorithm 21 Data structure : feasible version of members (Algorithm 4), invariants (Assump-

tion D.1), and INITIALIZE (Algorithm 5)

—

== = e e
S o

data structure

members
> We continue to have all previous members of Algorithm 4.

U1, U2, U3, Uq € R"
G e R’ILX’R

end members

invariant
R > We continue to maintain all previous invariants of Assumption D.1.
G=VAT(AVAT)71A > G e RM*™
r=u; + Gus >x eR?
s =1u3+ Muy >xeR”

: end invariant

== = e

NN
N =

B
.o O

: procedure INITIALIZE(f, €mp, €far, @, @, b, L, A, wo, ho, R)

e > All previous members are initialized as of Algorithm 5.
G+ WoAT(AVAT)1A > G e R
U, U, Uz, Ug < 0 > Uy, U, usg, ug € R”

: end procedure

: end data structure

To make the output feasible, we present in this section the modified algorithms. In Section I.1
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Algorithm 22 Data structure : SCALARC.

1: procedure SCALARC(h?PPT)

2 if self.name = mp, then

3 c < tn:W -1

4 end if

5: if self.name = mp, then

6 L < h?PPPT . ¢

’ N NG ey
8 end if

9: return c

10: end procedure

> Output a number ¢ € R

Algorithm 23 Data structure : feasible version of UPDATEQUERY (Algorithm 8)

: data structure

: procedure UPDATEQUERY (w"%, h"°W)
: h?PPT p 1 < UPDATEG (h"Y)

7 < QUERY (w?PPr h2PPT)

> Theorem C.9

> Theorem 1.2

> Algorithm 10, p and p are only used for analysis.
> Algorithm 9, k and k are only used for analysis.

> Algorithm 24, Lemma D.7, E.3, 1.10

> Compute 7 = R[l]T R[I]V/WapPr AT (AW2PPr AT)~1 A\/T7appr f(h2PPT)

1

2

3

4:

5: wAPPT k,% + UPDATEV (w"®V, h2PPT)
6.

7

8 ¢  SCALARC(h?PPY)

9

: if self.name = mp, then
10: Ji < h*Ppr

11: end if

12: if self.name = mpg then
13: [ < hAPPT ¢

14: end if

15: W — wPPr

16: T w3 \/ajw
17: Gz \/; c- f(h?PPT)

81

1

18: Pz < % tC-r

190 pyy/2-cor

20: return g, pz, ps, w*PP*
21: end procedure

22:

23: end data structure

> 7% =35 and @ = 3/3

we show that the error guarantees of central path method still has the same bound with the mod-
ifications, this section should be seen as a complement of Section B. In Section 1.2 we prove the
correctness of this feasible algorithm when implicitly maintaining = and s, this section should be
seen as a complement of Section D. In Section 1.4 we bound that the running time of maintaining
x and s, this section should be seen as a complement of Section E.

I.1 Analysis

Consider the j-th iteration. Assume at the beginning of the j-th iteration, we have (), () z()
7)) — ()

5U). Define w := wl) = £l W= ,u(

j+1 i+1) (541 G+ 2l
Wi+ = gUHD D pew (4D — 20

M
zW) new

w = w) = gz0) = ﬁ(j) = w =

=20 =

We will prove inductively that the guarantees of



Algorithm 24 Data structure : feasible version of QUERY (Algorithm 12)

1: data structure > Theorem C.9
2:
3: procedure QUERY (w?PP* h2PPT) > Lemma D.7, E.3, 1.10
4: OA, 0T, 0¢,0S, Arew, | §neW §" + COMPUTELOCALVARIABLES(w?PP*, gneW)
5: > Algorithm 11
6 7’1<—51m D?"leRnb
7. 1o+ QME + R[lye + RIOTM (€ + 9€) + (Q[I] + RIITM)d¢ > 7o € R
8 734 R +r)Bs > 73 € R"
9: 9y B (L [(B2as\s] — Lol(B2)s]) + B+ (Lo[(Mas\s) '] — L [(Ms:)"]) - (€ + 0€) + E - 9¢
10: > local variable 9y € R6""
1 (U,C,U) ¢ DECOMPOSE( L, [(Al gouw) ™' + Mauew,guev] — L[AG) + My s])
12: > DECOMPOSE is defined in Lemma C.4. U’,U e R *3195] ¢ ¢ R3I951x3195]
13:  OF «+ Ess — Basns) - M(asns),as
14:  (0E)s + —(0E)s, (OE)(snas)s 0 > local variable OF € RS 195
15: Utme [Bas, Bygs, 8E]
16: > local variable Ut™P ¢ R *3195| rrtmp — BU’ (Corollary C.7)
17: AP o tmp (O TR =iy T (4 4 9r) > local variable, ~f™P € R0
18 st (LQU)soer] + FU+ RI(EMos\s] — LelMsi]) + RIITLo[Msren] ) (4179 — 1 — )
190 r« R (r1+ra+rs+ra) >reR?
20: l+—1+1
21: ¢ < SCALARC(h?PPT)
22:  wp & up 4 c- (WP — V) (ﬁz + M - (VWapPr f(R2PPT) — \/V f(g) + Lgnew (y'™P — 4 — 87)))
23: > 1gnew € R™6"" only has ones in positions (4,4) for i € S™°W

24: Ug — Uz + C- (\/ Wappr f(R3PPY) 1 gnew (Y0P — yp — afy))
25: Uy < Uy + C- (\/ WapPr f(RAPPY) 4 1 gnew (Y0P — yp — ay))

26: return r
27: end procedure
28:

29: end data structure

Section B are still satisfied for the modified algorithm.

Robustness of central path. We first prove the following two statements about the robustness
of central path method:

1. The w?®PP" and h®PP' used in the data structures satisfy w?PP* R9emp W, and h*PPT ~o. 1.
(This corresponds to Part 1 and 2 of Assumption B.5. We only lose a constant factor here.)

new ~o

2. UV x50 9 t. (This corresponds to Part 3 of Assumption B.5. We only loose a constant factor
here.)

In Part 3 of Theorem 1.2, we prove that in any iteration, x, T, s,5 are entry-wise close with high
probability, i.e. T a2, = and 5~ s holds with probability 1 — 1/ poly(n). We will use this to
prove that the above two statements are still satisfied in our modified algorithm.

i appr o~ appr o0 i 7)) ~ J
1. The data structure directly ensures w Remp W, and h Remp - And since zU) Netiny z0)

and 50) Rletiny sU) (Part 3 of Theorem I.2) we directly get the desired result that w?PP* N 2emp W
and h®PPT ~zo.  pi.
mp
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Algorithm 25 Data structure : feasible version of MATRIXUPDATE (Algorithm 13)

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

1
2
3
4:
5:
6
7
8
9

: data structure > Theorem C.9
: procedure MATRIXUPDATE(w?PP* haPPT) > Lemma D.17, E.12, 1.7
: ., Arew Tmew . gnew’ ¢ COMPUTELOCALVARIABLES(w?®PP*, ) > Algorithm 11

M'P « M — Mgnew - ((Ag‘?,‘é”w,snew)_l + Mgnew guew )1+ (Mgnew) T
thp — Q + R(Fnewthp) + R\/V(thp _ M)
By e QP IWERPT [ (g)
B = MmP W aper f(g)
£ VIWEPPT(f(g) — £(g))
> We start to refresh variables in the memory of data structure
¢ < SCALARC(h?PPT)
G «— Wappthmp
uy < ug + Gug + ¢ - WAPPT [t /]}/appr f(,aPPr)
ug < u3z + Mug + ¢ - M"™P/TV/2PPr f(2PPT)
Uz < 0, ug <0
Q <+ Q™P, M < Mt™P
Br 4= By, Ba ¢ By, € 4 €
V4 U woPPT
B+~ I, F+0,E«+0
S0, AT+ 0,11 7+<0

end procedure

23: end data structure

2. Note that previously u =1 t was proved in Lemma B.27 by bounding the potential function.

And the proof of Lemma B.27 uses the bounds given by Lemma B.21. We define the potential
function to be ®(%* — 1) here instead of ®(Z* —1). Note that conditioned on 7() and 350),
20U+ and sU+D are deterministic. Thus Part 2 and Part 4 of Lemma B.21 are trivial. We
still have an analog of Part 1 and Part 3 of Lemma B.21: ||z (4™ — 11— 6 — 06) |2 < O(emp
and || (1" — Ti)||oo < O(€) using the fact that 1) and 5) are close to ) and sU) (Part

3 of Theorem 1.2). Thus we still have an analog of Lemma B.27 that
Ae
15y/n

Using Part 3 of Theorem 1.2 again and the fact that the derivative of cosh(z) function is
constant when z < 2, we have

(" [ — 1) < Bp(ft — 1) — (@r(3/t — 1) — 10n).

o o Ae
(471 1) € a1/t = 1) = Q) - (@a(1/t = 1) = O(n)).
Thus we can still inductively prove a polynomial upper bound on the potential function
®,(%* —1). Note that we only loose a constant factor in the approximation ratio of y with ¢
when the last term is O(n?) instead of O(n).

w and h move slowly. The last part of the inductive analysis is to show that w and p are both
moving slowly as that of Section B.6 and B.7. Now we only have the guarantee for w and u, instead
of w and fi, so we use Y(w;/v; — 1) and ¥ (w;/v; — 1) in the analysis and use ¥ (w;/v; — 1) and
Y(w;/v; — 1) for the algorithm (because the algorithm doesn’t know w and p). The amortized
analysis of Section F need to be modified accordingly. We have the following two statements:
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Algorithm 26 Data structure : feasible version of PARTIALMATRIXUPDATE (Algorithm 14).

data structure > Theorem C.9

1:

2:

3: procedure PARTIALMATRIXUPDATE(w?PP*, h2PPT) > Lemma D.21, E.18, 1.8
4 00, 98, Anew Trew . gnew .« COMPUTELOCALVARIABLES(w?PP", ) > Algorithm 11
5: (U',C,U) + DECOMPOSE (E* (A gnew) ™" 4 Mgnew gnew] — L, [Agig + M575])

6 > DECOMPOSE is defined in Lemma C.4
7 B™ ¢« B BU'(C-'+U"BU)"'U'B

8 F'™p ¢ [+ RT- (EC[ME)S\S] - L‘C[Msl]) + ROT - ,CC[MSnew]

9: E™P « E+ B™P(L,[(Mas\s) '] — L;[(Mg)]) = BU'(C™'+U"BU')"'UTE
10: £ VIR () — V'V f(g)
11: ™P < B™P . L [By gnew] + B™P . L, [(Msnew) J¢tmp
120 A oy o+ (D 4+ D) M (VWP — VTV (@) + OTM(VV £G) — VV £(g))
13: ¢ = SCALARC(h*PPT)
14: G+ G+ (WarPr — V). M
15: U < U + (Wappr — V) - Musg
16: u2 < u2 + C- (\/ Wapprf(happr) - ]_SneWBtmpEr[(MSnew)T] V Wapprf(happr))

17w ugte- (\/Wappr F(R2PPT) — 1 guew BUP L, [(Mgnew ) T]y/TV2PPE f(happr))

18: > We start to refresh variables in the memory of data structure
19: B+ BWP [ Ftwp B¢ ptwp

200 £ £y - TP, gp P

21: U wPPPT G ¢ SV A« APV T« [ew

22: end procedure

23:

24: end data structure

1. The three bounds of Lemma B.28 and Lemma B.29 hold for w"*¥/w — 1 and p"*V/pu — 1
(Originally used in subsection F.4.3, F.3.3.)

2. Lemma F.24 and Lemma F.33 still hold for new potential function with use w instead of w.

Proof Sketch.

1. Note that Lemma B.28 and Lemma B.29 only use the relative error bounds stated in Lemma B.16.
We can prove that all 77!, 57! and 7i~! terms of Lemma B.16 can be replaced by z, s, and
1 since we proved that in iteration j, () Rleiiny zU) and sU) Rleiiny 50). Following the same
proof of Lemma B.28 and Lemma B.29, and uéing the error bound of the z and s version of
Lemma B.16, we can prove the desired statement.

2. Since T =, T in any iteration (Part 3 of Theorem 1.2), we have witY ~. @D hence

(W, j+1)/ (1) —1) is within the range of [¢)(w jH)/v (1) — 1) — €tiny, Y (w; ]H /v(jH) 1)+
Etiny]. S0 it is fine to use ¥ (w; ) /U(JH) 1) in the analysis while using v (w; (1) Jv; (1) -1)
in the algorithm. The only problem we need to resolve is that when v and v are updated to
w?PP' = 77, the potential function is not cleared to be 0, but instead remain a small number

€tiny < €mp. But this problem is already solved in Lemma F.33.

O
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I.2 Correctness of feasible algorithm
We first present the following main theorem, and prove it using lemmas proved subsequently.

Theorem 1.2. In the j-th iteration of the while-loop from Line 19 to Line 44 of MAIN(Algorithm 18),
let U and 5U) be the values of global variables T and S at the beginning of j-th iteration, and let
E(j“),NE(i“L x(i“)i sUTY) be the values of global variables T, s, x, s at the end of j-th iteration. Let
Z,5, P, 0, 0o, 05, 05 be defined as in Definition B.4. Let R € RP™ be the subsampled randomized
Hadamard matriz we used in our algorithm, defined in Definition B.10.

Then our algorithm guarantees that

1. The output of ONESTEPCENTRALPATH (Algorithm 19) satisfies

~ X ~ 1 o~ o~ - S ~ 1 o~ o~

oo =\ =T~ (RTR)P)—== (b + ), 05 =] Z(RT R)P—==(5; + a),
S VXS X VXS

gx and gg match the definition in Definition B.6.

2. In each iteration, when the algorithm reaches MAKEFEASIBLE (Algorithm 20) on Line 28 of
MAIN (Algorithm 18), the following holds:

J
x — ((mpt.ul) + (mp,;.G) - (mpt.u2)) — ((mpq,.ul) + (mpg.G) - (mpq,.uQ)) =20 4 Zgg(;)
i=1

s+ ((mpy.uz) + (mp,. M) - (mp,us)) + ((mpg.uz) + (mpe.M) - (mpg.usg)) = s+ 50,
=1

3. T Ry, T, SR s with high probability.

thiny

Proof. For simplicity, we only prove these three statements for . The case for s follows from similar
reasons. Since we have two data structures sharing the same code, we denote ¢ ¢, Gz.®, Pz t, Dz,
as the ¢, and p, defined on Line 17 and 18 of UPDATEQUERY (Algorithm 23) in data structure
mp, and mpg respectively. Also, We denote ¢; as the output of SCALARC (Algorithm 22) of data
structure mp,, and ce corresponds to mpg. From the description of SCALARC, we have

tHeW

€ 1

et = ( -1 cp = —— - "V — . (71
=y 2 VAVt Dl )

And recall f;, fg defined in Line 13, Algorithm 18) are
filz) == Vax fo(x) = VO,(2)/Vx. (72)

In UPDATEQUERY (Algorithm 23), the two data structure approximate w?PP" and h*PP" in the
same way, so their w (Line 10) and z (Line 10 and 13) are the same. So they also have the same =
and s (Line 16). Note that w, i, z, s calculated in the data structure all matches Definition B.4.

We first show the following that will be used in both Part 1 and 2:

new 1

o B o o) = (T 1) VR e 0V
_ 1 new ~ € new V(I)A(/j/t)
ﬁ<( ;o '\vqa(ﬁ/t—l)rrz)
1 o~ - 1 o~ o~
= (84 05) = (5 + ba), 73



where the first step is by the definition of ¢ and f (Eq.(71),(72)), the third step is by the definition
of §; and 0g (Definition B.4), the last step is by g = Zs.
Part 1. First we calculate g, + ¢z.o:

(Ct fe(i) + co - fo(1/t)) \/7\/ﬁ (0t + 0a) (74)

where the first step is by assignment of ¢, (Line 17 of UPDATEQUERY, Algorithm 23), the second
step is by Eq.(73).

Next, we calculate p,; 4+ p; o. Note that the output r of QUERY is calculated in the same way
as before, so by Lemma D.7 we have

m

Gzt + qz,d =

r = R[) T R[)VWapr AT (AW#PPr AT)=1 Ay/Tappr f(p2PPr) = R[I|T R[] P f(h*PPT).  (75)

Therefore,

Pzt + Ded = \/7(616 T CpTH) = \/g <Ct R R{IP f(7i) + ca - R[Z]TR[Z]]qu)(ﬁ/t))

T el = | X RITRIP—L 5+ &
=R RIP(c; - f1(fE) + ca - fa(fi/t)) \/?R[l] R[Z]P\/&—g (0¢ + da),

W >

I
i)

where the first step is by assignment of p, (Line 18 of UPDATEQUERY, Algorithm 23), the second
step is by Eq.(75), the last step is by Eq.(73).
Then as we calculate 0, in line 8 of ONESTEPCENTRALPATH (Algorithm 19),

00 = Gra+ o — (Pt + Do)

1 -~ o~
1/ (¢ +0a) — | =R TR P——= - (¢ + 0
%'i-(b SH 1P 7§(+<b)

:\/;(1 R[)"R[I]P )\/;78 (0 + 0a).

Part 2. We prove Part 2 by induction. In the basic case when j = 0, we initialize z « (@, so it
is true.

When j > 0, let j1 < j be the last iteration that we call INITIALIZE on Line 32 and 33
of MAIN (Algorithm 18). In the ji-th iteration, the MAIN algorithm executes Line 30: z <
x — (mpg.ur + mp,.G - mpy.uz) — (mpg.u1 + mpg.G - mpg.u2) , and then re- initialize mp,.u; <
mp,.ug < Mpg.u; < Mpg.uz < 0. Therefore by induction on j, we have 20 = z(0) 4 Zjl ~Z
Now apply Part 3 of Lemma 1.3, we have that

((mp.u1) + (mp,.G) - (mp,.uz)) + ((mpcp-m) + (mpg.G) - (mpg.u2))

J ‘ ‘
= Z cgz)- wappr,(i) PO £, (¢ Z ch) -/ Wapen (i) PO £ () /10)

1=j1+1 i=j1+1

1 RONINO)
— E: (3 480,
et \/Xms(i) Lo
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where the first step is by Part 3 of Lemma 1.3, the second step is by Eq.(73).
Also notice that in every iteration, we add ¢; ; + g o to z in ONESTEPCENTRALPATH (Line 10
of Algorithm 19), so

J
) . 1
(4 _ () — ( ) 5()
20 00 = 3 ()= 3 T 0 )
i=j1+1 i=j1+1 S(

where the last step is by Eq.(74).
Therefore,

29 — ((mpyu) + (mp,.G) - (mpytiz)) — (Mpg-t1) + (pg,.G) - (mpq>.u2))

4 J (i) N~ X0 -,
=20+ 3 oS Sy O OO Sy O (51 4 54

; NG t ;
i \V SO Vx50 SG) ﬁ
J
= 20 ¢ Z gg(ci)

i=71+1

j ~ .

=2 £ 350
=1

Part 3. Consider a fixed coordinate . We use j; to denote the last iteration that the algorithm
includes i into S when enter the MAKEFEASIBLE procedure on Line 28 of MAIN (Algorithm 18) or
when re-initialize. We prove the following properties in order to apply Lemma I.5.

1. fgji) ( ) 1f the algorithm enter the INITIALIZE procedure, we have 5[1(]1) x( ) Otherwise

we enter the MAKEFEASIBLE procedure, and according to the updatlng rule Tg < xg (Line 4

of MAKEFEASIBLE, Algorithm 20), we also have :c(jl) Z(ji).

2. 1) > t(ji)/2 and j — j; < y/n, since the algorithm re-INITIALIZE whenever it passes \/n
iterations or ¢ changes too much (Line 29 in MAIN, Algorithm 18).

3. For all I € {j; +1,---,j}, w*PPr () ¢ [0 /2 24°M] since the algorithm doesn’t include
coordinate ¢ in S during iteration [.

Then by Lemma 1.5, :z:l(j) R, fgj ) holds with probability at least 1 — §, where €, = 20%/4 .
log(n/d)e < % by our assignment of b = 10'2y/nlog® n/e%,, (Line 7 of MAIN, Algorithm 18)

and 6 = 1/ poly(n). This satisfies the requirement of Def. I.1.

By choosing ¢ to be 1/n'% and union bound on all coordinates i, (/) Nletiny

Zz@) holds w.h.p. O

The following lemma proves the invariants that are true throughout the algorithm. It is used to
prove Theorem [.2. This lemma should be seen as a complement of Section D, and we directly use
results proved in that section.

Lemma 1.3 (Invariants). In the end of the j-th iteration, the following invariants hold:
1. G=VAT(AVAT) 14,

2. uz + Muy = Zf:jﬁ . D . AT (AWeppr() AT) =1 Ay/WWappr,(i) £ (pappr.(i))
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3. up + Gug = Zg:jﬁ— L e appn @) AT (Aapen () AT) =1 Ay/T7aper(i) f(pappr ()

where jy is the last iteration we call INITIALIZE, and ¢\9) is defined as in SCALARC:
i data structure mpy,

and in data structure mpg,

VEHIVeLGi/t— 1)

Proof. We consider the j-th iteration in this proof. Throughout the proof, we call the updated

version of all date structure members at the end of the j-th iteration as the “new” version, with a

“new” superscript in the notation, e.g. u}®".

Part 1. Note that V, V and G are only updated in MATRIXUPDATE and PARTIALMATRIXUPDATE.
Case 1. MATRIXUPDATE (Algorithm 25). On Line 12, G is updated to be JWappr jftmp.

where W?PP' is the new value of V' (Line 18), and M*™P is the new value of M (Line 16). We have
GV = VM =VAT(AVAT) 1A,

since in Lemma D.17 we proved that the invariant of M still holds.

Case 2. PARTIALMATRIXUPDATE (Algorithm 26). First note that V' and M are not
updated in PARTIALMATRIXUPDATE. On Line 14, G is updated to be W*PP*M, where W*PP" is
the new value of V', so the invariant of G still holds.

Part 2. It suffices to prove that the additive term in the j-th iteration is

U5V 4+ MRS — (uz + Muyg) = ¢- AT(AWPPTAT) =L A\/Ti7appr f(BAPPT),
Then starting from the ji-th iteration where we re-INITIALIZE and set uéh) = uffl)
inductively prove the statement for iterations i € {j; + 1,---,j}.

There are three cases that we update us and wug in the j-th iteration: in MATRIXUPDATE,
PARTIALMATRIXUPDATE, or QUERY. Note that even though we might enter QUERY after executing
MATRIXUPDATE or PARTIALMATRIXUPDATE, ug and u4 won’t change inside QQUERY since they were
already updated in MATRIXUPDATE or PARTIALMATRIXUPDATE. So we can consider the updates
to ug and u4 in these three procedures separately.

Case 1, MATRIXUPDATE (Algorithm 25).

= 0, we can

us® + MVl — (ug + Mug) = us + Muy + ¢ - M™P/Wappr f(RAPPY) 4 MY . () — (ug + Muy)
= ¢ MtMP, /Wapprf(happr)
= ¢ AT(AWPPr AT~ Ay/WWappr f(p2PPT),

where the first step is by the assignment of u§°V (Line 14), u}*V (Line 15), the last step is by

M = AT (AWaPPr AT)=L A that we already proved in Lemma D.17.
Case 2, PARTIALMATRIXUPDATE (Algorithm 26).

=M™ — w)

= M-+ (VISP (RPP) — Tgnew BUP L, [(Magnew )T |/ PP £ (h2797) )
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— e (M = Lol B L, (M) ) VI £ (05
= C - (M —_ LC[MSneW] . E*[(( r‘sl,?]‘g/w7s“ew)71 —|— MSnew“S'new)il] . ET[(MSnew)T}> V Wapprf(happr)
= c- AT(AWPPTAT) =L Ay/Wappr f (PP,

where the first step is by u5°" = ug and M"°" = M since they are not modified in PARTIALMATRIX-

UPDATE, the second step is by the assignment of u}°" (Line 17), the fourth step is by the invariant
on B"™P (Part 10 of Assumption D.1), the fifth step is by Woodbury identity (Lemma C.8) and
M =AT(AVAT)1A.

Case 3, QUERY (Algorithm 24).

= M(uf®™ — uyq)

=M-c- («/Wapprf(happr) + Lgnew (Y™P — 41 — 07))

= ¢ (M — Lo[Mgoen] - L[((ABS goow) + Moen guen) ] - L [(Mgnen) T]) - V/FTo098 (12057)
= c- AT(AWapprAT)—lA, /Wapprf(happr)’

where the first step is by u5“" = uz and M"*" = M since they are not modified in MATRIXUPDATE,

the second step is by the assignment of «}*V(Line 25), the third step is by the close-form formula
of y"P — 41 — 9y (Eq. (42)), the fourth step is by Woodbury identity (Lemma C.8) and M =
AT(AVAT)LA,
Part 3. The proof for u1+Gug = Zg:jﬁ_l @) . appr, (i) AT (AW 2PPr () AT) =1 A/ appr,(0) f(B2pPr(0)
follows from similar reasons as that of Part 2. We omit the details here.

O

I.3 Bounding r and =

In this section we prove that the explicit T is always within an error of €,y with the implicitly
maintained z. This fact is used to prove Part 3 of Theorem I.2. Similar as in previous sections, we
use a superscript (j) to denote the variable at the beginning of the j-th iteration.

Remark 1.4. Our entire analysis is an induction-based arqgument. In the j-th iteration, the induc-
tion hypothesis allows us to assume that Assumption B.5 is true for the (j — 1)-th iteration, it also
allows us to assume the following Lemma 1.5 is true for 9 and T,

Using these two induction hypothesis we proved that Assumption B.5 is still true for the j-th
iteration in Section I.1.

Then we further use these two induction hypothesis together with Assumption B.5 for the j-th
iteration to prove the following Lemma 1.5.

Lemma 1.5 (z and T are close). Consider a fized coordinate i € [n] and a fived iteration number
kE < /n. Let b denote the size of sketching matriz. If the following are true: (1) xgo) = EZ(O). (2)
t) > 1) /2. (8) There is a constant w > 0 such that for all j € [k], w?ppr’(j) € [w/2,2w]. (4)
Inductively Assumption B.5 is true for iterations 1,2,...,k. Then we have:

(@) @D — 2| < e,

)

holds with probability 1 — § over the randomness of sketching matrices RW ... RK) e RO*" where
€r = %\%/4 -log(n/d)e.
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Proof. We denote ¢t = t*). Since ¢ < 2t() and the central path iteration will only decrease tU),
we have t < tU) < 2t for all j € [k]. R
From the definition of d, (Definition B.4) and J, (Definition B.6), we have

~ o~ X ~ 1 = X <
Op — 0y = ——=(I — P)——=—=06, — ———=(I — R"RP)——=96,
XS VXS XS XS
X 1~ 1~
= ——(P - R"RP)——=6, = VW»Pr (P — R' RP)——=), (76)
VXS XS VXS
Then the difference between :L‘l(-k) and fz(-k) can be written as
k
(0) 0 j (G
o -7 = | (o} 5@) @0+ o8| = | e -3
j=1 J=1
k . o 1 .
’Z Vawappr, (), ((PY) — RT(J)R(J)P(J))ﬁ(Sl(LJ))i , (77)
j=1 X0)SG)
where the second step is by xgo) = EEO), the third step is by Eq.(76).
<(9)
: i-th i ion: vV wappr,( GYpU) %
We define a random vector Y for the j-th iteration: Y; = vw <( TRUNHP \/m) R
59
We first bound the ¢5 norm of the right part W
5&1 “ 1.1 .
| < Sup [ ] B < - Bl < 226V < 5,
H V X ) §6) 112 L/Xu } Vi)

where the first step is by ||a-b||2 < Sup|a]- ||bH2, the second step is by the inductive Assumption B.5
that X SU) ~; tU), the third step is by ||5 ) |2 < 2¢t9) (Fact B.9), the last step is by tU) < 2t.

By Lemma B.14, for each j and with randomness over R, and use the fact that w?p pr(d) ¢
[w/2,2w] for all j € [k], we have

app r,(7)

E[Y;]=0 and E[(Y;)? ) - 25€2t /b,

s

and with probability 1 — d/n,

V| < / PP H\/i” log n/5 < (m){)eﬁlog(\;%/é) — M.

X

Now, we apply Bernstein inequality on these zero-mean independent random variable {Y]};“:1
(Lemma A.3), V7 > 0,

k 2
{35001 7] < 2o (- SIAEEST,

=1

Choosing 7 = 64% log(n/d)%e, we have
b 72/2
Yi)| > 71| <2exp < 2exp(—10log(n/d)).
U ;( 2 } ( 50wke?t/b + T - bev/2w bg n/6 )
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Then take a union bound on all events that |Y;| < M, we have | Z§:1(Yj)| < 7 with probability
at least 1 — §. Therefore,

64V wkt

2
7 -log(n/d)e

k
k _(k
e~z < 13 <7 <
j=1

(v 200VE 2, o ) 200011 2. < )
<z “log(n/d)“e < x;™ - ‘log(n/d6)%e < x; e,
S = los(nfofe s at ——— log(n/o) e < ;
where the first step is by Eq.(77), the fourth step is by wt < 2w§appr)’(k) c2tth) < (QmZ(-k)/sgk)) .
(31‘§k)5§k)) < 6(1’2(-k))2 by Assumption B.5, the fifth step is by k < \/n. O

I.4 Running time of feasible data structure
Lemma I.6. [t takes O(n) time to execute SCALARC.
Proof. The proof is straightforward. O
Lemma 1.7. In the procedure MATRIXUPDATE, it takes
1. O(n?) time to compute G < W2PPT \[tmp
2. O(n?) time to compute uy <+ uj + Gug + ¢ - W3aPPT ) [tmP/T}7appr f(pappr)
3. O(n?) time to compute ug < uz + Mug + ¢ - MP™P+/T/appr f (RaPPT)
Overall, refreshing G, uy, ug takes O(n?) time.
Proof. This lemma directly follows from the algorithm of MATRIXUPDATE (ALgorithm 25). O
Lemma 1.8. In the procedure PARTIALMATRIXUPDATE, it takes
1. O(n**®) time to compute G < G + (W*PP* — V). M.
2. O(n**9) time to compute uy < uy + (W*PP* — V) - Mus.

3. O(n'*t2) time to compute ug < ug+c <\/ TWapPr f(RPPT) — 1 guew B L, [( Mgnew) "]/ Wapprf(happr)>-

And computing uy takes the same time.
Owverall, refreshing G, uy, ug, ug takes O(n'+?) time.

Proof. From Lemma E.1, we have that when entering PARTIALUPDATE, ||[w®PP" — 7o < O(n®), and
|SmeV] < O(n®). N

Part 1. Since (WP —V) is a O(n®)-sparse diagonal matrix, multiplying it with a n x n matrix M
takes O(n'*®) time. By memory operation, adding (W#PP* — V)M on G also takes O(n'"®) time.
Part 2. Multiplying a O(n®)-sparse diagonal matrix (W?PP' — V') with a n x n matrix M and then
with a n x 1 vector ug takes O(n'*) time.

Part 3. Computing v/IWaPPr f(h2PPY) takes O(n) time. Multiplying a O(n®)xn matrix L, [(Mgnew) ]
with a n x 1 vector v/WapPPr f(h2PPY) takes O(n'*%) time. Multiplying a O(n®) x O(n®) matrix
B'™P with a O(n®) x 1 vector L.[(Mguew)]\/WapPPr f(h2PPT) takes O(n??) time. Finally multi-
plying a n x O(n®) matrix Lgnew that only has O(n®) non-zero entries with a O(n®) x 1 vector
B'™P(Mgnew) T v/TWaPPT f(R?PPY) takes O(n) time. Thus in total this step takes O(n'*?) time. O
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Remark 1.9. Note that this running time of O(n'*%) is always dominated by the O(Tmas(n, na,%))
time of other computations of PARTIALMATRIXUPDATE (see Lemma E.18).

Lemma 1.10. In the procedure QUERY, it takes
1. O(n®*®) time to compute uy < uy + ¢ - (WPPr — V) (62 + M - (VWaPr f(h2PPr) — /T f(g) +

Lgnew (y"™P — oy — a’Y)))-

2. O(n) time to compute ug < ug + ¢ - <\/ Wappr f(RAPPT) 4 1 gnew (P — ~p — 87)>. And com-

puting uy takes the same time.
Overall, calculating uy, ug, uy takes O(n®t%) time.

Proof. When entering QUERY, from Lemma E.1, we have that ||w®PP* —v|g < n® and ||h*PP" —
gllo < no, thus [|[vW ™ f(h2PPr) — VTV f(g)]lo < O(n®). From Lemma E.1, we also have that
|w*PP* — 3o < n, and |S™V| < O(n®).

Part 1. We need to compute the following four parts:

1. Multiplying a n x n diagonal matrix TW/2PP* — V with a n x 1 vector By takes O(n) time.

2. Multiplying a n®-sparse n x n diagonal matrix TW2PPT — V withan xn matrix M and then
with a O(n®)-sparse n x 1 vector (v IWaPPr f(R?PP) — \/V f(g)) takes O(n®*?) time.

3. Computing 1gnew (Y"™P — ~ — 9v) takes O(n) time. Multiplying a n®-sparse n x n diagonal
matrix W2PP'—V with a nxn matrix M and then with a O(n%)-sparse nx 1 vector 1 gnew (7*™P—
y1 — 9v) takes O(n®"®) time.

So overall this step takes O(n®*?) time.

Part 2. Computing v WapPpPr. f(h*PP) takes O(n) time. And multiplying a n x O(n®) matrix 1gnew
that only has O(n®) non-zero entries with a O(n%) x 1 vector (y"™P — ~v; — 9v) takes O(n) time.
Thus in total this step takes O(n) time. O

Remark I.11. Note that this running time ofO(naJra) is the same as other computations of QUERY
(see Lemma E.3).

Lemma 1.12. The amortized running time of procedure MAKEFEASIBLE is
(C1/emp + Cg/efnp) -nto.

Proof. In this proof, we will use superscript notations that are consistent with section F. Let wU+1)
denote the input w"" of UPDATEQUERY in the j-th iteration. Let w®”P"U*1 be the output of
UPDATEQUERY in the j-th iteration. Let w°'4() be the values of w®4 at the beginning of the j-th
iteration. Let SU) := {i : \wfld’(j) - w?ppr’(j+1)| > w?ld’(j)/2}, and we define Ej .= |SU)|. Note that
in the j-th iteration, procedure MAKEFEASIBLE takes worst-case O(n - /k\j) time. We use a similar
amortized argument as that of Lemma F.19.

We define the following potential function
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where the function 1 is defined as Definition F.4. We let g € R™ be the all one vector. Applying
Lemma F.23 (set v\9) of the lemma statement to be w°'4)), we have

(w move) (J — Zgz [ J+1)/w{)ld7(j) —1)— Qﬁ(w(j)/’w(?ld’(j) —1) w(j)’ wold,(j)}

3 7 3

= 0(01 + Co/emp) - [lglla = O((C1 + Ca/€mp) - V). (78)

From Section 1.1, we have w*PP"U+D ~_ 50U+ And from Lemma 1.5 we have wU*tD) ~
wl D, So wPPrUH) &~ 4wl For every i € 5U), we have \wappr’(]+1)/w?1d 0> 12
by definition of § S ), thus

i+1) ;. old,(j r,(j+1) , old,(j +1 r,(j+1
’wZ(J )/wl? @) _ 1| = ’(w?PP (4 )/w? (J)) ) (wZ(J )/w?Pp (4 )) —1

> 1/2 — 2emp — 2€tiny > 2€mp,

€mp

where the last step follows from €y, < %0 (Assumption F.5) and ety < 1go5 (Def. 1.1). Thus

w(wl(jﬂ)/w?ld’(j) — 1) > €myp from the definition of ¢. Since for i € §(j)7 w?ld’(jH) is updated to be

G+l
w>PPT (5+1)

i , we have

i+1 1d,(j+1 j+1 ,(j+1
T f? 0D g = [l PO ) < e ey < LLemp.

Thus ¥ (w, D) Jw ?ld’(ﬁl) — 1) < 0.6€mp from the definition of ¢ (Definition F.4).
So we have

)

(v move)t) := ZE { g+1 old,(j) 1) - w(w§j+1)/wgld,(j+1) _1) ‘ w(j),w(’ld’(j)}

> Z E [w(ng-‘rl)/w?ld,(j) _ 1) _ w(wl(j-‘rl)/w?ld,(j-ﬁ-l) _ 1) ) w(j)7wold,(j)}
i€8)
i€8)

Combining Eq. (78) and Eq. (79), we have

T-1 T
E[®r] — ®¢ = Z((w move)(j) — (v move)(j)) <T-(Ch+ Co/eémp) - V1 — ZQ(emp/];j)-
j=0 Jj=1

Since when initialize we set w°!d to be wp, we have &y = 0. And since E[®7] > 0, we have
T o~
Z ki <T - (Cr/emp + Cof€hy) - v/
Thus the amortized running time of MAKEFEASIBLE is (C'/émp + Cg/e?np) -nlo, O

Remark 1.13. Note that the amortized time of MAKEFEASIBLE is dominated by the amortized
time of MATRIXUPDATE (Lemma F.19).
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J History of Matrix Multiplication and LP

Year | Reference | w Reference | «

1969 | [Str69] 2.808

1978 | [Pan7§] 2.796

1979 | [BCRLT79] 2.78

1981 | [Sch81] 2.548

1982 | [Rom8&2] 2.517 [Cop&2] 0.172
1982 | [CW82] 2.496

1986 | [Str86] 2.479

1987 | [CW8T] 2.376

1997 [Cop97] 0.29462
2012 | [Will2] 2.3729

2014 | [LG14] 2.37286 | [LG14] 0.30298
2018 [GU1§] 0.31389

Table 16: The history of exponent of matrix multiplication w and the dual exponent of matrix
multiplication «.

Year | Author Reference | Complexity

1947 | Dantzig [Dan47] 20(n)

1979 | Khachiyan [Kha80] n®

1984 | Karmarkar [Kar84] n3>

1986 | Renegar [Ren88] n?

1987 | Vaidya [Vai87] n?

1989 | Vaidya [Vai89] n?>

1994 | Nesterov, Nemirovskii [NN94| n?>

2014 | Lee, Sidford [LS14] n?>

2015 | Lee, Sidford [LS15] n?>

2019 | Cohen, Lee, Song [CLS19] nY 4 n2o=a/2 4 p2+1/6
2019 | Lee, Song, Zhang [LSZ19] nY 4 n25=/2 4 p2+1/6
2020 | Brand [Bra20] n¥ 4 n25-a/2 4 p2+1/6
2020 | Brand, Lee, Sidford, Song | [BLSS20| n?

2020 This paper | n¥ + n?°~%/2 4 p2+1/18

Table 17: Let w denote the exponent of the current matrix multiplication. LP has n variables,
d = O(n) constraints, and all number can be encoded in L bits. The running time of all these
algorithms has a nearly linear dependence on L. We consider the case where A is a dense full
rank matrix. w denotes the exponent of matrix multiplication, and « denotes the dual exponent of
matrix multiplication. We remark that in some previous papers the running time is presented with
explicit d and nnz(A). Here we present the running time assuming d = O(n), rank(A) = n and
nnz(A) = n?.
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