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Abstract

We prove an analogue of the classical Steiner formula for the L, affine surface area of a
Minkowski outer parallel body for any real parameter p. We show that the classical Steiner
formula and the Steiner formula of Lutwak’s dual Brunn Minkowski theory are special cases
of this new Steiner formula. This new Steiner formula and its localized versions lead to new
curvature measures that have not appeared before in the literature. They have the intrinsic
volumes of the classical Brunn Minkowski theory as well as the dual quermassintegrals of the
dual Brunn Minkowski theory as special cases.

Properties of these new quantities are investigated, a connection to information theory
among them. A Steiner formula for the s-th mixed L, affine surface area of a Minkowski
outer parallel body for any real parameters p and s is also given.

1 Introduction and Results

1.1 Introduction

The Brunn Minkowski theory whose classical building block is also called the theory of mized
volumes is the very core of convex geometric analysis. It centers around the study of geometric
invariants and geometric measures associated with convex bodies. A central part of the theory
is the classical Steiner formula. It is via this formula that the elementary mixed volumes, or
intrinsic volumes, are defined as the coefficients in the polynomial expansion in ¢ of the volume
of the outer parallel body K + tB% of the convex body K with the Euclidean unit ball B,

n

vol, (K +tB%) = Z <7Z> WZ(K)tZ — iVOIH—i(BS_i) ‘/Z(K)tnfz (1)
=0

i=0

The coefficients W;(K) and V;(K) are called quermassintegrals and intrinsic volumes, respec-
tively. Note that the intrinsic volumes V;(K) = () Wn—i(K)

i/ vol, (B}~ °
quermassintegrals. Intrinsic volumes, respectively quermaséiriteg)rals, are the principal geometric
invariants in the Brunn Minkowski theory and include volume, surface area and mean width.
We refer readers with further interest in this topic to the books [13, 20]. Various generaliza-
tions and applications of Steiner’s formula can be found in [15, 42, 44]. Results from the classical
Brunn Minkowski theory have been applied to and have connections with numerous mathematical
disciplines [16, 47].

are just differently normalized

A theory analogous and dual to the Brunn Minkowski theory, called the theory of dual mized
volumes or dual Brunn Minkowski theory, was introduced by Lutwak [30]. The main geometric
invariants in the dual Brunn Minkowski theory are the dual quermassintegrals WZ(K ). As proved
in [30], they appear as the coefficients in the Steiner formula of the dual Brunn Minkowski theory
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where Minkowski addition “4+” of convex bodies is replaced by the radial addition “+” of star
bodies. Indeed, for a star body K and ¢ > 0, we have that

vol, (K F tB}) = Zn: (?) Wi(K)t = zn: <?>XZ(K)t"i.

1=0 =0

The details are given in Section 2.1. Investigations in the dual Brunn Minkowski theory led to
isoperimetric inequalities and kinematic formulas involving dual mixed volumes, as summarized

in [16, 47].

A localization of the quermassintegrals gives rise to curvature measures for Borel sets in R",
respectively area measures for Borel sets on the Euclidean unit sphere. The classical Minkowski
problem asks to characterize those measures. Similarly, a localization of the dual quermassinte-
grals leads to the dual curvature measures [25, 30], and analogously to the dual Minkowski problem.
Much work has been devoted to these problems. We refer to, e.g., [4, 5, 6, 11, 25, 43, 51, 62] for
background and progress.

An extension of the classical Brunn Minkowski theory, the L, Brunn Minkowski theory, was
initiated by Lutwak in the groundbreaking paper [33]. This theory evolved rapidly over the last
years and due to a number of highly influential works, see, e.g., [18, 21, 22, 23, 28, 29], [39] - [41],
[48] - [57], it is now a central part of modern convex geometry. The L, Brunn Minkowski theory
centers around the study of affine invariants associated with convex bodies. In fact, this theory
redirected much of the research about convex bodies from the Euclidean aspects to the study
of the affine geometry of these bodies, and some questions that had been considered Euclidean
in nature turned out to be affine problems. For example, the famous Busemann-Petty Problem
(finally laid to rest in [17, 19, 59, 60]), was shown to be an affine problem with the introduction
of intersection bodies by Lutwak in [32]. Central objects in the L, Brunn Minkowski theory are
the L, affine surface areas,

H,_y(z)™7
n(p—1)
oK (r,v(w)

asp(K) = dH" ! (z),

where v(z) denotes the outer unit normal at = € K, the boundary of K, H, _1(x) is the Gauss
curvature at  and H" ! is the usual surface area measure on 9K.

In this paper we provide an analogue of the Steiner formula for the L, affine surface area and
s-th mixed p-affine surface area (see Section 5) of a Minkowski outer parallel body for any real
parameters p # —n and s, i.e. we investigate

as,(K +tB3) and asp (K +tB3).

A different Steiner formula for the L, Brunn Minkowski theory, involving Blaschke sum instead
of Minkowski sum, was put forward by Lutwak in [31].

Our new Steiner formula, presented in Theorem A and 3.1, covers a whole range of Steiner
formulas for all —oco < p < oco. It includes the classical Steiner formula and the Steiner formula
from the dual L, Brunn Minkowski theory as special cases.

We call the coefficients in our Steiner formula L, Steiner coefficients. In their general form
they do not seem to have appeared before in the literature. Special cases of those include not only
the classical quermassintegrals and the dual quermassintegrals, but also variants of the Willmore
energy. This is explained in Section 4. We also observe a connection of the L, Steiner coefficients
to information theory. Analogously to the curvature measures of the classical theory and the
dual curvature measures of the dual Brunn Minkowski theory, the L, Steiner coefficients lead to
new curvature measures and area measures, respectively. They are discussed in more detail in
Section 3. The Steiner formula for the s-th mixed L, affine surface area is treated in Section 5.



1.2 Results

For a convex body K in R™ (that is, a compact, convex set with non-empty interior), we define

B(K)= min hg(u). (2)

ueSn—1

If K is such that its centroid is at the origin, which we will assume throughout, there is A(K) > 0
such that B™(0, A\(K)) C K. As K is bounded, there is A(K) < A(K) < oo such that K C
B™(0,A(K)). Thus,

MEK) < B(K) < A(K).
Theorem A Let K be a convez body in R™ that is C% and let t € R be such that 0 <t < B(K).
Forallp e R, p# —n,

asy(K +tBy) =

o o n(l—p) 1—p
Z [Z ( n+p )tk / fK(u)prhK(u)%P)_k"'mA;"dU(u) . (3)
Sn—l

m=0 Lk=m k—m

When integrating over the sphere, we write o(u) = H" '(u). The coefficients A7" represent
a sum of mixed products of the elementary symmetric functions of the principal curvatures
H; = H; (x(u)) (see Section 2.1 below), with corresponding multinomial coefficients. The
detailed statement and local versions of it will be given in Section 3.
We call the coefficients in the formula (3) the L, Steiner coefficients

n(1-p)

Wi (K) = / Frc () 75 g () S R AT G (), @)

Sn—1

The expression fr(u)hg(u)'~P is called the L, curvature function f,(K,-) : S"~1 — [0, 00).
With this notation we can write
WorslB) = [ Fy (0 0) T )™+ 47 dor),
Sn—1

We want to point out that the first coefficient in the expansion (3) represents the L, affine
surface area of the body K,
W070(K) = asp(K).

As other special cases, we get mixed affine surface areas, defined in Section 5. More properties
of the coefficients are discussed in Section 4, a connection to information theory among them.

The case p = 0 of Theorem A reduces to the classical Steiner formula which involves the classical
quermassintegrals W;(K) (see (7) below).

Corollary 1.1 Let K be a convez body in R™ that is C%. Then
" /n
K +tBy) = Wi(K) t'.
aso(1 ) = 32 () witr)

In the case p = 00, Theorem A reduces to the Steiner formula from the dual Brunn Minkowski
i

theory involving Lutwak’s dual quermassintegrals W;(K) (see (9) below).

Corollary 1.2 Let K be a convez body in R™ that is C’f_ and let t € R be such that 0 <t < B(K).
Then

asioo(K +1BY) = n vol((K +tB})°) =n Wo((K + tB})°)

n 2 (;n)Wi(K") £,



Here, K° = {y € R" : (z,y) <1 for all z € K} is the polar body of the convex body K.

Thus Theorem A covers a whole range of Steiner formulas in the L, Brunn Minkowski theory
for all —oo < p < o0, including the classical case and a case related to the dual Brunn Minkowski
theory.

2 Background

2.1 Background from differential geometry
For more information and the details in this section we refer to e.g., [16, 47].

Let K be a convex body of class C?. For a point x on the boundary 0K of K we denote by
v(z) the unique outward unit normal vector of K at z. The map v : 9K — S" 1 is called the
spherical image map or Gauss map of K and is of class C. Its differential is called the Weingarten
map. The eigenvalues of the Weingarten map are the principal curvatures k;(x) of K at x.

The j-th normalized elementary symmetric functions of the principal curvatures are denoted
by H;. They are defined as follows

n—1\""
w=("7") S kahy )
J 1< < <i;<n—1

for j=1,...,n—1and Hy = 1. Note that

1
Hl:n—l Z ki

1<i<n—1

is the mean curvature, that is the average of principal curvatures, and

n—1
Hoor =[] ki
i=1

is the Gauss curvature.

We say that K is of class Ci if K is of class C? and the Gauss map v is a diffeomorphism.
This means in particular that v has a smooth inverse. This assumption is stronger than just C?,
and is equivalent to the assumption that all principal curvatures are strictly positive, or that the
Gauss curvature H,,_1 # 0. It also means that the differential of v, i.e., the Weingarten map, is
of maximal rank everywhere.

Let K be of class C7. For u € R™\ {0}, let {x(u) be the unique point on the boundary of K
at which u is an outward normal vector. The map £k is defined on R™ \ {0}. Its restriction to
the sphere S™~1, the map £ : S"~! — 0K, is called the reverse spherical image map, or reverse
Gauss map. The differential of f is called the reverse Weingarten map. The eigenvalues of the
reverse Weingarten map are called the principal radii of curvature r1,...,7r,—1 of K at u € S~ 1.

The j-th normalized elementary symmetric functions of the principal radii of curvature are
denoted by s;. In particular, sp = 1, and for 1 < j <n — 1 they are defined by

sj:(”‘_l)l ST e (©)

J 1<iy <+ <i;<n—1

Note that the principal curvatures are functions on the boundary of K and the principal radii of
curvature are functions on the sphere.

Now we describe the connection between H; and s;. For a body K of class Ci, we have for
u € S"! that £k (u) = v~ (u). In particular, the principal radii of curvature are reciprocals of
the principal curvatures, that is



This implies that for z € 0K with v(z) = u,

n—1\"" 1 Hy1j /-
sj:< J ) Z ku(f_K(U))kz](étK(u)): H, . (fK(U))

1<ip <<y <n-—1

and

forj=1,...,n—1.

The mixed volumes W;(K) of the classical Steiner formula (1) can be expressed with the help of
the elementary symmetric functions of the principal curvatures. By definition, Wy (K) = vol,, (K)
and

1

= */Hi—ld}lnily (7)
n
oK

for ¢ = 1,...,n. Moreover, we have the following formulae, which in integral geometry and
differential geometry are known as Minkowskian integral formulae,

/sjdH"_IZ / hisj_1dH" ™,

Sn—1 Sn—1

and

/Hj_ldwf1 = /<x,y(a:)>deH”*1 (8)
oK oK

forj=1,...,n—1.

The dual mixed volume of the convex bodies K and L that contain 0 in its interior is defined for
all real ¢ by

~ 1 , ,
VL) = [ o) puwdo(w),
Sn—1
where pg(u) = max{A > 0| \u € K} is the radial function of K. In particular, if L = B, then

W) = V(. ) = 1 [ puctwrdotu) o)
Sn—l

are called dual quermassintegrals of order i. The corresponding Steiner formula in the dual Brunn
Minkowski theory is

vol, (K T tBY) = 2: (7;) Wi(K) t.

A well known change of integral formula, e.g., [47], which we use frequently, says that for a
Ci convex body K and a continuous function g : 0K — R

/ o) fic (w)dor(u) = / g(2)dH" (), (10)

gn—1 oK

where u € S"7! and x € 9K are related via the Gauss map, i.e., v(z) = u.

2.2 Background from affine geometry

From now on we will always assume that the centroid of a convex body K in R™ is at the origin.
For real p # —n, we define the L, affine surface area as,(K) of K as in [30] (p > 1) and [49]

(p<1, p# —n)by
H" 1 ner n—1
/ e (1)

n—+p




and

In particular, for p =0,

aso(K) = / (@, (@) dH" 1 (2) = nvoly (K). (13)
oK

The case p =1,
asi(K) = / Hyy(z)7 T dH™ ()
oK

is the classical affine surface area which is independent of the position of K in space. For di-
mensions 2 and 3 and sufficiently smooth convex bodies, its definition goes back to Blaschke
(3].

If the boundary of K is sufficiently smooth, then (11) and (12) can be written as integrals over
the boundary dB% = S™~! of the Euclidean unit ball By in R",

fr(u)™s
n(p—1)
hi (u) =

asp(K) =

Sn—l

do(u), (14)

where fx(u) is the curvature function, i.e. the reciprocal of the Gaussian curvature H,_1(z) at
this point = € 9K that has u as outer normal. In particular, for p = +oo0,

as1o00(K) = / Wlu)nda(u) = nvol, (K°), (15)
S’nfl

where K° = {y € R": (z,y) <1 for all z € K} is the polar body of K.

For p = —n, the L_,, affine surface area was introduced in [39] as
as_n(K) = max fK(u)%hK(u)nTﬂ. (16)
uesS™ -

3 The Steiner formula of the L, Brunn Minkowski theory

In this section, we state our main theorems and discuss some of their consequences. The proofs
are given in Section 6.

3.1 The general case
We will need the generalized binomial coefficients. For a € R and k € N, they are defined as

1 if k=0,

(a> _Jo if k<o, (17)
k ala—1)(a—k+1) .
o if £ > 0.

Also, we will need the multinomial coefficients from the multinomial formula

(ay+...4+a) = Z (2 qi>a§1....-a;’r, (18)
1yevyilr

11 4eenyir 20
i1+ +ir=q

i1ineeyin)  dqlinlee i)

where



is the multinomial coefficient. Note that
(, 1 ,>=0 if i <0ori;>q. (19)
11,12, y U

The sum in the multinomial formula is taken over all nonnegative integer indices i1, ...,%, such
that the sum of all 7; is ¢. In the case r = 2, we get the binomial theorem.

To give the precise statement of Theorem A, we introduce the following coefficients, which
are sums of mixed products of the elementary symmetric functions of the principal curvatures,
up to some multinomial coefficients. For any real p # —n,

Ay = AT (Exe () = (20)

n—1 75
nn i1+ Fin_1 n—1\" . =
> L . ) H () |
) - 11 + + in—1 11y 02y v vyln_1/ = i
i1y000sin—120 =1

i142i2 4+ (n—1)in_1=m

For p = —n, we have
1 . . 2n
3 i1+ gy :
A = A" (u) = . 2 . . Bla 21
" n() . Z> <Z1+"'+’Lgn>(21,...,22n)H q ( )
11 ,e0y020, >0 qg=1
i1+2i2++2nizp=m
and

n—1 n+1 Hk(f_K(u))
1 1 k;q k i hx (u)?
Recall that the L, Steiner coefficients are defined by

n(l—p) —k4m am
/ fK "+PhK( ) n+p Ap dO’('LL)

Theorem 3.1 Let K be a convex body in R™ that is C3 and let t € R be such that 0 <t < B(K).
For allp € R, p # —n,

) o n(l—p)
asp(K +tB3) = Z lz <kn_+€n> Win k tk]. (22)

m=0

In particular,

as (K + tBY) L/ fre(w) 7 AT do (u ] Z Wnm t™. (23)
m=0 m=0
The cases p = 0 and p = oo are Corollary 1.1 and Corollary 1.2, respectively.
The next Theorem 3.2 describes the case p = —n.
Theorem 3.2 Let K be a conver body in R™ that is C2 and let t € R be such that 0 < t < B(K).
Then

as_p, (K +tBY) = g}q%xlfK( i Z A™ ™,

Observe that the first coefficient in the expansion is as_, (K).

Remark on the polytopal case
When K = P is a polytope, we denote by vert P the set of its vertices and for v € vert P,

Norm(v) = {u € R" : (u, z —v) <0 for all z € P}

is the normal cone to P at v, see [47]. Then the following Steiner formula for polytopes holds.



Theorem 3.3 Let P be a convex polytope in R™ and let t € R be such that 0 <t < B(P).
For all p € R such that

(Z) p ¢ [_na 0]7
> /n(=p) n(l—p) n(n—1)
asp(P-FtB;): Z < n+p ) / hp(u) e " Mdg ( )thr e
m=0 vevertpuGNorm(v)
() p € [-n,0), as,(P +tBy) =
(i51) p=0, aso(P +tBy) = nvol (P +tBy).

Note that by definition (16), as_, (P) is trivially infinite, since the curvature function of the flat
part is infinite. Of course, as_, (P + tB%) is also infinite by the same reasoning.

3.2 Local version

In this section, we introduce new curvature and area measures for Borel sets on the boundary of a
convex body K and for Borel sets on the Euclidean sphere S”~!, and state local Steiner formula
of the L, Brunn Minkowski theory.

When K is a C_%_ convex body, the curvature, respectively area, measures for Borel sets
B € B(R") and w € B(S™"!) are defined by

Ci(K,B) = / Hy—1—i(x) dH" (2);
OKNB

Si(K.w) = [ sido(w)

w

fori =0,...,n—1, eg., [47]. Note that for general convex bodies these measures replace the
elementary symmetric functions of principal curvatures and the elementary symmetric functions of
the principal radii of curvature. In the extreme cases i = 0 and i = n—1, we obtain C,,_1 (K, B) =
H(OKNB) and Sp(K,w) = o(w). If B=R" and w = ™!, we get the classical quermassintegrals

1 1
Wi(K) = ECn,i(K, R™) = ES,H-(K, s

which were introduced in (7).
Our approach in Theorem 3.1 leads to new curvature and area measures. Namely, for a Borel

set B € B(R™) and for a Borel set w € B(S"™1),

Ci(K,B) = A™(x) dH" T

Hyoa ()75
ne=1 4}
oiing (@ v(@) FT

and
n(1-p)

&Msz/%qwﬁmmwww*“%m&mww

w

for k > m and m > 0. Taking B = R" and w = S™~!, we recover the L, Steiner coefficients, i.e.
Winik(K) = Con i (K,R™)  and = Wy, x(K) = S (K, S™1).
When m =k =0, B=R" and w = S"~!, we obtain the L, affine surface area, i.e.
Co,o(K,R™) = 8o0(K, 5" ") = asp(K).

Now we can state the local Steiner formula for these newly introduced measures.



Theorem 3.4 (Local Steiner formula) Let K be a convez body in R™ that is C%, B € B(R™)
and w € B(S"™1). Lett be such that 0 <t < B(K). For allp € R, p # —n, we have

oo oo n(l—p)
COO(K"‘tBQa = Z Z ( S ) rnk(KaB)tk

m=0 k=m

and

oo oo n(l—p)
So0(K +tBy,w) = ) S k(K w) .
oK 41850 = 3 3 (7 ) Snalhie)
We recover the Steiner formula (22) of the L, Brunn Minkowski theory when B = R" or w = S"~1.

4 Properties of the coefficients

In this section, we discuss some properties of the new coefficients which appeared in Theorem 3.1,
i.e. the L, Steiner coeflicients,

n(1-p)

WalB) = [ facw) 5 hac(w) 5 47 do ()

Sn—1

for k > m and m € NU {0}, where A7 is given by (20). We will see that the s-mixed p-affine
surface areas, defined in Section 5, appear as special cases of L, Steiner coeflicients. As it is
known that mixed affine surface areas in general are not affine invariant quantities, we cannot
expect affine invariance for L, Steiner coeflicients either.

4.1 Willmore energy

Firstly, we restrict ourselves to three-dimensional space. Recall that the Willmore energy of a
compact surface ¥ in R? is given by
= / H? dH?,
by

where H; = (k1 + k2)/2 is the mean curvature. The Willmore energy naturally appears in
mathematical biology and physics, and has been widely studied. In the 1960s Willmore [58]
conjectured the lower bound on the Willmore energy of a torus immersed in R3. This conjecture
was proved only recently in [38]. The choice of the exponent 2 of the mean curvature and
dimension n = 3 in the definition of the Willmore energy is the proper fit in the context of
differential geometry as Wpg is invariant under conformal maps. The natural generalization of
the type fz H?dH™ ! of the Willmore energy to higher dimensional hypersurfaces is called
Willmore-Chen functional. When n = 2, it coincides with the Willmore energy. The Willmore
energy and Willmore-Chen functionals have been studied in [1, 10, 26] and references therein. If
one considers integrals of the type fz H¢ dH" ', then they lose their conformal invariance and
become much more difficult to study. For any dimension n, we recover such integrals as the L,
Steiner coefficients in the Steiner formula (22).

4.2 The case p=1

We start analyzing the coefficients from expansion (23). We observe that among them there are
mixed affine surface areas which will be introduced in Section 5.
If m = 0, then A} =1 and we have

Woo(K /fK A do /fK T do(u) = as, (K).



Hence, the first term in (23) is the classical affine surface area of a body K.
If m=1I(n—1), €N, then A{" Y = (¥7)H!_,. Thus,

Wi (8) = [ et dotw = (T7) [ gt dotu)
Sn—l

Sn—1

11 n—l(nt1) %
=\ /fK(u) T do(u) = | M ) asy e (K),
Snfl

where as j(n11)(K) is the I(n + 1)-mixed 1-affine surface area of K. Therefore, in (23) we have
mixed affine surface areas as coefficients in front of powers of ¢, which are multiples of n — 1.

4.3 The general case

Now we move to analyzing the coefficients appearing in (22). We note that again mixed affine
surface areas appear.
If m =0, then Ag =1 and we have

n(1—p) n(1-p)

Woi(K) = /fK(U)"nTth(U)W_kAng(U)Z / Fre(w) 7 hge(w) 7 F0 —F do(u)
Sn—1 gn—1

= asp%(%p),,k(l(),

for k € NU {0}. When k£ = 0, we get the L, affine surface area as,(K) of a body K.
Ifm=1(n—1), | €N, then A"V = (77)H._,. Thus,

_n_ n(l=p) n— _
Wik (K) = [ fre(w) ™5 by (u) 0 DA do(u) =
Snfl
N (T) /fK(u)ﬁflhK(u)nE}JJLkH(Wl)da(u)
Snfl
= np+(ntp)(k—in K).
A8 npt(ntpihoin) ) oni—k (K)

The L, Steiner coefficients consist of combinations of mixed products of the elementary sym-
metric functions of the principal curvatures H; and the support function. Applying Holder’s
inequality, we can bound those integrals from above. We present one typical example and the
other cases can be dealt accordingly.

For instance, consider the case when only one symmetric function of the principal curvatures
Hj appears in A", that is, if m = 1j, [ € N, ie, allis =0, s#jandi; =1lfor 1 <j<n-2,

. _n_ l
then AY = (nyv) (”;1) H Jl Using Holder’s inequality, we get an upper bound

n(1-p)

Wi k(K) = / Fre ()75 by (u) 52— AY do(u)
Snfl

n _ l . n(lp )
= ()" 1) [ e ) S dotw)
J
Sn—1

n l
n+ n—1 2l
( lp)< J > / Hj do(u) asPJr%,Qlj—Qkfn(K) .

Applying Holder’s inequality a necessary number of times, we can obtain similar bounds for any
term in the expansion (22).
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The following theorem gives the inequality for the L, Steiner coeflicients which is similar to
the inequality for the mixed affine surface areas given in [31, Theorem 3] when the second body
is taken to be a ball.

Theorem 4.1 Let K be a convexr body and i, j, k € R such that m < i < j < k. Then for a
fized m € NU {0}, o ‘ A
Won o ()™ Wi i ()77 2> Wy (K

with equality if and only if K is a ball.

Proof We use Hélder’s inequality

g1(u) - gg(uw) do(u) < T] gi(u)* do(u)
/ /

Sn—1 i=1

with ¢ =2 and a; = ’;:;, as = ,’jf; We take

_n_ n(l-p) .. % A (—
91(0) = (o075 hic(w) 5 A7) ™ e (w)F 0,

a‘,_

n n(1-p) 1 (i
92(0) = ( £y (B u) 755 () "85 A7) ™ () 5O,
Then using the definition of the L, Steiner coefficients (4), we get the desired result.

Equality holds in Hélder inequality if and only if ¢{* is proportional to g52. This leads to the
condition that the support function of K must be a constant, i.e. hx(u) = const. Thus, K must

be a ball, which follows from the fact that the support function uniquely determines a convex
body.

As we already shown above that some W,, ;. are mixed affine surface areas, they satisfy the
inequality of Theorem 4.1.

4.4 Connections to information theory

We would like to point out a connection between the L, Steiner coefficients and information
theory. To do so we need some background.

Let (X, ) be a measure space and let dP = pdu and dQ = qdp be measures on X that are
absolutely continuous with respect to the measure u. Then the Rényi divergence of order «,
introduced by Rényi [46] for a > 0 and « # 1, is defined by

1
a—1

Da(P|Q) = —— log /X g dp. (24)

It is the convention to put p®¢' = =0, if p =0 or ¢ = 0, even if & < 0 and « > 1. The integrals

/ p*q' dp (25)
X

are also called Hellinger integrals. See e.g. [27] for those integrals and additional information.
Rényi divergences and Hellinger integrals and their related inequalities are important tools in
information theory, statistics, probability theory, machine learning and convex geometry, see e.g.,
2, 8,9, 12, 24, 27, 45].

Usually, in the literature, o > 0. However, we will also consider @ < 0, provided the ex-
pressions exist. Following the ideas of [55], where Rényi divergences for convex bodies K were
introduced, we consider the measure space (0K, H"™!) and densities pg, qx on 9K,

. anl(x)

pr()= G () = (@ v(a), (26)

11



Then
Prx =prpx and Qk =gk px (27)
are measures on JK that are absolutely continuous with respect to ux. We remark that those

measures are the cone measures of K and K°, respectively, see e.g. [41].
By the change of integration formula (10), the L, Steiner coefficients can be written as

n(l—p)

WonslK) = [ facl) ™5 hicl) 7 a3 o)
S'n,—l

n(1-p)

= / Hn—l(f)ﬁﬁ,l/(x))niﬂ_k"‘mA;n d'anl(x)
oK

-/ ()™ oot (ot o

Thus the L, Steiner coefficients are weighted (by the weight (z,v(x))™*Ar™) Hellinger integrals
of the measures Px and @k, respectively,

1
a—1

log W, 1 (K)

are weighted a-Rényi divergences with weight (z,v(z))™ " A and a = =l

5 Mixed affine surface areas

For all p > 1 and all real s, the s-th mixed L, affine surface area of K is defined in [31]. We use
generalization of this definition to all p # —n and all real s, which is given in [53] by

asy s(K) = fo(K, u)%;da(u),

where f,(K,u) = fx(u)hg(u)' 7.

Theorem 5.1 Let K be a conver body in R™ that is C% and let t € R be such that 0 <t < B(K).
For allp € R, p # —n, for all s € R,

asp (K +tBy) =

O | X /n=s(] n—s n—s
SIS <n+p( p)) / Fre () 550 hye (u) in AP 7REmA™ () | gk,
moLizm N E—m sn—1

where

Ap = A7 (Ex(u) =

n—s . . n—1 i
Z ( nt )(ll++lnl)H{(n—1) H”}
i 50 1+t ip—1/ \1, 22, oo Tn—1 i1 J
i142ig++(n—1)in_1=m

When s = 0, we recover Theorem 3.1 and when p = 1, we get the expansion for the s-mixed affine
surface areas.

Remark on the polytopal case

The next proposition gives the corresponding Steiner formula for the s-mixed L, affine surface
area of the polytope P.

12



Theorem 5.2 Let P be a convex polytope in R™. Let t be such that 0 <t < B(P).
For all s € R, for all p € R such that if n < s, then p ¢ (—s,—n] and if n > s, then p ¢ [—n, —s),

asp,s(P +tBy) =

> (1—p) < —5)(-p) (n=1)(n=s)
(FU0) 5[ st
m

m=0 vEvert P

w€ Norm(v)

6 Proofs

We start by showing that Corollary 1.1 and 1.2 are consequences of Theorem 3.1.

6.1 Proof of Corollary 1.1 and 1.2
Proof of Corollary 1.1
By (13), we get for the left hand side of (22),
aso(K + tBY) = nvol, (K + tBY).
The right hand side of (22) becomes

i [i <k_1m> t* / fre(u)hic (w)' =FF™AG do(u)

m=0 Lk=m

>

=0

[tm /fK Ve () A" dor(u) + £ /f W) AT do(u )]

Sn—1 Sn—1

where

Ay =

) ) —1
5 ( 1 )(1++>H (n—l)“H@j :
o s it 1) i 2, 1) S J J
i142ia4+(n—1)in_1=m

By (17), we only get a contribution for Ag* if either iy + i + -+ +4,,—1 =0, i.e., all i; = 0, or if
i1 +i2+ -+ +4p—1 = 1, which means that i; = 1 and i, = 0 for all £ # j. Then m = j as the
summation is over all iy,...,4,—1 > 0 such that 4y + 2iy + -+ + (n — 1)i,,—1 = m. We also use
(10) and then we get for the right hand side of (22),

n—1
3 (”T;l> ltm / (v (x), 2) Hyp dH? 1 + ¢t / Hdenll
oK oK

= [ (vk(z),2) dH" " (2)

0K
+n§ (”T;l) [tm /Hm_l(x) dH" " (z) + ¢ /Hm(m)dﬂ"‘l(ﬂf)l-
m=1 oK oK

In the last equality we have used (8). Collecting terms and using the recursive identity for

binomial coefficients
ny (n-— 1 4 n—1
k) m m—1

13



for all integers n, m such that 1 <m < n— 1, and the identity (7), we get for the right hand side

of (22) . .
nvol, (K) + Z (:;) / Hp 1 (z)dH" Y (z) t"™ =n z:o (Z) W, t™.
m=1 P m=

This shows that the classical Steiner formula is a corollary of Theorem 3.1.

Proof of Corollary 1.2
By (12) and (9), we get for the left hand side of (22),

45400 (K + tBY) = n vol, (K + tBY)°) = n Wo((K + tB})°).
The right hand side of (22) becomes

> li (k_”m) t* / hac(u) T AT da<u>],

m=0 Lk=m gn—1

where

m
+oo —

v ( 0 )(iﬁ'”ﬂ”‘l)ﬁ <n_1>iinj
i 130 il ++7ﬂn71 Z'17 i27 ...7in,1 j=1 J J .

i142ig4+(n—1)in_1=m

We only get a contribution for AT if iy +ia+ - +i,—1 =0, i.e., if i; = 0 for all . This means
that we only get a contribution for m = 0. As AY __ = 1, the right hand side of (22) becomes

i (‘l:) th / b (w) ™" dor(u).

k=0

gn-

If K is a convex body such that 0 € int(K'), then

for all u € S™ 1.

PK° ('LL) = hK(’LL)

Hence, with (9),

i(‘") h / hc ()" do(u) =

k

k=0 Sn—1

OOE ) / pro(w)" T do(u) = n OOE " W_i(K°) t*.
k k

k=0 . k=0

Before we prove the general case of Theorem 3.1, it will be helpful to treat a special case.

Throughout the paper, we will also need the facts that are listed next.
First note that it is not difficult to see that the support function of K +tB% can be expressed in
terms of the support function of K by

hK_:,_thL (u) = hK(U) +t. (29)

Now we write the expression for the curvature function fr ., By (u). Recall that the curvature
function is reciprocal of the Gauss curvature, that is,
1

Hp1(Exrimy (u)

[r+tBy (u) =

14



Since £ 4¢py (u) is the point on O(K +tB%) that has u as unique outer unit normal, Exvimn(u) =
x + tu, where z is this point on 0K that has u as unique outer normal, i.e., x = {x (u). We will
also use the fact that the Gauss curvature H,,_1(z+tu) is the product of the principal curvatures
ki (z+tu),... kL (x+tu). A well-known fact from differential geometry provides the connection
between the principal curvatures k! of the outer parallel body K + ¢BY and principal curvatures
k; of the body K, namely

ki(x)

for z € OK and u the outer unit normal vector to K at the point z. Therefore, the Gauss curvature
of the parallel body is

ki(z +tu) =

n—1
Hn_l(l‘)
H,_ t ki(z +tu) = .
1 x—l— w) H x—i— u };[1 1+tk H?:—ll (1+tk‘i($)>

Since wu is a unit outward normal vector at x to K (and also a unit outer normal vector at = + tu
to K +tB3), we derive an expression for the curvature function fr¢pp(u),

n—1

- n—1 -
Ficsng () H (1 tha(Eic ) = i 3 (" 1) Gt
i=1 k=0
n -1
( +Z )Hk(m )t > (30)
6.2 The case when nLer is a natural number
We consider case when niﬂ) is a natural number, that is
r =1 wherel €N,
n+p
or equivalently,
p:—n(ll_l), for [ € N.
Then (1 —p)3i5; =1+n(l—1) €N, since l € N.

Then, by (14), (29) and (30),

n—1 l
as,(K +tB3) = / (1 + Z ( )Hkt’f) (hi + t)l-i-n(n—l) do(u)

Snfl
Yn—1 l [ty | ?
/f%(u) 1( N )Hktk+<2) (;( h )Hktk> +...
Snfl =

()« ()3
COE )

I+ n(l - 1) l+n(l—1) I+ n(l — 1) I+n(l—1)—1 [+ n(l — 1) I _
h h t+ ... gAni=1)
( 0 ) Koot 1 K RRRR L I

do(u),

where we used Taylor series expansion of the curvature term and support function term. Note
that e (u) < B(tK) < 1. Hence, the binomial series for the support function uniformly converges

on S™~ L. Since K is C’i, all curvature expressions are bounded from above and strictly positive,
independently of x.
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Expanding the summations, we can write the general term corresponding to the power ™ as

- P14+ in_1/) \di1, d2, ... in_1 1 n—1 !
1 yeneyin—120

i142i2++(n—1)in_1=m

G )
b 50 it i1/ i iz, i1/ T !

i142ia4+(n—1)ip_1=m

The multinomial coefficients here are coming from the multinomial formula (18).
Therefore, the following gives the general formula for the L, affine surface area,

aspy(K +tBy) =

I(n—1) rl+n(l-1)+m
l -1 —1)—
SIS Y [ g

k—m
k=m Sn—1

. . n—1 Qs
! (ST i S n—1\" .
S (e e G )T et
yin—12>0 1 n—1 11, 12, v yln—1/ - 7

j=1

m=0

i1
i14+2i++(n—1)in_1=m

The parameter m determines the number of sums inside and varies between 0 and [(n — 1), since
the highest power of ¢t is I +n(l — 1) +I(n — 1).

For convenience, we denote the part of the expression under the integral by A", = A7, (5 K (u))

_ . . n—1 75

n—s + 4 i n—1\"7_ .,

%) e ) o

P, . Z > <Zl++znl 215125 -+ -5 tn—1 1:[ J ! ( )
U1 yeenytin—120 j=1

i14+2ia4+(n—1)in_1=m

for any real p # —n and s. Note that in the current case p = @, s = 0 and the expression

n—_HD = [. Coefficients A" = A", represent a sum of mixed products of symmetric functions of
the principal curvatures H; (5) with corresponding multinomial coefficients.

Thus,

I+n(l—
k—m

GSM(K‘Fth): Z Z

m=0 k=m

I(n—1) | l+n(l—1)+m 1) L D)
t* Fie (gm0 Am(l n do(u)

S'n.fl
(32)
for [ € N.

6.3 The case of real p # —n

The L, affine surface area of K + tBY is given by (14). Using relation (30) for the curvature
function of the parallel body, we can rewrite it in the following form,

osp (K + 085 = [ Jicta) (Hi (”;1)Hk<sK<u>>tk> (hrc(w) + )5 do(u).
. k=1

Using Taylor series expansions of the curvature and support functions terms, we have

() [E (5 e

o sn(1=p) N
S (T el S e do (),

Jj=0

asy(K +1B3) = [ fr(u)™
Sn/l

16
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Now, analogous to the procedure used in Section 6.2, we have the general formula

asp(K +tBy) =
n(1—p) ni-p)
Z Z n+p t* / Fre ()77 b (u) e —FE
m=0 = Sn—1
Z ( ip )(h + +Zn 1) < ) g H do(u) ]
P X >0 ’L]++7/n,1 11,22,..., - J
01 yenslin—1> =

i14+2i2+ -+ (n—1)in_1=m

Using the notation A7" defined in (31), we can write the expression above in a more compact
way:

m=0 Lk=m k—m

oo 00 n(1—p)
n(1—p)
asp(K+th) = Z [Z ( n+p >tk / fK 71+th( ) ,,1+pp k+mAgL do(u)}
We note that the first coefficient in this expansion represents the L, affine surface area as,(K)
of a body K
Similarly, an expansion for the s-th mixed p-affine surface area as, (K + tB%) is obtained
for all real s. In fact, for a convex body K and 0 <t < 5(K), one has

oo oo n s
asy, (K +1B}) = > lz (”“’ )tk / frc(u)"sr hK(u)m(l_p)_HmAgsdo(u)].

m=0 Lk=m

Note that the first coefficient in this expansion gives the s-mixed L, affine affine surface area
asp s(K) of a body K. If p = 1, this gives the expansion for the s-th mixed affine surface area
asy, s(K + tBY) for any real s.

This finishes the proof of Theorem 3.1 and Theorem 5.1.

6.4 Proof of Theorem 3.2
The L_,, affine surface area of K + tB% is given by

n+1

1
as—n(K +1By) = max frieny(u)?hirepy (W) =+
U n-

Using relations (30) and (29), we can rewrite it as

as_n(K +tB%) =

Nl

max fK( )Zh[( n+1 (

ueSn— 1

o (145 2 020740

=1 k+i=j

1+ Z ( )Hk (Exc ()t ’“] (hx (u) +t)"+1>

Nl

For convenience, we denote the coeflicients in front of powers of ¢ as

Bj(u)= > Knkl)(njl)IW] 0<j<2n.

kti=j

B; =

17



Using Taylor series expansion, we obtain

Nl

1

as—n(K +tBf) = max fi(u Vhg(w) T 1+ B!

oo 1 . . 2n
= 17 e 1 .
et 5| (L)) e
Sn—1 7 2 7 e 2
e m=0 | i1izg >0 ! T/ e S
i1+2i2++2niz=m

Similarly to (31), we can introduce coefficients A™, = A™, (u) by

1 . . 2n
m __ Am _ 3 11+ -+ 19, iq
AT = A" (u) = E (i1+--2-—|—i2n)( _ ) ) IIBq.

1 vy 2
i1,..0y2, >0 b » 2n q=1
11 +2i2+4-+2niz,=m
Then
n "'H m ogm
as_n(K +tBy) = max fr(u) g A™ ¢
uesn

6.5 Proof of Theorem 3.3

For —n < p < 0, the exponent _E— of the Gauss curvature Hy,_1(x) in (11) is negative. Since

for the set {y € (P +tBY) : H,_1(y) = 0} Gauss curvature is equal to zero, we have that
as,(P +tBy) =
Next, we consider the case when p ¢ [—n,0]. Note that in this case the exponent —£— of

n+p
H,_1(z) in (11) is positive. We have that fp+tBn( ) # 0 only for those u € S™~1 for which

fPyiBy(u) < oo and then fpyipp(u u) e = " . By this, (14) and (30),

H,_1(y)™%
a5y (P+B]) = / W a1y

(yeo(P+1By): Hoy =0y W VW) "7

Hy, 1 y) ntp n—
* / — ey dH" T ()
{y€A(P+tBy): Hp—1(y)#0} (y,v(y)) "+

n(1-p)

= / feyemy (W)™ hpyipy (u) " do(u)

{u:fP+tB" (u)<oo}

n(n—1) n(l—p)

_ [ e 0 o)

{u:fpiepp (u)<oo}

e gy 2/ nd=p) j
— / hP(u)Sﬂo)Z( ntp ) ¢ -~ do(u)

— J hp(u)?
{u:fpenp (u)<oo} =0

n(n—1) n(l—p)

o sn(l—p) .
_ < 'rrfl’p > t]"" ntp / hp(u) n¥p J dO’( )
0

J

{“3fp+th (u)<oo}

oo n(l1—p)

T n(1—p) n(n—1)
- Z(”*f’) S e e o
=0 J vevert P

<.

u€Norm(v)

As by assumption ¢t < $(P), we have for all u € S"~! that e (u) < ﬁ < 1 and, therefore,

the above infinite sum converges uniformly. Moreover, for all u € S"~1, \(P) < hp(u) < A(P).
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Thus, we can interchange integration and summation, which was done in the second last equality
above.

For p = 0, we have a different situation, namely,

1
aso(P +tBY) = i W)
(y,v(y))
{y€d(P+tBy): H,,_1(y)=0}
1 _
N / Wd’i—t" '(y)
{y€d(P+tBy): Hy 1 (y)#0}
- / (y,v(y)) dH" " (y) = nvol, (P +tBy).
d(P+tBY)
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