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Abstract

In recent years, various notions of capacity and
complexity have been proposed for characterizing
the generalization properties of stochastic gradi-
ent descent (SGD) in deep learning. Some of the
popular notions that correlate well with the perfor-
mance on unseen data are (i) the ‘flatness’ of the
local minimum found by SGD, which is related to
the eigenvalues of the Hessian, (ii) the ratio of the
stepsize 7 to the batch-size b, which essentially
controls the magnitude of the stochastic gradient
noise, and (iii) the ‘tail-index’, which measures
the heaviness of the tails of the network weights
at convergence. In this paper, we argue that these
three seemingly unrelated perspectives for gener-
alization are deeply linked to each other. We claim
that depending on the structure of the Hessian of
the loss at the minimum, and the choices of the
algorithm parameters 7 and b, the distribution of
the SGD iterates will converge to a heavy-tailed
stationary distribution. We rigorously prove this
claim in the setting of quadratic optimization: we
show that even in a simple linear regression prob-
lem with independent and identically distributed
data whose distribution has finite moments of all
order, the iterates can be heavy-tailed with infinite
variance. We further characterize the behavior
of the tails with respect to algorithm parameters,
the dimension, and the curvature. We then trans-
late our results into insights about the behavior of
SGD in deep learning. We support our theory with
experiments conducted on synthetic data, fully
connected, and convolutional neural networks.
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1. Introduction

The learning problem in neural networks can be expressed as
an instance of the well-known population risk minimization
problem in statistics, given as follows:

mingcga F'(x) 1= ]EZND[f('T7 Z)]v (1.1)

where z € RP denotes a random data point, D is a prob-
ability distribution on R? that denotes the law of the data
points, z € R denotes the parameters of the neural net-
work to be optimized, and f : R? x RP? — R denotes
a measurable cost function, which is often non-convex in
. While this problem cannot be attacked directly since
D is typically unknown, if we have access to a training
dataset S = {z1,...,z,} with n independent and identi-
cally distributed (i.i.d.) observations, i.e., z; ~jjq. D for
it =1,...,n, we can use the empirical risk minimization
strategy, which aims at solving the following optimization
problem (Shalev-Shwartz & Ben-David, 2014):

min f(«) == f(2,9) = (1/n) Y fO@). (12)

r€eR4

where f(*) denotes the cost induced by the data point z;. The
stochastic gradient descent (SGD) algorithm has been one
of the most popular algorithms for addressing this problem:

(1.3)
VO (z).

zy, = 21 — NV fr(zr—1),

where  V fi(z) := (1/b) Zimk
Here, k denotes the iterations, > 0 is the stepsize (also
called the learning-rate), V f is the stochastic gradient, b
is the batch-size, and Qi C {1,...,n} is a random subset
with |Q| = b for all k.

Even though the practical success of SGD has been proven
in many domains, the theory for its generalization properties
is still in an early phase. Among others, one peculiar prop-
erty of SGD that has not been theoretically well-grounded
is that, depending on the choice of 7 and b, the algorithm
can exhibit significantly different behaviors in terms of the
performance on unseen test data.

A common perspective over this phenomenon is based on
the ‘flat minima’ argument that dates back to Hochreiter &
Schmidhuber (1997), and associates the performance with
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the ‘sharpness’ or ‘flatness’ of the minimizers found by
SGD, where these notions are often characterized by the
magnitude of the eigenvalues of the Hessian, larger val-
ues corresponding to sharper local minima (Keskar et al.,
2017). Recently, Jastrzebski et al. (2017) focused on this
phenomenon as well and empirically illustrated that the per-
formance of SGD on unseen test data is mainly determined
by the stepsize 1 and the batch-size b, i.e., larger 7/b yields
better generalization. Revisiting the flat-minima argument,
they concluded that the ratio 1/b determines the flatness
of the minima found by SGD; hence the difference in gen-
eralization. In the same context, Simsekli et al. (2019b)
focused on the statistical properties of the gradient noise
(Vfe(z) — Vf(z)) and illustrated that under an isotropic
model, the gradient noise exhibits a heavy-tailed behavior,
which was also confirmed in follow-up studies (Zhang et al.,
2020; Zhou et al., 2020). Based on this observation and a
metastability argument (Pavlyukevich, 2007), they showed
that SGD will ‘prefer’ wider basins under the heavy-tailed
noise assumption, without an explicit mention of the cause
of the heavy-tailed behavior. More recently, Xie et al. (2021)
studied SGD with anisotropic noise and showed with a den-
sity diffusion theory approach that it favors flat minima.

In another recent study, Martin & Mahoney (2019) intro-
duced a new approach for investigating the generalization
properties of deep neural networks by invoking results
from heavy-tailed random matrix theory. They empirically
showed that the eigenvalues of the weight matrices in dif-
ferent layers exhibit a heavy-tailed behavior, which is an
indication that the weight matrices themselves exhibit heavy
tails as well (Ben Arous & Guionnet, 2008). Accordingly,
they fitted a power law distribution to the empirical spec-
tral density of individual layers and illustrated that heavier-
tailed weight matrices indicate better generalization. Very
recently, Simgekli et al. (2020) formalized this argument in
a mathematically rigorous framework and showed that such
a heavy-tailed behavior diminishes the ‘effective dimension’
of the problem, which in turn results in improved general-
ization. While these studies form an important initial step
towards establishing the connection between heavy tails
and generalization, the originating cause of the observed
heavy-tailed behavior is yet to be understood.

Contributions. In this paper, we argue that these three
seemingly unrelated perspectives for generalization are
deeply linked to each other. We claim that, depending on the
choice of the algorithm parameters 7 and b, the dimension
d, and the curvature of f (to be precised in Section 3),
SGD exhibits a ‘heavy-tail phenomenon’, meaning that the
law of the iterates converges to a heavy-tailed distribution.
We rigorously prove that, this phenomenon is not specific
to deep learning and in fact it can be observed even in
surprisingly simple settings: we show that when f is
chosen as a simple quadratic function and the data points

are i.i.d. from a continuous distribution supported on R¢
with light tails, the distribution of the iterates can still
converge to a heavy-tailed distribution with arbitrarily
heavy tails, hence with infinite variance. If in addition, the
input data is isotropic Gaussian, we are able to provide
a sharp characterization of the tails where we show that
(1) the tails become monotonically heavier for increasing
curvature, increasing 7, or decreasing b, hence relating
the heavy-tails to the ratio n/b and the curvature, (ii) the
law of the iterates converges exponentially fast towards the
stationary distribution in the Wasserstein metric, (iii) there
exists a higher-order moment (e.g., variance) of the iterates
that diverges at most polynomially-fast, depending on the
heaviness of the tails at stationarity. More generally, if the
input data is not Gaussian, our monotonicity results extend
where we can show that a lower bound on the thickness
of the tails (which will be defined formally in Section
3) is monotonic with respect to 7,b,d and the curvature.
To the best of our knowledge, these results are the first
of their kind to rigorously characterize the empirically
observed heavy-tailed behavior of SGD with respect to
the parameters 7, b, d, and the curvature, with explicit
convergence rates.! Finally, we support our theory with
experiments conducted on both synthetic data and neural
networks. Our experimental results provide strong empirical
support that our theory extends to deep learning settings
for both fully connected and convolutional networks.

2. Technical Background

Heavy-tailed distributions with a power-law decay. A
real-valued random variable X is said to be heavy-tailed if
the right tail or the left tail of the distribution decays slower
than any exponential distribution. We say X has heavy
(right) tail if lim, o, P(X > 2)e“® = oo for any ¢ > 0. 2

"'We note that in a concurrent work, which very recently ap-
peared on arXiv, Hodgkinson & Mahoney (2020) showed that
heavy tails with power laws arise in more general Lipschitz stochas-
tic optimization algorithms that are contracting on average for
strongly convex objectives near infinity with positive probability.
Our Theorem 2 and Lemma 16 are more refined as we focus on
the special case of SGD for linear regression, where we are able to
provide constants which explicitly determine the tail-index as an
expectation over data and SGD parameters (see also eqn. (3.9)).
Due to the generality of their framework, Theorem 1 in Hodgkin-
son & Mahoney (2020) is more implicit and it cannot provide such
a characterization of these constants, however it can be applied
to other algorithms beyond SGD. All our other results (including
Theorem 4 — monotonicity of the tail-index and Corollary 11 — cen-
tral limit theorem for the ergodic averages) are all specific to SGD
and cannot be obtained under the framework of Hodgkinson &
Mahoney (2020). We encourage the readers to refer to Hodgkinson
& Mahoney (2020) for the treatment of more general stochastic
recursions.

%A real-valued random variable X has heavy (left) tail if

lim, 00 P(X < —z)ecl®l = oo for any ¢ > 0.
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Similarly, an R%-valued random vector X has heavy tail if
uT X has heavy right tail for some vector u € S, where
S%1 = {u € R?: ||lu|| = 1} is the unit sphere in RY.

Heavy tail distributions include a-stable distributions,
Pareto distribution, log-normal distribution and the Weilbull
distribution. One important class of the heavy-tailed dis-
tributions is the distributions with power-law decay, which
is the focus of our paper. That is, P(X > z) ~ copz™¢ as
x — oo for some ¢y > 0 and o« > 0, where o > 0 is known
as the tail-index, which determines the tail thickness of the
distribution. Similarly, we say that the random vector X has
power-law decay with tail-index o if for some u € S?1,
we have P(u” X > ) ~ coz ™, for some co, @ > 0.

Stable distributions. The class of a-stable distributions are
an important subclass of heavy-tailed distributions with a
power-law decay, which appears as the limiting distribution
of the generalized CLT for a sum of i.i.d. random variables
with infinite variance (Lévy, 1937). A random variable
X follows a symmetric a-stable distribution denoted as
X ~ SaS (o) if its characteristic function takes the form:
E [e”X] =exp (—o*[t|*), teR,

where o > 0 is the scale parameter that measures the spread
of X around 0, and « € (0, 2] is known as the tail-index,
and SaS becomes heavier-tailed as o gets smaller. The
probability density function of a symmetric a-stable distri-
bution, a € (0, 2], does not yield closed-form expression
in general except for a few special cases. When o = 1
and a = 2, SaS reduces to the Cauchy and the Gaussian
distributions, respectively. When 0 < a < 2, a-stable dis-
tributions have their moments being finite only up to the
order « in the sense that E[| X|P] < oo if and only if p < «,
which implies infinite variance.

Wasserstein metric. For any p > 1, define Pp(Rd) as
the space consisting of all the Borel probability measures
v on R? with the finite p-th moment (based on the Eu-
clidean norm). For any two Borel probability measures
vi,v2 € Pp(R?), we define the standard p-Wasserstein
metric (Villani, 2009):

Wy(vi,v2) := (inf E[|Z) — Z2||P)"/7,

where the infimum is taken over all joint distributions of the
random variables Z;, Z5 with marginal distributions vy, v5.

3. Setup and Main Theoretical Results

We first observe that SGD (1.3) is an iterated random re-
cursion of the form z = W(xg_1,Q), where the map
U : R? x S — RY S denotes the set of all subsets of
{1,2,...,N} and Qy is random and i.i.d. If we write
Uq(x) = U(x, Q) for notational convenience where (2 has

the same distribution as {2, then W, is a random map and

z = VYo, (Trp—1). 3.D

Such random recursions are studied in the literature. If this
map is Lipschitz on average, i.e.

[Wa(z) — Pa(y)ll
=yl

)

E[Lq] < oo, with Lo := sup,, , cga

3.2)
and is mean-contractive, i.e. if Elog(Lg) < 0 then it can
be shown under further technical assumptions that the
distribution of the iterates converges to a unique stationary
distribution z, geometrically fast (the Prokhorov distance
is proportional to p* for some p < 1) although the rate of
convergence p is not explicitly known in general (Diaconis
& Freedman, 1999). However, much less is known about
the tail behavior of the limiting distribution x., except
when the map ¥ (x) has a linear growth for large . The
following result characterizes the tail-index under such
assumptions for dimension d = 1. We refer the readers to
Mirek (2011) for general d.

Theorem 1. (Mirek (2011), see also Buraczewski et al.
(2016)) Assume stationary solution to (3.1) exists and:

(i) There exists a random variable M (Q2) and a random vari-
able B(€Y) > 0 such that for a.e. ), ||Vq(x) — M(Q)z| <
B(Q) for every x;

(ii) The conditional law of log || M (2)|| given M () # 0 is
non-arithmetic;

(iii) There exists o > 0 such that E||M(Q)||* = 1,
E|B(Q)[|* < oo and E[||M(Q)[*log™ [M(Q)|l] < oo
where log™ (z) := max(log(x), 0).

Then, it holds that lim;_, o t*P(||zso|| > t) = ¢o for some
constant cg > 0.

Relaxations of the assumptions of Theorem 1 which require
only lower and upper bounds on the growth of ¥, have also
been recently developed (Hodgkinson & Mahoney, 2020;
Alsmeyer, 2016). Unfortunately, it is highly non-trivial to
verify such assumptions in practice, and furthermore, the lit-
erature does not provide any rigorous connections between
the tail-index o and the choice of the stepsize, batch-size in
SGD or the curvature of the objective at hand which is key to
relate the tail-index to the generalization properties of SGD.

Before stating our theoretical results in detail, let us in-
formally motivate our main method of analysis. Suppose
the initial SGD iterate z is in the domain of attraction’
of a local minimum z, of f which is smooth and well-
approximated by a quadratic function in this basin. Under

3We say o is in the domain of attraction of a local minimum
x4, if gradient descent iterations to minimize f started at x¢ with
sufficiently small stepsize converge to x, as the number of itera-
tions goes to infinity.
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this assumption, by considering a first-order Taylor approxi-
mation of V f(?) (z) around z,, we have

VO (@) = VO (2) + V2O (@) (@ - ).

By using this approximation, we can approximate the SGD

recursion (1.3) as:
V2f(i) (T4)Th—1

xR & Tp—1 — (n/b) Zier

oY, (VO@)e. - VO (a)
=: (I — (n/b)Hk)xk,l + gk, (33)

where I denotes the identity matrix of appropriate size.
Here, our main observation is that the SGD recursion can
be approximated by an affine stochastic recursion. In this
case, the map ¥q () is affine in z, and in addition to The-
orem 1, we have access to the tools from Lyapunov stability
theory (Srikant & Ying, 2019) and implicit renewal the-
ory for investigating its statistical properties (Kesten, 1973;
Goldie, 1991). In particular, Srikant & Ying (2019) study
affine stochastic recursions subject to Markovian noise with
a Lyapunov approach and show that the lower-order mo-
ments of the iterates can be made small as a function of the
stepsize while they can be upper-bounded by the moments
of a Gaussian random variable. In addition, they provide
some examples where higher-order moments are infinite in
steady-state. In the renewal theoretic approach, the object of
interest would be the matrix (I —  H},) which determines
the behavior of x;: depending on the moments of this ma-
trix, x, can have heavy or light tails, or might even diverge.

In this study, we focus on the tail behavior of the SGD dy-
namics by analyzing it through the lens of implicit renewal
theory. As, the recursion (3.3) is obtained by a quadratic ap-
proximation of the component functions f(*), which arises
naturally in linear regression, we will consider a simplified
setting and study it in great depth this dynamics in the case
of linear regression. As opposed to prior work, this formal-
ization will enable us to derive sharp characterizations of the
tail-index and its dependency to the parameters 7, b and the
curvature as well as rate of convergence p to the stationary
distribution. Our analysis technique lays the first steps for
the analysis of more general objectives, and our experiments
provide strong empirical support that our theory extends to
deep learning settings.

We now focus on the case when f is a quadratic, which
arises in linear regression:

mingegs F(z) 1= (1/2)E(g )~ [(aTx - y)g} . (34)

where the data (a,y) comes from an unknown distribu-
tion D with support R x R. Assume we have access
to i.i.d. samples (a;,y;) from the distribution D where
V@ (x) = a;(al'z — y;) is an unbiased estimator of the

true gradient V F'(z). The curvature, i.e. the value of second
partial derivatives, of this objective around a minimum is
determined by the Hessian matrix E(aa”’) which depends
on the distribution of a. In this setting, SGD with batch-size
b leads to the iterations

rp = Mpxip_1 + qp with My =1 — (n/b)Hk,
._ T — o
Hk = Zieﬁk a;a; 5 gk - (n/b) ZiEQk a;lYi ,

where Q) := {b(k — 1) + 1,b(k — 1) + 2,..., bk} with
|Q%| = b. Here, for simplicity, we assume that we are in the
one-pass regime (also called the streaming setting (Frostig
et al., 2015; Jain et al., 2017; Gao et al., 2021)) where
each sample is used only once without being recycled. Our
purpose in this paper is to show that heavy tails can arise
in SGD even in simple settings such as when the input
data a; is Gaussian, without the necessity to have a heavy-
tailed input data*. Consequently, we make the following
assumptions on the data throughout the paper:

(3.5)

(A1) a;’s are i.i.d. with a continuous distribution supported
on R? with all the moments finite. All the moments of
a; are finite.

(A2) y; arei.i.d. with a continuous density whose support is
R with all the moments finite.

We assume (A1) and (A2) throughout the paper, and they
are satisfied in a large variety of cases, for instance when a;
and y; are normally distributed. Let us introduce

h(s) = limg_yo (E| My My_y ... My|HY" | (3.6)
which arises in stochastic matrix recursions (see e.g. Bu-
raczewski et al. (2014)) where || - || denotes the matrix
2-norm (i.e. largest singular value of a matrix). Since
E||My||® < oo forall k and s > 0, we have h(s) < oo. Let
us also define 11, := M M;_; ... M; and

p = limy_ o (2k) ™" log (largest eigenvalue of H,{Hk) .
3.7
The latter quantity is called the top Lyapunov exponent of
the stochastic recursion (3.5). Furthermore, if p exists and
is negative, it can be shown that a stationary distribution of
the recursion (3.5) exists.

Note that by Assumption (A1), the matrices M = [ —
%H % are i.i.d. and by Assumption (A3), the Hessian matrix
of the objective (3.4) satisfies E(aa’) = 02I; where the

“Note that if the input data is heavy-tailed, the stationary dis-
tribution of SGD automatically becomes heavy-tailed; see Bu-
raczewski et al. (2012) for details. In our context, the challenge
is to identify the occurrence of the heavy tails when the distribu-
tion of the input data is light-tailed, such as a simple Gaussian
distribution.
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value of o2 determines the curvature around a minimum;
smaller (larger) o2 implies the objective will grow slower
(faster) around the minimum and the minimum will be flatter
(sharper) (see e.g. Dinh et al. (2017)).

In the following, we show that the limit density has a poly-
nomial tail with a tail-index given precisely by «, the unique
critical value such that h(a)) = 1. The result builds on adapt-
ing the techniques developed in stochastic matrix recursions
(Alsmeyer & Mentemeier, 2012; Buraczewski et al., 2016)
to our setting. Our result shows that even in the simplest set-
ting when the input data is i.i.d. without any heavy tail, SGD
iterates can lead to a heavy-tailed stationary distribution with
an infinite variance. To our knowledge, this is the first time
such a phenomenon is proven in the linear regression setting.

Theorem 2. Consider the SGD iterations (3.5). If p < 0
and there exists a unique positive « such that h(a) = 1,
then (3.5) admits a unique stationary solution x ., and the
SGD iterations converge to T, in distribution, where the
distribution of x satisfies

limy; oo t*P (uTmoo > t) =eq(u), ue s, (3.8)

for some positive and continuous function e, on S,

The proofs of Theorem 2 and all the following results in
the main paper are given in the Supplementary Document.
As Martin & Mahoney (2019); Simsekli et al. (2020)
provide numerical and theoretical evidence showing that
the tail-index « of the density of the network weights is
closely related to the generalization performance, where
smaller « indicates better generalization, a natural question
of practical importance is how the tail-index depends on
the parameters of the problem including the batch-size,
dimension and the stepsize. In order to have a more
explicit characterization of the tail-index, we will make the
following additional assumption for the rest of the paper
which says that the input is Gaussian.

(A3) a; ~ N(0, 0?1 1) are Gaussian distributed for every .

Under (A3), next result shows that the formulas for p and
h(s) can be simplified. Let H be a matrix with the same
distribution as Hy, and e be the first basis vector. Define

p:=Elog|(I — (n/b)H) e,

h(s) :=E[||(I — (n/b)H) e1||’] for p < 0. (3.9)

Theorem 3. Assume (A3) holds. Consider the SGD itera-
tions (3.5). If p < 0, then (i) there exists a unique positive
a such that h(a) = 1 and (3.8) holds; (ii) we have p = p
and h(s) = h(s), where p and h(s) are defined in (3.9).

This connection will allow us to get finer characterizations
of the stepsize and batch-size choices that will provably
lead to heavy tails with an infinite variance.

When input is not Gaussian (Theorem 2), the explicit for-
mula (3.9) for p and h(s) will not hold as an equality but it
will become the following inequality:

p < p=Elog|(I - (n/b)H),

h(s) < h(s) = E[|(I — (n/D)H)|"], (3.10)

where p and h(s) are defined by (3.6). This inequality is just
a consequence of sub-multiplicativity of the norm of matrix
products appearing in (3.6). If & is such that ﬁ(d) =1,
then by (3.10), & is a lower bound on the tail-index « that
satisfies h(a) = 1 where h is defined as in (3.6). In other
words, when the input is not Gaussian, we have & < «
and therefore & serves as a lower bound on the tail-index.
Finally, we remark that p and E(s) can help us check the
conditions in Theorem 2. Since p < p, we have p < 0 when
p < 0. Moreover, h(0) = h(0) = 1, and one can check
that h(s) is convex in s. When p < 0, //(0) = p < 0,
and h(s) < h(s) < 1 for any sufficiently small s > 0.
Under some mild assumption on the data distribution, one
can check that lim infs_, o h(s) > 1 and thus there exists a
unique positive « such that h(«) = 1.

When input is Gaussian satisfying (A3), due to the spherical
symmetry of the Gaussian distribution, we have also p = p,
h(s) = h(s) (see Lemma (16)). Furthermore, in this case,
by using the explicit characterization of the tail-index «
in Theorem 3, we prove that larger batch-sizes lead to a
lighter tail (i.e. larger ), which links the heavy tails to the
observation that smaller b yields improved generalization
in a variety of settings in deep learning (Keskar et al., 2017;
Panigrahi et al., 2019; Martin & Mahoney, 2019). We
also prove that smaller stepsizes lead to larger o, hence
lighter tails, which agrees with the fact that the existing
literature for linear regression often choose 7 small enough
to guarantee that variance of the iterates stay bounded
(Dieuleveut et al., 2017; Jain et al., 2017).

Theorem 4. Assume (A3) holds. The tail-index o is strictly
increasing in batch-size b and strictly decreasing in stepsize
n and variance o* provided that o > 1. Moreover; the
tail-index « is strictly decreasing in dimension d.

When input is not Gaussian, Theorem 4 can be adapted
in the sense that & (defined via h(&) = 1) will be strictly
increasing in batch-size b and strictly increasing in stepsize
7 and variance o2 provided that & > 1.

Under (A3), next result characterizes the tail-index « de-
pending on the choice of the batch-size b, the variance o2,
which determines the curvature around the minimum and
the stepsize; in particular we show that if the stepsize ex-
ceeds an explicit threshold, the stationary distribution will
become heavy tailed with an infinite variance.

Proposition 5. Assume (A3) holds. Let 1o,i; = ﬂ%‘gﬂ).

The following holds: (i) There exists Nmaz > Nerit SUch that
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for any Nerit <M < Nmax, Theorem 2 holds with tail-index
0 < « < 2. (ii) If n = Nerit, Theorem 2 holds with tail-
index o = 2. (iii) If n € (0,7N¢rit), then Theorem 2 holds
with tail-index o > 2.

Relation to first exit times. Proposition 5 implies that,
for fixed 1 and b, the tail-index « will be decreasing with
increasing o. Combined with the first-exit-time analyses of
Simgekli et al. (2019b); Nguyen et al. (2019), which state
that the escape probability from a basin becomes higher for
smaller «, our result implies that the probability of SGD
escaping from a basin gets larger with increasing curvature;
hence providing an alternative view for the argument that
SGD prefers flat minima.

Three regimes for stepsize. Theorems 2-4 and Proposi-
tion 5 identify three regimes: (I) convergence to a limit with
a finite variance if p < 0 and o > 2; (I) convergence to a
heavy-tailed limit with infinite variance if p < 0 and a < 2;
(IIT) p > 0 when convergence cannot be guaranteed. For
Gaussian input, if the stepsize is small enough, smaller than
Nerit, DY Proposition 5, p < 0 and v > 2, therefore regime
(D) applies. As we increase the stepsize, there is a critical
stepsize level 7..;; for which n > 1.+ leads to o < 2
as long as 7 < Nymazr Where 17,4, 1s the maximum allowed
stepsize for ensuring convergence (corresponds to p = 0). A
similar behavior with three (learning rate) stepsize regimes
was reported in Lewkowycz et al. (2020) and derived ana-
Iytically for one hidden layer linear networks with a large
width. The large stepsize choices that avoids divergence, so
called the catapult phase for the stepsize, yielded the best
generalization performance empirically, driving the iterates
to a flatter minima in practice. We suspect that the catapult
phase in Lewkowycz et al. (2020) corresponds to regime (II)
in our case, where the iterates are heavy-tailed, which might
cause convergence to flatter minima as the first-exit-time
discussions suggest (Simsekli et al., 2019a).

Moment Bounds and Convergence Speed. Theorem 2
is of asymptotic nature which characterizes the stationary
distribution x, of SGD iterations with a tail-index «. Next,
we provide non-asymptotic moment bounds for x;, at each
k-th iterate, and also for the limit x .

Theorem 6. Assume (A3) holds. (i) If the tail-index o < 1,
then for any p € (0, ), we have h(p) < 1 and E||z||P <

(h(p))*Ellol|? + TEEI R\ gy . (ii) If the tail-index
a > 1, then for any p € (1,a), we have h(p) < 1 and

forany 0 < € < ﬁ — 1, we have E||zi||? < ((1 +

KRl 4 Lo(+ORENE (1497 (k) gy 1ip.
€)h(p))"El[zol|? + T—(1te)h(p) ((1+5)ﬁ71)P |

Theorem 6 shows that when p < « the upper bound on the
p-th moment of the iterates converges exponentially to the
p-the moment of ¢g; when o < 1 and a neighborhood of the
p-moment of ¢; when a > 1, where ¢; is defined in (3.5).

By letting £ — oo and applying Fatou’s lemma, we can also
characterize the moments of the stationary distribution.

Corollary 7. Assume (A3) holds. (i) If a < 1, then for any

p € (0,q), E|lza|? < %Eﬂql P, where h(p) < 1.

(ii) If o« > 1, then for any p € (1,a), we have h(p) < 1
and for any € > 0 such that (1 + €)h(p) < 1, we have

14e¢ prl— 1+e
Ellzocll? < t=rrfamty o DBl

_1
(1+e) 7T —1)r

Next, we will study the speed of convergence of the k-th
iterate xj, to its stationary distribution z . in the Wasserstein
metric W, forany 1 < p < a.

Theorem 8. Assume (A3) holds. Assume o > 1. Let vy,
Voo denote the probability laws of xi, and x~ respectively.
Then Wy(vk,veo) < (R(D))*PW, (10, ve0), for any
1 < p < «, where the convergence rate (h(p))*/? € (0,1).

Theorem 8 shows that in case o < 2 the convergence to a
heavy tailed distribution occurs relatively fast, i.e. with a
linear convergence in the p-Wasserstein metric. We can also
characterize the constant i(p) in Theorem 8 which controls
the convergence rate as follows:

Corollary 9. Assume (A3) holds. When n < Nepit =
ﬂ%l’bﬂ), we have the tail-index o« > 2, and

Wa (ks voo) < (1= 2002 (1= /merit))> Wa(vo, ).

Theorem 8§ works for any p < «. At the critical p = «, The-
orem 2 indicates that E||z||* = oo, and therefore we have
E||z||* — oo as k — oo, 3 which serves as an evidence
that the tail gets heavier as the number of iterates & increases.
By adapting the proof of Theorem 6, we have the following
result stating that the moments of the iterates of order o go
to infinity but this speed can only be polynomially fast.

Proposition 10. Assume (A3) holds. Given the tail-index
a, we have E||x||* = co. Moreover, E||z||® = O(k) if
a <1, and E||zi||* = O(k%) if a > 1.

It may be possible to leverage recent results on the
concentration of products of i.i.d. random matrices (Huang
et al., 2020; Henriksen & Ward, 2020) to study the tail of
x;, for finite k, which can be a future research direction.

Generalized Central Limit Theorem for Ergodic Aver-
ages. When o > 2, by Corollary 7, second moment of
the iterates x;, are finite, in which case central limit theo-
rem (CLT) says that if the cumulative sum of the iterates
Sk = Zle x, is scaled properly, the resulting distribution
is Gaussian. In the case where o < 2, the variance of the
iterates is not finite; however in this case, we derive the fol-
lowing generalized CLT (GCLT) which says if the iterates

Otherwise, one can construct a subsequence ZTn, that is
bounded in the space L® converging to x~, which would be a
contradiction.
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are properly scaled, the limit will be an a-stable distribution.
This is stated in a more precise manner as follows.

Corollary 11. Assume the conditions of Theorem 2 are sat-
isfied, i.e. assume p < O and there exists a unique positive
a such that h(«) = 1. Then, we have the following:

(i) If « € (0,1) U (1,2), then there is a sequence dx =
dx (a) and a function C,, : ST=1 + C such that as K —
o0 the random variables K~ (S — di) converge in law

to the a-stable random variable with characteristic function
Yo (tv) = exp(t*Cy(v)), fort > 0 and v € ST1.

(ii) If « = 1, then there are functions £, 7 : (0,00) — R
and Cy : S* ' — C such that as K — oo the random
variables K—1Sx — K¢ (Kﬁl) converge in law to the
random variable with characteristic function T1(tv) =
exp (tC1(v) + it(v, 7(t))), fort > 0 and v € S~1.

(iii) If o« = 2, then there is a sequence di = d (2) and a
function Cy : S¥~1 +— R such that as K — oo the random
variables (K log K)~2 (Sk — dg ) converge in law to the
random variable with characteristic function Ys(tv) =
exp (tQCQ(v)),fort > 0andv € S 1,

(iv) If o € (0,1), then dx = 0, and if « € (1,2], then
dx = KZ, where & = [, xvoc(dx).

In addition to its evident theoretical interest, Corollary 11
has also an important practical implication: estimating the
tail-index of a generic heavy-tailed distribution is a chal-
lenging problem (see e.g. Clauset et al. (2009); Goldstein
et al. (2004); Bauke (2007)); however, for the specific case
of a-stable distributions, accurate and computationally effi-
cient estimators, which do not require the knowledge of the
functions C,,, 7, £, have been proposed (Mohammadi et al.,
2015). Thanks to Corollary 11, we will be able to use such
estimators in our numerical experiments in Section 4.

Further Discussions. Even though we focus on the case
when f is quadratic and consider the linear regression (3.4),
for fully non-convex Lipschitz losses, it is possible to show
that a stationary distribution exists and the distribution of
the iterates converge to it exponentially fast but heavy-tails
in this setting is not understood in general except some very
special cases; see e.g. Diaconis & Freedman (1999). How-
ever, if the gradients have asymptotic linear growth, even
for non-convex objectives, extending our tail index results
beyond quadratic optimization is possible if we incorpo-
rate the proof techniques of Alsmeyer (2016) to our setting.
However, in this more general case, characterizing the tail
index explicitly and studying its dependence on stepsize,
batch-size does not seem to be a tractable problem since the
dependence of the asymptotic linear growth of the random
iteration on the data may not be tractable, therefore studying
the quadratic case allows us a deeper understanding of the
tail index on a relatively simpler problem.

We finally note that the gradient noise in SGD is actually
both multiplicative and additive (Dieuleveut et al., 2017,
2020); a fact that is often discarded for simplifying the
mathematical analysis. In the linear regression setting, we
have shown that the multiplicative noise M}, is the main
source of heavy-tails, where a deterministic M} would not
lead to heavy tails.’ In light of our theory, in Section A
in the Supplementary Document, we discuss in detail the
recently proposed stochastic differential equation (SDE)
representations of SGD in continuous-time and argue that,
compared to classical SDEs driven by a Brownian motion
(Jastrzebski et al., 2017; Cheng et al., 2020), SDEs driven
by heavy-tailed «a-stable Lévy processes (Simsekli et al.,
2019b) are more adequate when o < 2.

4. Experiments

In this section, we present our experimental results on both
synthetic and real data, in order to illustrate that our theory
also holds in finite-sum problems (besides the streaming
setting). Our main goal will be to illustrate the tail behavior
of SGD by varying the algorithm parameters: depending
on the choice of the stepsize 7 and the batch-size b, the
distribution of the iterates does converge to a heavy-tailed
distribution (Theorem 2) and the behavior of the tail-index
obeys Theorem 4. Our implementations can be found in
github.com/umutsimsekli/sgd_ht.

Synthetic experiments. In our first setting, we consider
a simple synthetical setup, where we assume that the data
points follow a Gaussian distribution. We will illustrate
that the SGD iterates can become heavy-tailed even in this
simplistic setting where the problem is a simple linear regres-
sion with all the variables being Gaussian. More precisely,
we will consider the following model: zo ~ N(0,021),
a; ~ N(0,0%1), and ys|a;, zo ~ N (a zo,07), where
xo,a; € R y; e Rfori=1,...,n, and 0,0,,0y > 0.

In our experiments, we will need to estimate the tail-index
« of the stationary distribution v,. Even though several
tail-index estimators have been proposed for generic heavy-
tailed distributions in the literature (Paulauskas & Vaiciulis,
2011), we observed that, even for small d, these estimators
can yield inaccurate estimations and require tuning hyper-
parameters, which is non-trivial. We circumvent this issue
thanks to the GCLT in Corollary 11: since the average of the
iterates is guaranteed to converge to a multivariate c-stable
random variable in distribution, we can use the tail-index
estimators that are specifically designed for stable distribu-
tions. By following Tzagkarakis et al. (2018); Simsekli et al.
(2019b), we use the estimator proposed by Mohammadi et al.
(2015), which is fortunately agnostic to the scaling function

6E.g., if My, is deterministic and ¢ is Gaussian, then xy is
Gaussian for all k£, and so is z if the limit exists.
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Figure 1. Behavior of o with (a) varying stepsize n and batch-size
b, (b) d and o, (c) under RMSProp.

C,. The details of this estimator are given in Section B in
the Supplementary Document.

To benefit from the GCLT, we are required to compute the av-
erage of the ‘centered’ iterates: K%KO ZkK: K For1(Tk —
Z), where K| is a ‘burn-in’ period aiming to discard the
initial phase of SGD, and the mean of v, is given by
T = [patveo(dz) = (ATA)"TATy as long as o > 17,
where the i-th row of A € R"*? contains a; and y =
[y1,-..,yn] € R™. We then repeat this procedure 1600
times for different initial points and obtain 1600 different
random vectors, whose distributions are supposedly close to
an «-stable distribution. Finally, we run the tail-index esti-
mator of Mohammadi et al. (2015) on these random vectors
to estimate ov.

In our first experiment, we investigate the tail-index o of the
stationary measure /o, for varying stepsize n and batch-
size b. We set d = 100 first fix the variances o = 1,
o, = 0y = 3, and generate {a;, y;}/, by simulating the
statistical model. Then, by fixing this dataset, we run the
SGD recursion (3.5) for a large number of iterations and
vary 7 from 0.02 to 0.2 and b from 1 to 20. We also set
K = 1000 and Ky = 500. Figure 1(a) illustrates the re-
sults. We can observe that, increasing 77 and decreasing
b both result in decreasing «, where the tail-index can be
prohibitively small (i.e., & < 1, hence even the mean of v,
is not defined) for large 7). Besides, we can also observe that
the tail-index is in strong correlation with the ratio 7 /b.

In our second experiment, we investigate the effect of d and
o on «. In Figure 1(b) (left), we set d = 100, n = 0.1 and
b = 5 and vary o from 0.8 to 2. For each value of o, we

"The form of Z can be verified by noticing that E[z] converges
to the minimizer of the problem by the law of total expectation. Be-
sides, our GCLT requires the sum of the iterates to be normalized

1 . : - 1
by K Kg)i7e> however, for a finite K, normalizing by K Ko
results in a scale difference, to which our estimator is agnostic.
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Figure 2. Results on FCNs. Different markers represent different
initializations with the same 7, b.

simulate a new dataset from by using the generative model
and run SGD with K, K. We again repeat each experiment
1600 times. We follow a similar route for Figure 1(b) (right):
we fix 0 = 1.75 and repeat the previous procedure for each
value of d ranging from 5 to 50. The results confirm our
theory: « decreases for increasing o and d, and we observe
that for a fixed b and 7 the change in d can abruptly alter a.

In our final synthetic data experiment, we investigate how
the tails behave under adaptive optimization algorithms. We
replicate the setting of our first experiment, with the only
difference that we replace SGD with RMSProp (Hinton
et al., 2012). As shown in Figure 1(c), the ‘clipping’ ef-
fect of RMSProp as reported in Zhang et al. (2020); Zhou
et al. (2020) prevents the iterates become heavy-tailed and
the vast majority of the estimated tail-indices is around 2,
indicating a Gaussian behavior. On the other hand, we
repeated the same experiment with the variance-reduced op-
timization algorithm SVRG (Johnson & Zhang, 2013), and
observed that for almost all choices of 7 and b the algorithm
converges near the minimizer (with an error in the order
of 1079), hence the stationary distribution v, seems to be
a degenerate distribution, which does not admit a heavy-
tailed behavior. Regarding the link between heavy-tails and
generalization (Martin & Mahoney, 2019; Simsekli et al.,
2020), this behavior of RMSProp and SVRG might be re-
lated to their ineffective generalization as reported in Keskar
& Socher (2017); Defazio & Bottou (2019).

Experiments on fully connected neural networks. In the
second set of experiments, we investigate the applicability
of our theory beyond the quadratic optimization problems.
Here, we follow the setup of Simsekli et al. (2019a) and
consider a fully connected neural network with the cross
entropy loss and ReLLU activation functions on the MNIST
and CIFAR10 datasets. We train the models by using SGD



The Heavy-Tail Phenomenon in SGD

Layer:1 Layer:2 Layer:3
3 1.8 s
v -
25 " 181y
171§ .
A4
S 2/ TR YWY O v v 3 Xe
1.7 v
1.6 8% oy
1.5 AL & 3 MR
vy
v
1 1.5 ' 18
0 1 2 0 1 2 0 1
b w102 b w103 n/b 103
s Layer:7 2@ Layer:8 s wwLaxer:Qwv_v
eI o4
vy Vv,'x/‘ ¥ 1.995
1.95 M :
S v S 1.95 Yy s 1.99
-
Vi 1985
1.9 * Y
v 1.9 1.98
0 1 2 0 1 2 0 1

n/b - x10° n/b - x103 n/b x10?

Layer:4 Layer:5 2 Layer:6
1.9 Y %
¥ 191% v
" v %
1.8 - ¥
*y . . 1.9 V%’.,
i ".'v;e,: 1.8 4 v
. ¥, i S
Vigy S¥e 18 * !
¢ 4
1.6 1.7 vV
0 1 2 0 1 2 0 1 2
/b 103 /b x103 /b 10
2 o Lg‘ggwo 2 Layer:11 Median
‘V
1.9 v
1.99 v
3 L y 19 \‘/‘;'
v ~ Y
1.98 18 %oy v] Ty
. MR 18 Y7
il A A S .
1.97 7 Vo
0 1 2 0 1 2 0 1 2

n/b 4103 n/b 102 n/b «10®

Figure 3. Results on VGG networks. The values of « that exceeded 2 is truncated to 2 for visualization purposes. Different markers

represent different initializations.

for 10K iterations and we range 7 from 10~% to 10~! and b
from 1 to 10. Since it would be computationally infeasible
to repeat each run thousands of times as we did in the syn-
thetic data experiments, in this setting we follow a different
approach based on (i) (Simsekli et al., 2019a) that suggests
that the tail behavior can differ in different layers of a neural
network, and (ii) (De Bortoli et al., 2020) that shows that
in the infinite width limit, the different components of a
given layer of a two-layer fully connected network (FCN)
becomes independent. Accordingly, we first compute the
average of the last 1K SGD iterates, whose distribution
should be close an a-stable distribution by the GCLT. We
then treat each layer as a collection of i.i.d. a-stable random
variables and measure the tail-index of each individual layer
separately by using the the estimator from Mohammadi
et al. (2015). Figure 2 shows the results for a three-layer
network (with 128 hidden units at each layer) , whereas we
obtained very similar results with a two-layer network as
well. We observe that, while the dependence of « on 7/b
differs from layer to layer, in each layer the measured «
correlate very-well with the ratio 1/b in both datasets.

Experiments on VGG networks. In our last set of experi-
ments, we evaluate our theory on VGG networks (Simonyan
& Zisserman, 2015) on CIFAR10 with 11 layers (10 convo-
lutional layers with max-pooling and ReLU units, followed
by a final linear layer), which contains 10M parameters. We
follow the same procedure as we used for the fully connected
networks, where we vary 7 from 1074 to 1.7 x 103 and
b from 1 to 10. The results are shown in Figure 3. Similar
to the previous experiments, we observe that o depends on
the layers. For the layers 2-8, the tail-index correlates well
with the ratio 7/b, whereas the first and layers 1, 9, and 10
exhibit a Gaussian behavior (o = 2). On the other hand, the
correlation between the tail-index of the last layer (which is
linear) with n)/b is still visible, yet less clear. Finally, in the
last plot, we compute the median of the estimate tail-indices
over layers, and observe a very clear decrease with increas-

ing 1/b. These observations provide further support for our
theory and show that the heavy-tail phenomenon also occurs
in neural networks, whereas « is potentially related to 7 and
b in a more complicated way.

5. Conclusion and Future Directions

We studied the tail behavior of SGD and showed that de-
pending on 7, b and the curvature, the iterates can converge
to a heavy-tailed random variable in distribution. We further
supported our theory with various experiments conducted
on neural networks and illustrated that our results would
also apply to more general settings and hence provide new
insights about the behavior of SGD in deep learning. Our
study also brings up a number of future directions. (i) Our
proof techniques are for the streaming setting, where each
sample is used only once. Extending our results to the finite-
sum scenario and investigating the effects of finite-sample
size on the tail-index would be an interesting future research
direction. (ii) We suspect that the tail-index may have an
impact on the time required to escape a saddle point and this
can be investigated further as another future research direc-
tion. (iii) Our work considers SGD with constant stepsize.
Extending our analysis to adaptive methods and varying
stepsizes is another interesting future research direction.

Acknowledgements. M.G.’s research is supported in part
by the grants Office of Naval Research Award Number
NO00014-21-1-2244, National Science Foundation (NSF)
CCF-1814888, NSF DMS-2053485, NSF DMS-1723085.
U.S.’s research is supported by the French government un-
der management of Agence Nationale de la Recherche as
part of the “Investissements d’avenir” program, reference
ANR-19-P31A-0001 (PRAIRIE 3IA Institute). L.Z. is grate-
ful to the support from a Simons Foundation Collaboration
Grant and the grant NSF DMS-2053454 from the National
Science Foundation.



The Heavy-Tail Phenomenon in SGD

References

Ali, A., Dobriban, E., and Tibshirani, R. J. The implicit
regularization of stochastic gradient flow for least squares.
In Proceedings of the 37th International Conference on
Machine Learning, pp. 233-244, 2020.

Alsmeyer, G. On the stationary tail index of iterated ran-
dom Lipschitz functions. Stochastic Processes and their
Applications, 126(1):209-233, 2016.

Alsmeyer, G. and Mentemeier, S. Tail behaviour of station-
ary solutions of random difference equations: the case of
regular matrices. Journal of Difference Equations and
Applications, 18(8):1305-1332, 2012.

Bauke, H. Parameter estimation for power-law distributions
by maximum likelihood methods. The European Physical
Journal B, 58(2):167-173, 2007.

Ben Arous, G. and Guionnet, A. The spectrum of heavy
tailed random matrices. Communications in Mathemati-
cal Physics, 278(3):715-751, 2008.

Bertoin, J. Lévy Processes. Cambridge University Press,
1996.

Buraczewski, D., Damek, E., and Mirek, M. Asymptotics
of stationary solutions of multivariate stochastic recur-
sions with heavy tailed inputs and related limit theorems.
Stochastic Processes and their Applications, 122(1):42—
67, 2012.

Buraczewski, D., Damek, E., Guivarc’h, Y., and Mente-
meier, S. On multidimensional Mandelbrot cascades.
Journal of Difference Equations and Applications, 20
(11):1523-1567, 2014.

Buraczewski, D., Damek, E., and Przebinda, T. On the rate
of convergence in the Kesten renewal theorem. Electronic
Journal of Probaiblity, 20(22):1-35, 2015.

Buraczewski, D., Damek, E., and Mikosch, T. Stochastic
Models with Power-Law Tails. Springer, 2016.

Chaudhari, P. and Soatto, S. Stochastic gradient descent per-
forms variational inference, converges to limit cycles for
deep networks. In International Conference on Learning
Representations, 2018.

Cheng, X., Yin, D., Bartlett, P. L., and Jordan, M. I. Stochas-
tic gradient and Langevin processes. In Proceedings of
the 37th International Conference on Machine Learning,
pp. 1810-1819, 2020.

Clauset, A., Shalizi, C. R., and Newman, M. E. Power-
law distributions in empirical data. SIAM Review, 51(4):
661-703, 2009.

De Bortoli, V., Durmus, A., Fontaine, X., and Simsekli, U.
Quantitative propagation of chaos for SGD in wide neural
networks. In Advances in Neural Information Processing
Systems, volume 33, 2020.

Defazio, A. and Bottou, L. On the ineffectiveness of vari-
ance reduced optimization for deep learning. In Ad-
vances in Neural Information Processing Systems, pp.
1755-1765, 2019.

Diaconis, P. and Freedman, D. Iterated random functions.
SIAM Review, 41(1):45-76, 1999.

Dieuleveut, A., Flammarion, N., and Bach, F. Harder, better,
faster, stronger convergence rates for least-squares regres-
sion. The Journal of Machine Learning Research, 18(1):
3520-3570, 2017.

Dieuleveut, A., Durmus, A., and Bach, F. Bridging the gap
between constant step size stochastic gradient descent and
Markov chains. Annals of Statistics, 48(3):1348-1382,
2020.

Dinh, L., Pascanu, R., Bengio, S., and Bengio, Y. Sharp
minima can generalize for deep nets. In Proceedings of
the 34th International Conference on Machine Learning-
Volume 70, pp. 1019-1028. JMLR. org, 2017.

Fink, H. and Kliippelberg, C. Fractional Lévy-driven
Ornstein—Uhlenbeck processes and stochastic differential
equations. Bernoulli, 17(1):484-506, 2011.

Frostig, R., Ge, R., Kakade, S. M., and Sidford, A. Compet-
ing with the empirical risk minimizer in a single pass. In
Conference on Learning Theory, pp. 728-763, 2015.

Gao, X., Giirbiizbalaban, M., and Zhu, L. Global conver-
gence of stochastic gradient hamiltonian monte carlo for
non-convex stochastic optimization: Non-asymptotic per-
formance bounds and momentum-based acceleration. To
Appear, Operations Research, 2021.

Goldie, C. M. Implicit renewal theory and tails of solutions
of random equations. Annals of Applied Probability, 1
(1):126-166, 1991.

Goldstein, M. L., Morris, S. A., and Yen, G. G. Problems
with fitting to the power-law distribution. The European
Physical Journal B-Condensed Matter and Complex Sys-
tems, 41(2):255-258, 2004.

Henriksen, A. and Ward, R. Concentration inequalities for
random matrix products. Linear Algebra and its Applica-
tions, 594:81-94, 2020.

Hinton, G., Srivastava, N., and Swersky, K. Overview
of mini-batch gradient descent.  Neural Networks
for Machine Learning, Lecture 6a, 2012. URL



The Heavy-Tail Phenomenon in SGD

http://www.cs.toronto.edu/~hinton/
coursera/lecture6/lec6.pdf.

Hochreiter, S. and Schmidhuber, J. Flat minima. Neural
Computation, 9(1):1-42, 1997.

Hodgkinson, L. and Mahoney, M. W. Multiplicative noise
and heavy tails in stochastic optimization. arXiv preprint
arXiv:2006.06293, June 2020.

Hu, W., Li, C. J., Li, L., and Liu, J.-G. On the diffusion
approximation of nonconvex stochastic gradient descent.
Annals of Mathematical Science and Applications, 4(1):
3-32,2019.

Huang, D., Niles-Weed, J., Tropp, J. A., and Ward,
R. Matrix concentration for products. arXiv preprint
arXiv:2003.05437, 2020.

Jain, P., Kakade, S. M., Kidambi, R., Netrapalli, P., and
Sidford, A. Accelerating stochastic gradient descent. In
Proc. STAT, volume 1050, pp. 26, 2017.

Jastrzebski, S., Kenton, Z., Arpit, D., Ballas, N., Fischer,
A., Bengio, Y., and Storkey, A. Three factors influencing
minima in SGD. arXiv preprint arXiv:1711.04623,2017.

Johnson, R. and Zhang, T. Accelerating stochastic gradient
descent using predictive variance reduction. In Advances
in Neural Information Processing Systems, pp. 315-323,
2013.

Keskar, N. S. and Socher, R. Improving generalization
performance by switching from Adam to SGD. arXiv
preprint arXiv:1712.07628, 2017.

Keskar, N. S., Mudigere, D., Nocedal, J., Smelyanskiy,
M., and Tang, P. T. P. On large-batch training for deep
learning: Generalization gap and sharp minima. In 5th
International Conference on Learning Representations,
ICLR 2017, 2017.

Kesten, H. Random difference equations and renewal theory
for products of random matrices. Acta Mathematica, 131:
207-248, 1973.

Lévy, P. Théorie de 1’addition des variables aléatoires.
Gauthiers-Villars, Paris, 1937.

Lewkowycz, A., Bahri, Y., Dyer, E., Sohl-Dickstein, J.,
and Gur-Ari, G. The large learning rate phase of
deep learning: the catapult mechanism. arXiv preprint
arXiv:2003.02218, 2020.

Li, Q., Tai, C., and E, W. Stochastic modified equations and
adaptive stochastic gradient algorithms. In Proceedings of
the 34th International Conference on Machine Learning,
pp- 2101-2110, 06-11 Aug 2017.

Mandt, S., Hoffman, M. D., and Blei, D. M. A variational
analysis of stochastic gradient algorithms. In Interna-
tional Conference on Machine Learning, pp. 354-363,
2016.

Martin, C. H. and Mahoney, M. W. Traditional and heavy-
tailed self regularization in neural network models. In
Proceedings of the 36th International Conference on Ma-
chine Learning, 2019.

Mirek, M. Heavy tail phenomenon and convergence to sta-
ble laws for iterated Lipschitz maps. Probability Theory
and Related Fields, 151(3-4):705-734, 2011.

Mohammadi, M., Mohammadpour, A., and Ogata, H. On
estimating the tail index and the spectral measure of mul-
tivariate «-stable distributions. Metrika, 78(5):549-561,
2015.

Newman, C. M. The distribution of Lyapunov exponents:
Exact results for random matrices. Communications in
Mathematical Physics, 103(1):121-126, 1986.

Nguyen, T. H., Simgekli, U., Giirbiizbalaban, M., and
Richard, G. First exit time analysis of stochastic gradient
descent under heavy-tailed gradient noise. In Advances
in Neural Information Processing Systems, pp. 273-283,
2019.

Dksendal, B. Stochastic Differential Equations: An Intro-
duction with Applications. Springer Science & Business
Media, 2013.

Panigrahi, A., Somani, R., Goyal, N., and Netrapalli, P. Non-
Gaussianity of stochastic gradient noise. arXiv preprint
arXiv:1910.09626, 2019.

Paulauskas, V. and Vaiciulis, M. Once more on comparison
of tail index estimators. arXiv preprint arXiv:1104.1242,
2011.

Pavlyukevich, I. Cooling down Lévy flights. Journal
of Physics A: Mathematical and Theoretical, 40(41):
12299-12313, 2007.

Shalev-Shwartz, S. and Ben-David, S. Understanding Ma-
chine Learning: From Theory to Algorithms. Cambridge
University Press, 2014.

Simonyan, K. and Zisserman, A. Very deep convolutional
networks for large-scale image recognition. In 3rd Inter-
national Conference on Learning Representations, ICLR
2015, 2015.

Simgekli, U., Giirbiizbalaban, M., Nguyen, T. H., Richard,
G., and Sagun, L. On the heavy-tailed theory of stochastic
gradient descent for deep neural networks. arXiv preprint
arXiv:1912.00018, 2019a.


http://www.cs.toronto.edu/~hinton/coursera/lecture6/lec6.pdf
http://www.cs.toronto.edu/~hinton/coursera/lecture6/lec6.pdf

The Heavy-Tail Phenomenon in SGD

Simgekli, U., Sagun, L., and Giirbiizbalaban, M. A tail-index
analysis of stochastic gradient noise in deep neural net-
works. In International Conference on Machine Learning,
pp. 5827-5837, 2019b.

Simgekli, U., Sener, O., Deligiannidis, G., and Erdogdu,
M. A. Hausdorff dimension, stochastic differential equa-
tions, and generalization in neural networks. In Advances

in Neural Information Processing Systems, volume 33,
2020.

Srikant, R. and Ying, L. Finite-time error bounds for linear
stochastic approximation and TD learning. In Conference
on Learning Theory, pp. 2803-2830. PMLR, 2019.

Tzagkarakis, G., Nolan, J. P., and Tsakalides, P. Com-
pressive sensing of temporally correlated sources using
isotropic multivariate stable laws. In 2018 26th European
Signal Processing Conference (EUSIPCO), pp. 1710-
1714. IEEE, 2018.

Villani, C. Optimal Transport: Old and New. Springer,
Berlin, 2009.

Xie, Z., Sato, I., and Sugiyama, M. A diffusion theory
for deep learning dynamics: Stochastic gradient descent
exponentially favors flat minima. In International Con-
ference on Learning Representations, 2021.

Zhang, J., Karimireddy, S. P., Veit, A., Kim, S., Reddi, S.,
Kumar, S., and Sra, S. Why are adaptive methods good
for attention models? In Advances in Neural Information
Processing Systems (NeurIPS), volume 33, 2020.

Zhou, P., Feng, J., Ma, C., Xiong, C., Hoi, S., and E, W.
Towards theoretically understanding why SGD general-
izes better than ADAM in deep learning. In Advances in
Neural Information Processing Systems (NeurlPS), vol-
ume 33, 2020.

Zhu, Z., Wu, J., Yu, B., Wu, L., and Ma, J. The anisotropic
noise in stochastic gradient descent: Its behavior of escap-
ing from minima and regularization effects. In Proceed-
ings of the 36th International Conference on Machine
Learning, 2019.



The Heavy-Tail Phenomenon in SGD
SUPPLEMENTARY DOCUMENT

Mert Giirbiizbalaban! Umut Simsekli’ Lingjiong Zhu 3

The supplementary document is organized as follows.

1. The supplementary document begins with a discussion of different choices of stochastic differential equation (SDE)
representations for SGD (Section A).

2. We then discuss the tail-index estimation in Section B.

3. In Section C, we provide the proofs of the main results in the main paper; and provide the supporting lemmas in
Section D.

A. A Note on Stochastic Differential Equation Representations for SGD

In recent years, a popular approach for analyzing the behavior of SGD has been viewing it as a discretization of a continuous-
time stochastic process that can be represented via a stochastic differential equation (SDE) (Mandt et al., 2016; Jastrzgbski
et al., 2017; Li et al., 2017; Hu et al., 2019; Zhu et al., 2019; Chaudhari & Soatto, 2018; Simsekli et al., 2019b). While these
SDEs have been useful for understanding different properties of SGD, their differences and functionalities have not been
clearly understood. In this section, in light of our theoretical results, we will discuss in which situation their choice would be
more appropriate. We will restrict ourselves to the case where f(x) is a quadratic function; however, the discussion can be
extended to more general f.

The SDE approximations are often motivated by first rewriting the SGD recursion as follows:
i1 = 2k =V frin (@r) = ap = 0V f (21) + Uk (21), (A1)

where U (z) :=V fk(x) — V f(x) is called the ‘stochastic gradient noise’. Then, based on certain statistical assumptions on
Uy, we can view (A.1) as a discretization of an SDE. For instance, if we assume that the gradient noise follows a Gaussian
distribution, whose covariance does not depend on the iterate xy, i.e., nUy ~ \/nZ) where Z;, ~ N(0, o,nI) for some
constant o, > 0, we can see (A.1) as the Euler-Maruyama discretization of the following SDE with stepsize 1 (Mandt et al.,
2016):

dz; = =V f(ay)dt + /no.dBy, (A2)

where B; denotes the d-dimensional standard Brownian motion. This process is called the Ornstein-Uhlenbeck (OU) process
(see e.g. Dksendal (2013)), whose invariant measure is a Gaussian distribution. We argue that this process can be a good
proxy to (3.5) only when a@ > 2, since otherwise the SGD iterates will exhibit heavy-tails, whose behavior cannot be
captured by a Gaussian distribution. As we illustrated in Section 4, to obtain large «, the stepsize 7 needs to be small and/or
the batch-size b needs to be large. However, it is clear that this approximation will fall short when the system exhibits heavy
tails, i.e., < 2. Therefore, for the large 1/b regime, which appears to be more interesting since it often yields improved
test performance (Jastrzebski et al., 2017), this approximation would be inaccurate for understanding the behavior of SGD.
This problem mainly stems from the fact that the additive isotropic noise assumption results in a deterministic M}, matrix
for all k. Since there is no multiplicative noise term, this representation cannot capture a potential heavy-tailed behavior.

A natural extension of the state-independent Gaussian noise assumption is to incorporate the covariance structure of Uy. In
our linear regression problem, we can easily see that the covariance matrix of the gradient noise has the following form:

2
Su(x) = Cov(Uglz) = %diag(x o), (A3)
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where o denotes element-wise multiplication and o2 is the variance of the data points. Therefore, we can extend the previous
assumption by assuming Z|z ~ N(0,7Xy(z)). It has been observed that this approximation yields a more accurate
representation (Cheng et al., 2020; Ali et al., 2020; Jastrzgbski et al., 2017). Using this assumption in (A.1), the SGD
recursion coincides with the Euler-Maruyama discretization of the following SDE:

dxy = =V f(xe)dt + /nZy(z:)dBs
2
— (AT Az, — ATy) dt + \/%diag(zt)dBt, (A4)

||e

where < denotes equality in distribution. The stochasticity in such SDEs is called often called multiplicative. Let us illustrate
this property by discretizing this process and by using the definition of the gradient and the covariance matrix, we observe
that (noting that Ny ~ N(0, 1))

o2
Tkl =Tk — 1N (ATA:I:k — ATy) +4/ bn diag(zk)Ngt+1

— (1-nAT A+ /o2 /b diag(Nis1) ) e — 1A Ty, (A.5)

where we can clearly see the multiplicative effect of the noise, as indicated by its name. On the other hand, we can observe
that, thanks to the multiplicative structure, this process would be able to capture the potential heavy-tailed structure of SGD.
However, there are two caveats. The first one is that, in the case of linear regression, the process is called a geometric
(or modified) Ornstein-Uhlenbeck process which is an extension of geometric Brownian motion. One can show that the
distribution of the process at any time ¢ will have lognormal tails. Hence it will be accurate only when the tail-index « is
close to the one of the lognormal distribution. The second caveat is that, for a more general cost function f, the covariance
matrix is more complicated and hence the invariant measure of the process cannot be found analytically, hence analyzing
these processes for a general f can be as challenging as directly analyzing the behavior of SGD.

The third way of modeling the gradient noise is based on assuming that it is heavy-tailed. In particular, we can assume that
nUy =~ 0Ly, where [Ly]; ~ SaS(opn(®=1/®) foralli = 1, ..., d. Under this assumption the SGD recursion coincides
with the Euler discretization of the following Lévy-driven SDE (Simsekli et al., 2019b):

dry = =V f(xz)dt + opn@~V/*dLe, (A.6)

where L{ denotes the a-stable Lévy process with independent components (see Section A.1 for technical background
on Lévy processes and in particular a-stable Lévy processes). In the case of linear regression, this processes is called
a fractional OU process (Fink & Kliippelberg, 2011), whose invariant measure is also an a-stable distribution with the
same tail-index . Hence, even though it is based on an isotropic, state-independent noise assumption, in the case of large
n/b regime, this approach can mimic the heavy-tailed behavior of the system with the exact tail-index «. On the other
hand, Buraczewski et al. (2016) (Theorem 1.7 and 1.16) showed that if Uy, is assumed to heavy tailed with index « (not
necessarily SaS) then the process xj, will inherit the same tails and the ergodic averages will still converge to an SaS
random variable in distribution, hence generalizing the conclusions of the Sa.$S assumption to the case where Uy, follows an
arbitrary heavy-tailed distribution.

A.1. Technical background: Lévy processes

Lévy motions (processes) are stochastic processes with independent and stationary increments, which include Brownian
motions as a special case, and in general may have heavy-tailed distributions (see e.g. Bertoin (1996) for a survey).
Symmetric a-stable Lévy motion is a Lévy motion whose time increments are symmetric «-stable distributed. We define
L{, a d-dimensional symmetric a-stable Lévy motion as follows. Each component of L{* is an independent scalar c-stable
Lévy process defined as follows:

(1) L§ = 0 almost surely;
(i1) For any tg < t; < --- < ty, the increments Lf‘n — Lfn_l are independent, n = 1,2, ..., N;
(iii) The difference L — LS and L, have the same distribution: SaS((t — s)'/®) for s < t;

(iv) L has stochastically continuous sample paths, i.e. for any 6 > 0 and s > 0, P(|L$ — L] > §) = Oast — s.
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When a = 2, we obtain a scaled Brownian motion as a special case, i.e. Ly = V2B, so that the difference L{ — LY follows
a Gaussian distribution A/ (0, 2(¢t — s)).

B. Tail-Index Estimation

In this study, we follow Tzagkarakis et al. (2018); Simsekli et al. (2019b), and make use of the recent estimator proposed by
Mohammadi et al. (2015).

Theorem 12 (Mohammadi et al. (2015) Corollary 2.4). Let {XZ-}iK:1 be a collection of strictly stable random variables in
R with tail-index o € (0,2] and K = K x K. Define Y; = Zszll Xiti—1)K, fori € [1,Ks]. Then, the estimator

—

1 1 1 & 1 &
s — N log|vill— =51 XZ-) B.1
» 1ogK1(K2;°g” |- & L leelXil). B.1)

converges to 1/« almost surely, as Ko — 0.

As this estimator requires a hyperparameter K, at each tail-index estimation, we used several values for K and we used the
median of the estimators obtained with different values of K. We provide the codes in github.com/umutsimsekli/
sgd_ht, where the implementation details can be found. For the neural network experiments, we used the same setup as
provided in the repository of Simsekli et al. (2019b).

C. Proofs of Main Results
C.1. Proof of Theorem 2

Proof of Theorem 2. The proof follows from Theorem 4.4.15 in Buraczewski et al. (2016) which goes back to Theorem 1.1
in Alsmeyer & Mentemeier (2012) and Theorem 6 in Kesten (1973). See also Goldie (1991); Buraczewski et al. (2015). We
recall that we have the stochastic recursion:

Ty = Mpri_1 + qg, (C.1)

where the sequence (M, qx) are i.i.d. distributed as (M, ¢) and for each k, (My, gi) is independent of zj_1. To apply
Theorem 4.4.15 in Buraczewski et al. (2016), it suffices to have the following conditions being satisfied:

1. M is invertible with probability 1.

2. The matrix M has a continuous Lebesgue density that is positive in a neighborhood of the identity matrix.
3. p<0and h(a) = 1.

4. P(Mz + g = z) < 1 for every x.

5. B[]/ (log" [[M]| +log™ [[M~])] < .

6. 0 < El|jg||* < occ.

All the conditions are satisfied under our assumptions. In particular, Condition 1 and Condition 5 are proved in Lemma 21,
and Condition 2 and Condition 4 follow from the fact that M and ¢ have continuous distributions. Condition 3 is part of the
assumption of Theorem 2. Finally, Condition 6 is satisfied by the definition of ¢ and by the Assumptions (A1)-(A2). [

C.2. Proof of Theorem 3

Proof of Theorem 3. To prove (i), according to the proof of Theorem 2, it suffices to show that if p < 0, then there exists a
unique positive « such that A(c) = 1. Note that if p < 0, then by Lemma 17, we have h(0) = 1, h'(0) = p < 0 and h(s) is
convex in s, and moreover by Lemma 18, we have lim infs_, . h(s) > 1. Therefore, there exists some v € (0, c0) such that
h(c) = 1. Finally, (ii) follows from Lemma 16. O


github.com/umutsimsekli/sgd_ht
github.com/umutsimsekli/sgd_ht

The Heavy-Tail Phenomenon in SGD

C.3. Proof of Theorem 4
Proof of Theorem 4. We will split the proof of Theorem 4 into two parts:
(I) We will show that the tail-index « is strictly decreasing in stepsize 7 and variance o2 provided that o > 1.
(IT) We will show that the tail-index « is strictly increasing in batch-size b provided that o > 1.
(IIT) We will show that the tail-index « is strictly decreasing in dimension d.
First, let us prove (I). Let a := 1702 > 0 be given. Consider the tail-index « as a function of a, i.e.
a(a) := min{s : h(a, s) = 1},
where h(a, s) = h(s) with emphasis on dependence on a.

By assumption, a(a) > 1. The function h(a, s) is convex function of a (see Lemma 22 for s > 1 and a strictly convex
function of s for s > 0). Furthermore, it satisfies h(a,0) = 1 for every a > 0 and h(0, s) = 1 for every s > 0. We consider
the curve

C :={(a,s) € (0,00) x [1,00] : h(a,s) =1}.
This is the set of the choice of a, which leads to a tail-index s where s > 1. Since A is smooth in both a and s, we can
represent s as a smooth function of a, i.e. on the curve

h(a,s(a)) =0,

where s(a) is a smooth function of a. We will show that s’(a) < 0; i.e. if we increase a; the tail-index s(a) will drop. Pick
any (as, s.) € C, it will satisfy h(a., s.) = 1. We have the following facts:

(¢) The function h(a, s) = 1 for either a = 0 or s = 0. This is illustrated in Figure 4 with a blue marker.

(#) h(as,s) < 1for s < s,. This follows from the convexity of h(a.,s) function and the fact that h(a.,0) = 1,
h(ax, s«) = 1. From here, we see that the function h(a., s) is increasing at s = s, and we have its derivative

oh
a_ k9 Ok > 0
P (ax, Sx)
(#91) The function h(a, s.) is convex as a function of a by Lemma 22, it satisfies h(0, s.) = h(ax, s«) = 1. Therefore,
by convexity h(a,s.) < 1fora € (0, s.); otherwise the function h(a, s.) would be a constant function. We have
therefore necessarily.

oh
%(a*7 s«) > 0.

By convexity of the function h(a, s.), we have also h(a, s,) > h(a., s.) + 2 (as, s.)(a — a.) > hla.,s.) = L.
Therefore, h(a, s.) > 1 for a > a,. Then, it also follows that h(a,s) > 1 for a > a. and s > s, (otherwise if
h(a,s) < 1, we get a contradiction because h(0,s) = 1, h(ax,s) > 1 and h(a, s) < 1 is impossible due to convexity).
This is illustrated in Figure 4 where we mark this region as a rectangular box where i > 1.

(iv) By similar arguments we can show that the function h(a, s) < 1if (s,a) € (0,a4) X [1, s.). Indeed, if h(a, s) > 1 for
some (s,a) € [1,s.) X (0, a.), this contradicts the fact that 4(0, s) = 1 and h(a., s) < 1 proven in part (7¢). This is
illustrated in Figure 4 where inside the rectangular box on the left-hand side, we have h < 1.

Geometrically, we see from Figure 4 that the curve s(a) as a function of a, is sandwiched between two rectangular boxes
and has necessarily s’(a) < 0. This can also be directly obtained rigorously from the implicit function theorem,; if we
differentiate the implicit equation h(a, s(a)) = 0 with respect to a, we obtain

oh oh ,
%(a*,s*) + g(a*,s*)s (ax) =0.
From parts (i) — (i4¢), we have %(a*, s4) and %(a*7 sx) > 0. Therefore, we have
oh
S (a.) = *M <0, (C.2)
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Figure 4. The curve h(a, s) = 1 in the (a, s) plane

which completes the proof for s, > 1.

Next, let us prove (IT). With slight abuse of notation, we define the function h(b, s) = h(s) to emphasize the dependence on

b. We have
b
(-35e)-

where we used Lemma 16. When s > 1, the function  — ||z||* is convex, and by Jensen’s inequality, we get for any b > 2
andb € N,

S

h(b,s) =E (C.3)

S

b
1
hb,s) =E||= > I—b_LlZajaf el
i=1 Ji
-
<k |2 . T
ST Rt DI K
| =1 j#i
1 ]
15w || (1 St e | =610
i=1 j#i ]

where we used the fact that a; are i.i.d. Indeed, from the condition for equality to hold in Jensen’s inequality, and the fact
that a; are i.i.d. random, the inequality above is a strict inequality. Hence when d € N for any s > 1, h(b, s) is strictly

decreasing in b. By following the same argument as in the proof of (I), we conclude that the tail-index « is strictly increasing
in batch-size b.

Finally, let us prove (IIT). Let us show the tail-index « is strictly decreasing in dimension d. Since a; are i.i.d. and
a; ~ N(0,0%1;), by Lemma 19,

, (C.4)

2a a? ., a? o/2

where X, Y are independent chi-square random variables with degree of freedom b and d — 1 respectively. Notice that h(s)
is strictly increasing in d since the only dependence of h(s) on d is via Y, which is a chi-square distribution with degree of
freedom (d — 1). By writing Y = Z? + --- + Z3_,, where Z; ~ N(0, 1) i.i.d., it follows that h(s) is strictly increasing in
d. Hence, by similar argument as in (I), we conclude that « is strictly decreasing in dimension d. O

Remark 13. When d = 1 and a; are i.i.d. N(0,02), we can provide an alternative proof that the tail-index o is strictly

increasing in batch-size b. It suffices to show that for any s > 1, h(s) is strictly decreasing in the batch-size b. By Lemma 19
when d =1,
2

b b

2 2
h(b,s)zE[(l— N9 x4 1 -

4 2 4 s/2
T x* 417 XY) ] , (C.5)
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where h(b, s) is as in (C.3) and X, Y are independent chi-square random variables with degree of freedom b and d — 1
respectively. When d = 1, we have Y = 0, and

2 s/2 2 s
h(b,s) = E l( 219 X+77b0 X2> ] EH1"ZX‘ } (C.6)

b

Since X is a chi-square random variable with degree of freedom b, we have

s
2

b
P

where Z; are i.i.d. N(0, 1) random variables. When s > 1, the function x — |x|° is convex, and by Jensen’s inequality, we
getforanyb > 2andb € N

h(b,s) =E (C.7)

_1 b no? )
hbs)=E |33 (1= 7
|| =1 G
_1 b no? ) 1< no? )
<E |- 1—-— Z; = - Efl-—— Zj =h(b—-1

where we used the fact that Z; are i.i.d. Indeed, from the condition for equality to hold in Jensen’s inequality, and the fact
that Z; are i.i.d. N(0,1) distributed, the inequality above is a strict inequality. Hence when d = 1 for any s > 1, h(b, s) is
strictly decreasing in b.

C.4. Proof of Proposition 5

Proof of Proposition 5. We first prove (i). When 1 = n¢pit = %, that is no?(d + b+ 1) = 2b, we can compute that
1 Mo? & 254 L

1% S 5 10gE 1 — nb Z 21?1 —+ 77 Z Z(zﬂzjl + -4 Zidzjd)zilzjl = 0, (Cg)
i=1 i=1j=

where z;; are ii.d. N(0,1) random variables. Note that since 1 — 2"‘7 Zl 1 2h+ ’7 Zl 1 ZJ 1(Zazin + -+
zzdz]d)zll zj1 is random, the inequality above is a strict inequality from Jensen’s 1nequa11ty Thus, when n = 1¢pi¢, 1.€.

0%(d+b+1) = 2b, p < 0. By continuity, there exists some § > 0 such that for any 2b < no?(d +b+ 1) < 2b+ 4, i.e.
Nerit <N < Nmaz> Where Nmar = Nerit + m, we have p < 0. Moreover, when naQ(d—i— b+1) > 2b,i.e. 0 > Nerit
we have

2no ot 204
h(2) =K <1 - UT - Ll 77 ;; Zi1Zj1 + 0+ Zided)Zilel) =1- 2770' + — 1 (d +b+ 1) 1,
which implies that there exists some 0 < o < 2 such that h(a) = 1.
Finally, let us prove (ii) and (iii). When no?(d + b+ 1) < 2b,i.e. n < Nerit, We have h(2) < 1, which implies that o > 2.
In particular, when no?(d + b + 1) = 2b, i.e. 7 = 7cpit, the tail-index o = 2. O
C.5. Proof of Theorem 6 and Corollary 7

Proof of Theorem 6. We recall that
zk = Mgxr—1 + g, (C.9)

which implies that
k|l < [Mgzp—1ll + llgxll- (C.10)
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(i) If the tail-index a < 1, then for any 0 < p < «, we have h(p) = E||Mye; || < 1 and moreover by Lemma 23,

e ll? < IMezk—1]l” + llgx|”- (C.11)

Due to spherical symmetry of the isotropic Gaussian distribution, the distribution of ”]Wﬁf” does not depend on the choice

of x € R\ {0}. Therefore, % and ||zj_1 || are independent, and % has the same distribution as || Mgeq ||,

where ¢ is the first basis vector. It follows that

Ellzy||? < El| Myer[|PE||lzx-1[” + Ellgr|”, (C.12)

so that
Ellzk||? < h(p)E|zk—1]" +E| a1, (C.13)

where h(p) € (0,1). By iterating over k, we get

_ k
EllulP < () Bllol” + Bl n

(i1) If the tail-index v > 1, then for any 1 < p < «a, by Lemma 23, for any € > 0, we have

(14671 —(1+¢)

lzkll” < (14 )| My |” + ; llaxll”, (C.15)
((1 +e)TT — 1)
which (similar as in (i)) implies that
14+e)T —(1+e¢
Elleel? < (1+ QBN Myer By + G0 C X gy, c.16)
((1 + )T — 1)
so that N
14¢€)rT 1+e
Ellzil? < (1 + Oh@E|ze | + ST =L gy .17
(a+a7—1)"
We choose € > 0 so that (1 + €)h(p) < 1. By iterating over k, we get
1= (14 eh()r 1+e)7T —(1+e
el < ((1+ h(p) Eljzo? + - GH PP L ITTZ UL Dy o c19
— (1 +e)h(p) ((1+5)F71>
The proof is complete. O

Remark 14. In general, there is no closed-form expression for E||q1 ||P in Theorem 6. We provide an upper bound as follows.
When p > 1, by Jensen’s inequality, we can compute that

Z aly’L

and when p < 1, by Lemma 23, we can compute that

Zazyz <Zazyqll> ] <% ZIEHalyZHp_anEHyl\p llay||”] . (C.20)

=1

p
Ellg:||” = n"E

b
D
< LS Bl = wEllul? lloal], C.19)
=1

Ella:]l” = <

Proof of Corollary 7. 1t follows from Theorem 6 by letting k¥ — oo and applying Fatou’s lemma. O
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C.6. Proof of Theorem 8, Corollary 9, Proposition 10 and Corollary 11

Proof of Theorem 8. For any vy, ¥y € P,(R?), there exists a couple z¢ ~ v and &y ~ 7 independent of (My, g )en and
WE(v, ) = El|zo — Zo||P. We define x;, and Z}, starting from z and Z¢ respectively, via the iterates

= Mpxi—1 + gk, (C.21)
Tp = MpZTr—1 + qx, (C22)

and let v and 7y, denote the probability laws of x and Zj respectively. For any p < «, since E|Mg||* = 1 and
E||gr||* < oo, we have vy, 7 € P,(R?) for any k. Moreover, we have

Ty — T = Mp(xp—1 — Tp—1), (C.23)

| Mz ||
[E]

of z € R4\{0}. Therefore, W and ||xg_1 — Zx—1]| are independent, and W has the same

distribution as || Myey ||, where ey is the first basis vector. It follows from (C.23) that

Due to spherical symmetry of the isotropic Gaussian distribution, the distribution of does not depend on the choice

Ellze — 2k |” < E[[|My(zp—1 — Zx—1)[IP] = E[[| Mrer[|P) E [lzr—1 — Zp—1[|”] = R(P)E [|lzr—1 — Zp-1 "],
which by iterating implies that
WE (i, o) < Ella — @x]|P < (A(p))"Ellzo — Zol” = (A(p))" W5 (0, %) (C24)

By letting 7y = v, the probability law of the stationary distribution ., we conclude that

Wy (Vg Voo) < ((h(p))l/q)k W, (10, Voo ). (C.25)

Finally, notice that 1 < p < «, and therefore h(p) < 1. The proof is complete. O

Proof of Corollary 9. When no? < #bbﬂ, by Proposition 5, the tail-index « > 2, by taking p = 2, and using h(2) =
1 —2no? + @(d + b+ 1) < 1 (see Proposition 5), it follows from Theorem 8§ that

2

k/2
Wa (v, Voo) < <1 — 2ng? <1 - %(CH b+ 1))) Wa (V0 Vso).- (C.26)

O

Remark 15. Consider the case a; are i.i.d. N'(0,021,). In Theorem 6, Corollary 7 and Theorem 8, the key quantity is
h(p) € (0,1), where p < «. We recall that

9 2 2 p/2
h(p) =E l<1 ~ x4+ xrg aXY) : (C27)

b b2 b2

where a = no?, X,Y are independent chi-square random variables with degree of freedom b and d — 1 respectively. The
Sfirst-order approximation of h(p) is given by

p 2a a® 9 a® P a® a®
hip) ~1+=zE|——X + X"+ XY | =142 |-2 —(b+2)+—(d-1 1 C.28
0~ 14 ke Fxa L o 2t Corn 4 Cao| <1 s
provided that a = no? < d+2bb+1 which occurs if and only if o > 2. In other words, when no? < %bbﬂ, a > 2 and

2
770'(“0”1)) <1 (C.29)

— 2 J—
h(p) ~ 1 —pno <1 5
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On the other hand, when no? > p < a < 2, and the second-order approximation of h(p) is given by

2b
d+b+1’

2
PR 20y @ yo @ G- Dp i 20y @y @
h(p) 1+2E{ bX+b2X +b2XY + 5 E bX+b2X +b2XY
alb+d+1) 2—p 2a a _, a? 2
=1 — 1| -—E || —— X+ X"+ XY
+qa( 2 ) 8 [( b TRt T ’
and for small a = no? and large d,
2a a® a? 2 4a? at 4a3
El(-X+ X2+ XY ) | ~—(b+2)+ = (b+2)d* — —(b+2)d C.30
and therefore with a = no?,
—a(b+d+1) (2—pla(db+2) a , a
h(p) ~1— —_— 1+ — 1+ —=d° — -d 1 C31
(p) pa< 5% +1+ 20 + 2 ; <1, (C.31)

provided that 1 < % < 1—&-%;‘15”2) (1+%d2—% )

Proof of Proposition 10. First, we notice that it follows from Theorem 2 that E||z||* = oo. To see this, notice that
lim; oo tP(el 2o, > t) = eq(e1), where e; is the first basis vector in R?, and P(||z || > t) > P(ef'z, > t), and thus

o0 o0
El|zo || = / (s > t)dt = / 1P(| | > £1/9)dt = oo, (€32)
0 0
By following the proof of Theorem 6 by letting ¢ = « in the proof, one can show the following.
(i) If the tail-index v < 1, then we have
Ellzool|* <Eflzol* + KE[lq[|*, (C.33)

which grows linearly in k.

(ii) If the tail-index v > 1, then for any € > 0, we have

(1+e)f =1 (14671 —(1+¢)

Eflzgl|* < (1+€)*Eflzo]|* + ; & Ellq]|* = O(k), (C.34)
((1 te)TT — 1)
which grows exponentially in & for any fixed € > 0. By letting ¢ — 0, we have
o k a k (Oé — 1)a—1 @
Ellzk]|* = (14 €)"Ellzo[|* + (1 + O(¢)) (1 +¢)F — 1) TEH%H .

Therefore, it holds for any sufficiently small ¢ > 0 that,

Eflayl|* < =2 (Ellzo[l* + (o = 1)*'Ella1[|*) -
We can optimize (1;5 ) over the choice of € > 0, and by choosing € = 2, which goes to zero as k goes to co, we have
(1:7:)}“ = (14 %)% (5=2)* = O(k*), and hence
Ellzi[|* = O(k®), (C.35)
which grows polynomially in k. The proof is complete. O

Proof of Corollary 11. The result is obtained by a direct application of Theorem 1.15 in Mirek (2011) to the recursions (3.5)
where it can be checked in a straightforward manner that the conditions for this theorem hold. O
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D. Supporting Lemmas

In this section, we present a few supporting lemmas that are used in the proofs of the main results of the paper as well as the
additional results in the Supplementary Document.

First, we recall that the iterates are given by xp = Myxr_1 + qr, where (My, qi) are i.i.d. and My is distributed as
I — ] H, where H = Zi’:l a;al and g is distributed as z Zle a;y;, where a; ~ N(0,0%1;) and y; are i.i.d. satisfying
the Assumptions (A1)—(A3).

We can compute p and h(s) as follows where p and h(s) are defined by (3.7) and (3.6).
Lemma 16. Under Assumptions (A1)—(A3), p can be characterized as:

p =3[ (1 1)

I D.1)
and h(s) can be characterized as:

h(s) = E [H(I— %H) e ] (D.2)

provided that p < 0. Furthermore, we have

p=Elog H (1 _ %H) e } (D.3)

=5 (1 21)e

where jp and h(s) are defined in (3.10).
Proof. 1t is known that the Lyapunov exponent defined in (3.7) admits the alternative representation
1 -
pi= lim —log |, (D.4)

where Z := IIx2o with 11, := My My_1 ... M; and zg := x( (see Equation (2) in Newman (1986)). We will compute the

limit on the right-hand side of (D.4). First, we observe that due to spherical symmetry of the isotropic Gaussian distribution,

the distribution of HJIY;ITH does not depend on the choice of z € R?\{0} and is i.i.d. over k with the same distribution as

||Meq|| where we chose & = e;. This observation would directly imply the equality (D.3). In addition,

k - k
o1 10l _ 1§, 1Ml
| — —1 = - =7
A OngkH k OngOH kz:: |xi71H kz:: |xz 1||

is an average of i.i.d. random variables and by the law of large numbers we obtain
- i Yot = o] 1~ 2) o
p = i, log aull =B flog [ (7= 5T e

From (D.4), we conclude that this proves (D.1).

It remains to prove (D.2). We consider the function

- |75\ "
h(s) = lim (IE — ) ,
k— o0 |Zol®

where the initial point Zo = x¢ is deterministic. In the rest of the proof, we will show that for p < 0, h(s) = ﬁ(s) where
h(s) is given by (3.6) and h(s) is equal to the right-hand side of (D.2); our proof is inspired by the approach of Newman
(1986). We will first compute h(s) and show that it is equal to the right-hand side of (D.2). Note that we can write

[EZ3IN H [ M ||°

1Zoll® 1Zi-a]l®
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This is a product of i.i.d. random variables with the same distribution as that of || Me;||® due to the spherical symmetry of
the input a;. Therefore, we can write

EAR% ¢ v
~ T k T . s o
hs) = lim (Eua:»ons> = (Eiljllleeln) E(|Mer] =B [|[(1- 2a) e

where we used the fact that M;e; are i.i.d. over . It remains to show that (s) = h(s) for p < 0. Note that H“% < || |®

T

} , (D.5)

)

and therefore from the definition of h(s) and h(s), we have immediately
h(s) > h(s) (D.6)

for any s > 0. We will show that i(s) < h(s) when p < 0. We assume p < 0. Then, Theorem 2 is applicable and there
exists a stationary distribution ., with a tail-index o such that h(c) = 1. We will show that h(c) = 1. First, the tail density
admits the characterization (3.8), and therefore x, € L for s < o, i.e. the s-th moment of x is finite. Similarly due to
(3.8), Too ¢ L, for s > a. Since h(a) = 1, it follows from (D.6) that we have h(«) < 1. However if h(«) < 1, then by the
continuity of the h function there exists £ such that h(s) < 1 forevery s € (o — e, + &) C (0, 1). From the definition of
h(s) then this would imply that E(||z||*) — 0 for every s € (o — &, + €). On the other hand, by following a similar
argument to the proof technique of Corollary 7, it can be shown that the s-th moment of x, has to be bounded,® which
would be a contradiction with the fact that z, ¢ L, for s > . Therefore, h() > 1. Since h(c) = 1, (D.6) leads to

h(a) = h(a) = 1. (D.7)

We observe that the function h is homogeneous in the sense that if the iterations matrices M; are replaced by cM,; where
¢ > 0is areal scalar, h(s) will be replaced by h.(s) := ¢®h(s). In other words, the function

he(s) = limy_so0 (E ||(cMy) (cMj_1) . .. (cMy)||*)* (D.8)

clearly satisfies h.(s) = ¢*h(s) by definition. A similar homogeneity property holds for A(s): If the iterations matrices M;
are replaced by cM;, then h(s) will be replaced by h.(s) := ¢*h(s). We will show that this homogeneity property combined
with the fact that h(c) = h(a) = 1 will force h(s) = h(s) for any s > 0. For this purpose, given s > 0, we choose
¢ = 1/3/h(s). Then, by considering input matrix c¢M; instead of M; and by following a similar argument which led to the

identity (D. 7) we can show that h(s) = ¢*h(s) = 1. Therefore, h(s) = he(s) = 1. This implies directly h(s) = h(s).

O
Next, we show the following property for the function h.
Lemma 17. We have h(0) = 1, h/(0) = p and h(s) is strictly convex in s.
Proof. By the expression of h(s) from Lemma 16, it is easy to check that A(0) = 1. Moreover, we can compute that
vt =2 (|- ) ) |- )]
and thus h'(0) = p. Moreover, we can compute that
7 n 2 n s
W'(s) =E (log (H (1 _ EH) 61H)> H (1 _ BH) el | >o, (D.10)
which implies that h(s) is strictly convex in s. O

In the next result, we show that lim infs_,, h(s) > 1. This property, together with Lemma 17 implies that if p < 0, then there
exists some « € (0, 00) such that h(«) = 1. Indeed, in the proof of Lemma 18, we will show that lim inf;_, o h(s) = co.

Lemma 18. We have liminf, ., h(s) > 1.

$Note that the proof of Corollary 7 establishes first that z«. has a bounded s-th moment provided that h(s) = E | Me;||*] < 1 and
then cites Lemma 16 regarding the equivalence h(s) = h(s).
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Proof. We recall from Lemma 16 that

h(8)=EH(I—%H) el , (D.11)
where e; is the first basis vector in R? and H = ZZ 1 a;a T and a; = (a;1,...,aiq) are i.i.d. distributed as N'(0, 021,).
We can compute that
2\ /2
B|(r-38) | - (H( p)el)
b b s/2
=E (elT < — ZZa,ﬂ?) (I — ZZQﬂJ) 61>
i=1 i=1
r 5 b s/2
=F (1 — ?nefZala el + —el Zal TZala el>
=1
[ b 5 b b o/2
2
=K 1-— ?17 Zafl + 27 ZZ(a“aﬂ + -+ aidajd)aﬂajl
i=1 i=1j=1
[ b N 5/2
=E <1 — % Z (L?l) % Z Z Qi2052 + -+ azda]d)aleajl
[ s/2
2E _2 172 > E?=1(ai2aj2+'"+aida]‘d)ai1(lj122:|
n? b b
= 25/2]P b72 Z Z(aigajg + 4 aidajd)ailajl Z 2 — 00,
i=1j=1
as s — o0. O

Next, we provide alternative formulas for h(s) and p for the Gaussian data which is used for some technical proofs.

Lemma 19. Forany s > 0,

and

1
=_F
2

)

2 2 2 4
no n-o
1 1-—X XY

where X,Y are independent and X is chi-square random variable with degree of freedom b and Y is a chi-square random
variable with degree of freedom (d — 1).
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Proof. We can compute that

_ 2n02 , 7720—4 - s/2
h(s) =E 1-— b Z 21-21 + b2 Z Z(zilzﬂ + -+ Zided)ZﬂZjl
i=1 i=1 j=1
[ 20 & ot d s/
=K 1-— b Z 21-21 + b2 Z Z <Zi212j2'1 + Zi1%j51 Z Zikzjk>
i=1 i=1 j=1 k=2
i 2 2\ 5/2
22 254 (0 2,4 ¢ b
i=1 i=1 k=2 \i=1
- 02 , 9 o J X 2\ s/2
=E (1 - 777 Z 2121> + (Z Zilzik> )
i=1 =2 \i=1

where z;; are i.i.d. N (0,1) random variables. Note that conditional on z;;, 1 < i <,

b b

2
g zinzik ~ N | 0, E Zi1 ] s
i=1 i=1

are i.i.d. for k = 2, ..., d. Therefore, we have

(D.12)

2 4 2\ 5/2
h(S) =E (1 - T Zzzl> Z (Z Zzlzzk:>
k: j—
- s/2
77 ot
([ a) i sasa) |,
=1
where x, are i.i.d. N(0, 1) independent of z;1,¢ = 1,...,b. Hence, we have
B s/2

b

(e

h(s)=E

((-5)

=K

7720

2
) 4
1=1

b d
D ) a
s/2
nc
+ 5 XY) ,

k=2

where X, Y are independent and X is chi-square random variable with degree of freedom b and Y is a chi-square random

variable with degree of freedom (d —

1).

Similarly, we can compute that

1 T no? b 2 77204 b b d
p= i]E log (1 - TZZ 1) Zzzilzjlzzikzjk
i=1 i=1 j=1 —
T b 2 d b 2
= %]E log (1 - n%:Q Z?l) 77204 Z (Z Zilzik)
i | i=1 k=2 \i=1
1| no? 2 n2ot
:§]E 10g<<1—X) + = XY) ,
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where X, Y are independent and X is chi-square random variable with degree of freedom b and Y is a chi-square random
variable with degree of freedom (d — 1). The proof is complete. O

In the next result, we show that the inverse of M exists with probability 1, and provide an upper bound result, which will be
used to prove Lemma 21.

Lemma 20. Let a; satisfy Assumption (Al). Then, M~ exists with probability 1. Moreover, we have
E[(log" |M71))*] <.
Proof. Note that M is a continuous random matrix, by the assumption on the distribution of a;. Therefore,

P (M~" does not exist) = P(det M = 0) = 0. (D.13)

Note that the singular values of M ~! are of the form |1 — to 1|1 where o is a singular value of H and we have

0 if TH - 2I,
(log™ || M~ ]])* = , . b (D.14)
(|[(x = 2E)7)" if 0= 7H =<2I.
We consider two cases 0 < %H < Tand ] < gH = 21. We compute the conditional expectations for each case:
2 n 7. n
E|(log" |M71)* [0 = < 1] :El(log ‘(I—bH) ) o= bH<I] (D.15)
n 2 n
<E (25||HH> ) 0=lH =1 (D.16)
<4, (D.17)
where in the first inequality we used the fact that

log(I — X)™' <2X (D.18)

for a symmetric positive semi-definite matrix X satisfying 0 <= X < I (the proof of this fact is analogous to the proof of the
scalar inequality log(1-) < 2z for 0 < = < 1). By a similar computation,

E|(ogt M) | T < %H < 21} ~E {log

(=) 1= <o

()" oG] 1< <a]
o ([ ] )72 <o

<o (|[1- (1) 7]
+#(

= E| log?

<E

>|I52H<2I}

> |%15 (ZH)_1<I},

where in the last inequality we used the fact that ( )"t < Iforl = T H < 2I.If we apply the inequality (D.18) to the
last inequality for the choice of X = (7 H)~!, we obtain

- <ZH)1}_1H i () <] <o (zm)”

Combining (D.17) and (D.19), it follows from (D.14) that Elog™ [|[M || < 8. O

-1
=K

2
1 —1
<E ‘515 (QH) <J] <4. (D.19)

E |log?
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In the next result, we show that a certain expected value that involves the moments and logarithm of || M ||, and logarithm of
||M~1| is finite, which is used in the proof of Theorem 2.

Lemma 21. Let a; satisfy Assumption (Al). Then,
E [|[M]|* (log™ [|M]| +log™ [M~H))] < 0.

Proof. Note that M = I — 1 H, where H = Zg a;al in distribution. Therefore for any s > 0,

b b s
I—%Zaia? <1+22a¢||2> 1 < o0, (D.20)
i=1 i=1

since all the moments of a; are finite by the Assumption (A1). This implies that

S

E[|[M]||"] = E <E

E [[IM]* (log™ [|M])] < oo

By Cauchy-Schwarz inequality,
N B N oy 1/2
E M) (log* [a71)] < (B [IMI*]E [og* [m71)*]) " < o0,
where we used Lemma 20. O

In the next result, we show a convexity result, which is used in the proof of Theorem 4 to show that the tail-index « is strictly
decreasing in stepsize 7 and variance o2,

Lemma 22. For any given positive semi-definite symmetric matrix H fixed, the function Fy : [0,00) — R defined as
Fp(a) = (I —aH)e’

is convex for s > 1. It follows that for given b and d with H:= 71) ?:1 aiaiT, the function

S

h(a,s) :=E[Fg(a)] = ]EH(I—aﬁ) el

(D.21)

is a convex function of a for a fixed s > 1.

Proof. We consider the case s > 1 and consider the function
Gu(a) == |[|(I —aH)e],

and show that it is convex for H > 0 and it is strongly convex for H >~ 0 over the interval [0, 00). Let a1, a2 € [0,00) be
different points, i.e. a3 # ao. It follows from the subadditivity of the norm that

ai + as a1 + ao I ay I a2
= — < - —_— - —_—
an (5) = (- mgmm)al <Gl G- 3

which implies that G (a) is a convex function. On the other hand, the function g(x) = z° is convex for s > 1 on the
positive real axis, therefore the composition g(Ggr(a)) is also convex for any H fixed. Since the expectation of random
convex functions is also convex, we conclude that h(s) is also convex. O

1 1
= §GH(01) + §GH(CL2) )

The next result is used in the proof of Theorem 6 to bound the moments of the iterates.
Lemma 23. (i) Given 0 < p < 1, for any x,y > 0,

(@ +y)P < af +yP. (D.22)

(ii) Given p > 1, for any x,y > 0, and any € > 0,

(14671 —(1+¢)
P

((1 + )P — 1)

(x+y)P’ <(14e)2xP + yP. (D.23)
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Proof. (i) If y = 0, then (x + y)P < aP + yP trivially holds. If y > 0, it is equivalent to show that

p p
o <o)

(x+1)P <aP +1, for any z > 0. (D.25)

which is equivalent to show that

Let F(z) := (z +1)?» — 2P — 1 and F(0) = 0 and F'(z) = p(z + 1)~ — pzP~! < 0 since p < 1, which shows that
F(z) <0 forevery x > 0.

(ii) If y = 0, then the inequality trivially holds. If y > 0, by doing the transform = — z/y and y — 1, it is equivalent to
show that for any = > 0,

(14677 — (1+e)

st (o7 —1)"

(D.26)

To show this, we define
F(z) = (14 2)? = (1+¢€)2?, x> 0. (D.27)

Then F'(z) = p(1 + 2)P~! — p(1 + €)2P~! so that F'(z) > 0ifz < (1 +¢€)7 T —1)~!, and F'(z) < 0if z >
((1+€)71 —1)~L. Thus,
max F'(z) = F' < L ) B (1—’_6)”_11— (1+162)- (D.28)
220 (1+e71 —1 (1+e7-1)

The proof is complete. O
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