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Abstract—RobotficInformatfionGatherfing(RIG)reflfiesonthe
uncertafintyofaprobabfiflfistficmodefltofidentfifycrfitficaflareasfor
efficfientdatacoflflectfion.Gaussfianprocesses(GPs)wfithstatfionary
kerneflshavebeenwfideflyadoptedforspatfiaflmodeflfing.However,
reafl-worfldspatfiafldatatypficaflflydoesnotsatfisfytheassumptfion
ofstatfionarfity,wheredfifferentflocatfionsareassumedtohavethe
samedegreeofvarfiabfiflfity.Asaresuflt,thepredfictfionuncertafinty
doesnotaccurateflycapturepredfictfionerror,flfimfitfingthesuccess
ofRIGaflgorfithms. Weproposeanoveflfamfiflyofnonstatfionary
kernefls,namedthe Attentfive Kernefl(AK), whfichfissfimpfle,
robust,andcanextendanyexfistfingkernefltoanonstatfionaryone.
Weevafluatethenewkerneflfineflevatfionmappfingtasks,where
AKprovfidesbetteraccuracyanduncertafintyquantfificatfionover
thecommonflyusedRBFkerneflandotherpopuflarnonstatfionary
kernefls. Thefimproveduncertafintyquantfificatfiongufidesthe
downstreamRIGpflannertocoflflectmorevafluabfledataaround
thehfigh-errorarea,furtherfincreasfingpredfictfionaccuracy.A
fiefldexperfimentdemonstratesthattheproposed methodcan
gufideanAutonomousSurfaceVehficfle(ASV)toprfiorfitfizedata
coflflectfionfinflocatfionswfithhfighspatfiaflvarfiatfions,enabflfingthe
modefltocharacterfizethesaflfientenvfironmentaflfeatures.1

I.INTRODUCTION

Coflflectfingfinformatfivedataforeffectfivemodeflfinghasbeen
anactfiveresearchtopficfindfifferentdomafins,fincfludfingactfive
flearnfingfinmachfineflearnfing[1],optfimaflexperfimentafldesfign
finstatfistfics[2],andoptfimaflpflacementsfinsensornetworks[3].
RobotficInformatfionGatherfing(RIG)hasrecentflyrecefived
fincreasfingattentfionduetofitswfideappflficatfion,fincfludfingen-
vfironmentaflmodeflfingandmonfitorfing[4–13],3Dreconstruc-
tfionandfinspectfion[14–17],searchandrescue[18,19],au-
tonomousexpfloratfion[20–23],andsystemfidentfificatfion[24–
26].Thedefinfingeflementthatdfistfingufishestheaforemen-
tfionedactfivefinformatfionacqufisfitfionprobflemsandRIGfisthe
robotembodfiment’sphysficaflconstrafint–wecannot“tefleport”
therobottoanarbfitrarysampflfingflocatfion,anddatamustbe
coflflectedsequentfiaflflyaflongatrajectory.Informatfivepflannfing
seeksanactfionsequenceorapoflficythatyfiefldsobservatfions
maxfimfizfinganfinformatfion-theoretficobjectfivefunctfionunder
therobot’smotfionandsensfingbudgetconstrafints[27–37].
Theobjectfivefisderfivedfromtheuncertafintyofprobabfiflfistfic
modeflssuchasGaussfianprocesses(GPs)[38–48],Hfiflbert
maps[49–52],occupancygrfidmaps[11,30,53],andGaussfian
mfixturemodefls[54–57].
Ffig.1afiflflustratestheworkflowofaRIGsystem.Thethree

majorforcesthatdrfiveRIGare(a)probabfiflfistficmodeflswfith
weflfl-caflfibrateduncertafinty,(b)finformatfion-theoretficobjectfive
functfions,and(c)finformatfivepflanners.Thfisworkbeflongsto

1Vfideosoffiefld/sfimuflatedexperfimentscanbefoundathttps://wefizhe-chen.
gfithub.fio/attentfive
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Ffig.1. ComparfisonofGPRmodeflswfithRBFkerneflandtheAKfin
terrafinmappfing.Thecoflorfindficateseflevatfion,andbflackdotsaretrafinfing
sampfles.TheAKportraysthesaflfientenvfironmentaflfeaturesfinmoredetafifl
andassfignshfigheruncertafintytothehfigh-errorarea.

thefirstaspect:weafimtofimprovetheuncertafintyofGPs,
whfichyfiefldsmorefinformatfiveobjectfivefunctfionsforRIG.
Suchfundamentaflfimprovementscanappflytoanyfinformatfive
pflannerusfinganyobjectfivefunctfion.

Gaussfianprocessregressfion(GPR)fisoneofthefleadfing
methodsformappfingcontfinuousspatfiotemporaflphenomena.
Statfionarykernefls,e.g.,the RBFkerneflandthe Mat́ern
famfifly[58],arecommonflyadoptedfinaGPR.However,reafl-
worfldspatfiafldatatypficaflflydoesnotsatfisfytheassumptfion
ofstatfionarfity–fi.e.,thatdfifferentflocatfionshavethesame
degreeofvarfiabfiflfity.Forfinstance,theenvfironmentfinFfig.1a
hashfighervarfiabfiflfityaroundthecrater.Asaresufltofsuch
amfismatch,GPRwfithstatfionarykerneflscannotportraythe
characterfistficenvfironmentaflfeaturesfindetafifl.Ffig.1bshows
theovers-moothedpredfictfion.Thepredfictfionerroranduncer-
tafintyarefinconsfistent(c.f.,thecfircfledregfionfinFfig.1cand
Ffig.1d),fleadfingtodegradedperformancefifusedwfithRIG.

TherefisextensfiveworkonGPswfithnonstatfionarydata
(SectfionII-B).However,asshownfinourexperfiments,prfior
workfleavesroomforfimprovement.Thechaflflengefisthat
nonstatfionary modeflsareoftentooflexfibfletobetrafined.
Toaddressthfis,weproposeanoveflfamfiflyofnonstatfionary
kerneflsnamedtheAttentfiveKernefl(AK).The mafinfideas
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behind the AK are limiting the nonstationary model to select
among a fixed set of correlation scales and masking out data
across sharp transitions by selecting subsets of relevant data
for each prediction. The “soft” selection process is learned
from the data. Fig. 1e shows GPR prediction with the AK on
the same dataset. As highlighted by the arrows, the AK depicts
the environment at a finer granularity. Fig. 1f and Fig. 1g show
that the AK allocates higher uncertainty to the high-error area.

Contributions. The main contribution of this paper is in
designing the AK and evaluating its suitability for RIG.
We present an extensive evaluation on elevation mapping
tasks in several natural environments that exhibit a range of
nonstationary features, comparing the AK to the stationary
RBF kernel and the leading nonstationary kernels: the Gibbs
kernel [59–66] and Deep Kernel Learning (DKL) [67, 68]. The
results show a significant advantage of the AK across passive
learning, standard active learning, and RIG. We also present a
field experiment to demonstrate the behavior of the proposed
method in a real-world environment, where the prediction
uncertainty of the AK guides an Autonomous Surface Vehicle
(ASV) to identify essential sampling locations and collect
valuable data rapidly. Last but not least, we release the code for
reproducibility2 and a software library for facilitating future
research on RIG3.

II. RELATED WORK

A. Robotic Information Gathering

Research on RIG mainly revolves around the following three
aspects: probabilistic models, information-theoretic objective
functions, and informative planning algorithms.

Probabilistic Models and Objectives. Models are primar-
ily discussed in coordinating multiple robots and improving
computational efficiency. Jang et al. [44] apply the distributed
GPs [69] to decentralized multi-robot online active sensing.
Ma et al. [38] and Stachniss et al. [46] use sparse GPs to allevi-
ate the computational burden. Mixture models [70] have been
applied to divide the workspace into smaller parts for multiple
robots to model an environment simultaneously [42, 43]. The
early work by Krause and Guestrin [45] is highly related to
our work. They use a spatially varying linear combination
of localized stationary processes to model the nonstationary
pH values. The weight of each local GP is the normalized
predictive variance at the test location. This idea is similar
to the lengthscale-selection idea in Section IV-C. The main
difference is that they manually partition the workspace while
our model learns a weighting function from data. To the best
of our knowledge, this paper is the first to discuss the influence
on RIG performance brought by the uncertainty quantification
capability of probabilistic models. Research on information-
theoretic objective functions is dedicated to addressing the
computational bottleneck [35, 71, 72].

Informative Planning. Early works on informative plan-
ning propose various recursive greedy algorithms that pro-

2https://github.com/weizhe-chen/attentive kernels
3https://pypolo.readthedocs.io/

vide performance guarantee by exploiting the submodularity
property of the objective function [73–75]. Planners based on
dynamic programming lift the assumption of the objective
function at the expense of higher computational complex-
ity [76, 77]. These methods solve combinatorial optimization
problems in discrete domains, thus scaling poorly in the
problem size. To develop efficient planners in continuous
space with motion constraints, Hollinger and Sukhatme [27]
introduce sampling-based informative motion planning, which
is further developed to online variants [31, 34]. Monte Carlo
tree search planners are conceptually similar to sampling-
based informative planners [78, 79] and have recently garnered
great attention [4, 20, 28, 29, 80]. Trajectory optimization is
a solid competitor to sampling-based planners. Bayesian opti-
mization [39, 81, 82] and evolutionary strategy [6, 11, 30] are
the two dominating methods in this realm. New frameworks
of RIG, e.g., imitation learning [32], are constantly emerging.

B. Nonstationary Gaussian Processes and Kernels

GPs suffer from two significant limitations [70]. The first
one is the notorious cubic computational complexity of a
vanilla implementation. Recent years have witnessed remark-
able progress in solving this problem based on sparse GPs [83–
85]. The second drawback is that the covariance function is
commonly assumed to be stationary, limiting the modeling
flexibility. Developing nonstationary GP models that are easy
to train is still an active open research problem. Ideas of
handling nonstationarity can be roughly grouped into three
categories: input-dependent lengthscale [59–65], input warp-
ing [67, 68, 86–89], and the mixture of experts [70, 90].

Input-dependent lengthscale provides excellent flexibility to
learn different correlation scales at different input locations,
but optimizing the lengthscale function is difficult [91]. Input
warping is more widely applicable because it endows any
stationary kernel with the ability to model nonstationarity by
mapping the input locations to a distorted space and assuming
stationarity holds in the new space. This approach has a
tricky requirement: the mapping must be injective to avoid
undesirable folding of the space [86, 87, 89]. The Mixture
of GP experts (MoGPE) uses a gating network to allocate
each data to a local GP that learns its hyperparameters from
the assigned data. It typically requires Gibbs sampling [70],
which can be slow. Hence, one might need to develop a
faster approximation [92]. We view MoGPE as an orthogonal
direction to other nonstationary GPs/kernels because any GP
models can be treated as the experts.

The AK lies at the intersection of these three categories. In
Section IV-C, we implement input-dependent lengthscale by
weighting base kernels with different prefixed lengthscales at
each location. Composing base kernels reduces the difficulty
of learning a lengthscale function from scratch and makes our
method compatible with any base kernel. In Section IV-D,
we augment the input with extra dimensions. We can view
the augmentation as warping the input space to a higher-
dimensional space, ensuring injectivity by design. Combin-
ing these two ideas gives a conceptually similar model to
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MoGPE [70] in that they both divide the space into multiple
regions and learn localized hyperparameters. The idea of
augmenting the input dimensions has been discussed [93].
However, they treat the augmented vector as a latent vari-
able and resort to Markov chain Monte Carlo (MCMC) for
inference. The AK treats the augmentation as a deterministic
function of the input, resulting in a more straightforward
inference procedure, and can be used in MoGPE to build more
flexible models.

In robotic mapping, another line of notable work on prob-
abilistic models is the family of Hilbert maps [49–51], which
aims to alleviate the computational bottleneck of the GP
occupancy maps [94] by projecting the data to another feature
space and applying a logistic regression classifier in the new
space. Since Hilbert maps are typically used for occupancy
mapping [95] and reconstruction tasks [96], related work also
considers nonstationarity for better prediction [52, 97].

III. PROBLEM STATEMENT

Consider deploying a robot to build a map of an initially
unknown environment efficiently using the sparse sensing
measurements of onboard sensors. For instance, when re-
constructing a pollution distribution map, the environmental
sensors can only measure the pollutant concentration in a
point-wise sampling manner, yielding sparse measurements
along the trajectory. Another scenario is to build a sizeable
bathymetric map of the seabed. In such a vast space, depth
measurements can be viewed as point measurements even
though the sensor might be a multi-beam sonar. Exhaustively
sampling the whole environment is prohibitive, if not impos-
sible; thus, one must develop adaptive planning algorithms
to collect the most informative data for building an accurate
model. This problem is RIG, a.k.a. informative (path/motion)
planning, or active/adaptive sensing.

Problem 1. The target environment is an unknown function
fenv(x) : RD 7→ R defined over spatial locations x ∈ RD.
Let T ≜ {t}Tt=0 be the set of decision epochs. A robot at
state st−1 ∈ S takes an action at−1 ∈ A, arrives at the next
state st following a transition function p(st | st−1, at−1), and
collects Nt ∈ N noisy measurements yt ∈ RNt at sampling
locations Xt = [x1, . . . ,xNt

]⊺ ∈ RNt×D. We assume that the
transition function is known and deterministic, and the robot
state is observable. The robot maintains a probabilistic model
built from all the data collected so far Dt = {(Xi,yi)}ti=1.
The model provides predictive mean µt : RD 7→ R and
predictive variance νt : RD 7→ R≥0 functions. Let x⋆ be a
test/query location and error(·) be an error metric. At each
decision epoch t ∈ T, our goal is to find sampling locations
that minimize the expected error after updating the model with
the collected data

argmin
Xt

Ex⋆ [error (fenv(x
⋆), µt(x

⋆), νt(x
⋆))] . (1)

Eq. (1) cannot be used as the objective function for a plan-
ner because the ground-truth function fenv is unknown. RIG
bypasses this problem by optimizing a surrogate objective.

Problem 2. Assuming the same conditions as Problem 1, find
informative sampling locations that minimize an information-
theoretic objective function info(·), e.g., entropy:

argmin
Xt

Ex⋆ [info (νt(x
⋆))] . (2)

RIG implicitly assumes that solving Problem 2 can also
address Problem 1 well. This assumption is valid when the
model uncertainty is well-calibrated. A model with well-
calibrated uncertainty gives high uncertainty when the predic-
tion error is significant and low uncertainty otherwise. When
using GPR with the commonly used stationary kernels to
reconstruct a real-world environment, the uncertainty is not
well-calibrated because the assumption of stationarity does
not hold. Specifically, high uncertainty is assigned to the less
sampled areas, regardless of the prediction error (see Figs. 1c,
2 and 11f). Our goal is to develop a kernel to improve the
uncertainty quantification and prediction accuracy of GPR.

IV. METHODOLOGY

A Gaussian process is a collection of random variables, any
finite number of which have a joint Gaussian distribution [58].
We place a Gaussian process prior over the function f(x) ∼
GP(m(x), k(x,x′)), which is specified by a mean function
m(x) and a covariance function k(x,x′) (a.k.a. kernel). GPR
assumes that observations are corrupted by additive Gaussian
white noise p(y|x) = N (y|f(x), σ2), with noise scale σ. This
paper focuses on the kernel construction, independent of the
inference method in GPs. Therefore, we skip the discussion
of inference methods and use the standard maximization of
marginal likelihood to optimize the model in our experiments.

A. Attentive Kernel

We propose the following kernel to deal with nonstationar-
ity. At first glance, this looks like a heuristic composite kernel.
However, the following sections will explain how we design
this kernel from the first principles. In short, the kernel is
distilled from a generative model called AKGPR that models
nonstationary processes.

Definition 1 (Attentive Kernel). Given two inputs x,x′ ∈
RD, vector-valued functions wθ(x) : RD 7→ [0, 1]M and
zϕ(x) : RD 7→ [0, 1]M parameterized by θ,ϕ, an ampli-
tude α, and a set of M base kernels {km(x,x′)}Mm=1, let
w̄ = wθ(x)/∥wθ(x)∥2, and z̄ = zϕ(x)/∥zϕ(x)∥2. The Attentive
Kernel is defined as

ak(x,x′) = αz̄
⊺
z̄′

M∑
m=1

w̄mkm(x,x′)w̄′
m. (3)

We learn parametric functions that map each input x to
w and z. w̄mw̄′

m gives similarity attention scores to weight
the set of base kernels {km(x,x′)}Mm=1. The inner product
z̄⊺z̄′ defines a visibility attention score to mask the kernel
value. Definition 1 is generic in that any existing kernel can
be the base kernel. To address nonstationarity, we choose the
base kernels to be a set of stationary kernels with the same
functional form but different lengthscales. Specifically, we use
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(a)Wfiggflypredfictfion.

(b)Oversmoothedpredfictfion.

Ffig.2. LearnfinganonstatfionaryfunctfionusfingGPRwfithRBFkernefl.
Thetargetfunctfionconsfistsoffivepartfitfionsseparatedbythedashedflfines.
Thefunctfionchangesdrastficaflflyfinpartfitfion#3andsmoothflyfintheremafinfing
partfitfions.Thetransfitfionsbetweenpartfitfionsaresharp.Thfissfimpflefunctfionfis
chaflflengfingforastatfionarykerneflwfithasfingfleflengthscaflehyperparameter.
GPRwfithastatfionaryRBFkerneflproducesefitherthewfiggflypredfictfion
shownfin(a)ortheover-smoothedpredfictfionfin(b).Notethat,fin(a),the
predfictfionfinthesmoothregfionsfisrugged,andtheuncertafintyfisover-
conservatfivewhenthetrafinfingsampflefissparse.Thepredfictfionfin(b)onfly
capturesthegenerafltrend,andeveryfinputflocatfionseemsequaflflyuncertafin.

RBFkerneflswfithM evenflyspacedflengthscaflesfinthefintervafl
[ℓmfin,ℓmax]:

km(x,x
′)=exp−

∥x−x′∥22
2ℓ2m

,m=1,...,M. (4)

Notethattheflengthscafles{ℓm}
M
m=1 areprefixedconstants

ratherthantrafinabflevarfiabfles. Whenappflyfingtheatten-
tfivekernefltoaGPR,weoptfimfizeaflflthehyperparameters
{α,θ,ϕ,σ}bymaxfimfizfingthemargfinaflflfikeflfihood,andmake
predfictfionfinthestandardway.

B.TwoTypesofNonstatfionarfity

TheexampflefinFfig.2motfivatesustoconsfiderusfingdfiffer-
entflengthscaflesatdfifferentfinputflocatfions.Ideaflfly,weneed
asmaflflerflengthscafleforpartfitfion#3andflargerflengthscafles
fortheothers.Inaddfitfion,weneedtobreakthecorreflatfions
amongdatapofintsfindfifferentpartfitfions.Anfideaflnonstatfion-
arymodeflshoufldhandflethesetwotypesofnonstatfionarfity.
Gfibbs[59]andPacfiorekandSchervfish[60]haveshown

howonecanconstructavaflfidkerneflwfithfinput-dependent
flengthscafles,namefly,aflengthscaflefunctfion.Thestandard
approachusesanotherGPtomodefltheflengthscaflefunctfion,
whfichfisthenusedfinthekerneflofaGP,yfiefldfingahfierarchficafl
Bayesfian modefl.Severaflpapershavedeveflopedfinference
technfiquesforsuchmodeflsanddemonstratedthefirusefinsome
appflficatfions[61–65].Recentfly,Remesetafl.[66]haveshown
thatmodeflfingtheflengthscaflefunctfionusfinganeuraflnetwork
fimprovesperformance.
However,theparameteroptfimfizatfionofsuch modeflsfis

sensfitfivetodatadfistrfibutfionandparameterfinfitfiaflfizatfionand
fleavesroomforfimprovement.Toaddressthfis,wepropose
anewapproachthatavofidsflearnfingaflengthscaflefunctfion
expflficfitfly.Instead,everyfinputflocatfioncan(a)seflectamong
asetofGPswfithdfifferentpredefinedprfimfitfiveflengthscafles
and(b)seflect
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Ffig.3. Learnfingf(x)=xsfin(40x4)wfithsoftflengthscafleseflectfion.The
w-pflotvfisuaflfizeseachfinputflocatfion’sassocfiatedwefightfingvectorwθ(x).
Themorevertficaflflengthacofloroccupfies,thehfigherwefightweassfignto
theGPwfiththecorrespondfingflengthscafle.Theflearnedwefightfingfunctfion
graduaflflyshfiftfitswefightfromsmoothGPstobumpyones.

predfictfion.Thfisfidea–seflectfingfinsteadoffinferrfingaflocaflfized
flengthscafle–avofidsdfifficufltfiesfinprfiorwork.Thesefideasare
deveflopedfinthefoflflowfingsectfions.

C.LengthscafleSeflectfion

ConsfiderasetofM findependentGPswfithasetofpre-
definedprfimfitfiveflengthscafles{ℓm}

M
m=1.Intufitfivefly,fifevery

finputflocatfioncanseflectaGPwfithanapproprfiateflengthscafle
tomakepredfictfion,thenonstatfionarfitycanbehandfledweflfl.
Wecanachfievethfisbyanfinput-dependentwefightedsum

f(x)=
M

m

wm(x)gm(x),where (5)

gm(x)∼GP(0,k(x,x
′|ℓm)). (6)

wm(x)fisthem-thoutputofavector-vafluedwefightfingfunc-
tfionwθ(x)parameterfizedbyθ.
Consfidertheextremecasewherew=[w1(x),...,wM(x)]

⊺

fisan“one-hot”vector–abfinaryvectorwfithonflyoneeflement
befing1.Inthfiscase,wseflectsoneGP,andhenceoneflength-
scafle,dependfingonthefinputflocatfion.Inferencetechnfiques
suchasGfibbssampflfingorExpectatfionMaxfimfizatfionareoften
requfiredforflearnfingsuchdfiscrete“assfignment”parameters.
Weflfiftthfisrequfirementbyacontfinuousreflaxatfion:

wθ(x)=softmax(̃wθ(x)). (7)

Here,wθ(x)fisdfifferentfiabflew.r.t.θ,whfichcanbeoptfimfized
bythemargfinaflflfikeflfihoodmaxfimfizatfionvfiagradfientascent.
Moreover,usfing“soft”wefightshasanadvantagefinmodefl-
finggraduaflflychangfingnonstatfionarfity,asshownfinFfig.3.
Notethatdfivfidfingthefunctfionfintoseverafldfiscreteregfimes
usfingextremewefightsfisnotreasonabfleforsuchagraduaflfly
changfingfunctfion.
Ffig.4showsthatflengthscafleseflectfionbetterpredfictsthe

samedatasetasfinFfig.2. Wecaneffectfivefly modeflboth
thejfitterypatternfinpartfitfion#3andthegentflevarfiatfionsfin
theotherpartfitfions.However,whenfacfingabruptchanges,
asshownfinthecfircfledarea,themodeflcanonflyseflecta
verysmaflflflengthscafletoaccommodatethefloosecorreflatfions
amongdata.Ifsampflesneartheabruptchangearenotdense
enough,asmaflflflengthscaflemfightbrfingusaconsequentfiafl
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Ffig.4.LearnfingthesamefunctfionasfinFfig.2usfingflengthscafleseflectfion.

predfictfionerror.Thefoflflowfingsectfionwfiflflexpflafinhowto
handfleabruptchangesusfingfinstanceseflectfion.

D.InstanceSeflectfion

Intufitfivefly,anfinput-dependentflengthscaflespecfifieseach
datapofint’snefighborhoodradfius.Changfingtheradfiuscannot
handfleabruptchangesweflflbecausedatasampfledbeforeand
afteranabruptchangeshoufldbreakthefircorreflatfionseven
whentheyarecflose. Weneedtocontroflthevfisfibfiflfityamong
sampfles:eachsampfleflearnsonflyfromothersampflesfinthe
samesubgroup.Tothfisend,weassocfiateeachfinputwfitha
membershfipvectorzandusethedotproductbetweentwo
membershfipvectorstocontroflvfisfibfiflfity.Twofinputsarevfisfibfle
toeachotherwhentheyhofldsfimfiflarmembershfips.Otherwfise,
thefircorreflatfionwfiflflbemaskedout:

k([x,z],[x′,z′])=z
⊺
z′kbase(x,x

′). (8)

Wecanvfiewthfisasfinputdfimensfionaugmentatfionwherewe
appendztoxbutuseastructuredkerneflfinthejofintspace
of[x,z].Itfisaflsoheflpfufltounderstandthecaseofextreme-
vafluedhardpartfitfions.Inthfiscase,thedotproductfisequaflto
1fifzandz′arethesameone-hotvectorandfis0otherwfise.
Thatfistosay,whentwopofintshavedfifferentmembershfips,
Eq.(8)masksthecorreflatfiontozero.Inthfisway,weonfly
usethesubsetofdatapofintsfinthesamegroup.Tomakethe
modeflmoreflexfibfleandsfimpflfifytheparameteroptfimfizatfion,
weusesoftmembershfips:

zϕ(x)=softmax(̃zϕ(x)). (9)

E.TheAKGPRModefl

Combfinfingthetwofideas,wegettheAKGPRmodefl.Whfifle
thfisfisnotfimmedfiateflyapparent,weshowbeflowthatthfis
modeflcanbeseparatedfintoastandardGPRandtheAK
(Definfitfion1).Thegeneratfivemodeflfisasfoflflows.

• GeneratewandzusfingEq.(7)andEq.(9).
• ComputethekerneflvafluesusfingEq.(8).
• Generategm ≜gm(x)fromthecorrespondfingGP(6).
• Computef(x)vfiaEq.(5).
• GenerateyfromtheGaussfianflfikeflfihood.

Parameterfizatfionand Optfimfizatfion.Tofinstantfiatean
AKGPR modefl, we mustspecfifythe wefightfingfunctfion
wθ(x)andthemembershfipfunctfionzϕ(x)
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Ffig.5. LearnfingthesamefunctfionasfinFfig.2usfingAKGPR.A
wefight/membershfipvectorfisvfisuaflfizedasastackofbarpflotsproducedby
fitseflements.Dfifferentcoflorsrepresentdfifferentflengthscafles/dfimensfionsof
thewefight/membershfipvector.

workwfithtwohfiddenflayers4.Weoptfimfizeaflfltheparameters
bymaxfimfizfingtheflogmargfinaflflfikeflfihoodflnp(y|σ,α,θ,ϕ)
wfithaflowerflearnfingratefortheneuraflnetworkparameters.
Ffig.5showsthepredfictfionoftheAKGPRontheex-

ampflefromFfig.2.Nowwecanmodeflthejfitterypart,the
smoothparts,andtheabruptchangesaccuratefly.Compared
toFfig.2whereuncertafintyonflydependsonthedensfityof
sampfles,theuncertafintyofAKGPRcanbetterreveaflthe
predfictfionerror.TheAKGPRputsmorewefightontheGPs
wfithsmaflflflengthscaflesfinpartfitfion#3andthosewfithflarge
flengthscaflesfinotherpartfitfions.NotethattheAKGPRswfitches
themembershfipvectorzfinthecfircfledareatomaskthefinter-
partfitfioncorreflatfions,whfichcannotbereaflfizedbyflengthscafle
seflectfionfinFfig.4.Duetothfismodeflfingadvantage,Ffig.5fis
quaflfitatfiveflybetterthanFfig.4.

F.Anaflysfis

AKGPRfisGPRwfiththeAK.BythedefinfitfionofGPs,the
trafinfingfunctfionvafluesgm ≜[gm(x1),...,gm(xN)]

⊺and
thetestfunctfionvaflueg⋆m ≜gm(x

⋆)atarbfitrarytestfinput
x⋆jofintflyfoflflowamufltfivarfiateGaussfiandfistrfibutfion.Letf≜
[f(x1),...,f(xN)]

⊺andf⋆≜f(x⋆).Aggregatethewefights
ofNtrafinfingfinputsfintowm ≜[wm(x1),...,wm(xN)]

⊺and
denotew⋆m ≜wm(x

⋆),Wm =dfiag(wm).Eq.(5)fimpflfies
thatthefirjofintvectorfisthesumofM flfinearflytransformed
mufltfivarfiateGaussfianvarfiabfles,whfichaflsofoflflowsamufltfi-
varfiateGaussfiandfistrfibutfion:

f
f⋆
=
M

m

Wm 0
0⊺ w⋆m

gm
g⋆m

∼N 0,
C c
c⊺ c

,where

C=
M
m=1WmKmWm, (10)

c=
M
m=1Wmkmw

⋆
m, (11)

c=
M
m w

⋆
mkmw

⋆
m. (12)

4Thfisfisanarbfitrarychoficeforthesakeofsfimpflficfityand modeflfing
flexfibfiflfity.Anyotherparametrficfunctfionsshoufldaflsowork.
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Ffig.6. ComputatfionafldfiagramoftheAK.

ThekerneflvafluesaregfivenbyEq.(8).NowfromEqs.(10)
to(12)weobservethatAKGPRfisequfivaflenttoaGPRwfith
theAKgfivenfinDefinfitfion1.
Wenormaflfize w andzwfithℓ2-normtoensurethatthe

maxfimumkerneflvaflue(whenx=x′)fis1,andαfistheonfly
parameterthatcontroflstheampflfitude.Otherwfise,thefinterpflay
betweentheampflfitudehyperparameterαandthescaflfingeffect
ofthekerneflmakestheoptfimfizatfionunstabfle.Theanaflysfis
abovehofldsforthenormaflfizedversfionsofx,zasweflfl.
ComputatfionaflCompflexfity.Kerneflmatrfixcomputatfions
aretypficaflflydonefinabatchmannertotakeadvantageof
theparaflfleflfismfinflfinearaflgebraflfibrarfies.Ffig.6showsthe
computatfionafldfiagramoftheseflf-covarfiance matrfixofan
finputmatrfixX∈RN×D forthecasewherewθ(x)andzϕ(x)
areparameterfizedbythesamefunctfion.Thecomputatfion
ofacross-covarfiancematrfixandthecasewherewθ(x)and
zϕ(x)areparameterfizedseparateflyarehandfledsfimfiflarfly.We
firstpassX toatwo-hfidden-flayerneuraflnetworktoget
W ∈RN×M andZ∈RN×M.Thecomputatfionaflcompflexfity
ofthfisstepfisO(NDH+NH2+NHM).Then,wecompute
avfisfibfiflfitymaskfingmatrfixO=ZZ⊺,whfichtakesO(N2M).
Aftergettfingthepafirwfisedfistancematrfix O(N2D),wecan
computethebasekerneflmatrficesusfingdfifferentflengthscafles
O(N2).Them-thkerneflmatrfixfisscafledbytheouter-
product matrfixofthem-thcoflumnofW, whfichtakes
O(N2M).Ffinaflfly,wesumupthescafledkerneflmatrficesand
mufltfipflytheresufltwfiththevfisfibfiflfitymaskfingmatrfixtoget
theAKmatrfixO(N2M). Wedeferthedfiscussfionofthe
choficesofnetworksfizeH andnumberofbasekerneflsM
tothesensfitfivfityanaflysfissectfionSectfionV-E.Inshort,these
wfiflflbereflatfiveflysmaflflnumbers,sotheoveraflflcomputatfionafl
compflexfityfisstfiflflO(N2D).

G.RIGwfiththeAK

Aflgorfithm1putsAKfinthecontextofRIG.Thesystem
requfiresthefoflflowfingfinputarguments:themaxfimumnumber
oftrafinfingdataNmax,thefinfitfiaflkerneflampflfitudeα,thefinfitfiafl
nofisescafleσ,asetofM basekernefls{km(x,x

′)}Mm=1,
functfionswθ(x),zϕ(x),andasampflfingstrategy.Ffirst,we
needtocomputethestatfistficstonormaflfizethefinputsX to

Aflgorfithm1RIGwfithTheAK

Arguments:Nmax,α,σ,{km(x,x
′)}Mm=1

wθ(x),zϕ(x),strategy

1:computenormaflfizatfionandstandardfizatfionstatfistfics
2:kernefl← AK(α,{km(x,x

′)}Mm=1,wθ(x),zϕ(x))
3:modefl← GPR(kernefl,σ)
4:t← 0
5:whfiflemodefl.Ntrafin<Nmaxdo ▷sampflfingbudget
6: xfinfo← strategy(modefl) ▷finformatfivewaypofint
7: Xt,yt← trackfingandsampflfing(xfinfo) ▷Ntsampfles
8: X̄t,̄yt← normaflfizeandstandardfize(Xt,yt)
9: modefl.adddata(̄Xt,̄yt)
10: modefl.optfimfize(Nt) ▷maxfimfizemargfinaflflfikeflfihood
11: t← t+1

12:returnmodefl

beroughflyfintherange[−1,1]andstandardfizethetargets
ytonearflyhavezeromeanandunfitvarfiance(flfine1). We
cangetthesestatfistficsfromprfiorknowfledgeoftheenvfiron-
ment.Theworkspaceextentfistypficaflflyknown,aflflowfingthe
normaflfizatfionstatfistficstobereadfiflycaflcuflated.Thetarget-
vafluestatfistficscanberoughestfimatesorcomputedfroma
pfiflotenvfironmentsurvey[98].Then,wefinstantfiateanAK
andaGPRwfiththegfivenparameters(flfines2-3).Ateachde-
cfisfionepocht,thesampflfingstrategyproposesanfinformatfive
waypofintbasedonthepredfictfiveentropyoftheprobabfiflfistfic
modefl(flfine6).Therobottracksthefinformatfivewaypofint
andcoflflectssampflesaflongthetrajectory(flfine7).Thenew
sampflesarenormaflfizedandstandardfizedandthenappended
tothemodefl’strafinfingset(flfines8-9).Ffinaflfly,wemaxfimfizethe
flogmargfinaflflfikeflfihoodforNtfiteratfions(flfine10).Therobot
repeatspredfictfing(hfiddenfinflfine6),pflannfing,sampflfing,and
optfimfizfinguntfiflthesampflfingbudgetfisexceeded(flfine5).
Toreducethenumberofparametersandfincreasetrafinfing

stabfiflfity,fintheexperfiments, weunfifythetwofunctfions
wθ(x)≜zϕ(x)andusethesamesetofparametersθ=ϕ,
namefly,trafinfingonflyonesharednetwork.Wedfiscussthetwo-
networkfimpflementatfionfintheabflatfionstudy(SectfionV-E).
WeaflsonotficethatOccam’srazoreffectfinthemargfinaflflfike-
flfihoodfisfinsufficfientforpreventfingoverfittfingwhentrafinfing
nonstatfionarykerneflsformanyfiteratfions.However,theAKfis
flesspronetooverfittfingthantheGfibbskerneflandDKL(see
AppendfixE).Tompkfinsetafl.[88]aflsorafisedthfispofintfinthefir
overfittfinganaflysfis.TheproperwayoftrafinfingGPmodefls
wfithnonstatfionarykerneflsfisstfiflflanopenresearchprobflem
andhasrecentflyrecefivedfincreasfingattentfion[99,100].Hefld-
outvaflfidatfionorcross-vaflfidatfionfisnotsufitabfleforRIG,whfich
doesnothaveaccesstoaflargeamountofdataandhasa
reafl-tfimeconstrafint. Weusearufle-of-thumbearfly-stoppfing
trafinfingschemethatworksweflflempfirficaflfly.Specfificaflfly,we
trafinthemodeflonaflflthecoflflecteddataDtforNtfiteratfions
aftercoflflectfingNtsampflesatthet-thepoch.

V.EXPERIMENTS

Wedesfignourexperfimentstoaddressthefoflflowfingques-
tfions.(Q1)IstheuncertafintyquantfificatfionofAKbetterthan
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Fig. 7. Two of the environments used in the elevation mapping tasks.

its stationary counterpart and the nonstationary baselines? (Q2)
Can we achieve better performance in active learning and RIG
with the improved uncertainty quantification? (Q3) Is the per-
formance of AK sensitive to the parameter settings? To answer
Q1, we use random sampling experiments in Section V-B to
ensure that the sampling strategy does not bias the results.
For Q2, we conduct both active learning (Section V-C) and
RIG experiments (Section V-D) to disentangle the influence
of the model and the planner. RIG relies on a planner that
considers the physical constraints of the robot embodiment,
while active learning is planner-agnostic. Finally, we address
Q3 by evaluating the system under different configurations.

A. Experimental Setups

Environments. We have conducted extensive experiments
in 4 environments that exhibit various nonstationary features.
To shorten the discussion we present two environments here.
Complete results are given in Appendix B. Fig. 7 shows the
two environments. In Fig. 7a, the environment consists of a
flat part, a mountainous area, and a rocky region with many
ridges. The right part of Fig. 7b varies drastically, and its left
part is relatively flat.

Probabilistic Model. We build a GPR with noisy training
samples collected from the ground-truth digital elevation maps
in all experiments. The GPR takes two-dimensional sampling
locations as inputs and predicts the elevation. We first collect
50 samples to have an initial optimization of the hyperparam-
eters and compute the statistics to normalize the inputs and
standardize the targets.

Sampling Strategies. We use different sampling strategies
in the three sets of experiments. In random sampling ex-
periments, we draw a sample uniformly at random at each
decision epoch. In active sampling experiments, we evaluate
the predictive uncertainty on a set of 1000 randomly generated
candidate locations and then sample from the location with
the highest predictive entropy. While the AK can be plugged
into any advanced informative planner for RIG, we use a
simple planner to evaluate its performance. Specifically, in
addition to the predictive entropy, this planner also computes
the distances from these locations to the robot’s position
and normalizes the predictive entropy and distance to [0, 1],
respectively. Each candidate location’s informativeness score
is defined as the normalized entropy minus the normalized
distance. This planner outputs the informative waypoint with
the highest score. The robot moves to the waypoint via a
tracking controller and samples along the path. Note that the
number of collected samples Nt varies at different decision

epochs depending on the distance from the robot to the
informative waypoint.

Baselines. We compare AK with three popular kernels
that have been recently shown to provide good performance.
Among the three kernels, two are nonstationary, including
the Gibbs kernel and DKL, and the third is the stationary
RBF kernel widely used in RIG. Specifically, the Gibbs
kernel extends the lengthscale to be any positive function
of the input and degenerates to an RBF kernel when using
a constant lengthscale function. Following [66] that showed
improved results, the lengthscale function is modeled using a
neural network instead of using a hierarchical process. DKL
addresses nonstationarity through input warping. A neural net-
work transforms the inputs to a feature space where stationary
kernels are assumed to be sufficient. We use the same neural
network for AK and DKL and change the output dimension to
be one for the Gibbs kernel because it requires a scaler-valued
lengthscale function.

Metrics. We care about the prediction performance and
whether the predictive uncertainty can effectively reflect the
prediction error. Following standard practice in the GP lit-
erature, we use standardized mean squared error (SMSE)
and mean standardized log loss (MSLL) to measure these
quantities. SMSE is the mean squared error divided by the
variance of test targets. With this standardization the trivial
method of guessing the mean of the training targets has an
SMSE of approximately 1. To take the predictive uncertainty
into account, one can evaluate the negative log probability, i.e.,
log loss, of a test target,

− ln p(y⋆|D,x⋆) =
ln(2πν)

2
+

(y⋆ − µ)2

(2ν)
,

where µ and ν are the mean and variance in the predictive
distribution. MSLL standardizes the log loss by subtracting
the loss obtained under the trivial model, which predicts using
a Gaussian with the mean and variance of the training targets.
The MSLL will be approximately zero for simple methods
and negative for better methods. In the experiments, we also
measured the root-mean-square error (RMSE), mean negative
log-likelihood (MNLL), and mean absolute error (MAE). The
results are consistent across different metrics, and the complete
results with all metrics are given in Appendix B. We report
the mean and standard deviation of the metrics over 10 runs
of the experiments with different random seeds.

B. Random Sampling

Figs. 8a and 8b show that AK has better a prediction error
than the other kernels with randomly sampled data. In these
experiments, we are especially interested in the MSLL because
a lower MSLL means that the model gives high uncertainty
when its prediction is far from the test target, which can
help active sampling and informative planning reduce the
error faster. Figs. 8c and 8d show that AK has a significant
advantage in MSLL over the other methods. The Gibbs kernel
also has some advantage over the other two methods, but the
MSLL of DKL is almost the same as that of RBF.
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Ffig.8. SMSEandMSLLvsthenumberofsampflesfinrandomsampflfing

200 400 600

0.1

0.2

.

200 400 600

0.2

0.3

(a)SMSEfinN17E073

200 400 600

-1.5

-1.0

-0.5

(b)SMSEfinN47W124

200 400 600

-1.5

-1.0

-0.5

(c)MLSSfinN17E073 (d)MLSSfinN47W124

Ffig.9. SMSEandMSLLvsthenumberofsampflesfinactfivesampflfing.

C.ActfiveSampflfing

Ffigs.9aand9bshowthatAKaflsohasfastererrorreductfion
whenthesampflesareactfiveflycoflflected.TheAKcanqufickfly
fidentfifythecrucfiaflareasthataccountformostoftheerror
andsampflemorevafluabfledatafinthosespots,fleadfingtoa
sfignfificantgapfinthefinaflmetrfics.InFfigs.9cand9d,Gfibbs
andDKLfimproveoverRBFfinuncertafintyquantfificatfionfin
theactfivesampflfing.

D.InformatfivePflannfing

Informatfivepflannfingfisamorechaflflengfingtaskthanactfive
flearnfingbecauseoncetherobotdecfidestovfisfitanfinformatfive
waypofint,fithastocoflflectthesampflesaflongfitstrajectory.
Gfivenafixedmaxfimumnumberofsampfles,thenumberof
decfisfionepochsofRIGfismuchsmaflflerthanthatofactfive
sampflfing,whfich makesfinformeddecfisfions moreessentfiafl.
Ffig.10showsthatAKfisconsfistentflyfleadfingfinaflflthemetrfics
wfiththefinformatfivepflannfingstrategy.TheGfibbskerneflstfiflfl
hascflearfimprovementovertheRBFkerneflfin MSLL,but
DKLfaflflsshortfintheseexperfiments.
Ffig.11
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Ffig.10. SMSEandMSLLofrobotficfinformatfiongatherfingexperfiments.
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Ffig.11. SnapshotsofRIGwfithdfifferentkernefls.(b-e)showthepredfictfion
maps,(f-fi)aretheuncertafintymapswfithsampflfingpaths,and(j-m)present
theabsofluteerrormaps.

dfifferentmethodsafter400sampfles,aflongwfiththeground-
truthenvfironmentfinthefirstrow.TheRBFkerneflmfisses
manyenvfironmentaflfeaturesthatnonstatfionarykerneflscan
capture. Weobservethefoflflowfingbehavfiorsbycomparfing
thepatternsfintheuncertafintymapsanderrormaps.Notethat
theerrormapsusethesamecoflorscafleforeaseofcomparfison
acrossdfifferentmethods.Eachuncertafintymaphasfitscoflor
scafle–redcofloronflyfindficatesreflatfiveflyhfighuncertafinty
wfithfinthemap.

• Regardflessofthepredfictfionerrors,theRBFkerneflgfives
theflesssampfledareahfigheruncertafinty.Thesampflfing
pathunfiformflycoversthespace.

• TheAKassfignshfigheruncertafintyfintheregfionswfith
moresfignfificanterror.Thesampflfingpathfocusesmore
onthecompflexregfion.

• TheGfibbskerneflaflsohashfigheruncertafintyfintherocky
regfionbutdoesnotassfignhfighuncertafintytotheflower-
rfight.Therefore,thesampflfingpathconcentratesonthe
upper-rfightcornerandmfissessomehfigh-errorspots.
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Fig. 12. An active elevation mapping field experiment.

• When using DKL, the robot also samples the upper-right
corner densely. The prediction error at the bottom of the
map is the largest across different methods. However,
DKL also places high uncertainty there.

E. Sensitivity Analysis and Ablation Study

We stress-test the AK under different parameter settings for
sensitivity analysis and compare four variants of the AK for
ablation study. We present the conclusions of the analysis here
and provide full details of these tests in Appendices C and D.

Sensitivity Analysis. Increasing the number of base kernels
or primitive lengthscales M improves performance, albeit
with a diminishing return and higher computational cost.
Choosing M in the range of [5, 10] is a good tradeoff between
performance and computational efficiency. AK is not sensitive
to the number of hidden units H in the neural network as
long as H is not too small, e.g., only two units. Using smaller
minimum lengthscales ℓmin yields better performance, but the
advantage of choosing a ℓmin smaller than 0.01 is negligible, so
0.01 is an appropriate choice. AK is also robust to the setting
of maximum lengthscale ℓmax as long as it is not too small.
After normalizing the input to be nearly in the range [−1, 1],
choosing ℓmax between [0.5, 1.0] is suitable. Overall, the AK
is robust to various parameter settings.

Ablation Study. The ablation study shows that lengthscale
selection is necessary. Dropping it decreases the performance
significantly. On the other hand, we do not observe a sig-
nificant performance advantage from instance selection using
the current training scheme. Nonetheless, as illustrated in
Fig. 5, we expect instance selection to provide better modeling
of sharp transitions. Since instance selection improves the
prediction only in a small region, the improvement might not
be evident in the aggregated evaluation metrics. Using two
separate neural networks does not provide an improvement.
However, it deteriorates the uncertainty quantification in one
environment. We conjecture that the two-network implemen-
tation might show its strength with a more refined approach
to parameter training.

F. Field Experiment

We demonstrate the proposed AK in a RIG task – active
elevation/bathymetric mapping. We deploy an ASV with a
single-beam sonar pointing downward to collect depth mea-
surements (Fig. 12a). The robot can localize itself by fusing the

GPS and IMU data and actuate through the two thrusters. Our
goal is to build an elevation map within the workspace shown
in Fig. 12b with a small number of samples. From the satellite
imagery, we can vaguely see interesting environmental features
in the lower-left and upper-right corners of the workspace.
Fig. 12c shows a snapshot of the final model prediction,
uncertainty, and sampling path. The prediction uncertainty is
effectively reduced after sampling, and most of the samples are
collected in critical regions with drastic elevation variations.
Such a biased sampling pattern allows us to model the general
trend of smooth regions with a small number of samples while
capturing the characteristic environmental features at a fine
granularity.

VI. CONCLUSION AND FUTURE WORK

In this paper, we investigate the uncertainty quantification
of probabilistic models, which is decisive for the performance
of RIG but has received little attention. We present a family
of nonstationary kernels called the Attentive Kernel, which
is simple, robust, and can extend any stationary kernel to a
nonstationary one. An extensive evaluation of elevation map-
ping tasks shows that AK provides better accuracy and uncer-
tainty quantification than baselines. The improved uncertainty
quantification guides the informative planning algorithms to
collect more valuable samples around the high-error area,
thus further reducing the prediction error. A field experiment
demonstrates that AK enables an ASV to collect more sam-
ples in important sampling locations and capture the salient
environmental features. The results indicate that misspecified
probabilistic models affect the RIG performance profoundly.
Future work includes further investigating the influence of
outliers and heteroscedastic noise on RIG. Besides, a more
principled training scheme of nonstationary kernels can be an
essential future research direction.
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François Pomerleau, and Roland Siegwart. Adaptive
continuous-space informative path planning for online
environmental monitoring. Journal of Field Robotics
(JFR), 34(8):1427–1449, 2017.

[7] Kai-Chieh Ma, Lantao Liu, Hordur K. Heidarsson, and
Gaurav S. Sukhatme. Data-driven learning and planning
for environmental sampling. Journal of Field Robotics
(JFR), 35(5):643–661, 2018.

[8] Sandeep Manjanna Manjanna, Alberto Quattrini Li,
Ryan N. Smith, Ioannis Rekleitis, and Gregory Dudek.
Heterogeneous multi-robot system for exploration and
strategic water sampling. In IEEE International Confer-
ence on Robotics and Automation (ICRA), pages 4873–
4880, 2018.

[9] Jingjin Yu, Mac Schwager, and Daniela Rus. Corre-
lated orienteering problem and its application to infor-
mative path planning for persistent monitoring tasks.
In IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS), pages 342–349, 2014.

[10] Alberto Quattrini Li. Exploration and mapping with
groups of robots: recent trends. Current Robotics
Reports, pages 1–11, 2020.
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APPENDIX

A. Environments

(a) N17E073 (b) N43W080 (c) N45W123 (d) N47W124

Fig. 13. The four environments used in the elevation mapping tasks. Red means high elevation, and blue represents low elevation.

Fig. 13 shows all the environments used in the experiments. N17E073 consists of a flat part, a mountainous area, and a
rocky region with many ridges. N43W080 presents a sharp elevation change at the north part while the lakebed is virtually
flat. In N45W123, the environment has a complex upper part and a smoother lower part. There is also a river passing by from
the middle. The right part of N47W124 varies drastically, and its left part is relatively flat.

B. Benchmarking Tables

TABLE I
RANDOM SAMPLING PERFORMANCE.

Environment Method SMSE↓1
0 MSLL↓0 NLPD↓ RMSE↓0 MAE↓0

N17E073 RBF (1.33±0.03)×10−1 (−9.9 ±0.1) ×10−1 4.59±0.01 (2.33±0.03)×101 (1.69±0.03)×101

AK (1.11±0.04)×10−1 −1.24 ±0.01 4.34±0.01 (2.13±0.04)×101 (1.50±0.02)×101

Gibbs (1.33±0.01)×10−1 −1.09 ±0.02 4.50±0.03 (2.33±0.09)×101 (1.66±0.04)×101

DKL (1.37±0.06)×10−1 (−9.7 ±0.3) ×10−1 4.62±0.03 (2.37±0.05)×101 (1.68±0.04)×101

N43W080 RBF (7.1 ±0.3) ×10−2 −1.43 ±0.02 3.87±0.02 (1.23±0.03)×101 8.13 ±0.06
AK (6.0 ±0.5) ×10−2 −1.69 ±0.06 3.62±0.06 (1.11±0.05)×101 7.0 ±0.2
Gibbs (7.2 ±0.4) ×10−2 −1.48 ±0.06 3.83±0.06 (1.25±0.05)×101 8.3 ±0.3
DKL (6.6 ±0.8) ×10−2 −1.49 ±0.04 3.81±0.04 (1.19±0.07)×101 7.5 ±0.3

N45W123 RBF (1.65±0.07)×10−1 (−9.4 ±0.3) ×10−1 4.37±0.03 (1.97±0.04)×101 (1.28±0.03)×101

AK (1.41±0.06)×10−1 −1.28 ±0.02 4.03±0.02 (1.80±0.04)×101 (1.15±0.02)×101

Gibbs (1.8 ±0.1) ×10−1 −1.08 ±0.01 4.24±0.02 (2.07±0.07)×101 (1.34±0.02)×101

DKL (2.0 ±0.1) ×10−1 (−9.1 ±0.1) ×10−1 4.41±0.01 (2.18±0.07)×101 (1.42±0.06)×101

N47W123 RBF (2.26±0.07)×10−1 (−7.2 ±0.1) ×10−1 4.77±0.01 (2.77±0.04)×101 (1.97±0.02)×101

AK (1.90±0.05)×10−1 −1.06 ±0.01 4.43±0.01 (2.53±0.03)×101 (1.77±0.02)×101

Gibbs (2.21±0.08)×10−1 (−7.7 ±0.4) ×10−1 4.72±0.05 (2.74±0.05)×101 (1.94±0.03)×101

DKL (2.34±0.08)×10−1 (−7.1 ±0.2) ×10−1 4.78±0.02 (2.82±0.05)×101 (1.98±0.03)×101

TABLE II
ACTIVE SAMPLING PERFORMANCE.

Environment Method SMSE↓1
0 MSLL↓0 NLPD↓ RMSE↓0 MAE↓0

N17E073 RBF (1.41±0.04)×10−1 (−9.8 ±0.2) ×10−1 4.61±0.02 (2.38±0.03)×101 (1.70±0.03)×101

AK (1.01±0.02)×10−1 −1.32 ±0.04 4.36±0.02 (2.00±0.02)×101 (1.43±0.02)×101

Gibbs (1.37±0.06)×10−1 −1.20 ±0.08 4.59±0.03 (2.35±0.06)×101 (1.72±0.05)×101

DKL (1.33±0.07)×10−1 −1.09 ±0.05 4.59±0.03 (2.32±0.06)×101 (1.62±0.05)×101

N43W080 RBF (7.8 ±0.2) ×10−2 −1.41 ±0.01 3.96±0.01 (1.28±0.01)×101 9.0 ±0.1
AK (5.1 ±0.2) ×10−2 −1.72 ±0.02 3.74±0.03 (1.02±0.02)×101 6.9 ±0.1
Gibbs (8.0 ±0.6) ×10−2 −1.48 ±0.05 3.98±0.06 (1.31±0.06)×101 9.8 ±0.4
DKL (7 ±1) ×10−2 −1.6 ±0.1 3.9 ±0.1 (1.2 ±0.1) ×101 8.2 ±0.6

N45W123 RBF (1.47±0.04)×10−1 (−9.7 ±0.1) ×10−1 4.36±0.01 (1.85±0.02)×101 (1.23±0.02)×101

AK (1.08±0.03)×10−1 −1.55 ±0.04 4.16±0.02 (1.57±0.03)×101 (1.14±0.03)×101

Gibbs (1.29±0.06)×10−1 −1.48 ±0.05 4.30±0.02 (1.73±0.04)×101 (1.28±0.02)×101

DKL (1.6 ±0.1) ×10−1 −1.18 ±0.04 4.35±0.03 (1.91±0.07)×101 (1.35±0.04)×101

N47W124 RBF (2.15±0.05)×10−1 (−7.5 ±0.1) ×10−1 4.75±0.01 (2.70±0.03)×101 (1.90±0.03)×101

AK (1.78±0.08)×10−1 −1.09 ±0.07 4.56±0.01 (2.45±0.06)×101 (1.75±0.03)×101

Gibbs (2.04±0.06)×10−1 (−9.9 ±0.5) ×10−1 4.71±0.02 (2.63±0.04)×101 (1.86±0.03)×101

DKL (2.2 ±0.1) ×10−1 (−8.1 ±0.5) ×10−1 4.76±0.05 (2.75±0.09)×101 (1.94±0.05)×101

To have a more evident quantitative comparison, we present all the benchmarking results in Tables I to III. Each number
summarizes the metric curves by averaging the curves over the x-axis (i.e., the number of samples). This number indicates the



TABLEIII
ROBOTICINFORMATIONGATHERINGPERFORMANCE.

Envfironment Method SMSE↓10 MSLL↓0 NLPD↓ RMSE↓0 MAE↓0

N17E073 RBF (1.45±0.03)×10−1 (−9.7±0.2)×10−1 4.63±0.02 (2.42±0.02)×101 (1.73±0.02)×101

AK (1.14±0.04)×10−1 −1.27±0.03 4.41±0.04 (2.14±0.04)×101 (1.51±0.02)×101

Gfibbs (1.43±0.07)×10−1 −1.16±0.04 4.61±0.04 (2.40±0.07)×101 (1.76±0.06)×101

DKL (1.38±0.09)×10−1 −1.01±0.06 4.61±0.04 (2.38±0.08)×101 (1.67±0.06)×101

N43W080 RBF (7.7±0.4)×10−2 −1.40±0.02 3.94±0.02 (1.27±0.03)×101 8.8±0.2

AK (6.6±0.2)×10−2 −1.64±0.04 3.78±0.03 (1.14±0.02)×101 7.69±0.09

Gfibbs (7.6±0.9)×10−2 −1.50±0.05 3.91±0.07 (1.25±0.07)×101 9.0±0.6

DKL (7.0±0.1)×10−2 −1.56±0.07 3.85±0.06 (1.19±0.08)×101 8.1±0.6

N45W123 RBF (1.60±0.06)×10−1 (−9.3±0.2)×10−1 4.39±0.02 (1.93±0.04)×101 (1.29±0.02)×101

AK (1.32±0.06)×10−1 −1.43±0.04 4.15±0.03 (1.71±0.04)×101 (1.21±0.03)×101

Gfibbs (1.38±0.07)×10−1 −1.34±0.04 4.30±0.03 (1.79±0.05)×101 (1.32±0.04)×101

DKL (1.7±0.2)×10−1 −1.06±0.08 4.41±0.06 (1.99±0.09)×101 (1.40±0.06)×101

N47W124 RBF (2.23±0.06)×10−1 (−7.4±0.1)×10−1 4.76±0.01 (2.75±0.03)×101 (1.94±0.02)×101

AK (1.85±0.04)×10−1 −1.10±0.03 4.48±0.03 (2.50±0.03)×101 (1.79±0.03)×101

Gfibbs (2.12±0.08)×10−1 (−9.0±0.5)×10−1 4.73±0.03 (2.69±0.05)×101 (1.91±0.02)×101

DKL (2.36±0.06)×10−1 (−7.7±0.4)×10−1 4.78±0.03 (2.83±0.03)×101 (1.99±0.04)×101

averagedareaunderthecurve.Asmaflflerareafimpflfiesafasterdropfinthecurve.WecancflearflyseethatAKhassfignfificantfly
betterpredfictfionaccuracy(fi.e.,SMSE,MSE,andMAE)anduncertafintyquantfificatfion(c.f.,MSLLandNLPD).
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finstanceseflectfion.Usfingtwoseparateneuraflnetworksforthewefightfingfunctfionandthemembershfipfunctfiondoesnotprovfide
anfimprovementbutdeterfioratestheuncertafintyquantfificatfionfinoneenvfironment(fi.e.,N43W080).

E.OverfittfingAnaflysfis

Ffig.19showsthetrafinfingandtestMSLL.Wehaverepeatedtheanaflysfisfinotherenvfironments,butonflytworepresentatfive
envfironmentsarepresentedhereforcompactness.Insomeenvfironments,asshownfinFfigs.19aand19b

Fuflfl Wefight Mask NNx2

,theAKfisfafirflyrobust
whfifletheGfibbskerneflandDKLshowacflearoverfittfingtrend.However,aflflthenonstatfionarykerneflssufferfromoverfittfing
aftertrafinfingformanyfiteratfions.Thecauseofthedfifferenceseemstobereflatedtosharpchangesfintheenvfironment.

250 500

-1.50

-1.00

-0.50

250 500

-2.00

-1.00

(a)MSLLfinN17E073

250 500

-1.50

-1.00

-0.50

(b)MSLLfinN43W080

250 500

-1.00

-0.50

(c)MSLLfinN45W123 (d)MSLLfinN47W124

Ffig.18. Resufltsofthefourvarfiantsfintheabflatfionstudy
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Ffig.19. ResufltsoftheoverfittfinganaflysfisfintheVoflcanoenvfironmentfintroducedfinFfig.1aandN17E073.
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