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When allocating indivisible items across agents, it is desirable for the allocation to be envy-free, which means
that each agent prefers their own bundle over every other bundle. Even though envy-free allocations are not
guaranteed to exist for worst-case utilities, they frequently exist in practice. To explain this phenomenon, prior
work has shown that, if utilities are drawn from certain probability distributions, then envy-free allocations
exist with high probability (as long as the number of items is sufficiently large relative to the number of
agents).

In this paper, we study a more general setting, a smoothed model of utilities, in which utility profiles are
mainly worst-case, but are slightly perturbed at random to avoid brittle counter-examples. Specifically, we
start from a worst-case profile of utilities and, with some small probability, increase an agent’s value for an
item by adding a random amount, where the probability of perturbation and the distribution of perturbations
are parameters of the model. If the probability of such perturbations is sufficiently large relative to the number
of agents and items, we show that envy-free allocations exist with high probability and can be found efficiently.
This analysis is tight up to constant factors. We also give an efficient algorithm for finding allocations that
are simultaneously proportional and Pareto-optimal, which succeeds with high probability in the smoothed
model.
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1 INTRODUCTION

Perhaps you are tasked with distributing a heap of candy between children, splitting an inheritance
between siblings, or distributing the games included in a season ticket among your group of friends.
Given that the recipients have different preferences over the items and that the items themselves
cannot be individually split, can you distribute the items in a way that all recipients perceive as
fair?

The most popular definition for whether an allocation of items is fair — some authors call it the
“gold standard” [4, 22] —is a property known as envy-freeness: No agent should strictly prefer the
bundle of another agent to their own. Multiple factors make envy-freeness an attractive notion
of fairness. First, it avoids interpersonal comparisons of utility [2], which are contested from a
philosophical angle [21]. Second, when utilities are additive — as we assume throughout this paper! —
envy-freeness immediately implies other desirable notions of fairness such as proportionality and
maximin share [12]. Finally, behavioral experiments have shown that avoiding envy is a factor in
people’s intuitive notion of fairness [25].

Given these advantages of envy-freeness, it is unfortunate that envy-free allocations do not
always exist. An easy example is that of two agents and a single item that both agents value at
a positive amount — no matter who receives the item, the agent who did not receive it will envy
the agent who did. In light of such impossibilities, a large amount of recent work has focused on
weaker variants of envy-freeness that can always be guaranteed such as envy-freeness up to one
good (EF1) [6, 13, 14, 31].

Even though envy-free allocations do not exist in the worst case, they do exist in most real-world
allocation problems. Indeed, among more than 4,300 tasks submitted through the “divide goods”
application of the nonprofit website spliddit.org [23] as of July 2021, 71% have envy-free allocations.
Moreover, the non-existence of envy-free allocations seems to primarily be a problem of instances
with few items: Among the 401 instances with at least 3 times as many items as agents, 93% possess
an envy-free allocation [36].

To explain why envy-free allocations frequently exist in practice, several papers [17, 33, 34] have
studied conditions for the presence of envy-free allocations under the assumption that utilities are
drawn from specific probability distributions. To illustrate this line of research, we focus on work by
Dickerson, Goldman, Karp, Procaccia, and Sandholm [17]; we discuss related papers in Section 1.2.
In the distributional model of Dickerson et al., envy-free allocations exist with high probability so
long as the number of items exceeds the number of agents by a logarithmic factor. In fact, such
envy-free allocation can be found by the simple welfare-maximizing algorithm, which allocates
each item to the agent valuing it the most. It might be surprising that this algorithm — which, for
general utilities, can be arbitrarily far from envy-free — would lead to envy-free allocations, but this
follows from three assumptions underlying the distributional model: (1) for each item, each agent is
equally likely to have the largest value, (2) when an agent has the largest value for a given item, this
agent’s conditional expected value for the item is larger by a constant gap than the expected value
for the item conditioned on the agent’s value not being the largest, and (3) agent-item values are
independently drawn across items. Property (1) implies that each agent receives an equal number
of items in expectation, property (2) implies that an agent’s expected utility for an item in their
own bundle is larger than their expected utility for an item in another bundle, and, by property (3),
the agent’s utilities for the different bundles are concentrated around their (well separated) means.
Thus, with high probability, the welfare-maximizing allocation is envy-free.

n practice, most fair division problems with indivisible goods assume additive utilities since additive utilities strike a good
balance between expressivity and ease of elicitation. The website spliddit.org mentioned below and, to our knowledge, all
papers studying fair allocations in distributional models assume additive utilities.


http://www.spliddit.org/

Even though papers such as the one by Dickerson et al. show that envy-free allocations are
frequent when utilities are drawn from the distributions considered, the level of symmetry and
independence in these distributions limits the applicability of these results to practice. For example,
in the scenario of splitting season tickets among friends, the following two situations could naturally
arise:

o Two friends largely agree on which games are the most exciting. However, one friend mainly
wants to see the top matches whereas the other only slightly prefers these games over others.

e Some of the friends work at the same company. Since games on certain weekdays overlap
with work commitments, these friends have zero utility for those games.

Whereas practical item allocation problems might exhibit many such patterns, these patterns are
exceedingly unlikely in the distributional models. Since, furthermore, there is no reason to believe
that algorithms like the welfare-maximizing algorithm would produce envy-free allocations on
such instances, a stronger approach is needed to explain the widespread existence of envy-free
allocations in practice.

There are two reasons to hope that weaker assumptions than those made in distributional models
would suffice for envy-free allocations to exist: First, the argument by Dickerson et al. ensures
not just that agents barely prefer their own bundle over another agent’s, but that agents prefer
their own bundle by a constant factor. Second, the research on EF1 shows that, even for worst-case
utilities, it is always possible to allocate items such that no agent prefers another agent’s bundle
over their own by much, if no single item has exceptionally large value [31]. As a result, it stands
to reason that utility profiles might not have to be entirely distributional to allow for envy-free
allocations. Instead, utility profiles could be largely worst-case, with just a small part of the agents’
utilities being distributional. As long as a subset of the items can be distributed in a suballocation in
which agents strongly prefer their own bundle over others’, and as long as the remaining items are
distributed such that agents are only mildly envious of others’ bundles in the second suballocation,
the total allocation should be envy-free.

In this paper, we formalize these intuitions by proposing a smoothed model, in which utilities
arise from a worst-case profile of utilities by randomly perturbing a fraction of the agent—item
values. For any worst-case utility profile, envy-free allocations are likely to exist for the perturbed
utility profile, if sufficiently many items are perturbed. Given that the perturbations only change a
fraction of agent-item values and only change these values by a bounded amount, patterns in the
worst-case utilities such as the ones described for the season-ticket scenario are largely preserved
in the perturbed utilities and therefore such patterns do not rule out envy-free allocations. More
fundamentally, our results show that instances without envy-free allocations are brittle with respect
to small random variations in agent utilities (assuming a sufficient number of items), which provides
a more robust explanation for the widespread existence of envy-free allocations than does previous
work.

1.1 Our Techniques and Results

In Section 2, we introduce our smoothed model, which generates profiles of additive utilities for a
given number n of agents and m indivisible items. The model starts from a profile of worst-case
base utilities. With a fixed probability p, the model increases each agent-item base value by adding
an independently drawn amount of utility, which we refer to as the agent’s boost for that item.
As we will discuss at the end of the paper, one can think of an item being boosted for an agent as
the agent liking the item a bit more due to an idiosyncratic reason, i.e., a reason independent from
general patterns of alignment or misalignment between the agents’ base valuations. Both the boost



probability and the distribution of boosts are parameters of our model, which allows our model to
capture a wide range of distributions.

In Section 3, we demonstrate that the round robin algorithm, which has excellent envy-freeness
properties in the distributional setting [34] and satisfies EF1 in the worst case, fails to guarantee
envy-freeness in the smoothed model, even when the expected number p m of boosts per agent
is as large as m®-33, which corresponds to a much larger p than will be required for our existence
results.

In Section 4, we prove our main theorem:

Theorem 3 (informal statement). In the two following scenarios, envy-free allocations exist with
probability converging to 1:
e ifn — oo, m > n Inn, and the expected number p m of boosts per agent is sufficiently larger
thanlnn, or
o ifn is bounded and the expected number p m of boosts per agent goes to infinity.

Our proof applies an argument similar to the one by Dickerson et al. [17], but to only the boosts
rather than the entire utilities: each item that has a boost for some agent is allocated to the agent
with the largest boost to form a partial allocation Ajy; all items without any boosts are allocated
using an algorithm satisfying EF1 in a suballocation Aj;.

Because the boosts satisfy assumptions (1) through (3) in the introduction, each agent derives
substantially more utility from the boosts allocated to themselves in A, than their utility for
the boosts of items allocated to other agents in A,. While agents might have higher base utility
for the items allocated to another agent than for those allocated to themselves, this source of
envy is concentrated around zero (for A;) or bounded above by one (for A;). We show that the
“negative envy” between boosts outweighs possible envy between base utilities, which makes the
combination of A; and A, an envy-free allocation. In Section 5, we show that our analysis of the
boost probability required for envy-free allocations to exist is asymptotically tight.

The argument for the existence of envy-free allocations sketched above does not provide a
polynomial time allocation algorithm because the allocation assumed access to how agents’ utilities
decompose into base utilities and boosts, rather than to just the utilities. In Section 6, we develop a
polynomial-time allocation algorithm for finding envy-free allocations with high probability, under
the same conditions as those of Theorem 3. Our algorithm uses linear programming to identify a
fractional suballocation that can play the role of Aj,, randomly rounds this allocation, and allocates
the remaining items in an EF1 suballocation.

Finally, we show in Section 7 that our smoothed model makes another task easier that is compu-
tationally intractable in the worst case — finding allocations that simultaneously satisfy proportion-
ality and Pareto-optimality. While the existence of such allocations is a corollary of Theorem 3,
finding them in polynomial time requires additional techniques. Our algorithm is based on finding
a fractional allocation using a different linear program, and rounding it using a different rounding
procedure. The resulting allocation is always Pareto-optimal and satisfies proportionality with high
probability over the random boosts.

1.2 Related Work

Fair allocations in distributional models. Our work is related to a sequence of papers that
investigate the existence of fair allocations for indivisible items when utilities come from a distribu-
tional model [1, 5, 17, 18, 29, 32-34, 39, 42]. We already discussed in detail the paper by Dickerson
et al. [17], and will discuss in the following two other papers whose results we will refer to.

These papers, both by Manurangsi and Suksompong [33, 34], refine Dickerson et al’s analysis
of parameter ranges for which envy-free allocations exist with high probability. Assuming that



the number of agents n goes to infinity, Dickerson et al’s results show that envy-free allocations
exist if the number of items m scales in Q(n In n), and that envy-free allocations do not necessarily
exist if m € n + o(n). Manurangsi and Suksompong show that the existence for most intermediate
m depends on how cleanly m is divisible by n, and that envy-free allocations cannot be guaranteed
even if m € O(n Inn/Inlnn) if m is not divisible by n [33]. In a follow-up paper [34], Manurangsi
and Suksompong show that another algorithm, round robin, leads to envy-free allocations for
m € Q(n Inn/lnlnn), rendering the previously mentioned bound tight up to constant factors. In
our smoothed model, by contrast, the round robin algorithm will turn out to be far from optimal
for guaranteeing envy-freeness.

Semi-random models. Smoothed analysis is one modeling approach within the wider field
of semi-random models. Semi-random models generate problem instances in a partly adversarial,
partly random way. These semi-random models allow algorithm designers to study algorithmic
problems despite impossibility results holding for isolated worst-case instances, without forcing
the algorithm designer to commit to any specific distribution as being a good proxy for reality.

While semi-random models have been widely adopted as a way to circumvent computational
hardness [10, 19, 20, 28, 37], they have only rarely been used to circumvent other kinds of impossibil-
ities as we do in our paper. One such example is in online matching, where worst-case arrivals with
random ordering allow for better approximation ratios than worst-case arrival orderings [24, 26, 27].
Recently, semi-random models have also been used in social choice [40, 41], where the randomness
in the instance circumvents classic voting paradoxes, and in mechanism design [8, 9], where the
randomness allows to align incentives without the large cost to welfare implied by worst-case
examples. The only other application of semi-random models to fair division that we know of
is by Chéze [15]. He applies smoothed analysis to the cake-cutting problem, in which envy-free
allocations always exist but are hard to compute. For smoothed utilities, Chéze shows that the
complexity of cake cutting is polynomially bounded with high probability.

2 PRELIMINARIES

Basic definitions. Let there be a population N = {1,...,n} of n > 2 agents and a collection
M of m > 1 indivisible items. Each agent i has a value u;(a) > 0 for each item «. Throughout this
paper, we assume that the agents’ utilities are additive, i.e., that agent i’s utility for a set of items
A C Mis uj(A) = Y 4eati(a). The collection of all agent—item values is called a utility profile.
Given a utility profile, an allocation algorithm must return an allocation, which is a partition of the
items into bundles A4, . .., A, where bundle A; is allocated to agent i.

Given an allocation {A;};en for a specific utility profile, we say that an agent i envies another
agent j by the amount u;(A;) — u;(A;). Note that we allow envy to be negative, whereas some
authors define envy as max (0, u;(A;) — u;(A;)). We say that an allocation has t-bounded envy for
some t € R if each agent i envies j by at most ¢; if an allocation has ¢-bounded envy for t < 0,
this means that each agent strictly prefers their own bundle over every other bundle by a gap of
size —t. An allocation {A;};en is envy-free if it has 0-bounded envy, i.e., if, for all pairs of agents
i # j,ui(A;) > u;(A;). Rather than defining envy-freeness up to one good (EF1), it will suffice to
note that, if an allocation satisfies EF1, the allocation has max;en, xem ti(@)-bounded envy. An
allocation {A; };cn satisfies proportionality if, for every agent i, u;(A;) > u;(M)/n. Note that, for
additive valuations, any envy-free allocation is also proportional. Finally, an allocation {A;};en is
Pareto-optimal if it is not Pareto dominated by any other allocation {A}};cn, which means that there
can be no {A’};cn such that, for each agent i, u;(A]) > u;(A;) and at least one of these inequalities
is strict.



Smoothed model. Each instance of our smoothed model describes a family of probability
distributions that generate utility profiles. These instances are parameterized by three elements:
a utility profile of base utilities, a boost probability, and a boost distribution: Each agent i has a
base value u;,(a) € [0,1] for each item a, and the base utilities extend these values to sets of
items by setting u;(A) = ¥ ;e u,;(@). Independently across agents and items, an agent i’s boost
for item «, denoted Boost; , is drawn from a boost distribution D with a fixed boost probability
p € (0, 1]; with probability 1 — p, the boost is zero.? We assume that all values drawn from D lie
in the interval (0, c] for some ¢ > 0 and that D is non-atomic.’> We call D’s variance ¢, which
is positive by non-atomicity. An agent’s value for an item « in the smoothed model is defined as
ui(a) = u;(a) + Boost; q.

In this paper, we aim to characterize how many random boosts are needed in order to have
envy-free allocations, and we focus on the case where there are many items. We phrase these results
in terms of asymptotic bounds on the boost probability p, along an infinite sequence of instances in
which the number of items goes to infinity. For an event relating to a utility profile (such as: “there
exists an envy-free allocation”), we say that this event occurs with high probability if, along the
infinite sequence of instances, the probability of this event converges to 1. For simplicity, we will
assume that the boost distribution D stays the same across the sequence of instances instances
(alternatively, that o2 > 0 refers to a lower bound on all variances and ¢ to an upper bound on
the support of all boost distributions). Note that we do not necessarily assume that the number
of agents n goes to infinity; we will often give separate results depending on whether n — oo or
n € O(1). For clarity, we use the notation const(c?, c) to hide positive, absolute constants that only
depend on the variance and upper range of D.

In Appendix A, we give the rationale for three central modeling choices underlying our smoothed
model. Specifically, we explain why our model assumes boosts to be positive, why it includes the
parameter p, and why we focus on the case where m goes to infinity. For each of these decisions,
we discuss the implications of alternative choices. In addition, we describe in Appendix G how our
results extend to a model of allocating not just goods but mixed manna (i.e., items whose values
may be negative), a setting in which we make the first and second modeling choice differently.

3 ROUND ROBIN ALLOCATIONS ARE NOT ENVY-FREE

Given that our smoothed model generalizes the distributional model mentioned in the introduction,*
we will demonstrate that the allocation algorithms shown to give envy-freeness in this distributional
model do not guarantee envy-freeness in the smoothed model even when the number of boosts
is high. This finding will show that the smoothed setting requires new algorithms such as those
we develop in the following sections. The welfare-maximizing algorithm is clearly not useful for
finding envy-free allocations in this model since, if one agent’s base utilities exceed another agent’s
base utilities by more than c for all items, the welfare-maximizing algorithm will not allocate any
item to the latter agent, who will then be envious. Thus, we will focus our discussion on another
candidate algorithm.

A priori, the most promising contender for an algorithm that would produce envy-free allocations
in the smoothed model is the round robin algorithm. This common-sense algorithm iterates over

2Qur results are robust to some changes in this setup. For example, boost distributions could differ by agent, in which case
our analysis would extend using the tools of Kurokawa et al. [29, Lemma 3.2] or Bai and Golz [5]. Fundamentally, all we
need is for the boost distribution to satisfy properties (1), (2), and (3) from the introduction.

3The assumption of non-atomicity is only for ease of exposition; our results readily generalize to atomic distributions with
positive variance when ties between agents’ boosts are broken at random in our arguments.

4That is, if p = 1 and all base utilities are zero, the smoothed model reduces to the distributional model in which all
agent-item utilities are drawn i.i.d. from a distribution D.



the agents i in a cyclical manner, and allocates one item to i in each step, namely, i’s favorite item
among those that have not yet been allocated. Round robin excels by virtue of its envy properties
both in the distributional model and in the worst case: In the distributional model, round robin
allocations are envy-free with high probability if m € Q(n Inn/Inlnn) [34], which is the best
possible such guarantee since envy-free allocations need not exist for fewer items [33]. Even on
worst-case valuations, round robin satisfies EF1 [13].

On the face of it, the argument showing EF1 in the worst case seems like it should also provide
envy-freeness for smoothed utilities. To describe this argument for EF1, consider two agents 1
and 2 and suppose that they draw items as follows, possibly interspersed by the picks of other
agents: agent 1 picks an item a, agent 2 picks i, agent 1 picks oy, agent 2 picks ff;, and so forth. By
construction, agent 1 prefers each item «; to agent 2’s subsequent pick f;, from which it follows that
w({a1, az, ... }) = ui({P1, Pz - . - }). Agent 1 can only envy agent 2 if agent 2 picked one additional
item S, before agent 1 chose an item for the first time, but even then the envy is bounded by the
value of fy, which shows EF1.

It would be natural to assume that few random utility perturbations suffice in order to eliminate
the envy in round robin allocations, since envy created by fy persists only if the u;(a;) are not much
larger than the corresponding u;(f;), which will require the two agents’ preferences to closely
align. Random perturbations of the utilities seem promising because they disturb the alignment of
preferences even if the base utilities are similar; agent 1’s boosts will make some items particularly
valuable to agent 1 and some boosts will make agent 2 pick items earlier that have low value for
agent 1. If these effects make u;(a;) — u1(f;) large enough for enough ¢, then agent 1 prefers the
items ay, ay, . .. by a sufficient gap over fi, S, ... that adding f, to the latter bundle does not
create envy. Surprisingly to us, the following proposition shows that even a substantial amount of
random boosts is not enough to eliminate envy for certain base utilities:

Proposition 1. Foranyd > 0 and e € (0, 1), there is a family of instances with two agents, 1 and 2,
andm — oo items, with a boost probability of p == m~2/>~% and the boost distribution Uniform((0, €))
such that, with high probability, agent 1 will envy agent 2 in the round robin allocation starting from
agent 2.

Proor skeTcH. We describe the family of instances and their non-trivial analysis in Appendix B.
The idea behind these instances is to set the base utilities such that the boosts do not have the
envy-reducing effects for agent 1 described above: Whenever agent 1 picks an item that is boosted
for them, this gives agent 2 an opportunity to pick more items that both agents have high value for,
essentially neutralizing any envy-reducing effects of agent 1’s boosts. Furthermore, the instance is
constructed such that agent 2’s boosts only change their sequence of picking between items that
agent 1 is indifferent between, and thus agent 2’s boosts do not reduce agent 1’s envy. As a result,
agent 1 envies agent 2, even though the expected number of boosted items p m grows as a power
function of m. O

In contrast to this negative result for round robin, we will show in the next section that envy-free
allocations exist for two agents whenever pm — co and thus already for boost probabilities much
lower than those in this proof. Note that the proof above also rules out proportional allocations
since proportionality and envy-freeness are equivalent when n = 2. One might hope that the
counter-example above is a fluke of having only two agents, but we show in Appendix B that the
argument can easily accommodate additional agents (who favor the items that agent 1 and 2 value
the least):

Corollary 2. Fixanyd > 0, € € (0,1) and any function n : Ns; — Ny such that n(m) < m'/? for
sufficiently large m. Then, there is a family of instances with m — oo items and n = n(m) agents, with



a boost probability of p := m~2/3% and the boost distribution Uniform((0, €)) such that, with high
probability, round robin (starting with agent 2) produces an allocation in which agent 1 envies agent 2.

4 EXISTENCE OF ENVY-FREE ALLOCATIONS

We now prove that envy-free allocations are likely to exist, implementing the argument sketched in
Section 1.1. Formally, consider a procedure’ that allocates the items in two phases: In the first phase,
it allocates all items that are not boosted for any agent via an EF1 procedure such as round robin.
Let A} denote the set of items received by agent i in phase 1. In the second phase, the procedure
gives each remaining item to the agent with the highest boost.” Let A? denote the set of items
received by agent i in phase 2, and let A; := A} U A? denote agent i’s total allocation. Our main
theorem states that this allocation is likely to be envy-free:

Theorem 3. There exists a constant K2 . > 0 (that only depends on o* and c), such that,

. t(o2,c) 1
e ifn— oo andm — oo, m > const(c?,c)n Inn, andp > W, or

o ifm — oo, n is bounded, and p € w(1/m),

then, with high probability, there is an allocation with (1 — K, . - min(p, 1/n) - m)-bounded envy.
In particular, under the conditions of the theorem, there exists an envy-free allocation with high
probability.

In the remainder of this section, we prove this theorem: In Section 4.1, we prove that each agent
i has higher utility for the boosts in A? than for the boosts in any other Ai‘ Next, in Section 4.2, we
bound the amount by which an agent i’s base utility for a bundle A? can exceed i’s base utility for

A?.In Section 4.3, we combine the previous two lemmas with the EF1 property of {A}};cn to prove
the main theorem.

4.1 Negative Envy of Boosts

We begin by analyzing the allocation of the boosts. Specifically, we will show that, with high
probability, an agent i’s bundle contains a larger amount of boosts for agent i than the bundles
given to other agents. While the structure of our proof resembles the argument by Dickerson et
al. [17], proving the linear gap between the expected utility of an agent’s own bundle and the
expected utility of another agent’s bundle is a bit more difficult. The main difference stems from
the fact that, in the model of Dickerson et al., each item’s value for the item’s recipient is the
largest out of n random utilities. In our setting, by contrast, only a random subset of agents have
a boost drawn from D. Thus, a careful bound is required to show that (for agents i # j and an
item @) E[u;(a) | & € A%] - E[ui(a) | a € A?] is lower-bounded by a positive constant C,2 . that is
independent of p and of D’s properties other than ¢ and c.

In our analysis, a very useful parameter will be the probability r that a given item « will be part
of a given agent i’s phase-2 allocation. By symmetry, this probability is

P[a is boosted for some agent] 1 —(1-p)"

ri="Pla € A} =
n n
When p is small, r is approximately equal to p, but once p grows larger than 1/n, r grows slower
and slower in p and instead converges towards 1/n. In fact, we have that (1 — 1/e) min(p, 1/n) <
r < min(p, 1/n), as we prove in Lemma 11 in Appendix C.

SWe avoid talking about an algorithm here, for reasons laid out in Section 6.
®We will ignore the possibility of ties between positive boosts, which, since D is non-atomic, occur with zero probability.



Lemma 4. There exists a constant K2 . > 0 that depends only on o and c such that, with probability
at least 1 — n* exp (—const (62, c) r m), for all agents i # j, it holds that

Z Boost; o — Z Boostj g 2 6Kz .7 m. (1)

a EA? a EA‘]Z.

Proor. Fix anitem « and an agent i. To analyze the item’s boosts, we use the principle of deferred
decision by generating the boosts of the item « in two stages, as follows:

In the first stage, we only determine which of the following (exhaustive and mutually exclusive)
cases applies for the boosts of item a:

Case Case description Who receives @? Probability

I Boost; o =0 depends 1-p

I Boost; o > 0 and Vj # i. Boostj o =0 i p(1-p)!

III Boost; o = maxjen Boostj o > 0and i r—p(-pnt
dj # i. Boostj 4 > 0

IVjforj#i Boost;, > 0and j Pp-r/n-1)

Boostj o = maxj N Boostj o > 0

In the second stage, we sample i’s boost for a conditioned on the case determined in the first
stage. We will use the following observations about these conditional distributions:

Case I: By definition, Boost; , = 0.

Case II: Since the boosts of other agents are independent, we have learned that Boost; 4 is
positive, but nothing else about it. Thus, the conditional distribution is D, with expected
value E[D].

Case III: The fact that Boost; , is the greatest out of k > 2 independent draws means that the
conditional distribution is the kth order statistic of k independent draws from D. For any
k, this distribution stochastically dominates the second order statistic of two independent
draws, which we will denote by D,.,. The expectation is at least E[D5.].

Cases IV;. The information that, out of k > 2 independent samples from D, another draw is
larger than Boost; , implies that its conditional distribution is stochastically dominated by
D. Thus, the conditional expectation is at most E[D].

By the above, for each item «, we can bound the expected contribution of its boosts to the sums
in Eq. (1). We denote a’s expected contribution to ), . 42 Boost; o by pown and denote a’s expected
contribution to }} . A Boost; o for an arbitrary agent j #i by Lother:

Hown = E []laeAz_ . Boosti,a]
= P[a in case IT] - E[Boost; o | @ in case II| + P[a in case III] - E[Boost; o | @ in case III]
>p(1-p)" ' E[D] +(r - p(1-p)" ) E[Dy.], and

Hother ‘= B []laeA§ -Boosti,a]

=Plaincaseland a € A?] -0 + Pla in case IV|] - E[Boost; | @ in case IV;]

p—r

n-1

Next, we observe that r—p (1—p)"~! > (p—r)/(n—1). The left-hand side describes the probability
(r) that agent i has the largest positive boost, but i is not the only agent to have a positive boost (we
subtract the probability p (1 — p)®~! with which only i has positive boost). Hence the left hand side

<

E[D].



gives the probability that i has largest positive boost, and in addition to i there is at least one agent
Jj # i with positive boost. The numerator of right-hand side describes the probability that a fixed
agent j # i satisfies two conditions: it has a positive boost (with probability p) but not the largest
boost (hence we subtract r). As each agent other than j is equally likely to have the largest boost,
dividing by n — 1 gives the probability that i has the largest boost. Hence the right hand side gives
the probability that i has largest positive boost, and in addition to i some specific agent j # i has
positive boost. Because the right hand side event implies the left hand side event, the inequality
holds. This observation allows us to lower-bound the gap A, as follows:

Ap ‘= Hown — Hother
_ e -r
> p(1=p) " E[D] + (r = p(1 - p)" ) E[Dzo] - ES B[]

2 p(1=-p)" 'E[D]+(r—p(1-p)" " )E[Ds2] - (r —p(1-p)" ) E[D]
=p(1-p)" 'E[D]+ (r - p(1-p)" ") (E[D,2] - E[D])
> r - min(E[D], E[D;.2] - E[D]) > Cy2 .1,

where the last inequality is from the fact that both E[D] and E[D;.;] — E[D] are lower-bounded
by a constant C,2 . > 0 that only depends on the variance of 9 and on the upper end of its range c.
This is implied by Lemma 13 in Appendix C.

Finally, note that we can bound pioyn = E []laeAf -Boosti,a] <E []laeA% -c] < rc and, analogously,
Hother < T C.

We will now lower-bound agent i’s sum of boost for the items that were allocated to them,
i.e., the sum 3,42 Boost; o = X gem Lyeaz - Boost; o. Recall that all boosts are in (0, ¢] and are
independent across items o, which allows us to apply a Chernoff bound:

A
P Z Boost; ¢ < (Hown — Ap/3)m| =P Z Boost; 4 < (1 S — ) Hown M

acA? acAl 3 Hown
Ay 2 2 2 2 2
3 fown IJOWH m A[J m CO'Z,C r-m CO'Z,C
<exp|———— ——|=exp|-——— | <exp|-———5 —|=exp|- rm|.
2c 18 ¢ fiown 18c“r 18¢

Next, we will upper-bound the sum of i’s boosts for all items allocated to a fixed agent j # i, i.e.,
the sum } 42 Boost; o. For this, it suffices to consider items « of case IV}; items & of case I might
J

be in A?, but contribute zero to the sum. We bound

A
P Z Boosti ¢ > (Hother + Ay/3)m| =P Z Boost; o > (1 + a ) Hother M
) s 3 Hother
aeAj aeAj
Ay \?
3 Hother 'uOther m A‘u m
<exp|———— | =exp| -

(lsﬂother +3) c

A/‘
(2 + 3/‘01}1&) ¢ A;l

cog| Corerm N\ Cee
=P (M+3)c P\ asc+sc.) ¢ )

Cazycr




By a union bound, the probability that an events 3, ¢ 42 Boost; ¢ < (ftown — Ay /3) m occurs for
any i or that an event } , c 42 Boost; ¢ > (Hother + Ay/3) m occurs for any i # j is at most
J

2 2 2

otc olc 2 C(rz,c
n exp _18c2rm +n(n—1) exp ——)crm < n” exp —(—rm .
c

(18c+3C,e, 18c+3Ch2) C

When none of these events occur, fixing any pair of agents i # j,

Caz,c
Z Boost; o — Z Boost; ¢ 2 (Hown — Ap/3)m — (other + Ay /3)m = A, /3 -m > - rm.

acA? aeAi.

2 c
2 2
—2c — and K,z =~ O

Therefore we have finished the proof where const (62, c) = B
(18 c+3 Cazvc)c
4.2 Bounded Envy of Base Utilities of Suballocation {A%};cn

Next, we bound the inequality between the base utilities for the bundles of the suballocation {A? tien.
Recall that the items in this suballocation are allocated based only on their boosts, independently
of their base utilities. As a result, for each agent i, the random variables }’ , ¢ 42 u,() are symmetric

across all agents j (including j = i). Since these random variables have equal expected values,
differences between the random variables are limited to random deviations which can be bounded
with high probability. We defer the proof of the lemma to Appendix C.3.

Lemma 5. With probability at least 1 — n® exp (—const(c?, ¢)r m), it holds for all agents i # j that
ZI(A?) - El(Af) 2 _4K02,c rm,
where K ;2 . was defined in Lemma 4.

4.3 Putting the Lemmas Together for the Main Theorem

To prove the main theorem, it remains to combine the above bounds on the envy in the suballocation
{Af }ien with the fact that the suballocation {A% }ien satisfies EF1 by construction, and to show that,
in the two scenarios described in the theorem statement, the probability of one of the concentration
events not holding and possible positive envy both vanish.

Proor oF THEOREM 3. Using a union bound, the events described in Lemmas 4 and 5 occur
simultaneously with probability at least

1—n® exp (—const (o, c)rm) — n® exp (~const (c®,c)rm) > 1 —2n® exp (~const (¢, c)rm)

> 1-exp (—const (¢*,c)rm+2Inn+In2)

>1-exp (- const(d?,c)-(1-1/e)-min(p,1/n) - m+2 Inn +In2) 2)
denote this by By

=1—exp (- B,z min(p,1/n)-m+2Inn+In2), (3)

where the last inequality follows from our lower bound on r (Lemma 11). Assuming that these
events indeed occur, for any i # j

gi(A}) + gi(Af) + Z Boost; 4

acA?

uiAy) - ui(Ay) = |u(A) + (4D + Y Bt) -

2
aeAj




= (EI(A}) - El(Ai)) + (gl(Ai) - gl(A?)) + (ZaeA? Boost; o — ZaeA% Boosti,a)

<1, by EF1 < 4Kz . r mby Lemma 5 < —6Ky2 . r m, by Lemma 4
<1-2Kg2.rm<1-Kg . -min(p,1/n)-m, 4)
where the last inequality follows from our lower bound on r and the fact that 1 — 1/e = 0.63 > 1/2.

To conclude the proof, it will suffice to show that, in both scenarios (n — oo and bounded n)
from the theorem statement,

By2 . -min(p,1/n) - m—2Inn—-In2 — oo, (5)
which by Eq. (3) implies that the concentration events in the lemmas occur with high probability,
and to show that

min(p, 1/n) - m — oo, (6)
which by Eq. (4) implies that, when these concentration events occur, envy vanishes.
In the first scenario, i.e, if n — co,m — oo, m > 3/B,2 .nlnn, and p > %

n
, then
3/B_o . Inn 3/B_; 1 3/B_s . 1
min(p, 1/n) > min( / Gz,;f -, [Bo.c nn) =Y "Zr; 2" which shows that the terms in Egs. (5)

m

and (6) both go to infinity scaling in Q(In n). This proves the claim for the first scenario, setting
const (6%, ¢) == 3/Byz.,.

In the second scenario, i.e., if m — oo, n is bounded above, and p € w(1/m), then min(p, 1/n)-m €
min (w(1/m), ©(1)) m — oo (satisfying Eq. (6)), and term still goes to infinity when multiplied by a
positive constant and when subtracting O(1) terms from it (as in Eq. (5)). This proves the claim for
the second scenario and concludes the proof. O

5 NONEXISTENCE OF FAIR ALLOCATIONS AND TIGHTNESS

Our existence theorem (Theorem 3) gave us positive results on the boost probability required for
envy-freeness, in the sense that whenever the boost probability p lies above the given bounds,
envy-free allocations exist with high probability. In this section, we give complementary negative
results that show that this analysis is tight, i.e., if p lies below the bounds in Theorem 3 by more
than a constant factor, some sequence of instances shows that envy-free allocations need no longer
exist with high probability.

Recall that our theorem required the probability of boosts to be at least const (62, ¢) Inn/m when
n — oo or to be in w(1/m) if n is bounded. Here, we will show that, for any boost distribution D,

e if m — oo, n — o0, and p < 1/3 Inn/m, there is a sequence of base utilities such that, with
high probability, no envy-free allocation exists (Proposition 6), and

o ifm — coandp € O(1/m), there is a sequence of base utilities on which, with Q(1) probability,
no envy-free allocation exists (Proposition 7).

Note that these negative results are very broad, in the sense that they are tight with our positive
results not just in a few instances, but across all boost distributions O and a wide range of joint
evolutions of m, n, and p.

Our nonexistence results will all be based on the archetype of allocation instances without
envy-free allocations: instances in which (at least before the boosts) only a single item is valuable.

Proposition 6. Fix any boost distribution D and any infinite sequence of triples (m, n,p) such that
m— oo,n — oo, andp < 1/3 ln7” Then, there exists an infinite sequence of instances with these values
of m, n, and p such that, with high probability, no envy-free (and even no proportional) allocation
exists.



Proor. Whenever m < n, we can select any instance in which all agents have positive base value
for all items. Then, envy-free allocation cannot exist at all since any allocation must leave some
agent without items, who then envies any agent who receives a positive number of items.

Thus, we may assume that m > n. For these triples (m, n, p), we construct an instance with one
special item «., for which each agent has a base value of 1, and with (m — 1) items for which each
agent has base value 0. Note that, by m > n, it holds that p < 1/3 1%” <1/3 h‘Tm — 0. In particular,
it holds for all large enough m that p < 0.79, which means that 1 — p > e™”, which we assume
from here on.

For each agent, the probability that they have no boosts for any of the items is (1 — p)™ >
e > 23 Inn # Since this event is independent between agents, and the expected number

of agents without any boosts is n - # = n'/> — oo, concentration of measure implies that, with
high probability, there are at least two agents without boosts. In this case, in any allocation of the
items, there is an agent who has no boosts and does not receive a.. This agent necessarily envies
the recipient of . (and furthermore does not receive their proportional share), which shows that,

with high probability, there indeed exists no envy-free (or even just proportional) allocation. O

In Appendix D, we prove another negative result, based on the same idea but without the
assumption that n goes to infinity, which is tight with our positive result for bounded n.

Proposition 7. Fix any boost distribution D and any infinite sequence of triples (m, n, p) such that
m — oo and p € O(1/m). Then, there exists an infinite sequence of instances with these values of m, n,
and p such that, with Q(1) probability, no envy-free (and even no proportional) allocation exists.

The two propositions above show that the bounds in Theorem 3 are the most permissive bounds
on p one could hope for, up to constants, in both scenarios “m — oo, n — ” and “m — oo,
n € O(1)”. One way to interpret the transition from non-existence to existence is that, when p is
large enough such that, with high probability, every agent receives a boost, then increasing the
boost probability by a constant factor is sufficient to ensure the existence of an envy-free allocation
with high probability. One way in which a slightly stronger statement than Theorem 3 might be true
is by relaxing the constraint “m > const (62, ¢c) nlog n” in the first case. By the nonexistence result
of Manurangsi and Suksompong [33] for the distributional model, we know that this constraint on
m can be at most relaxed by a factor of O(Inln n), even for p = 1, but we do not know if envy-free
allocations exist within this log-log gap. It seems that any positive results in this space would
require a different algorithmic approach since the deviations of the base utilities for {A%}; can no
longer be bounded in O(r m) as we do in Lemma 5, and might therefore outweigh the negative
envy produced by the boosts.

6 EFFICIENTLY FINDING ENVY-FREE ALLOCATIONS

While the existence proof for Theorem 3 is constructive in a mathematical sense, it does not describe
a proper allocation algorithm. What prevents the procedure in the proof from being executed as
an algorithm is that the procedure allocates items based on their base utility and their boosts,
whereas an allocation algorithm can only observe the utilities, not how these utilities decompose
into base utilities and boosts. Since finding envy-free allocations is NP-hard in the worst case
(by a straightforward reduction from PArTITION for n = 2), it is not obvious that the envy-free
allocations guaranteed to exist in the smoothed model can also be found efficiently.

In this section, we show that envy-free allocations can indeed be found in polynomial time, in
(up to constants) the full parameter range allowed by Theorem 3. The key idea is to find a fractional
partial allocation that can play the role of {A%};cy, i.e., that only allocates O(r m) items to each
agent and has —Q(r m)-bounded envy, where we recall that r = (1 — (1 — p)")/n. Suppose, for now,



that the algorithm “guesses” a value p that gets close to the unknown parameter r in the sense that
p € [r,2r). Then, a substitute allocation for {A%};cn can be found by the following linear program,
where the variables x; , indicate the fraction of item « allocated to agent i:

maximize t

s.t. Z Xig <2pm Vie N (7)
aeM
Z u(@)xiq =t + Z ui(a) Xj o Vi#j (8)
aeM aeM
in,a <1 Ya e M 9)
ieN
Xig 20 Vie N,a € M. (10)

As we sketch here, our existing results from Section 4 imply the existence of solutions with high
objective value t: Indeed, if we were to set x; o, = 1{a € A%} foralliand @ and t := 2Kz .7 m,
Egs. (9) and (10) would directly hold, and these values would also satisfy Eq. (8), by Lemmas 4 and 5,
assuming that certain tail events do not occur. As a simple concentration bound in our proof will
show, 4 eum Xi,o = |A?] is at most 2 p m with high probability, satisfying Eq. (7). Thus, with high
probability, optimizing the LP will return a solution {x; , }, " with objective value t* > 2K,z . r m.

We then randomly round the fractional allocation, by allocating each item « to each agent i
with probability x¥ ,, independently across items.” We will show that, due to concentration, the
resulting partial (n’on-fractional) allocation still has —1-bounded envy with high probability. This
step crucially depends on the fact that the expected number of items allocated to each agent
in this partial allocation (smaller than 2 p m by Eq. (7)) is not too large relative to the envy gap
t*; if p was guessed too large, the variance of the random allocation could outweigh this envy
gap and lead to envy that is not —1-bounded. After the random-allocation phase, the algorithm
uses a polynomial-time subroutine such as round robin to allocate the remaining items in an EF1
way. If the randomly rounded suballocation indeed had —1-bounded envy, combining both partial
allocations will be envy-free.

To specify the algorithm, it remains to describe how the algorithm “guesses” an appropri-
ate value of p. To do so, it simply runs the above steps for logarithmically many values p =
1/m,2/m,4/m,8/m,...,1. Each of these runs produces an allocation, for which the algorithm
computes in polynomial time the maximum envy between any pair of agents. The algorithm then
returns the allocation for which this maximum envy is lowest. As we show in Appendix E, the
returned allocation is likely to be envy-free:

Theorem 8. The randomized algorithm described above runs in polynomial time, and,

. t(o2,c) 1
e ifn — 0o andm — oo, m > const(c?,c)n Inn, andp > W, or

e ifm — oo, n is bounded, and p € w(1/m),

it returns an envy-free allocation with high probability.

Let us clarify to which events the probability in Theorem 8 refers to. With high probability, the
boosts are such that not only an envy-free allocation exists, but also the resulting allocation instance
is such that the randomized algorithm would with high probability, over its own randomness,
output an envy-free allocation. Of course, given such an allocation instance, the success probability
of the algorithm can be made arbitrarily close to 1, by repeatedly running it with fresh independent
randomness.

If Y en xj o < 1foranitem a, a will remain unallocated in this phase with positive probability.



7 EFFICIENTLY FINDING PARETO-OPTIMAL AND PROPORTIONAL ALLOCATIONS

In this section, we give a second example for a hard computational task that becomes easier in the
smoothed model: finding allocations that are simultaneously proportional and Pareto-optimal (from
here on: PROP+PO). Since any envy-free allocation is also proportional, it follows from the previous
sections that allocations satisfying just proportionality exist (with high probability), and that we
can find them efficiently; and this analysis is tight since our negative results in Propositions 1, 6,
and 7 also rule out proportionality. Moreover, the existence of a proportional allocation A implies
that there is a PROP+PO allocation: Indeed, if (A is not Pareto-optimal itself, one verifies that any
A’ that Pareto dominates A must also be proportional. Without loss of generality, we may choose
such an A’ to be maximal in the sense that A’ is not itself Pareto dominated, which implies that
A’ is Pareto-optimal and PROP+PO. From a computational point of view, however, finding such
PROP+PO allocations requires superpolynomial time, even for an algorithm that already receives a
proportional allocation as part of its input, unless P = NP (Appendix F).

For our smoothed model, by contrast, we give a polynomial-time algorithm that, with high
probability, finds PROP+PO allocations in the scenarios described in Theorem 3. Our algorithm
finds a Pareto-optimal fractional allocation that exceeds proportionality, in the sense that each
agent’s utility for their own bundle exceeds their proportional share by at least an amount ¢.
Then, our algorithm rounds this fractional allocation into a non-fractional allocation that is still
Pareto-optimal and exceeds proportionality by not much less than t; for large enough ¢, this implies
PROP+PO. Reusing the random rounding procedure from Section 6 would give unsatisfying bounds
for this application, since this fractional allocation might give some agents so many items that
the variance of the random allocation would outweigh the gap t. Fortunately, the target axioms
PROP+PO allow us to use a deterministic rounding scheme, in which the gap t only has to be
a constant for the rounded allocation to be proportional. As a result, the algorithm can provide
PROP+PO under the assumptions of Theorem 3:

Theorem 9. There is a (deterministic) polynomial-time allocation algorithm whose returned allocation
{A;}ien is guaranteed to be Pareto-optimal and such that, in both scenarios of Theorem 3, the allocation
is proportional with high probability over the random boosts.

Proor. For a fractional allocation in which each agent i receives a fraction x; » € [0, 1] of each
item «, we say that an agent i’s utility in this fractional allocation is , cpr ui(e) Xi. o

First, the algorithm solves a linear program to determine the largest amount t* by which all
agents’ utilities can exceed proportionality in a fractional allocation:

t* := maximize t

s.t. Z ui(@) xi,q = ui(M)/n+t Vie N
aeM
in,a =1 Ya e M
ieN
Xig 20 Vie N,a € M.

Note that this linear program is feasible and bounded. Then, the algorithm solves a second linear
program to find the fractional allocation with maximal utilitarian welfare among the fractional
allocations exceeding proportionality by t*:

maximize E E ui (@) Xi,
ieN aeM

s.t. Z ui(@) xi, ¢ = ui(M)/n+t* Vie N
aeM



Z Xig=1 Va e M

ieN

Xig 20 Vie N,a € M.
This linear program is feasible due to the choice of t*, and defines a fractional allocation in which a
x; , fraction of each item « is allocated to agent i.

Next, we round this fractional allocation (x* )i, into a non-fractional allocation {A;};en, in
such a way that each agent i receives only items « for which x} , > 0, and such that each agent i’s
utility in the non-fractional allocation is at least their utility in the fractional allocation minus the
value of a single item. These properties are guaranteed by a well-known deterministic rounding
procedure used, for example, by Lenstra et al. [30] and Bezakova and Dani [7], which we sketch
below: Consider a bipartite graph, whose left nodes correspond to agents and whose right nodes
correspond to items. Let there be an edge between an agent i and an item « iff x} , is fractional, i.e.,
0 < x} , < 1. The rounding procedure iteratively modifies the fractional allocatlon First, it transfers
items along cycles in the bipartite graph until the graph is acyclic, and these steps exactly preserve
each agent’s utility. Then, it iteratively rounds the remaining fractional x; , where the acyclicity
of the graph allows to ensure that, for each agent i, at most one x; , gets rounded down. After
polynomially many steps, all edges are zero or one, which means that they describe a non-fractional
allocation, which our algorithm returns. This procedure satisfies the two properties mentioned at
the beginning of the paragraph.

We will now prove that the resulting allocations are Pareto-optimal. Observe that the fractional
allocation (x;.’" )i, 18 clearly Pareto-optimal (among fractional allocations) since any Pareto domi-
nating fractional allocation would satisfy the constraints of the second linear program and obtain a
strictly higher objective. For fractional allocations of goods, it is a classic result that an allocation
(Xi, )i, 1s Pareto-optimal iff it “maximizes a weighted utilitarian welfare” in the sense that there
exist positive weights (4;);en such that, for all i, @ with x; , > 0, i € argmax;.y 4; u](a) [35,
Lemma 2.3]. Given that our rounding only allocates items & to agents i who originally had x;, >0,
the returned allocation is also Pareto-optimal among fractional allocations as certified by the same
Ai, which implies that it is Pareto-optimal among non-fractional allocations.

It remains to show that the allocation {A;};en is likely to be proportional. In either scenario
described in its statement, Theorem 3 guarantees that, with high probability, there exists an
allocation {Atihm}ieN with (1 — Kz, - min(p, 1/n) - m)-bounded envy. If this is the case,

n times

ul-(Atl.hm) +eeet u,-(Atl.hm) g ui(Atl.hm) + il A}hm) +(n—1)- (Kyz, -min(p,1/n) - m

Uj A‘Ehm) =

n B n

=u;(M)/n + 2= (ng ¢ -min(p,1/n) - m—1) > u;(M)/n + (Ky2,. - min(p, 1/n) - m — 1)/2.
Thus, t* is at least (K2, - min(p, 1/n) - m — 1)/2. For any agent i, it must have held for the solution
(X} )i, to the second linear program that 3, ¢y ui(@) x; , = ui(M)/n+ (K2, . -min(p, 1/n)-m—1)/2
before rounding. Since, as we showed above, u;(A;) is at Ieast X gem ui(a) xi’a) —(1+¢),

u;(A;) 2

Z ui(a)xza) —(1+c)>ui(M)/n+ (Kye,. -min(p,1/n) - m)/2 —(3/2 +c).

aeM

As we showed in the proof of Theorem 3, min(p, 1/n) - m — oo (Eq. (6)), which means that, for large
enough m, min(p, 1/n)-m > (3+2c)/K,2, ., and then proportionality holds with high probability. O

Compared to the algorithm in Section 6, the allocation algorithm described above is arguably
more attractive to run in practice since, even on worst-case instances, Pareto-optimality holds



and proportionality cannot be violated by more than the value of a single item (PROP1 [16]) since
proportional fractional allocations always exist and hence t* > 0. For use in practice, we point out
that the objective of the second linear program could be replaced by any other objective maximizing
a notion of welfare subject to the constraint; Nash welfare would be a natural choice.

It is an intriguing question for future work when envy-free and Pareto-optimal (EF+PO) alloca-
tions exist in the smoothed model. In contrast to proportionality, an allocation that Pareto dominates
an envy-free allocation need not be envy-free itself, which is why, not just in our smoothed model,
positive results for EF+PO tend to be hard to obtain. In particular, it is not clear how one would
adapt our PROP+PO proof for such a result, for two reasons: First, it is not clear that there are
any fractional allocations that are Pareto-optimal and have —¢-bounded envy (for large enough
t) to begin with. Second, the deterministic rounding approach we used (as well as more refined
methods [3, 38]) only bounds each agent’s utility for their own bundle — but not for the bundles of
others, which would be required to guarantee envy-freeness.

8 DISCUSSION

In this paper, we introduced a smoothed model for additive utilities in a fair-division setting, in
which fair allocations are likely to exist and can be found efficiently. Naturally, the take-aways of
these results for the real world depend on the degree to which this model reflects utility profiles in
practical allocation problems.

Here, we describe one possible interpretation of how our model might capture practical utilities,
which we illustrate using the example of splitting an inheritance: Likely, the siblings’ values for the
items are largely determined by common factors such as the items’ cost or usefulness (so agents
will largely have similar values for the same item, which tends to make envy-free allocations rarer).
There might also be some differences between the agents and items (who has a large apartment?
which items fit only in a large apartment?) that lead to systematic patterns between agent—item
values, and we will define the worst-case base utilities as the sum of all the above effects. Perhaps,
however, there is an additional “idiosyncratic” component to the utilities that gives each sibling a
bit of added nostalgic value for a few items based on their individual experiences, in ways that are
not predictable from the general patterns between the agents’ valuations.

If agents have such idiosyncratic value components, then our model applies and predicts that
envy-free allocations are likely to exist. (Interestingly, the same does not hold for idiosyncratic
effects causing dislike rather than fondness, see Appendix A.) Idiosyncratic value gives one possible
explanation for why envy-free allocations might frequently exist in practical allocation problems.

In future work, it would be informative to empirically test whether our smoothed model accurately
describes the properties of real-world utility profiles that possess envy-free allocations. For example,
one could check whether there are partial allocations of only few items with large negative envy,
as our model would predict.
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APPENDIX
A JUSTIFICATION OF MODELING DECISIONS

The smoothed model presented in this paper is the result of multiple modeling decisions. Alternative
decisions would have yielded alternative smoothed models, each with different possibilities and
limitations in what it can express about the underlying problem of fair item allocation. Here, we
describe three such design decisions and a rationale of why we chose our model over the alternative.

Why are boosts positive? It is natural to wonder why we choose our boosts to be positive
rather than also allowing negative perturbations. One reason is that nonnegative boosts ensure that
we remain in the setting of allocating goods (where items have a nonnegative value to all agents),
whereas negative boosts might enter the setting of mixed manna, where items might have positive
or negative value to different agents (in Appendix G, we discuss how our findings generalize to
this setting and boosts that need not be positive).

A second reason to focus on positive boosts is that sparse positive boosts are more useful for
guaranteeing envy-free allocations than sparse negative boosts: Indeed, consider an instance with
n agents, m = k n — 1 many items for some k € N, and all agent-item base utilities being 1, and
suppose that we are applying negative-only boosts to this instance. Then, in any possible allocation,
some agent i must receive strictly less than k items, and one can verify that, unless the sum of i’s
negative boosts Y, ,cu |Boost; | is at least n — 1, i must envy another agent. If, say, p = n>%/m
as n and m go to infinity, standard concentration bounds show that, with high probability, all
agents will have o(n) total boosts, which means that envy-free allocations are unlikely to exist. By
contrast, Theorem 3 shows that, for positive boosts, envy-free allocations exist when p is larger
than a constant factor times In n/m, and that therefore a much smaller amount of boosts suffices.
An alternative model permitting negative-only boosts would have obscured this existence by the
above impossibility.

Though we could consider boosts that are positive and negative (both sufficiently often and with
sufficient magnitude), there is an important conceptual principle that “additional perturbations
make things no harder” Suppose, for example, that the boost distribution is uniform on [-1, 1], so
50% of the boosts are negative. Our analysis for envy-freeness still goes through without problems
if we treat negative boosts the same way as the worst-case base utilities, i.e.: (1) all items without
any boosts or with only negative boosts are allocated via round robin, and (2) all items with some
positive boosts are allocated to the agent with the largest (positive) boost.® The intuition underlying
our modeling choice is that positive boosts alone are sufficient to guarantee envy-freeness, and
that in settings with mixed-sign boosts as above, the positive boosts do most of the heavy lifting.

Why a parameter p? In a certain sense, the parameter p is superfluous in our model since it
could be incorporated into the boost distribution O by putting a point mass of 1 —p on 0. However,
having p as an explicit parameter is informative, since it allows us to say, when p is small, that a
large fraction of agent—item utilities are identical to the worst-case base utilities. Moreover, fixing
D and only varying p allows us to express a family of boost distributions parameterized by a single
number, and to express that the expected value and the variance of the Boost; , may decrease as m
increases while still guaranteeing envy-free allocations (which is not surprising, because there will
be more items to which the boost is applied). Of course, p is not the only way of parameterizing a
family of boost distributions, and only models one interpretation of “decreasing the boosts”.

8While this simple argument is somewhat limited in how generally it is applicable, the basic strategy of treating additional
randomness as part of the worst-case input is more broadly applicable.



Why m — o0? The general goal of the study of fair (e.g., envy-free) allocations in a smoothed
model is to study for various values of n and m and various profiles of base utilities, what the relation
is between the extent of random perturbations to the base utilities and the probability of existence
of fair envy-free allocations. Within such a framework, it is desirable to identify conditions under
which the probability of existence of envy-free allocations tends to 1. We expressed such conditions
with a parameterization of m — oco. An alternative way of trying to express such conditions is as
follows: fix a worst-case allocation instance (i.e., numbers n, m, and a profile of base utilities), and
then, lower-bound how fast the probability of existence of envy-free allocations converges to 1, as
we vary the random perturbations to be increasingly conducive to the existence of such allocations.
We chose not to take this approach, for reasons explained below.

A major issue with this approach is that, considering a wide class of boost distributions, there are
worst-case allocation instances for which, under any such boost distribution, envy-free allocations
only exist with a probability bounded away from one: Indeed, for any m and n, consider the instance
where all n agents have base utility 1 for one special item . and base utility zero otherwise. Without
boosts, clearly no envy-free allocation exists. Now, consider any boost distribution 9 supported
on R, whose probability density function (pdf) is monotone nonincreasing — i.e., boosted utilities
closer to the base utility are more likely than utilities further from it, a natural assumption for a
random perturbation. With probability (1/m)?™ > 0, agents 1 and 2 will both have a boost above
the (m — 1)/m-th quantile of D for a. and a boost below the 1/m-th quantile for all other items.
Then, since the pdf is monotone nonincreasing, the quantile function is convex, and

Boost; o, > quantileg, ((m — 1)/m) > (m — 1) quantiles,(1/m) > 2aeM\{a,} BoOSti o

for i = 1 and i = 2. Thus, if agent i € {1, 2} does not receive @, in a given allocation, i envies the
agent who receives a, even if i receives all other items. Since no allocation can give . to both
agents, it follows that no allocation is envy-free in this case, which happens with probability at
least m™2™ > 0. Intuitively, such a small probability seems unimportant for all but the smallest
numbers of items m, but it means that we cannot use the rate of convergence to 1 of envy-free
allocations as a measure, at least not for a single instance, and thus a single m.

We sidestep this issue by considering the limit case of m — oo, i.e., we study sequences of
instances along which the number of items goes to infinity, which is also the approach taken in the
literature on distributional models for item allocation. Along such sequences of instances, failure
probabilities such as that of m~%™ above would vanish, and no longer preclude the existence of
envy-free allocations existing with high probability for sufficient amounts of random boosts. Even
though this model does not allow us to speak about individual instances anymore, our objective is
the same as the motivation of the smoothed-analysis setup: We hope to characterize how much
randomness suffices for envy-free allocations, which we mathematically express through how small
p may be in relationship to m and n.

B PROOFS OF NEGATIVE RESULTS FOR ROUND ROBIN ALLOCATION

Proposition 1. Foranyd > 0 and € € (0, 1), there is a family of instances with two agents, 1 and 2,
andm — oo items, with a boost probability of p = m=2/3-% and the boost distribution Uniform((0, €))
such that, with high probability, agent 1 will envy agent 2 in the round robin allocation starting from
agent 2.

PRrROOF. Let the items be labeled a1, . . ., @y, (mis odd). Fori =1,..., m?2/3, set the base utilities as

i—1 i—1
El(ai)=1—m€ Ez(ai)=1—m(1—6),



and for all i = m?/3 + 1,. .., m set the base utilities as

El(ai) =1-e€ Ez(ai) =0.
We will assume that ties between equal utilities are broken in favor of items with lower index. Now
we prove that running round robin on the instances above and giving the first turn to agent 2,
agent 1 will envy agent 2 with high probability.

By a union bound, the probability that at least one out of the items a1, . . ., a,,,2/s is boosted for at
least one agent is at most 2m?/®> p = 2m~%, which goes to zero for large enough instances. Thus,
we may assume from here on that none of these items are boosted.

Also, observe that, since 1;42(011') > ¢ for all i < m?/3, the boosts of other items do not change that,
forall £ = 1,...,m?, a, is agent 2’s unique item with the ¢th largest utility.

Next, for some ¢ = 2,...,m%? — 1, consider the event that more than one item in {ai}ismes
has a boosted utility for agent 1 between u,(et¢—1) and u,(a1). For this to happen, two of these
items must be boosted and have their uniformly-drawn boost fall in the same subset of probability
measure 2/(m?? — 1). A simple union bound over the pairs of items shows that this happens with
probability at most m? (2 p/(m?? — 1)) = 4 m*/*=2% |(m?/® — 1)2. With high probability, this is not
the case for any £ = 2,...,m?3 — 1 by union bound, and we assume this going forward.

Under these assumptions, the round robin process looks as follows from agent 1’s perspective:
Agent 2 takes a1, which agent 1 values at 1. From here on, we think of the item picks as being paired
up: agent 1 picks an item axi, which we pair with agent 2’s subsequent pick axe; then agent 1
picks ax; and agent 2 picks axz; and so forth until the items run out. Since there is an odd number
of items, agent 2 has the last pick axz - Agent 1’s envy can be written as

Lm/2]
1- Z ul(ax}) - ul(axz).
=1 ~———
>0

From some point on, only the unboosted items in {a; }; ,,,2/s Will be left, all of which have utility
exactly 1 — € to agent 1, which means that most terms ul(ax}) - ul(aX(g) equal zero. The interesting
part is what happens before: Both agents have the same preference order over the items a1, . . . , @,,2/s.
But, whereas for agent 2, none of the remaining items are interesting until all m?/3 low-index items
are gone, agent 1 will interleave picking low-index items {a;}, <,,2/s and boosted items in {a;};5 ,,215.
Still, our assumption above guarantees that the utilities of the boosted items are sparsely distributed
between the utilities of the low-index items for agent 1, which will allow us to analyze this
interleaving.

Up to an affine transformation of utilities, this early phase of the round robin coincides with the
process described in Lemma 10 below, with the items boosted for agent 1 playing the role of A,
and the low-index items playing the role of A;. If T is the round in which the last item is picked
that is either boosted for agent 1 or has an index of at most m?/3, the lemma guarantees that none
of the unboosted items in {@;};. ,,2/s Were picked strictly before round T and that

Lm/2]
u(ax) —uiaxz) < e.

=1
As discussed above, all ul(axé) - ul(axg) for £ > T equal zero, which means that agent 1 envies
agent 2 by atleast 1 — e > 0. O
Lemma 10. Fixt € N, and let A; := {—t,—t + 1,...,—1}. Furthermore, fix a set A, of real numbers

in [—t,0] \ Z with the property that, forall€ = —t + 1,...,-2, it holds that [{a€ A, | { -1 < a <



¢ + 1}| < 1. Now, consider the following process with two agents, which take turns removing a single
element from A; U A, such that

e agent 1 begins,
e in agent I’s th turn, they remove the largest remaining element of A; U A, and call it aj, and
e in agent 2’s {th turn, they remove the largest remaining element of Ay and call it a5.

This process is well-defined until no elements remain (i.e., it cannot be the case that in agent 2’s
turn, Ay is empty but A, is not). Furthermore, denoting the final round by T (and, if round T is only
half-completed, setting a3 := —t), it holds that

T
Dap-dt <t (11)

=1

Proor. By induction on t. If t = 0, the claim is trivial, and it is also easy to verify for t = 1.

From here on, let t > 2. If a > —t + 1 for all a € A, the induction hypothesis tells us how the
process runs up to the last move, in which the player with the next turn will take the element —¢.
Clearly, this process remains well-defined. If agent 1 is the one to take —t, this adds a zero term
(=t) = (=t) to the sum Y7_, ay — a’. Else, if agent 2 takes —t, this decreases a5 by one relative to
the induction hypothesis. Since, the right-hand side of Eq. (11) increases by one, this establishes
the induction step.

Now consider the remaining case in which there is an a € A; such that a < —t + 1. By the
conditions on Ay, no other a’ € A; is less than —t + 2, which allows us to apply the induction
hypothesis for t — 2 and for A; \ {a} taking the role of A;. Clearly, this induction step describes the
beginning of the process for the current ¢, except that three elements of A; U Ay, i.e,, —t + 1,a, 1,
must subsequently be picked. We distinguish two subcases, depending on which agent was the last
to move in the process of the induction hypothesis.

If agent 1 was the last to move in the induction hypothesis, agent 2 will pick —t + 1, agent 1 will
pick a, and agent 2 picks —¢. This process is well-defined, and increases the left-hand side of Eq. (11)
by an amount of 1 + (a — (—t)) < 2 relative to the induction hypothesis, while the right-hand side
increases by 2, concluding this case of the induction step.

Else, i.e., if agent 2 was the last to move in the induction hypothesis, agent 1 will pick —t + 1,
agent 2 will pick —t, and then agent 1 will pick a. This process is also well-defined, and also increases
the sum by an amount of 1 + (a — (—¢)), which means that the induction step is again established.
This concludes the induction. O

Corollary 2. Fixanyd > 0, € € (0,1) and any function n : Ns; — Ny such that n(m) < m'/? for
sufficiently large m. Then, there is a family of instances with m — oo items and n = n(m) agents, with
a boost probability of p == m~%/3=% and the boost distribution Uniform((0, €)) such that, with high
probability, round robin (starting with agent 2) produces an allocation in which agent 1 envies agent 2.

PROOF. Let n := n(m) denote the number of agent, then n < m!/3. Keep the base utilities of

agents 1 and 2 exactly as in the above proof. Set the base utilities of other agents i = 3,...,n to
0 on the first m?/? items and 1 on the rest of the items. Since for all agentsi = 3,...,n and items
j=m*P 41, m, u,(aj) = 1 > €, the boosts of the first m?/® items do not change the fact that
these agents will always pick items in the set {@;};. 25 until the set is empty. Now we prove
that running round robin and giving the first turn to agent 2, agent 1 will envy agent 2 with high
probability.

Still, let T denote the round in which the last item is picked that is either boosted for agent 1
or has an index of at most m??. The simulation process in Lemma 10 indicates that agent 2 has



not picked any item from {; };. ,,21s before Tth round, thus agent 2 must have picked at most m?/®
items, suggesting that T < m?/*. Hence by the end of Tth round, there will be at least

m-m?P-T-n=1)>2m-m*®-m®® - n=-1)>m-m?P-m?* - m'P-1)=0

items left in {a;};. 213, indicating that none of the items in {@;},,,2;s has been picked by agent
3, -+, n before Tth round. Then the only difference between what happens in this instance and the
one in the earlier proof with two agents is that some of agent 1’s boosted items may be picked by
agents 3, ..., n, but this does not affect the analysis of the envy.

Therefore, we still have

T

2 mlaxy) —max) < e.

=1
As discussed in earlier proof, all ul(aX}) - ”1(0‘X§) for £ > T equal zero, thus agent 1 envies agent 2
by at least 1 — € > 0. O

C PROOFS FOR THEOREM 3: ENVY-FREE ALLOCATIONS EXIST
C.1 Boundingr
Lemma 11. Recall thatr = @. It holds that

(1-1/e)min(p, 1/n) < r < min(p, 1/n).

1—(ln—p)" < 1ng 20" l—(lgpn) -

Proor. The upper bound follows directly since r = % — p
For the lower bound, we will show that, if pn > 1, then (1-1/e) % < r,and thatelse, (1-1/e)p <
Assuming that pn > 1,

r:

1-(1=-p)" _1—-¢eP" 1-¢!
r= ( p) > ¢ > ¢ .
n n n
Else, assuming that pn < 1,
r 1-(1-p)" 1-—eP" 1—e* 1
ro1=a-pt, > min =1--,
p pn pn x<l X e

1-e™*

where the last inequality follows from the fact that is monotone decreasing on R \ {0}. This
implies that r > (1 — 1/e) p whenever p # 0, and one verifies that the inequality also holds when
p = 0. Since, in the two cases, r is always lower-bounded by one out of (1 —1/e)p and (1 — 1/e) %,
it must be lower-bounded by the minimum of both terms, as claimed. O

C.2 Bounding E[D] and E[D] - E[D,.,] in Terms of ¢% and ¢

Lemma 12. For a distribution D in [0, c] with variance o, for any range of length  in [0, c], the
302
1- 4(2c%+co)’

probability of D that falls in the range is less than 1 — p,2 . =

Proor. For a range of length Z in [0, c], assume D falls out of the range with probability p and
falls in the range with probability 1 — p. The variance of the distribution consists of two parts, those
that from the fraction out of the range and those that from the fraction in the range.

e The fraction that falls out of the range can at most contribute p ¢ to the variance, since the
maximum distance between them and the expectation is c.

e For the fraction in the range, first consider the furthest distance dpay of the expectation away
from the range. This can be attained when all 1 — p fraction are on one side of the range
and the other p fraction is furthest away in [0, c]. Since the p fraction can be at most ¢ — &
distance away from the 1 — p fraction, which results in the expectation to be p(c = %) < pc
distance away from the range, and thus dy.x < p c. Hence all the 1 —p fraction in the range is



less than p ¢ + & distance away from the expectation, which contribute a variance less than
(1-p)(pe+ D2
Adding these two parts up, we have

o o
02<pc2+(1—p)(pc+5)2§pc2+(pc+5)2
2 2
2 2.2 o 2 g
=pc“+p°c +pc0'+zs2pc +pccr+?

Then
i<p(202+ccr) = p> 3—02:p 2
4 42ct+co) "7°
Therefore, the maximum probability of D in the range is less than 1 — p,2 .. O

Lemma 13. For a distribution D in [0, c] with variance o2, we have that E[ D] -E[D] > inz /8
and E[D] = o py2 /2.

Proor. Let Fp(x) denote the c.d.f. of D, then the c.d.f. of D, is F%(x). It can be deduced that
c c
E[Ds] ~EID] = [ (1= Fhdx - [ (- Fow) ds
0 0

c
- [ Fow - Fptx)as
0
Assume Fp(xo) = ps2 /2, then by Lemma 12 we have Fp (xo + ) < 1 — p,2 /2 (this also implies
that xo + § < c). Then in range [xo, xo + ], Fp(x) 2 ps2 /2 and 1 — Fp(x) > p,2 /2, hence

o Poec

E[Dc] ~E[D] = [ Fol) 1~ Fo()dx > § - P2y

From Lemma 12 we know that the probability outside [0, ] is at least p2 ., then E[D] > 7 -

Po?,c- o

C.3 Deferred Proof of Lemma 5

Lemma 5. With probability at least 1 — n® exp (—const(c?, ¢)r m), it holds for all agents i # j that
(A~ (A) > 4Ky rm,

where K ;2 . was defined in Lemma 4.

Proor. Fix any pair of agents i # j. Recall that each item « independently is part of A? with
probability r, which means that E[gl(Ai)] = Yaemru;(@) = ru;(M). Furthermore, recall that
0 < u,(@) < 1. These observations allow us to apply a Chernoff bound as follows:

) ) 2Ky e .m
P [gi(Aj) 2ru,(M)+2K,2 rm] =P [gi(Aj) > (1 + W) rgi(M)]

2K _p  m\?2
() rwn) (2 em )
<exp|-—— =exp |- . <exp|-————rm].
K,: .
9+ 2 uc-,(zj\;)m E,r(nM) + Ko 1+K,z

By the same reasoning,

P [gi(A?) <ru(M)-2K,: rm] < exp (—ZK(ZTZ’C rm) .



2
o

2
A union bound shows that, with probability at least 1 — n? exp —ﬁ rm|, both u,(A%), u,(A?)

o

are bounded within 2 K . r m distance from r u,(M) for all i # j, which implies for all i # j,
gi(A?) - Ei(Ai) > —4Ky2  rm. O

D PROOFS FOR NONEXISTENCE

Proposition 7. Fix any boost distribution D and any infinite sequence of triples (m, n, p) such that
m — oo and p € O(1/m). Then, there exists an infinite sequence of instances with these values of m, n,
and p such that, with Q(1) probability, no envy-free (and even no proportional) allocation exists.

Proor. Let C > 0 be a constant such that p < C/m for sufficiently large m. Because p €
O(1/m) — 0, it holds (for all large enough m) that 1 — p > e 2”. We will use the same base utilities
as in the proof of Proposition 6, with one special item . having base utility 1 for all agents and
with all other items having base utility 0 for all agents. The probability that a given agent has no
boosts is

(1 _p)m > e—2pm > e—ZC’
where the inequalities hold for large enough m. When the inequalities hold, the probability that
agents 1 and 2 both have no boosts is lower-bounded by the constant (e72€)? = ¢™#¢ > 0. As in
the proof of Proposition 6, there are no envy-free allocations whenever two agents have no boosts,
which proves that with probability lower bounded by a function of C, no envy-free allocations
exist. The same even holds for proportional allocations. O

E PROOF OF Theorem 8: EFFICIENTLY FINDING ENVY-FREE ALLOCATIONS

Theorem 8. The randomized algorithm described above runs in polynomial time, and,

. const(a2,¢) In
e ifn—ocoandm— oo,m > const(az,c)nlnn, andp > M’ or
m

o ifm — oo, n is bounded, and p € w(1/m),

it returns an envy-free allocation with high probability.

ProoF. In Lemma 11, we show that r > (1 — 1/e) min(p, 1/n). Hence, in both scenarios, it holds
that » > 1/m when m is large enough. Then during the search for p = 1/m,2/m,4/m, ..., 1, there
will be one p such that p € [r,2r). Consider the allocation that our algorithm returns under this p.
From Lemmas 4 and 5, we know that with probability at least 1 — 2n* exp (—const(c?, ¢) r m) the
suballocation {A?};en satisfies:

u;i(A%) - ui(Aﬁ) >2Kge.rm Vi#j.

We can apply Chernoff bound to bound the size of A? for any agent i:
1
P [lAﬂ > 2rm] < exp (—grm) .

By a union bound, the probability that |A?| < 2rm < 2 pm for all agent i € N is at least
1-n-P[|A} >2rm] >1-n exp (—const(c?,c)rm).
Then with probability at least
1—2n* exp (—const(c?,¢)rm) — n exp (—const(c®,c)rm) > 1 —3n® exp (~const(c?,c)rm),

both events above happen which, in turn, guarantee the solution of the subroutine linear program:
t* > 2Kgs2 . rm > Kg2 . rm. Let {A?}ieN denote the integral suballocation after rounding the



fractional suballocation. Observe that for any i, j, ui(Aﬁ) = Dlaem Ui(a) Xj o where X , is a random
variable that takes value 1 with probability x; , and 0 otherwise’, thus we have
E [u,(Aj)] = Z ui(a)xjq¢ < (1+c) Z Xja<2(1+c)pm,
aeM aeM

then we can apply Chernoff bound to bound the random deviations of utilities in rounding step for
any i, j:

1 uj(a) 1 1
3 1
wlA)) = 2, uil@ja| 2 gKorerm| =B|| ), T2 Xpa = o D, uil@)gial 2 EFTR rm}
aeM aeM aeM
2 2

_1 _1 2

1 (3(1+c) Ka‘,crm) 1 (3(1+c) Kc,z’crm) K,
<2exp|-- L |<2exp|-c | =2exp|-—— 2 rm].

3 2pm 3 4rm 108 (1 + c)?

Taking a union bound over all pairs i # j then

1
|u,-(A§) - Z u;i(a) Xj’a| < gKaz,c rm,Vi#j
aeM
with probability > 1 — 2n? exp (~const(a?,c)rm) .

If this holds, we have Vi # j:
wi(AD) = wi(AD) 2 wi(A) = " ui@)xia + Y (@) xia = Y i@ X0t Y uil@)x;q - ui(A3)

aeM aeM aeM aeM
1
> Z ui(a) Xi o = Z ui(0) xj, o — |ui(A3) - Z ui(a)xi,a|—|ui(A§) - Z ui(0) Xj,o| = gKoz,c rm
aeM aeM aeM aeM
2t*>K 2 rm <1/3K, 2 . rm <1/3K, 2 .rm

This happens when the linear program has a solution t* > 2K, . r m and the deviation from
rounding step is bounded, which has probability at least

1—3n® exp (—const(c?,¢)rm) — 2n* exp (—const(c®,c) rm) > 1 - 5n* exp (—const(c?,c)rm).

Then after allocating all the rest of the items (not in {A?}iE ~) in an EF1 way, the allocation for
this specific p guarantees a maximum envy of 1 — K2 . r m/3. Therefore the algorithm takes the
minimum envy over the set of values for p, and returns an allocation of envy at most

1-Kyz2.rm/3 <1—Kse . -min(p,1/n) -m/3
with probability at least
1-5n% exp (—const(az,c)rm) >1-exp(- const(a?,¢) - (1 —1/e)-min(p,1/n) - m+2 Inn + In5).

denote this by E2
Similar to what we did in Section 4.3, we can find range of parameters in both scenarios, such that,
Es2 ¢ -min(p,1/n) -m—2Inn—-In5— o

for a dominating probability, and
min(p,1/n) - m — oo

for the envy to vanish.

°Our rounding only allows one X, o amongall j € N to be rounded to 1, which can be achieved by a roulette-like procedure.



S/Eo'z,c In

N N . n
In the first scenario, i.e,if n — co,m — oo, m > 3/E;2 . nlnn, and p > , then

min(p, 1/n) > w, which shows that both terms go to infinity scaling in Q(In n).

In the second scenario, i.e., if m — co, nis bounded above, and p € w(1/m), then min(p, 1/n)-m €
min(w(1/m), ®(1)) m — oo, and term still goes to infinity when multiplied by a positive constant
and when subtracting O(1) terms from it.

m

]

F WORST-CASE HARDNESS OF FINDING PROPORTIONAL AND PARETO-OPTIMAL
ALLOCATIONS FROM AN ARBITRARY PROPORTIONAL ALLOCATION

Proposition 14. Suppose there was an algorithm that, when provided with a (worst-case) utility profile
and a proportional allocation for that utility profile, would return a proportional and Pareto-optimal
allocation in polynomial time. Then P = NP.

Proor. We will prove this by showing a reduction from the NP-complete partition problem to
this problem. The partition problem is the task where given a set of integers S = {p1,p2, ..., pr}
such that Z{-‘zl pi = 2K, decide whether S can be partitioned into two subsets Sy, S, such that the
sum of elements in each subset is exactly K.

For the partition problem, we can construct a corresponding allocation instance (Table 1): 2
agents and k + 2 items, both agent 1 and agent 2 have values p; (i = 1,2, ..., k) for the first k items.
For the last two items, which we denote as a and f, agent 1 has value K for both of them while
agent 2 has value K + 1/2 for ¢ and K — 1/2 for 8. Let M denote the set of items. The allocation
Ay : A = {ar, a3, ..., ar}, A) = {a, B} is proportional since u; (A}) = u, (A)) = 1/2-u (M) =
1/2 - up (M). We provide such allocation to the algorithm and the algorithm returns a proportional
and Pareto-optimal allocation A : A;, A;. We state that @ € A; and € A, if and only if the
partition problem is a true instance, i.e., an equal partition exists.

=:Ifax € Ay and f € Ay, since u; (A;) > 1/2-u; (M) = 2K fori = 1,2, we have uy (A;/{f}) = K
and u; (A2 /{a}) = K —1/2. For the items in A; /{f} and A;/{a} all have integer values, then it can
only be that u; (A;/{f}) = us (A2/{a}) = K. Note that A;/{f}, A2/{a} is a partition of the first k
items, this result suggests that there is a partition of S into two subsets that both have summation
of K.

&:If S can be partitioned into two subsets that both have summation of K over all elements, then
there is an allocation A; : A}, A}. It gives the first k items to two agents according to the partition
of S, a to agent 2 and § to agent 1. Then this allocation results in u;(A}) = K, uz(A}) = K + 1/2.
Now let’s consider the allocation of @ and f§ in A. If @ and S are allocated to the same agent, then
all the rest of the utilities must go to the other agent so that their utility will be at least K, then
this allocation results in utility K for both agents, which is Pareto dominated by our previous
Aj, contradicting to the fact that A is Pareto-optimal. If & goes to agent 1 and f goes to agent
2 in A, then by switching « to agent 2 and § back to agent 1, agent 2 will have 1/2 more utility
while agent 1’s utility remains the same. Hence the allocation after the switch Pareto dominates ‘A,
contradicting to the fact that A is Pareto-optimal. Therefore it is only possible that a goes to agent
2 and f goes to agent 1 in A.

Hence if exists, the algorithm can solve partition problem, from hardness of which we get P = NP.

O

G MIXED MANNA AND MIXED BOOSTS

In this manuscript we assumed that all items are goods, meaning that their values are nonnegative.
One may also consider chores, which are items of negative value (that nevertheless must be allocated).
The most general setting (for additive valuation functions) is that of a mixed manna, in which some



Agenti wi(ey) wui(az) -+ wilex)  wi@) ui(B)

1 P P2 Pk K K
2 P P2 -+ pe K+1/2 K-1/2

Table 1. Allocation instance for partition problem.

items may be goods and other may be chores (and moreover, the same item might be regarded
as a good by one agent and as a chore by another agent). In worst case scenarios, fair allocation
in settings of mixed manna is more challenging than fair allocation of goods [11]. However, our
results for the smoothed model easily extend to the mixed manna setting (in which the base value
of every item is in the range [—-1, 1]). In fact, no part of our analysis made use of an assumption
that item values are non-negative. A minor issues is that, when mixed manna are involved, the
allocation produced by round robin might not satisfy EF1 (i.e., agent i might envy agent j even
when any one item from agent j’s bundle is removed), but satisfies a related property (i does not
envy j when one good from j’s bundle and one chore from i’s bundle are both removed). However,
this technical distinction has no effect on our analysis.

As our manuscript focused on goods, it was natural to require that boosts are positive, rather
than of mixed sign, because adding a negative boost to a good might create a chore. When moving
to mixed manna, it becomes natural to also allow the boosts to be of mixed sign, sometimes positive,
sometimes negative. We refer to this setting as that of mixed boosts. We now explain how the mixed
boosts setting can be reduced to that of positive boosts.

When boosts were positive, the probabilistic model for adding noise to base values involved
two parameters, the boost probability p and the boost distribution 9. The separation into two
parameters was done so as to illustrate that even if p is very small (and hence the boosted valuation
function agrees with the base valuation function on most items), the results still hold. However,
from a mathematical point of view, the parameter p is redundant. It can be incorporated into
the boost distribution D, creating a boost distribution D? which is 0 with probability 1 — p and
distributed like D with probability p. For goods, we assumed that the boost D? is non-negative
and supported on [0, c]. For mixed manna, we allow mixed boosts, and D? is supported on [—c, c].
This mixed boosts setting is reducible to the positive boost setting as follows. Subtract ¢ from all
base values (we do not care if this causes base values to become negative, as we are dealing with
the case of mixed manna), and change the boost distribution to Df = D? + ¢, which is supported
on the non-negative interval [0, 2c].

The reduction from mixed boosts to non-negative boosts does not preserve p (the probability
of nonzero boost). The probability that D? outputs a strictly positive boost (which we denote
here by p’) is the probability that the original distribution D? has value strictly larger than —c,
and not the probability that D? has non-zero value. When using our reduction to transfer results
from the non-negative boosts case to the mixed boosts case, the parameter p that appeared in the
non-negative boosts case is replaced by p’. Unlike p, which is a parameter of intrinsic interest
(specifying the probability with which the base value is boosted), the parameter p” does not appear
to have intrinsic interest (for most natural choices of mixed sign boost distributions, p” will be
close to 1, or even 1. For this reason, when considering mixed boosts, it may be preferable to
ignore p’ completely, and instead express bounds as functions of other parameters associated
with DL Specifically, our analysis (when viewed this way) shows that the relevant parameters
are ¢ (determining the range of the support), the expected highest value among n independent
draws from Df, and the expected value of a single draw from D%. The gap between these last two



expectations is the expected advantage in boost that the agent with highest boost for an item gets
when receiving the item, and this is the quantity that drives the probabilistic analysis in this paper.
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