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1. Introduction



Coordinate-wise Adaptive Shrinkage Prediction



2. Predictive model

Past observations and Future

( )
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2.1 Aggregated prediction objectives
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2.2 Loss functions

Generalized absolute loss function
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Linex loss function
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2.3 Bayes predictors under known covariance∑
L

predictive loss
EV

predictive risk EX

EAX

∫

Lemma 1 . Consider the hierarchical model in equations
and . If were known, the unique minimizer of the integrated Bayes risk for coordinate

is
F

where is the canonical basis vector with at the coordinate and . With
, we have F as follows:

F


( )

for generalized absolute loss( )
for Linex loss

for quadratic loss



2.4 Prediction under an unknown covariance and structural constraints
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3. Proposed methodology for disaggregated model

S
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3.1 Estimation of quadratic forms associated with Bayes predictors∑



A1 Asymptotic regime :

A2 Signi cant spike:
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A3

A3
B S

B

Theorem 1A . Under assumptions A1, A2, and
A3, uniformly over , and B with , we have, for all

R,

T0 B0 b B

∣∣∣ ∣∣∣ (√ )
where the dependence of on has been kept implicit for notational ease.

∑ ∑

Lemma 2 . Under as-
sumptions A1, A2 and A3, for any with we have,

.



De nition 1 . Under the hierarchical model of
equations and , the proposed predictive rule for the disaggregated model is given by

which is defined as

F

where

F


( )

for generalized absolute loss( )
for Linex loss

for quadratic loss

and .

+ + − −

Lemma 3. Under assumptions A1, A2 and A3, uniformly over , , for all
R, we have, conditionally on ,

T0 B0

∥∥∥ ∥∥∥∥∥∥ ∥∥∥
(√ )

3.2 Improved predictive e ciency by coordinate-wise shrinkage



De nition 2 . Consider a class of
coordinate-wise shrinkage predictive rules Q R

where

F

with F as defined in Definition 1 and R is a shrinkage factor depending
only on .

Q

Lemma 4. Suppose that assumptions A1, A2 and A3 hold. Under the hierarchical model
of equations and , as ,

(a) E
{( ) }

is minimized at

J

(√ )
where J , J and the expectation is taken
with respect to the marginal distribution of with fixed.

(b) For any fixed , , with probability 1,

Moreover, let M , where denotes the -dimensional
projection matrix associated with the spiked eigenvalues of . Then, with

as the scalar version of J , we have

M M
{ } (√ )

so that the leading term on the right hand side is less than 1.

(c) Also, for any fixed and , we have with probability 1:

E
E

where the expectations are taken with respect to the marginal distribution of with
fixed.



Q

J

De nition 3 . The coordinate-wise adaptive shrinkage prediction rule is given by
Q with where

and ∑ { }
with as the scalar version of J .

Lemma 5. Under the hierarchical model of equations and ,(√ )

Q

Q

Theorem 2A . Under assumptions A1, A2 and A3, and the
hierarchical model of equations and , we have, conditionally on ,

T0 B0



3.3 Calibration of the tuning parameters

J J

J J
J J

T0 B0

J
( )

J
( )

4. Methodology for the aggregated model

[ ( ) ]
[ ( ) ]

A4 Aggregation matrix: R

De nition 4 . For any fixed obeying assumption A4, con-
sider a class of coordinate-wise shrinkage predictive rules QA

R where

F

and F are the estimates of F as defined in Lemma 1 with

replaced by and R are shrinkage factors depending only on and . The



coordinate-wise adaptive shrinkage predictive rule for the aggregated model is given by
QA with where

N

and

N

N
∑ ( )

with as the scalar version of J .

Theorem 1B . Under assumptions A1, A2, A3
and A4, uniformly over , and B with , we have for all

R

T0 B0 b B

∣∣∣ ∣∣∣ { ( √ )}
where the dependence of on has been kept implicit for notational ease.

Theorem 2B . Under assumptions A1, A2, A3 and A4,
and the hierarchical model of equations and , we have, conditionally on ,

T0 B0

∥∥∥ ∥∥∥∥∥∥ ∥∥∥
{ (( ) )}

QA



Remark 1. On the uncertainty in estimating -

Remark 2. Implementation and R package casp - casp

https://github.com/trambakbanerjee/casp

5. Simulation studies

esaBcv

FACTMLE

POET

https://github.com/trambakbanerjee/casp


https://github.com/trambakbanerjee/CASP_paper

5.1 Experiment 1
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B a n e r j e e, M u k h e r j e e a n d P a u l

T a bl e 1: R el ati v e E rr o r e sti m at e s ( R E E) of t h e c o m p eti n g pr e di cti v e r ul e s at m = 1 5 f or
S c e n ari o s 1 a n d 2 u n d er E x p eri m e nt 1. T h e n u m b er s i n p ar e nt h e si s ar e st a n d a r d err or s
o v er 5 0 0 r e p etiti o n s.

S c e n ari o 1: ( K , τ, β) = ( 1 0 , 0 .5 , 0 .2 5) S c e n ari o 2: ( K , τ, β) = ( 1 0 , 1 , 1 .7 5)

ˆK τ̂ β̂ R E E( q̂ ) ˆK τ̂ β̂ R E E( q̂ )

C A S P 7 ( 0. 0 4) 0. 5 9 ( 0. 0 0 2) 0. 2 7 ( 0. 0 0 2) 0. 9 5 4 ( 0. 0 4) 0. 9 7 ( 0. 0 0 4) 1. 7 9 ( 0. 0 0 6) 1. 0 0
B c v 3 ( 0. 0 8) 0. 5 8 ( 0. 0 0 3) 0. 2 6 ( 0. 0 0 3) 1. 1 4 1 ( 0. 0 4) 1. 0 0 ( 0. 0 0 1) 1. 7 5 ( 0. 0 0 6) 4. 2 4
F a ct M L E 7 ( 0. 0 4) 0. 5 7 ( < 1 0 − 3 ) 0. 1 9 ( 0. 0 0 1) 1. 6 8 4 ( 0. 0 4) 0. 9 8 (< 1 0 − 3 ) 1. 5 5 ( 0. 0 0 1) 4. 5 8
P O E T 7 ( 0. 0 4) 0. 5 7 ( < 1 0 − 3 ) 0. 1 8 ( < 1 0 − 3 ) 2. 1 4 4 ( 0. 0 4) 0. 9 7 (< 1 0 − 3 ) 1. 5 3 ( < 1 0 − 3 ) 7. 2 6
N ai v e 7 ( 0. 0 4) 0. 6 0 ( < 1 0 − 3 ) 0. 2 4 ( 0. 0 0 1) 1. 3 6 4 ( 0. 0 4) 1. 0 0 (< 1 0 − 3 ) 1. 6 3 ( 0. 0 0 4) 1. 8 7

u n d e r s c e n a ri o 2 w h er ei n t h e R E E of C A S P i s 1. T hi s i s n ot u n e x p e ct e d b e c a u s e wit h a

fi x e d τ > 0 a n d β gr o wi n g a b o v e 1, t h e f a ct or K
j = 1 ζ̂ − 4

j h 1 ,− 1 , β( ˆe
j ) − h 1 ,− 1 , β( ˆe

0 )
2

i n t h e

d e n o mi n at or of f̂ pr o p
i b e c o m e s s m all e r i n c o m p ari s o n t o t h e n u m er at or ˆN i n D e fi niti o n 4

a n d t h e i m pr o v e m e nt d u e t o c o or di n at e- wi s e s hri n k a g e di s si p at e s.  Fr o m t a bl e 1, w e s e e
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Fi g ur e 1: E x p eri m e nt 1 S c e n ari o 1 ( G e n er ali z e d a b s ol ut e l o s s): L eft - R el ati v e Err or e sti-
m at e s a s m v ari e s o v er ( 1 5 , 2 0 , 2 5 , 3 0 , 3 5 , 4 0 , 4 5 , 5 0). Ri g ht: M a g nit u d e of t h e s ort e d s hri n k-
a g e f a ct or s f̂ pr o p

i a v er a g e d o v er 5 0 0 r e p etiti o n s at m = 1 5 a n d s a n d wi c h e d b et w e e n it s 1 0 t h

a n d 9 0 t h p e r c e ntil e s

t h at q̂ B c v i s t h e m o st c o m p etiti v e pr e di cti v e r ul e n e xt t o q̂ c a s p a cr o s s b ot h t h e s c e n ari o s
h o w e v e r it s e e m s t o s u ff er fr o m t h e i s s u e of u n d er e sti m ati o n of t h e n u m b er of f a ct or s K .
We n oti c e t hi s b e h a vi or of q̂ B c v a cr o s s all o ur n u m eri c al a n d r e al d at a e x a m pl e s.

T h e ot h e r t h r e e p r e di cti v e r ul e s, q̂ F a ct , q̂ P o et a n d q̂ N ai v e , e x hi bit p o or er ri s k p erf or m a n c e s
a n d t hi s i s n ot e ntir el y s ur pri si n g i n t hi s s etti n g pri m aril y b e c a u s e t h e f o ur c o m p eti n g
pr e di cti v e r ul e s c o n si d er e d h er e d o n ot i n v ol v e a n y a s y m pt oti c c orr e cti o n s t o t h e s a m pl e
ei g e n v al u e s a n d t h eir ei g e n v e ct or s w h er e a s C A S P u s e s t h e p h a s e tr a n siti o n p h e n o m e n o n of
t h e s a m pl e ei g e n v al u e s a n d t h eir ei g e n v e ct or s t o c o n str u ct s c o n si st e nt e sti m at or s of s m o ot h
f u n cti o n s of Σ t h at a p p e ar i n t h e f or m of t h e B a y e s pr e di cti v e r ul e s.

1 8



I m p r o v e d S h ri n k a g e P r e di c ti o n u n d e r a S pi k e d C o v a ri a n c e S t r u c t u r e
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Fi g ur e 2: E x p eri m e nt 1 S c e n ari o 2 ( Li n e x l o s s): L eft - R el ati v e Err or e sti m at e s a s m
v ari e s o v er ( 1 5 , 2 0 , 2 5 , 3 0 , 3 5 , 4 0 , 4 5 , 5 0). Ri g ht: M a g nit u d e of t h e s ort e d s hri n k a g e f a ct o r s
f̂ pr o p

i a v e r a g e d o v e r 5 0 0 r e p etiti o n s at m = 1 5 a n d s a n d wi c h e d b et w e e n it s 1 0 t h a n d 9 0 t h

p e r c e ntil e s

Fr o m fi g u r e 1, w e s e e t h at a s m i n cr e a s e s, q̂ N ai v e p e rf or m s b ett er t h a n q̂ B c v . T h e s pi k e d
c o v ari a n c e str u ct ur e c o n si d er e d i n s c e n ari o 1 i s s u b st a nti all y str o n g a s t h er e ar e K = 1 0
e q ui s p a c e d s pi k e s b et w e e n 2 0 a n d 8 0. T h e q̂ B c v m et h o d, w hi c h u n d er e sti m at e s K m or e
s e v er el y c o m p ar e d t o q̂ N ai v e , p erf or m s w or s e a s m i n cr e a s e s f or t h er e i s m or e i nf or m ati o n t o
e sti m at e t h e s pi k e d str u ct ur e. T h e s a m e p h e n o m e n o n h a p p e n s i n s c e n a ri o 2 w h e r e β > 1.
H o w e v e r, w h e n β > 1, m o st of t h e c o o r di n at e- wi s e s hri n k a g e f a ct or s ar e cl o s e t o 1 ( s e e t h e
ri g ht pl ot of fi g ur e 2) a n d s o, t h e di ff er e n c e b et w e e n C A S P a n d q̂ N ai v e i s n ot m u c h d u e t o
c o or di n at e- wi s e s hri n k a g e b ut m o stl y d u e t o t h e bi a s e d e sti m ati o n of t h e ei g e n v al u e s b y t h e
n ai v e m et h o d.

5. 2 E x p e ri m e n t 2

F o r e x p eri m e nt 2 w e c o n si d er t h e s et u p of a st ati c f a ct or m o d el wit h h et er o s c e d a sti c n oi s e
a n d si m ul at e o u r d at a a c c or di n g t o t h e f oll o wi n g m o d el:

X t = θ + B Γ t + t

Γ t ∼ N K (0 , I K )

θ ∼ N n (η 0 , τ Σ β ) a n d t ∼ N n (0 , ∆ n ),

w h er e K n r e pr e s e nt s t h e n u m b er of l at e nt f a ct or s, B i s t h e n × K m at ri x of f a ct or
l o a di n g s, Γ t i s t h e K × 1 v e ct or of l at e nt f a ct or s i n d e p e n d e nt of t a n d ∆ n i s a n n × n
di a g o n al m atri x of h et er o s c e d a sti c n oi s e v ari a n c e s. I n t hi s m o d el Σ = B B T + ∆ n a n d
c oi n ci d e s wit h t h e h et e r o s c e d a sti c f a ct or m o d el s c o n si d er e d i n O w e n a n d W a n g ( 2 0 1 6); F a n
et al. ( 2 0 1 3); K h a m ar u a n d M a z u m d er ( 2 0 1 9) f or e sti m ati n g Σ . T h u s t h e t h r e e c o m p eti n g
pr e di cti v e r ul e s q̂ B c v , q̂ P o et a n d q̂ F a ct ar e w ell s uit e d f or pr e di cti o n i n t hi s m o d el. F a ct or
m o d el s of t hi s f or m ar e oft e n c o n si d er e d i n p ortf oli o ri s k e sti m ati o n ( s e e f o r e x a m pl e F a n

1 9
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Fi g ur e 3: E x p eri m e nt 2 S c e n ari o 1 ( Li n e x l o s s): L eft - R el ati v e Err or e sti m at e s a s m
v ari e s o v er ( 1 5 , 2 0 , 2 5 , 3 0 , 3 5 , 4 0 , 4 5 , 5 0). Ri g ht: M a g nit u d e of t h e s ort e d s hri n k a g e f a ct o r s
f̂ pr o p

i a v e r a g e d o v e r 5 0 0 r e p etiti o n s at m = 1 5 a n d s a n d wi c h e d b et w e e n it s 1 0 t h a n d 9 0 t h

p e r c e ntil e s
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Fi g ur e 4: E x p eri m e nt 2 S c e n ari o 2 ( Li n e x l o s s): L eft - R el ati v e Err or e sti m at e s a s m
v ari e s o v er ( 1 5 , 2 0 , 2 5 , 3 0 , 3 5 , 4 0 , 4 5 , 5 0). Ri g ht: M a g nit u d e of t h e s ort e d s hri n k a g e f a ct o r s
f̂ pr o p

i a v e r a g e d o v e r 5 0 0 r e p etiti o n s at m = 1 5 a n d s a n d wi c h e d b et w e e n it s 1 0 t h a n d 9 0 t h

p e r c e ntil e s

5. 3 E x p e ri m e n t 3

F o r e x p e ri m e nt 3, w e c o n si d er a sli g htl y di ff e r e nt s et u p w h er e w e d o n ot i m p o s e a s pi k e
c o v ari a n c e str u ct ur e o n Σ . I n st e a d, w e a s s u m e t h at (Σ ) i j = C o v (X i , Xj ) = 0.9 |i− j | w h er e
i, j = 1 , . . . , n, t h u s i m p o si n g a n A R( 1) str u ct ur e b et w e e n t h e n c o or di n at e s of X . A s i n
e x p eri m e nt 1, w e s a m pl e θ fr o m a n n = 2 0 0 v ari at e G a u s si a n di stri b uti o n wit h m e a n v e ct or

2 1



B a n e r j e e, M u k h e r j e e a n d P a u l

η 0 = 0 a n d c o v a ri a n c e τ Σ β . We v ar y (τ, β ) a cr o s s t w o s c e n ari o s w h er e w e t a k e ( τ, β ) a s
( 1, 0 .5) a n d ( 0 .5 , 2) i n s c e n ari o s 1 a n d 2 r e s p e cti v el y. We e sti m at e S u si n g t h e a p pr o a c h
d e s cri b e d i n e x p eri m e nt s 1 a n d 2, a n d s a m pl e m x = 1 c o p y of X fr o m N n (θ , Σ ) wit h a g o al
t o pr e di ct A Y u n d er a g e n er ali z e d a b s ol ut e l o s s f u n cti o n wit h h i = 1 − b i a n d b i s a m pl e d
u nif or ml y fr o m ( 0 .9 , 0 .9 5) f or i = 1 , · · · , p. H er e Y ∼ N n (θ , Σ ) i s i n d e p e n d e nt of X a n d A
i s a fi x e d p × n s p ar s e m atri x wit h t h e p = 2 0 r o w s s a m pl e d i n d e p e n d e ntl y fr o m a mi xt ur e
di stri b uti o n wit h d e n sit y 0 .9 δ 0 + 0 .1 U nif ( 0, 1) a n d n or m ali z e d t o 1 t h er e aft er. T hi s s a m pli n g
s c h e m e i s r e p e at e d o v er 5 0 0 r e p etiti o n s a n d t h e R E E of t h e c o m p eti n g pr e di cti v e r ul e s a n d
C A S P i s p r e s e nt e d i n fi g ur e s 5, 6 a n d t a bl e 3.

T a bl e 3: R el ati v e E rr o r e sti m at e s ( R E E) of t h e c o m p eti n g pr e di cti v e r ul e s at m = 1 5 f or
S c e n ari o s 1 a n d 2 u n d er E x p eri m e nt 3. T h e n u m b er s i n p ar e nt h e si s ar e st a n d a r d err or s
o v er 5 0 0 r e p etiti o n s.

S c e n ari o 1: (τ , β) = ( 1 , 0 .5) S c e n ari o 2: (τ , β) = ( 0 .5 , 2)

ˆK τ̂ β̂ R E E( q̂ ) ˆK τ̂ β̂ R E E( q̂ )

C A S P 7 ( 0. 0 6) 1. 0 9 ( 0. 0 0 7) 0. 4 0 ( 0. 0 0 4) 0. 9 4 7 ( 0. 0 6) 0. 5 7 (< 1 0 − 3 ) 1. 7 4 ( 0. 0 0 1) 1. 0 0
B c v 1 ( 0. 0 8) 0. 9 5 ( 0. 0 1 2) 0. 3 6 ( 0. 0 0 2) 2. 3 9 1 ( 0. 0 8) 0. 5 9 (< 1 0 − 3 ) 1. 7 9 ( 0. 0 0 2) 4. 2 7
F a ct M L E 7 ( 0. 0 6) 1. 1 6 ( 0. 0 0 1) 0. 3 3 ( < 1 0 − 3 ) 1. 2 3 7 ( 0. 0 6) 0. 5 7 (< 1 0 − 3 ) 1. 7 3 ( < 1 0 − 3 ) 1. 0 8
P O E T 7 ( 0. 0 6) 1. 1 7 ( < 1 0 − 3 ) 0. 3 3 ( < 1 0 − 3 ) 1. 4 9 7 ( 0. 0 6) 0. 5 7 (< 1 0 − 3 ) 1. 7 3 ( < 1 0 − 3 ) 1. 2 7
N ai v e 7 ( 0. 0 6) 1. 1 6 ( 0. 0 0 1) 0. 3 4 ( 0. 0 0 1) 1. 2 6 7 ( 0. 0 6) 0. 5 7 (< 1 0 − 3 ) 1. 7 3 ( < 1 0 − 3 ) 1. 1 1

I n t hi s s et u p, t h e d e p art ur e fr o m t h e f a ct or m o d el l e a d s t o a p o or er e sti m at e of β f or
C A S P t h a n w h at w a s o b s er v e d u n d er e x p eri m e nt s 1 a n d 2, h o w e v er, t h e R E E of C A S P
c o nti n u e s t o b e t h e s m all e st a m o n g st all t h e ot h er c o m p eti n g r ul e s. W h e n β = 2 ( s c e n ari o
2), q̂ c a s p a n d q̂ S ar e al m o st i d e nti c al i n t h eir p e rf or m a n c e. A m o n g st t h e c o m p eti n g m et h o d s
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Fi g ur e 5: E x p eri m e nt 3 S c e n ari o 1 ( G e n er ali z e d a b s ol ut e l o s s): L eft - R el ati v e Err or e sti-
m at e s a s m v ari e s o v er ( 1 5 , 2 0 , 2 5 , 3 0 , 3 5 , 4 0 , 4 5 , 5 0). Ri g ht: M a g nit u d e of t h e s ort e d s hri n k-
a g e f a ct or s f̂ pr o p

i a v er a g e d o v er 5 0 0 r e p etiti o n s at m = 1 5 a n d s a n d wi c h e d b et w e e n it s 1 0 t h

a n d 9 0 t h p e r c e ntil e s

2 2
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Fi g ur e 6: E x p eri m e nt 3 S c e n ari o 2 ( G e n er ali z e d a b s ol ut e l o s s): L eft - R el ati v e Err or e sti-
m at e s a s m v ari e s o v er ( 1 5 , 2 0 , 2 5 , 3 0 , 3 5 , 4 0 , 4 5 , 5 0). Ri g ht: M a g nit u d e of t h e s ort e d s hri n k-
a g e f a ct or s f̂ pr o p

i a v er a g e d o v er 5 0 0 r e p etiti o n s at m = 1 5 a n d s a n d wi c h e d b et w e e n it s 1 0 t h

a n d 9 0 t h p e r c e ntil e s

q̂ B c v h a s t h e hi g h e st R E E, p o s si bl y e x a c er b at e d b y t h e d e p art ur e fr o m a f a ct or b a s e d m o d el
c o n si d er e d i n t hi s e x p eri m e nt w h e r e a s t hi s s e e m s t o h a v e a c o m p ar ati v el y l e s s er i m p a ct o n
C A S P i n di c ati n g p ot e nti al r o b u st n e s s of C A S P t o mi s s p e ci fi c ati o n s of t h e f a ct or m o d el.

6. R e al d a t a ill u s t r a ti o n wi t h g r o c e ri e s s al e s d a t a

I n t hi s s e cti o n w e a n al y z e a p art of t h e d at a s et p u bli s h e d b y Br o n n e n b er g et al. ( 2 0 0 8).
T hi s d at a s et h a s b e e n u s e d i n si g ni fi c a nt st u di e s r el at e d t o c o n s u m e r b e h a vi or, s p e n di n g
a n d t h eir p oli c y i m pli c ati o n s ( s e e f or e x a m pl e Br o n n e n b er g et al. ( 2 0 1 2); C oi bi o n et al.
( 2 0 1 5)). T h e d at a s et h ol d s t h e w e e kl y s al e s a n d s c a n n er pri c e s of c o m m o n g r o c er y it e m s
s ol d i n r et ail o utl et s a cr o s s 5 0 st at e s i n t h e U. S. T h e r et ail o utl et s a v ail a bl e i n t h e d at a s et
h a v e i d e nti fi er s t h at li n k t h e m t o t h e cit y t h at t h e y s er v e. I n a c c or d a n c e t o o ur l a g g e d d at a
e x a m pl e, w e a n al y z e a p art of t hi s d at a s et t h at s p a n s m = 1 0 0 w e e k s fr o m D e c e m b er 3 1,
2 0 0 7 t o N o v e m b er 2 9, 2 0 0 9 a s s u b st a nti al a m o u nt of di s a g gr e g at e d at a fr o m di st a nt p a st
t h at will b e u s e d f or c o n str u cti n g a u xili ar y i nf o r m ati o n o n t h e c o v ari a n c e. We u s e 3 w e e k s
fr o m a r el ati v el y r e c e nt s n a p s h ot c o v eri n g O ct o b er 3 1, 2 0 1 1 t o N o v e m b er 2 0, 2 0 1 1 a s d at a
fr o m t h e c urr e nt m o d el. We a s s u m e, a s i n e q u ati o n ( 6), t h at t h er e mi g ht h a v e b e e n drift
c h a n g e i n t h e s al e s d at a a cr o s s ti m e b ut t h e c o v ari a n c e s a c r o s s st or e s ar e i n v ari a nt o v e r
ti m e. O ur g o al i s t o pr e di ct t h e st at e l e v el t ot al w e e kl y s al e s a cr o s s all r et ail o utl et s f or f o ur
c o m m o n gr o c er y it e m s: c o ff e e, m a y o, fr o z e n pi z z a a n d c ar b o n at e d b e v er a g e s. We u s e t h e
m o st r e c e nt T = 2 w e e k s, fr o m N o v e m b er 7, 2 0 1 1 t o N o v e m b er 2 0, 2 0 1 1 a s o ur pr e di cti o n
p e ri o d a n d utili z e t h e s al e s d at a of w e e k t − 1 t o pr e di ct t h e st at e a g gr e g at e d t ot al s f or
w e e k t w h er e t = 1 , . . . , T . F or e a c h of t h e f o ur p r o d u ct s, t h e pr e di cti o n p eri o d i n cl u d e s
s al e s a cr o s s a p pr o xi m at el y n = 1 , 1 4 0 r et ail o utl et s t h at v ar y si g ni fi c a ntl y i n t er m s of t h eir
si z e a n d q u a ntit y s ol d a cr o s s t h e T w e e k s. M or e o v er, s o m e of t h e o utl et s h a v e u n d er g o n e

2 3
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7. Discussion

low rank plus homoscedastic noise

Appendix A. Proofs

A.1 Preliminary expansions for eigenvector and eigenvalues
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A.6 Proof of Lemma 3
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A.7 Proofs of Lemmata 4 and 5

Lemma A. Under assumptions A1 and A2, uniformly in B such that B for
any fixed , with , and for all R, we have as ,
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A.8 Proofs of Theorems 2A and 2B
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