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1. Introduction and results
1.1. Introduction

Approximation of convex bodies by polytopes belongs to the most classical and fun-
damental topics studied in convex and discrete geometry, and is an active area of current
mathematical research. The reason for this can be explained by the fact that results in
this direction are directly relevant for estimating the complexity of geometric algorithms,
see [6,7], for example. Since best approximating polytopes are rarely accessible directly
one usually resorts to random constructions. In fact, considering the volume, the sur-
face area, or more generally, the intrinsic volumes, random polytopes show on average
the same behaviour as best approximating polytopes, see [10-12,23]. This philosophy has
been taken up by many authors, who typically impose further restrictions on the position
of the polytopes relative to the given convex body. Most classically, the approximating
random polytope is constructed as the convex hull of (a large number of) independent
random points, which are uniformly distributed in the interior of the convex body, see
the survey articles [2,16,25] and the references cited therein. Also studied is the case
where the random points are selected on the boundary of the convex body according
to the normalized surface measure, see [24,26,28]. The obvious advantage of the latter
model is that, when the body has strictly positive Gauss curvature almost everywhere,
with probability one each of the random points is automatically a vertex of the random
polytope.

On the other hand, arbitrarily positioned polytopes, i.e. polytopes with no restrictions
on their location in space relative to the given convex body, are only rarely studied in
the literature. A lower bound in the symmetric difference metric was given in [3] for
sufficiently smooth convex bodies. An upper bound in the symmetric difference metric
was established in [17] via a random construction, again in the sufficiently smooth case.
There is however still a gap by a factor of dimension between upper and lower bound.
In [9] a random approach with an arbitrary density function was proposed. This allows
to discuss extremal problems and also relationships to p-affine surface areas. However,
the symmetric volume difference is not the only measurement to determine the closeness
between a convex body and an approximating polytope. It is equally natural to consider
a quantity related to the surface areas of the involved sets, see [4,5,8]. As in the case of the
symmetric volume difference, also particularly positioned polytopes were studied initially
in the literature. The first random construction for arbitrarily positioned polytopes was
carried out in [14], but only in the case where the underlying convex body is the n-
dimensional FEuclidean unit ball. The principal goal of this paper is to generalize the
results from [14] to arbitrary convex bodies with sufficiently smooth boundaries. Our
construction depends on a special density function, which is intimately related to p-
affine surface areas. On the technical side dealing with the surface area instead of the
symmetric volume difference causes several new difficulties which we overcome in this
text. We formally describe the set-up and present our main result in the next subsection.
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1.2. Result

Let K be a convex body in R™, n > 2, that is of class Ci. More explicitly, this means
that K is a compact convex subset of R™ with non-empty interior and such that its
boundary 0K is a twice differentiable (n — 1)-dimensional sub-manifold of R™ whose
Gaussian curvature x(z) is strictly positive for all x € JK. We recall that x(z) is the
product of the principal curvatures at @ € 0K, while the mean curvature H(z) is 1/n
times the sum of the principal curvatures at x. Moreover, the support function of K is
denoted by hy, that is, hx(u) = max{{z,u) : z € K} for u € S"!. Let us denote in
this paper by #"~! the (n — 1)-dimensional Hausdorff measure. Finally, the surface area
deviation between two convex bodies K, L C R™ is defined as

AyK,L) :=H"1 (K UL)) —H" 1 (O(KNL)). (1)

For the presentation of our main result we also need to recall from [15,18,21,29,31], for
example, that for p € [—oc0,00] \ {—n} the p-affine surface area of a convex body K,
having the origin as an interior point, is given by

n(p—1)

(@, N(x)) =+

sy (K) = / _ AT et g, @)

0K

where N(z) denotes the unique outer unit normal vector at x and where (-, -) stands
for the standard scalar product in R™. Let us mention that p-affine surface areas are
intensively studied quantities in convex geometry and convex geometric analysis. In
particular, they play a central role in what is called LP-Brunn-Minkowski theory, see
[13,20,32], for example.

Our main result provides an upper bound on the surface area deviation between a
convex body K C R"™ of class C’i and a polytope with a prescribed number of (sufficiently
many) vertices. We emphasize that no restriction on the position of the polytope with
respect to the given body is required. Especially, we do not assume that the polytope is
contained in or contains K.

Theorem 1. Let K be a convex body in R™, n > 2, that is of class C’i. Then, there exists
a number N € N depending only on K such that for all N > N there exists a polytope
P in R™ with exactly N vertices such that

Ay(K,P) < anN™ w1 as,(K)m1 H" Y (9K), (3)

where a € (0,00) is an absolute constant.

Theorem 1 should be compared to some related results known from the literature. To
do so, note first that the p-affine isoperimetric inequality [19,32] for p > 0 states that



4 J. Grote et al. / Advances in Applied Mathematics 129 (2021) 102218

asy(K) _ (vol(K) >n+ | @

asp(B") — \ vol(B")

with equality if and only if K is an ellipsoid. Here, and throughout the paper, B"™ denotes
the Euclidean unit ball. In particular, for p = n this means that

asn(K) < asp(B").

We put this into (3) and note also that as, (B") = H"~1(9B"). Using in addition that,
by Stirling’s formula, the quantity H"_l(al}%")% is bounded by a constant multiple of
1/n, this yields the existence of a polytope P in R™ with exactly N vertices (with N
being sufficiently large) such that

A (K,P)<aN~w1 H"(OK). (5)

As mentioned in the previous section, the surface area deviation of the n-dimensional
Euclidean unit ball B™ and an arbitrarily positioned polytope was treated in [14]. There
it was shown that for sufficiently large IV one can find a polytope P in R™ with precisely
N vertices and such that

Ay (B™,P) <aN w1 H"L(oB") (6)

with an absolute constant a > 0. Thus inequality (5) is the exact analogue for general
convex bodies to the case of the Euclidean ball. In fact, the even slightly stronger in-
equality (3) holds.

In contrast to surface area deviations, volume deviations have been studied more inten-
sively in the literature. For two convex bodies K, L C R™ we define

Ay(K,L) :=vol(K UL) — vol(K N L).

In [9] the authors derived an upper bound for the volume deviation of a convex body
of class Cﬁ and an arbitrarily positioned polytope with a prescribed number of vertices.
More precisely, they show that if K C R™ is a convex body of class C’_2~_ and if f: 0K —
R4 is a continuous and strictly positive function with [, f(2)H""!(dz) = 1, there
exists a constant Nk y € N depending only on K and on f such that for all N > Nk s
one can find a polytope Py C R™ with precisely IV vertices and such that

AU(K,Pf)<aNn21/H(m)7n2lHn—l(dx)
o

for some absolute constant a € (0, 00). Especially, taking for f the function

o G _ R
e R TR
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yields the existence of an n-dimensional polytope P with precisely N vertices (again N
sufficiently large) such that

n+1

Ay(K,P) < aN wtas (K)nr. (7)

A comparison of Theorem 1 and (7) shows that the difference between the upper bound
for the volume and surface area deviation consists in the appearance of an additional
dimension factor n as well as in the replacement of the (classical) affine surface area
asy (K) by as, (K), which is raised to a different power.

Remark 2. The surface area H" 1 (0K) of a convex body K C R™ can be identified with
2 times the intrinsic volume V,,_1(K) of order n — 1 of K (see [27] for an introduction
to intrinsic volumes). Similarly to the volume and the surface area deviation one can

also define for each i € {1,...,n} the ith intrinsic volume deviation between two convex
bodies K,L C R" as

Ai(K, L) == Vi(K UL) - Vi(K N L),

where V;(K'UL) is understood as the extension of the intrinsic volume V; to the collection
of sets arising as finite unions of convex bodies. Using methods that are similar as those
for the proof of Theorem 1 presented below one can generalize (3) to an upper bound
for A;(K, P), where P is a polytope with sufficiently many vertices. However, in the
present text we concentrate on the surface deviation and treat general intrinsic volumes
in a future work.

The remaining parts of the paper are structured as follows. In Section 2 we present
some auxiliary result. In particular, we obtain there a precise asymptotic formula for the
expected surface area of a random polytope, which will turn out to be crucial for our
approach. We also rephrase there a Blaschke-Petkantschin-type formula for the Hausdorff
measure. The final Section 3 is devoted to the proof of Theorem 1.

2. Auxiliary results
2.1. Precise asymptotics for the expected surface area of random polytopes

As already explained above, our proof of Theorem 1 is based on the probabilistic
method and hence on the construction of a random polytope (which we implicitly assume
to be defined on a suitable probability space (£2, .4, P)). In particular, it will be important
for us to have a precise control over the expected surface area of the convex hull of a
fixed (but large) number of random points on the boundary of a convex body K, which
are chosen independently and according to a continuous and everywhere positive density
on OK. To present the statement, let us write ay ~ by for two sequences (an)nen
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and (by)wnen provided that ay/by — 1, as N — oo. Also, we shall write E for the
expectation with respect to the underlying probability measure P.

Proposition 3. Let K C R™ be a convex body of class CJQr. Let Py be the conver hull of N
points chosen independently at random according to a continuous and positive probability
density f : OK — R,. Then

1

N~w1 F(nJrnEl)F(n—kl)Z—ﬂ

H'THOK) — E[H"H(OPw)] Traln+ D(n—2)! 1(%0) 2

X/MH(x)H”_l(dx).

Proof. The proof is based on a combination of two known results. First, Theorem 1 in
[22] (see also [1]) states that if K = B™ is the n-dimensional Euclidean unit ball and
f=H""1(0B")~! is the density of the uniform distribution on dB™ then

M (OB") — E[H"(0PN)]

oitpitar D(n+ -25) (F("—“)) n N-at (8)

T+ nm-2) 15

On the other hand a special case of Theorem 1 in [24] states that if K and f are as in
the statement of the theorem then there exists a constant ¢, € (0,00) only depending
on the dimension n such that

,Hn—l(aK) _ ]E[’Hn_l(aPN)] ~ Cp / ;227:2 H((L‘) H7l—1(d$) N*% (9)

oK
Especially, taking K = B™ and f = H"~1(0B")~! in (9) gives
H1(OB™) — E[H" 1 (OPy)] ~ cn K"~ (9B") i1 N~ a1, (10)

Comparing now (8) with (10) implies that the constant ¢, in (9) is given by

n+1

)) anl(aBn)fz—ﬂ

Cp =

(n+1)(n—2)! (%1 INE)

1 Tn+27) /m+1
= T D) =2) r(anl)1 r(*5-)

2 pitatn Dln+ =2p) (T(24
n
2

n
n+1
n—1

after simplifications. Plugging this into (9) proves the claim. O
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Remark 4. It is clear that Proposition 3 can be generalized to intrinsic volumes of arbi-
trary order, since the result in [24] holds in this framework and the precise asymptotics
for the intrinsic volumes n-dimensional unit ball has been computed in [1] (in fact, the
so-called Quermassintegrals were considered in [1], but they are directly linked with the
intrinsic volumes up to a multiplicative factor).

2.2. Tools from integral geometry

Tools from integral geometry will play a crucial role at several places in the proof of
Theorem 1. For completeness we gather them in the present section as not all of them
might be well known and since we have in mind a broad readership with different mathe-
matical backgrounds. We start with the following change-of-variables formula taken from
[27, Equation (2.62)].

Proposition 5. Let K C R™ be a conver body of class Cf_ and let g : K — R be a
continuous function. For u € S"~1 we denote by x(u) € OK the unique point with outer
unit normal vector u, i.e., w = N(x). Then

/ g(fﬂ(U))H"_l(dU):/g(x)ﬁ(x)ﬂn_l(d:v) (11)

S§n—1 oK

Next we rephrase a special case of Minkowski’s integral formula, see [27, Equation
(5.60)] with j = 1 there and Remark 7 below. We recall that hx stands for the support
function of K and H(z) is the mean curvature at z € 0K.

Proposition 6. Let K C R™ be a convex body of class C’_Q,_. Then

HL(OK) = / hic(N(2)) H(z) 1"~ (dz). (12)
oK

Remark 7. The general Minkowski integral formula says that for a convex body K C R"
of class C? and for j € {1,...,n — 1},

[ st = [ ¥ i) 1 ),
OK

OK

where H;(z) is the jth normalized elementary symmetric function of the principal cur-
vatures of K at x € K. Taking j = 1 we obtain (12).

Integral-geometric transformation formulas, also known as Blaschke-Petkantschin for-
mulas, are widely used in the theory or random polytopes. While the original Blaschke-
Petkantschin formula for the Lebesgue measure can be applied if the random points
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are distributed in the interior of a given convex body, in our case we need a version
for the Hausdorff measure. In a very general form, such a transformation formula was
obtained by Zahle [33] using methods from geometric measure theory (see also [30] for
a more elementary approach under slightly stronger assumptions). The following spe-
cial case can also directly be derived from the classical Blaschke-Petkantschin formula
for the Lebesgue measure by a limiting procedure as demonstrated in [24]. For points
Z1,...,2; € R" i € N, we denote by [z1,...,z;] the convex hull of 1, ..., z;. Especially
if i =n, H" Y([x1,...,2,)]) is the (n — 1)-Hausdorff measure of the (n — 1)-dimensional
simplex spanned by 1, ..., 2,. Moreover, for h > 0 and u € S~ we denote by H(u, h)
the hyperplane {z € R™: (z,u) = h}.

Proposition 8. Let K C R™ be a convexr body of class C’i and let g : OK — Ry be a
continuous function. Then,

/.../g(xl,,,,7mn)7{"_1(dx1)...H"_l(dxn)
OK

0K

:(n_l)!//oo / / 91, zn) H ([, 20

Sn—1 0 OKNH OKNH

X f[ L (z) H"2(day) ... H" 2 (day, )dRH™  (dw),

Jj=1

where lg(x;) = HprojHN(azj)H*1 denotes the inverse length of the orthogonal projection
onto H = H(u, h) of the unique outer unit normal vector N(z;) of 0K at x;.

3. Proof of Theorem 1
3.1. Preliminaries

We start by introducing the set-up and some more notation. Throughout this section
K will denote a convex body in R of class C5" and f : 9K — R, will denote a strictly
positive and continuous function, which satisfies [, f(x) "' (dz) = 1. In the course
of the proof we will specialize f further by taking f = f, with f,, given by

Fulz) = — ()t . zcOK, (13)

which integrates to 1 by definition (2) of as, (K) and since (z, N(z)) = h(u(x)). We
denote by Py the probability measure on 0K with density f with respect to H"~!. That

is,

dP;
dH 1

(z) = f(=), x € 0K.
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Also, if H C R™ is a hyperplane with H N K # (), we denote by Py, , ., the probability
measure on 0K N H with normalized density f with respect to the (n — 2)-dimensional
Hausdorff measure restricted to 0K N H, i.e.,

deaKnH (ZE) _ f(.]?)
dHn—2 S fly) Hr2(dy)’

OKNH

re€dKNH.

3.2. The probabilistic construction

As in [9,17] we will obtain the approximating polytope P of K by using the proba-
bilistic method. To be more precise, we consider a convex body that is slightly bigger
than the original body K, then choose N points at random on the boundary of the
bigger body and take the convex hull of these points. We shall prove that such a random
polytope satisfies the desired property on average and then argue that also a realization
with the same property exists.

Without loss of generality we can and will assume that the origin, denoted by 0, is
in the interior of K. More specifically, we assume that 0 coincides with the centre of
gravity of K. Since the density f is concentrated on the boundary of K, we will choose
the random points on 9K and approximate a slightly smaller body, say (1 — ¢) K, where
¢:=c¢(n,N, K, f) depends on the dimension n and the number of points N, the body K
and the function f and has to be chosen carefully. In what follows we will in short write
¢ instead of ¢(n, N, K, f). We compute the expected surface area deviation

E[A:((1 - ¢)K, Py)]

between (1—c¢)K and a random polytope Py := [X7, ..., X ] whose vertices X1,..., Xn
are independent and randomly chosen from the boundary of K according to the proba-
bility measure P;. In order to do this, we choose ¢ such that the following holds:

E[H" 1 0PN)] =H" 101 —c)K) = (1 — )" '"H" 1 (OK). (14)
By Theorem 3, we have that
H' Y OK) — E[H " (9Py)] ~ N™7T ¢, i

as N — oo, with

T(n+ 25 i a1
Cn,K,f = ! (n n_l)F(n+1) /K/(x) P H(x)%nil(dl')

m(n+1)(n—2)! T(251)

Hence, with the choice (14) of ¢, this yields

H N OK) — (1 — )" "H" Y (OK) ~ N™77 .,
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as N — oo, and leads to

Cn, K, f

N e T (0K

(15)

In particular, for sufficiently large N we get the lower bound

3.8. A first upper bound for the expected surface area deviation

In this paper we denote for fixed u € S"! and h > 0 by H := H(u, h) the hyperplane
orthogonal to u and at distance h from the origin. Further, we let HT be the half-space
bounded by H which contains the origin and put

Py (0K N HY) = / F@)H Y (dx). (17)
OKNH+
Also recall that the support function of a convex body K is denoted by hx : S*~! — R.

In what follows, a € (0, 00) will always denote an absolute constant whose value might
change from occasion to occasion.

Lemma 9. For sufficiently large N and for all sufficiently small € > chx (u) we have that

E[A:((1 = oK, Py)]
(1=)hc ()

<o) (Pr(OK N H )™ (1 = hse(u) — h)
G [ ]

n hi(u)
Sn=1 hg(u)—e

% / / (H" H([w1,y ey 2 QHZH NH" (1) ... H" 2 (day)dRH™ (dw).
OKNH  OKNH

Proof. With the choice (14) of the parameter ¢ we obtain
E[H"(9((1 — )K) N Py)] + E[H"H(9((1 — ¢)K) N P§)]
=E[H" 1 (0Py N (1 —c)K)] + E[H" 1 (OPy N ((1 — ¢)K)€]
and thus
E[A,((1 - ¢)K, Py)]

=EH"1(0((1 - ¢)K) NP+ E[H" 1 (0Py N ((1 - ¢)K)“]
—~EH" 0Py N (1 —c)K] —E[H"1(0((1 - ¢)K) N Py)]
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=2 (E[H" 1 (0((1 — ¢)K) N P§)] — E[H" ' (0Py N (1 — ¢)K]) .
We refer to [14] for a similar computation. Therefore,
E[A((1 —¢)K, Py)]

=2 [ - [ HHO((1 - )K)NPg) —H" 1 (OPy N (1 - oK)
I
XPf(d[L’l)Pf(dl’N)

SQ/.../’}—["71(8((1—C)K)ﬂPﬁ,)]l{OepN}]P)f(dxl)...]P’f(dx]v)
oK 0K

+2/~~/H’H(a((l*C)K)ﬁPﬁ)ﬂ{og_PN}Pf(del)-~-]P’f(df'3N)

oK oK
_2/.../Hn—l(ame(1_C)K)]l{OGPN}Pf(de)...Pf(de)
0K oK
< 2/.../Hn—l(a(u_C)K)mpfv)n{oepN}Pf(dxl)...Pf(de)
0K oK
oK oK

+ 21" OK)PN ({0 ¢ [21,...,2n]}).

Since the density function f is strictly positive and since the origin is contained in the
interior of K, it is a standard argument in random polytope theory which implies that

P;v({o ¢ [x1,...,2Nn]}) < e—aN7

see [28, Lemma 4.3]. In the course of the proof we will see that the difference between the
first and the second summand above is of order N~ -7 and thus it is enough to consider
this difference in what follows and to neglect the third, exponentially small term from
now on.

For a polytope P C R™ we denote by F,,_1(P) the set of all facets of P. Also, for
T1,...,T, € R™ we set

n
cone(xy, ..., x,) = {Zaixi ta; >0,1<i < n}
i=1

be the cone generated by z1,...,x,. For a subset {ji,...,jn} C {1,..., N} we define
two functions ®;, ;. : (0K)" — R and ¥;, . ; :(0K)" — R as follows. We put
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Qi gz, aN) = 7—["_1(8((1 —¢)K) N Py, Ncone(zy,,...,x;,))

if [j,,...,2;,] is a facet of Py (ie. if [z;,,...,2;,] € Fn_1(Pn)) and 0 € Py. In the
other case that [z;,,...,2;,] € Fao1(Pn) or 0 ¢ Py we define ®;,  ; (z1,...,zn5) =0.
Similarly, we set

qjjla-*wjn (1‘1, s amN) = Hnil((l - C>K N [lea s >xjn])7

provided that [z;,,...,2;,] € Fn—1(Pn) and 0 € Py, and put ¥, ; (z1,...,2n) tO
be zero otherwise. Conditioned on the event that 0 € Py, with probability one we have
that R™ can be written as the disjoint union

n _
R" = U cone(xj,,...,x;,).
(515024 |€Fn—1(Pn)

Moreover,

P;V_"({(xnﬂ, s N) [T, xn] € Fnoi(Py) and 0 € Py})

< (PyoK N HM)) ",

where H = H(zy,...,2,) is the hyperplane spanned by the points z1,...,z, and we
recall the definition of Py(0K N H™) given in (17). We also notice that the random
polytopes Py are simplicial with probability one. Therefore, and since the set where H
is not well defined has measure zero and all N points are independent and identically
distributed, we arrive at

/-~-/7—[”_1(8((1—C)K)ﬂPﬁ,)]l{OepN}IP’f(dml)...IP’f(de)
oK 0K

_/.../%n—l(ame(1_C)K)]l{OGPN}]Pf(de)...Pf(de)
oK 0K

8K K 1Jir-in}C{l,...,N}
=W, g (1, xn)] Pe(der) . P(day,)

<N> /...az[qn,__,n(xl,...,m) — Wy (@1, 2N)] Py(day) .. Pp(dzy)

n
OK

IN

(i\;) / / (P (0K N H+))N7n [H" 1 (0((1 — ¢)K) N H™ Ncone(z1,...,x,))
oK 9K
—H" Y (1 —-c)KNHNxy,... ,a:n])] Py(dxy) ... Py(dxy,).



J. Grote et al. / Advances in Applied Mathematics 129 (2021) 102218 13

Next, we apply the Blaschke-Petkantschin-type formula presented in Proposition 8 to
the last integral expression. For large enough NV this leads to the upper bound

E[As((1 - oK, Py)]

<a (f) (n—1)! / / / / (Pr@K N H) " H " ([, wa))
Sn-1 0 OKNH  OKNH
y [7—["71(3((1 —c)K)NH™ Ncone(x1,...,2,)) — 'Hnil((l —oKNHNIz,... ,%L])]

n

x H lu ($]) P tornm (d$1)  Plokan (dxn)dh/Hnil(du)

j=1

We note that for fixed u € S*~! the integrand on the right-hand side can be non-zero if
and only if 0 < h < hg(u), where we recall that hg (u) is the support function of K in
direction u. The same arguments as in [17, Page 9], [24, Page 2255] or [9] show that it is
enough to consider h for which hg (u) —e < h < hg (u), where € > 0 is sufficiently small.
In fact, the integral over the remaining interval [0, hx(u) — €] decays exponentially fast
in N. In particular, for sufficiently large N we can choose € such that

hic (u)

h <e<
chi(u) <e< —

where ¢ is as in (15). As in [14, Page 8] we have the inequality
H N O((1 —e)K)N H™ Ncone(zy,...,2,))

n—1
- (&}TK(W) H (1= K [, ... ). (18)

This holds because

H*(H Ncone(z1,...,z,N (1 —¢)K)) (1= c)hg(u)\" "
HP=1((1 = )K N[z1,...,245)]) = ( ) ’

where H is the tangent hyperplane to (1—¢)K with outer normal u, and as by the metric
projection

H1(O((1 — ¢)K)NH™ Ncone(wy,...,x,)) < H" ' (HNcone(xy,...,x, N (1 —c)K)).
Inequality (18) implies that

H"HO((1 — c)K)N H™ Ncone(zy,...,x,)) —H N (1= c)KNHN[z1,...,2,])

G ) I SR Lt
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Since c is of the order N™7-1 and € < hx (u)/n, for sufficiently large N, we get

1
n—1

(1—c)hg(u)—h - (1 —c)hg(u) —hg(u)+e < % -
h - hi(u) —¢ —1 -

S| o

h
h+ (1= c)hg(u) —h\" "
- p)
(1= hg(u) —h\""
:<1+ ;; ) -1
(1—ohgw)—h (—1)n-2) ((1-c)hg(u)—h\>
=(n—-1) ;L‘ + ( ;: ) +
+<(1—c)hlfl((u)—h n—1
—cC u) — > nk —cC u) — 4§
g(n—1)(1 )h}zL«U h-ZgCl )h}z;() h)
k=0
<(n—1)exp <nil) (1_C)h;;(U)_h
n(l—c)hK(u)—h
. .

As a consequence, for sufficiently large IV,
HHO((1 — c)K)N H™ Ncone(xq,...,2,)) —H"  H(1—c)KNHN[x1,...,2,))

<an % H* [z, ..., 2n]) max{0, (1 — c)hg(u) — h}

1

n—1 —c u) —
hK(u)H ([z1, ..., zn]) max{0, (1 — c)hk (u) — A},

<an
: 1 1 _ _n 1 1 :
simce i S m = mm S QW This proves the lemma. 0O
3.4. A bound for the inner integral

In a next step we consider the inner integral over 0K N H appearing in Lemma 9.
The following upper bound has been derived in [9, Lemma 3.3]. In what follows we use

for k € N the notation
27Tk/2 k/2

r(5)

™

It +1)

Wy 1= ’Hk*l(Sk*l) = and K 1= volk(]B%k) =
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Lemma 10. Fiz u € S"~! and let z(u) € OK be the point with outer unit normal vector
u. Let H be a hyperplane orthogonal to u at distance h and put z := hx(u) — h. Then,
for all sufficiently small § > 0,

n

/ (Hnil([l‘h . ,Z‘n]))2 H L (25) Prowern (d21) -+ Prypery (darn)

OKNH  OKNH j=l1

n(n+3) n2-n-2 n2-n-2 nwﬁ_ n _n_
Sk 2T T e ey f(a()” ale(w) R
+60(z"2 ),

where the constant in the O(-)-term can be chosen independently of x(u) and §.
3.5. A decomposition into two terms T7 and Ts

Using the upper bound provided in Lemma 10, we now decompose the expected surface
area deviation between (1 — ¢)K and Py into two integral terms, which will be treated
separately afterwards. In order to do this, we put s := Py(0K NH ™), or, in other words,
Ps(OK N H*) =1 —s. Also recall the definition of z from Lemma 10.
Lemma 11. For sufficiently large N and sufficiently small § > 0, we have

E[A((1 = o)K, Pn)| <Th + T3

with the terms Ty and Ty given by

T ::(1+6>3"22”"@<JZ)”2 / m

Sn—1

y /(1 _ N (2 ohge () dsH (du)

and
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Here, z = 2(s) and s(chx(u)) = [ f(z)H""*(dz), where H is the unique hyper-
OKNH-
plane with unit normal vector u € S"~1 and distance (1 — c¢)hg (u) from the origin, and

H~ the half-space bounded by H not containing the origin.
We prepare the proof of Lemma 11 with the following result taken from [24, Equation
(71)]. It provides a bound for s (recall the paragraph before Lemma 11) as well as an

upper bound for z = z(s) and its derivative (recall the definition of z from Lemma 10).

Lemma 12. Let u € S"! and x(u) € OK be the unique point with outer unit normal
vector u. Then, for all sufficiently small § > 0, it holds that

(L+0)7" 2" fla(w) sla(u) ™ rpor 2"

n1 , - (19)
<5< (14012 f(a() A(o()F k2T
Therefore,
z2<(149) ny (@) (:L — 1)2ﬁ PEa (20)
2 f(@(u)"T wyZy
and
az IO L g
SR (77 Pk (21)

Proof of Lemma 11. Observe first that max{0, (1 — ¢)hx(u) — h} = 0 whenever h >
(1 — ¢)hg (u). This observation together with Lemma 9, Lemma 10 and the substitution
z = hg(u) — h imply that

E[As;((1 —¢o)K, Py)]

< (L448)"5" a2 (N) 7(:2_?;“1_1 / fla)™ k(z(u) 2!
S

n
(1—c)hk (u) )
X / (PrOK N HY) N "3 (1 = e)hg (u) — h) dWH™*(du)
hic (u) el

(1=c)hr (u)
n2-n—2

+5(N)n! / / (Pr(oK 0 HH)N T O("F)

Sn=1 hi(u)—e

(1 = )hg(u) — h) dhH™ ! (du)
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n(n+3 w2 o /N n
:(1+6)<2)a2T<n> n_lnl /f ())_5_1
j )V nlon=2 1 n—1
X (Pr(OK N H™)) z 2 e (u) (2 — chi(u)) dzH" ' (du)
chi (u)
Sm=t chk (u)
X hKl(u) (z — chi (u)) dzH" 1 (du).

It will turn out that, as N — oo, both summands are of order N ~#21. Since § can be

chosen arbitrarily small, it is enough to consider the first summand in what follows.

We use (21) and then (20) to change from z(n; to s"~! and obtain that, for suffi-
ciently large IV,
E[A;((1 —¢o)K, Py)]
n(n n2—n— n— N 2 n
< (1+6) 5 a2 o ( ) (n T / Fl@()" ™ w(a(u) %2
1

n) (n—1)n"1
/ 1
X 1—s j\f_rL,7,*nzw7227n+3 2z — chi(w)) dsH™ 1 (du
oo iy ) dsp
s(chi (u

x / (1— )N "5 hK1<u) (2 — chi (u)) dsH" ™ (du)

s(chr (u))

n245n n—1)2 n—1)2 N
< (1 n 5) ;rs +n(n—1) a2( 21) 2_( 21) ( ) n2 / m(m(u))_l
n

y / (1= 5)N=n gn-1 %(u)(z ~ chye(u) dsH™ Y (du)

s(chi (u))

<(1+6)™F" (JZ) n? / k(z(w) ™!

N—-n ,n—1 1 n—1
X / (1-ys) s m(z — chi(uw)) dsH" ™ (du)
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1
e a (V) [ et fa- g
n
0

Sn—1

(2 — chic(u)) dsH™ (du) + (1 + 6) 5" a <N> n? / r(2(u))

. hg (u) n
S‘n. 1
s(chk (u)) )
X 1—g)N-ngnt chi(u) — 2) dsH" 1 (dw).
JRE ) = 2) ds ()

0

In view of the definitions of the terms T and T, this proves the claim. 0O
3.6. A bound for the term Ty

After having decomposed the original integral expression from Lemma 9 into the sum
of T1 and Ts, we are now going to bound each of these terms individually. We start with
T; and at the same time start to specialize our set-up by taking the density function f
to be equal to f,, which was defined in (13).

Lemma 13. For sufficiently large N we have that
T, <an N~ w1 asn(K)% H"HOK)
with an absolute constant a € (0, 00).

Proof. We apply (20) and (16), to get that for all sufficiently small 6 > 0 and sufficiently
large N,

2 —1)n=1
Tl_(1+6)3n +3na<N>%(n 12 1

(1o e Tt @)™
(1 n)N (n+1)(n2)!7—["1(0K)8£f(x)n31H(m>,H (=)

x/ﬁ(() Hnldx/l1—sN""1ds]

Sn—1
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19

For u € S"™1 let 2 = z(u) € K be the point with outer unit normal vector u. Using

the change-of-variables formula (11) yields that
_ hr (u) _
H" N (OK) = / H* ! (du

S"n,—

and
L ()™ L w7
sn/l @ ) (d )_al @) flz) 7

Together with the observation that

2

n—1
Wn—1

1
~— and (nfl)% <2
n

we get

3n243n N 3
e l)y

PV =+ 1T (n+ 72 R
P(N+1+ 52 al hK(u(w))f(x)%H 1

x | (14 6)7T

2 TN -—n+)l(n) Tltz) [ s@)e
- (1__>N L'(N+1) (n+1)(n—2)!8£ f(x)%

2
W TN =+ 1T (n+ 227
2 T(N+1+)

1

2n 1 H(‘T> not n—1
/ P z H" ™ (dx)

~(dx).

(d)

O ) p
- (1 - %) N M 1) F(fz]\it;(: _%5)1!) 64 ;g; H(z) H”l(dx)l
SO+ ant N 5’"%184 ) ;Zi M ()
(- o o)
< (148)™F™ g2 N—t (1+5)f"18£ hK(u(x))’;Ei H* ! (dx)
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3n22+3n an2 2 2n 1 H(x)"il n—1 .SU
< (1490) N (14 0) al ) 1o M
. _l K/(m)n—l " n—1 .
( n)/f(x)nzlm JH >], (22

where in the third last inequality we have also used that

(N —n+1)T (n+ %) !

P (N+1+:2) (V)nNw

and
2 2
F(N+1+m> ~ N"5T (N +1).

Now, we replace the generic density f by the particular function f,, which is defined in
(13). Together with Minkowski’s integral formula (12) this leads to the bound

T < (1+ 5)3" S an2 N~ net [(1 + 5)%3,8”(]()%7-["_1(8}()

! == x(u(z z)H" (dx
(12wt al““““”‘ ()]

= (8 an? N as (K) 75 H A OK) (14 6)2 — (1 1]
<anN wtas,(K)m1 H" 1 (0K),
where a is some absolute constant. This completes the proof. O
3.7. A bound for the term 15
Now, we deal with the term 75 in Lemma 11.
Lemma 14. For sufficiently large N, it holds that

N— w2t
NG

where a € (0,00) is an absolute constant.

Ty<a as, (K)71 H" (0K),
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Proof. By definition of 75 in Lemma 11 and (19),

N ) s(chk (u))

3n243n 2 N-n .n—1

Ty < (1 2 _ 1-—

<o o (e [ o [ oasas
Sn—1 0

- (1+48) 20
(n + %) Voln_l(anl)%

2

y / ) 7T s(chic (u(@)" s(ehr (u(@)) 7T, (d@]
2 (u(@)) f(x) 7 ’

0K
where a € (0, 00) is an absolute constant and where we have used (11) in the last equality.

By Lemma 12 we get

S(ChK(u(:L')))% > 2 (1 +5)72% c VOln_l(Bn71)7L31 f(iﬂ)"(l )h:l(l(u(x)), (23)

where ¢ is as in (15). Therefore,

Tsa (149" (2])” [ steictany 1 ll— %]
OK n(n—1
<a (1 + 5) 3n22+3" ﬁ ({:{) n /S(ChK(u))” Hn_l(dx) (24)

oK
By (15) and Stirling’s formula it holds that

1
— Vo
N

(2¢)"z vol,_1(B"™) < Lo_1(B"1)
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2 ['(n+ ﬁ)r(n—s—l)ﬁ*i 7
(n+1)(n-1) F(”T*l) 2
S g ) (e
a{< foy (2) (dz)
H1(0K)

st [ S H ) H T (da)

1 2n F(n+ﬁ)r(n+1) ’ {(f(x)"l
N \(n+ 1) Dz 2 H—1(OK)

;(I (z) H™(dx)
n K
e N Hr—1(0K) ' (25)

We use this together with (23) in (24) and get the bound

4n2+4n c n" N

1 n(n271)
MO (@) H (da) nin 1
e 107 JEartt) )
’H"—l(aK) /{(;p)%

X

4n?+44n cn™
sal+0) = o

'n(n 1)

o = BN st
Hr—1(0K) /

n(n 1)

)) H" Y (dx)

wlﬁ R

an244n C
pl

<a (1+49) —\/ﬂ(nfl)\/ﬁ

1 n(n 1)

H(I)" n—1(q
a{( )T H@) W™ (de) /f
Hr—L1(OK)

n(n—1)

)) 2 anl(dx)’

w\: g

where we made use of Stirling’s formula once again. Now we use that ¢ satisfies
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c<a n__ /“”Tﬂmﬂwwm
Hi-L(OK) N7 )

together with the elementary inequality \ﬁ\{; ) T to see that

Ty<a (146 1
VN
) n(n—1)+2
r(z)n—T H(:E) H”fl(dx) (1)
o | ox @ /f(ﬂf)” hi (u(z)) 2 1" (dx)
HP—1(0K) k(z)3 .

Now we plug in the special density function f, given by (13) for f. Then

K@) T g 1 s
[ =5 H () " (d)
oK In(z)m—1 —as (K)nilw
H—1(0K) = &

and

/ fn(‘r) hK(u(ﬂx)) 2 H”_l(dib) _ asn(K)_” Hn—l(aK)’
K(z)>
which yields the bound

as,(K)mT H(OK).
This completes the proof of the lemma. O
3.8. Completion of the proof of Theorem 1

We are now ready to complete the proof of Theorem 1. Indeed, Lemma 11, Lemma 13
and Lemma 14 imply that for sufficiently large N,

E[A,((1— K, Py)| < Ty + T

<anN W asn(K)% H" L (OK)
(26)

mt 2= gmn—1
Tn as, (K)»1 H" " (0K)
<anN w1 asn(K)% H"H(OK)

+ as
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where a,a1,as € (0,00) are absolute constants. Taking into account that we were ap-
proximating the body (1 — ¢)K instead of K, we need to multiply the bound (26) by
(1 —¢)~ (=1, Since

1—c)" ' >1—(n-1c
for sufficiently large N (recall that the definition of ¢ depends on N), we have that
(1 - C)_(n_l) < a,

where a € (0, 00) is another absolute constant. This proves that the ezpected surface area
deviation between K and Py is bounded by the right-hand side in (26). In particular, this
means that there must exist a realization Py (w) of a polytope with precisely N vertices
for some w €  (recall that (2, A, P) is our underlying probability space) such that the
surface area deviation between Py (w) and K is bounded by the same expression. Taking
P to be this realization proves the claim of Theorem 1. 0O

Acknowledgment

JG was supported by the Deutsche Forschungsgemeinschaft (DFG) via RTG 2131
High-dimensional Phenomena in Probability — Fluctuations and Discontinuity. EW was
partially supported by NSF grant DMS-1811146.

References

[1] F. Affentranger, The convex hull of random points with spherically symmetric distributions, Rend.
Sem. Mat. Univ. Politec. Torino 49 (1991) 359-383.
[2] I. Bardny, Random points and lattice points in convex bodies, Bull. Am. Math. Soc. 45 (2008)
339-365.
[3] K. Boroczky, Polytopal approximation bounding the number of k-faces, J. Approx. Theory 102
(2000) 263-285.
[4] K. Boroczky, B. Csikés, Approximation of smooth convex bodies by circumscribed polytopes with
respect to the surface area, Abh. Math. Semin. Univ. Hamb. 79 (2009) 229-264.
[5] K. Boroczky, M. Reitzner, Approximation of smooth convex bodies by random circumscribed poly-
topes, Ann. Appl. Probab. 14 (2004) 239-273.
[6] H. Edelsbrunner, Geometric algorithms, in: Handbook of Convex Geometry, Elsevier, North-
Holland, 1993, pp. 699-735.
[7] R.J. Gardner, M. Kiderlen, P. Milanfar, Convergence of algorithms for reconstructing convex bodies
and directional measures, Ann. Stat. 34 (2006) 1331-1374.
[8] H. Groemer, On the symmetric difference metric for convex bodies, Beitr. Algebra Geom. 41 (2002)
107-114.
[9] J. Grote, E. Werner, Approximation of smooth convex bodies by random polytopes, Electron. J.
Probab. 23 (2018) 9.
[10] P.M. Gruber, Asymptotic estimates for best and stepwise approximation of convex bodies I, Forum
Math. 5 (1993) 281-297.
[11] P.M. Gruber, Asymptotic estimates for best and stepwise approximation of convex bodies II, Forum
Math. 5 (1993) 521-538.
[12] P.M. Gruber, Aspects of approximation of convex bodies, in: Handbook of Convex Geometry, Else-
vier, North-Holland, 1993, pp. 319-345.


http://refhub.elsevier.com/S0196-8858(21)00056-7/bib1BE106231A3071E4B8C9C4B784B1E3ABs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib1BE106231A3071E4B8C9C4B784B1E3ABs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibB272850943441199F8E8D66600E915DEs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibB272850943441199F8E8D66600E915DEs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibC2880CE95565EF6F117569B9E0A887BFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibC2880CE95565EF6F117569B9E0A887BFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib26F3B6CAB3B2C0E04B8B01B92FB5BFE2s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib26F3B6CAB3B2C0E04B8B01B92FB5BFE2s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib240EA5E60BCBF4D10E32E0FA4C249F4As1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib240EA5E60BCBF4D10E32E0FA4C249F4As1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib5631B44061C5F9546BD164FFBC217408s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib5631B44061C5F9546BD164FFBC217408s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib03DD428B555B57B589ECC351B80FEBCFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib03DD428B555B57B589ECC351B80FEBCFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibBF95DFA7F3FB79CB8E1A7FA4E2880AFFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibBF95DFA7F3FB79CB8E1A7FA4E2880AFFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibDD3FBC662EC8FD863A4A6B3640DEFDA5s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibDD3FBC662EC8FD863A4A6B3640DEFDA5s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib69C7570A46C08E83721945983E3DF272s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib69C7570A46C08E83721945983E3DF272s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib80CD0E380C1DD28BFF131DA53BC66254s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib80CD0E380C1DD28BFF131DA53BC66254s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibB1630CC4ECA19F1E2C32F7EA27B0F523s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibB1630CC4ECA19F1E2C32F7EA27B0F523s1

J. Grote et al. / Advances in Applied Mathematics 129 (2021) 102218 25

[13] C. Haberl, F. Schuster, General L,, affine isoperimetric inequalities, J. Differ. Geom. 83 (2009) 1-26.

[14] S.D. Hoehner, C. Schiitt, E. Werner, The surface area deviation of the Euclidean ball and a polytope,
J. Theor. Probab. 31 (2018) 244-267.

[15] D. Hug, Contributions to affine surface area, Manuscr. Math. 91 (1996) 283-301.

[16] D. Hug, Random polytopes, in: Stochastic Geometry, Spatial Statistics and Random Fields. Asymp-
totic Methods, in: Lecture Notes in Math., vol. 2068, Springer, 2013.

[17] M. Ludwig, C. Schiitt, E. Werner, Approximation of the Euclidean ball by polytopes, Stud. Math.
173 (2006) 1-18.

[18] E. Lutwak, Extended affine surface area, Adv. Math. 85 (1991) 39-68.

[19] E. Lutwak, The Brunn-Minkowski-Firey theory. II. Affine and geominimal surface areas, Adv. Math.
118 (1996) 244-294.

[20] E. Lutwak, D. Yang, G. Zhang, L, affine isoperimetric inequalities, J. Differ. Geom. 56 (2000)
111-132.

[21] M. Meyer, E. Werner, On the p-affine surface area, Adv. Math. 152 (2000) 288-313.

[22] J.S. Miiller, Approximation of the ball by random polytopes, J. Approx. Theory 63 (1990) 198-209.

[23] M. Reitzner, Random polytopes are nearly best-approximating, Rend. Circ. Mat. Palermo Suppl.
70 (2002) 263—-278.

[24] M. Reitzner, Random points on the boundary of smooth convex bodies, Trans. Am. Math. Soc. 354
(2002) 2243-2278.

[25] M. Reitzner, Random polytopes, in: New Perspectives in Stochastic Geometry, Oxford University
Press, 2010.

[26] R.M. Richardson, V.H. Vu, L. Wu, An inscribing model for random polytopes, Discrete Comput.
Geom. 39 (2008) 469-499.

[27] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, 2nd edition, Cambridge University
Press, 2013.

[28] C. Schiitt, E. Werner, Polytopes with vertices chosen randomly from the boundary of a convex body,
in: Geometric Aspects of Functional Analysis, in: Lecture Notes in Math., vol. 1807, Springer-Verlag,
2003, pp. 241-422.

[29] C. Schiitt, E. Werner, Surface bodies and p-affine surface area, Adv. Math. 187 (2004) 98-145.

[30] E.B. Vedel Jensen, Local Stereology, World Scientific, 1998.

[31] E. Werner, On Ly-affine surface areas, Indiana Univ. Math. J. 56 (2007) 2305-2323.

[32] E. Werner, D. Ye, New L, affine isoperimetric inequalities, Adv. Math. 218 (2008) 762-780.

[33] M. Zéhle, A kinematic formula and moment measures of random sets, Math. Nachr. 149 (1990)
325-340.


http://refhub.elsevier.com/S0196-8858(21)00056-7/bibDB8FC4D07365807C7ECA077067ADFB44s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib071B6706476560B240D6E0C16FB744C3s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib071B6706476560B240D6E0C16FB744C3s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib556724CE5D032E5E9F112ECDABE68515s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib6D9B527F93D671EA7B2CFCFAB7DCBF81s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib6D9B527F93D671EA7B2CFCFAB7DCBF81s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibD2912D4F5453EA7573123B2BCF713193s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibD2912D4F5453EA7573123B2BCF713193s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib6F3F168E69BC67422360471FF10DBA57s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib303046154D47D0713786C7C4E7E4D276s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib303046154D47D0713786C7C4E7E4D276s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib33B3E816EA7693009207A077C7AA0147s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib33B3E816EA7693009207A077C7AA0147s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibD5C2ED4B6E7A592119FF26D23E66CBAFs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibCBFC7528B1D7246B81D7B70F63FA0376s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib65530D88C661F1D29914729243A0C4F7s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib65530D88C661F1D29914729243A0C4F7s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib9D83B46C92413561594889EF1C1AADB5s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib9D83B46C92413561594889EF1C1AADB5s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib1FDFD8043E23E0BE9DA585A1BEC2019Es1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib1FDFD8043E23E0BE9DA585A1BEC2019Es1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibC67C4F8E61CD2C1DCF2376AA08A2CCF0s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibC67C4F8E61CD2C1DCF2376AA08A2CCF0s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib3A7200C108E9FB3978F24E39CB9C1250s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib3A7200C108E9FB3978F24E39CB9C1250s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib7FD087E192CE8FD3B0FD91EEDB9262B3s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib7FD087E192CE8FD3B0FD91EEDB9262B3s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib7FD087E192CE8FD3B0FD91EEDB9262B3s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bib1B265E4B684E6B7113AADF17A61A5DCBs1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibC597D49D8198F7F09D0238C0BEAD088Ds1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibE3EF7AD0B8EB7CAB2058219F6A8AB138s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibBE6921813852D21365EA24E622B0F95Ds1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibB5722BFDC0012EAD8E8F8C9550C006A9s1
http://refhub.elsevier.com/S0196-8858(21)00056-7/bibB5722BFDC0012EAD8E8F8C9550C006A9s1

	Surface area deviation between smooth convex bodies and polytopes
	1 Introduction and results
	1.1 Introduction
	1.2 Result

	2 Auxiliary results
	2.1 Precise asymptotics for the expected surface area of random polytopes
	2.2 Tools from integral geometry

	3 Proof of Theorem 1
	3.1 Preliminaries
	3.2 The probabilistic construction
	3.3 A first upper bound for the expected surface area deviation
	3.4 A bound for the inner integral
	3.5 A decomposition into two terms T1 and T2
	3.6 A bound for the term T1
	3.7 A bound for the term T2
	3.8 Completion of the proof of Theorem 1

	Acknowledgment
	References


