Unique Continuation for
First Order Systems of PDEs

L =989 — (cosO+ igsin0)r8r

Z = re’in? exp (z —ﬂ.(l _2COS 0)>

Shiferaw Berhanu

1. Introduction

This article is a survey of some of the results on weak and
strong unique continuation for systems of linear and non-
linear first order partial differential equations. The linear
PDE:s arise as sections of a vector subbundle V of the com-
plexified tangent bundle CTM of a connected manifold M.
The bundle V satisfies the involutivity condition

[(v,vlcv, (1.1)

which means that for any C! sections X,Y of V, the Lie
bracket [X, Y] is also a section of V. We will always assume
that V is locally integrable, that is, the orthogonal of V in the
complexified cotangent bundle CT*M is locally generated
by exact forms. In this case, if the fiber dimension of V
over C is n, each point in M has a neighborhood U such
that if {L;,...,L,} is a basis of V over U, then there exist
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m=dimM —n C! sections Z, ..., Z,, which are solutions
of

Ljh=0, 1<j<n inU, (1.2)
and the differentials dZ, ..., dZ,, are linearly independent
over C ateach point of U. Wewill call{Z,, ..., Z,,,} a complete
set of first integrals on U.

When the bundle V is locally integrable, then it satisfies
the involutivity condition (1.1) and we will refer to the
pair (M, V) as a locally integrable structure.

In such a structure, given any point p € M, there are lo-
cal coordinates xj, ..., X, t, ... , t;; Vanishing at p such that
V is generated locally by a basis of the form (m and n are
as before)

(1.3)

o) d
L] atj+kE:1aJk(x,t)a k,l_]_n

For the nonlinear systems
Fj(x,u,ux) =0,1<j<nx= (.., xXN)

that we consider, local coordinates (x,t) € R™ x R" (m +
n = N) can be found in which the equations take the form

Uy, = fitxt,u,uy), 1< j<n (1.4)
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2. The Weak and Strong Unique

Continuation Properties
It will be instructive to consider some examples of locally
integrable structures.

Example 2.1. Let Ly,..., L, be smooth, linearly indepen-
dent real vector fields on a domain Q C RN such that the
Lie bracket [L,-,Lj] is in the linear span of Ly,...,L,. Let
V denote the subbundle of CTQ generated by L, ...,L,.
By the Frobenius theorem, each p € Q is a center of lo-
cal coordinates xy, ..., x5y in which the bundle V is locally

generated by %, 1 < j < n. Hence V is locally inte-

grable and, in these coordinates, any solution u has the
form u(xy,..., Xn) = U(Xy 415 - » XN )-

Example 2.2. Let Q@ C C" be a domain, and let V be the
bundle generated by
d 1( 0 0 > .
—=sl=+V-17—) 1<j<n
The coordinate functions z; = x; + V-1y;, 1 < j < n,
are a complete set of first integrals and so (Q, V) is locally
integrable. The solutions are holomorphic functions.

Example 2.3. Let L, ..., L, be linearly independent vector
fields with real analytic, complex-valued coefficients on a
domain Q C CN. Assume that the brackets [L;, L;j] are in
the linear span of Ly, ..., L,, and let V denote the subbun-
dle generated by the L;. By the holomorphic version of the
Frobenius theorem, V is locally integrable (see [9]).

Example 2.4 (Embedded CR submanifolds). Let M C C"
be a smooth real submanifold of dimension 2n —d. M
is called a CR manifold if for each p € M there are real-
valued, smooth defining functions py, ..., o4 defined on a
neighborhood U of p such that the one-forms

901, .,0Pg
are linearly independent on M n U. Here, 5pj =
Z:zl %dzk. Let V' be the subbundle of CTC" generated
k

by%, 1 < j <n, and set
J
v=J ), M) =1 nCTM.
peM

Since the forms dp ;j are linearly independent, V is a sub-
bundle of CTM of fiber dimension n — d. The restrictions
of the coordinates z; = x; + \/—_1yj (1< j<n)toM form
a complete set of first integrals and so (M, V) is locally in-
tegrable.

In general, the forms Jp; of locally defining functions
may not be linearly independent and so V may not be a
bundle. However, when M is a hypersurface, it is a bun-
dle. When (M, V) is a CR pair, the solutions are called CR
functions or CR distributions. Examples of CR functions
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are provided by the restrictions to M of holomorphic func-
tions. However, CR functions may not even be continuous.
For example, if M is the graph

M ={(z',s+V-1¢(z',s)) : z € C"",s € R},
where ¢ > 0, and smooth, then the function u(z’,s) =

1/2
(s + \/—_1go(z’, s)) / (with the principal branch of the
square root) is a continuous CR function which is not dif-
ferentiable at the point (z’,0), where ¢(z’,0) = 0. If p =0,
then any function of s is a CR function.

Example 2.5 (Tube structures). Let x = (x;,...,X;,) and
t = (t,..,t,) denote the coordinates in R™ and R", re-
spectively. Let ¢;(t), 1 < j < m, be smooth functions on
an open set U and defineon M = R"™ x U

Zi(x,t) = x; +V—=1g;(t), 1 < j <m.

The differentials dZ;,...,dZ,, are linearly independent ev-
erywhere on M and their orthogonal in CT(M) is a bundle
V which has the basis

0 PN
Lk—a—tk—\/—_ljzﬂa(t)a—xj, 1<k<n.

Thus (M, V) is locally integrable, and it generalizes Exam-
ple 2.2. Note that when the map ¢ = (¢1,...,9,,) : U =
R™ is an immersion, then (M, V) can be identified with a
CR submanifold. ,

A particular case with m = n =1 and ¢(t) = % leads to

the planar vector field
0 d
L=5 V-5

which is called the Mizohata vector field and is the simplest
nonsolvable partial differential operator in the sense that
there exist smooth functions f in a neighborhood of the
origin for which the equation Lu = f has no solution (not
even a distribution solution) in any neighborhood of the
origin.

Remark 2.1. There are involutive bundles ¥ which are not
locally integrable. For example, in [19] Nirenberg con-
structed a vector field in the plane of the form

d d
L= E — \/—_1(1' + g(x, t))a—x

with g smooth vanishing to infinite order at the origin with
the property that for any C! solution u of Lu = 0 near the
origin, du(0,0) = 0.

Remark 2.2. In the opening graphic which is taken from
[18], L defines a vector field in the plane with first integral
Z and the picture illustrates the domain of extendability of
any solution of Lu = 0 in the unit disc.
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Definition 2.1. The locally integrable structure (M, V) is
said to satisfy the weak unique continuation property if
any solution that vanishes on a nonempty open subset van-
ishes on M.

Definition 2.2. The locally integrable structure (M, V) sat-
isfies the strong unique continuation property if any solu-
tion that is flat at a point vanishes on M.

The validity of the weak unique continuation property
both for linear and nonlinear systems is connected with
the notion of Sussmann'’s orbits ([20]) which are very use-
ful geometric objects associated with a given family of real
vector fields. To describe them briefly, let X be a set of lo-
cally defined smooth vector fields on a manifold M. Each
element of X is defined on some open subset of M and we
assume that the union of the domains of the members of
X is M. We will say two points p and q in M are related if
there is a curve T : [0, T] — M with the properties:

(1) T'(0) = p, I(T) = g;

(ii) there exist tp = 0 < t; < -+ < tp = Tand X; €
X (1 <i<k)suchthat foreachi, T : [t;_q,t;] > M is an
integral curve of X; or —X;.

The equivalence classes of this relation are called the
Sussmann orbits of X. In [20], it was shown that these
orbits can be equipped with a topological and differential
structure that makes them submanifolds of M.

For a simple example, consider the classical Frobenius
foliation which arises from a manifold M and a smooth
real subbundle V of TM which is closed under brackets.
In this case, M is a disjoint union of submanifolds each of
dimension k (k = the fiber dimension of V) and they are
integral manifolds of V. These submanifolds are the Suss-
mann orbits of the family X that consists of the smooth
sections of V. In general, even locally, the dimension of
Sussmann'’s orbits may not be constant. Moreover, the tan-
gent space of an orbit may contain vectors that are not in
the Lie algebra generated by the elements of X (see [20],
[9]). Thus the concept of Sussmann’s orbits is a substan-
tial generalization of the Frobenius foliation.

We can now state a result on the weak unique continu-
ation property for linear systems. The theorem is due to
E. Treves ([21]). We will present a proof that appeared in
[12].

Theorem 2.1. Let (M, V) be a locally integrable structure, and
set

X =R(V)={S: S=RL,L a smooth section of V}.

If a solution u on M vanishes in a neighborhood of p, then it
vanishes in a neighborhood of the Sussmann orbit of X through
p. Thus the support of u is a union of orbits of X. In partic-
ular, if M is an orbit, then (M, V) satisfies the weak unique
continuation property.
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Example 2.6. Let (M, V) be locally integrable and X =
R(V). Suppose at each p € M, the linear span of all of
the repeated brackets of sections of X equals T,M. Then
M is the only orbit of X and so by Theorem 2.1, the weak
unique continuation property holds for (M, V).

Remark 2.3. There are examples of locally integrable struc-
tures where M is the only orbit of X = R(V) although the
hypothesis in Example 2.6 is not satisfied.

Example 2.7. In the work [14] P. Cohen gave an example
of a smooth vector field
0 0

L= @ + a(x, y)a
in the plane with a smooth solution u on R? of Lu = 0
whose support = {(x,y) : ¥y > 0}. The support of such a
solution is not a union of the orbits of X = {R L,S L}
This example shows that Theorem 2.1 may not hold for
involutive structures that are not locally integrable.

3. Proof of Theorem 2.1

The proof of Theorem 2.1 will use the uniqueness in the
noncharacteristic Cauchy problem for locally integrable
structures which in turn is a consequence of the cele-
brated approximation theorem of Baouendi and Treves
([5]). Given a locally integrable structure (M, V) and a
complete set of first integrals Z = (Z,, ..., Z,,) on an open
subset U, if F(z,,...,2Z,,) is a holomorphic function on a
neighborhood of Z(U), then the function F(Z;, ..., Z,,) isa
solution on U. In general, even locally, solutions may not
have such a form. The approximation theorem states that
any solution in a locally integrable structure (M, V) can
be locally approximated by solutions F(Z;,...,Z,,) of the
above form. Moreover, the theorem shows that a solution
is determined by its restriction to certain m-dimensional
(dim¢ V = n, m = dim M — n) submanifolds called maxi-
mally real submanifolds. These submanifolds are general-
izations of the totally real submanifolds of C" with maxi-
mal dimension.

Definition 3.1. Let (M, V) be alocally integrable structure,
dime V = n, m = dimM — n. A submanifold S C M is
called maximally real if for each p € S,

CLS® V, = CT,M.

Locally, there is a good and useful description of such
submanifolds. Observe first that a submanifold S is max-
imally real if and only if for any complete set of first inte-
grals Zy, ..., Z,, on a neighborhood U of p in S, the restric-
tions of the Z; to UN S have linearly independent differen-
tials. If U is small enough, we can find local coordinates
X1 s X L1505 £y that vanish at p and a complete set of
first integrals Z, ..., Z, such that

Zj(x5 t) = xj +V _1¢](x, t)’ @](Oa O) = 0,
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de9;(0,0) =0, 1 <j<m,
and

UnS={x,t)eU:t=0}L
The approximation theorem of Baouendi and Treves can
be stated as follows.

Theorem 3.1 ([5]). Let (Q, V) be a locally integrable structure
where Q C R™*" is open, and let Z,,...,Z,, be a complete
set of first integrals near a point p € Q. Then there exists a
neighborhood U of p such that if u is any continuous solution,
there exists a sequence of entire functions Hy(zy, ..., 2,,) that
satisfy

u(x) = l}l_{lclo Hy(Z(x)) uniformly on U.

Remark 3.1. The convergence in the theorem also holds for
functions or distributions in various function spaces (see

[9D)-

The entire functions Hy, in the theorem have an explicit
form. Given p € Q, let S be a maximally real submanifold
through p. Choose local coordinates Xy, ..., X, ty,...s by
vanishing at p on a neighborhood of p such that

UnS={xt)eU:t=0}

and Z;(x,t) = x; + \/—_lgaj(x, £),1<j<m,
is a complete set of first integrals on U, with ¢ I real-valued,
9;(0,0) = 0,d,9;(0,0) = 0.
We may assume that U = {(x,¢t) : |x| < 2, [t| < d}. Let

g(x) € C(R™) with g(x) =1 for |x| < % and g(x) = 0 for
[x| >r.
Fork =1,2,..., define

@ = (%)

where d,,Z = detZ,/(x’,0)dx’. Theorem 3.1 is proved by
showing that H,(Z(x, t)) converges uniformly to u(x, t) on
U for r,d small enough, but independent of u.

Theorem 3.1 has the following immediate conse-
quences.

NES

m ! 2
f eI (2729) g, 0)dy 2,
RrRM

Corollary 3.1. Let (M, V) be a locally integrable structure and
S C M a maximally real submanifold. If u is a continuous solu-
tion on M and vanishes on S, then it vanishes on a neighborhood
of S.

Corollary 3.2. Let (M, V) be a locally integrable structure and
Y C M a noncharacteristic hypersurface in the sense that at
each point p € Y, V, C CT,Y. If uis a continuous solution on
M and it vanishes on Y, then it vanishes on a neighborhood of
Y.

Corollary 3.2 is proved using Corollary 3.1 and the fact
that a noncharacteristic hypersurface contains a maximally
real submanifold through each of its points.
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We are now ready to present a proof of Theorem 2.1
from [12]. We will use some concepts and a result of Bony

(113]).

Definition 3.2. Let O C R" be an open setand F C Q a
closed subset. A vector v is said to be normal to F at x;, in
F if there is an open ball B C Q \ F centered at x such that
X € 0B and v = A(x — x,) for some 1 > 0.

Definition 3.3. Suppose Q and F are as in Definition 3.2.
A vector field X(x) is said to be tangent to F if whenever v
is normal to F at x, € F, the vector X(x,) is orthogonal to
v.

Bony proved the following.

Theorem 3.2 ([13]). Suppose Q C R" is an open set and
F C Q a closed subset. Let X(x) be a Lipschitz vector field in
Q which is tangent to F. If an integral curve of X intersects F
at a point, then it is entirely contained in F.

Let (M, V), X be as in the statement of Theorem 2.1.
Suppose u is a solution on M and F = the support of
u. Let Q = M\ F. Define N(F) to be the set of v €
T*M \ 0 over points in F such that there exists a real-
valued, smooth function f defined near p = 7(v) satisfying
f(p) = 0,df(p) = v,and f < 0on F near p. Fixp € F
and suppose v € N(F) with 7m(v) = p. Let f be as above
with df(p) = v. Since v # 0, the zero set of f is a smooth
hypersurface near p. Observe that u = 0 on a side of this
hypersurface. Since p € F, by Corollary 3.2, {f = 0} has to
be characteristic to V at p. Thus for any Lipschitz section Y
of R(V), (v, Y(p)) = 0. By Theorem 3.2, the integral curve
of Y through p has to lie in F.

4. The Strong Unique Continuation Property

There are some classes of locally integrable structures
where the validity of the strong unique continuation is well
understood. If (M, V) is a smooth locally integrable struc-
ture where the dimension of M is two and V is one dimen-
sional, then the strong unique continuation holds if and
only if every local first integral Z is an open mapping into
the complex plane. If (M, V) is a tube structure as in Exam-
ple 2.5, and the map ¢(t) is real analytic, then the strong
unique continuation property holds if and only if for ev-
ery £ € R™, £ # 0, the function t — ¢(¢) - £ does not have
a local extremum. This is a consequence of the fact that
this latter condition is equivalent to the analyticity of all
solutions (see [6]).

In the rest of this section we focus on CR vector fields
and present some of the known results on the strong
unique continuation property for CR functions.

If f is a continuous function on the closure of a domain
Q C R", we will say it is flat at p € 0Q if

f(x)=o(x—pN)forallN =1,2,....

VoLUME 68, NUMBER 9



We begin with the case of holomorphic functions of one
variable since boundary unique continuation results for
such functions have important applications to the unique
continuation problem for CR functions.

LetAt ={z € C : |z| < 1,T z > 0} be the halfball in the
plane. The following result provides a sufficient condition
for the boundary unique continuation property to hold for
holomorphic functions on A*.

Theorem 4.1 ([16]). Let f be a holomorphic function on A,
continuous up to (—1,1) C dA*. Assume that the real part of
f is nonnegative on (—1,1). If f is flat at O, then f = 0.

In [1] H. Alexander proved a significant generalization
of the preceding theorem: if f is holomorphic on A*, con-
tinuous up to (—1,1), and f(—1,1) is a nonspiraling set,
then f = 0 whenever it is flat at 0. A good example of a
nonspiraling set is the complement in C of a curve emanat-
ing from the origin. For other results along this line, see
[10].

Many well-known results on unique continuation for
CR mappings follow from the one variable results de-
scribed above. We will present next some of these results
and indicate how they can be proved.

Let M C C" be a totally real submanifold of class
CY% (0 < a < 1) of dimension n,0 € M. We may
assume that in a neighborhood U of the origin in C”",

={zeC": 3 z=9pRz2)}, ¢p € CHYU), ¢ real-valued,
(O) 0,¢'(0) = 0.

A wedge W with edge M is a set of the form

Sw—eR w) eT},

where I' C R" is a convex open cone.

w={weU:

Theorem 4.2 ([2]). Let M and W be as above, with M of
class C* and h :
satisfying:

(1) his flat at 0, and

(2) h(M) € M’ with M’ a totally real submanifold of class
c2.
Then h = 0 in the connected component of 0 in w.

W — Ck continuous, holomorphic on W

Observe that if M and M’ are real analytic, Theorem 4.2
follows from the classical edge of the wedge theorem.

In [16] the authors defined a hypersurface M C C" to
be positive at a point p € M if there is a holomorphic
change of coordinates mapping p to 0 and in the new co-
ordinates (z',z,) = (z’,x, + V—1y,) € C"1 x C,M is
given by {y, = p(z’, x,,, y,)} with p(0) = 0,dp(0) = 0, and
ez, x, + \/—_1yn) > 0 when z’ # 0. When M is positive at
p. there is a complex hypersurface through p that intersects
M locally only at p. They proved a version of the following
theorem under such assumption.

Theorem 4.3 ([10]). Let M; C C**4 be a smooth CR mani-
fold of CR dimension n and M, C C™ a hypersurface. Suppose
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f : My - M, is a continuous CR mapping which extends
to a holomorphic mapping into a wedge W with edge M, at
0 € M,. Suppose there is a complex hypersurface that locally
intersects M, only at 0. If f is flat at 0, then f = 0.

Theorems 4.2 and 4.3 can be proved using the one vari-
able result of Theorem 4.1 and a result on the existence of
partially attached analytic discs (Theorem 7.4.12 in [3]).

Theorem 4.1 may be considered as a boundary unique
continuation result for harmonic functions on a half-disc
in the plane. It has been extended to harmonic functions
in higher dimensions in [4], and to solutions of more gen-
eral equations in [11], [7], and [8].

5. Nonlinear Systems

Let Fi(x,%,$),....F(x,¢5,¢) be smooth functions of
(x,4,¢) € Ux C xCN, where U € RN is open, x =
(X1, s XN )80 € C, & = (&, ..., ¢N) € CN. We assume that
the Fj are holomorphic in (§p,{). We will be considering
nonlinear systems of first order PDEs of the form

Fi(x,u(x),uy(x)) =0, 1< j<n, (5.1)

that generalize the linear systems (1.2).
The linear independence of system (1.2) is generalized
by assuming that the wedge product

deFy A+ AdeE, # 0. (5.2)

Here d; is the exterior derivative in { = ({;,..., ). It fol-
lows that n < N. Condition (5.2) implies that if

Z={(x%,0) : F(x.%,0)=0,1<j<n} (5.3)

is nonempty, then it is a smooth manifold.

The involutivity of the linear system (1.2) is generalized
as follows: given F = F(x,{,,¢) smooth, holomorphic in
(%o, ¢), define the holomorphic Hamiltonian of F by

Zggaii Z<6F oz, )az

(Zg’ag B

If G = G(x,¢,,¢) is also a similar function, we define the
Poisson bracket {F, G} by

{F,G}

(5.4)

= HyG. (5.5)

We will assume that the system (5.1) satisfies the involu-
tivity condition

{F}’Fk} =

Condition (5.6) is a formal integrability condition for sys-
tem (5.1). Indeed, if u is a C? solution of the system, it
can be shown that {F;, F;} = 0 on {(x, u(x), u(x))} for all
1<j,k<n.

Oon Zfor j,k=1,..,n (5.6)
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With a solution u of (5.1), we associate the linear vector
fields
N OF

j 5}
=y Ly, , —,1<j<n.
J kz=:1 aé—k (x u(x) ux(x)) axk —_ .} —_ n

(5.7)

These vector fields are called the linearized operators of
system (5.1) at the solution u. If for v € C}(U) we define
Fj' by
1%
Fj(x) = Fj(x, v(x), vx(x)),
then L} (v) is the principal part of the Fréchet derivative of
the map
U F}U
at u. Condition (5.2) guarantees that LY, ..., L% are linearly
independent and span a bundle over U which will be de-
noted by V*. The bundle V* is involutive. In [21], the
following result on unique continuation is proved.

Theorem 5.1. Let u and v be two C? functions on an open set
Q C RN that are solutions of the system of equations

Fj(-x’ LU(.X), wx(x)) =0,1<j<n,

where the Fj(x, §y,{) are real analytic, holomorphic in ($p, ).
Let

X=R(V*) ={S:S=RL,LaC! section of V*}.

Assume that the F; satisfy (5.2) and (5.6).
If u = v in a neighborhood of a point p € Q, thenu = v in
a neighborhood of the Sussmann orbit of X through p.

We mention that a proof can be given using Bony's re-
sult as in the linear case together with the uniqueness the-
orem of Métivier ([17]) in the Cauchy problem for real
analytic, noncharacteristic hypersurfaces.

6. Concluding Remarks

Compared with the weak unique continuation property,
the question of when the strong unique continuation prop-
erty is valid for systems of complex vector fields is much
less understood. We mention here the following well-
known conjecture due to Baouendi-Rothschild and Huang
([15]) which remains open.

Conjecture 6.1. Let M; and M, be connected real hypersur-
faces in C" with n > 2. Let f be a smooth map from M, to
M, that extends to a holomorphic map on a side of M,. Assume
that both My and M, are of finite D’Angelo type and f is flat at
Po € My in the sense that | f(p) — f(po)l < Cn|p — pol™ for
each N, where Cy is a constant depending on N. Then f is a
constant map.

Let M be a smooth real hypersurface of C", p € M, and

r a defining function for M. The D’Angelo type of M at p

is defined by A(M, p) = Sup,ce Virj)

, where C is the set of

nonconstant holomorphic germs y at 0 € C with y(0) = p
and v(r o y) denotes the order of vanishing of the function
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royat0. A point p is said to be of finite D’Angelo type if
A(M, p) is finite.
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