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ABSTRACT

In this paper, we introduce the concept of information consistency for Bayesian Gaussian process models
and further provide the information consistency results for stochastic kriging (SK). It is found that, to ensure
information consistency of SK, the budget allocated should grow in a fashion that is commensurate with
the smoothness level of the mean response function to estimate, as the number of design points approaches
infinity. Moreover, it is recommended that an experiment design consist of a relatively large number of
design points with a few replications at each when given a fixed budget to expend.

1 INTRODUCTION

Complex simulation models of proposed or existing systems are often used to aid system design and
analysis. In some situations, however, simulation models can be very expensive to run; in this case, if
intense simulation is necessary to evaluate even one scenario and there are many “what if” scenarios to
evaluate, simulation cannot deliver the desired answer in a timely manner. To remedy the situation, a
metamodel is often used as an accurate, drop-in replacement for the simulation model as if the simulation
can be run “on demand” to support real-time decision making. A metamodel is typically built on outputs
from simulations run at some selected design points to “map” the performance response surface as a function
of the controllable decision variables, or uncontrollable environmental variables. Successful applications
of simulation metamodeling have been recorded in many cases (Osorio and Bierlaire 2013; Ouyang et al.
2017; Santos and Santos 2016).

The Gaussian process regression (GPR) or kriging methodology has been one of the most popular
metamodeling approaches in various engineering disciplines for approximating the output of deterministic
computer experiments (i.e., the same output is produced if the simulation is run twice at the same design
point); see, for instance, Santner et al. (2003). One primary reason for GPR models’ popularity is that they
unite sophisticated and consistent theoretical investigations with computational tractability (Rasmussen and
Williams 2006).

Asymptotic properties of GPR models have been investigated from different perspectives over the past
few decades. On the one hand, posterior consistency of GPR models has been well studied in various
general settings, providing a frequentist’s validation of these methods as some kind of updating approaches.
That is, as the sample size increases, one expects the posterior distribution of the parameter estimates
to concentrate around the true values of the parameters; see, e.g., a comprehensive review of posterior
consistency given by Choi and Ramamoorthi (2008).

On the other hand, quite a few research studies have investigated consistency of GPR models from the
perspective of prediction. For instance, Vazquez and Bect (2010) investigated the pointwise consistency of
the kriging predictor with known mean and covariance functions; for GPR models with a constant noise
variance (also known as kriging with nugget effect), Gratiet and Garnier (2015) analyzed the asymptotic
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values of the resulting integrated mean squared error (IMSE) and obtained the convergence rates of IMSE
for selected kernels as the number of design points tends to infinity. Seeger et al. (2008) proved information
consistency of GPR models based on cumulative log loss. Roughly speaking, if the sample size of the
observations collected is sufficiently large and the underlying covariance function satisfies some regularity
conditions, the prediction based on a GPR model is consistent to the true curve of interest, and the
consistency does not depend on the choice of the values of hyper-parameters involved in the covariance
function. Moreover, information consistency rates for a wide range of covariance functions were obtained
using kernel eigenvalues asymptotics. The interested reader is referred to Shi and Choi (2011) and references
therein for details.

Standard GPR models (i.e., kriging and kriging with nugget effect), however, often fall short for the
purpose of providing an accurate approximation to the mean response function implied by a stochastic
simulation experiment, especially when the simulation model generates random outputs that exhibit strong
heteroscedasticity, namely, the simulation variance varies significantly across the design space (Ankenman
et al. 2010). The literature on heteroscedastic GPR models for stochastic simulation metamodeling is not
sparse (Ankenman et al. 2010; Ng and Yin 2012; van Beers and Kleijnen 2008). The stochastic kriging
(SK) methodology proposed by Ankenman et al. (2010) has been known as an effective metamodeling
tool for approximating a mean response function by correctly accounting for both sampling uncertainty
inherent in a stochastic simulation and the response-surface uncertainty. Despite a great amount of research
effort dedicated to experiment design and analysis methods for SK metamodeling (Chen and Kim 2014;
Chen and Kim 2016; Chen et al. 2012; Chen et al. 2013; Liu and Staum 2010; Wang and Chen 2018),
little work has been done to investigate consistency issues of SK and heteroscedastic GPR models alike.

In this paper, we study information consistency of SK with known heteroscedasticity along the lines
of Seeger et al. (2008) and Wang and Shi (2014). The results help shed some light on properties of a
desirable stochastic simulation experiment design for SK to achieve such a consistency. It is found that
the budget used by SK metamodeling should grow in a fashion that is commensurate with the smoothness
level of the mean response function of interest, as the number of design points approaches infinity. The
remainder of the paper is organized as follows. Section 2 provides a brief review on SK. Section 3 provides
the main results. Finally, Section 4 concludes the paper.

2 A BRIEF REVIEW ON STOCHASTIC KRIGING

Proposed by Ankenman et al. (2010), the SK methodology has been known as an effective metamodeling
tool for approximating a mean response function implied by a stochastic simulation. We provide a brief
review on SK in this section before delving into the information consistency issue of interest.

A simulation experiment design for applying SK to approximate a mean response function typically
comprises a set of design points (say, k) to run independent simulations and the corresponding numbers
of replications to apply at each, i.e., {(x;,n;),i =1,2,...,k}. The simulation output obtained at a design
point x; € 2" C R¢ on the jth simulation replication can be described by the following model:

%(Xi):f()(xi)—*—gj(xi)? j:1727"'7ni7 (1)
where fy(+) is the true unknown mean response function that we intend to estimate, and the simulation
errors incurred at x; on different simulation replications, €;(x;),&(X;),..., are assumed to be independent

and identically distributed (i.i.d.) normal random variables, €;(x;) ~ .A4°(0,V(x;)), i =1,2,...,k. The
simulation error variance V(x) may depend on x and sup,. 5- V(X) < co. The normality of &;(x) can be
anticipated from the fact that in a discrete-event simulation the simulation output %;(x) could be the average
of a large number of more basic random variables obtained on the jth simulation replication.

Given the simulation outputs generated, we see from (1) that the average output at x; can be written as

_ 1 &
@(xi):;Z@/j(xi):fo(xi)—ké(xi), i=1,2,... .k, )
lj:1
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where &(x;) =n;! Y1 €j(x;) denotes the average simulation error incurred at x;. Write  as a shorthand

for the k x 1 vector of average simulation errors (£(x;),&(x2),...,&(x¢)) ', and write the k x 1 vector of
average outputs as ¥ = (¥ (x;), ¥ (x2),. ..,@_(xk))T.

Parallel with the treatment adopted in the standard GPR literature (Rasmussen and Williams 2006;
Santner et al. 2003), in SK it is assumed that the underlying mean response function fy(-) is a zero-mean
Gaussian process, denoted by fy(-) ~ GP(0,K(-,-;0)), where K(-,-;0) denotes the covariance function or
kernel. Specifically, the covariance between the values of fj at any two inputs x,x’ € 2~ can be modeled
as

Cov (fo(x), fo(x)) = K(x,X';8), 3)

where 0 denotes the vector of hyper-parameters in the covariance function. Commonly used covariance
functions include Matérn and squared exponential or Gaussian covariance functions; see Chapter 4 of
Rasmussen and Williams (2006) for details. We note that Ankenman et al. (2010) refer to the stipulated
stochastic nature of fy(-) as extrinsic uncertainty, in contrast to the intrinsic uncertainty induced by the
simulation error € that is inherent in a stochastic simulation output; and these two sources of uncertainty
are assumed to be independent.

To predict the mean response at any xo € 2", SK adopts the following predictor:

-1 =
u(xo) =Zs(x0,X)" (Eru+Zex)” 7, 4
and the corresponding predictive variance is given by

67(X0) = E7(X0,X0) — (%0, X) " (Zyx + Zer) ™ Ey(x0,X), o)
where X := (XlT,XZT, . ,ka)T denotes the matrix consisting the k& design points. With a slight abuse of
notation, we denote X ¢ := K (X, X; 0) as the k x k covariance matrix across the k design points, withits (7, j)th
entry given by K(x;,x;;0) fori, j=1,2,... k. The k x 1 vector, X ((Xo,X), contains the covariances between
the k design points and the prediction point Xo. The k x k matrix X x is the variance-covariance matrix of €.
As the use of common random numbers (CRN) does not necessarily help improve the predictive performance
of SK (Chen et al. 2012), in this paper we assume that CRN is not applied in simulation experiments.
Hence, X reduces to a k x k diagonal matrix, i.e., X¢x = diag (V(x1)/n1,V(X2)/n2,...,V(Xx)/ng).

3 MAIN RESULTS

To start, define x<; and %<; respectively as {Xi,Xs,...,X;} and {#],%,..., %} for i > 1, where %; is
a shorthand for % (x;), i = 1,2,...,k. Similarly, let x.; and %_; respectively be {xi,Xa,...,X;_1} and
{9,%,...,% 1} for i >2. Assume that f(-) ~ GP(0,K(-,-;0)). Hence, the stochastic process f(-)
induces a measure on the space of continuous functions .# = {f(-) : &+ R}, where recall that 0 is the
hyper-parameter vector and we assume that 0 is estimated by @ via some empirical Bayesian method (Shi
and Choi 2011). Also recall that fy(-) denotes the true underlying mean response function. Denote

PerTet) = | Pl Fxc)p(F(xe)df () .. df ().
po(D<i) = p(A, Dh, ... Fh fo(x<i)) = p(Pil fo(x<i)),

where p,,(P<y) is the predictive distribution of % given by SK, and p(f) depends on the data collected
at design points in X<; since the hyper-parameters of f(-) are estimated from the data collected.
We say that SK achieves information consistencyifk~'Ex_, (D[po(Z<k), pep(Z<i)]) — 0ask — oo, where
Ex_, denotes the expectation under the distribution of the design points in X< and D[po(Z<x), pep(@<)] is the
Kullback-Leibler (KL) divergence between po(-) and pg,(-),i.e., D[po(u), pep(u)] = [ po(u)log[po(u)/pep(u)] du.
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Lemma 1 Consider SK as a GP prediction method equipped with a zero-mean GP prior and covariance
function K (-, -; @). Let %;(x;)’s be simulation outputs as described by the output model (1) and the underlying
mean response function f be from the reproducing kernel Hilbert space (RKHS) associated with K(-,+;0).
Suppose that K(-,-;0) is bounded and continuous in @ and the estimator 0 — 0 almost surely as k — oo,
Then for some M > 0 and any 11 > 0, when £ is large enough, it holds that

1 - _ 1/1 1 _
© (logpey(Pi) +log po(Fi)) < ¢ <2|fo|%<+ 5 10g[Ze Ty + 1 +M) +1, (©)

where recall that X is the k X k covariance matrix over the design points in X< stipulated by SK and
Xe i = diag (V(x1)/n1,V(x2)/n2,...,V(Xx)/ni). Furthermore, | fo|lx is the RKHS norm of f associated
with K(-,-;0), |A| denotes the determinant of matrix A, and I; denotes the k x k identity matrix.

Proof.  Let ¢ be the RKHS associated with K(-,-;0) and .7 the span of K(-,x;;0), i.e., 74 = {f(:):
f(x) = Y5, oK (x,x;;0), for any o; € R}. We first assume that fy € 74, then fy(-) can be expressed
as fo(-) = Y% a;K(-,x;;0). Denote & = (0,0, ...,04) . It follows from the properties of RKHS that

Ifoll} = @ Zpr@ and (fo(x1), fo(x2),- .., fo(xk)) " = Zps@.
Let P and P be any two measures on .#, then it follows from Fenchel-Legendre duality relationship

that, for any functional g(-) on .%,

Ep[g(f)] < logEp[e)] +D(P, P). (7
In (7), we let

1. g(f) be logp(Z;|f) for any %, %,.... % € R and f € F;

2. P be the probability measure induced by GP(0,K(+,-;0)), hence its finite dimensional distribution
at 21,22, .., %k I ﬁ(21,22, e ,Zk) = JV(O,Zﬁk), and

Ep[efV)] = Ep[p(Di|f)] = ép(@Sk\f)ﬁ(f(ng))df(Xl) o df(x) = pep(Par); (8)

where f.f‘,k is defined in the same way as X but with @ being replaced by 0.

3. P be the posterior distribution of f(-) on .# which has a prior distribution GP(0,K(-,-;0)) and
normal likelihood [T, A (% £(xi),V(xi)/n), where & = (Z4,%5,....%)" = (Zrx tZep)a.
And % is a vector of average outputs observed at Xj,Xa,...,X;. Hence, P(f) = p(f|%<k,x<) is a
probability measure on .%. By the GPR property, the posterior of (f(x1),f(X2),...,f (xk))T is

PO, f(X2),- s f(x) = p (f(x1), f(X2), -, f (%) | Pkr X<k)
=N (Zpa(Era+Zen) 'V Zpa(Erat+Zes) Zen),

= /V(Ef,ka,)lfka‘l),

where B = Z;,lc):ﬂk + 1.
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Now, on the one hand, it follows that

D(P,P) = /3z log <(311;> dpP
pf(x1), f(x2), .., f(xk))

I
T
Tl

t(Z, 2B )+ (Br4@) E7 L (Zpx@) —k—log |Z/ 4B~ +log |§f7ky)

ol
—10g[E/4Zy 4| +log B] +tr(E,, Zy kB + (274) zka(zf,ka)—k)

\»—NM—MM—
/_\/_\

~—1
2( 10g!2fk)3fk!+10g\13|+tr(2fk>3ka )+HfoH%+“Tzf,k(2f,k2f,k—Ik)a—k),

where tr(A) denotes the trace of matrix A. On the other hand,

k
Eplg(f)] =Epllog p(Z<i| )] = Y Epllogp (%] £ (xi))], ©)
i=1
: Ve 1 (- fw)
logp (@,|f(x,)) =73 -log <275 " ) 5 W
By Taylor’s expansion, we expand log p (@ | f(x;) ) at fo(x
togp (1) = 1o p (F1fo(x) + “"g”d%'f’( D) (7x) — fotx)

1d (logp (%7 (x:)))
5 de(Xl) (f( i) _fO(Xi))27

where f(x;) = fo(x;) + A (f(x;) — fo(x;)) for some A € (0,1) and

d(logp (#1f(x))  (Zi—f(xi)) d(logp(Zlf(x)))

df(xi) - V(xi)/m d*f(xi) V()
Hence, we have
Eillogp (91 x0)) = ogp (o) + LN g 1y
= vy B L)~ o)’ (10)

where E [f(x;) — fo(x:)] = 0 and Ep [( fxi) — fo(xi))z] — (Z;4B )i, i.e.. the (i,i)th entry of the matrix

LB i=1,2,.. k.
It follows from (9) and (10) that

Epls(f)] = Esllog p(Pi| )] = Y- Esllog p (%] f(x1))]
k k 1
—zlogp(@;\foui))—;(v(’_) zlogp (Ffo(x)) — ytr(Zr B2

1 o
= log po(¥<i) — 5 (EZruB =0 (11)
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Finally, we have from (7)—(11) that

_ _ 1 e
~log pep(Pi) +log po(Fr) = — logEp[e)] + Eplg(£)] + 5tr(ZyuB ™ 'E )
_ 1
< D(P,P)+ Etr(Zf,kB’lE;}{)
1 ~—1 ~—1 B
= 5 (108 [Z/, 4| +1og Bl +r(E, 1 2B ) + [ fol 7
a1
+aT)3f7k()2fjk)3f,k — Ik)a —k+ tr(ZﬁkBilZ;}()) . (12)
a1
When k is large enough, for any 1 > 0, we have there exists 1’ > 0 such that tr(Ef’k):ﬁkB_l) <
tr (Ie+n'Zsx)B") satisfying tr(n'Z;B~") < 1 -k. Hence,
ol
tr(Zf_’ka_,kB_l) + tr(Zf,kB_IZ;,l{) <tr ((Ik + T],Zf_’k)B_l —|—2;}(Zf_,kB_l>
=tr <(Ik +2‘.;,162f,k)B*1 + n/E_,»,kB”)
=k+t(nE B ") <k+n-k (13)
Hence, from (12) and (13) we have

—log pgp (<) +10g po(P<i)
1 ~—1 B i
< 5 (—log |2f-7sz»’k| +log |B| +k+tr(n/zf,kB 1) + HfOH%( + aTzf',k(zf',sz'7k . Ik)a _ k>

1 a1 -1
=5 (* log|Z; Zril +1og|Bl+1-k+ | follg + & Zra(Ep 1 Zra— Ik)a) :

~ ol
Now since the covariance function is bounded and continuous in 6 and @ — 6 almost surely, £ X\ —
ol
I; — 0 as k — oo, There exists a positive constant M such that for £ large enough, —log ]Z‘,ﬁkZﬂk] <M and
ol
a'Z; (X4 Zrx— k)0 < M. Therefore, we have

_ _ 1 1
—log pgp(Y<i) < —log po(P<i) + EHfOH%chMJr 5 log IB|+n -k

for any fj € ;. Equivalently, we have

1 = 1 = 1/1 1
-~ 1oepep(F) <~ togpo(@ea) + (5Ll + M+ S1og Bl ) 41, (14)

k 2
for any fy € 7.
By taking the infimum on the right-hand side of (14) over fy and applying the Representer theorem
(See, e.g., Lemma 2 of Seeger et al. (2008)), we have

1

_ _ 1 /1 1
T (—log pgp(P<i) +1og po(Pk)) < % <2’fo!%<+M+ 210g\3\> +1,

for all fy € J7. O
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Lemma 1 provides a regret bound for SK-based prediction, competing against experts from the RKHS
associated with the covariance function K of the GP stipulated by SK. The bound depends on the squared
RKHS norm || fy||%, log |B| = log |Z;,1€Zf7k +1I;| (referred to as the regret term, which also depends on K),
and the simulation experiment design adopted. We next examine the regret term log |B| using the Mercer
eigenexpansion of the covariance function K. To lighten notation, below we omit the hyper-parameter
vector @ when referring to K. First, Let us recall Mercer’s theorem; see further details from, e.g., Chatterji
et al. (2019).

Theorem 1 (Mercer’s theorem) Let 2 C R? be compact and v be a finite Borel measure with support 2.
Suppose K is a continuous square integrable positive definite kernel on .27, and define a positive definite
operator Jx : Lr(Z;v) — Lo(Z75v) by (Jkf)(-) := [4 K(-,X)f(x)dv. Then there exists a sequence of
eigenfunctions {¢@,, } men that forms an orthonormal basis of L,(2"; v) consisting of eigenfunctions of Jk,
and an associated sequence of non-negative eigenvalues {A,,}men such that Tk (¢,) = Au@y, for m € N.
Moreover, K can be represented as K(x,x') = Y| A0 (X) 9 (X'), VX, x' € 2.

Assumption 1 Let K be a Mercer kernel satisfying Theorem 1.

1. The A,’s are in a decreasing order, i.e., A1 > A, > ... > 0.
2. vx,x' € Z,|K(x,x')| <K, for some K > 0.
3. Vm>1,vx€ Z,|on(x)| < ¢, for some ¢ > 0.

Lemma 2 (Lemma 1 in Vakili et al. (2021)) For all positive definite matrices P € R"*", logdet(P) <
nlog(tr(P)/n).

Theorem 2 Consider an SK metamodel with a covariance function K satisfying Assumption 1. For any
D>1,

1 _k k
log|B| < Dlog <1+DKZIi> +6p) i, (15)

i=1 i=1
where 6p =Y _p. An®? and t; = n;/V(x;), i=1,2,... k.

Proof.  To upper bound log|B|, we first consider a projection on a D-dimensional feature space ¢ ,,(-) =
(01(-),92(-),...,¢p(-)) " spanned by the first D features (corresponding to the D largest eigenvalues of K).
Specifically, define K, (x,x') = Y2 _| 4,0 (x) 9 (x) and K, (x,x’) = K(x,X') — K, (x,x') for any x,x' € 2.
It follows immediately from Assumption 1 that K,(x,x’) < dp for any x,x' € 2". Similarly, we have
=KX, X) = K,(X,X) + K,(X,X), where K,(X,X) denotes the k x k matrix with its (i, j)th entry
given by K, (x;,X;) (i,j=1,2,...,k), and K,(X,X) denotes the corresponding orthogonal part. Therefore,

log|B| = log |l + X, X4 | = log [T +E; ; (Kp(X,X) + K, (X, X)) |
=log |(I + Z; 1 Kp (X, X)) (I + (L + Z, 1K, (X, X)) T 2, 1K, (X, X))
=log [l + Zg 1 Kp (X, X)| +log | + (T + g 1Ky (X, X)) T Eg 1Ko (X, X)), (16)

:=log(|B|)s :=log(|B|)»

We first consider the term log(|B|),. By eigen-decomposition, K,(X,X) = @ pA®/ ,, where & pp =
(0,(x1),0,(x2),...,0,(xk)) " is a k x D matrix, whose ith row is given by the feature vector @) (x;),
i=1,2,...,k; and A =diag(A1,A2,...,Ap) is a D x D diagonal matrix. Denote A = Z;;CD;(,DA% and
C=A’®] . Then, AC = I PupAP] , = K,(X,X), where AC is a k x k matrix with tr(AC) being
finite. By Weinstein—Aronszajin identity (Pozrikidis 2014), we have |I; +Z;}<KP (X,X)| = [Ip + Gg|, where
Gi=CA = A D] T, 1D pAL,
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Furthermore,

tr(ID -+ Gk) =D+tr (A%CI)]IDZ;II(CI)](7DA%)

=

)

k D k
=D+Y 1 Y Andp(xi) <D+KY 1, (17)
j i=1

i=1 m=1

k
=D+ ntr (A9, (x) 9 (x))A
i=1

where the third step follows from the fact that tr (AAT) =tr (ATA) by setting A = A%¢ p(x;) and the last

step holds because Y'2_| 4,02 (x) = K,(x,x’) <K for any x € 2", thanks to Assumption 1. By Lemma 2
and (17), we can bound log(|B|), as follows:

1. k
log [ + £, 1K, (X, X)| < Dlog <1+DKZt,~> : (18)
i=1

The term log(|B|), can be bounded in a similar fashion as done for log(|B|),. Specifically, we first
note that

tr((Te+ 2o 1 Kp (X, X)) T 21K, (X, X)) < tr(Z 1 Ko(X,X))A < (2 1K, (X, X)), (19)

where the first inequality follows from applying the result in Fang et al. (1994) that tr(PP;) < Ztr(Pz),
with A denoting the maximum eigenvalue of P; and noting that A <1 for P; = (I +Z;,1(KP(X,X))*1.
Since for any x,x' € 27, K,(x,x';0) < Jp, we further have

k
tr(Z, 1Ko (X, X)) < 8p Y 1. (20)
i=1
Then, by Lemma 2, (19) and (20), we can bound log(|B|); as follows:

1 k k
log [T + (T + £ 1K, (X, X))~ (21K, (X, X))| < klog (1 n kaDZz,-) <Y n @1)
i=1 i=1

=

where the second inequality follows since log(1+x) < x for any x > 0. Finally, combining (16), (18), and
(21) yields

l_k k
log|B| < DI 1+—=K) ¢ 1) t;.
o)
]

Under some further assumptions on the eigendecay profile of the covariance function or kernel K, we
can obtain specific orders of log|B|.

Definition 1 Consider the sequence of eigenvalues of a kernel K satisfying Assumption 1.

1. Forsome C, > 0,8, > 1, K is said to be a (C}, B,) polynomial eigendecay kernel, if for any m € N,
A < Cpm*ﬁl’.

2. For some C,1,Ce2,B. >0, K is said to be a (C,1,C,2, ) exponential eigendecay kernel, if for
any m € N, 4, <C, exp(—Ceﬁzmﬁf).
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Corollary 3 Denote T =YX, ; = Y, n;/V(x;) and consider the regret term, log |B|, as defined in Lemma 1
and studied in Theorem 2.

1. If K has a polynomial eigendecay, log|B| <2 [(Cp(ﬁsz)ﬁiplog_ﬁip (1+KT;) + 1} log(1+KT;).
That is, log [B| = & (Tkﬁl" log' " Tk) .

2. If K has an exponential eigendecay, log |B| <2 [<2Ce_21 (log Tx +Cﬁe)> 2 + 1} log (1+ KTy). That
is, log|B| =0 (logHﬁ*le Tk> .

Proof.  The proof is in the same vein as that of Corollary 1 in Vakili et al. (2021). Under the polynomial
eigendecay condition, we have

o= Y Af*< Y CmPrgr< / Cpz Prg*dz = C,D' Prg?.
m=D+1 m=D+1 b
N _ _
Then, D is selected to be [(C,>T;) % log P» (14 KTy)] to ensure 5pTy < log(1+KTy) by directly solving the
_ I _ _
inequality. Thus, in light of Lemma 2, we have log |B| < 2 [(Cp¢2Tk) Prlog P (14 KT;)+1|log(1+KTy).
Under the exponential eigendacay condition, dp can be upper bounded as follows:
Sp= Y Mu$*< Y Corexp(—CoomP)¢* < / Co exp(—Co22P)9%dz. (22)
m=D+1 m=D+1 D

We further consider two cases: B, =1 and B, # 1. The selection of D in both cases intends to en-
sure that dpT; < log(1 + KT}) by setting the left-hand side to 1, which is dominated by the right-
hand side when T} is reasonably large. When f, = 1, it can be easily shown by (22) that Op <

Ce,1C,  exp(—C.,D)§>. Thus, D is selected to be {Cillog (C&l(ﬁszCele)—‘. When B, # 1, 8p can be

e,

19 B
bounded by 2C, 1 (C,2f3,) " (2(];21 (B, - 1)) P exp (— (B, ' —1))exp (—Ce72Dﬁf/2) ¢ following sim-
ilar steps as given in the proof of Corollary 1 in Vakili et al. (2021). It follows that D can be selected to be

1
[(2@3‘ [log T +10g (2C.1 §2(BeCo2) ") + (B — 1) (1og [26;2‘ (B! - 1)] - 1)} ) ﬂ . Hence, in light
1
of Lemma 2 and the analysis above, we have log |[B| <2 [<2C8721 (log T + Cﬁe)) Pe 4 1] log (1+KTy), where

Cp, = log(C,.19%C,}) when 3, = 1 and Cp, =10g(2C.10*(B.Ce2) )+ (B, ' — 1) (log[2C, 5 (B = 1)]—1)
when S, # 1. / l O

Remark 1 Corollary 3 enables one to obtain specific orders of log|B| for kernels commonly used in
practice. Recall that d denotes the input-space dimensionality.

1. As a special case of polynomial eigendecay kernels, a Matétrn kernel has A,, = & (m*¥) for any

_d_ v
m € N, where v > 1/2 denotes the smooth parameter. In this case, log|B| = &' (T,f"*d logzgﬁ Tk> .
2. As a special case of exponential eigendecay kernels, a squared exponential kernel has A, =

7 (exp (—m5>> for any m € N. In this case, log|B| = & (log‘“rl Ti).

In light of Corollary 3, we further stipulate some mild assumptions on the budget allocation of SK so
that log |B| remains reasonably small with the increase of k for kernels with different eigendecay profiles.
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Assumption 2 The total simulation budget By = Y'X_, n; satisfies B, = €'(k?) for some b > 0.

Assumption 3 The total simulation budget satisfying By = &'(k?), where 0 < b < B, holds if K is a
polynomial eigendecay kernel.

Corollary 4 Under Assumption 2, log |B| = ¢(k) for exponential eigendecay kernels. Under Assumption 3,
log|B| = ¢(k) for polynomial eigendecay kernels.

Proof.  Recall its definition in Corollary 3, T} = Zf:] ti=Y"r ni/V(x;). Wehave T < Zf;l ni/N =By/V,
where V = infyc - V(x) > 0. Under Assumption 2 (respectively, Assumption 3), T = €' (k" /V) = O (k).
In light of Corollary 3, we further have, for a polynomial eigendecay kernel, that

log[B| = & <T,fl" log' " # Tk> —0 (kﬁ% log' "% (#))=¢ (kﬁp log' #r () = o(k),

where the last step follows from Assumption 3.
For an exponential eigendecay kernel, we have

log|B| =0 <logi+l Tk> =0 (logﬁe+1(kb)) o (logi+l(k)> = o(k).
O

In light of Lemma 1 and Corollary 4, we arrive at the following result regarding information consistency
of SK.
Theorem S Under an SK metamodel as described in Section 2, the conditions given in Lemma 1, and
Assumptions 1 to 3, k™ 'Ex_, (D[po(@<k), Pep(Z=k)]) — 0 as k — co.

Proof. 1t follows from the definition of information consistency that

Wy _ _
D [pO(@ k)5 pgp( / Po @/<k) log (p((@))) d%; ...d%;
2p
= /%)k po(Z<i) (log po(D<i) —10g pep(P<i)) A . .. d%;. (23)

From Corollary 4, we have log |B| = ¢(k) for polynomial eigendecay kernels and exponential eigendecay
kernels. Furthermore, since fy € .7, the RKHS associated with K, || fo||x < e. Hence, it follows from
Lemma 1 that

1

1 M
7 Bxae (D [po(Pi), pop(Pi)]) < ?HfOHK 10g!B\+ =0,  ask—ee

O]

Remark 2 Corollary 4 provides some sufficient conditions on budget allocation that ensure information
consistency of SK as the number of design points k and the total simulation budget allocated By approach
infinity. For estimating a sufficiently smooth mean response function fy, i.e., fop lying in an RKHS of an
exponential eigendecay kernel K, there is no particular requirement on the budget allocation to achieve
information consistency so long as By, k — oo. Interestingly, for estimating a mean response function f that
is not that smooth, i.e., fy belonging to an RKHS of a polynomial eigendecay kernel K, the budget allocated
to the k design points should avoid growing too quickly as k — oo. In particular, for fy contained in the
RKHS of a Matétrn kernel, we see that the budget By, = O(k”) must satisfy that b < 8, = (2v +d)/d for SK
to achieve information consistency. The smoother the function fj (i.e., the greater v) is, the less stringent
the condition is on the budget allocated B;. A converse effect holds for the input-space dimensionality d
on By. Therefore, we recommend setting k relatively large and using relatively few replications at each
given a fixed budget to expend. This echoes with the suggestion given by Wang and Chen (2018) to use a
“dense and shallow” design for SK.



Zhang and Chen

We remark on Theorem 5 with some interpretations. From Theorem 5, the KL divergence between the
two distribution functions for %~ |x<; from the true and the assumed models becomes zero, asymptotically.
For the sake of brevity, we note without showing details that

k
Pep(P<i) = pg(P<ilx<k) = [ [ g (Zilx<i, D<), (24)
i=1
where
_ p(@%i’fyXQ)dP@(f)
[z P(@<i’f'ax<i)d1?§(f,) '

P@(@}\Xgi,@li):/ﬁp(@_ﬂfaxgh@_<i)dpa(f\xgi,?»77<i), dp;(flx<i, Z<i)

Similarly, under the true model, it holds that

=~

Po(P<i) = p(Pr fo.x<k) = [ [ (%l fo, x<i, Vi) (25)
i=1

Paralleling the developments given in Seeger et al. (2008) and Wang and Shi (2014), we refer to
p(Z<ilfo,x<i,#<i) and pg(P<i|x<;,#~;) as Bayesian prediction strategies. We can see from (23) to
(25) that

k
D [po(Z<i), pep(P<i)] = /yk Y O(Zi|x<i, @i) po(Pk) APk,
A i=1

where Q(%i|x<;, Zi) = log p(Z<ilfo,x<i, Wi) —log pg(Fi|x<i, ;) is a loss function for i > 2 (with
O(%|x<i,#-;) =0 for i = 1), and Y*_, Q(%|x<;, #.;) is referred to as cumulative log loss. Similar to the
results as given in Seeger et al. (2008) and Wang and Shi (2014), Theorem 5 here can be interpreted as the
average of cumulative log loss k! Zé‘:l Q(%|x<;, #-;) approaching zero asymptotically. Hence, we have
related the information consistency of SK to sequential prediction under cumulative log loss.

4 CONCLUSIONS

In this paper, we proved information consistency results for SK metamodels. We showed that information
consistency of SK depends on not only the covariance function of the GP prior but also the budget allocation
adopted in the stochastic simulation experiment. Our investigation has focused on the case where the true
mean response function fj is contained in the RKHS of the GP prior adopted by SK, hence one potential
extension is to elaborate these results for SK in a more accurate way by studying small ball probabilities
and entropy calculations in the GP priors as performed in van der Vaart and van Zanten (2011) for standard
GPR models. Moreover, in our analysis we have assumed that the simulation noise variances V(x;)’s are
known and hence the noise variance-covariance matrix X, is given. Another potential direction is to
extend the analysis to the case where estimation of simulation noise variances is required.
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