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Abstract

We analyze a fully discrete finite element numerical scheme for
the Cahn-Hilliard-Stokes-Darcy system that models two-phase flows
in coupled free flow and porous media. To avoid a well-known di�-
culty associated with the coupling between the Cahn-Hilliard equation
and the fluid motion, we make use of the operator-splitting in the
numerical scheme, so that these two solvers are decoupled, which in
turn would greatly improve the computational e�ciency. The unique
solvability and the energy stability have been proved in [5]. In this
work, we carry out a detailed convergence analysis and error esti-
mate for the fully discrete finite element scheme, so that the optimal
rate convergence order is established in the energy norm, i.e.,, in the
`
1(0, T ;H1) \ `

2(0, T ;H2) norm for the phase variables, as well as in
the `1(0, T ;H1)\ `

2(0, T ;H2) norm for the velocity variable. Such an
energy norm error estimate leads to a cancellation of a nonlinear error
term associated with the convection part, which turns out to be a key
step to pass through the analysis. In addition, a discrete `

2(0;T ;H3)
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bound of the numerical solution for the phase variables plays an im-
portant role in the error estimate, which is accomplished via a discrete
version of Gagliardo-Nirenberg inequality in the finite element setting.

Keywords— phase field model; two-phase flow; error analysis; uncon-
ditional stability

1 Introduction

In many applications such as contaminant transport in karst aquifer,
oil recovery in karst oil reservoir, proton exchange membrane fuel cell tech-
nology, cardiovascular modeling, multiphase flows in conduit and in porous
media interact with each other, and therefore have to be considered to-
gether. Geometric configurations that consist of both conduit and porous
media are termed as karstic geometry. In this article we aim to analyze a
decoupled numerical algorithm for solving the Cahn-Hilliard-Stokes-Darcy
model (CHSD) for two-phase flows in Karst geometry–a domain configura-
tion with conduit interfacing porous media. We first recall the CHSD system
derived in [12]. Let ⌦c denote the conduit region and ⌦m denote the porous
media. The interface between the two parts (i.e., @⌦c \ @⌦m) is denoted
by �cm, on which ncm is the unit normal to �cm pointing from ⌦c to ⌦m.
Then we define �c = @⌦c\�cm and �m = @⌦m\�cm, with nc,nm being the
unit outer normals to �c and �m. On the interface �cm, we denote by {⌧ i}
(i = 1, ..., d � 1) a local orthonormal basis for the tangent plane to �cm.
A two dimensional geometry is illustrated in Figure 1. In turn, the CHSD

Figure 1: Schematic illustration of karst geometry in 2D

system takes the following form

⇢0@tuc = r · T(uc, Pc)� 'crµc, in ⌦c, (1.1)

r · uc = 0, in ⌦c, (1.2)
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@t'c +r · (uc'c) = div(M('c)rµc), in ⌦c, (1.3)
⇢0

�
@tum + ⌫('m)⇧�1

um = �(rPm + 'mrµm), in ⌦m (1.4)

r · um = 0, in ⌦m, (1.5)

@t'm +r · (um'm) = div(M('m)rµm), in ⌦m. (1.6)

The chemical potentials µc, µm turn out to be

µj = �[
1

✏
('3

j � 'j)� ✏�'j ], j 2 {c,m}, (1.7)

and the Cauchy stress tensor T is given by

T(uc, Pc) = 2⌫('c)D(uc)� PcI, (1.8)

in which D(uc) =
1
2(ruc+ru

T
c ) and I is the d⇥ d identity matrix. Here ⇢0

is the density of the fluid, M is the mobility satisfying 0 < M0  M  M1,
� is the porosity, ⌫ is the viscosity satisfying 0 < ⌫0  ⌫  ⌫1. In addition,
we assume that both the mobility M and the viscosity ⌫ are Lipschitz con-
tinuous. ⇧ is the permeability matrix of size d ⇥ d which is assumed to be
bounded, symmetric and uniformly positive definite. The parameter � in
(1.7) is a positive constant related to the surface tension.

The CHSD system is subject to the following boundary and interface
conditions:
Boundary conditions on �c and �m:

uc = 0,
@'c

@nc

=
@µc

@nc

= 0, on �c, (1.9)

um · nm = 0,
@'m

@nm

=
@µm

@nm

= 0, on �m. (1.10)

Interface conditions on �cm:

'm = 'c,
@'m

@ncm

=
@'c

@ncm

, on �cm, (1.11)

µm = µc, M('m)
@µm

@ncm

= M('c)
@µc

@ncm

, on �cm, (1.12)

um · ncm = uc · ncm, on �cm, (1.13)

�2⌫('c)ncm · D(uc)ncm + Pc = Pm, on �cm, (1.14)

�⌫('c)⌧ i · D(uc)ncm = ↵BJSJ

⌫('m)

2
p

tr(⇧)
⌧ i · uc, i = 1, . . . , d� 1, on �cm,(1.15)

where ↵BJSJ is an empirical parameter in the Beavers-Joseph-Sa↵man-
Jones(BJSJ) condition and tr(⇧) is the trace of ⇧.

Define the total energy of the system as follows:

E(t) :=
Z

⌦c

⇢0

2
|uc|2dx+

Z

⌦m

⇢0

2�
|um|2dx+ �

Z

⌦
[
✏

2
|r'|2+ 1

✏
F (')]dx, (1.16)
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where F (') = 1
4('

2�1)2. The CHSD system (1.1)-(1.15) obeys a dissipative
energy law [5]:

d

dt
E(t) = �D(t)  0, 8 t � 0, (1.17)

where the rate of energy dissipation D is given by

D(t) =

Z

⌦m

⌫('m)⇧�1|um|2dx+

Z

⌦c

2⌫('c)|D(uc)|2dx

+

Z

⌦
M(')|rµ(')|2dx+

Z

�cm

↵BJSJ

⌫(')p
trace(⇧)

d�1X

i=1

|uc · ⌧ i|2dS � 0.(1.18)

The CHSD system (1.1)-(1.15) is systematically derived via Onsager’s
extremum principle in [12]. Well-posedness of a variant of the CHSD model
is studied in [13]. A decoupled unconditionally stable numerical algorithm
for solving the CHSD system is proposed in [5]. Here we focus on the er-
ror analysis of a similar decoupled numerical scheme (cf. Sec. 2) in which
the computation of Stokes equations and Darcy equations are nevertheless
coupled. The decoupling between the Cahn-Hilliard equation and fluid equa-
tions is accomplished by a special technique of operator splitting in which an
intermediate velocity for advection in the Cahn-Hilliard equation is defined
in terms of the capillarity from fluid equations. Application of this specific
fractional step method for solving phase field models is first reported in [17],
and later in [20]. To the best of our knowledge, error analysis of the decou-
pled scheme via the aforementioned operator splitting has not been reported
elsewhere for any phase field model coupled with fluid motion.

There have been some convergence analysis works for either the Cahn-
Hilliard-Navier-Stokes (Stokes) (CHNS, CHS) or the Cahn-Hilliard-Darcy
(Hele-Shaw) system (CHD, CHHS) in recent years. The convergence of
certain finite element numerical solutions to weak solutions of the CHNS
equations was proved in [9], and a similar analysis is perform for the CHHS
system in [10]. In [7] the authors have established optimal convergence
rates for a mixed finite element method for solving the CHS system, with
first order temporal accuracy. More recently, an optimal rate error estimate
is presented for a second-order accurate numerical scheme for solving the
CHNS equations in [8]. A similar error estimate was also reported in [2],
based on a finite element discretization of a linear, weakly coupled energy
stable scheme for the CHNS system. As for the CHHS system, in which
the kinematic di↵usion term is replaced by a damping one, optimal error
analysis has been presented in [6, 16], in the framework of finite di↵erence
and finite element spatial approximations, respectively.

The CHSD system consist of the CHS and the CHD equations, coupled
together via a set of domain interface boundary conditions. Hence the advec-
tion in the Cahn-Hilliard flow is involved with both the Stokes and the Darcy
velocity fileds. While the Stokes velocity has a regularity of L2(0, T ;H1),
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the Darcy velocity is only of L1(0, T ;L2). With the L
2(0, T ;H1) bound of

the velocity field, a uniform maximum norm estimate of the phase has been
derived, which significantly simplifies the error analysis for the CHNS sys-
tem [8] and the CHS equations [7]. On the other hand, for the CHD system,
only an L

p(0, T ;L1) bound (with a finite value of p) could be established
for the phase variable, as analyzed in [16]. The lack of uniform bound of
the phase variable has dramatically complicated the error analysis of the
nonlinear advection associated with the Cahn-Hilliard equation. A similar
di�culty is encountered here for the error analysis of the CHSD system. To
overcome this subtle di�culty, we perform an L

2(0, T ;H3) bound estimate
of the phase variable in the numerical solution, which is accomplished by
the usage of a discrete Gagliardo-Nirenberg inequality in the finite element
setting. This bound will play an important role to pass through the error
estimate. Such a technique has been applied in the analysis for the CHHS
system in the existing literature, as reported in [6, 16, 3]. Moreover, the
CHSD system contains a coupling between the CHS and CHD equations,
the corresponding estimates are expected to be even more challenging than
the ones for the CHHS model.

The rest of the article is organized as follows. In Section 2 we introduce
the weak formulation of the CHSD system and present the decoupled numer-
ical scheme. Some preliminary analysis including the stability estimates are
gathered in Section 3. The detailed error analysis of the numerical scheme
is carried out in Section 4. Finally, some concluding remarks are provided
in Section 5.

2 The numerical scheme

2.1 The weak formulation

For the CHSD problem we introduce the following spaces

H(div;⌦j) := {w 2 L
2(⌦j) | r ·w 2 L

2(⌦j)}, j 2 {c,m},
Hc,0 := {w 2 H

1(⌦c) | w = 0 on �c},
Hc,div := {w 2 Hc,0 | r ·w = 0},
Hm,0 := {w 2 H(div;⌦m) | w · nm = 0 on �m},

Hm,div := {w 2 Hm,0 | r ·w = 0},
Xm := H

1(⌦m) \ L
2
0(⌦m).

Here L
2
0(⌦m) is a subspace of L2 whose elements are of mean zero. We also

use the notation L
2
0(⌦) which is defined similarly and will be used later.

We denote (·, ·)c, (·, ·)m the inner products on the spaces L
2(⌦c), L2(⌦m),

respectively (also for the corresponding vector spaces). The inner product
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on L
2(⌦) is simply denoted by (·, ·). In turn, it is clear that

(u, v) = (um, vm)m + (uc, vc)c, kuk2
L2(⌦) = kumk2

L2(⌦m) + kuck2L2(⌦c)
,

where um := u|⌦m and uc := u|⌦c . We will suppress the dependence on the
domain in the L

2 norm if there is no ambiguity. And also, H 0 stands for
the dual space of H with the duality induced by the L

2 inner product. For
simplicity, we denote k ·k := k ·kL2 , and k ·kp := k ·kLp for 1  p  1, p 6= 2.
In addition, the notation k·k

cm
is introduced as the L2 norm on the interface

�cm. For all the functions f , f represents the mean value of f on its domain.
The definition of the weak formulation of the 3-D CHSD system is given

below. The 2-D case could be similarly defined with slight changes in time
integrability of the functions.

Definition 1. Suppose that d = 3 and T > 0 is arbitrary. We consider
the initial data '0 2 H

1(⌦),uc(0) 2 Hc,div,um(0) 2 Hm,div. The functions
(uc, Pc,um, Pm,', µ) with the following properties

uc 2 L
1(0, T ;L2(⌦c)) \ L

2(0, T ;Hc,0),
@uc
@t

2 L
4
3 (0, T ; (Hc,0)0), (2.19)

um 2 L
1(0, T ;L2(⌦m)) \ L

2(0, T ;Hm,0),
@um
@t

2 L
4
3 (0, T ; (Hm,0)0),(2.20)

Pc 2 L
4
3 (0, T ;L2(⌦c)), Pm 2 L

4
3 (0, T ;Xm), (2.21)

' 2 L
1(0, T ;H1(⌦)) \ L

2(0, T ;H3(⌦)),'t 2 L
2(0;T ; (H1(⌦))0),(2.22)

µ 2 L
2(0, T ;H1(⌦)), (2.23)

is called a finite energy weak solution of the CHSD system (1.1)–(1.15), if
the following conditions are satisfied:

(1) For any v,� 2 H
1(⌦),

h@t', v) + (M(')rµ('),rv)� (u',rv) = 0, (2.24)

�


1

✏
(f('),�) + ✏(r',r�)

�
� (µ('),�) = 0, f(') := '

3 � '.(2.25)

(2) For any vc 2 Hc,0 and qc 2 L
2(⌦c),

⇢0h@tuc,vcic + ac(uc,vc) + bc(vc, Pc) +

Z

�cm

Pm(vc · ncm)dS

�bc(uc, qc) + ('crµ('c),vc)c = 0, (2.26)

where

ac(uc,vc) = 2 (⌫('c)D(uc),D(vc))c +
d�1X

i=1

Z

�cm

↵BJSJ

⌫(')p
tr(⇧)

(uc · ⌧ i)(vc · ⌧ i)dS ,

bc(vc, qc) = �(r · vc, qc)c.
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(3) For any vm 2 Hm,0 and qm 2 H
1(⌦m),

⇢0

�
h@tum,vmim + am(um,vm) + bm(vm, Pm)� bm(um, qm)

+('mrµ('m),vm)m �
Z

�cm

uc · ncmqm ds = 0, (2.27)

where

am(um,vm) =
�
⌫('m)⇧�1

um,vm

�
m

,

bm(vm, qm) = (vm,rqm)m .

(4) '|t=0 = '0(x),uc|t=0 = uc(0),um|t=0 = um(0).
(5) The finite energy solution satisfies the energy inequality

E(t) +
Z

t

s

D(⌧)d⌧  E(s), (2.28)

for all t 2 [s, T ) and almost all s 2 [0, T ) (including s = 0), where the total
energy E is given by (1.16).

2.2 The numerical scheme

Let ⌧ > 0 be the time step size, K = [T/⌧ ], and set t
k = k⌧ for 0 

k  K. Similarly, we denote u
k as a numerical approximation to u(tk) =

u(k⌧), with a notation u(t) := u(·, t) for simplicity. Let T h
c and T h

m be
a quasi-uniform triangulation of the domain ⌦c and ⌦m with mesh size h.
Then T h := T h

c [ T h
m forms a triangulation of the whole domain ⌦. T h

c

and (T h
m) coincide on the interface �cm. Let Yh denote the finite element

approximation of H1(⌦), such as

Yh = {vh 2 C(⌦̄)
��vh|K 2 Pr(K), 8K 2 Th}.

Additionally, we introduce Y̊h := Yh \ L
2
0(⌦). Let Xh

c ,M
h
c ,X

h
m,M

h
m be the

finite element approximation of Hc,0, L
2(⌦c),Hm,0, Xm respectively, while

the approximation polynomials have adequate degrees. We assume that Xh
c

and M
h
c are stable approximation spaces for Stokes velocity and pressure in

the sense that

sup
vh2Xh

c

(r · vh, qh)c
||vh||H1

� c||qh||, 8qh 2 M
h

c . (2.29)

The validity of such an inf-sup condition for some standard finite element
spaces can be found in [15]. The classical P2-P0, Taylor-Hood finite element
spaces and the Mini finite element spaces are commonly adopted in practice
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for X
h
c and M

h
c , cf. [15], [11]. The spaces X

h
m and M

h
m are assumed to be

stable in the sense that

sup
vh2Xh

m

(vh,rqh)m
||vh||

� c||qh||, 8qh 2 M
h

m. (2.30)

In particular, we notice that the Taylor-Hood finite element spaces satisfy
the above condition.

We will focus on the error analysis of the following unconditionally energy
stable scheme that decouples the computation of the Cahn-Hilliard flow from
that of fluid equations, i.e., for a totally decoupled scheme; see the related de-
scriptions in [5]. FGiven 0  k  K�1, find

�
'
k+1
h

, µ
k+1
h

,u
k+1
c,h

, P
k+1
c,h

,u
k+1
m,h

, P
k+1
m,h

�

2 Yh ⇥ Yh ⇥X
h
c ⇥M

h
c ⇥X

h
m ⇥M

h
m such that for all (v,�,vc, qc,vm, qm) 2

Yh ⇥ Yh ⇥X
h
c ⇥M

h
c ⇥X

h
m ⇥M

h
m there holds

(�t'
k+1
h

, v) + (M('k

h
)rµ

k+1
h

,rv)� (uk+1
h

'
k

h
,rv) = 0, (2.31a)

�


1

✏
(f('k+1

h
,'

k

h
),�) + ✏(r'

k+1
h

,r�)

�
� (µk+1

h
,�) = 0, (2.31b)

⇢0(�tu
k+1
c,h

,vc)c + a
k

c (u
k+1
c,h

,vc

�
+ bc(vc, P

k+1
c,h

) +

Z

�cm

P
k+1
m,h

(vc · ncm)dS

�bc(u
k+1
c,h

, qc) + ('k

c,h
rµ

k+1
c,h

,vc)c = 0, (2.31c)
⇢0

�
(�tu

k+1
m,h

,vm)m + a
k

m

�
u
k+1
m,h

,vm

�
+ bm(vm, P

k+1
m,h

) + ('k

m,h
rµ

k+1
m,h

,vm)m

�
Z

�cm

u
k+1
c,h

· ncmqm ds� bm(uk+1
m,h

, qm) = 0, (2.31d)

where

f('k+1
h

,'
k

h
) := ('k+1

h
)3 � '

k

h
, �t'

k+1
h

:=
'
k+1
h

� '
k

h

⌧
, (2.32)

u
k+1
h

=

(
u
k+1
m,h

, x 2 ⌦m,

u
k+1
c,h

, x 2 ⌦c,
,

8
<

:

⇢0
�

uk+1
m,h�uk

m,h

⌧
+ '

k

m,h
rµ

k+1
m,h

= 0,

⇢0
uk+1
c,h �uk

c,h

⌧
+ '

k

c,h
rµ

k+1
c,h

= 0,
,(2.33)

a
k

c (u
k+1
c,h

,vc) = 2(⌫('k

c,h
)D(uk+1

c,h
),D(vc))c

+
d�1X

i=1

Z

�cm

↵BJSJ

⌫('k

c,h
)

p
tr(⇧)

(uk+1
c,h

· ⌧ i)(vc · ⌧ i)dS, (2.34)

bc(vc, qc) = �(r · vc, qc)c, (2.35)

a
k

m(uk+1
m,h

,vm) =
�
⌫('k

m,h
)⇧�1

u
k+1
m,h

,vm

�
m
, (2.36)

bm(vm, qm) = (vm,rqm)m. (2.37)

The initial values are taken as follows:

'
0
h
= P'

0
, u

0
j,h

= P0
j,uu

0
j , j 2 {c,m}. (2.38)
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The unique solvability of the proposed scheme (2.31a)–(2.37) has been
proved via a convexity analysis, and the energy stability is ensured by a
careful estimate; the details could be found in [5]. In this article, we focus
on the optimal rate convergence analysis and error estimate.

3 Some preliminary estimates

Some projections are needed in the later analysis:
Ritz projection P : H1(⌦) ! Yh,

�
r(P'� '),rv

�
= 0, 8v 2 Yh, (P'� ', 1) = 0, (3.39)

and for � = '(t), 8t 2 [0, T ], where ' is of the weak solution to CHSD system
(1.1)–(1.15), we define the modified Ritz projection eP�: H1(⌦) ! Yh,

�
M(�)r( eP�

µ� µ),rv
�
= 0, 8v 2 Yh, ( eP�

µ� µ, 1) = 0. (3.40)

Stokes–Darcy projection
⇣
P�
c,u,P�

c,p,P�
m,u,P�

m,p

⌘
:
�
Hc,0, L

2(⌦c),Hm,0, Xm

�
!

�
X

h
c ,M

h
c , X

h
m,M

h
m

�
, which, for all vc 2 X

h
c , qc 2 M

h
c ,vm 2 X

h
m, qm 2 M

h
m,

satisfies the following equalities:

2
⇣
⌫(�c)D

�
P�

c,uuc

�
,D(vc)

⌘

c

+
d�1X

i=1

Z

�cm

↵BJSJ

⌫(�c)p
tr(⇧)

⇣
(P�

c,uuc) · ⌧ i

⌘
(vc · ⌧ i) dS

�
⇣
P�

c,pPc,r · vc

⌘

c

+

Z

�cm

(P�

m,pPm) (vc · ncm) dS +
⇣
r ·
�
P�

c,uuc

�
, qc

⌘

c

= 2
⇣
⌫(�c)D(uc),D(vc)

⌘

c

+
d�1X

i=1

Z

�cm

↵BJSJ

⌫(�m)p
tr(⇧)

(uc · ⌧ i) (vc · ⌧ i) dS

� (Pc,r · vc)c +

Z

�cm

Pm (vc · ncm) dS + (r · uc, qc)c , (3.41)

⇣
⌫(�m)⇧�1

�
P�

m,uum

�
,vm

⌘

m

+
⇣
r
�
P�

m,pPm

�
,vm

⌘

m

�
⇣
P�

m,uum,rqm

⌘

m

�
Z

�cm

�
P�

c,uuc

�
· ncmqmdS

=
⇣
⌫(�m)⇧�1

um,vm

⌘

m

+ (rPm,vm)
m
� (um,rqm)

m
�
Z

�cm

uc · ncmqmdS. (3.42)

Especially, for 0  k  K, we rewrite the notation of the projections above
as follows:

ePk := eP('k)
, (3.43)⇣

Pk

c,u,Pk

c,p,Pk

m,u,Pk

m,p

⌘
:=

⇣
P('k)
c,u ,P('k)

c,p ,P('k)
m,u ,P('k)

m,p

⌘
. (3.44)
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What follows is a standard result of Ritz projection [1]. There exists a
constant C > 0 depending on M0,M1, such that the Ritz projections P and
ePk satisfies

��P'� '
��
p
+ h
��r(P'� ')

��
p
 Ch

q+1
��'
��
W

q+1
p

, (3.45)
�� ePk

'� '
��+ h

��r( ePk
'� ')

��  Ch
q+1
��'
��
Hq+1 , (3.46)

for all ' 2 H
q+1(⌦), q � 0, p 2 [2,1], and all 0  k  K with Yh consisting

of polynomials of order q or higher.
For the Stokes-Darcy projection, the following error estimates have been

established in [4, 18, 19]

��uc � Pk

c,uuc

��
H1(⌦c)

+
��um � Pk

m,uum

��  h
q

⇣��uc

��
Hq+1(⌦c)

+
��um

��
Hq+1(⌦m)

⌘
.(3.47)

Here we introduce the linear operator Th : Y̊h ! Y̊h, which is defined via
the variational problem: given ⇣ 2 Y̊h, find Th(⇣) 2 Y̊h such that

�
rTh(⇣),r⇠

�
=
�
⇣, ⇠
�
, 8⇠ 2 Y̊h. (3.48)

With this operator, we are able to define the following k·k�1,h norm:

k⇣k�1,h := krTh(⇣)k =
q�

rTh(⇣),rTh(⇣)
�
=
q�

⇣,Th(⇣)
�
, 8⇣ 2 Y̊h.

(3.49)
We also define the discrete Laplacian, �h: Yh ! Y̊h as follows: for any

vh 2 Yh, �hvh 2 Y̊h denotes the unique solution to the problem

(�hvh, ⇠) = �(rvh,r⇠), 8⇠ 2 Yh. (3.50)

We recall the following discrete Gagliardo–Nirenberg inequality from [14,
16] which is needed for the uniform estimate of the order parameter 'k+1

h
.

Lemma 1. Suppose that ⌦ is a convex and polyhedral domain. Then, for
any 'h 2 Yh,

��'h

��
L1  C

���h'h

�� d
2(6�d)

��'h

��
3(4�d)
2(6�d)

L6 + C
��'h

��
L6 , 8'h 2 Yh. d = 2, 3,(3.51)

and consequently,

k'h � 'hkL1  C kr�h'hk
d

4(6�d) kr'hk
24�5d
4(6�d) + C kr'hk , d = 2, 3,(3.52)

where 'h is the mean value of 'h.

The following technical lemma has been proved in [8].

Lemma 2. Suppose g 2 H
1(⌦) and v 2 Y̊h. Then

|(g, v)|  Ckrgkkvk�1,h (3.53)

holds for some C > 0 that is independent of h.

10



We also recall the inverse inequality

k'hkWm
q

 Ch
d/q�d/p

h
l�mk'hkW l

p
, 8'h 2 Yh, (3.54)

for all 1  p  q  1, 0  l  m  1.
The following trace theorem is necessary for the estimate of certain in-

terface boundary terms.

Lemma 3. Suppose v 2 H
1(⌦). Then

kvkL4(@⌦)  CkvkH1(⌦). (3.55)

In particular for uh 2 Hc,0, there holds

kuhkL4(�cm)  CkD(uh)kL2(⌦c). (3.56)

Now we derive some stability estimate of the scheme (2.31a)–(2.38). The
following estimates are direct consequence of the discrete energy law estab-
lished in [5].

Lemma 4. Let ('k+1
h

, µ
k+1
h

,u
k+1
c,h

, P
k+1
c,h

,u
k+1
m,h

, P
k+1
m,h

) 2 Yh⇥Yh⇥X
h
c ⇥M

h
c ⇥

X
h
m⇥M

h
m be the unique solution of (2.31a)–(2.38) for 0  k  K�1. Then

there exists a constant C > 0 dependent on the initial data such that

max
0kK

h��uk

c,h

��2 +
��uk

m,h

��2 +
��('k

h
)2 � 1

��2 +
��r'

k

h

��2
i

 C,(3.57)

max
0kK

���'k

h

���
H1

 C,(3.58)

K�1X

k=0

h
⌧
��rµ

k+1
h

��2 + ⌧a
k

c (u
k+1
c,h

,u
k+1
c,h

) + ⌧
��uk+1

m,h

��2 +
��uk+1

m,h
� u

k

m,h

��2

+
��uk+1

c,h
� u

k

c,h

��2 +
��r('k+1

h
� '

k

h
)
��2
i

 C,(3.59)

hold for every 0  k  K � 1, d = 2, 3.

For the error analysis, we also need the uniform bound of the order pa-
rameter and the chemical potential for which we derive the following stability
estimates, see also Lemma 2.13 from [7].

Lemma 5. Let ('k+1
h

, µ
k+1
h

,u
k+1
c,h

, P
k+1
c,h

,u
k+1
m,h

, P
k+1
m,h

) 2 Yh⇥Yh⇥X
h
c ⇥M

h
c ⇥

X
h
m⇥M

h
m be the unique solution of (2.31a)–(2.38) for 0  k  K�1. Then

there exists some constant C > 0 dependent on � and ✏ such that
���h'

k+1
h

��2  C
��µk+1

h

��2 + C, (3.60)
��µk+1

h

��2 
��rµ

k+1
h

��2 + C, (3.61)

⌧

K�1X

k=0

h���h'
k+1
h

��2 +
��µk+1

h

��2
H1

i
 C(T + 1), (3.62)
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⌧

K�1X

k=0

��'k+1
h

�� 4(6�d)
d

1  C(T + 1), (3.63)

⌧

K�1X

k=0

"
��r�h'

k+1
h

��2 +
���'k+1

h

���
8(6�d)

d

1

#
 C(T + 1), (3.64)

hold for every 0  k  K � 1, d = 2, 3.

Proof. Setting �h = �h'
k+1
h

in (2.31b), by the uniform bound of
���'k+1

h

���
H1

and
��'k

h

�� in Lemma 4, we have

k�h'
k+1
h

k2 = �(r'
k+1
h

,r�h'
k+1
h

)

=
1

✏2

⇣
f('k+1

h
,'

k

h
),�h'

k+1
h

⌘
� 1

�✏
(µk+1

h
,�h'

k+1
h

)

 1

✏2

���f('k+1
h

,'
k

h
)
���
����h'

k+1
h

���+
1

�✏

���µk+1
h

���
����h'

k+1
h

���

 1

✏2

✓���'k+1
h

���
3

L6
+
���'k

h

���
◆����h'

k+1
h

���+
1

�✏

���µk+1
h

���
����h'

k+1
h

���

 1

✏2

✓
C

���'k+1
h

���
3

H1
+
���'k

h

���
◆����h'

k+1
h

���+
1

�2✏2

���µk+1
h

���
2
+

1

4

����h'
k+1
h

���
2

 C

✏4
+

1

�2✏2

���µk+1
h

���
2
+

1

2

����h'
k+1
h

���
2
. (3.65)

Therefore, we get

����h'
k+1
h

���
2
 2

�2✏2

���µk+1
h

���
2
+

2C

✏4
, (3.66)

which in turn proves (3.60). Likewise by taking � = µ
k+1
h

in (2.31b), one
derives
���µk+1

h

���
2

=
�

✏

⇣
f('k+1

h
,'

k

h
), µk+1

h

⌘
+ �✏

⇣
r'

k+1
h

,rµ
k+1
h

⌘

 �

✏

���f('k+1
h

,'
k

h
)
���
���µk+1

h

���+ �✏

���r'
k+1
h

���
���rµ

k+1
h

���

 �
2

2✏2

���f('k+1
h

,'
k

h
)
���
2
+

1

2

���µk+1
h

���
2
+

�
2
✏
2

2

���r'
k+1
h

���
2
+

1

2

���rµ
k+1
h

���
2

 �
2

2✏2

✓���'k+1
h

���
3

L6
+
���'k

h

���
◆2

+
1

2

���µk+1
h

���
2
+

�
2
✏
2

2

���r'
k+1
h

���
2
+

1

2

���rµ
k+1
h

���
2

 1

2

���µk+1
h

���
2
+

1

2

���rµ
k+1
h

���
2
+

C�
2

2✏2
+

C�
2
✏
2

2
. (3.67)

As a result, inequality (3.61) holds, i.e.

���µk+1
h

���
2

���rµ

k+1
h

���
2
+

C�
2

✏2
+ C�

2
✏
2
. (3.68)
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Moreover, the inequality (3.62) follows from (3.60), (3.61) and (3.59). By
Lemma 1, one has

���'k+1
h

���
1

 C

����h'
k+1
h

���
d

2(6�d)
���'k+1

h

���
3(4�d)
2(6�d)

L6
+ C

���'k+1
h

���
L6

 C

����h'
k+1
h

���
d

2(6�d)
+ C. (3.69)

Thus, an application of Young’s inequality gives

���'k+1
h

���
4(6�d)

d

1

✓
C

����h'
k+1
h

���
d

2(6�d)
+ C

◆ 4(6�d)
d


✓
C

����h'
k+1
h

���
2
+ C

◆
.(3.70)

Subsequently, a combination of (3.62), (3.66), and (3.70) yields (3.63).
For the inequality (3.64), we observe the following identity for any vh 2

Yh, �hvh,�2
h
vh 2 Y̊h:

�
rvh,r�2

h
vh

�
= kr�hvhk2 =

���2
h
vh

��2
�1,h

, (3.71)

and that
����
⇣
'
k+1
h

⌘3
� '

k

h

����
2

H1

=

����
⇣
'
k+1
h

⌘3
� '

k

h

����
2

+

����r
✓⇣

'
k+1
h

⌘3
� '

k

h

◆����
2

 2

����
⇣
'
k+1
h

⌘3����
2

+ 2
���'k

h

���
2
+ 2

����r
⇣
'
k+1
h

⌘3����
2

+ 2
���r'

k

h

���
2

= 2
���
⇣
'
k+1
h

⌘���
6

L6
+ 2

���'k

h

���
2

H1
+ 2

����3
⇣
'
k+1
h

⌘2
r'

k+1
h

����
2

 C

���
⇣
'
k+1
h

⌘���
6

H1
+ 2

���'k

h

���
2

H1
+ 6

���'k+1
h

���
4

1

���r'
k+1
h

���
2

 C

���
⇣
'
k+1
h

⌘���
6

H1
+ 2

���'k

h

���
2

H1
+ 6

���r'
k+1
h

���
2
 

d

6� d

���'k+1
h

���
4(6�d)

d

1
+

6� 2d

6� d

!

 C

���'k+1
h

���
4(6�d)

d

1
+ C. (3.72)

Then by taking �h = �2
h
'
k+1
h

in (2.31b), one obtains

���r�h'
k+1
h

���
2

=
1

�✏

⇣
µ
k+1
h

,�2
h
'
k+1
h

⌘
� 1

✏2

✓⇣
'
k+1
h

⌘3
� '

k

h
,�2

h
'
k+1
h

◆

 � 1

�✏

⇣
rµ

k+1
h

,r�h'
k+1
h

⌘
+

1

✏2

����
⇣
'
k+1
h

⌘3
� '

k

h

����
H1

����2
h
'
k+1
h

���
�1,h

 1

�✏

���rµ
k+1
h

���
���r�h'

k+1
h

���+
1

✏2

����
⇣
'
k+1
h

⌘3
� '

k

h

����
H1

���r�h'
k+1
h

���

 1

�2✏2

���rµ
k+1
h

���
2
+

1

✏4

����
⇣
'
k+1
h

⌘3
� '

k

h

����
2

H1

+
1

2

���r�h'
k+1
h

���
2
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 1

�2✏2

���rµ
k+1
h

���
2
+

C

✏4

���'k+1
h

���
4(6�d)

d

1
+

C

✏4
+

1

2

���r�h'
k+1
h

���
2
, (3.73)

which yields that

���r�h'
k+1
h

���
2
 2

�2✏2

���rµ
k+1
h

���
2
+

C

✏4

���'k+1
h

���
4(6�d)

d

1
+

C

✏4
. (3.74)

Also notice that
�
'
k

h
, 1
�
⌘
�
'
0
h
, 1
�
= C, 80  k  K, by taking vh = 1 in

(2.31a). By Lemma 1, we derive

���'k+1
h

���
1


���'k+1

h
� '

k+1
h

���
1

+
���'k+1

h

���  C

���r�h'
k+1
h

���
d

4(6�d)
���r'

k+1
h

���
24�5d
4(6�d)

+ C

���r'
k+1
h

���+
���'0

h

���

 C

���r�h'
k+1
h

���
d

4(6�d)
+ C, (3.75)

so that

���'k+1
h

���
8(6�d)

d

1
 C

���r�h'
k+1
h

���
2
+ C. (3.76)

Combining (3.74), (3.76), (3.59) and (3.63), one readily derives (3.64). This
completes the proof.

4 The optimal rate error analysis

In this section we provide a convergence analysis and error estimate for
the numerical scheme (2.31a)–(2.38). Further regularity assumptions for the
weak solution are needed in the analysis.

Assumption 1. We assume that weak solutions to the CHSD system (2.24)-
(2.27) have the following additional regularities

' 2 L
1 �0, T ;W 1,6(⌦)

�\
L
4
�
0, T ;H1(⌦)

�\
H

2
�
0, T ;L2(⌦)

�\
L
1 �0, T ;Hq+1(⌦)

�
,(4.77)

µ 2 L
1 �0, T ;Hq+1(⌦)

�
, (4.78)

uc 2 L
1
⇣
0, T ;

⇥
H

q+1(⌦c)
⇤d⌘\

W
1,4
⇣
0, T ;

⇥
L
2(⌦c)

⇤d⌘\
H

2
⇣
0, T ;

⇥
L
2(⌦c)

⇤d⌘
, (4.79)

um 2 L
1
⇣
0, T ;

⇥
H

q+1(⌦m)
⇤d⌘\

W
1,4
⇣
0, T ;

⇥
L
2(⌦m)

⇤d⌘\
H

2
⇣
0, T ;

⇥
L
2(⌦m)

⇤d⌘
,(4.80)

where q � 1 is the spatial approximation order.

The following assumptions are also made, on the the parameters of the
problem

M0  M(')  M1, |M 0|  C, ⌫0  ⌫(')  ⌫1, |⌫ 0|  C. (4.81)
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For the weak solution (uc, Pc,um, Pm,', µ) to the CHSD system (2.24)–
(2.27), we set

⇢
'(x, t) := '(x, t)� P'(x, t), ⇢

µ(x, t) := µ(x, t)� eP'(t)
µ(x, t),(4.82)

⇢
u(x, t)

���
⌦j

= ⇢
u
j (x, t) := uj(x, t)� P'(t)

j,u
uj(x, t), j 2 {c,m}, (4.83)

specially, for 0  k  K, j 2 {c,m},

⇢
',k

���
⌦j

= ⇢
',k

j
:=
⇣
'
k � P'

k

⌘ ���
⌦j

, ⇢
µ,k

���
⌦j

= ⇢
µ,k

j
:=
⇣
µ
k � ePk

µ
k

⌘ ���
⌦j

,(4.84)

⇢
u,k
���
⌦j

= ⇢
u,k
j

:= u
k

j � Pk

j,uu
k

j , ⇢
p,k

���
⌦j

= ⇢
p,k

j
:= P

k

j � Pk

j,pP
k

j , (4.85)

and for 0  k  K � 1, j 2 {c,m},

R
',k+1

���
⌦j

= R
',k+1
j

:=
⇣
�tP'

k+1 � @t'
k+1
⌘ ���

⌦j

, R
u,k+1

���
⌦j

= R
u,k+1
j

:= �tPk+1
j,u

u
k+1
j

� @tu
k+1
j

,

R
k+1 :=

���'k+1 � '
k

���
2

H1
+
���uk+1

c � u
k

c

���
2
+
���uk+1

m � u
k

m

���
2
=
���'k+1 � '

k

���
2

H1
+
���uk+1 � u

k

���
2
.(4.86)

The error functions are defined as follows, for j 2 {c,m} and 0  k  K:

�
',k

���
⌦j

= �
',k

j
:=
⇣
P'

k � '
k

h

⌘ ���
⌦j

, e
',k

���
⌦j

= e
',k

j
:=
⇣
'
k � '

k

h

⌘ ���
⌦j

,(4.87)

�
µ,k

���
⌦j

= �
µ,k

j
:=
⇣
ePk

µ
k � µ

k

h

⌘ ���
⌦j

, e
µ,k

���
⌦j

= e
µ,k

j
:=
⇣
µ
k � µ

k

h

⌘ ���
⌦j

,(4.88)

�
u,k
���
⌦j

= �
u,k
j

:= Pk

j,uu
k

j � u
k

j,h
, e

u,k
���
⌦j

= e
u,k
j

:= u
k

j � u
k

j,h
, (4.89)

�
p,k

���
⌦j

= �
p,k

j
:= Pk

j,pP
k

j � P
k

j,h
, e

p,k

���
⌦j

= e
p,k

j
:= P

k

j � P
k

j,h
. (4.90)

Note that the numerical solution '
k

h
satisfies mass-conservation by choosing

vh = 1 in (2.31a), same as the weak solution '. Recall also that '0
h
= P'

0.
Then by the definition of Ritz projection we see that

�
'
k
, 1
�
=
�
P'

k
, 1
�
=�

'
k

h
, 1
�

⌘ C0 for all 0  k  K. This enables one to apply Poincaré
inequality to ⇢

',k
,�

',k
, e

',k
, �t�

',k+1 for 0  k  K. We shall also make use
of the fact that �',k

, �t�
',k+1 2 Y̊h.

Given any t 2 [0, T ], the solution to the CHSD system satisfies

(�tP'
k+1

, v) + (M('k+1)r ePk+1
µ
k+1

,rv)� (uk+1
'
k+1

,rv) = (R',k+1
, v), (4.91a)

�✏(rP'
k+1

,r�)� ( ePk+1
µ
k+1

,�) +
�

✏
(f('k+1),�) = (⇢µ,k+1

,�), (4.91b)

⇢0(�tPk+1
c,u u

k+1
c ,vc)c + ac(Pk+1

c,u u
k+1
c ,vc) + bc(vc,Pk+1

c,p P
k+1
c ) +

Z

�cm

Pk+1
m,p P

k+1
m (vc · ncm)dS

�bc(Pk+1
c,u u

k+1
c , qc) + ('k+1

c rµ
k+1
c ,vc)c = ⇢0(R

u,k+1
c ,vc)c, (4.91c)

⇢0

�
(�tPk+1

m,u u
k+1
m ,vm)m + am(Pk+1

m,u u
k+1
m ,vm)m + bm(vm,Pk+1

m,p P
k+1
m )� bm(Pk+1

m,u u
k+1
m , qm)
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�
Z

�cm

Pk+1
c,u u

k+1
c · ncmqm dS + ('k+1

m rµ
k+1
m ,vm)m =

⇢0
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for all 0  k  K � 1, v, � 2 Yh, vj 2 X
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j
, qj 2 M
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j
, j 2 {c,m}.

Setting v = �
µ,k+1 in (4.92a), � = �t�

�,k+1 in (4.92b), vc = �
u,k+1
c , qc =

�
p,k+1
c in (4.92c), vm = �

u,k+1
m , qm = �

p,k+1
m in (4.92d), adding the resulting

equations, and noticing that for d = 2, 3,

M0  M(')  M1, ⌫0  ⌫(')  ⌫1, �max(⇧)  �, tr(⇧)  d�,

kuk2 =
���⇧1/2⇧�1/2

u

���
2

���⇧1/2

���
2

2

���⇧�1/2
u

���
2
= �max(⇧)

���⇧�1/2
u

���
2
 �

���⇧�1/2
u

���
2
,(4.93)

we derive the following error equation for the numerical scheme:
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:=
11X

j=1

Ij

where we have designated the eleven terms on the right-hand side of (4.94)
by Ij , j = 1, 2 · · · 11. Now we estimate the Ijs in a series of lemmas.

Lemma 6 (Estimate of the first term I1). Suppose (', µ,uc,um, Pc, Pm) is
a weak solution to (4.91a)–(4.91d) with the additional regularities described
in Assumption 1, d = 2, 3. Set M0 as the lower bound of the mobility M(').
Then the first term I1 of RHS of (4.94) satisfies
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for a constant C independent of ⌧ and h.

Proof. We split the term into two parts as follows
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By the inverse inequality, there exists a constant ✓1 > 0 such that for all
0  k  K � 1, we have
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Combining (4.97) and (4.98) and choosing ✓1 =
M0
12 , one obtains (4.95). This

completes the proof.

The estimates of I2, I3, I4 in (4.94) are summarized in the following
lemma.

Lemma 7 (Estimates of I2, I3, I4 ). The assumptions are the same as in
Lemma 6. Then I2, I3, I4 of RHS in (4.94) satisfy
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where Cs are constants independent of ⌧ and h.

Proof. The inequality (4.99) is derived the same way as (4.95), that is
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With an application of Lemma 3, one has
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Likewise,
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By choosing ✓2 = ⌫0
2 , ✓3 = ↵BJSJ
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2
p
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, ✓4 = ⌫0

4� , we complete the proof of

the lemma.

19



The next lemma contains the estimates of Ij , j = 5, 6, 7, 8.

Lemma 8 (Estimates of I5, I6, I7, I8). The assumptions are the same as in
Lemma 6. One has the following estimates on the terms I5, I6, I7, I8 of RHS
in (4.94):
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Proof. In fact, (4.105) is a direct result of the Cauchy-Schwarz inequality.
Thanks to the Poincaré inequality and Korn’s inequality [1], for any ✓6 > 0,
we have
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We notice that
�
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= 0 holds for all 0  k  K � 1 by choosing

the test function v = 1 in (2.24) and using the mass conservation of Ritz
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For the eighth term of the RHS of (4.94), we apply Lemma 2 and recall
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The proof is complete upon setting ✓6 =
⌫0
2 , ✓7 =

M0
12 .

The following lemma gives an estimate of the ninth term I9 on the RHS
of (4.94).

Lemma 9 (Estimate of I9). The assumptions are the same as in Lemma 6.
Then for any 0  k  K � 1, the following inequality holds for a constant
C that is independent of ⌧ and h:
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Proof. We first split the term on ⌦m as follows:
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By Young’s inequality, we obtain
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Similarly, with the following definition
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Consequently, the following inequality is valid:
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Thus for constant ✓9 > 0, there holds
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This proves the lemma by choosing ✓9 =
M0
12 .

The term I10 is estimated in the following lemma.

Lemma 10 (Estimate of the term I10). The assumptions are the same as
in Lemma 6.. Then the tenth term of RHS in (4.94) satisfies
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for a constant C independent of ⌧ and h.
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which in turn yields
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Thus by Lemma 2, we derive the following estimate for any ✓10 > 0:
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This completes the proof.

Finally we estimate the last term I11 in the following lemma.

Lemma 11 (Estimate of the I11). The assumptions are the same as in
Lemma 6. Then for the last term I11 of RHS in (4.94), the following in-
equality holds for a constant C independent of ⌧ and h:

����
⇣
'
k+1rµ

k+1 � '
k

h
rµ

k+1
h

,�
u,k+1

⌘���

 C

✓
R

k+1 +
���re

',k

���
2
◆
+

M0

12

���re
µ,k+1

���
2
+

✓
1 + C

���'k

h

���
2

1

◆����u,k+1
���
2
.(4.125)

Proof. We make use of the following decomposition
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Then for any ✓11 > 0 there holds
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The proof is complete by choosing ✓11 =
M0
12 .

The next lemma gives an estimate of
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Lemma 12. The assumptions are the same as in Lemma 6. There exists a
constant C > 0 independent of ⌧ and h such that
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to the left-hand side of the in-
equality.

With all these estimates of the RHS terms in place, the error equation
(4.94) leads to the following result.

Lemma 13. Suppose (', µ,uc,um, Pc, Pm) is a weak solution to (4.91a)–
(4.91d) satisfying additional regularities prescribed in Assumption 1. Then,
for any ⌧, h > 0, there exists a constant C > 0, independent of h and ⌧ ,
such that for any 0  k  K � 1,
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Proof. Substituting the estimates in Lemmas 6 - 12 into the right-hand side
of the error equation (4.94), choosing

✓8 = ✓10 =
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⌘ , (4.132)

with C1 the positive constant defined in inequality (4.128), we get
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The proof is complete since keu,kk2 = k⇢u,k+�
u,kk2  2

�
k⇢u,kk2 + k�u,kk2

�
,

and kr⇢
µ,k+1k  Ckr⇢

µ,k+1k6.

Regarding Rk+1 in Eq. (4.131), the following estimate could be derived.
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Lemma 14. Suppose (', µ,uc,um, Pc, Pm) is a weak solution to (4.91a)–
(4.91d) satisfying additional regularities in Assumption 1. Then for all 0 
l  K � 1 there holds
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Proof. First, by Minkowski’s inequality and Hölder’s inequality one obtains
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Likewise, for j 2 {c,m}, one has

���Ru,k+1
j

���
2
 2

⌧

Z
tk+1

tk

��@t⇢uj (·, t)
��2 dt+ 2⌧

3

Z
tk+1

tk

k@ttu(·, t)k2 dt. (4.136)

Applying Minkowski’s inequality and Hölder’s inequality again gives, for
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which in turn leads to
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Therefore, for d = 2, 3, by using Cauchy-Schwarz inequality and Lemma 5,
one gets
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Similarly, we have
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Henceforth, it follows that
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This completes the proof.

Now we are ready to prove the main convergence theorem.

Theorem 1. Suppose (', µ,uc,um, Pc, Pm) is a weak solution to (4.91a)–
(4.91d) with the additional regularities described in Assumption 1. Recall
the definition of error functions �s in Eqs. (4.87)–(4.90) and the ⇢
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holds for some constant C(T ) > 0 independent of ⌧ and h.

Proof. Applying ⌧
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Moving all the terms indexed (l + 1) to the left hand side, one has

 
�✏

2
� C⌧

⇣
1 +

��'l+1
h

�� 4(6�d)
d

1

⌘!���r�
',l+1

���
2
+

 
⇢0

2
� ⌧

⇣
1 + C

���'l

h

���
2(6�d)

d

1

⌘!����u,l+1
c

���
2

+

 
⇢0

2�
� ⌧

⇣
1 + C

���'l

h

���
2(6�d)

d

1

⌘!����u,l+1
m

���
2
+ ⌧

lX

k=0

⇣
M0

3

���r�
µ,k+1

���
2 ⌘

+
lX

k=0

✓
�✏

2

���r(�',k+1 � �
',k)
���
2
+

⇢0

2

����u,k+1
c � �

u,k
c

���
2
+

⇢0

2�

����u,k+1
m � �

u,k
m

���
2
◆

+⌧

lX

k=0

"
⌫0

���D(�u,k+1
c )

���
2
+ ↵BJSJ

⌫0

2
p
d�

d�1X

i=1

����u,k+1
c · ⌧ i

���
2

cm

+
⌫0

2�

����u,k+1
m

���
2
#

+
⌧
2

⇢0

lX

k=0

���'k

c,h
r�

µ,k+1
c

���
2
+ �

���'k

m,h
r�

µ,k+1
m

���
2
�

 C⌧

lX

k=0

Rk+1 + C⌧

lX

k=1

 
1 +

���'k

h

���
4(6�d)

d

1

!���r�
',k

���
2
+ C⌧

lX

k=1

 
1 + 2

���'k

h

���
2(6�d)

d

1

!����u,k
���
2
.(4.145)

By Lemma 5 we have, for all 0  l  K � 1,
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Hence we can choose a su�ciently small ⌧1 such that for all 0 < ⌧ < ⌧1 and
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It follows from (4.145) that
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Noticing that ⌧
P

K

k=0

���'k

h

���
p(6�d)

d
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 C(T + 1) for p = 2, 4 and in light of

Lemma 14, we arrive at the error estimate (4.143) by setting l = K � 1 and
applying discrete Gronwall’s inequality. This completes the proof.

Corollary 1. Suppose (', µ,uc,um, Pc, Pm) is a weak solution to (4.91a)–
(4.91d) satisfying the regularities Assumption 1. Then there exists ⌧1 > 0
such that for all ⌧ < ⌧1 the following optimal convergence rates hold
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where q � 1 is the spatial approximation order.

For numerical evidence of the convergence results, we refer to [5].
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Remark 1. In the the discrete energy dissipation analysis established in
Chen et al. (2017), for the numerical scheme, a cancellation of a nonlinear
error term associated with the convection part has played a very important
role. Meanwhile, in the optimal rate error estimate presented in this section,
such a cancellation technique is not needed in the convergence proof, due to
the subtle fact that, a growth constant for the velocity error term, namely
(1 + Ck'k

h
k21) appearing in (4.49), would not lead to a theoretical di�culty

in the derivation of discrete Gronwall inequality. This fact is associated
with Nativer-Stokes nature for the fluid velocity, in which the higher order
kinematic di↵usion and the temporal derivative of the velocity variable have
greatly facilitated the analysis at both the analytic and numerical levels. In
comparison, for the Cahn-Hillird-Hele-Shaw system, in which the fluid ve-
locity is statically determined by the phase field variables, such a cancellation
technique is necessary to pass through the optimal rate convergence analysis,
because of lack of regularity for the velocity field; see the related works Chen
et al. (2016); Diegel et al. (2017); Liu et al. (2017), etc.

5 Concluding remarks

In this article we provide an optimal rate convergence analysis and error
estimate of a fully discrete finite element numerical scheme for the Cahn-
Hilliard-Stokes-Darcy system that models two-phase flows. An operator
splitting is applied in the numerical scheme, so that a coupling between the
Cahn-Hilliard and the fluid solvers is avoided. The unique solvability and the
energy stability have already been proved in the existing literature. The op-
timal rate error estimate is established in the energy norm, `1(0, T ;H1) \
`
2(0, T ;H2) norm for the phase variables, and `

1(0, T ;H1) \ `
2(0, T ;H2)

norm for the velocity variable. A discrete `
2(0;T ;H3) bound of the numer-

ical solution for the phase variables also plays an important role, which is
accomplished via a discrete version of Gagliardo-Nirenberg inequality in the
finite element space.
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