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Fully Distributed Finite-Time Consensus of Directed
Multiquadcopter Systems via Pinning Control

Yingjiang Zhou

Abstract—By using the terminal sliding-mode control (TSMC)
and the pinning control methods, the fully distributed finite-time
consensus problems are investigated for second-order multiagent
systems (MASs) and multiquadcopter systems (MQSs) with
directed topology. For the second-order MASs, a pinning con-
trol scheme is designed by analyzing the outdegree and indegree
of nodes, and a TSMC protocol with the local information is
proposed to achieve the finite-time consensus. Then, as an appli-
cation of the MASs, the model of MQSs is constructed and
its finite-time attitude consensus is discussed. Finally, the effec-
tiveness of the proposed method is validated by two numerical
examples.

Index Terms—Distributed control, finite-time consensus, mul-
tiquadcopter systems (MQSs), pinning control, terminal sliding-
mode control (TSMC).

I. INTRODUCTION

N THE past two decades, the consensus problem for the

multiagent systems (MASs) has attracted tremendous atten-
tion due to its wide applications in various fields [1]-[3]. The
key point of the consensus problem is to design a distributed
consensus protocol, where all agents come to the same value
only with the local information [4]-[6]. Research results for
the distributed consensus problem are focused on convergence
rate, pinning strategy, topology, etc. [7]-[12].

The most common results for the MASs are the asymptotic
consensus, where the consensus can be achieved asymptoti-
cally in infinite time [13]-[17]. Due to the fast convergence
rate and the strong robust ability, finite-time consensus results
are more applicable. For the first-order MASs, many kinds
of finite-time protocols are proposed [18]-[22]. By employing
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the theory of finite-time stability, if the interaction topology is
connected and sufficiently large, the proposed protocols will
solve the finite-time consensus problems for both the bidi-
rectional interaction case and the unidirectional interaction
case [19]. For the MASs with the continuous-time and
discrete-time subsystems, the finite-time consensus can be
achieved with the switching control method [20]. The binary
consensus protocol is studied to obtain the finite-time consen-
sus result [21]. The distributed robust fixed-time consensus
result is presented, where the convergence time does not rely
on the initial conditions [22]. For the second-order MASs,
there are three typical methods to achieve the finite-time con-
sensus [23]-[30]. The first method to solve the consensus
problem is the homogeneous method, where the systems need
to satisfy the homogeneous conditions [23]. Combined the
homogeneous method with the sliding-mode control method,
several protocols to achieve robust finite-time consensus are
developed [24], [25]. The second method is the terminal
sliding-mode control (TSMC) method, where each controller
needs the neighbors’ control information [26]. The third
method is the Lyapunov method, where both the leaderless and
leader—follower MASs with external disturbances are consid-
ered [27]-[30]. For the high-order MASs, by employing the
Lyapunov method, the finite-time consensus is achieved for the
leaderless and leader—follower structure [31]-[35]. The finite-
time output consensus is achieved for higher-order MASs,
and the active anti-disturbance control method is given to
solve mismatched disturbances [32]. Actually, it is hard to
design a fully distributed finite-time consensus controller for
the undirected MASs.

The undirected network can be seen as a special directed
network, research on the directed network is meaningful. With
the nonlinear dynamics and directed network, the local and
global asymptotic consensus protocols are studied for second-
order MASs [36]. The finite-time containment control with
multiple directed network dynamic leaders is investigated,
where the bounded disturbances and unknown inputs are con-
sidered in [37]. The finite-time consensus protocol for directed
second-order MASs is considered, and a new sliding-mode
method is constructed. However, the controllers need to know
the whole network’s information [38]. Therefore, a simple
distributed finite-time consensus protocol is needed for the
directed second-order MASs.

Besides, it is hard to reach consensus under some fixed
network topological structures [39]. An effective way to solve
this problem is to impose additional controllers on some
nodes. It is unrealistic to add additional controllers on all
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nodes [14], [39]-[49]. The pinning control is presented, where
only a small fraction of nodes should be pinned [39], [40].
For the pinning control of MASs, it is better to pin the most
highly connected nodes [40]. The pinned candidates are dis-
cussed in [39]-[41], where a small fraction of nodes is chosen
to be pinned for different kinds of networks [41]-[44]. For
the directed networks, the nodes whose outdegree are bigger
than their indegree should be chosen as pinned candidates [41].
When the coupling strength is small, the nodes with low degree
should be pinned first [43]. The auxiliary-system approach
via pinning control is investigated for the two-layer complex
networks, where different pinning strategies are listed [44]. By
only pinning one node, the consensus can be achieved [45].
Aperiodically intermittent pinning controllers with logarith-
mic quantization are designed [46]. This article will point out
which nodes should be pinned, and how large the pinning
strength should be chosen.

Due to the ability to finish many complex tasks, low cost,
and ease of operation, many studies have focused on quad-
copter [50]-[52]. The quadcopter has six degrees of freedom,
three degrees about the positions and three degrees about the
attitudes. The quadcopter is a complex nonlinear dynamics
system, which is hard to apply the advance control method.
The most common method is the proportional-integral—
derivative (PID) control method [53]. We have designed a new
kind of quadcopter, which only has three degrees of attitudes.
The details of the new quadcopter can be seen in Section IV.

The main contributions of this article can be summarized
as follows.

1) A new fully distributed finite-time consensus method
is proposed for the directed second-order MASs with
disturbances.

2) The pinning strategy is introduced to make the whole
system come to a consensus, where the nodes whose
outdegree are no less than the indegree should be pinned,
and the least pinning strength is selected.

3) The mathematical model of multiquadcopter systems
(MQSs) with three degrees attitude is proposed, and the
finite-time consensus of attitude MQSs can be achieved
with the method devised in this article.

We have organized the remainder of this article as fol-
lows. Section II gives the preliminaries and problem statement.
Section III proposes a distributed finite-time consensus track-
ing algorithm for directed MASs. The proposed algorithm has
been used in the attitude consensus of MQSs in Section IV.
Two examples are given to validate our results in Section V.
Section VI gives the conclusion.

II. PRELIMINARIES AND PROBLEM STATEMENT

In this section, first, for directed networks, algebraic graph
theory is introduced. Then, we have introduced some important
lemmas, which will be used in the following section. Finally,
we have pointed out the problem statement.

A. Preliminaries

Suppose the graph of the directed MASs with n agents is
G = {7, &, o/}, where the set of agents is ¥ = {v1, ..., v},
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v; is the ith agent, the set of edges is & C V' x ¥, (v;,vj)) € &
is the directed edge from agent j to i, the agent i can get
information from agent j, and the adjacency matrix is &/ =
[a;j] € R™". Define a;; = 0, where i € {1,...,n}. If and
only if there exists a directed edge (v;, v;) in ¢, then a;; > 0;
otherwise, a;; = 0 (i # j). For the directed graph ¢, define
the Laplacian matrix as L = [[;;] € R™", where [;; = Z;le ajj
and lij = —dajj.

Define b; as the connection strength between the leader and
the ith agent. If there is connection, b; > 0; otherwise, b; = 0.
Let B = diag[by,...,b,] € R™", C = [T G,
and C = cL + B.

Lemma 1 [54]: If z1 € R and 2o € R, a and b are positive,
then |z1|9|221° < (a/[a + bD|z1|“™? + (b/la + b])|z2|*T.

Lemma 2: Define A; £  (cmy/[m + ma]) Z};laij -
(cma/[my +ma]) Y aji+biy A = diag{A, ..., Ay} Then,
ET cE(m2/m1) > (E(m1+m2]/2m1))TAE([M1+m2]/2m1)’ where m
and my are positive odd number. Furthermore, ETCsign(E) >
(IE|Y/2)TAIE|V2) > 0.

Proof: The proof here is simple, with the help of Lemma 1,
we will show the main derivation process in the following:

m
ETCEmT
my+myp my+my
_cz :2 :al] e my _ ml —‘,—z:be mp
i= 1/ 1
n my+myp mp+myp
> my nmp my
C a,] e - —ej
=1 =1 my + my
my+my mj+my
_ np ei my + Zb e my
my + my
my+myp m|+m2
E Ea,jem' +E bie; "'
m1 +m2
i= 1] 1
my+myp
my
S Y
m1 + my
i= 1/_
my+my my+my

- m1+m222al] h +Zbe h

=1 j=1

my+myp

Za,] Zaj, +bi|e; ™

- Z m1 —|— nmy
= Z Aiei ml
i=1

mj+my T
=|E

From this lemma, we know if A is positive, ETCEWP) >
(EWP+al2p0T AE(P+4l/2P) ~ 0, We can get the following
result, E” Csign(E) > (EVNTAEW/2) ~ 0, due to the proof
is similar, we omitted it here. [ |

Lemma 3 [55]: Suppose x € R", x = g(x), g(0) = 0,
6 €(0,1), and @ > 0, V(x) is a continuous positive-definite
function. If Vx, there exists an open neighborhood of the ori-
gin, such that V(x) + a(V(x))® < 0. Then, V(x) reach to

mj+my

AE 2my
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the origin in finite time. The setting time is no more than
(V0D /[er(1 = B)D).

In this article, we have omitted the indepsndent variables.
Suppose there is a Vector E £ [el, ...,ey] , where ¢;, i =

1,...,nare scalars, 1 £ [1, .. 1] 0£1o0,..., O]T, the sign
function of e; is sgn(e;), sig(ei)“ = sgn(e;)|ei]¥, sig®(E) 2
[sgn(e), ... sgn(en)*1’, E* = [ef --- 11, E* =
[éf --- &2]7, and diag(E®~") = diag(e?™! e,

B. Problem Statement

Suppose there are n second-order agents. Each agent can be
described as follows:

X; =v;
. 1
{Vi = uj +fi M
where f; is the known dynamic of the system, and u; is the
control input, i =1, ..., n.
Suppose there is only one virtual leader, and the virtual
leader is an isolated agent. The model of virtual leader is

X0 = Vo
R @
where xp and vo are the virtual leader’s states, and gg is the
unknown dynamic of the virtual leader’s system.

The purpose of this article is to make all agents converge
to xg and vg in finite time with distributed consensus protocol.

Suppose the coupling strength is c¢. Choose the following
error functions:

exz—CE alj
ew—cg a;i(v

Let Ex 2 [ex,....eml, E, 2
T A A
[x1,....x2] v =1[vi,...,val ]T?» =
Ui, ... fa] s and u £ [ug, ..., u,l .

If E, = E, = 0, which means all ¢;; = e¢,;, = 0, then
xi =xj =x0 and v; = v = vo, i = 1, ..., n. So, appropriate
distributed controller is found such that E, and E, come to
zero in finite time.

Then, we have

+ bi(x; — x9) = Ci(x — 1xp)

i = vj) + bi(vi —vo) = Ci(v — Ivg).  (3)

T A
[evi,....em] , x =
AL

diag(by, ..., bn), f

Ey = (cL+B)x — Blxg = (cL + B)(x — 1xp)
E, = (cL+ B)vy — Blvg = (cL + B)(v — 1vp). (@)

So

E.=E,
E, = (cL+B)(u+f — 1go). (5)

Here is the assumption and the definition.

Assumption 1: Suppose there is a positive constant /,, the
unknown dynamic of the virtual leader’s system go satisfied
the following condition, |go| < ;. Assume I, is known to all
nodes.

Definition 1: For any initial conditions, lim; X; = x; =
xo and limy o v; = v; = vo, i,j € {1, ..., n}. The MASs (1)
and (2) are said to achieve asymptotic consensus.

Definition 2: For any initial conditions x;o and vjg, if there
is a constant Ty = To(xg,vo) > 0, limspyx; = xj = xo,
and lim, 7, v; = v;j = vo, and for all r > Ty, x; = x; = xo,
and v; = v; = vo. The MASs (1) and (2) are said to achieve
finite-time consensus.

III. FULLY DISTRIBUTED FINITE-TIME CONSENSUS OF
DIRECTED MASS

In this section, the pinning control method is investigated
to ensure the finite-time consensus for the directed MASs.

Define the following functions as ® = [¢ . ¢n]T,
= (i o wall, i = _ﬂl(CIl/Pl)eql/m evi, $i =
) _Jussgn(uy)  if|pg| > wug
sat(u;, ug) = LW otherwise ’ i=1,...,n,u; >0
is the threshold value of the saturation function.

Theorem 1: Under the condition of Assumption 1. The
directed MASs (1) and (2) can achieve finite-time consensus
under the following protocol:

u=—f+®&— BS?r — alsen(s) (6)

where i = 1,....,n, A; £ (cq1/lq1 +p1]) Zj'.':l aj —
Cqi/lgr +pD X aii +bi > 0, @ > 1, ad; = b,
Ao £ min(A;) > 0, A £ diag{A1, ..., A,} is positive matrix,
I, is the upper bound of go, I is identity matrix, g; > 0 and
B> > 0 are constants, p; > 0, p» > 0, g1 > 0, and g > 0 are
odd integers, q1 < p1 < 2q1, and p2 > qa.

Proof: The terminal sliding surface can be selected as S =
E, + BICENP! and §; = e,; + ﬂ]CE‘“ /.

From above, only when all ¢; = ¢,;, = 0, S = E, +
BICENP — 0, i = 1,....n.IfS =0, Ex, = E, =
ﬂ CE‘II/PI

Choose the positive Lyapunov-candidate-function as Vy =
(1/2)ETE,., and then we have, Vy = ETE, = —gETCEY'/"".
By using Lemma 2, we can get

/712+l11 r /712+111
Vo < _ﬁl Ey " AEy " =

From above, E, = 0 in finite time and E, = E, = 0 in finite
time. So, if all the states of e,; and e,; on the slide surface,
the states will reach to zero in finite time.

Select the protocol as (6)

P1+4)

—B1Ao(2Vp) 1 .

§= B+ p1 L cding (B0 )E,
P1
— Cu+f —1g0) + B q—ICdiag<Ej{1/p‘_1>Ev
pi
= C[—lgo + ﬂlﬂdiag<Ef{1/”‘*l)Ev + @
p1

— ByS®lr2 — algsgn(S)]. (7)
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Consider the positive Lyapunov-candidate-function as V =
0.557S. Combining Assumption 1 and (7), we have

vV =s'§
_ STC(—lgo + B ﬂdiag(EgI/m—l)Ev T
p1

— PpSPlpr2 algsgn(S))

STC(,B1Z—1diag(Ezl/p1—l)Ev +d— ﬁ25q2/p2>

—goSTC1 —al STngn(S)

< sTc (,31 d1ag<E41/P1 I)E +d— 'stqzlpz>
—g08Th — al, (Si) AS?

< sTc <,31 dlag(qu/Pl 1>E +d— ’325112/1?2>
—gozbisi - ngaAilSil

= ST (,31 d1ag(Eq|/p1 l)E + & — ’BZS‘IZ/I’Z> (8)

Due to 0 < ¢q1/p1 < 1, there is singularity problem for

. -1
Bi(q1/prdiag(EL P HE,.
We can divided the ith space into the following two areas:

Si1 = {(exi, evi)

q1 1
ﬂlp—eff}/p‘ levil < us}
1

Spp = {(exzs evi)

1
ﬁl" a1/p1= l|ew-|>us}. ©)

The state S cross the area S;; and lies in the area S;;. In a
finite time, the state S will reach to the point [0 017.
1) When the states [ex; e,;]” lie in Si1, ¢; = u;. We get
=sTs
- STC(—lgo + B q—‘diag(Egl/l"—l)Ev S
P1
_ ,BZS’U/PZ _ algsgn(S)>

<s'c (,31 dlag(Eq‘/p]_l)E +d— ﬂquz/m)

< —,323Tcs'12/1’2. (10)
Comply with Lemma 2, we know
V< _IBZSTCqu/Pz
P2+an T P2+an
< -5 (S ) ) AS 2
P2tap
< —B2Ao(2V) 2 . (IT)

So, the states will enter S;; or reach to the sliding surface
S = 0 in finite time.
2) When the states [ey;

evil! lie in Sp, ¢; = ugsgn(i;).
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We get
v =s"§
_ STC(—lgo + ﬁlﬂdiag(EgI/m*)Ev + & — py5nlr
P1

—algsgn(S)>
EST (ﬂl dlag(E‘“/pl 1>E + P — Igzsqzlpz)

(,31 dlag(qulpl 1>E + ugsgn(ui) — ﬂzsqz/pz)
(12)

It is hard to guarantee the above equation is negative,
another method is given to prove the result.

Two different cases are listed when the states lie in Sp.
Case 1, e,; > 0, e,; increases monotonously until it reaches
the junction of the areas S;; and Sj. Case 2, e,; < 0, ey
decreases monotonously until it reaches the junction of the
areas S;1 and Sj>. The analysis here is similar to the analysis
in [56], we can get the result that the system can achieve S = 0
in finite time.

From above, only when A; £ (cq1/lg1 +p1D) 27:1 ajj —
(cq1/lq1 +p1D) Z};l aji — b; > 0, the finite-time consensus
can be reached. |

From the above condition, we get the following results.

Theorem 2: In order to get the finite-time result, the nodes
whose outdegree are no less than their indegree should
be pinned, and the pinning strength should be larger than
—(eq1/lqr +piD iy aij — 27 i)

Proof: From the structure of the directed network, it
is easy to know that ZJ'-':] a;j is the indegree of the
node i, 27:1 aji is the outdegree of the node i. When
Yo ai < Xy ai, (eqi/lgr + i) Ty @y — Yy ai) >
0, this node does not need to be pinned. When ZJ'-’II aj; >
Z;-;l aij, (cq1/lq +P1])(Z}l=1 aij—Z}L] aij) =< 0, if
we want A; > 0, the pinning control is needed,
and the pinning strength b; should satisfied that b; >
—(eq1/lqr + 1Dy @y — iy aji) > 0.

So, we can get the conclusion that the nodes whose
outdegree are no less than their indegree should be
pinned, and the pinning strength should be larger than
—(eqi/lqr + i) iy @i — D7 @ji)- ]

Remark 1: 1f we want to achieve consensus as soon as pos-
sible, it is better to let Ag as big as possible. Pinning a small
part of nodes with huge strength does not always increase the
convergence speed too much. The best way is to increase the
minimum of A;. What is more, in order to get the fast con-
vergence rate, the nodes whose outdegree are less than their
indegree should be pinned with appropriate pinning strength.

IV. FULLY DISTRIBUTED FINITE-TIME ATTITUDE
CONSENSUS OF DIRECTED MQSs

In this section, we will introduce the attitude consensus of
MQSs by using the method proposed above. Suppose the quad-
copter system studied in this article can only move at the
attitude angle of three degrees of freedom. This quadcopter
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Fig. 1. Quadcopter platform.

Fig. 2. Force analysis of the quadcopter.

platform is designed to verify the validity of the proposed
protocol, seen from Fig. 1. The center of mass motion model
is not analyzed here.

A. Mathematical Model

The following assumptions are listed.

Assumption 2: The quadcopters are central symmetrical
rigid body.

Assumption 3: The resistance and gravity of the quad-
copters are not affected by the flight environment and other
factors, and will remain unchanged.

Assumption 4: The rotational inertia of the quadcopters
remains unchanged.

As shown in Fig. 2, force analysis of the quadcopter is
carried out. 67"),- =[0 0 —cTwiz]T is the force vector pro-
duced by the propeller. Cz)l = [(ﬁ/2)d (V2/2)d —d; ]T,
Ly, = [-W2/2d W2/d —d.), L3 =
[-2/2d —~(2/2d —d.]". “Ls -
[(WV2/2)d —(¥2/2)d —dg]T are the position of ten-
sion operating points in the gordinate systg)m of
rotating platform, respectively. ‘G = ?Re G =

and

[—mgsin9 mgcos 6 sin¢ mgcos 6 cos¢]T is the grav-
ity vector, m is the quality of thE) quadcopter, and g is
the local acceleration of gravity. “d . = [0 0 —dg]T is
the position of the center of mass in the frame of rotating
platform.

From above, we know the total reverse torque produced by
the propeller “ty; can be seen as follows:

0
Ty = My + Ma + M3 + My = 0
cu(@f —@f + of —j)
From Fig. 2, when the quadcopter is doing attitude tilt,
the resultant moment is torque generated by propeller tension,

reverse torque, and gravity. We have the following result:

. —mgsin 6 0
‘i =°G x ‘Lg = | mgcosfsing | x | O (13)
mg cos 6 cos ¢ de

where CZG is the arm of gravity. So, the resultant external
moment of the quadcopter is

4
> > - =
°r =sz+CGxCLG+ZCT,-xCLT,
=1

0 mg cos 0 sin ¢d;
= 0 + mg sin 0d,
cM(wl2 — w22 + w32 — wf) 0
J2 2

Per(@f +of — o) —w))

| Ler(-of + o} o} + o)) (4

where C?Ti is the arm of lift.
The attitude dynamics equation in the rotating platform
coordinate system is as follows:

J‘o=—"wx( ‘w)+‘T (15)

where J € 33 is the moment of inertia of the experimental
platform.
Combining (14) and (15), we can get

V2 2,2 2 2 ;
. Jr—J3 Yer(wi+w)—wi—w]})+mgcosO sin pd,
Wy, = a)yca)zc( T ) +

Ji
. Ji—Ji %cr(—w12+w22—w32+wf)+mg sin Od,
Wy, = Wx Wz, I + Jo

22, 2 2
. ) em (o] —w3 +o3—w})
ch - wxchC< J3 ) + J3 .

(16)
Due to the limitation of the platform, the angular velocity

is smaller when flying. So, the following equation is correct:
wx, = ¢, wy, =0, and w,, = . We have the following result:

. ch(w12+w22—w32—w42)+mgcosesin¢d£

S )

§ =00t + =

G — d.)l/./(h_]l) i 4cT(—wlz-‘,—wzz—w;—',—zzf42)+mgsinHd,S
- I 2

. s =T CM(w2—w2+w2—w2)

1’[12(159(1132)4_ 1 ;3 3774

Let
2 2 2 2 2
U = %cT(w1 t+oy — oy — o)
2
Up = %cT(—wl2 + w22 — w32 + wf) . we have
2 2 2 2
Us = cu(my — @y + @y — @)
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6
—91ﬁ( J—,) U1+mg03I5951n¢d5
0—¢1ﬂ( - U2+m§25m0d; (17)
V= b (L5
Define agy = ([J3 —J11/)2), asa = (1/]2), asgz =
(mgdg/J2), agr = ([J2—J31/J1), aga = (1/J1), ag3 =

(mgde /1), ay1 = ([J1 — J21/J3), and a,z = (1/J3), we have
the final attitude dynamics equation

<5 = a¢1é1ﬁ + agprUy + ag3 cos 6 sing
6 = aglqﬁw ~+ agoUs + ap3 sin6
I// = a¢1¢>9 + ay2Us.

(18)

There are eight quadcopters in our laboratory, the final atti-
tude dynamics systems for the i-quadcopters system can be
described, i=1,...,8

ész = ad)lléllbl + ag3i cos 0; sin ¢; + a¢2iU1i
91 = a@lz¢ﬂ/’z + ap3; sin0; + agz;i Ua;
Iﬂz = al/f11¢19 + al/thU?az

19)

B. Fully Distributed Finite-Time Attitude Consensus of
Directed MQSs

The analysis of the three degrees attitude angles is similar,
so we only prove the pitch angle, and the analysis of other
angles is similar to the pitch angle.

Deﬁnef, = a91,¢>,1ﬁ, + ag3;isinf;, a = dlag(a921, R agz,,T),
f2 A, - f,, £ leor, ..., eon]l . Ey = [em,...,e(;n],
9 2 [91,...,9,1] , 6 2 [61,...,60", and U, 2
Va1, ..., Usil .

We have the following attitude equation:

6 = f+ aUy. (20)

Suppose there is a virtual leader of the pitch angle. The

model of virtual leader is
bo = g0 @

where 6y is the virtual leader’s states, and go is the virtual
leader’s dynamic.

The purpose of this article is to make all agents come to
the virtual state with the distributed consensus protocol.

Choose the following error functions:

eg,_cg a,]
—CE a,]

where c is the coupling strength.
We will prove Ey = E; = 0 in finite time.
We have

) + bi(6; — 60) = Ci(6 — 16p)

) +bi(6i — 60) = Ci(6 — 16p)  (22)

Ep = (cL+B)o —B16) = (cL + B) (6 — 16p)

E; = (cL+B)d —Bldy = (cL+B)(6 —16y).  (23)
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So
Eg = Eg
E; = C(f+aU; — 1gp). 24)

Define the following function:

q1 -1
i = —ﬁl—e‘g}/”‘ e
P1
o _ _J ugsgn(uy) if| il > us
i = sat(pi, us) = {,ui otherwise

uy > 0 is the threshold value of the saturation function, i =
1,...,n.
Define M = [t -+ p,]" and @ =[¢1 -+ ¢, 1",
Theorem 3: Under the condition of Assumptions 1-4. The
directed MQSs (20) and (21) can achieve finite-time consensus
under the following protocol:

Up=a! (—f+ ® — o5 _ algsgn(S)> (25)
. A

where i = 1,....n, A; = (cq1/[q1 +p1)) Z};l aj —

(cqi/lg +piD 2 ai + bi > 0, @ > 1, ad; > b,

Ao 2 min(A;) > 0, A 2 diag{A1, ..., A,} is positive matrix,

I is identity matrix, 81 > 0 and B, > 0 are constants, p; > 0,

p2 >0, g1 >0, and g > 0 are odd integers, q; < p1 < 24,

and p> > q2.

Proof: Select the terminal sliding surface as § = E; +
’3 CE(II/ 21

We know when § =0, Ey and E; will get to zero in finite
time.

From above

o . a1 .. q1/p1—=1\ .
S=E;+ 'Blp] Cdlag(E9 )Ee
— C(f+aU, — 1go) + B §Cdiag(Eg‘/P"1)Eé
1
= C|:—1go + ﬁlﬂdiag(Eg”’”‘l)Eé +o
pi
_ BySeIr _ oelgsgn(S)]. (26)

Choose the positive Lyapunov-candidate-function as V =
0.557s. Combining (25) with (26), one has

v=s'$
= STC|: 1go + B1— dlag(Egl/m*l)Eé + @

— BaS2lpr ozlgsgn(S)]

< STC<ﬂ1Z_1d]ag(EgI/pl—l)E9 + o — ﬁ2S42/p2>'

The following proof is similar to the proof in Theorem 1,
so we omit here. The fully distributed finite-time atti-
tude consensus of directed multiquadcoppters systems is
achieved. ]

V. NUMERICAL SIMULATIONS

To illustrate the effectiveness of the proposed algorithms,
two simulation results are presented.
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Fig. 3. Topology of the MASs. (a) Without pinning. (b) With pinning.

A. Finite-Time Consensus of Directed MASs

As can be seen from Fig. 3(a), the topology of the directed
MASs with five agents is presented.
The leader dynamic is described as

Yo = Vo
{ flo =0.02 sin(xo) (27)
the dynamics of the ith follower are
X,' =V .
{\'}i=ui+xl"l_1"”’5' (28)

Suppose the leader’s initial condition is [x0(0) vo(0)]" =
[2 317, and the five agents’ initial condition are x(0) =
(4 =113 =217 andv(0)=[1 0 =2 —1 2]".

From Theorem 2, we need to pin the agents 1, 2, and 5,
shown in Fig. 3(b). The adjacent matrix is

as

0 0 1 1 O
1 0 1 0 O
A=]10 0 0 1 O
0 0 0 0 O
0 0 0 0 O

I#HH’G,#H##HHWHIHHHFHIHHHOHHIH--

2 I I |
0 2 4 6 8 10

times(sec)

Fig. 4. States of x for the MASs.

times(sec)

the Laplacian of the follower system can be written as

2 0 -1 -1 O
-1 2 -1 0 O
L=] 0 O 1 -1 0
0O 0 O 0 O
0O 0 o 0 O

and the interconnection relationship between the leader and
the followers is B =diag(2 3 0 0 1).
Select the terminal sliding surface, S = E, + /31CE,Z1/ oL
The control is selected as, u = & — S 592/P2 — alrsgn(S),
where [y = 1, @« =2, p1 =prp =5, g1 = q =3, p1 =

-1
Bo=1,® = [¢1 - dul”, i = —Bi(qi/pn)el " en,
o , _ ) ussgn(uy) if|pi| > us
i = sat(uui, us) = { i otherwise.

]
Figs. 4 and 5 show the results of the proposed protocol
in (6). Within finite time, all the states reach the virtual leader’s
states.

B. Finite-Time Consensus of Directed MQSs

In this simulation, we have five quadcopters. Use the same
topology as above, as shown in Fig. 3.

Fig. 5. States of v for the MASs.
TABLE I
MODEL PARAMETER OF MQSSs
Parameter name Symbols Value
Mass of one quadcopter m 1.975 kg
Distance between motor
shaft and center of gravity L 0.23 m
Distance between the
center of gravity and the de 0.10 m
center of rotation
Moment of inertia 1 Jy 0.027 kg - m?
Moment of inertia 2 Ja 0.027 kg - m?
Moment of inertia 3 Js 0.027 kg - m?

The leader dynamic is described as

$o = ag20U10
bo = ag0U0 (29
Yo = ay20U30
and the dynamics of the ith follower are described as
¢z = a(bli'éil,:”i + ag3i cos 0; sin ¢; + agoiUt;
bi = ag1iiVi + ag3i sinb; + ae2iUni (30)

Vi = ay1i9i0; + ay2iUs;.

The model parameter can be selected as in Table L.

Authorized licensed use limited to: University of Rhode Island. Downloaded on May 16,2020 at 01:58:31 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

8
10 ; ; . — ‘
< 0 \\ |
-10 | f‘fo Y Hz [N b, 05]
0 1 2 3 4 6 7
times(sec)
51 — "0‘ “'1I “'2‘ v 3‘ "4‘ Y|
3 0l ]
-5 L
0 6 g
10
™~ 5 Il
0 4’14 g
5 L
0 1 2 3 4 5 6 7
times(sec)
Fig. 6. States of angle for the MQSs.
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Fig. 7. States of angular velocity for the MQSs.

So, we get the following parameters, agi; = ap1; = ay1; =
0, a0 = agoo0 = ay20 = ag2i = ag2i = ayzi = 37, and
agsi =ag3i =717, i=1,...,5.

Suppose the leader’s initial condition is [y(0) Gp(0) 1T =
[0 —10]",  [0(0) vo(0)]" = [0 —10]", and
[0(0) ¢o(0)1T = [0 —10]7. When we turn on the
quadcopters’ electric power, all the quadcopters will come to
a horizontal arrangement, and all the five quadcopters’ initial
conditions are zero.

Choose the control protocol as

Up=a' (—f+ ® — BrSelre algsgn(S)) 31)

and the TSM surface as

S = Ey + p1CE{" (32)

where I = 20, « = 2, p1 = p» =5, g1 = g2 = 3, and
Br=p=1.

When § = 0, that is, S = Es + 81 CE?"/"". So, within finite
time, E1 and E, will get to zero.

The states of angle for the MQSs are shown in Fig. 6. No
matter the leader’s states are constant function, linear function,
or trigonometric function, all the followers’ states will reach to
the leader’s states in finite time. From Fig. 7, we found all the
followers’ angular velocity will converge to the leader’s states
in finite time. The control signals for the MQSs are shown in
Fig. 8.
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Fig. 8. Control signals for the MQSs.

VI. CONCLUSION

In this article, the fully distributed finite-time consensus of
directed second-order MASs has been designed, where each
control only needs its neighbors’ state information. The pin-
ning consensus strategy is studied for the second-order MASs
with unknown dynamic virtual leader. It is pointed out the
nodes whose outdegree are no less than the indegree should
be pinned, and the least pinning strength has been calculated
in Theorem 2. Furthermore, the proposed method has been
used into finite-time consensus of MQSs.

It is worth mentioning here that some related liter-
ature about group consensus, duplex networks, switched
coupled neural networks, and optimal control must be
known [11]-[13], [33], [34], [44], [46]. Therefore, in our con-
secutive study, we will work on developing the distributed
protocol about group consensus of duplex networks and
switched coupled neural networks.
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