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Dynamic organization of the cytoskeletal filaments and rod-like proteins in the cell membrane
and other biological interfaces occurs in many cellular processes, including cell division, membrane
transport and morphogenesis. The filaments dynamics is determined, in part, by their membrane-
mediated hydrodynamic interactions. Previous modeling studies have considered the dynamics of a
single rod on fluid planar membranes. We extend these studies to the more physiologically relevant
case of a single filament moving in a spherical membrane. Specifically, we use a slender-body
formulation to compute the translational and rotational resistance of a single filament of length L
moving in a membrane of radius R and 2D viscosity 7, and surrounded on its interior and exterior
with Newtonian fluids of viscosities n~ and n™. We first discuss the case where the filament’s
curvature is at its minimum x = 1/R. We show that the boundedness of spherical geometry
gives rise to flow confinement effects that increase in strength with increasing the ratio of filament’s
length to membrane radius L/R. These confinement flows only result in a mild increase in filament’s
resistance along its axis, £, and its rotational resistance, {n. As a result, our predictions of £ and o
can be quantitatively mapped to the results on a planar membrane, when the momentum transfer
length-scale is modified from £y = (5 4+ 77)/nm in planar membranes to £* = (£ + R™H) 7%
In contrast, we find that the drag in perpendicular direction, £, , increases superlinearly with the
filament’s length, when L/R > 1 and ultimately £, — oo as L/R — 7. Next, we consider the
effect of the filament’s curvature, x, on its parallel motion, while fixing the membrane’s radius. We
show that the flow around the filament becomes increasingly more asymmetric with increasing its
curvature. These flow asymmetries induce a net torque on the filament, coupling its parallel and
rotational dynamics. This coupling becomes stronger with increasing L/R and .

PACS numbers: May be entered using the \pacs{#1} command.

I. INTRODUCTION

Many cellular processes involve the transport of rod-like proteins and biopolymers on curved fluid-like interfaces.
One example is the continuous reorganization of the cell cortex made of dynamic network of actin filaments [1], which
determines cell’s mechanical integrity and drives cell division. Another example is the transport and organization
of rod-like proteins that preferentially bind to areas of specific curvature, such as septin oligomers [2] and BAR
domains [3]. One required ingredient for simulating the dynamics of filaments in fluid membranes is the hydrodynamic
resistance/mobility of a single filament. Moreover, mobility/resistance functions are typically needed to measure the
interfacial rheology of the membrane from particles’ motion in passive and active microrheology [4-7].

The first theoretical studies of the mobility of a membrane-bound particle goes back to the works of Saffman and
Delbriick [8] and Saffman [9] who calculated the mobility of a thin disk of radius a, bound to a planar membrane; the
membrane is modeled as a 2D Newtonian fluid of viscosity 7,,, and overlaying an infinitely bound Newtonian fluid
of viscosity 7. The mobility takes the form: x = (1/47n,,) [In(2¢y/a) — ~], where v & 0.5772 is Euler’s constant and
Ly = Mm/n > a is the length-scale over which the momentum is transported from the membrane to the overlaying
3D fluid domain, referred to hereafter as Saffman-Delbriick (SD) length. Coupling the membrane and the overlaying
fluid flows introduces SD length-scale and, hence, removes the well-known Stokes paradox associated with solutions
of 2D Stokes problems in free space. Note that for a particle significantly smaller than SD length, its dimensions
affect the mobility through the weak logarithmic term In(2¢p/a). Some experimental studies on the dynamics of
membrane-bound proteins [10, 11] have found good agreement between Saffman’s predictions and experiments, while
others [12] found the mobility to scale inversely with particle size. These disagreements were consequently described
by models that account for the additional flow dissipation due to local deformation of the membrane induced by
interactions with the bound particle [13], and membrane structure and mechanics [14-16].

Evans and Sackmann [17] and Stone and Ajdari [18] considered the case of a planar membrane overlaying a 3D fluid
domain of finite depth. These studies show that the momentum transfer from the membrane to 3D fluid domain occurs
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at length-scale £ = \/¢oH, where H is the 3D fluid depth. Oppenheimer and Diamant [19] studied the hydrodynamic
interactions (HIs) between two Brownian disks in the same system. Oppenheimer et al. [20] extended this analysis
to a suspension of rotors, and showed that the suspension can crystallize by a combination of hydrodynamic and
steric interactions between the particles, while ignoring any of these interactions does not lead to crystallization.
Manikantan [21] numerically studied particles with a force dipole acting on them, as a model for membrane-bound
active particles. Their results show that large-scale particle aggregation can be controlled through tuning the depth
of the surrounding 3D fluid domain.

Levine et al. [22] considered the mobility of a rod-like particle moving with a constant transnational and rotational
velocity in a planar membrane. The authors used a slender-body formulation and the fundamental solutions to
a point-force on a planar membrane (planar Green’s function) to describe the disturbance flows induced by the
filament’s motion. They found that for L/¢y < 1, the drag coefficient independent of rod orientation and asymptotes
to SD results for a disk of radius L. When L/{y > 1, the drag coefficient in parallel direction retains the logarithmic
correction that is observed in 3D flows: &) /(47mn,,) ~ 0.25 (L /{o) (In(0.43L/¢,)) ", with the difference that the effective
filament radius is now £y, rather than the physical radius a. In contrast, the drag coefficient in the perpendicular
direction becomes purely linear in length, &, /(47n,,) =~ 0.25(L/¢y), and significantly larger than the parallel drag.
In comparison the ratio of perpendicular to parallel drag of filaments in 3D flow is nearly two. These predictions
were corroborated with microrheological measurements of the translational and rotational drags over the range of
0.01 < L/¢y <10 [23].

This qualitative difference between a 2D membrane and a 3D fluid domain can be understood by noting that
the planar Green’s function along the direction of the applied force and perpendicular to it decay as G| ~ 1/7
and G| ~ 1/72, respectively, where # = r/{, is the dimensionless distance from the applied force (in comparison,
the 3D Green’s function decays as 1/r in both directions). When L/{y > 1, the filament’s mobility scales with

X(,L) ~ (bo/L) flL/ZO G(||,1)(7)d7. This leads to a logarithmic contribution in the parallel direction and a constant n
the perpendicular direction (free draining limit), when L/{y > 1 [24].

Fischer [25] and Verwijlen et al. [6] extended the work of Levine et al. [22] to study the dynamics of rod-like
inclusions in membranes overlaying a fluid domain of finite depth, and explored the consequences of this finite depth
on the accuracy of interfacial rheological measurements.

Membranes are typically curved in biological and synthetic applications. Membrane’s curvature and topology
produces novel features in the interface-bound transport processes that make it distinct from a planar membrane
[26-31]. Different statistical mechanical aspects of curved membranes are surveyed in [32]. Most studies on the
dynamics of inclusions bound to the membrane are done on planar membranes, and the number of studies on curved
membranes are in comparison small [33, 34]. In the special cases of spherical and cylindrical membranes the Gaussian
curvature remains constant over the surface. This greatly simplifies the equations, allowing for analytical calculations
of fundamental solutions to a point-force, a point-torque, and a torque-dipole [35-37]. These fundamental solutions
can be used to describe the flow disturbances due to the presence of other bodies in the membrane, which is similar
to the singular methods for 3D Stokes flow suspensions [38, 39]. This is also the methodology used in this study.

Henle and Levine [36] studied the translational mobility of a disk-like inclusion of radius a on non-deformable
spherical and cylindrical membranes of radius R. In the limit of small curvature R/¢y > 1, one recovers the planar
membrane results. At larger curvatures R/{; < 1, the mobility is reduced with the logarithmic term now being
defined as In(R/a) in contrast to In(¢p/a) on planar membranes. In a recent study, Samanta and Oppenheimer [37]
used the same framework to study the effect of the membrane curvature on the hydrodynamic interactions (HIs) and
the ensued nonlinear dynamics of rotors bound to spherical membranes. Bagaria and Samanta [40] investigated the
curvature confinement effect on the aggregation of force dipoles on spherical membrane.

The current study extends the work of Levine et al. [22] to filaments moving in spherical membranes. Specifically,
we consider the case of a filament of length L and constant curvature, k, along its axis, moving inside a membrane of
radius R with 2D viscosity 7,,, and surrounded by the interior and exterior Newtonian fluids of viscosities = and n™.
Note that in spherical case the SD length is redefined as £y = 1., /(n*t +n7). In §IV A we study the filament’s drag
when its curvature is at its minimum &, = 1/R. This is the filament’s likely conformation, when the characteristic
bending forces are significantly larger than interparticle and thermal forces. We use a slender-body formulation to
compute the filament’s drag coefficients along its axis, §, and perpendicular to it, £, as well as its rotational drag
coefficient, £ in a wide range of ¢y/R, and L/R.

When membrane radius is much larger than SD length, ¢o/R < 1, the filament’s dynamics becomes independent
of the membrane radius and our results approach those of a planar membrane given by Levine et al. [22]. In the
opposite limit of £y/R > 1, the momentum transfer to the overlaying fluid domain occurs over membrane’s radius R,
and the dynamics become independent of ¢;. Here, we find that the transnational resistance in the direction parallel
to the filament and the rotational resistance closely follow the results of a planar membrane, if SD length is replaced
with the membrane radius. In contrast, the resistance in perpendicular direction, & , shows strong positive deviations
from the planar membrane results. We show that these deviations arise due to flow confinement effects on a spherical



membrane, which has no analog in free 2D planar membranes. As a result, £, strongly increases with the filament’s
length when L/R ~ O(1), and £, — o0 as L/R — .

In §IV B we study the effect of the filament’s curvature on its dynamics. The motivation for studying this problem
is to model the dynamics of rod-like biopolymers with an intrinsic (preferred) curvature, which preferentially bind
to areas of the membrane that match their curvature. One example includes the crescent-shaped BAR domains
that play a key role in inducing and sensing membrane curvature in cellular processes [3]. We present the filament
with curvature s by aligning it along the azimuthal direction of the spherical membrane and placing it at a distance
h = VR? — k=2 from the equator in the z direction. We show that moving the filament in along its axis produces
asymmetric flows, resulting in a net torque on the filament. This coupling between parallel and rotational motion is
increased with filament’s length and curvature.

II. FORMULATION

We consider the motion of a filament with length L and constant curvature along its length, bound to a fixed (unde-
formable) spherical membrane of radius R and Newtonian viscosity 7,,. Due to spherical symmetry, any configuration
of a filament with constant curvature can be mapped into the filament being aligned along the azimuthal direction
and with a distance h along the z—axis, which is shown in Fig. 1(a). The filament’s curvature is at its minimum,
Kmin = 1/R, when it is placed on the equator (h = 0). This is the most likely conformation of the filament if the
filament does not have an intrinsic curvature and the characteristic bending/elastic forces are significantly larger than
thermal and interparticle forces. We begin by studying the dynamics in this limit in §IV A. Due to geometric and flow
symmetries the translational and rotational modes of motion of the filament are decoupled. Thus, the translational
resistance tensor can be generally defined as & = {jqq + &1 (I — qq), where I is the identity matrix and q is the unit
vector along the filament main axis.

As shown in Fig. 1(a), the general case of a filament with curvature x > 1/R is equivalent to placing the filament at
h = £+ R? — k~2 away from the equator and aligned along the azimuthal direction ¢, which corresponds to constant
polar angle § = arcsin(kR)~!. Moving the filament along its axis produced asymmetric flows, and a net torque on
the filament, resulting in the coupling of the filament’s parallel and rotational motion. This is discussed in §IV B.

We use a slender-body formulation to model the flow disturbances induced by the filament with a distribution of
force densities, f(s), along the filament’s length:

L2
() = / G (3, %% (5)) - £(5)ds, (1)

L2

where s € [-L/2,L/2] denotes the filament’s arclength, x,, and x% are points on the membrane surface, and
G (xm,x2 (s)) is the Green’s function of membrane-3D fluids coupled system in response to a point-force applied
on the membrane at position x2,.

Assuming flow incompressibility on the membrane surface and the adjacent 3D flows and negligible inertia, the

associated momentum and continuity equation for the membrane and 3D fluid domains are [36, 37]:

3D fluids: ntviut — vpt =0, V-ut =0, (2a)
Membrane: N (Aytp, + K (X)) — Vypm + T)=r = 0, Vy-uy, =0, (2b)

where u® and p* ate the velocity and pressure fields in 3D fluid domains, and u,,, and p,,, are the velocity and pressure
fields in the membrane; A, and V.- are the surface (defined by «) Laplacian and Divergence operators, K (x,) is
the local Gaussian curvature of the surface, and T|,—r = (67 (X)) — 6~ (X)) - n(Xy,) is the traction applied from
the surrounding 3D fluid domains on the membrane, where o denotes the 3D fluid stress and n(x,,) is the surface
normal vector pointing towards the exterior domain.

The coupling between the membrane and 3D flows is enforced by the continuity of forces and velocities across
the membrane surface. The force continuity is already imposed through including the the traction term, T|,—g, in
Eq. (2b). The radial velocity is zero at r = R, for a fixed spherical membrane, which results in u* = 0 throughout
both 3D fluid domains. Other boundary conditions (BCs) for 3D flows include velocities decaying to zero on the
exterior domain, lim,_, . u; »(r) — 0. Finally, requiring the velocity and stress fields to be finite at the interior
domain’s center, r = 0, provides the sufficient BCs.

The Gaussian curvature of a sphere is a constant, K (z) = R~2, which greatly simplifies Eq. (2), allowing one to
obtain analytical solutions for Green’s function in terms of the position of the applied force (6, ¢9) and an arbitrary
target point on the sphere (6,¢). Here, 8 € [0,7] and ¢ € (0,2n] are the polar and azimuthal angles in spherical
coordinate. The detailed derivation of the Green’s function is outlined in [37] and [36]. The expressions for all
components of the Green’s function (Ggg, Gog, Ges, Ggs) are provided in Appendix A for completeness.
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To calculate the resistance in parallel (§) and perpendicular (£1) directions, we set the filament velocity as a
constant in each direction and compute for the distribution of force density on the filament by solving the following
integral equation:

L/2
U(s) = / G(X(s) — X (s)) - f(s)ds". (3)
—L/2

where X (s) is a point located at s arclength of the filament. Equation 3 is a Fredholm integral equation of first kind.
This class of integral equations are known to be ill-posed leading to a loss of convergence and numerical inaccuracy. To
circumvent this issue we use a regularization technique, analogous to those used in non-local slender-body theories of
filaments moving in 3D fluid domains [41, 42], to transform the equation to a second-kind Fredholm integral equation,
which can, then, be accurately solved using different numerical integration techniques.

We divide the domain of integration into a short local domain around s, TL( " =[s— %L, s+9L ] and the remainder

of the filament length, YTnp.(s') = [-%,s— 2L) U (s + 2&, L], where 2& <« 1, % <« 1 and "L” and "NL” correspond to

the local and nonlocal domains. The local domain near the ends of the ﬁlament modifies to Y1,(s') = [5 — 0L, 2) and
Ti(s') =[-%, =L + 6L). Next, we assume the force density remains uniform within the local domain: f(s') ~ f(s).
The modified mtegral equation is

U(s) = G(X(s) — X(s")) - f(s')ds" + (

TNL

G(X(s) — X(s’))ds’) -f(s). (4)
T
The second term on the right hand side makes Eq. (4) a second kind Fredholm integral equation, which can be
solved by collocation methods described briefly in §ITI. The computed force density is, then, integrated to obtain the
total force on the rod. The resistance is determined by taking the ratio of this force to velocity in || and L directions.
The rotational resistance can also be computed using the same formulation with the difference that the set velocity
correspond to a pure rotational motion: Ugq(X(s)) = Qsq,, where Q is the angular rotation, and q is the filament’s
transverse direction. The rotational resistance is the ratio of the the torque to angular rotation.

III. NUMERICAL IMPLEMENTATION

We solve for the force distribution in Eq. (4), by discretizing the rod into N equally spaced points, and use trapezoidal
integration. This leads to N linear system of equations in the matrix form: U = A - F, where U is the N x 1 array
representing unit velocities along the rod at a given direction, A is the N x N matrix representing the Hls, and
F is the unknown forces along the rod. We solve this system using direct solution methods. The computed forces
are, then, integrated to give the resistance in parallel and perpendicular directions. Note that the Green’s function,
diverges as |s — s’| — 0. But, the divergence is at most logarithmic (compared to 1/|s — s’| divergence in 3D), and
can be evaluated numerically, without needing further regularization.

The length of the local domain is set to & 30, for all the results presented here. Varying this length in the range

1072 < JLL < 107! changed the results by less than 5%. Resolution studies at a given dL show that our method is

second-order accurate. These results are provided in supplementary materials. The reported results were obtained
using N = 1021 discretization points. The computations can be made far more efficient requiring less number of
points. But, we defer this to future studies.

The rotational resistance can be computed in an analogous way i.e. after computing the force distribution corre-
sponding to a rotational motion of the filament, we compute the total torque, and its ratio to the angular velocity.

A consequence of the slenderness of rods is that the force density remains nearly uniform throughout the length
of the rod in 3D flows for transnational motion, except near its two ends. For rotational motion the force density
varies linearly with arclength, changing sign at the center of mass, s = 0. The end effects determine the next order
corrections to the mobility/resistance, which depend on the detailed treatment of the rod geometry e.g. assuming
the rod is tapered or not [43]. Thus, instead of solving a linear system of equations, one can obtain the leading order
form of the mobility (or resistance) tensor, by assuming the force is uniform along the rod and simply evaluating the
mobility as the ratio of the mean velocity to the total force. The equation for translational mobility is

L/2 L/2
x=L" / / G (X(s) — X(s"))ds'. (5)

L/2 L/2

Inverting the mobility tensor gives the resistance tensor: & = x~!. Figs. 1(b) and 1(c) shows the predictions of the
dimensionless resistance tensor in parallel and perpendicular directions as a function of L/{y when £y,/R = 0.01 by
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FIG. 1. (a) An illustration of the filament motion on a spherical membrane of viscosity 7,, and surrounded on the interior
and exterior sides by 3D fluid domains of shear viscosities n~ and ™. The filament dynamics is described by three modes of
motion: translation along and perpendicular to its axis (U and UL ), and rotation (£2). The filament’s curvature is minimized,
when it is aligned along the equator (Kmin = Rfl). The results of this configuration are presented in Section IV A. To model
filaments of curvature K > Kmin, they are placed at distance h = ++/ R? — k2 away from the equator. This configuration is
studied in Section IV B. (b) The dimensionless resistance of a filament translating in parallel direction as a function of L/,
where £o/R = 0.01. The blue line (square dots) show the result of the numerical solutions to the resistance formulation given
by Eq. (4), while the red line (cross dots) show the numerical integration of the mobility formulation given by Eq. (5), assuming
a constant force density along the filament. The results are in excellent agreement with each other. (¢) The dimensionless
resistance of a filament translating in perpendicular direction as a function of L/€y, where £o/R = 0.01. The blue line (square
dots) show the result of the numerical solutions to the resistance formulation given by Eq. (4), while the red line (cross dots)
show the numerical integration of the mobility formulation given by Eq. (5), assuming a constant force density along the
filament. The results are in excellent agreement with each other.

solving Eq. (4) and Eq. (5). The predictions from two methods are nearly identical. All the results reported hereafter
were computed using both formulations with excellent agreements between them.

Finally, we note that for all the results presented hereafter we set n*/n~ = 1. Varying this ratio only produced
rather small O(1) changes in the final results and, thus, were not explored here to focus on large variations of the
drag induced by flow confinements.

IV. RESULTS
A. Filament placed on the equator ( k = fkmin = R™')

We begin by presenting the results of the filament at its minimum curvature kmi, = 1/R. We note that applying a
net force on filament bound to the spherical membrane produces a net torque on the membrane, which leads to a net
rotational flow of the entire system [36]. This effect is absent in a planar membrane [37]. The resistance and mobility
functions are defined based on the relative velocity of the filament with respect to the ambient fluid. As such, we
subtract this rigid-body rotation from the velocity field of a moving filament in our computations of the resistance
functions and surface flows. The same implementation was used by Henle and Levine [36]. The implementation details
are provided in Appendix A.

The filament’s dynamics on a planar membrane is defined by two lengths: the filament’s length, L, and SD length, ¢;.
Spherical geometry introduces another length: R. Constant filament curvature imposes an upper-bound on its length:
L < 2nR. We assume that the filament radius is negligible compared to all the other lengths and, thus, ineffectual.
We study the effect of these length-scales on translational resistance, in parallel and perpendicular directions, and
rotational resistance in three regimes: fo/R < 1, £o/R ~ O(1), and ¢p/R > 1. The results are presented in Fig. 2.
In all cases the variations of the resistance are presented as the length of the filament is changed, while fixing ¢y/R.
Thus, L/R varies in each individual line in Fig. 2. These variations are visualized by varying the transparency of each
color in the plot from more transparent (lighter) in smaller L/R to less transparent (darker) in larger L/R.

As shown in Fig. 2(a), in the limit of ¢5/R < 1 the resistance plots in parallel direction for different values of
¢y/R nearly collapse to the resistance values of a planar membrane at L/R < 1, and show relatively weak positive
deviations from this curve. The positive deviations result from the flow confinement effects in a closed spherical
geometry and, thus, increase with L/R.

In the opposite limit of ¢y/R > 1, shown in Fig. 2(b), the resistance (and mobility) become independent of ¢y,



resulting in nearly perfect collapse of all the results when plotted against L/R. Both limits can be understood by
noting that the length-scale that determines the flows and the hydrodynamic functions is the length-scale over which
the momentum is transported from the membrane to the surrounding 3D fluid domains, which we refer to as £*
hereafter. In case of ¢5/R < 1, the momentum transport occurs in £* = ¢y, and the results closely follow those of a
planar membrane. In the other limit of £y/R > 1, the momentum transfer occurs over the dimension of the spherical
geometry, R, which is smaller than £y. As such, the results are independent of £g.

Based on this understanding, we combine the results of Figs. 2(a) and 2(b) into Fig. 2(c), by rescaling the length

in x—axis with £* = (EO_ Ly R_l)_l, which asymptotes to the expected limits. With this rescaling, the computed
parallel resistance for a wide range of £y/R collapse to its planar membrane values when L/R < 1 (lighter colors),
and show weak positive deviations at larger L/R values.

Figs. 2(d), 2(e) and 2(f) present the rotational resistance at the same limits as the parallel motion. As can be
seen, similar to the parallel resistance, the rotational resistance closely matched that of a planar membrane, when the
filament’s length is appropriately made dimensionless by £*.

Finally, in Figs. 2(g), 2(h) and 2(i) we present the variations of translational drag in perpendicular direction as a
function of the filament’s length in the same regimes. When ¢y/R < 1 and L/R < 1, the computed drag coefficients
converge to the planar membrane values. In contrast to the parallel and rotational drag, we observe strong positive
deviations from the planar membrane results with increasing L/R. This demonstrates that flow confinement effects
have a significantly stronger effect on &, than & and £o. In the limit of £o/R >> 1, similar to the previous cases, the
dynamics becomes independent of ¢y, resulting in the collapse of all data when plotted against L/R. However, these
variations are significantly stronger than those in parallel and rotational resistance functions. As expected rescaling
the length against £* cannot collapse the data.

Fig. 3(a) shows the flow generated by a point-force placed on the equator and pointing towards the south-pole.
Note that we have subtracted the flows due to the pure rotational motion of the membrane and surrounding fluids,
as discussed earlier in this section. As it can be seen, the boundedness of spherical geometry produces strong flow

reversal and re-circulation regions as we move in the direction perpendicular to the point-force (¢), whereas the flows

remain parallel to the point-force, when moving in the direction parallel to the force ().

Fig. 3(b) shows the velocity fields induced by filament’s motion in the perpendicular direction. The flows are
qualitatively similar to the flow induced by a point-force with the difference that the flow reversal regions are now
pushed to areas near the filament’s ends. As we discussed in section Section III, a filament moving with a constant
velocity can be modeled as a collection of smaller segments all moving with the same velocity, where the coupling
between the segments is through their HIs. The flow generated by a segment are similar to the flows due to a point-
force, shown in Fig. 3(a). Thus when the filament is moving in perpendicular direction, the motion of one segment can
generate flows pointing in the opposite direction of motion on other segments i.e. HIs cause anti-correlated motions.
As a result, more force is needed to maintain the same velocity across all segments, leading to an increase in the total
drag compared to the free draining limit.

Fig. 3(c) shows the velocity field induced by the filament’s parallel motion. In this case, the motion of a segment
produces flows in the same direction as the motion on other filament’s segments i.e. HIs cause correlated motion,
leading to a reduction in the total drag, compared to the free draining limit.

In Fig. 4(a) we quantify these variations of surface velocity in perpendicular direction along the equator, and at
different filament lengths. The results are obtained for the choice of ¢y/R = 1; again, we have removed the pure
rotation component of the velocity field. The flow gradients are the strongest near the filament’s ends, and they
strongly increase with the filament’s length. These flow gradients result in large traction forces near the filament’s
ends and a strong increase in the total drag.

Fig. 4(b) shows the perpendicular mobility xy, = 511 as a function of the gap size, for different values of ¢y/R,
where we define the gap size as the distance between membrane’s half -perimeter and filament’s length: € = % —
which non-dimensionalized by filament length. In all plots the mobility approaches zero, x; — 0, corresponding to
&1 — 00, as € — 0. These results are in line with the results of Fig. 2(g) and Fig. 4(a), demonstrating the rapid
growth of &, with filament’s length when L/R > 1. Obtaining the asymptotic form of mobility requires a more
in-depth analysis and careful numerical evaluations, which we do not pursue in this study.

B. The filament placed away from the equator (x > R™')

Thus far we have focused on the case where the filament’s curvature is at its minimum, ki, = 1/R. Next, we ask
how does changing filament’s curvature independently of the membrane geometry affect its dynamics? This introduces
another dimensionless parameter xR, which is the ratio of filament’s curvature to its minimum allowed curvature on
that membrane. Due to the mismatch between the membrane and filament curvatures, the filament cannot undergo
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FIG. 2. The parallel, perpendicular and rotational resistance as a function of L/{y and L/R in different limits of ¢o/R. The
upper, middle and lower rows represents resistance in the parallel, rotational and perpendicular direction, respectively. The left
column and middle column correspond to ¢y < R and ¢y > R, respectively. The right column includes all data in the range
1072 < £o/R < 10%. The solid black lines in (a), (d) and (g) represent the associated resistance values in planar membranes
[22]. The variations of L/R for each choice of £y/R is visualized by changing the color from light (left-end of each plot) to dark
(right-end of each plot) with increasing L/R.

pure rotational motion, while remaining bound to the membrane. In other words, the filament needs to deform
and change curvature to remain bound to the membrane as it rotates. The same conditions apply to motion along
perpendicular direction, which makes defining and computing g and £, problematic when x # 1/R. Because of this
complexity, we only focus on the well-defined dynamics in the parallel direction.

Fig. 5(a) shows the surface fluid flows induced by the parallel motion of a filament placed in-between the equator
and the north pole, when ¢o/R = 1 and L/R = 1 and kR = /2. As expected, the flows are asymmetric around the
filament. This flow asymmetry produces nonzero distribution of forces along the filament in perpendicular directions,
f1, which are shown in Fig. 5(b) for different values of kR. Note that the parallel force distribution remains uniform
(except near the ends) and symmetric around the filament’s mid-point (s = 0), while the perpendicular force is
anti-symmetric around s = 0, and increases in magnitude as filament nears the pole. The total torque normal to the

spherical boundary scales with ffﬁz sfids. The integrand is an even function, resulting in a nonzero torque on the
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FIG. 3. (a) The flow field induced by a point-force in the perpendicular direction at (§ = w/2, ¢ = 0) for the choice of
lo/R =1. (b) The flow field induced by a filament moving with a constant velocity in the perpendicular direction for the choice
of {o/R =1 and L/R = 1. (¢) The flow field induced by a filament moving with a constant velocity in the parallel direction
for the choice of fo/R=1and L/R = 1.
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FIG. 4. (a) The polar velocity distributed in the azimuthal direction along the equator, normalized by the filament velocity
for the choice of o/R = 1. The different colors/symbols represent different ratios of L/R. (b): The mobility of filament in
perpendicular direction as a function of gap distance, e = nR/L — 1 for different values of £5/R.

filament [44]. In other words, placing the filament away from the equator (increasing the filament’s curvature) results
in the coupling of its rotational and parallel motions.

It is also useful to describe this coupling of motions by inspecting the mathematical structure of the fundamental
solutions. Fig. 5(c) shows variations of off-diagonal component of periodic Green’s function, Gy, along the azimuthal
direction at different distances from the equator. As it can be seen, Gyg is anti-symmetric and increases in magnitude
as we move towards the poles. Note that the Gg9 = —Ggg When sourse point and traget shares the same h; see full

~

expressions in Appendix A. Thus, applying a uniform force in parallel (¢) direction of the filament in Eq. (1) produces
a rotational flow around it.

Figs. 6(a), 6(b) and 6(c), show the variations of parallel drag of a filament with curvature k to its parallel drag at
the equator ({[/¢)) as a function of the filament’s curvature, at different ratios of L/R and {o/R = 0.01, 1 and 100.
As shown earlier, when £y/R < 1, the filament dynamics becomes independent of the membrane geometry, resulting
in small (< 10 %) increases in parallel drag with curvature, as shown in Fig. 6(a).

At ¢y/R = 100, the parallel drag shows significantly larger increase with the filament’s curvature (up to 50 %
increase), which can be explained as follows. The confinement flows are controlled by the membrane geometry,



FIG. 5. (a) The flow field induced by the parallel motion of a filament placed at h = R/+/2 away from the equator (k = v2R™),
when ¢g/R =1 and L/R = 1. (b) The distribution of force per unit length along the filament in parallel and perpendicular
directions (fj, ) at different latitudes (curvatures), when ¢o/R = 1 and L/R = 1. (c¢) Variations of Ggs vs ¢, at different
latitudes/curvatures (6p), when the source point is located at (6o, ¢o = 0) and the target is at (6o, ¢). The results are presented
for £o/R = 1; see Appendix A for the full expression of the Green’s function.

P s R s I ey mrr s
O~ L/R=0.12 O~ L/R=0.12 O L/R=0.12
1.5b¢- L/r=017 e 1.5 L/rR=017 b 1.5F%8~ L/R=017 ]
=== L/R=0.25 === L/R=0.25 === L/R=0.25
_1.4f-9- L/R=033 1 _l.4f-9- L/R=033 N _1.4f-9- L/R=033 ]
=0. Y4 =0. ' =0.
\:1.3_-9- L/R=0.50 1 \:1.3_-9- L/R=0.50 3\21.3'-6- L/R=0.50 |
19t ] 19t ot ]
1.1}¢ | 1.1}¢ 1.1} -
100 10 100 10 100 10
kR kR kR
(a) Lo/R = 0.01 (b) bo/R =1 (c) £o/R = 100
015 O~ L/R=0.07 =~ L/R=0.33] 015 -~ L/R=0.07 =~ L/R=0.33] 015 O~ L/R=007 =/~ L/R=0.33]
' - L/R=0.12 =©~ L/R=0.50 ' o L/R=0.12 =©~ L/R=0.50] ' o L/R=012 =©~ L/R=0.50
L/R=0.17 L/R=0.17 L/R=017
50.12—3 L/R=0.25 1 S 0.12 g L/R=025 1 50-12'3 L/R=0.25 pz 1
&= 0.09f ] & 0.09 ] & 0.09
w w w
= 0.06 = 0.06} . = 0.06
0.03 0.03} | 0.03
0.00 0.00 k& N 0.00
100 10
kR
(d) £o/R = 0.01 (e) Lo/R = () €o/R = 100

FIG. 6. Top row (a-c): The resistance along the parallel direction vs the filament’s dimensionless curvature (xR) for 0.07 <
L/R < 0.50 at (a) £o/R = 0.01, (b) ¢o/R =1 and (c) £o/R = 100. When £y/R < 1 the parallel resistance remains nearly
constant with curvature and equal to the results at the equator. When ¢o/R > 1, the resistance monotonically increases
with curvature, and the rate of this increase is amplified with increasing L/R. Bottom row (d-f): the net torque induced
on the filament by its motion in the parallel direction as a function of the filament’s dimensionless curvature for the range
0.07 < L/R <0.50 at (d) ¢o/R = 0.01, (e) o/R =1 and (f) £o/R = 100. The torque magnitude is non-dimensionalized by the
external force moment on the membrane: £ |'|“RU. Regardless of the choice of £y/R, the torque monotonically increases with kR;
this effect is amplified with increasing L/R. The results appear to be a weak function of £o/R and the torque remains < 15%
of the external force moment.
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when £y/R > 1. Larger curvatures represent larger displacements from the equator, corresponding to stronger flow
confinements on the filament’s side close to the poles, leading to larger drags. These flow confinement effects increase
with increasing L/R, resulting in larger positive deviations from the filament’s drag on the equator. Nevertheless,
these positive deviations remain of O(1). This is consistent with our earlier observation that parallel motion is only
weakly affected by the flow confinement effects. As shown in Fig. 2(c), the choice of ¢y/R = 1 gives nearly the same
results as £p/R = 100, which shows the fluid flows are already dominated by membrane geometry in this limit.

Figs. 6(d), 6(e) and 6(f) show the torque induced by the flow asymmetry vs the filament’s curvature at £o/R = 0.01, 1
and 100, respectively. The torque magnitudes, T', are non-dimensionalized by their associated drag times membrane
radius, & ﬂ“U R, which corresponds to the external torque on the system. In all cases the torque monotonically increases
with increasing curvature (kR) and L/R. This is to be expected, as the increase in both the filament’s length and its
curvature leads to stronger flow asymmetries.

V. CONCLUDING REMARKS

The transport and dynamic organization of biopolymers bound to the cell membrane occur in many cellular processes.
Most studies on the hydrodynamics of inclusions in fluid interfaces have been on planar membranes, and those
studies that explore the effect of membrane geometry/curvature have not considered rod-like particles or filaments
[33, 35, 37]. This work fills some of the gap in the literature by computing the resistance /mobility of a single filament
of constant curvature moving in a fluid spherical membrane, using a slender-body formulation. Our results show that
the membrane spherical geometry influences the filament’s dynamics in three distinct ways:

1. As a consequence of the boundedness of spherical geometry, the momentum is transported from the interface to
the 3D fluid domains over the lengthscale of the membrane’s radius, when the radius is smaller than SD length.
This behavior has also been discussed in Henle and Levine [36]. When the momentum transfer length is defined
as the half of the harmonic average of SD length and membrane radius, ¢* = (¢ 1y R71)~! the computed
parallel and rotational resistance values over a wide range of £y/R and L/R collapsed to the results of a planar
membrane; see Figs. 2(a) to 2(f).

2. We found that the combination of surface flow incompressibility and boundedness of spherical geometry gives
rise to strong flow confinement effects (see Fig. 3(b)) that lead to large increases in the filament’s perpendicular
drag. These effects increase in magnitude with increasing L/R; see Figs. 2(g), 2(h) and 2(i). Related to this,
we found that at L/R > 1, the resistance diverges with the inverse of gap size: £, ~ ¢!, where ¢ = nR/L — 1;
see Fig. 4(b). These effects cannot be mapped to planar membrane results by replacing ¢y with £*.

3. As a model for curvature sensors with a preferred curvature, such as BAR-domains, we studied the case where
the filament’s curvature is constant along its length but larger than its minimum value x > R~!. We showed
that this curvature mismatch generates asymmetric flows around the filament when it is translating along its
axis (see Fig. 5(a)), resulting in a net torque on it. This coupling between the parallel and rotational motions
of the filament is amplified with increasing the filament’s curvature and length; see Figs. 6(d), 6(e) and 6(f).

A standard method for characterizing the rheology of the membrane and other fluid interfaces is to use their
measured diffusion and the predicted values of mobility to extract the interface viscosity, 7, (or its linear viscoelastic
response, if generalized Stokes-Einstein relationship is used). When the particle is significantly smaller than SD
length, the mobility (and diffusion) approaches Saffman’s limit: D = kyT(1/47nm) [In(2¢0/a) —+]. Hence, large
variations of particle/probe size and viscosity produces only weak variations in the diffusive motion. In the other
limit of having a filament much larger than SD length moving in a planar membrane, the dynamics is dominated
by the surrounding fluid and weakly dependent on membrane viscosity. This makes rheological characterization of
interfaces very challenging.

Using the filaments’ motion on a spherical geometry may resolve some of these complications. As shown in Fig. 2(b),
when the membrane radius is much smaller than SD length, £o/R > 1, its dimensionless parallel drag (&) /(471w )) is
independent of £y and only a function of L/R. Note that, as long as {y/R > 1, the drag (including the rotational and
perpendicular ones) is linearly dependent on 7,,. This behavior is fundamentally different from the drag on planar
membranes at L/fy > 1, which is weakly (logarithmic) dependent on 7,,. Also, the dependency of & to L/R is
significantly stronger than logarithmic dependency of particles on planar membranes in Saffman limit. Hence, varying
the filament’s length or the membrane radius is expected to provide larger changes in the diffusion (mobility) of the
particles and more accurate measurements of 7, compared to the experiments on planar membranes. Assuming
membrane viscosity varies within the range 7,,, € [1072, 107%] (Pa-s-m) [45], we have ¢, € [107%, 1073] (m). Using
vesicles/cells of a few micron in radius is likely to satisfy the condition of ¢g/R > 1.
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Surface incompressibility and the coupling of interfacial flows to the surrounding 3D fluid domains introduce several
qualitative changes in HIs between the bound particles compared to particles in 3D fluids. These changes can result
in novel emergent behaviors in the interface-bound suspensions [20, 21, 37]. Our work highlights one of these changes,
namely the large difference between the mobility of filaments in the perpendicular and parallel directions, when the
filament’s length is comparable to the membrane radius. Varying the ratio x 1 /x| is expected to lead to qualitatively
different organization of the filaments. Computational studies of suspensions of bound filaments are needed to explore
some of these effects. The formulation and the results presented here form the basis for performing these simulations.
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Appendix A

Here we outline the fundamental solutions to the system of equations 2, in response to a point-force on the membrane
at (o, ¢o) on the sphere, where 6 € [0, 7] is the polar angle and ¢ € [0, 2) is the azimuthal angle, defined in Fig. 1(a).
The equations after including the externally applied point-force are:

ntviut — vpt =0, V-ut =0, (Ala)
Nm (AU + K (X)) — Vopm + Tz g + £56(00, ¢o) = 0, Vs uy, =0, (Alb)
where §(0y, ¢o) are Dirac delta function. The analytical solutions to Eq. (A1) was provided by [35, 36], which we

reproduce here for completeness. The velocity field at an arbitrary point (6, ¢) is u(8, ¢) = G(0, ¢, 0y, ¢o) - £(6o, Po)-
Writing this expression in matrix form gives:

[ua} 1 [Gee Goﬂ ) [f;’(t(eo’%)} ’

ug| — Arny, |Goo Gog| | f5 (00, ¢0)
where
Goo = i?l;l ( — P2(cos ) sin™2 1) sin @ sin 8y sin® (¢ — ¢o) (A2a)
— s (I+1)
— P} (cost)sin~ cos (6 — o))
Gy = i?l;l (Pf(cos ) sin™ 2 b (— cos O sin Oy + sin 6 cos Oy cos (¢ — ¢p)) (A2b)
ekl (i+1)
- sin 6 sin (¢ — ¢o) — P (cos ) sin ™" 1) cos fo sin (¢ — ¢0))
Gop = i?l;l ((P? (cos ) sin? i(sin 6 cos y — cos fsin  cos (6 — o)) (A2)
—sil(l+1)
sinsin (¢ — o) + B (cos ) sin~" s cos Osin (6 — o) )
Gy = i?l;l (Plz(cos ) sin™2 b (— cos 0 sin O + sin 6 cos Oy cos (¢ — ¢p)) (A2d)
sil(l+1)
- (—sin @ cos 6y + cos @ sin 6y cos (¢ — ¢p))
— P} (cosvp) sin™! 4)(sin 0 sin Oy + cos 6 cos O cos (¢ — ¢0))) ,
cos 1 = cos 0 cos Oy + sin 0 sin Oy cos (¢ — ¢g), (A3)
and
sl:l(l+1)—2+£(l—1)+£(l+2). (A4)
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Here, P/"(cos1) is the Associated Legendre polynomials with degree I and order m, {1 = 1,/ nT and R is the radius
of the sphere. Note that the summation of [ in the Green’s function starts from [ = 2 where we exclude the rigid-body
rotation term [ = 1 because we only consider relative motion of filament with respect to the spherical membrane
[36, 37].
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