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Josephson Traveling Wave Parametric Amplifiers (J-TWPAs) are promising platforms for real-
izing broadband quantum-limited amplification of microwave signals. However, substantial gain in
such systems is attainable only when strict constraints on phase matching of the signal, idler and
pump waves are satisfied — this is rendered particularly challenging in the presence of nonlinear
effects, such as self- and cross-phase modulation, which scale with the intensity of propagating sig-
nals. In this work, we present a simple J-TWPA design based on ‘left-handed’ (negative-index)
nonlinear Josephson metamaterial, which realizes autonomous phase matching without the need
for any complicated circuit or dispersion engineering. The resultant efficiency of four-wave mixing
process can implement gains in excess of 20 dB over few GHz bandwidths with much shorter lines
than previous implementations. Furthermore, the autonomous nature of phase matching consider-
ably simplifies the J-TWPA design than previous implementations based on ‘right-handed’ (positive
index) Josephson metamaterials, making the proposed architecture particularly appealing from a
fabrication perspective. The left-handed JTL introduced here constitutes a new modality in dis-
tributed Josephson circuits, and forms a crucial piece of the unified framework that can be used to

inform the optimal design and operation of broadband microwave amplifiers.

I. INTRODUCTION

Josephson Parametric Amplifiers (JPA) are a key el-
ement for high-fidelity microwave signal processing, [1-
4] enabling applications ranging from qubit readout [5],
real-time quantum feedback, quantum metrology [6, 7]
to quantum sensing. Conventional JPA designs, based
on Josephson junction(s) integrated in a resonant circuit,
realize standing wave amplification at a fixed frequency;
while ease of design of such amplifiers have made them a
standard functionality in microwave measurements, such
lumped-element designs are typically limited to relatively
small instantaneous bandwidths and dynamic range (in-
put signal powers for which amplification remains lin-
ear). There have been numerous proposals in recent
years based on impedance engineering [8, 9], nonlinear-
ity engineering [10, 11] and coherent feedback via auxil-
iary modes [12, 13] that can partially alleviate this issue;
however, the ultimate amplification bandwidth, and con-
comitant saturation input powers, in such modified-JPA
designs are still limited by the bare resonance linewidth
of the signal mode.

A compelling alternative to standing-wave JPAs are
Josephson Traveling Wave Parametric Amplifiers (J-
TWPA) [see [14] and references therein| that incorporate
Josephson nonlinearity in a waveguide or transmission-
line geometry. Unlike the lumped-element JPA circuits,
the distributed nonlinearity of J-TWPA involves no res-
onating structures and thus, in principle, realizes much
larger gain-bandwidth products. In addition to realizing
broadband gain, TWPAs have the desirable property of
unilateral amplification since only signals co-propagating
(and hence phase matched) with the pump waves are am-
plified efficiently. This allows TWPAs to implement a
natural separation of input and output channels, with-
out involving any channel separation devices such as cir-

culators or isolators that rely on external magnetic fields.
Owing to this amenability and potential promise for inte-
grated and scalable multiplexing, several theoretical and
experimental approaches for realizing high-efficiency J-
TWPASs have been explored, with the primary candidates
being (i) engineered metamaterials based on arrays of
Josephson junctions [15-21], and (ii) nonlinear materials
utilizing kinetic inductance of superconducting nanowires
[22-27].

Nonetheless, the very feature of phase matching that
bestows TWPAs with their inherently non-reciprocal
gain, also turns out to be the key challenge in the way
of realizing gain over large propagation distances and de-
vice geometries. This is because the presence of strong
Josephson nonlinearity makes the effective refractive in-
dex, and hence the phase difference between interact-
ing signal and pump waves, intensity-dependent. Fur-
thermore, since the signal amplitude scales with distance
due to amplification, it becomes challenging to compen-
sate for phase mismatch due to both linear and nonlin-
ear dispersion between different propagating frequencies
throughout the propagation distance [28, 29]. Inspired
by ideas used in traveling-wave fiber-optic amplifiers, re-
cent studies have explored solutions such as dispersion
engineering of J-TWPAs [15, 16, 30] that is rooted in
modifying linear dispersion of the bare (unpumped) line
to compensate for the nonlinear phase mismatch in the
presence of the pump. Variations on this theme based
on impedance engineering [31] and nonlinearity engineer-
ing [18, 21] also remain an area of active research. Fig-
ure 1 summarizes the different approaches adopted till
date along with a sketch of representative device de-
signs. As evident, almost all such approaches require
increased complexity in design and fabrication of the cir-
cuit, loss of frequency tunability, and/or longer device
lengths. Specifically, since dispersion-engineered designs
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FIG. 1. Landscape of J-TWPA devices. The circles represent the design based on right-handed Josephson transmission lines
while the stars denote the left-handed JTL designs proposed in this work. Filled symbols denote the ‘bare’ right- and -left-
handed J-TWPAs, while corresponding empty symbols indicate variations based on either linear or nonlinear phase engineering.
The shaded quadrants show the regions where efficient amplification is not possible due to the linear and nonlinear dispersions
having the same sign. (a) Schematic of a left-handed Josephson transmission line (JTL): each unit cell of length a consists of a
capacitance in series C, along with a Josephson junction acting as an inductive shunt to ground with junction inductance and
capacitance denoted with L; and C respectively. In the presence of a strong pump wave, a small probe signal injected at the
input gets amplified as it travels down the JTL. Representative circuit designs of right-handed J-TWPAs are shown in panels

(b), (c) and (d), along with respective references.

typically involve additional circuit elements employing
lossy dielectrics, the cumulative loss scales with length of
the TWPA thus trading off one limitation for the other!
Such concerns are especially pertinent when employing
TWPAs as quantum-limited detectors and sources of
squeezed radiation, applications where both pump tun-
ability and low loss are imperative.

In this work, we propose a novel and simple design
based on left-handed Josephson metamaterial that can
realize low-noise broadband amplification without any
need for complicated nonlinearity or dispersion engineer-
ing. The operation of a left-handed J-TWPA as a broad-
band amplifier is rooted in the compensation of linear
dispersion-induced phase mismatch between signal(idler)
and pump waves with nonlinearity-induced phase mis-
match, an effect enabled by opposing directions of phase
and group velocities in a left-handed transmission line.
While left-handed transmission lines have been explored
in linear optical applications, such as sub-wavelength
focusing [32] and resonance cone formation [33, 34],
their potential as nonlinear media for wave mixing has
remained largely unexplored. Specifically, left-handed
Josephson transmission lines (JTLs) constitute a new
modality in microwave superconducting circuits, where

all designs explored to date employ right-handed trans-
mission lines embedded with Josephson junctions. As de-
picted in Fig. 1, left-handed JTLs effectively double the
engineering landscape for J-TWPAs, introducing new op-
erational regimes such as the ‘reversed dispersion’ [(e) in
Fig. 1], which can be leveraged in combination of non-
degenerate pumping for achieving flat gain profile over a
wide frequency range.

II. LINEAR AMPLIFICATION WITH
LEFT-HANDED J-TWPA

As shown in Fig. 1 the primary difference, between a
left-handed Josephson transmission line (JTL) and the
previous TWPAs designs designs based on right-handed
JTL, is the exchange of the inductive (L) and capaci-
tive (C') elements to be the parallel and series impedance
elements in the transmission line respectively. The addi-
tional shunt capacitance C; denotes the intrinsic Joseph-
son capacitance. The corresponding linear dispersion re-
lation for the line is given by [Fig 2(a)],
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FIG. 2. (a) Dispersion relation for a left-handed JTL shown for three different choices of (ws, wo). The position of the cross
denotes the choice of pump frequency, corresponding to wave vector ka = 0.6, used for the calculations presented in the following
panels. (b) Comparison of frequency-dependent gain between left-handed (I = 1000a) and right-handed (I = 2000a) J-TWPAs
[Figs. 1(a)-(b)]. The circuit parameters used for the left-handed J-TWPA are L; = 1670 pH, C; = 9.6 fF, C = 667 {F, while
those for the right-handed J-TWPA are Ly = 100 pH, C; = 329 {F, C = 39 {F. For both calculations, wy,/27m = 7.5 GHz,
a =10 pm, I, = 0.5Ip, and Z. = y/L;/C = 50 Q were used. The peak gain of 30 dB (11 dB) is realized at relative detuning of
M = 0.6 (6™* = 0) in the left-handed (right-handed) design. (¢) Comparison of frequency-dependent wave vector mismatch
between the left-handed (left) and right-handed (right) J-TWPAs.

where a denotes the size of a unit cell, w,, is the frequency
of the propagating wave, w; = 1/4/L;C is the Joseph-
son plasma frequency that sets the cut-off frequency of
the JTL waveguide, and wy = 1/4/L;C is frequency cor-
responding to k,,a = 1. It is worthwhile to note that in
a left-handed JTL wave and energy propagation are in
opposite directions, given the sign difference between the
wave and group velocity in such a line,
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To analyze the amplification of signals propagating along
a left-handed JTL, we begin by deriving the nonlinear
equation of motion for the propagating field amplitude,
described in terms of a position-dependent flux variable
¢(z,t) (Appendix A),
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Here we have included the nonlinearity ‘perturbatively’
by retaining only the leading order nonlinear term of
the Josephson cosine potential; this is a reasonable ap-
proximation to describe the regime of linear amplification
when the current flowing through the junction remains
small as compared to the critical current of the junc-
tion (Ip). The first three terms in Eq. (3) describe the
linear propagation, while the fourth term describes the
nonlinear frequency mixing. It is worth noting that the
nonlinearity appears directly in the flux amplitude (i.e.
potential energy) here, unlike the right-handed J-TWPA
where the nonlinearity appears in the kinetic energy term
as (0%¢/02%)(0¢/0x)? [15, 29].

In order to derive linear amplification response of the
left-handed JTL, we then develop the solution of the form
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where m € {p,s,i} indexes the pump, signal and idler
waves respectively. Note that in contrast to previous
theoretical proposals considering nonlinear optics of bulk
metamaterials [35, 36], all three waves supported by the



left-handed J-TWPA have negative group velocity. Per-
forming harmonic balance dictated by energy conserva-
tion in the four-wave mixing process (2w, = ws+w;), and
solving the resultant coupled system of equations leads to
the following expression for signal/idler amplitudes [Ap-
pendix A],

A i(a) = {VGeem0A,4(0) + VG Ay (0) } €442, (5)

Here G and Gy represent the cis- and trans-gain of the
amplifier respectively,

2
Ge(z) = 14 sinh?(gx) (1 + <§gk> > , (6a)
Gi(x) = (Bsi/9)” sinh* (), (6D)
¢ = tan"! (ﬁtanh(gm)) , (6¢)

B+ — (Ak/2)* denoting the gain per unit
length of the amplifier, 3, ; being the nonlinear coupling
per unit length for signal and idler waves, and Ak be-
ing the total wave vector mismatch between the wave
propagating at pump frequency and a fixed signal (idler)
frequency [Appendix A].

Figure 2(b) contrasts G.(z) calculated for left-handed
and right-handed J-TWPAs comprising 1000 and 2000
unit cells respectively, both pumped at a frequency
wp/2m = 7.5 GHz. The stark difference in both the mag-
nitude and profile of the frequency-dependent gain for
left- vs right-handed designs is rooted in the frequency
profiles of respective Ak(w), which gets contributions
both from the linear dispersion of the JTL Akp(w), and
the nonlinearity-induced self- and cross-phase modula-
tion of the propagating signals Ak (w), i.e.

with g =

Ak(w) = Akp(w) + Akyp(w). (7)

Notably, these two contributions are of opposite signs in
a left-handed J-TWPA as shown in Fig. 2(c), since the
signs of the Akp(w) and Akyp(w) are determined by
the wave velocity v,,(w) and group velocity vy(w) respec-
tively,
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where, in the second step of each equation, we have
used Egs. (2) and parametrized signal/idler frequen-
cies in terms of a dimensionless detuning ¢ from
the pump, ws; =wy(1£4d), -1 < & < 1. Here,

4

p = (I,/Iy)* (wo/4w,)? is the nonlinear mixing coefficient
determined by the pump amplitude and frequency [Ap-
pendix A]. As evident from Eqgs. (8), the relative sign dif-
ference between wave and group velocity in a left-handed
metamaterial enables a left-handed J-TWPA to be au-
tonomously phase-matched over a broad bandwidth [37].
In contrast, in a right-handed J-TWPA both v,, and
vg, and hence linear and nonlinear wave vector mismatch,
are restricted to be of the same sign owing to the always-
convex dispersion of a right-handed JTL. To circumvent
this issue, several approaches centered on either modi-
fying Akp[15] or Akyyr [18, 21] have been explored in
designs based on right-handed JTLs. Besides employing
complicated design engineering, such solutions necessar-
ily lead to other constraints. For instance, a common
and widely adopted approach involves compensating the
mismatch by periodically loading the line with resonant
elements in order to open a band gap in Aky, [Fig. 1(c)];
this, however, leads to limited frequency tunability of
the J-TWPA since now the pump needs to be tuned to
be near the dispersion feature to avail of the intended
linear mismatch to be compensated by the nonlinear mis-
match in the presence of the pump. Similarly, engineer-
ing Akyyp via SQUID-based designs require additional
lines for flux control and complicated pump engineering.
In contrast, the autonomous phase matching achieved in
left-handed J-TWPA is free of such constraints making
it easier to design and optimize. Furthermore, the resul-
tant efficiency of the four-wave mixing process leads to a
peak gain that scales exponentially with length of the line
[unlike quadratic scaling in the ‘bare’ right-handed JTL,
Fig. 1(b)], allowing usage of shorter lines which translates
to reduced distributed loss and tighter fabrication con-
trol. Such considerations become especially crucial while
evaluating prospects of J-TWPAs as sources of broad-
band squeezed radiation, where frequency-dependent line
loss can severely limit the achievable squeezing [38, 39].

III. UNIQUE FEATURES OF LEFT-HANDED
J-TWPA

In addition to autonomous phase matching over broad
bandwidths, there are several unique features of left-
handed J-TWPAs which we discuss in the following sec-
tions.

A. Peak Gain and Dynamic Range

The peak gain of 30 dB in Fig. 2(b) is realized at a
frequency corresponding to a perfect wave matching con-
dition, Ak(0) = Akr(d) + Aknr(0) = 0. In view of
Egs. (8), this corresponds to a relative detuning from the
center (pump) frequency,

b\ 12
0 <1—p> . (9)
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FIG. 3. (a) Frequency-dependent G., calculated for a left-
handed J-TWPA with 800 unit cells, for three different choices
of pump frequencies. The rest of the circuit parameters
are same as those used in Fig. 2(a). Peak gains of 29dB,
17.5dB and 10.7dB, estimated for w,/2m = 7GHz, 8 GHz,
and 9 GHz respectively, are highlighted with horizontal orange
lines. (b) Variation of peak gain with normalized input signal
amplitude As/A,. The orange dots indicate 1dB gain com-
pression on each curve; the x-intercepts indicated with ver-
tical orange lines, As/A, = 0.011, 0.046, 0.12, represent the
dynamic ranges for the three pump frequencies indicated in

(a).

Note that, unlike right-handed design, doubly degenerate
condition, i.e. § = 0, does not correspond to perfect
phase matching in a left-handed J-TWPA. Furthermore,
in the limit p < 1, the gain per unit cell at §™** simplifies

to
1w (1, 2
~N—— = 10
e (1) (10)

As depicted in Fig. 3(a), this leads to a sharp increase
in peak gain with decrease in pump frequency. This is
another contrasting feature from right-handed J-TWPA,
where higher gain is realized for higher pump frequencies
[21].

The analysis until now assumes a “stiff” or unde-
pleted pump amplitude irrespective of the signal gain,
which strictly holds true under small signal approxima-
tion. However, as signal amplitude increases, either at
the input or due to amplification down the line, and be-
comes comparable to pump amplitude, the amplifier re-
sponse becomes nonlinear and pump depletion effects due
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FIG. 4. (a) Frequency-dependent gain of a left-
handed J-TWPA with 1650 unit cells, double-pumped near
wzp /271 = 9.8 GHz with two non-degenerate pumps detuned
by +1.42 GHz. The circuit parameters correspond to the dot-
ted dispersion curve in Fig. 2(a), L; = 1989.4 pH, C; =
88.4 fF, C = 7958 fF, I, = 0.5Ip, and Z. = 50 Q. (b)
Frequency-dependent phase mismatch showing Akr, = 0 at
the two pump frequencies wp1 /27 = 8.38 GHz and wy2 /21 =
11.22 GHz.

to signal (idler) backaction need to be considered [3]. Fig-
ure 3(b) plots the result of a calculation including these
effects, showing that gain of a left-handed J-TWPA rolls-
off at high signal powers. Further, the gain compression
sets in earlier when the same device is operated at lower
pump frequencies. This is in accordance with the stan-
dard amplifier physics that higher gain leads to satura-
tion for smaller signal powers [40], in conjunction with
the fact that a left-handed J-TWPA realizes higher gain
at lower w), [Eq. (10)].

B. Zero-dispersion frequency

Another feature unique to the left-handed J-TWPA is
the existence of a “zero-dispersion frequency”, wzp. The
location of the wyzp corresponds to an inflection point of
the dispersion relation; this implies that a right-handed
JTL, given its always-convex dispersion, cannot support
a Wzp,

Further, Ak, flips sign as pump frequency is scanned
across wyzp in a left-handed J-TWPA. Since Akyr > 0
in a left-handed J-TWPA, phase matching for signal fre-
quencies in the range wzp < w < wy seems a nonstarter
(Appendix C). In fact, this regime can be thought of as
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a perfect dual of the right-handed JTL where both Aky,
and Akpyyp were negative. Nonetheless, it is worthwhile
to note that the linear dispersion also has the flattest
profile near wyp since the curvature of the dispersion
curves goes to zero at wyzp; this bodes well for achiev-
ing a flat broadband gain if phase matching could indeed
be achieved. We show that the latter problem can be
circumvented via the use of non-degenerate dual pumps
[3] in Figure 4(a).

As evident, a double-pumped left-handed J-TWPA
achieves an almost flat gain profile, realizing a gain in
excess of 20 dB gain over a bandwidth of about 1.5 GHz.
The flat profile of the gain achieved with non-degenerate
pumping is consistent with the shape of the correspond-
ing phase mismatch curves shown in Fig. 4(b). Note
that double pumping nulls the linear dispersion, Aky,
at the two pump frequencies leading to a Aky < 0 for
wp1 < w < wpz. Combined with a Akyy > 0, this leads
to a perfect wave vector match at the center frequency
wzp = (wp1 + wp2)/2 = 9.8GHz resulting in a flat broad-
band gain.

IV. DISCUSSION

In summary, we have presented a left-handed J-TWPA
platform which achieves low noise broadband amplifica-
tion via autonomous phase matching enabled by the op-
posing signs of group and phase velocity in a left-handed

Josephson transmission line (JTL). The simplicity of the
proposed design precludes the need for any complicated
circuit or nonlinearity engineering, significantly easing
the fabrication of J-TWPA devices. In addition, it sup-
ports unique features such as existence of a reversed dis-
persion regime that can realize flat broadband gain by
simply changing the operation frequency and employing
non-degenerate pumps.

The principles developed in our work considerably ex-
pand the design landscape of generic traveling-wave am-
plifiers. Further, they provide a framework to inform
design vs operational trade-offs, such as maximum gain
at specific frequencies vs constant gain over wide band-
widths, in a given (right-handed vs left-handed) meta-
material platform. We elucidate this in Fig. 5 that in-
corporates several insights generated during the course of
this research to present a unified view of several J-TWPA
designs, each of which can be placed in the relevant quad-
rant depending on the relative sign difference between lin-
ear (Aky) and nonlinear (Akyy,) wave vector mismatch.
The aim of J-TWPA engineering is to be in the white
quadrants of Fig. 5, where perfect phase matching can
be realized via optimization of design and/or operation
of a given device. The ‘bare’ left-handed J-TWPA al-
ready lies in a favorable quadrant in this plane, unlike the
‘bare’ right-handed J-TWPA; a potential means to move
between these quadrants is to modify the nonlinear phase
contribution by means of engineering the Josephson non-
linearity, such as those employed in Refs. [18] and [21],



though at the cost of more involved designs that employ
flux-tunable Josephson circuits [Fig. 1(d)].

Similarly, linear phase engineering determines the
movement along the y-axis, typically accomplished via ei-
ther circuit engineering to modify the line dispersion [15]
or pump engineering, as discussed in the case of a left-
handed J-TWPA operated near wyzp. This representation
also shows how naively combining two approaches can
be detrimental to the cause: for instance, while double-
pumping a bare right-handed J-TWPA improves phase
matching, double-pumping a resonantly phase-matched
(RPM) version can spoil it. This is because the advan-
tage of engineering a positive Ak, via an RPM-induced
band gap in the line dispersion, is negated by pinning
the dispersion curve to be zero near the two pump fre-
quencies. By simple inspection, one can see that given
the convex dispersion for both the right-handed JTL, and
left-handed JTL below wzp, the Akp is always pushed
along the positive axis, while the opposite is true for a
left-handed J-TWPA pumped above wyzp. Thus, the dia-
gram serves as a useful guide in understanding the land-
scape of distributed amplifier designs, with the arrows
indicating optimal strategies to achieve efficient broad-
band amplification through a combination of nonlinear
(x-axis) and linear (y-axis) phase engineering.

Given the rapidly growing relevance of Josephson para-
metric circuits in platforms as diverse as superconduct-
ing qubits [41], semiconductor quantum dots [42], quan-
tum acoustics [43] and quantum optomechanics [44], the
left-handed JTL investigated here provides new ground
for exploration and optimization of such devices. Since
linear left-handed transmission lines have recently been
experimentally demonstrated in superconducting circuit
platforms [45], the left-handed J-TWPA proposed here is
within easy reach of current state-of-the-art in the field.
In combination with upcoming ideas such as Floquet-
mode pumping [46] and designs employing novel nonlin-
ear elements, such as SNAIL [47] and superinductances
[48, 49], we hope that the present work will help accel-
erate development of amplifiers that can address long-
standing challenge of broadband squeezing, a critical
functionality for both information processing and quan-
tum sensing.
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Appendix A: Equations of motion for left-handed
J-TWPA

1. Wave equation

In this section, we present the derivation of nonlin-
ear equation of motion describing field propagation in a
left-handed JTL using the method of nodes. Using the
Kirchoff’s current conservation law at the n'" node for
the circuit shown in Fig. 6,

In =1, +1,=1,+ I+ Ic. (A1)
where
d2
I, = Cﬁ (n — ¢n+1) ) (A2a)
¢,
Ic = A2
C CJ dt2 ) ( b)
I
I, = Iysin | — |, (A2¢)
bo

with ¢, denoting the node flux associated with the n-th
node, Iy the critical current of the Josephson junction,
and ¢g = ®(/27 being the reduced flux quantum (with
&y = h/2e). Differentiating Eq. (A2c) and expanding
the result for weak currents (I, < Ip), leads to

dbn _do [ 1(I\") dL
—==(1+=(= —. A
dt 10<+2<10> dt (A3)
Equation (A3) can be solved for ¢, as
L
6o = LI + 513, (Ad)
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where we have used ¢g = L;Iy. Rearranging Eq. (A4)
we can express Iy, in terms of ¢y,
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FIG. 6. Circuit diagram of a single unit cell of a left-handed
Josephson transmission line (JTL).



where in the nonlinear term leading order expression for
¢n ~ LjI has been substituted. Putting everything
together, Eq. (A1) gives

2, d2 P o
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By taking the continuum limit of the equation above, we
obtain Eq. (3) reported in the main text,
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2. Coupled amplitude equations

The nonlinear wave equation can be simplified by in-
troducing the plane wave ansatz for ¢(x,t), and then
performing harmonic balance at the frequencies of inter-
est (here wy, ws and w;). To this end, we write ¢(x,t)
as

1 , ,
¢($, t) — § (Ap(x)ez(kpx+wpt) + As(x)ez(ksm—i-wst)

—|—A( ) km+w7t)+cc) (A8)
and establish equations of motion for envelope ampli-
tudes A, i(x). Substituting Eq. (A8) into Eq. (A7),
making the slowly-varying envelope approximation, i.e.
(0%A,,/07? < ky,0A,,/0x), and grouping the resonant
terms at pump, signal and idler frequencies, Eq. (A7)
reduces to

Ap(x) = Ay(0)elr”, "

dfi;agx) — i, Ay (z) + iBs AL (z)eBRLt2an)T - (AQh)

dfi;;x) = i Ay (x) + iBi AL (z)elBhLt2an)T  (Age)
with

=(2- 5p,m)vf(cj;;) (A10a)

Bt = ) (A10b)

where p denotes the nonlinear mixing coefficient deter-
mined entirely by pump frequency and amplitude,

2 2 2
o= () 2 _ (L) (0
IO 16L2w% Io 4wp ’
Here m € {p,s,i} and Z. denotes the characteristic
impedance of the line which is chosen to be 50£2 to match
the typical impedance of input and output microwave cir-
cuitry. Note that we have ignored the dynamical back-

action of signal-idler amplitudes on the pump (the so-
called “stiff-pump” approximation, |A,;(z)] < Ap,(z))

(A11)

=0.

0.01

-0.01F

Nonlinear phase mismatch

-0.02 ‘ ‘
3 6 9 12

Signal frequency (GHz)

FIG. 7. Comparison of nonlinear phase mismatch between
left-handed (solid) and right-handed (dashed) J-TWPAs. The
black curves show the self-phase modulation coefficient for the
pump waves 2q,,, while the orange curves show the total cross-
phase modulation for signal and idler waves as + «;. For the
left-handed J-TWPA, 2ay, > as + a; giving Akyr > 0, while
the opposite holds for right-handed J-TWPA.

in writing the solution for the pump wave amplitude in
Eq. (A13).

Writing the signal and idler amplitudes as
Ag = aset® and A; = a;e’®® Eqgs. (A10) simplify
to

da, = ifatei(BR), (A12a)
dx
da;
di — ’LB a* z(Ak)x (A12b)
where Ak = Aky + Aknr,
Akp =2k, — ks — ki, (A13a)
AkiNL :2041,—()&3 — Q. (Al?)b)

Figure 7 shows plots of aj s, for the left-handed and
right-handed J-TWPA respectively with the same circuit
parameters as used in Fig. 2. Note that for the right-
handed case, 2a, < a5 + o, hence Akyy < 0 as per
Eq. (A13b). However, in the left-handed case, 2a, >
as + «; resulting in Akyyg > 0.

Appendix B: Signal-to-pump backaction and
non-degenerate pumping

Including the signal backaction on the pump necessi-
tates solving the system of equations that includes the
spatial variation of pump amplitudes A,(z) due to sig-
nal/idler backaction. For the most general case describ-



ing four-wave mixing, these equations are

Pi8) iy ay(o) s () Asla)e 200
+iA; 24: a1mAm ()AL (z),  (Bla)
m=1
P20) _ iy 43 0) Ay () Aa(w)e 20
+iA 24: aomAm ()AL, (),  (Blb)
m=1
L) _ iy 00 (2) An() A3 ()20
+iAs i asmAm (2)Ar, (),  (Ble)
=
) — i) Aol A ) e
Ay 24: Qam A (2) A% (). (Bld)
m=1
with the linear phase mismatch modified to
Aky =y + ky — ks — Ky (B2)

The subscripts {1,2} now index the two pump waves,
while {3,4} index the idler and signal waves respectively.
The self- and cross- phase modulation coefficients are
given by

w
mn — — " 2 - 6mn ) B
“ 16I§L2vg(wm)( ) (B3a)
W
b 812 L2vy(wpm,) (B3b)
where m, n = {1, 2, 3, 4}.
Similar to the degenerate pump limit, we can

first consider developing the solution for the non-
degenerate case under the “stiff-pump” approximation,
ie. |Aj2(z)| > |As4(z)|. Under this assumption, we
discard the terms which depend on the signal and idler
amplitudes while evaluating the spatial propagation of
the two pump waves. This simplifies Egs. (B3)-(B4) as

dA ) .
dlm(x) = za11A1(x)’A1 (37)‘2 + w‘l?Al(x)‘AQ(x) 2’
(B4a)
dAs(x . ;
55) _ 0y 2,0 A ) i ) A
(B4b)
with the respective solutions given by
Ay(2) = A1 (0)e’™7,  Ay(x) = Ax(0)e™>"  (B5)

where

G =2 3 oA = 2 (51 +2ps), (B6a)
P 3.5, 3vg(wr)

& =§Za 114(())\2—g Y2 _(py+2p1). (B6D)
p2 = 3 =, 2k k - 3Ug((4}2) P2 P1)-

Here, p1,2 denote the nonlinear mixing coefficients corre-
sponding to each of the two pumps,

1 11’2 2 wo 2

PL2 =5 ( To ) <4w172> )

where we have used A;(0) = L;Z./(V2w;), j € {1,2}

as the respective pump amplitudes at the input. Note

that we have introduced a correction factor of 2/3 while

defining 1, ape. This is required to ensure quantita-

tive agreement with the analysis for the single-pump case

presented in Appendix A.2; specifically, in the limiting

case of single-pump, wy = we = wp and A;(z) = As(z) =
Ap (), the definition in Eqs. (B6) enforces

(B7)

&pl + &pg = QOép, (BS)
with «;, being the pump modulation coeflicient reported
in Eq. (A10a) for the single-pump case.

Similarly, under the “stiff-pump” approximation for
double pumps, the signal and idler equations simplify
to

dA =z i apit+a

;ix) = ity Ag + iBs A (x)e (AR TEnTa2)T - (Ba)
dA,(x o~ vy i(Akp+3p1+a
% =i0; A4 + zBiA§(x)e’(A"L+%1+“”2)x, (B9b)

with the pump-induced self-phase modulation of the sig-
nal/idler waves described by the coefficients,

~ 2 2ws3

s = P A O = 3 B].O
a k:ZLQ agk|Ak(0)|” = (p1 + Pz)vg(wg) (B10a)
~ 2 2wy
o = Z a4k|Ak(0)’ = (p1 + p2) (B10b)

k=1,2 Ug(w4) ’

and the cross-phase modulation of the signal/idler waves
described by the coefficients,

b= VAR = VAR (B

vg(ws Vg (wa

As in the single-pump analysis, we have ignored the self-
and cross-phase modulation induced by signal and idler
waves under the small signal approximation. Following
same steps as sketched in Appendix A, cis-gain G.(x)
can be calculated with an effective g,

2
G- @@—(A@,

5 (B12)
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FIG. 8. (a) Even-order dispersion parameters Dz, as a func-
tion of frequency for the left-handed J-TWPA. The circuit
parameters used are the same as those used in Fig. (4). (b)
Comparison of Da(w) for left-handed (solid) and right-handed
(dashed) JTLs. The circuit parameters for the right-handed
J-TWPA are the same as those used in Fig. (2). The position
of wzp ~ 9.8GHz is indicated with the orange dot on x-axis.

where, Ak = Ak + Akyr as before, but with the non-
linear wave vector mismatch now defined as,
Aknp = ap1 + apa — as — Q;. (B13)

The calculation of G.(z) reported for the non-
degenerate pumping near wyp in Fig. 4 makes use of the
reduced system of equations in Eq. (B9). For the dy-
namic range calculation presented in Sec. IIT A, we used
the full system of equations in Egs. (B1), along with the

modifications to the pump modulation coefficients as de-
fined in Eq. (B6).

10
Appendix C: Zero dispersion frequency (ZDF)

Expanding k(w) around the pump frequency wy,

) = k) + Y 22 o)
with
D) = L), (C2)

we can write the wave vector at a fixed detuning § from
the pump, w = wy(1 +9), as

D (9)

m!

k(8) = k(0) + i . (C3)

m=1

6=0
Using ks = k(—9) and k; = k(9),

Ak (8) = 2k(0) — k(—0) — k(6)

=2 Z DZm(é)‘a:o (2m)V’

m=1

(C4)

where only the even-order dispersion parameters survive
[28]. The sign of leading order term Ds(w), also known
as the group velocity dispersion (GVD) parameter, deter-
mines the sign of Ak (9) at a given detuning.

2
wyzp = \/;WJ. (05)

On the other hand, for a right-handed JTL,
Dy(w) >0, Vw < wy preempting the existence of an
wzD-

Figure 8(a) shows the frequency dependence of higher
even-order dispersion parameters calculated for a left-
handed JTL. For frequencies w > wzp, D246s(w) < 0
leading to sgn(Akr) > 0, in accordance with Eq. (C4).
Figure 8(b) compares the GVD parameter Ds(w) calcu-
lated for both the left- and right-handed JTLs. The wzp
corresponds to the x-intercept of the the GVD parameter,
i.e. Da(wzp) = 0. Using the dispersion relation [Eq. (1)]
to evaluate Dy (w), a useful relation between wzp and the
plasma frequency w; can be found,
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