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Bloch Spectra for High Contrast Elastic Media
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Abstract

Analytic representation formulas and power series are developed to describe the band struc-
ture inside periodic elastic crystals made from high contrast inclusions. We use source free
modes associated with structural spectra to represent the solution operator of the Lamé system
inside phononic crystals. Convergent power series for the Bloch wave spectrum are obtained
using the representation formulas. An explicit bound on the convergence radius is given through
the structural spectra of the inclusion array and the Dirichlet spectra of the inclusions. Suffi-
cient conditions for the separation of spectral branches of the dispersion relation for any fixed
quasi-momentum are identified. A condition is found that is sufficient for the emergence of band
gaps.
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1 Introduction

High contrast periodic elastic crystals have been studied both theoretically and experimentally and
have been shown to exhibit unique dispersive properties. One can split high contrast crystals into
two classes based on the length scale of the crystal structure relative to the wavelength. When
crystal geometry is on the same length scale as the elastic wave the dispersion is due to Bragg
scattering and the patterned material is referred to as a phononic crystal, [15, 33, 23, 34, 36, 2, 26].
Alternatively if the wave length lies above the crystal period a sub-wavelength resonance can be
induced and this becomes the principal effect that controls wave dispersion. Crystals of this type
are referred to as phononic metamaterials, [3, 32, 35, 10, 37]. In this article we address the former
“multiple scattering,” problem when the wave length is on the scale of the heterogeneities. We
consider periodic arrays with low wave velocity inclusions embedded in a high wave velocity medium
(often referred to as the matrix). Such crystals exhibit novel dispersion and are known to exhibit
band gaps [16].

In this article new rigorous and explicit analytic representation formulas and power series are
developed to describe wave dispersion inside phononic crystals. These results apply to wave propa-
gation inside phononic crystals made from high contrast inclusions. The explicit formulas are used
to investigate the propagation band structure of the crystal as a function of the inclusion geometry.
The phononic elastic crystal is a composite of two materials each with different density and elasticity.
The propagation of a Bloch wave h(z) at frequency w inside the elastic crystal is described by the
differential equation,

— V- (C(z)Eh(x)) = w’p(z)h(z), z € RY, d=2,3. (1.1)

Here C(z),z € R? is the fourth rank tensor that represents the local elastic constants of the
material and p(z) is the local density. The crystal is taken to be infinite in extent and with out loss
of generality the unit period cell is the cube Y = (0,1]¢. The Bloch wave h(z) inside the crystal
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satisfies the o quasi-periodicity condition h(z + p) = h(z)e!*P, where a is the quasi-momentum
in the first Brillouin zone Y* = (—m,7|%. The piece wise constant elastic tensor and density are
periodic and satisfy C(z) = C(z + p) and p(x) = p(x + p) with p € Z% d = 2,3. The crystal is
composed of a periodic array of isolated inclusions D surrounded by a second phase. The array
of inclusions is described by the set Q = U,,cz¢(D 4+ m), and the connected phase is described by
R%\ Q. In this treatment the boundary of the inclusion is taken to be C° smooth. The low velocity
inclusions are embedded in a high velocity matrix, i.e., p* > p? and k > 1. The piece wise constant

density and the piece wise constant elasticity tensor for the medium are written

C(z) = Clxa(z) + C*(1 - xa(z))

| ) (1.2)
p(z) = p xal(z) + p*(1 — xa(z))
where p', p? are constant densities and the elasticity tensor C! := ikl i= A10i;0k1 + 11 (8ikbj1 +
84101 is isotropic and specified by Lamé constants (A1, 1) and C! satisfies
0 <~[¢]* < Cl¢:¢ < BICI (1.3)

for all ¢ € Sym? = {¢ € R™4 . ( = ¢T}. The elastic moduli describing C? are given by Ay = k)\;
and po = kpy, 1 < k < oo, where k represents the contrast between the two elastic materials. The
symmetric gradient of the elastic displacement u is denoted by &£(u), given by,

E(w) = 5(Vu+ Vu'),

where the superscript ¢ denotes the matrix transpose. The corresponding co-normal derivative on
09 is
Onu = (C'E(u))n (1.4)

where n is the outward unit normal vector to 92 and the Lamé operator £ on R?, d = 2,3 is defined
to be
Lu:=V-C'Eu) = mAu+ (A + p1)V(V - ). (1.5)

Here we prove the results for the d = 3 case. Our approach also applies to the d = 2 case, however
the specifics differ and this will be reported in a separate publication.

In this paper we investigate the band structure as a function of the elastic contrast k& between
the two materials, inclusion shape and placement inside the period cell. It is known that frequency
band gaps open up for elastic crystals for sufficiently high contrast, see [16]. For each oo € Y* the
Bloch eigenvalues w? are of finite multiplicity and denoted by &i(k,a), j € N. We develop explicit
series expansions in the contrast k for each branch of the dispersion relation

¢i(k,a) =w? jEN (1.6)

that are valid for k£ in a neighborhood of infinity. The radii of convergence and convergence rate for
the series are found to depend explicitly on the inclusion shape and placement within the period cell,
see sections 7 and 9. Conditions sufficient for the separation of spectral branches of the dispersion
relation for any fixed quasi-momentum are found, see section 7. We characterize the high contrast
limit of the Bloch spectra and give sufficient conditions for the emergence of band gaps, see section
10. When the inclusion is symmetric a new spectral interlacing property is found that is identical
to that seen for scalar problems in acoustics, see [17]. The approach taken here is distinct from
other approaches and as noted earlier is not asymptotic, instead it uses shape and configurational
information contained in the structural spectra of the periodic array of inclusions. The structural
spectra is identified here for the elastic problem and is a family of eigenvalues {7;(c)}32,, a € Y*
associated with eigenvalue problems that encode the geometry of the crystal, see Definition 2.8. For
fixed oo € Y* the eigenvalues {7;(«)}52,, are referred to as the quasi-periodic spectra of the crystal,
see (2.39) of section 2. We identify this spectrum with the spectrum of the well known Neumann
Poincaré operator [18], [4], [5] constructed in the quasi periodic setting, see Lemma 2.5.
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Figure 1: Inclusion geometry inside a period Cell.

To proceed we complexify the problem and consider k£ € C. Now C(z) takes on complex values
inside Y\ D and divergence form operator is no longer uniformly elliptic. Our approach develops an
explicit representation formula for —V - (C(z)€(u)) that holds for complex values of k. We identify
the subset z = % € Qg of C where this operator is invertible. The explicit formula shows that the
solution operator (=V - (C'xp + C?xy\p))€) ! may be regarded more generally as a meromorhic
operator valued function of z for z € Qy = C\ S, see section 4 and Lemma 4.1 . Here the set S
consists of poles lying on the negative real axis with three accumulation points bounded away from
z = 0. These poles are in one to one relation to with the structural spectra {7 (a)}2,, a € Y*.
The interval of the negative real axis containing S¢ can be bounded uniformly for a € Y* for a
wide class of inclusion shapes and placements inside the unit period cell, see Sections 8 and 9. For
the problem treated here we expand about z = 0 and the set S is used to bound the radius of
convergence for the power series. The spectral representation for —V - (Clxp + C2Xy\ p))E follows
from the existence of a complete set of orthonormal set of quasi-periodic functions associated with
the quasi-periodic resonances of the crystal, i.e., quasi periodic functions v and real eigenvalues &
for which

— V- (C'xp)E(v) = —£V - C*E(v). (1.7)

These resonances are shown to be connected to the spectra of elastostatic Neumann-Poincaré oper-
ators associated with quasi periodic double layer potentials. For a = 0 and for a single sphere in
R? these correspond to the elastostatic eigenvalues identified in [14]. Both elastostatic Neumann-
Poincaré (N-P) operators and associated elastosatic resonances have been the focus of theoretical
investigations [4]. Unlike scalar problems [18], these investigations have shown that N-P operator is
not compact even for smooth domains. Instead the seminal work [4] shows that the N-P operator is
polynomially compact. These results have been applied in analysis of cloaking by anomalous local-
ized resonance for the elastostatic system [5]. The explicit spectral representation for the operator
(-=V-(Clxp+C? xv\p)E) developed here is crucial for elucidating the interaction between the con-
trast k and the quasi-periodic resonances of the crystal, see (3.2), (2.54), and (2.55). The spectral
representation is applied to analytically continue the band structure &;(k, o) = w?, j €N, a € Y*
for k onto C, see Theorem 3.1. Application of the contour integral formula for spectral projections
[20], [21] and [22] delivers an analytic representation formula for the band structure, see section
4. We apply perturbation theory in section 4 together with a calculation provided in section 13
to find explicit formula for the radii of convergence for the power series &;(k,a) about 1/k = 0.
The formula shows that the radius of convergence and separation between different branchs of
the dispersion relation are determined by: 1) the distance of the origin to the nearest pole z* of
(=V-(C'xp+C?xy\p))E)~ !, and 2) the separation between distinct eigenvalues in the z = 1/k — 0



limit, see Theorems 7.1 and 7.2. These theorems provide conditions on the contrast guaranteeing
the separation of spectral bands that depend explicitly upon z*,j € N and o € Y*. Error estimates
for series truncated after N terms follows directly from the formulation.

Next we apply these results and develop bounds on the convergence radii for a wide class of in-
clusions called buffered geometries. A buffered geometry is described by a randomly placed inclusion
inside the unit period cell with a finite distance of separation between inclusion and cell boundary,
see section 8. For these geometries we demonstrate that the poles of (=V - (C'xp + C*xy\p))E) ™"
associated with the quasi-periodic spectra are bounded away from the origin uniformly for o € Y'*.
The quasi-periodic spectra {7;(«)};cn associated with a buffered geometry is shown to lie inside the
interval —1/2 < 77 < 7;(a) < 1/2, for every a € Y*, see Theorem 8.1 and Corollary 8.3. The lower
bound 77 is independent of a € Y* and depends explicitly on the geometry of the inclusions. This
control insures that the associated poles of (—=V - (C'xp 4+ C*xy\p))E) ! are uniformly bounded
away from the origin and provides an explicit nonzero radius of convergence for the power series
representation for the band structure &;(k, o) = w? for each j € N and o € Y*, see Theorems 7.1
and 7.2. In section 9 we apply these observations to periodic assemblages of buffered spheres. Here a
buffered sphere is characterized by a period containing a randomly placed sphere within the interior
of the unit call. The term buffer referrers to the distance between the boundary of the sphere to
the boundary of the cell. For this case we recover explicit formulas for the radii of convergence of
the power series expansion for &;(k, o) and explicit conditions for the separation of spectral bands
in terms of the distance between sphere boundary and cell boundary. It is important to emphasize
that the results on separation of spectra and convergence of power series are not asymptotic results
but are valid for an explicitly delineated regime of finite contrast.

Earlier work on effective properties for periodic and random media [12], [19], [29], show that
the effective elasticity for a composite medium is an analytic function of the contrast. The effective
elasticity function is seen to be nonzero and analytic off the negative real axis and is determined by its
singularities and zeros. Estimates for effective properties are obtained from partial knowledge of the
singularities and zeros. The work [6] develops power series solutions to bound the poles and zeros of
the effective elasticity function. This provides bounds on the effective elasticity function for the class
of inclusion geometries discussed here. Asymptotic expansions for Bloch eigenvalues are developed
and applied to the high contrast setting for two dimensional elasticity in [2]. The expansions are
in terms of the contrast and developed using a boundary integral perturbation approach based on
the generalized Rouché’s theorem. In that work the high contrast band structure is identified and
a criterion for band gap opening is given in 2 dimensions. The criterion sufficient for band gap
opening in three dimensions given here is consistent with the one presented in [1]. However in
the present context it is shown to follow from the Lipschitz continuity of Bloch eigenvalues with
respect to quasi-momentum at fixed contrast. Recently the appropriate structural spectrum for
the Helmholtz operator has been identified and used to quantitatively capture the band structure
for wave propagation problems in high contrast media for TE electromagnetic modes in [27]. This
knowledge is used to establish explicit formulas for both pass band and band gap frequency intervals
as functions of the inclusion geometry in [28].

The paper is organized as follows: In the next section we introduce the Hilbert space formu-
lation of the problem and the variational formulation of the quasi-static resonance problem. The
completeness of the eigenfunctions associated with the quasi-static spectrum is established and a
spectral representation for the operator (—V - (Clyp + szy\ p))E) is obtained. These results are
collected and used to continue the frequency band structure into the complex plane, see Theorem
3.1 section 3. Spectral perturbation theory [22] is applied to recover the power series expansion
for Bloch spectra in section 2.11. The leading order spectral theory is developed for quasi-periodic
«a # 0 and periodic o = 0 problems in sections 5 and 6. The main theorems on radius of convergence
and convergence rates are given by Theorems 7.1, 7.2, and 7.4 are presented in section 7. The class
of buffered inclusions is introduced in section 8 and the explicit radii of convergence for a random
suspension of disks is presented in section 9. The structure of high contrast limit spectra is given
in section 10. Explicit formulas for each term of the power series expansion is recovered and ex-



pressed in terms of layer potentials in section 11. In section 12 the explicit formula for the first order
correction in the power series is presented in the form of the Dirichlet energy of the solution of a
transmission boundary value problem. This formula follows from the layer potential representation
for the first term and agrees with the first order correction obtained in the work of [2]. The explicit
formulas for the convergence radii are derived in section 13 as well as hands on proofs of Theorems
7.1 and 7.2 and the explicit error estimates for the series truncated after IV terms.

2 Hilbert space setting, quasi-periodic resonances and rep-
resentation formulas

We denote the space of all a quasi-periodic complex vector valued functions belonging to L? (R3)3
by Li& (a,Y)? and the inner product is denoted by

(u,v) = / u- v d. (2.1)
Y
For « # 0 the eigenfunctions h for (1.1) belong to the space
Hy(o,Y)? ={h € H,.(R*)? : his o quasi-periodic}. (2.2)

This space does not contain the space of rigid motions hence the kernel of the symmetric gradient
is zero and the space H;é(m Y)?3 is a Hilbert space under the inner product

(u,v) = / C'&(u): E(v) dx. (2.3)
Y
The periodic eigenfunctions of (1.1) associated with nonzero eigenvalues belong to the space
H,(0,Y)? = {h € HL.(R*)3 : his periodic, / phdr = o} : (2.4)
Y

Note here that H# (0,Y)?3 does not contain the space of rigid motions so it is also a Hilbert space
with the inner product (u,v) defined by (2.3).

In what follows we write p = p(x) and for any k € C, the weak formulation of the eigenvalue
problem (1.1) for h and w? is given by

By (u,v) = w?(pu,v) forall ve H;ﬁ(a, Y)? (2.5)

where By, : Hy (o, Y)? x Hj(,Y)? = C is the sesquilinear form given by

By(u,v) = /Y C(z)E(u) : E(v) dx

(2.6)
=k C'&(u): E(v) dx —|—/ C'&(u) : E(v) du.
Y\D D
Let Tg' : Hy(o,Y)? = Hj(a,Y)? be the associated linear operator such that
Ty, v) = By (u,v) for all v € HL (o, Y)3. 2.7
< k% > ( ) ) # 5

Hence from (2.5) the eigenvalue problem becomes finding the pair w?,u such that w? > 0 and
u € Hy(a,Y)? for which
(T u,v) = w?(pu, v). (2.8)



Now we identify the operator associated with this eigenvalue problem. Let F(v) : Hj (o, Y)? = C
be the linear functional such that F(v) = (pu,v) for fixed u € Hy(a,Y)?. Then by the Riesz
Representation Theorem, there is a unique z,, € H%& (o, Y)? such that

(Zup,v) = F(v) = (pu,v) for all v € H#(Q,Y)S. (2.9)

Let —L, be the Lamé operator associated with the bilinear form (-,-) defined on Hj (a,Y)?. so
Zpu = —ﬁ;lpu7
and
(Tfu,v) = w*(zpy,v) = W{—L, " pu,v) for all v € H%:(O[,Y)B,

or equivalently

Tou = —w?L; pu as elements of H;},E(Oz7 Y)3.
Now we aim to find the k values for a given a such that (7)~! exists and write

1

au= (T2) M (—La)  pu. (2.10)

This is equivalent to solving the original eigenvalue problem (1.1) on writing
-V (C(x)u) = =L Tiu (2.11)

and noting
LT u = w?pu as elements of Li(a, Y)3. (2.12)

Thus we will consider the operator (7)™ (—L4)"'p of (2.10) and show that for a given subset of k
in C it is a bounded operator from Li(a, Y)?3 to H%& (o, Y)2. In order to accomplish this we express
(T) explicitly and discern the values k in C for which (T}') is invertible.

We start by decomposing H. ;é (o, Y)? into invariant subspaces of source free modes associated with
a quasi-periodic resonance spectra. This decomposition provides the explicit spectral representation
for the operator (T*), see Theorem 2.9. Consider the quasi-periodic case given by a € Y* \ {0}.
Set Wi = {u € Hj(a,Y)?: E(u) = 0in D} and W' = {u € Hy(o,Y)? : E(u) =0in Y \ D}. One
checks that these spaces are orthogonal in the (-,-) inner product. We define W§ := (W @ W)+
and

Hy(o,Y)? =W @ Ws @ Wy (2.13)

Now consider o = 0 and decompose H(0,Y)?. Set Wi = {u € H}(0,Y)?: £(u) = 0in D} and
W9 ={ue Hy(0,Y)?: E(u) = 0in Y\ D}. One checks that these spaces are orthogonal in the (-, -)
inner product. Set {(p) = fy pdzx, then one also has the equivalent representation of WY given by

Lemma 2.1. The subspace W3 of H%E(O, Y)?3 has the representation
Wy = {uza—<p>—1/ plade 1y |4 e HY(D)*} (2.14)
D

where HY(D)? is the subspace of HY(Y)? given by all HY(D)? functions extended by zero into Y \ D
and and ly 1is the indicator function of Y.

This Lemma is proved in the Appendix. Clearly W7 and W3 are orthogonal subspaces of H} (0,Y)?
and define W9 := (W @ W)L and

HL(0,Y)? =W & Wy & Wy, (2.15)



With these definitions in hand we write W, Wg*, W$* for all a € Y*. To set up the spectral
analysis we observe that orthogonality and integration by parts shows that for v € Wg,

Lu=0 (2.16)

separately in D and Y'\ D, for all & € Y* and this implies that elements of W$* can be represented in
terms of single layer potentials supported on dD. We introduce the 3-dimensional a-quasi-periodic
Green’s function

G (ay) == 3 gt e (%0 1 ¥ (2 a)i(2n 4 Q)J), (2.17)

ot 2 4+ a2 A+ 2 |27mm + af?

and for a = 0 the periodic Green’s function by

1 ; o —0;; A+ 1 4rPngng
Qo z,y) = — ei2mn)-(z y)( Y4 1 ¢ j) for a = 0. 2.18
o) s nGZS’Z\{O} 2mnl® © Ar+ 2 [27nft (2.18)

Let H'/2(9D)? be the fractional Sobolev space on dD with dual (H'/2(0D)3)* = H='/2(9D)3. For
¢ € H-Y/2(0D)?, and a € Y* define the single layer potential S%[¢](x) associated with the Lamé
system

Splel(z) == - G%(z,y)o(y) ds(y) ,x €Y. (2.19)
It follows from [1], for any ¢ € H~'/2(0D)3

LSFZd=0inDand Y \ D,
Spodlon = Shélap, (2.20)

0 1 -
Spolap = (51 + (K774,

dy

where v is the outward unit normal to 9D and (K5%)
by

*

is the Neumann Poincaré operator defined

(K5 [6)(z) = pv /6 0,6 (@ = )oly) ds(y). @ € 9D (2.21)

where K%, is the Neumann Poincaré operator
K$[¢](x) = p.v /(')D 0, G (x —y)p(y) ds(y), =€ dD. (2.22)

Define S§p¢ = Sp|ap for all ¢ € H~'2(dD)?3, then we have the following Lemma.
Lemma 2.2. S§,, : H-'/2(0D)% — H'/?(0D)? is invertible.

Proof. We show that Ker{S§,} = {0}. Let ¢ € H='/2(9D)? and suppose S§p¢ = 0. Set u = SHo.
Then u € Wg, and satisfy Lu =0, in D with u|gp- = 0. Hence we have v = 0 in D. Likewise since
Lu =0, in Y\ D and u|gp+ = 0 with quasi-periodic boundary conditions on 9Y, we conclude u = 0
in Y\ D. Then since ¢ = dpulgp+ — Onu|gp-, it yields ¢ = 0. To show the surjectivity of Sgp), let
g € H/?(9D)?. Since the trace map G : W +— H/2(dD)? is onto, there exists u € W3 such that
Gu = g. Define ¢, := dpulgp+ — Opulop- and w(z) = SP[du|(z) = [, G*(,y)du(y) ds(y). Thus
u,w € W5 and [ := u — w satisfy

LI=0inDand Y\ D,
llop- = llap+,
n-C'e)|ap- =n-C'EW)|ap+



Then we see that
/ C'&(l) - £() dx = 0.
Y

This implies that [ is a rigid body motion and therefore we conclude that [ = 0. Hence u = w. O

Let T' = (Fj,k)?’ 1—1 denote the Kelvin matrix associated with the fundamental solution of the

Lamé operator and has the following representation

bléjk b2 TjTk

I - _
5 () || 4w |zf3

with 11 1 1,1 1
byi=-(—+-—)and byi=-(—— —).
! 2<u1+2u1+,\1)fm 2 2(,“ 2m+/\1)
We define F(z,y) := G%(x,y) — I'(x,y). One has the identities
’CGa(xvy) = Z 5(x—y—n)],a7é0,

nezs

LG (z,y) = Z dz—y—n)I—1
nezsd
We also know that
— LT (z,y) = 6(z —y)I.
Thus on Y for a # 0, we have
{—L’F(amy) =0forzinY

F(x,y)|syis continuous.

This shows that F satisfies the homogeneous Lamé equation on Y and we form
81’:{: Ga(xv y) = 81135]:‘(1.’ y) + 81/.7:F(x7 y)

So the Neumann Poincaré operator has the equivalent representation

K5 l@) = pv | 8, G(x,1)é(y) ds(y) = pof / 8, Tz, y)d(y) ds(y)
oD oD

n /8 0, F(ay)oly) ds(y)}-

Recall the identity
0, T(x,y) = koK1 (z,y) + Ka(z,y)

where
ko = o S
2(2p1 + A1)’
ng(z —y)" — (z —y)ng
K =
l(zvy) 27T|.’17 _ y|3 9
H1 (r—y)-ny 2(p1 + A1) (. —y) -ny T
Ks(z,y) = z—y)(x— .
2(7,9) 2u1 + Ay 4wz —y)? 2u1 + A Awle —yl® ( ul( v)

Here I is the 3 x 3 identity matrix. Then by substituting this to (2.29) yields

0, G(x,y) = koK1 (z,y) + Ka(z,y) + 9, F.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)



We now argue as in the fundamental paper [4]. Define

Tlel@) =pv | Kz y)o(y) ds(y), =€ oD, (2.36)
Since K and F satisfy the weakly singular conditions |Ky(x,y)| < Clz —y|™ and |9, F(x,y)| <
C|x — y|=! the integral operators Jop Ka(z,y)d(y) ds(y) and [, Oy Fa(z,y)d(y) ds(y) are com-
pact on H~/2(9D)?. Therefore we write

(K5*)*[¢](x) = koT[¢] 4 compact operator.

so (Kp®)* — ko'T is compact on Y as elements of H~'/2(dD)? to conclude that

ps((Kp%)") = (Kp*))? = k3 (Kp%)",
is compact. ~ R
The spectrum of (K;*)* is denoted by o((Kp%)*). We conclude using the spectral mapping
theorem that p3(o((K5%)*))) = a(ps((K5*)*)). Since p3((K5%)*) is compact, p3(a((K5%)*)) con-
sists of eigenvalues (of finite multiplicities) converging to 0. Let {r,(a)} be the set of eigenvalues of

p3((K5%)*) and suppose ¢ € o((K5*)*). Then for each n, we have the equation
¢* = k3¢ = ().

1/3
Now set v.F = [%(—27rn(a) + /72972 + 108k8)] . By solving this cubic polynomial we get three
roots and denote them by (,,, (n,, (ns Where

1 1

Cny = *gr}’: - g%?
1—1iV3 1+iV3 _

Cny = 5 Y+ G n (2.37)
1+iv3 | 1—iV3 _

Cng = G In G Tn-

Thus for each n we get 3 different eigenvalues and therefore we will have 3 different sequences
of eigenvalues with accumulation points 0,k and —ky. We emphasize that while not indicated
explicitly these eigenvalues depend on a € Y*. We summarize the results below.

*

Lemma 2.3. The point spectra of (KBQ) is given by the three sequences of eigenvalues given by
(2.37) and the sequences converge to the three accumulation points 0, ko, and —kg.

Let G : W§ — H~Y/2(9D)? be the trace operator which is bounded one to one and onto.
Lemma 2.4. S} : H~'/2(0D)% — W' is one to one and onto and moreover (S8)~! = (§%),5G.

Proof. Let ¢ € H'/2(9D)3. As shown earlier 8§ : H~/2(9D)? — W3 has Ker(S%) = 0 so 8%
is one to one and f = SHp € Wy for every ¢ € H~/2(9D)3. Now suppose u € W3, and consider
Gu = ulpp € HY?(OD)?. Define w = S§(S8*),,,Gu). Since u,w € W, we have u —w € W$. Also
Gu = Gw and hence G(u—w) =0, so w—u € (W W§). But W = (W@ W)L and therefore
w = U. O

We define an auxiliary operator 7" : W$' — Wy such that

1 - 1 -

Tu) == [ Ce(): E0) do— / Cle(u) : £(0) da. (2.38)
2 /y\p 2J/p

If ¢ is an eigenvalue of T, then there exists u € Wy such that

Tu = &u. (2.39)



From (2.38), it is clear that,

1

L Le(u) : E(w) do — — [ CE(u) : E(w) da
2<u,u>2/y\DC€(u).€()d 2/ch().g()d

IN

(Tu,u) = &(u, u)

L Le(w) : E(w) du+ — [ CUEu) : E(w) do = ~ (u,u
2L\ch(u).5()d+2/ch().g()d )

IN

Thus for any eigenvalue £ of T', we have the following.

<€<

l\DM—t
m\»—t

The upper bound 1/2 is the eigenvalue associated with the eigenspace W
The next theorem shows the relation between the auxiliary operator 7' restricted to Ws' and the
elastic Neumann Poincaré operator.

Theorem 2.5. For uw € W$' the operator T is given by
T= SD(IC O (SH) T (2.40)

and is self-adjoint.

Proof. Let u,v € Wg'. Consider

(SBR5") (S5) ww) = [ CEISHERL) (S5) )+ ) do (2.1

=/ ClE[SE(Kp™)* (S%) 1] : E(v) dx
Y\D
+/ CIE[SH(KLM)* (S8) ] : E(v) da.
D

Since LS#¢ =0 in D and Y \ D, for any ¢ € H~'/2(9D)?, using integration by parts gives
(SB(KDY)*(Sp)*) u,v) = /iaD(n C'E[SH(Kp™) (8B) " ullap-—n-C'E[SH(K ™) (SB) " ullap+ ).
Applying the jump conditions from (2.20) gives

(SBIKR™)(Sp) u,v) = */SD(’@BQ)*(S%)*IW ds. (2.42)

The same jump conditions gives

- 1 0 0
(Kp*)*[¢] = 5(878(1D¢|8D* + 8*5?)¢|8D+)

where ¢ = (S%) 'u . Thus (2.42) yields

Q (k[ Qo — 10 10
(SBR ) (S5) Hu,v) = - /8 (gptlon- + g5tk ) ds (243
= _7/ C'é(u ) dx — 1(— C'&(u) : E(v) dx)
2 Iy

= (Tu,v)

10



Lemma 2.6. When restricted to W3' the point spectrum of T' is given by the point spectrum of
(Kp*)* and the essential spectrum of T is given by the accumulation points 0, ko, and —ko of the

eigenvalues of operator (IC,*)*.

Proof. Since T is self-adjoint, it has empty residual spectrum and o (T") = 0,(T") Uoess(T), see, €.g.,

[31]. We prove the theorem by showing o,(T) = 0,((K5%)*) and 0ess(T) = {—ko,0,ko}. To prove
the claim on the point spectrum, suppose (§,u) € (—1/2,1/2] x W$ satisfies Tu = {u. Then

*

This shows that (S%)~'u is an eigenfunction for (K,%)* associated the with eigenvalue €. On the
other hand, if (£,w) € (—1/2,1/2] x H-'/2(dD)? satisty (Kp*)*w = &w, then since the trace
map is onto, there is a u € W such that w = (§%)7'u. Thus replacing (S%) 1u for w yields
(Kp2)*(S%)'u = £(S%)~"u and therefore we obtain S (K5%)*(S$)'u = £u. Which shows that
u is an eigenfunction of T associated with the eigenvalue &.

We now prove oess(T) = {—ko,0, ko }. Suppose £ € {—kq, 0, ko}. Note first there exists a sequence
{&0,pn} € R x H-1/2(OD)? such that p, is a sequence of eigenvectors, |p,| = 1, and &, — ¢ for
which

[0 — €l = I((Kp™)" = EDpnll-
Now since (S§%)~! is onto, we can find u,, € W§ such that p,, = (S%)'u,. Therefore

(T = EDun| = [SBKL)* = ED(SPH) ™ ual
= [8p((Kp*)* = €D)pnll
< [SBIIKLY)* = EDpal
< M||&, = €]

Since T is selfadjoint the eigenfunctions {u,} form an orthogonal system and {—kq, 0, ko } constitute
the essential spectrum of T'. O

From Lemma (2.6), we see that the eigenvalues of the elastic NP operator lie in (—1/2,1/2].
The accumulation points of eigenvalues ko, —kg, 0 also lie in (—1/2,1/2]. To see that kg, —ko lie in
(—1/2,1/2], we use the relation K; — 242 = \; where K; > 0 is the bulk modulus. Since

%31

+ky=F—"—"7"—,

"= T o0m + )
and we have
‘k0| _ H1 _ H1
2(2p1 + A1) 4pa 420

_ H1 _ H1

Apg +2(K1 =2 /3) 8 /342K
po_3_1
~8u/3 8 2

We now derive an appropriate resolution of the identity on the space W$' and an associated
spectral representation formula for 7. In what follows we do not explicitly indicate dependence of
eigenvalues on a € Y* for ease of exposition. Let the three sequences of eigenvalues for T' be denoted
by {ff 2., k=1,2,3, associated with the three accumulation points ! = —kg, €2 = 0, and &3 = ko.
The invariant subspace associated with each eigenvalue is denoted by E¥ = {u € W ; Tu = ¢Fu}
and the orthogonal projection onto this subspace is denoted by PF, here orthogonality is with

11



respect to the (-,-) inner product. We write E' = -, @B}, B> = Y ° , @E?, E* =Y * &FE?,
E* = ker{T?}, and the projection operators onto the spaces are P*, k = 1,2,3. We define

oo

T=> Y (& —&MPh, (2.44)

k=11i=1

and E* = ker{T}, with projection P*. This operator is selfadjoint and compact. Compactness
follows as it is the limit of the rank one operators

3 n
™= (& -€Hp! (245)

k=1 i=1
One has the following decomposition of T" restricted to W'
Lemma 2.7.
T=>Y > &Pk (2.46)
k=1 i=1
The identity on W3 is given by
[ee]
I=>Y Pr+ P (2.47)

k=1 1i=1

Proof. Since T is compact and selfadjoint on W, it follows immediately from the theory that
W = (30, S ®FEF) @ ker{T} and (2.47) follows. Writing any element of u € W§ as u =
S % PFu+ PYu shows

IT = (=koP" + ko P?) — T"|| - 0, (2.48)

in the operator norm. Thus given € > 0 we can find IV such that

|T — (—koP* 4 koP?) = T|| < |T — (—koP* + ko P?) = T"|| + |T" = T|| <, (2.49)

for all n > N hence R
T — (=koP' + koP?) =T. (2.50)
and the Lemma follows. O

To simplify the exposition we collect all eigenvalues of T restricted to W5' and denote them as
the sequence {7, ()}, € (—1/2,1/2) and we have the definition

Definition 2.8. The structural spectra of the crystal is defined as Ug ey« {7i(a)}52;.

This spectra is independent of contrast encodes the geometry of the crystal.
For fixed « the projections onto their eigenspaces in W3' are denoted as P (o). We also write
7o = 0 and the projection onto ker{T'} as P,,. On writing the projections on W{* and W§* as Py,
Ps¥ respectively, we arrive at the desired partition of unity for u, v in H;& (, YR =WProWsoWws
given by
(u, vy = (P{'u+ Ps'u+ ( Z Py, (a))u,v). (2.51)

—i<ri(a)<}

The spectral decomposition for T}* associated with the sesquilinear form is given by

12



Theorem 2.9. The linear operator Tf : Hy (o, Y)? — Hy (o, Y)? associated with the
sesquilinear form By is given by

(Tfuw) = kPfut But S [R(L/2 4 7i(a)) + (1/2 = 7:(@))] Py, oy v)

—i<ri(a)<3
for all u,v € Hy(a,Y)?.

Proof. Recall that for all u,v € H%E(a, Y)3

Bi(u,v) = /Y C(2)E(u) : E10) da

= Czé’(u):%da:—i—/ Clé(u) : E(v) dx
Y\D

=k C'&(u) d:c—i—/Cé’
Y\D

Let u,v € Ws. Since Py, (q)u is the eigenvector corresponding to eigenvalue 7;(a) of T', we have
(T(Pr,(ayu),v) = 7i(){ Py, (a)u, v) or equivalently after manipulation

CLE(P, (o) : E(0) do = (3 +7i(e)) /C E(Py,(yu) : E(v) da.

Y\D f—n «)

So we find that

We also have

/ CLE(Py, o) : E(0) do = (1/2 — Ti(a))/ CUE(P,, (o) : E(0) da.
D Y
Therefore
Bul(Pry(ay,v) = [£(1/2 + 75(a)) + (1/2 = 75())] / CLE(Pyyayu) : E(0) da.
It is easily seen that

By (Plu,v) =k C'&(PPu) : E(v) dx
Y\D

By (P§u,v) :k/ C'&(Pgu) : E(v) d,
D

(T{uv) = (kPPu+ Pfut Y [k(1/2+ (@) + (1/2 = 75())]| Pr, ().

2<7'1<2
O
It is clear that Ty : Hj (o, Y)? = Hy(a,Y)? is invertible when
o (e Tl(a) /
keC \ Z“ where Z% = {7}{ <7‘1(a %} (252)

() +1/2
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So for z = k1, we have

(Te) 7t =2PPu+Piu+ Y 212+ 7(0) + 2(1/2 = 74(a))]| P (a)- (2.53)
*%<T¢(a)<%

For future reference we also introduce the set S* of z € C for which T} is not invertible given by

o _ (Tila) +1/2
S :{m}{qmgn(a)glm} (2.54)

which also lies on the negative real axis. Collecting results, the spectral representation of the operator
—V - (C'xp(2) + C*xy\p(x))€ on Hy(a,Y)? is given by

— V- (C'xp(z) + C*xy\p(2)€ = =L T}, (2.55)

in the sense of linear functionals over the space H. # (o, Y)? and recall that —L,, is the Lamé operator
associated with the bilinear form (-,-) defined on Hy(a,Y)?. This formulation is useful since it
separates the effect of the contrast k& from the underlying geometry of the crystal. We note for
future use that (—L£,)~! is given by

(L) ula) = — /Y G*(z, y)uly) dy. (2.56)

3 Band Structure for Complex Coupling Constant

We set w? = £ in (1.1). The operator representation is applied to write the Bloch eigenvalue problem

as
—V - (C'xp(z) + C*xy\p(2))E(u) = —LaTiu = Epu

1 3.1
1) (L) = .

We characterize the Bloch spectra by analysing the operator
B (k) = (T) ' (~La) ™, (3.2)

and the operator given by the product B*(k)p.

It is shown in Theorem 13.5 that the operator B*(k) : L% (,Y)? = H(a,Y)? is bounded
for k ¢ Z“. Thus the product B*(k)p : Li(ch)?’ — H#(O@Y)g) is also bounded. It follows
from the compact embedding of H(a,Y)? into L% (a,Y)? that B*(k)p is compact on L7 (., Y)?
and therefore has a discrete spectrum {v;(k, @)};en with a possible accumulation point at 0. The
corresponding eigenspaces are finite dimensional and the eigenfunctions p; € Li(a, Y)?3 satisfy

(B (k)plpi(x) = ~i(k, a)pi(x) for 2 in Y (3-3)

and also belong to Hy (a,Y)?. Note further for v; # 0 that (3.3) holds if and only if (3.1) holds with
Ei(k, ) = v, H(k, ), and —L,T2p; = p&i(k, )p;. Collecting results we have the following theorem

Theorem 3.1. Let Z* denote the set of points on the negative real axis defined by (2.52). Then the
Bloch eigenvalue problem (1.1) for the operator —V - (C(x)Eh(z)) associated with the sesquilinear
form (2.6) can be extended for values of the coupling constant k off the positive real axis into C\ Z¢,
i.e., for each o € Y* the Block eigenvalues are of finite multiplicity and denoted by &;(k,a) =
vfl(k,a),j € N, and the band structure

&i(k,a) = w?, jeN (3.4)

extends to complex coupling constants k € C\ Z¢.
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4 Power series representation of Bloch eigenvalues for high
contrast periodic media

We set v = ¢ 1(k, ) and analyse the spectral problem
[BY(k)plu = v(k, a)u. (4.1)

We analyse the high contrast limit by developing a power series in z = % about z = 0 for the
spectrum of the family of operators associated with (4.1).

B (k) = (T) " (~La) ™!
= (zPfut Psut+ Y 2[(1/2 4 7(@) + 2(1/2 = 1i(@)]Prya)) (= £a)

—i<mi()<j
= A%(z).

We define the operator A%(z) such that A%(1/k) = B*(k) and the associated eigenvalues 8(1/k, ) =
7v(k, a) and the spectral problem is [A*(2)plu = f(z, a)u for u € L} (o, Y)?.

From the above representation, it is easily seen that A%(z) is self-adjoint for k£ € R and is a family
of bounded operators taking Li (o, Y)? into itself.

Lemma 4.1. A%(2) is holomorphic on Qg := C\ S%, where S* = U;enz; is the collection of points
zi = (1/24+1;())/(mi(a)) — 1/2) on the negative real azis associated with the eigenvalues {T;(a)}ien.

The set S* consists of poles of A%(z) with accumulation points z € {—3;‘11%)‘11, -1, —3‘;11'?)\11 1

In section 8 we develop explicit o independent lower bounds —1/2 < 7= < 77 (a) = min;{7;(a)},
that hold for generic classes of inclusion domains D and for every o € Y*. The corresponding upper
bound z* on S¢ is written
T () +1/2 n
—— =< 0. 4.2
-1z =% % (4.2)

Let 8§ € 0(A%(0) p) with spectral projection P(0), and let I" be a closed contour in C enclosing 3§
but no other element in o(A%*(0) p). The spectral projection associated with 8%(z) € o(A%*(z) p) for
B%(z) € int(T") is denoted by P(z). We write M(z) = P(z)Li(a, Y)3 and suppose for the moment
that I" lies in the resolvent of A%(z)p and dim(M(0) = dim(M(z)) = m. Now define B"(z) =
L tr(A%(z) p P(z)), the weighted mean of the eigenvalue group {3 (z),...%(z)} corresponding to
B& = B5(0) = -+ = % (0). We write the weighted mean as

5o(2) = B + - wl(A%(2) p — BE)P(2). (13)

Since A“(z) is analytic in a neighborhood of the origin we write

max{z;} =
3

A%(z) = A%(0) + f: P (4.4)

The explicit form of the sequence {A%},,cy will be given later. Define the resolvent of the operator
A%(z) p by

R(C,2) = (A%(2)p = ()",
and expanding successively in Neumann series and power series as in [22] we obtain the resolvent as
power series in z with coefficents depending on ¢ and p

R(¢,2) = R(G,0)[I + (A%(2) p — A%(0)p) R(¢,0)] !
= R(¢,0) ) _[=(A%(z) p — A%(0) p)R(C, 0)]
—0 (4.5)

i~

=R(C,0)+ > 2"Rn(C.p),

n=1
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where

Ra(Gp) = Y (1PR(C0) A, pR(C.0)A, p R(C,0) -+~ R(C,0)AF, p R((,0),
kit+-+tkp=n
kj=>1
where the sum is taken for all combinations of positive integers p and {ki,...,k,} such that 1 < p <
n, k1 + -+ + kp, = n. Application of the contour integral formula for spectral projections delivers
the spectral projection

1
P =
() = —5— § R(G2) dC
(4.6)
0) + Z 2" P,
where P, = 2m fp (¢, p) d¢. Now we develop the series for the weighted mean of the eigenvalue
group associated with an eigenvalue 3 of geometric multiplicity m. start with
(A%(2) p = B3)R(C 2) = 1T+ (€ — B5)R(C, 2) (4.7)
and we have )
(4°(2) p = B)P(2) = —5 (€= BOIR(C.2) dC. (48)
so from (4.3)
A 1
By — _ — B ) 4.
Ble) = 55 = — gt (€= BIRC2) de (19)
Manipulation and integration by parts as in [22], Chap. 2, Sec. 2.2 yields
=B+ "By, (4.10)
n=1
where
« 1 «
e EX 4§ a0 T pR(C0) AT pRCO)dC,  (411)
Ryt +kp n
ki>1
as before the sum is taken for all combinations of positive integers p and {k1,...,k,} such that

1<p<n, ki+--+k,=n

5 Spectrum in the high contrast limit: Quasi-periodic case

We now identify the limiting operator A%(0) p when « # 0. Using the representation
A%2)= PP+ PS+ Y 2(1/24 (@) + 2(1/2 = 1i(@)]Prya)) (= La) T (5.1)
—s<mi(a)<i

we see that

4%(0) p = P (~La) 1 p. (5.2)
Denote the spectrum of A%(0)p by o(A*(0)p). The following theorem provides the explicit char-
acterization of o(A*(0)p). Let —Lp be the Lamé operator associated with the bilinear form (-, -)
defined on H}(D)3. Recall the density is piece wise constant taking the value p! in D and p? outside.
Consider the Dirichlet eigenvalue problem

Lpu = p'nu for n > 0 and u € HE(D)3. (5.3)

The operator —Lp is invertable and the Dirichlet eigenvalues are given by the reciprocals of the
discrete spectrum of (—Lp)~tp!
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Theorem 5.1.
o (A*(0)p) = o (—Lp)""p").

Proof. First we show that the eigenvalue problem
P (—La) 'plu=nu

with 7 € o(A*(0)p) and eigenfunction u € L (a,Y)? is equivalent to finding 7 and u € Ws* for
which

(pu,v) = n{u,v), for all v € W (5.4)
To see (5.4), note that we have u = Pg*u and for v € Hy (o, Y)?,
(Ps'(=La) ™ pu,v) = n{u,v) = n(Ps'u,v) (5.5)
hence
(=La) " pu, P§v) = nlu, Psv). (5.6)

Since ((—Ls) pu,v) = [, pu -0 dx = (pu,v) for any u € Li(a, Y)3) and v € H#(a,Y)S, equation
(5.6) becomes
(pu, Psv) = n{u, Ps'v), (5.7)

since P§' is the projection of H;#(a, Y)3 onto W§', the equivalence follows.

We conclude by showing the set of eigenvalues for (5.4) is given by o((—Lp)~1p'). Let R be the
space of rigid motions on Y \ D and note that the kernel of the symmetric gradient on Y \ D is
R. Define H}(D)? to be the subspace of functions Hg(D)? extended by zero into Y \ D. Since
Ws NR =0 we see that W' = HJ(D)?. Since P§v is supported in D (5.4) is

77_1/ plu - Pgv = / C'&(u) : E(P§v) da. (5.8)
D D

Now since P§' : H} (o, Y)? — W§' = H}(D)? is onto, it follows that 7~ is a eigenvalue of (5.3). [

6 Spectrum in the high contrast limit: Periodic case

For the periodic case, Py is the projection onto WJ. The limiting operator is written
A%0) p = PY(—=Lo) " p. (6.1)

Here the operator (—Lo)~! is compact and self-adjoint on Li(O, Y)?3 and given by

(—Lo) ulz) = — /Y GO, y)uly) dy. (6.2)

Denote the spectrum of A%(0)p by o(A°(0)p). To characterize this spectrum we introduce the
effective mass tensor

M(V):I/Yp(x)dx—yzf[)pwjdx@powjdx, (6.3)

v—0F
JEN J

where [ is the 3x3 identity and {07} jen are the Dirichlet eigenvalues of (—Lp)u = p'nu, u € Hg(D)?
associated with eigenfunctions v; for which [ D pl; dx # 0.

Remark 6.1. The effective mass tensor M (v) is precisely the effective mass tensor of the high contrast
elastic metamaterial [37] and [10] associated with a sub-wavelength periodic lattice. Matrices of a
similar type corresponding to the effective magnetic permeability tensor for photonic metamaterials
with artificial magnetism are identified in [8], [9], and also appear in the homogenization theory of
high contrast porous media [38].
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Next we introduce the sequence of numbers {v;},en given by the positive roots v of the deter-
minant of the effective mass matrix

det {M(v)} =0 (6.4)
The following theorem provides the explicit characterization of o(A4°(0)p).
Theorem 6.2. Let {(5;-71}3‘@1 denote the collection of eigenvalues for (—Lp)~1pl associated with
eigenfunctions ¢ of (5.2) for which [, p't; = 0. Then o(A°(0)p) = {6;_1}]’6\1 U {uj_l}jeN.
Proof. We argue as in the previous section to find that the eigenvalue problem
PY(~Lo) ™ p=1nu
with n € 0(A°(0)p) and eigenfunction u € Li&(O7 Y)3 is equivalent to finding 1 and u € WY for which
(pu,v) = n{u,v), for allv € Wy. (6.5)
We show that the eigenvalues n; for (6.5) are given by the alternative:
n; = (5;)71, orn; = (l/j)il. (6.6)

From (2.14) we have the dichotomy: [, 4 dz = 0 and u = @ € H}(D)? or [, 4 dx # 0 and
u=1—vly with v = (p)~! [, p*@i dz. For the first case that the eigenfunction belongs to H{ (D)3
and for v € WY given by

v="0— (p}fl(/ p o dz)ly for v € HY(D)? (6.7)
D
the problem (6.5) becomes
/ plu-v = 77/ C*&(u) : E(0) dx, for all & € HL(D)?, (6.8)
D D

and we conclude that @ is a Dirichlet eigenfunction with zero average over D so 1 € {6;_1} jen. For
the second case, we have u € W2 and again

/ plu-o= n/ C'&(u) : £(0) dx, for all # € HL (D). (6.9)
D D
Writing u = @ — y1y and integration by parts in (6.9) shows that & € H}(D)? is the solution of
Lpt +vp'i = vply for z € D. (6.10)
Since 4 € H{(D)? we can write
W= Z ¢jj (6.11)
=1
3)

where, 9, are the Dirichlet eigenfunctions of (5.
to Y. Substitution of (6.11) into (6.10) yields

associated with eigenvalue ¢; extended by zero

(o)
D (=6ip" +vpt)ei; = vp'y. (6.12)

J=1

Multiplying both sides of (6.12) by 9, over D and In Pl -@jdx = ;5 shows that @ is given by

. ]‘7
i=vy L "ky, (6.13)



where 4} correspond to Dirichlet eigenvalues associated with eigenfunctions for which | D Pl dx #
0. Hence

. ]‘7
u = l/zwlbk — 7. (6.14)

To find v, we multiply both sides of (6.14) by p(z) and integrate both sides over Y to recover the
identity
det {M(v)} =0. (6.15)

Hence we conclude that n € {v; '} and the proof is complete. O

We conclude with a varational characterization of the eigenvalues. Let {d;};en denote all the
Dirichlet eigenvalues of (—Lp)u = p'8, u € HE(D)?, i.e., {§;}jen = {5;'}]'61\1 U {d7}jen. Then one
readily obtains the min-max characterizations of nj_l and 6; given by

Lemma 6.3. Cle Py
d; = min { max Jy W : €@ x} (6.16)
siCcHL(Y)? L 0Zuess (pu,w)

git=  min [y C'E(u) : E(u)dx } (6.17)

ma
s Lo, o= Ty pul?
Proof. The min-max formulation for Dirichlet eigenvalues (6.16) is standard [22]. The second identity

follows from the standard min-max formulation on noting that for u € W9 that u = a—(p) ' [}, pti da
for @ € Hy(D)? and 0 < (pu,u) = (pu, @) — (p) | [y pul?, when [, padz # 0.

7 Radius of convergence and convergence rates
Fix an inclusion geometry specified by the domain D. Suppose that o € Y* and a # 0. Recall from

Theorem 5.1 that the spectrum of A%(0)p is o((—Lp) 'p'). Take I' to be a closed contour in C
containing an eigenvalue 3¢(0) in o((=Lp)~"p") but no other element of o((~Lp)~'p"). Define d

>
=
Q

o (0) 85(0) 32.(0)

—

Figure 2: T
to be the distance between I' and o((—Lp)~1)pt), i.e.,

d=dist(T,o((—=Lp) *p") = gifelﬁ{dist(r,O'((—ﬁD)_lp ).} (7.1)

The component of the spectrum of A%(0)p inside T' is precisely 3§(0) and we denote this by ¥'(0).
The part of the spectrum of A*(0)p in the domain exterior to T' is denoted by ¥”(0) and %”(0) =
a((=LpHpt) \ B5(0). The invariant subspace of A%(0)p associated with 3'(0) is denoted by M’(0)
with M’(0) = P(0)L%(a,Y)?.

Suppose the lowest quasi-periodic resonance eigenvalue for the domain D lies inside —1/2 <
77 (). Tt is noted that in the sequel a large and generic class of domains are identified for which
there exists 77, independent of & € Y* such that —1/2 < 7= < 77 (a). The corresponding upper
bound on the set z € S* for which A%(z)p is not invertible is given by

. T (a)+1/2

<= =iz <Y (7.2)
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see 4.2. Now set 21
H/’HLOC(y)?»

o () T Halel*d

Theorem 7.1. Separation of spectra and radius of convergence for a € Y*, o # 0. The following
properties hold for inclusions with domains D that satisfy (7.2):

1. If |z| < r* then T lies in the resolvent of both A*(0)p and A%(z)p and thus separates the
spectrum of A%(z)p into two parts given by the components of spectrum of A*(z)p inside T
denoted by Y/ (2) and components exterior to T' denoted by X" (z). The invariant subspace of
subspace of A%(2)p associated with X' (z) is denoted by M'(z) with M'(2) P(z)Li(a,Y):g.

2. The projection P(z) is holomorhic for |z| < r* and P(z) is given by

Plz) = — ) (¢ . (7.4)

27

3. The spaces M'(z) and M'(0) are isomorphic for |z| < r*.
4. The power series (4.10) converges uniformly for z € C inside |z| < r*.

Suppose now « = 0. Recall from Theorem 6.2 that the limit spectrum for A%(0)p is o(A%(0)p) =
{6;_1}jeN U{v; "} en. For this case take I' to be the closed contour in C containing an eigenvalue
353(0) in ¢(A°(0)p) but no other element of ¢(A°(0)p) and define

d= 225 {dist(¢,a(A°(0)p)}. (7.5)

Suppose the lowest quasi-periodic resonance eigenvalue for the domain D lies inside —1/2 < 77(0) <
0 and the corresponding upper bound on SY is given by

. T (0)+1/2
=7 'Z 0. 7.6
T -2 S (7.6)
Set el
”P”Lw(y)S

72 +4md

Theorem 7.2. Separation of spectra and radius of convergence for a = 0.
The following properties hold for inclusions with domains D that satisfy (7.6):

1. If |2] < r* then T lies in the resolvent of both A°(0)p and A°(2)p and thus separates the
spectrum of A%(z)p into two parts given by the components of spectrum of A°(z)p inside T
denoted by X'(z) and components exterior to T' denoted by ¥"(z). The invariant subspace of
subspace of A%(2)p associated with X' (z) is denoted by M'(z) with M'(z) = P(2)L%(0,Y)?).

2. The projection P(z) is holomorhic for |z| < r* and P(z) is given by

Plz) = —— 4 R(C.2) dc. (7.8)

2w Jp
3. The spaces M'(z) and M'(0) are isomorphic for |z| < r*.
4. The power series (4.10) converges uniformly for z € C inside |z| < r*.

Next we provide an explicit representation of the integral operators appearing in the series
expansion for the eigenvalue group.
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Theorem 7.3. Representation of integral operators in the series expansion of eigenvalues. Let

Pg be the projection onto the orthogonal complement of W{ @ Ws* and let I denote the identity

on L2(0D)3, then the explicit representation for the operators A in the expansion (4.10),(4.11) is

given by

1 -
= [Sp(Kp®)" + 50(Sp) ™)' P + PP)(—La) ™" and
a a —au\* [ a\—1y— a —a\* 1 a —o\* 1= n— —

A7 = SR + 5 D) HEB) ) SR — 2 DSBIKEY)" + 51)7 (83) " Py (~La) ™

(7.9)

Theorem 7.4. Error estimates for the eigenvalue expansion.

1. Let a # 0, and suppose D, z*, and r* are as in Theorem 7.1. Then the following error estimate
for the series (4.10) holds for |z| < r*:

d p+1
Zznﬂa ‘Z|

S S (7.10)
2 Pl =)

2. Let a =0, and suppose D, z*, and r* are as in Theorem 7.2. Then the following error estimate
for the series (4.10) holds for |z| < r*:

d|z|P*

B(z) - y "By < (7.11)
‘ ,;) (r)P(r* —2])

We summarize results in the following theorem.

Theorem 7.5. The Bloch eigenvalue problem (1.1) is defined for the coupling constant k extended
into the complex plane and the operator u — V - (C'xp + C*xy\p)E(u) with domain Hy(a,Y)?
is holomorphic for k € C\ Z*. The associated Bloch spectra is given by the eigenvalues &;(k, o) =
(ﬂ;-“(l/k))’l, for j € N. For a € Y* fized, the eigenvalues are of finite multiplicity. Moreover for
each j and o € Y™ the eigenvalue group is analytic within a neighborhood of infinity containing the
disk |k| > (r*)~" where r* is given by (7.3) for a # 0 and by (7.7) for « = 0. When 3§(0) is simple
these conditions are sufficient for the separation of spectral branches of the dispersion relation for
fized quasi-momentum within a neighborhood of infinity containing the disk |k| > (r*)~1.

The proofs of Theorems 7.1, 7.2 and 7.4 are given in section 13. The proofs of Theorem 7.3 is
given in section 11.

8 Bounds on Quasi-static Resonance Spectra for Periodic
Scatters of General Shape

In this section we identify an explicit condition on the inclusion geometry that guarantees a lower
bound 77 on the quasi-periodic spectra that holds uniformly for a € Y*.

1
—5 < 77 <7 (a) = mln{n} <

l\.')\»—l

This provides a lower bound on the structural spectra Uy ey {7 (a)}52, that is strictly greater than
—1/2.
To begin, note if (7,w) is an eigenpair of T|yw, and v € Hy(a,Y)? then,

L[ clew): g dac—f/ Cle(w dl‘—T/ Cle(w): E) dz.  (8.)

2 Jy\p
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Adding 1 [, C'&€(w) : €(v) dx to both sides yields
/ C'é(w): E(w) de = (1 + 1)/ C'é(w): E(v) da. (8.2)
Y\D 27 Jy

The lower bound is obtained by showing that there exists a p > 0 such that 7; + % > p independent
of i ¢ Nand aw € Y*.

Theorem 8.1. Let 7~ (a) be the lowest eigenvalue of T in W§ C H:}%((X,Y)?). Suppose there is a
0 > 0 independent of a € Y* such that for all v e WS we have

CleWw): E(w) dx > 9/ ClE(w) : E(v) da. (8.3)
Y\D D

Let p=min{3,%}. Then 7= (a)+ 1 >p for alla € Y*.

Proof. We prove by contradiction, so in addition to (8.3), we suppose that 7~ («) + % < p for some
a €Y*. Then 7~ (a) + 3 < % and 77 (@) + 3 < §. Let u~ be the eigenvector of T" with eigenvalue

77 (), normalized so that |[u~| = 1. Then we obtain
- 1
C'éw):E(u ) de < = (8.4)
Y\D 2
and 0
Yo [ clew): 80 de > e/ Cle(u) : E(u) da. (8.5)
2 Jyv\p D
This gives
1
/ C'é(w™):E(u) da < ~. (8.6)
D 2

Inequalities (8.4) and (8.6) yield
[ o) B do = | < 1.
Y

This is a contradiction since ||u~|| = 1. O

Clearly the parameter 6 is a geometric descriptor for D. We define the class of inclusion config-
urations for which the structural spectra is bounded strictly above —1/2.

Definition 8.2. The class of periodic distributions of inclusions for which Theorem 8.1 holds for a
fixed positive value of 6 is denoted by Fy. The structural spectra Uaey {7 (a)}52, for this class is
bounded above —1/2 so z* < 0 is uniformly bounded away from zero for a € Y*.

With this definition we have the corollary given by:

Corollary 8.3. For every inclusion domain D belonging to Py Theorems 7.1 through 7.5 hold with
z* replaced with z; given by
LT 4+1/2
= O 8.7
=y (87)

—_ gl 0 1

where 77 = min{3, 5} — 3.
Now we introduce a wide class of inclusion shapes belonging to Py for a given 8 > 0. Consider
an inclusion domain D with smooth C*° boundary. Suppose we can surround the inclusion with a
security layer R of given thickness such that their union DU R = D’ is contained inside the interior
of Y. We show next that there is a § > 0 that will depend on R and D but be independent of
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a € Y*. Given f’ € H*(R)? there is a bounded linear extension operator E : HY(R)? — H*(D')3
such that f = E(f’) satisfies f(x) = f'(z) for € R see [30]. Hence there is a positive constant C.
depending only on D and R such that

IE ) i pys < Cell £l (ry2- (8.8)

The space of rigid body motions on R is written R = {u(z) = Qz +c; * € R, Q € SO3 ¢ € R?}
and its projection with respect to the L?(R)3 norm is written Pr. Now choose u € W§ and consider
u — Pru restricted to R, and we have the inequalities:

1 .
f/ C'€E(u —Pru) : EE(u — Pru) dy < ||E(u — PRU)”%{l(D)fs < Cellu — ]P’RuH?Jl(R).g. (8.9)
D

To obtain the first inequality we use v < C! < 3 in the sense of quadratic forms, see (1.3). On
applying Korn and Poincare inequalities to the right hand side (see, e.g., [13] pg. 117) delivers
positive constants K and C independent of a € Y* such that

|l —PR'LLH%H(R);:, <K </ lu — Prul? dw +/ E(u) : E(u) dm) , (8.10)
R R

and
= Praula s < c/ E(u) : E() de, (8.11)
R

Noting that u € Wy* satisfies Lu = 0 in D we see that it is a minimizer of the elastic energy on D
for boundary data u — Pru on 9D hence

B/ C&(u) : E(u) dy < Collu — Pl 3ps - (8.12)

Application of (8.10), (8.11), (8.12), and (1.3) gives

G/D C'&(u) : ﬁdy</ C'&(u) : E(u) dy, (8.13)

with 6 independent of & € Y* and § = and it follows that

__r
BKEC.(1+C)

e/ C'&(u): E(u)dy < C'&(u) : E(u) dy, (8.14)
Y\D

9 Radius of Convergence and rates of convergence for Dis-
persions of Spherical inclusions

We now provide an example where the radius of convergence and separation of spectra given by
Theorems 7.1 and 7.2 is determined explicitly by the radii of each inclusion, the minimum distance
seperating each inclusion and the Dirichlet spectra of the inclusions. We display this for crystals in
R3 with period cell containing a of spherical inclusion D of radius a surrounded by a buffer shell R
of inner radius a and outer radius b. The spherical inclusion can be located any where inside the
unit cell provided that the buffer shell is also interior to the unit cell. This is a specific example of
the Py type geometry, see Figure 3 introduced in the work of [6].

Let ¢ denote the ratio between inner and outer radius and to illustrate the ideas we choose

g = 0.5. Table 2 of [6] delivers # = 1/2 consequently 7= = —0.25 and together with (8.7) gives
2 < I LS = . From Section 5 we have that the limit spectrum o(A%(0)p) is given by the
| < T2 = 1/3. From S 5 we have that the 1 A%(0 by th

reciprocal of the Dirichlet eigenvalues of

Lpu = p*iju for § > 0 and u € H}(D)3. (9.1)
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Figure 3: The shaded region is the inclusion of radius a surrounded by a shell of thickness
a and outer radius 2a.

We set n; = ﬁj_l, and write this as o(A%(0)p) = {n;}72;. Let n; € o(A%(0)p) and let 7} be the
minimizer of min; j en|n; — n;/|. Then d = %|n; —7j|. Substitution of d and z* into (7.3) shows that
the radius of convergence r* is defined explicitly in terms of the physical geometry of the inclusions
and the Dirichlet spectra of the inclusions and is given by

. palal?n; — 1l
= — — for av #£ 0. (9.2)
80" + 3u1lal?|n; — 1

From Section 6, theorem 6.2 the spectra is discrete and o(A%(0)p) = {0} '}jen U {v; '}jen. We
denote generic elements of this discrete spectra as 7; and for a fixed element 7; we let 4 be the
minimizer of min; jien|y; — ;. Then d = 1|y; —4|. Substitution of d and z* into (7.7) shows that
the radius of convergence r* is defined explicitly in terms of the physical geometry of the inclusions
and the Dirichlet spectra of the inclusions and is given by

2 L _ X
= ™ Ull'YJ ol

= — — for a = 0. 9.3
20" + 32l — A 03

The convergence rates are given by Theorem 7.4 using.the values of r* given by (9.2) and (9.3)

10 Emergence of Bandgaps in the high contrast limit

In this section we identify conditions which are sufficient for the emergence of band gaps for suffi-
ciently large contrast. Here the contrast k is real and taken to be in the interval 1 < k < oo. We order
the Dirichlet spectrum of the inclusion D by minmax and 0 < §; < dg < -+ < dj4q1--+, §; — 00
as j — oo. Let {d7}32, be the Dirichlet eigenvalues associated with zero average eigenfunctions and
let {5;‘ 521 be the Dirichlet eigenvalues for which there are non-zero average eigenfunctions. Recall
the limit spectra defined in Theorem 6.2

a(A%0)p) = {87152, U {vy 5, (10.1)

and {v;};en are the positive roots of (6.4). The eigenspaces of elements of o(A"(0)p) are orthogonal
to the 3 dimensional space of rigid translations. Let w; = limg_,o0 &;+3(k,0) and from Theorem 6.2
and (6.6) one has the alternative w; = ¢} or w; = ;. In what follows we assume that the inclusions
are in the class Fy. We have the interlacing theorem.

Theorem 10.1.
6j S Wy S 6j+3. (102)

One can characterize pass bands in the high contrast limit. Set
aj(k) - minaeY*ﬁj(kaO‘)a b](k) = mamaEY*gj(kaa)v (103)

The pass band for k < oo is given by [a;(k),b;(k)] and
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Theorem 10.2.

i [a; (k). b; (k)] = [wy, 6j+3], (10.4)
here limy_,o0[a;(k), b (k)] can reduce to the single point w; = 013, and the band structure in the

high contrast limit k — oo is given by

[0, (51] @] [0, (52] U [07 63] U [wj, (5j+3}. (105)

A criterion for band gap opening now follows.

Theorem 10.3 (Criterion for band gap opening). A band gap exists if
5j+2 < Wwj. (106)

Lemma 6.3 together with Theorem 10.3 shows that the band gap increases with decreasing
pa2, this is consistent with the two dimensional result of [1] and the experimental findings of [16].
Theorem 10.1, Theorem 10.2 and the band gap criterion are established in [1] and [2] for the two
dimensional case. The variational arguments of [1] together with Lemma 6.3 can be readily used to
prove Theorem 10.1 in the three dimensional case. We now provide the proof of Theorem 10.2 in
three dimensions using the Lipschitz continuity of the eigenvalues &;(k, o) about a = 0 for fixed k.
Using the minmax formulation of eigenvalues one deduces as in [11] that

€530k, 0) — &1a(k, )] < Chlal, (10.7)

where C' is independent of « and k. Equation (7.11) of Theorem 7.4 gives the convergence

d
ok - 10.
|WJ §J+3( ?0)| < Ck(’/’* — (l/k’)) ( 0 8)
So given any € > 0 we can find a pair (k',o) € RT x Y* such that
wj — &3k, )] <e (10.9)

On the other hand from the minmax formulation §;3(k, @) is monotone increasing with & and for
a # 0, we have from Theorem 7.4 that §; 3(k, ) — d;43 as k — oco. So Theorem 10.2 follows
immediately from (10.9) and these observations.

In closing we show that the symmetry of inclusion domains D provides a new condition on the
interlacing of {r;}32, and {07}32;.

Theorem 10.4. Suppose D is invariant under the cubic group of rotations then we have the inter-
lacing
Vi1 < (S; < Vj. (1010)

Proof. Since D is invariant under the cubic group of rotations M (v) = A(v)I, where I is the 3 x 3
identity. Here A(v) is a real valued function of v and det {M (v)} = A3(v) so v; are the roots of the
equation A\(v) = 0. For any constant vector ¥ in R3 we have

Moo / a?
Av)=—FF—=|[ plx)de —v ——, 10.11
e L e (1011)

where a? =1 [pp'p; dx - ¥)?/|0]* > 0 and 47 are only associated with nonzero mean eigenfunctions.
For 65 _; < v < 47, calculation shows —oco < A(v) < oo, with A'(v) > 0. From this we conclude
07 <wvj <47, and we have the interlacing v;_1 < 67 < v;. Thus a Dirichlet eigenvalue associated
with non zero mean eigenfunctions always lies strictly between successive roots v;_; and v;. O
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11 Layer potential representation of operators in power se-
ries

In this section we identify explicit formulas for the operators A% appearing in the power series

(4.11). It is shown that AS,n # 0 can be expressed in terms of integral operators associated with

layer potentials and we establish Theorem 7.3.
Recall that A%(z) — A%(0) is given by

PP+ Y 2124 (@) + 2(1/2 = mi(@)] T P (—La) (11.1)

—i<mi()<}

Notice that

(1724 7))+ 20/2= wa)] ! = (@) + 127 S (O

o () +1/2
therefore
o Ti(a) —1/2 o -
A%(2) = A%(0) = (=Pf +Z X ey () PP (L)
() +1/2
I<ri(a)<:
(11.3)
It follows that
AY =[PP+ > (1i(0) +1/2) 7 Pp o) P (—La) (11.4)
<TL((1)<%
and (a) - 1/2 )
Ae — y 1/2 *(L)W Py PO (—L0) 115
n [ Z (T (04)+ / ) TZ(CV)-F]_/Q Ti(a) 3}( ) ( )
—i<ri(a)<3
recall also that we have the resolution of the identity
Iy ayy = Pf' + P54 Pyt with P = > P (11.6)
—%<T¢(O¢)<%
and the spectral representation
1 1
(Tu,0) = (SBKE") (S5) ) Pfu+ 5 Pfu— 3 Pfuv)
1, 1, (11.7)
= < Z Ti(a)P‘ri(a)u“‘ §P1U_§P2 ’U/,’U>.
—i<ri(a)<}
Adding %I to both sides of the above equation, we obtain
1 1
((Tu + il)u, vy = {( Z (rs(c) + §)Pn(a) + P{)u,v)
—3<mi(a)<3
1 1 o e} o (118)
= (((Sp(KRY)* (SD) + §P3 )P5' + Pl )u,v)
= (((Sp(Kp")" + I)(SD) P + PPu, ),
where I is the identity on H~'/2(9D)3. Now from (11.8) we see that
1. L hay—1pa
Z (71(04)4'5) YP ) Ps = (SHKLY) (Sp) ™ +§P3) L Py
—%<7’i(0t)<% (119)

= ((SB(E") + 5 DSE) ™) P
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Using the first line of (11.4) and (11.9), we obtain
@ @ —\ * 1= a\—1\— o o _
AY = SRR + 5D(SE) )P + PRl(=La) (11.10)
For higher order terms, by the mutual orthogonality of the projections P, (), we have that

Y )+ 1/ (B,

—3<mi(a)<3 mi(er) +1/2
_ | . mi(a) = 1/2
= ( (@) +1/27 P ) (X (Fa517) Pre)
—i<mi()<} —i<pi<3
1 n—1 _
(Y @@+ Pw)( Y G@-12Pw) (Y @) +1/2)Pw)
—3<ri(a)<3} —i<mi(a)<3} —i<ri(o)<i
(11.11)
As above, we have that
_ @ —\ % 1~ — a\—1\— [
> @)+ 12 Pr) =SB + 517 (SB)T) RS,
—§<T7’,(OL)<%
—a\* 1- a\— o
(X @)+ 1P = SHKE)" + 51)(S5) Py (11.12)

(X o) = 1/2)Po) = SBKE") — S DSE) P

Combining (11.12), (11.11), and (11.4) we obtain the layer-potential representation for A%,

A3 = 83K + 5D 7S5) ) ISBIKE") — 5DSBUCE®) + 51)(SB) " P (~La) ™
(11.13)

12 Explicit first order correction to the Bloch band structure
in the high contrast limit

In this section we develop explicit formulas for the second term in the power series
B3 (2) = B5(0) + 2851 + 22 B5i0 + -+ (12.1)

for simple eigenvalues. We use analytic representation of A%(z) and the Cauchy Integral Formula
to represent S5
(a7 1 (0%
3,1 = tr% AT pR(0,¢) d¢
r

2mim

tr(A%p }g R(0,¢) d0) (12.2)

2mim
« 1 . «
(ATpP(0) = — > ok, AT pP(0)9k) 13, (a2
k=1

— tr
m
Here P(0) is the LQ#(oz7 Y)? projection onto the eigenspace corresponding to the Dirichelt eigenvalue
(ﬂ;?‘(O))_1 of —Lp. For simple eigenvalue consider the normalized eigenvector P(0)p = ¢ and

0 = (0, ATPpP(0)) 12 (o, v )2 (12.3)

We apply the integral operator representation of A{ to deliver an explicit formula for the first order
term 3% in the series for 4§(z). The explicit formula is given by the following theorem.
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Theorem 12.1. Let 3(z) be an eigenvalue of A%(z)p. Then for |z| < r* there is a 5;(0) € o(—Lph
with corresponding eigenfunction ¢; such that

/B;(10))2 Y\D C'E(v) : E(v)da + 2237y + - - (12.4)

B3 (2) = B5(0) + =(

where v takes a—quasi periodic boundary conditions on 9Y, and Lv = 0 in Y \ D, and takes the
Neumann boundary conditions on 0D given by

n- C15(0)|3D+ =n- C15(¢)|8Dw

Remark 12.2. From Theorem 7.5, we have eigenvalues £§(k) = (85 (1/k))~", for j € N. The high
coupling limit expansion for {§'(k) is written in terms of the expansion 85 (2) = £;(0) + 285, +
as
&' (k) = (B;(0)7" (53( ) 2B+
) L (12.5)
=&(0) = ClE(): E() +---,

P1 JY\D
where &;(0) = (B;(0))~! is the j** Dirichlet eigenvalue for the homogeneous Lamé operator in D.
This is consistent with the formula for the leading order terms presented in [2] for 2 dimensional
elasticity.

Proof. Recall from the previous section that

Af = [SH(Kp)" + I) N(SB)TIPS A+ PPY(—La)7

(12.6)
= K?(_’Ca)_lv
where K§ := S§((Kp*)* + 11)~1(S%) "1 P§ + Pf*. Moreover,
(L)' == | G n)iwa. (12.7)

Since ¢ is a Dirichlet eigenvector of the Lamé operator defined on D with eigenvalue (3;(0))~! and
¢=0inY \ D, we have

o= _5;(10) XD (—Lyp). (12.8)
Now from (12.8)
(—La) = (z,y)xp(Lp)dy
(12.9)
(z,y)(Lyp)dy

Using integration by parts and adopting mdex notation where repeated indices indicate summation
we get for each component

(L)l = -2 ([ oG aCiendn - [ Crelohy €6 @)y

- _5;(10) (S 0uplon-Ti(x) — R(x):)

where the last equality follows from the divergence theorem and definition of the single layer potential
Sp and

R(z); = /D C'E(p)ky 1 (E(G*(x,1)i))k;jdy)- (12.10)
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Hence

[ATpli = /ij(lo)K?(S%[an@i)D]i(x) — R(z);). (12.11)

Now we apply the definition of K¢ and compute PP*R(x) and P R(z). Integrating by parts, we find
Ra)i= [ Celohy s (G ()i

- /D (E(G*(2,9):))ts : CLE(P)yely

(12.12)
= / 0;(CYE(G (2, 9)i)rj)or))dy —/ ~0;(CTE(G™ (2,)i)j rdy
D D
= o(x)i-
Thus P{*R(x) = P§'R(x) = 0 since ¢ € W3*. Then we obtain
Bin = tr(ATpP(0)) = (0, ATpP(0)) 12, (a,v)e
B:(0 oo 1. (12.13)
= (o~ 23 (K57 + 3 1) Ouelon -
Let v € H#(mY)?’ be defined
" — Q) * 1~ _
vi=SH((Kp™)* + 5I) Yonelon-]- (12.14)
Then Lo =01in D and Y \ D, and
n-C&(v)|op+ = n - CE(@)|op-- (12.15)
Then we have
1= = ](1 )<30,U> = _(#)2/ v(Lp)dy
P P D
i(0 TR
= 7(@—(1))2(/ n-C&(p)|op-vdo f/ C'&(y) : E(v)dx) (12.16)
P oD D
_ BJ(O) 2 el = 1 .
=—(=5=)(] n-CE&W)|yp+vdo CE(p) : E(v)dx)
P oD D
Last an integration by parts yields
/ C'&(p) : E(v)dx =/ C'E(v) : E(p)dx
D D
= [ V- (CE€W)yp) — Loy (12.17)

=n-CEW)|sp-pdo = 0.

Combining this result with the last line of (12.16) and integrating by parts a one time provides a
representation of the second term in (12.1)

GOy [ clg(w) - Eoyda
s )/Y\Dc £(v) : E(0)dz, (12.18)

;51:(

and the theorem follows. O
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13 Derivation of the convergence radius and the separation
of spectra

Here we prove Theorems 7.1 and 7.2. To begin, we suppose o # 0 and recall the Neumann series
(4.5) and consequently (4.6) and (4.10) converge provided that

1(A%(z)p = A%(0)p) R(C, )l 2122, (a,y)2:02, (a,v)2) < 1. (13.1)

Then we will compute an explicit upper bound B(«, z) and identify a neighborhood of the origin on
the complex plane for which

[[(A%(2)p — A% (0)p)R(C, 0)|| L2 (eY)3: L2 (a,Y)?] < B(a, z) <1, (13.2)

holds for ¢ € T'. The inequality B(a, z) < 1 will be used first to derive a lower bound on the radius of
convergence of the power series expansion of the eigenvalue group about z = 0. It will then be used
to provide a lower bound on the neighborhood of z = 0 where properties 1 through 3 of Theorem
7.1 hold.

We have the basic statement given by

1(A%(2)p = A%(0)p) R(C, Ol (22, (a,v)2:22, (ayye) <

. . (13.3)
[(A%(z) — A%(0 ))HL L2, (0,Y)3:L% (a, Y)3]||pHL°°(Y I R(C, O)HL[L (a,Y)3:L% (o, Y)3].
Here ( € T' as defined in Theorem 7.1 and elementary arguments deliver the estimate
RS 0222, (a,v)2:02, ()2 < d* (13.4)

where d is given by (7.1).
Next we estimate |[(A%(z) — AQ(O))||L[Li(ayy)3:l/;2¢(a7y)3]. Denote the energy seminorm of u by

| = /Y Cle(u) : E(u) da. (13.5)

First we derive the Poincaré inequality between the spaces Li(a, Y)3 and H# (a,Y)3 for a # 0:

Lemma 13.1. .

a
ullz2(vys < —|ul- (13.6)
Vi

Proof. Let u € Li(mY)?’. Set £ = 2mn + « and let

ety L At (E®9)
o= pal§)? AL +2u €2
_ 1 o )\1+M1 <£®§)))’U5

palél? AL+ 2u1 [€]2 ’

Do

then

//Gawy ) dy) - ule) da

= [ LS et et iy - o) de

n€ez3

— (3 I ©u() - u(g).

nez3
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We obtain an upper bound on the quadratic form —l_l(f)u/(—f\) : U/(Z) Without loss of generality

choose the basis aq := % = (1,0,0),as := (0,1,0),as3 := (0,0,1) and set ¢ := /\’\1%2’:}1 Then

paléf? At +2p1 €2 palél?

Since 0 < ¢ <1, we have 0 <1 —c¢ < 1. Thus

(1=c)a1 ® a1+ az ® az + ag ® ag)

1 Mtm €@, 1 o
_ v < v\,
wler T N 2 e TS e
Hence we obtain the upper bound
_ _ —_— 1 —
(—La)"huyu) = (Y =171 Ou(€) -u(€) < D — 5 |u(©)? (13.7)
nezs3 nezd Hllf'
5 2 1)
= | plal? =
1
/4L |Ol|2|| HL 2(y)3
Let v € L% (a,Y)?. Then notice that
(—La) tv,v) = / C'e((=La) ') : E() dx
Y
_ / V- CE(—La) ) - B da
Y
- / Lal(—La) M) T da
Y
= / v-vdr = ||U||L2(Y)3-
Y
Now, from the Cauchy inequality we have
[0ll72(vys = ((=La) "0, 0) < [(=La) ™ oll]Jo]]. (13.8)
Applying (13.7) we get
-1
[(=La) ™ 0]l = ((—La) M0, (=La) 7' 0)? = ((—La) Mo, 0) /2 < [0l L2y ys (13.9)
\f1
and the Poincare inequality follows from (13.8) and (13.9). O

To obtain the Poincare estimate for a = 0, we replace £ = 27n in the above proof. Then following
will be the corresponding inequality for (13.7).

_ 1 — 1 —
(Lo)wu) < > —=u@P < Y ———su@©)
— €] —  u1]2mn|
nez3\{0} neZ3\{0}
1 A2
<o > @)
M ez oy

1
= m||u||%2(y)3-
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Hence for o = 0, the Poincare inequality becomes

vl L2(vys <

S o \f
For any v € Liﬁ(a, Y)3, we apply (13.6) to find
1(A%(2) = A%(0)vl L2 (v)3
o™ e o
< ?II(A (z) = A%(0))v]
la| ! ) (13.10)
< (T ™" = P)(—La) |
H1
S%II((TH = P9) | Lt oy 3 o v3) | (= La) T 1ol

Applying (13.9) and (13.10) delivers the upper bound:

[[(A%(2) — A%(0 ))||L[L2 (a,Y)3:L% (o,Y)3]
|| 2 (13.11)

< o (1) ~! = B 21wy o)z m (0,v)2)
The next step is to obtain an upper bound on ||((T%)~! — P¢ )||L[H (@Y )5 (0, )2 For all
UNS Hj%(a,Y)?’, we have
Te -1 _ P n
o ol D < el + Y 0l(1/2 + 7)) + 2(1/2 — 7)) 22 (13.12)
i=1
where w; : HT\)Z(\J?”Q , Wy 1= %, and wi + Z _1 W; < 1. Thus maximizing the right hand side
is equivalent to calculating
+inax {w1+sz| 1/2 + 7)) 4 2(1/2 — 7i(a))|72}1/2 (13.13)
wi =1 Wis =1

= sup{L,|(1/2 + (@) + 2(1/2 = 7s())| 2}/

Hence we maximize the function
1 1 .
flz) = |§+x+z(§—x)| (13.14)

over z € [ (a), 7 (a)] for z in a neighborhood about the origin. Let Re(z) = u, Im(z) = v and we
write

F@) =15 + o+ (-t in)(g - )|

2
:«%+x+m%—@f+u%%—@%4 (13.15)
< (3 + o+ uly — )7 = g(Re(2),2),

to get the bound

(7)™ = P;‘HL[H;&(Q,YP:H (a,v)?3] < |2 sup{l, [ ?U)P " )]Q(Uax)}l/z}- (13.16)
re|[t7 (o), 77 («
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We now examine the poles of g(u, z) and the sign of its partial derivative d,¢(u,x) when |u| < 1. If
Re(z) = u is fixed, then g(u,z) = (1 + 2 +u(3 — x)) 2 has a pole when (3 + z) + u(3 —z) = 0. For
u fixed this occurs when

1, 14+u
=@ == . 13.1
z = z(u) Q(u—l) (13.17)
On the other hand if, x is fixed, g has a pole at
1
w=217 (13.18)
T2
The sign of 9,9 is determined by the formula
9:9(u,x) = N/D, (13.19)

where N = —2(1—u)?z— (1—u?) and D = ((3 + 2 +u(3 —2))* > 0. Calculation shows that 0,9 < 0
for z > &, i.e. g is decreasing on(Z, o0). Similarly, 9,9 > 0 for z < & and ¢ is increasing on (—oo, Z).
Now we identify all u = Re(z) for which & = &(u) satisfies

<71 () <O. (13.20)

For such u, the function g(u,z) will be decreasing on [T~ («), 7" ()], so that g(u, 7 (a)) > g(u,x)
for all z € [t~ (), 7], providing an upper bound for (13.16).

Lemma 13.2. The set U of u € R for which —1 < #(u) < 77 (a) < 0 is given by

U:=[z"1]
where B )
mt M) LT (04)+? <0,
(3u1 + A1) m(a) — 3
Proof. Noting & = #(u) = £ (%), we invert and write
1 X
w=217 (13.21)
r—3
We now show that
2F<u<l (13.22)
for & < 77 (). Set h(z) = %jf Then
2
hX@)A—Agiilgf (13.23)
G- |

and so h is decreasing on (—oo, %) Since 77 (a) < %,h attains a minimum over (—oo,7 ()] at
x =7 (). Thus &(u) < 7~ () implies

1
— 3 <u<l (13.24)
2

as desired. 0O

Combining Lemma (13.2) with inequality (13.16), noting that —|z| < Re(z) < |z| and on rear-
ranging terms we obtain the following corollary.
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Corollary 13.3. For |z| < |2*]:

1A% (2) = A%ODll (23 @ vyeng @y < = —l2l(=12l = )G = (@) (13.25)
From Corollary 13.3, (13.3), (13.4) we easily seen that
1(A%(z)p = A%(0)p) R(C, 0) | 2122, (a,v)2:L2, (0, v)2) <

o2 (13.26)
Blo2) = 2 (el - 27§ - 7 (@) g

a straight forward calculation shows that B(cq,z) < 1 for

pa|of*d|z"|

|z] < 7" = (13.27)

- HPHLDO<y)3

2
Tr(a Tlal*d

and property 4 of Theorem 7.1 is established since r* < |z*|. Now we establish properties 1 through
3 of Theorem 7.1. First note that inspection of (4.5) shows that if (13.1) holds and if ¢ € C belong
to the resolvent of A%(0)p then it also belongs to the resolvent of A%(z)p. Since (13.1) holds for
¢ € ' and |z| < r*, property 1 of Theorem 7.1 follows. Formula (4.6) shows that P(z) is analytic in a
neighborhood of z = 0 determined by the condition that (13.1) holds for ¢ € I". The set |z| < r* lies
inside the neighborhood and property 2 of Theorem (7.1) is proved. The isomorphimsm expressed
in property 3 of Theorem (7.1) follows directly Lemma 4.10 ([22], Chapter I §4) which is also valid
for Banach space.

The proof of Theorem 7.2 proceed along identical lines. To prove Theorem 7.2, we need the following
Poincare inequality between Li((), Y)? and H;#(Q Y)3.

Lemma 13.4.

1
[vllr2(vye < o]l (13.28)

T 2myiy

This inequality is established using (13.12) and proceeding using the same steps as in the proof
of Lemma 13.1. Using (13.28) in place of (13.6) we argue as in the proof of Theorem 7.1 to show
that

1(A%(2)p — AO(O)p)R(CvO)HL[Li(O,Y)S‘:Li(O,YP] <1 (13.29)

holds provided |z| < r*, where r* is given by (7.7). This establishes Theorem 7.2.

The error estimates presented in Theorem 7.4 are easily recovered from the arguments in([22] Chapter
11, §3); for completeness we restate them here. We begin with the following application of Cauchy
inequalities to the coefficients 8S of (4.10) from ([22] Chapter II, §3, pg 88):

1Bal < d(r)™". (13.30)
It follows immediately that, for |z| < r*,
B"‘(Z)—zp:z”ﬁo‘ < i |2]"18,1 < L (13.31)
2Pl = 20 FERES G )

completing the proof.
For completeness we establish the boundedness and compactness of the operator B<(k).

Theorem 13.5. The operator B*(k) : Li(a,Y)?’ — H#(Q,Y)?’ is bounded for k ¢ Z.
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We first prove the result for o # 0. Let v € L% (a,Y)?. Then,

1B (K)ol = [[(T2) ™ (=La) ™ o]

S H(Ik) ||L[H1 (e, Y)3H ((x Y)3]||( ) 1UH
LH a,Y 3H1 a,Y)3 V|| L2 Y)3

(13.32)

where the last inequality follows from (13.9). Now we need to find an upper estimate for
H(Tk )~ HL HY (0Y)3:HY (0,Y)?]- Observe that

T 711} [e%s) ~
H(ku)”” < {\z|2w1 =+ wo + |2;|2 Z |(1/2 + Ti(oz)) + 2(1/2 _ Ti(a))rzwi}l/z’ (13.33)

i=1
where w, := %,u@ = ”fiﬁyaw = % Now Notice that wy +ws+ > ;o W; = 1, and

therefore we obtain the upper estimate

[Tl (1530
[ A— '
where
M = max{1, |2[*, sgp{l(l/2 +7i(@) + 2(1/2 = mi(@) 71}, (13.35)

and this completes the proof. For a = 0 case, the proof is similar.

Remark 13.6. The Poincare inequalities (13.6) and (13.28) together with Theorem 13.5 show that
B*(k) : L% (a,Y)? = LZ(,Y)? is a bounded linear operator mapping L7 (, Y)? into itself. The
compact embedding of H(a,Y)? into L% (a,Y)? shows the operator is compact on L% (a,Y)?.
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A Appendix: Proof of Lemma 2.1

Proof. Let x € Y \ D. Since £(u) = 0 there, then u has to be a rigid motion in Y \ D. However
since rigid rotations are not periodic, u must be a rigid translation. Thus we write © = ¢ for
x € Y \ D where c is a constant vector in R3. From the continuity of u across the boundary of
D we have ulpp = ¢ so we can express u as u = @ + ¢ for © € Y where @ € fI&(D)3. Then the
condition [}, p udz = 0inY implies that ¢ = —(p) ! [, p' @ dx, where (p) = [, pdx and the Lemma
follows. O
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