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Abstract—Optimal Power Flow (OPF) is a fundamental prob-
lem in power systems. It is computationally challenging and a
recent line of research has proposed the use of Deep Neural
Networks (DNNs) to find OPF approximations at vastly reduced
runtimes, when compared to those obtained by classical opti-
mization methods. While these works show encouraging results
in terms of accuracy and runtime, little is known on why
these models can predict OPF solutions accurately, as well as
about their robustness. This paper provides a step forward to
address this knowledge gap. The paper connects the volatility
of the generators outputs to the ability of a learning model to
approximate them, it sheds light on the characteristics affecting
the DNN models to learn good predictors, and it proposes a
new model that exploits the observations made by this paper to
produce accurate and robust OPF predictions.

I. Introduction
The Optimal Power Flow (OPF) problem finds the generator

dispatch of minimal cost that meets the demands in a power
system. The problem is required to satisfy the AC power
flow equations, which are non-convex and nonlinear, and is
a core building block in many power system applications.
While its resolution has benefited from decades of research
in power systems and operational research, the introduction
of intermittent renewable energy sources is forcing system
operators to adjust the generators set-points with increasing
frequency. However, the resolution frequency to solve OPFs is
limited by their computational complexity. To address this issue,
system operators typically solve OPF approximations, such as
the linear DC model, but, while more efficient computationally,
their solutions may be sub-optimal and induce substantial
economical losses.

Recently, an interesting line of research has focused on
how to approximate AC-OPF using Deep Neural Networks
(DNNs) [1]–[3]. Once a DNN is trained, predictions can be
computed on the order of milliseconds. While the recent results
show that these learning models can approximate the generator
set-points of AC-OPF with high accuracy, little is known on
why these models can predict OPF solutions accurately, as
well as about their predictions robustness. This paper provides
a step forward to address this knowledge gap and makes four
main contributions.

It firstly asks: Why are DNNs able to approximate OPF
solutions with low errors? To answer this question, the paper
studies the relation between the training data and their target
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Fig. 1: Generator output as a function of demand (right) and
associated predictions (left). Orange (blue) colors show high
(low) volatile curves while continuous (dashed) lines depict
easy (hard) prediction tasks.

outputs. Figure 1 (left) shows how generator outputs change as
a function of the total demand for selected IEEE-118 generators.
Notice that the blue curve suggests a linear dependence between
the associated generator outputs and the loads, indicating that
a simple learning model may effectively capture such behavior,
as indeed confirmed in the corresponding low DNN prediction
errors reported in Figure 1 (right). The paper shows that when
many generators exhibit this behavior, approximating OPF
with DNNs produces accurate results, on average.

There are, however, also generators whose outputs are
inherently more difficult to predict. The orange curve in the
figure depicts a much different scenario with a more volatile
underlying function. The right plot shows the high prediction
error attained, indicating robustness issues. The paper sheds
light on why these behaviors are not easily captured by standard
learning models connecting the stability of the training data
to the ability of a learning model to approximate it.

Next, the paper asks: What are the latent factors that affect
the prediction accuracy of these generators? To address this
question, the paper studies which characteristics of the OPF may
be responsible for these erroneous predictions, and indicates
the need for modeling and predicting the behavior of the OPF
engineering and physical constraints during training to capture
the complexity of the predictions.

Finally, in light of the robustness issues observed in this
study, the paper proposes a new framework that relies on a
deep autoregressive Recurrent Neural Network to exploit the
data generated by iterative nonlinear solvers during training.
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The results show that this framework is not only able to
improve the prediction robustness over existing DNN OPF
predictors, but also it comes with a reduced memory footprint,
thus, enabling it to predict very large instances, overcoming
one of the limitations of existing DNN OPF predictors relying
on fully-connected networks.

II. RelatedWork

The use of machine learning to accelerate the resolution
of power system optimization procedures has recently seen a
growing number of results. A recent survey by Hasan et al. [4]
summarizes the development in the area.

In particular, Pan et al. [5] explore DNN architectures
for predicting DC-OPFs, a linear approximation of the full
AC model. Deka et al. [6] and Ng et al. [7] use a DNN
architecture to learn the set of active constraints. By exploiting
the linearity of the DC-OPF problem, once the set of relevant
active constraints is identified, an exhaustive search can be used
to find a solution that satisfies the active constraints. A deep
learning approach for AC-OPFs is also proposed by Yang et
al. [8] to predict voltages and flows. This approach focuses on
specific operational constraints while dismissing other physical
and engineering constraints.

Other recent approaches have attempted to incorporate
structure from OPF constraints into deep learning–based models.
For instance, Fioretto et al. [3] propose a learning method which
combines deep learning and Lagrangian duality, incorporating
information about OPF dual variables into the learning loss
function to promote the prediction of feasible solutions. Other
approaches focus on enforcing OPF constraints directly within
the learning process. For instance, Zamzam and Baker [2] use
a DNN to predict a partial OPF solution, and then solve for
the remaining outputs using power the flow equations. Donti et
al. [9] extended this approach though the use of implicit layers
wdhich allows a DNN to reason about the hard constraints.

While these proposals have clearly shown that it is possible
to approximate OPF solutions of high quality, and in vastly
reduced computational times when compared to those required
by traditional optimization solvers, a complete understanding
of the reasons for the effectiveness of these learning models
is missing. The rest of the paper provides a first step toward
addressing this knowledge gap.

III. Preliminaries

Optimal Power Flow. Optimal Power Flow (OPF) is the
problem of determining the least-cost generator dispatch that
meets the demands in a power network. A power network is
viewed as a graph (N, E) where the set of nodes n describes n
buses and the edges E describe e transmission lines. Here E
is a set of directed arcs and ER is used to denote the arcs in
E but in reverse direction.

The AC power flow equations are based on complex
quantities for current I, voltage V , admittance Y , and power S .
The quantities are linked by constraints expressing Kirchhoff’s
Current Law (KCL), i.e., Ig

i − I
d
i =

∑
(i, j)∈E∪ER Ii j, Ohm’s Law,

i.e., Ii j = Yi j(Vi − V j),, and the definition of AC power, i.e.,

Model 1 The AC Optimal Power Flow Problem (AC-OPF)
variables: S g

i ,Vi ∀i ∈ N, S i j ∀(i, j) ∈ E ∪ ER

minimize:
∑
i∈N

c2i(<(S g
i ))2 + c1i<(S g

i ) + c0i (1)

subject to: vl
i ≤ |Vi| ≤ v

u
i ∀i ∈ N (2)

− θ∆i j ≤ ∠(ViV∗j ) ≤ θ
∆
i j ∀(i, j) ∈ E (3)

S gl
i ≤ S g

i ≤ S
gu
i ∀i ∈ N (4)

|S i j| ≤ s
u
i j ∀(i, j) ∈ E ∪ ER (5)

S g
i − S

d
i =

∑
(i, j)∈E∪ER S i j ∀i ∈ N (6)

S i j = Y ∗i j |Vi|
2 − Y ∗i j ViV∗j ∀(i, j) ∈ E ∪ ER (7)

S i j = ViI∗i j. Combining these three properties yields the AC
Power Flow equations, i.e.,

S g
i − S

d
i =

∑
(i, j)∈E∪ER

S i j ∀i ∈ N

S i j = Y ∗i j |Vi|
2 − Y ∗i j ViV∗j (i, j) ∈ E ∪ ER

These non-convex nonlinear equations are the core building
blocks in many power system applications. Practical applica-
tions typically include various operational constraints on the
flow of power, which are captured in the AC OPF formulation
in Model 1. The objective function (1) captures the cost of
the generator dispatch. Constraints (2) and (3) capture the
voltage and phase angle difference operational constraints.
Constraints (4) and (5) enforce the generator output and
line flow limits. Finally, constraints (6) capture KCL and
constraints (7) capture Ohm’s Law. Notice that this is a non-
convex nonlinear optimization problem and is NP-Hard [10].
Therefore, significant attention has been devoted to finding
efficient approximation of Model 1.

Deep Learning Models. Supervised Deep Learning can be
viewed as the task of approximating a complex non-linear
mapping from labeled data. Deep Neural Networks (DNNs) are
deep learning architectures composed of a sequence of layers,
each typically taking as inputs the results of the previous layer
[11]. Feed-forward neural networks are basic DNNs where
the layers are fully connected and the function connecting the
layer is given by o = σ(Wx + b), where x ∈Rn and is the
input vector, o∈Rm the output vector, W ∈Rm×n a matrix of
weights, and b∈Rm a bias vector. The function σ(·) is often
non-linear (e.g., a rectified linear unit (ReLU)).

IV. OPF Learning Goals

The goal of this paper is to analyze the effectiveness of
learning an OPF mapping O : R2n → R2n: Given the loads
{Sd

i }
n
i=1 (vectors of active and reactive power demand), predict

the set-points {(<(S g
i ), |Vi|)}Ni=1, of the generators, i.e., their

active power and the voltage magnitude at their buses. In the
following pg and v are used as a shorthand for <(S g) and |V |.

The input of the learning task is a dataset D= {(x`,y`)}N=̀1,
where x`=Sd and y`= (pg,v) represent the `th observation of
load demands and generator set-points which satisfy y`=O(x`).
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The output is a function Ô that ideally would be the result of
the following constrained empirical minimization problem

minimize:
N∑
`=1

L(y`, Ô(x`)) (8a)

subject to: C(x`, Ô(x`)), (8b)

where the loss function is specified by

L(y, ŷ) = ‖pg − p̂g‖2 + ‖v − v̂‖2,

and C(x, ŷ) holds if there exists voltage angles and reactive
power generated that produce a feasible solution to the OPF
constraints with x = Sd and ŷ = (p̂g, v̂), where the hat notation
is adopted to denoted the predictions of the model.

One of the key difficulties of this learning task is the presence
of the complex nonlinear feasibility constraints in the OPF. The
approximation Ô will typically focus on minimizing (8a) while
ignoring the OPF constraints or using penalty-based methods
[3]. Its predictions will thus not guarantee the satisfaction
of the problem constraints. As a result, the validation of the
learning task uses a load flow computation ΠC that, given a
prediction ŷ= Ô(x`), computes its projection onto the constraint
set C, i.e., the closest feasible generator set-points ΠC(ŷ) =

argminy∈C ‖ŷ − y‖
2, with C being the OPF constraint set.

V. Baseline LearningModel and Training Data

The baseline model for this paper assumes that the OPF
approximation Ô is given by a feed-forward fully connected
(FCC) neural network, with 3 hidden layers, each of size 4n
and equipped with ReLU activations. This baseline model
minimizes (8a) but ignores the AC-OPF constraints C(x`, ŷ`).
This baseline, as well as its variants described in Section II,
often produce reliable and accurate predictions, albeit, as the
paper will discuss in the next sections, not always robust.
The next sections shed light on the reasons for these behaviors.
Prior to do so, we describe the training data generation setting.

Training Data The paper analyzes the learning models behav-
ior trained on test cases from the NESTA library [12]. For
presentation simplicity, the analysis focuses primarily on the
IEEE 118, 162 and 300-bus networks. However, the results are
consistent across the entire benchmark set. The ground truth
data are constructed as follows: For each network, different
benchmarks are generated by altering the amount of nominal
load x = Sd within a range of ±20%. For a given load
multiplier α sampled uniformly in the interval [0.8, 1.2], a
load vector x′ = Sd′ is generated by perturbing each load
value Sd

i independently with additive Gaussian noise centered
in α and such that

∑
i S

d′
i = α

∑
i S

d
i . A network value that

constitute a dataset entry (x′,y′ = O(x′)) is a feasible OPF
solution obtained by solving the AC-OPF problem detailed
in Model 1. The data are normalized using the per unit (pu)
system. The experiments use a 80/20 train-test split and report
results on the test set.

VI. Volatility Analysis of the Generators Dispatch

The first aspect being investigated concerns why deep
learning models are able to approximate OPF solutions with
low error. To answer this question, this section first analyzes
the change in magnitude of the optimal generators dispatch
at varying of the input loads and then relates this analysis
to the complexity of learning to approximate the generators
dispatch. Finally, the section will show that, for many test
cases analyzed, the generators outputs exhibit low volatility,
enabling deep learning models to approximate them well.

The following discussion assumes that the data point set
{x`}

N
`=1 is equipped with an ordering relation � such that x �

x′ ⇒ ‖x‖p ≤ ‖x
′‖p for some p-norm (p ≥ 1). Since the training

data is generated by increasing or decreasing the network
demand at each bus the ordering relation naturally applies to
this domain.

Observe that, as illustrated in the motivating Figure 1, the
solution trajectory associated with the generator set-points
on various input load parameters can often be naturally
approximated by piecewise linear functions. The goal of
the mapping function Ô is thus to approximate as best as
possible these picewise linear functions associated with each
generator’s output. Intuitively, the more volatile the function
is to approximate, the harder the associated learning task will
be. This aspect will illustrated more formally in Section VII.
To analyze this concept, the paper introduces the following
notion.

Definition 1 (Complexity Index). Given a piecewise linear
function f : Rk → R with p pieces, each of width hi for i ∈ [p],
the complexity index (CI) of f is a pair CI f = (p, ω), with p
being the number of its pieces and

ω =
1
p

p∑
i=1

hi|Li − Li−1|,

where Li is the slope of f on piece i. Value ω describes the
weighted average change in the slopes of f .

The complexity index allows us to reason about the volatility
of a piecewise linear function. It will become apparent later
how this concept relates to the learning ability of ReLU neural
networks. Notice that the two piecewise linear functions can
be compared, in terms of their volatility, by their associated
complexity indexes using a lexicographic ordering.

Since the generator dispatch trajectory can be approximated
by a piecewise linear function, we refer to the complexity index
of a generator g to denote the complexity index of the induced
piecewise linear function of the optimal dispatch O(Sd) of g
at varying of the loads Sd in the domain of interest.

Figure 2 illustrates the average prediction errors (in per-
centage) obtained when comparing the optimal dispatches pg,
associated with different input load, to their predictions p̂g

obtained by an FCC learning model as described in section V.
The figure reports the errors of each generators for test cases
IEEE-118, -162, and -300 ordered by their (normalized) CI
values. Notice the strong correlation between the CI values and
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Fig. 2: Prediction errors, in percentage, of an FCC neural
network. Generators are sorted by their CI values. The red box
encloses generators with CI value (1, ω).

Test case CI p-value (%) Pred. Err. LF Err. Opt. Gap

1 ≤ 2 ≤ 3 (%) (%) (%)

IEEE-30 100.0 100.0 100.0 0.12 0.128 0.005
IEEE-118 57.9 73.7 84.2 8.47 27.16 2.41
IEEE-162 25.0 41.7 66.7 5.76 25.09 2.06
IEEE-300 36.8 63.1 82.4 15.8 43.49 6.23

TABLE I: CI and average errors of FCC model.

the model errors: More volatile generator dispatch trajectories
correspond to generally less precise model predictions. This
observation connects the generators volatility with the hardness
of the model to capture its output trajectory.

In particular, notice that generators with a CI index of (1, ω)
(enclosed in a red box in the figure) can be approximated
by linear functions, and, thus, represent an ideal case for the
learning task. The underlying models can be described using
only two parameters (representing slope and intercept) and are
generally characterized by low prediction errors.

This aspect is further emphasized in Table I. The table reports
the cumulative amount of generators whose trajectories are
represented by a piecewise linear function with 1, at most 2, and
at most 3 pieces, the average prediction errors ‖ŷ−y‖1 over the
test set, the average load flow (LF) errors ‖ΠC(ŷ)−y‖1 which
compare the closest feasible solution ΠC(ŷ) of the predictions
ŷ with the optimal quantities y, and the average optimality gap,
as |O(ΠC (p̂g))−O∗(pg)|

O∗(pg) , with O being the associated OPF cost. First,
note that many of the generators trajectories in the test cases
analyzed can indeed be approximated by linear functions (i.e.,
their complexity index is (1, ω)) or have CI with a low p value
(expressing the number of pieces of the associated piecewise
linear function). Notice also that the predictions and load flow
errors as well as the optimality gap correlates positively with
the amount of generators with larger complexity indexes.

These observations shed light on why even simple fully
connected ReLU networks, are able to approximate OPF
solutions with relatively low average errors. The next section
provides theoretical arguments to justify these observations.
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Fig. 3: Accuracy of ReLu FCC vs Tanh FCC on selected
generators IEEE-162 (left) and IEEE-300 (right).

VII. CI and Prediction Accuracy: Theoretical Insights

As observed above, the trajectory of the generators outputs
can be described by piecewise linear functions. Next, note that
ReLU networks capture piecewise linear functions [13].

This observation justifies the choice of ReLU activation
function for DNNs used to approximate OPF solutions. Figure
3 illustrates a comparison between two FCCs differing only in
the type of activation functions they adopt. The plots show the
original generators trajectories (solid lines), the approximations
learned with a ReLU network (dotted lines) and those learned
with a Tanh network (dashed lines). The top and bottom plots
show results for selected generators from, respectively, the
IEEE-162 and IEEE-300 test cases. Notice how the ReLU
network predictions can represent piecewise linear functions
that better approximate the original generator trajectories, when
compared to those obtained from a Tanh network.

While these ReLU FCC models are compatible with the
task of predicting the solutions of an OPF problem, the model
capacity required to represent a target piecewise linear function
exactly depends directly on the number of constituent pieces.
Next, this section provides theoretical insights to link the ability
of an FCC model to learn good approximations of generators
trajectories of various CI complexities.

Theorem 1 (Model Capacity [14]). Let f : Rd → R be a
piecewise linear function with p pieces. If f is represented by
a ReLU network with depth k + 1, then it must have size at
least 1

2 kp
1
k − 1. Conversely, any piecewise linear function f

that is represented by a ReLU network of depth k + 1 and size
at most s, can have at most

(
2s
k

)k
pieces.
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Fig. 4: Prediction error for three key IEEE-118 generators at
increasing of the FCC model complexity.

The result above provides a lower bound on the model
complexity to represent a given piecewise linear function.
It implies that larger models may be able to better capture
more complex relationships between inputs (loads) and output
(generator set-points) values.

The second observation is from [15]. It relates the load values
with the total variation of the generators outputs. The following
theorem bounds the approximation error when using continuous
piecewise linear functions: it connects the approximation errors
of a piecewise linear function with the total variation in its
slopes.

Theorem 2. Suppose a piecewise linear function fp′ , with p′

pieces each of width hk for k ∈ [p′], is used to approximate
a piecewise linear fp with p pieces, where p′ ≤ p. Then the
approximation error

‖ fp − fp′‖1 ≤
1
2

h2
max

∑
1≤k≤p

|Lk+1 − Lk |,

holds where Lk is the slope of fp on piece k and hmax is the
maximum width of all pieces.

The result above indicates that the more volatile the genera-
tors trajectory, the harder it will be to learn. Moreover, for a
neural network of fixed size, the more volatile the generator
trajectory, the larger the approximation error will be in general.

Combined with the observations reported in the previous
section—showing that, for the test cases analyzed, a large
number of generators have a low complexity index—the results
above further illustrate the ability of DNNs to approximate
OPF solutions with small average errors.

VIII. Robustness Issues
The results in the previous section are bounds on the ability

of neural networks to represent generic functions. In practice,
however, these bounds rarely guarantee the training of good
approximators, as the ability to minimize the empirical risk (see
Equation (8a)) is often another significant source of error. This
section demonstrates that there are also additional factors that
may affect the ability of the DNN models to learn good OPF
approximators, including the presence of the OPF constraints.

First notice that, in theory, it is to be expected that larger
DNN models will be better suited to learning more complex

Fig. 5: Non-linear patterns of generators around load multiplier
α ∈ [0.97, 1.05] (top) and associated voltage bounds issues at
various buses.

solution trajectories (Theorem 1). However, this aspect was not
observed in our experiments. Figure 4 illustrates this surprising
behavior. It reports the prediction errors associated with the
trajectories of three IEEE-118 generators at the varying of the
model size. Notice how prediction errors improvements saturate
quickly and that even increasing the model size substantially
does not produce notable error reductions. The reminder of
the section seeks to answer why this behavior occurs.

To answer this question the paper analyzes generators with
large complexity indexes. Indeed, high prediction errors pertain
commonly to the solution trajectories associated with these
generators.

Figure 5 illustrates an example for the IEEE-118 test case, but
these observations are consistent across the whole benchmark
set analyzed. The figure highlights a region of high volatility
involving several generators. The top plot shows the dispatch
trajectories of three generators (continuous lines) at varying of
the input load multipliers α and their associated upper bound
limits (dashed lines) (see constraints (4) of Model 1). The
shaded area highlights the region in which large volatilities are
observed. This region also correspond to the portion associated
with the higher dispatch error predictions. The bottom plot
shows the trajectories of the voltage magnitude values for
a selection of buses. The upper bounds (constraints (2)) are
illustrated with a dashed line. Notice that, while the generators
dispatch are within the feasible operating regions, the bottom
plot highlights the presence of voltage issues on several buses.
The reported buses all are associated with voltage magnitudes
value which results in binding constraints (2) in the region of
high volatility of the generators considered.

These prediction errors are thus likely to arise as the
hidden representation of the DNN does not accurately learn
the operational and physical constraints which regulate the
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behavior of the OPF solutions. In other words, the model is
unaware of these constraints.

Therefore, as investigated by several authors (including, [2],
[3], [9]) this work found that actively exploiting the problem
constraints during training to be an effective mechanism to
enhance the model accuracy. The constraints were added using
a model similar to [3] which encourages the satisfaction of the
OPF constraints by the means of a Lagrangian dual approach.
Notice that the constrained and baseline models differ solely
in the loss function, and not in the number of their parameters.

Table II summarizes the results. It compares the average
absolute constraint violations (in p.u.) for the set-points bounds
(constraints (2) and (4)) and the KCL (constraint (6)), the
load flow (LF) distance of the predictions ŷ to their optimal
dispatches y, and the optimality gaps, as defined in Section
VI. Notice how the constrained model reduces the constraint
violations, when compared to the baseline, as well as increases
the associated prediction accuracy.

This aspect is also evident in Figure 6, which compares
the prediction trajectories of the FCC model with (yellow
curves) and without (red curves) constraints for two high-
complexity IEEE-300 generators. Notice that the constrained
model predictions follow more closely the original trajectories
when compared to the simple model.

This aspect is surprising from an empirical risk minimization
perspective: Including constraints using Lagrangian-based
penalties adds additional terms to the loss function which
can be interpreted as further regularizing terms, and thus, it
may be expected they would reduce the model variance further.

However, Figure 6 also highlights some drawbacks of the
constrained model. Despite its improved accuracy (and its
ability to approximate precisely many easy generators) its
predictions tend to discard the rapid changes in trajectories
of the generators outputs (see bottom plot). From a data
representation point of view, these cases (where the change
in trajectory occurs) represent outliers and thus are hard to
predict. This observation motivates the introduction of a novel
model described next.

IX. A Novel RNN-based Learning Framework

The issue observed above could be partially addressed by
providing additional training data to the learning task with
the goal of more suitably representing the inputs associated
with the outlier set-points. Creating this data is, however, a
very challenging task. It is unknown a-priori which set-point,
within a trajectory, may be uncommon. Additionally, generating
the input loads associated to a desired set-point would be an
extremely challenging operation.

While generating additional targeted data is thus unfeasible,
this section notices that iterative solvers, typically adopted
to solve non-linear programs, generate a solution at each
iteration of their execution. For example, IPOPT [16], a popular
nonlinear solver adopted in this paper to generate OPF solutions,
implements a primal-dual interior point line search filter method
to find a local optimal solution to a given problem instance.

(Gen 48)

(Gen 46)

Fig. 6: IEEE-300. Optimal generators trajectory (red) for
generator 36 (top) and 48 (bottom). Predictions: FCC without
constraints (orange), FCC with constraints green), and RNN
with constraint (blue).
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Sd
`

<latexit sha1_base64="LBX0MFfyS2SbLlMJimw/+nLrnFY=">AAACC3icbZDLSgMxGIUzXmu9VV26CRbBVZmRgi6LblxWtBdox5LJ/NOGJpkxyQhl6CO4dqvP4E7c+hA+gm9h2s5C2x4IfJzz/yQ5QcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRaFBYx6rdkA0cCahYZjh0E4UEBFwaAXD60neegKlWSzvzSgBX5C+ZBGjxFjL7wYiuxs/hL0ucN4rld2KOxVeBC+HMspV75V+umFMUwHSUE607nhuYvyMKMMoh3Gxm2pICB2SPnQsSiJA+9n00WN8ap0QR7GyRxo8df9uZERoPRKBnRTEDPR8NjGXZoFYZndSE136GZNJakDS2f1RyrGJ8aQYHDIF1PCRBUIVs1/AdEAUocbWV7TdePNNLELzvOJVK9Xbarl2lbdUQMfoBJ0hD12gGrpBddRAFD2iF/SK3pxn5935cD5noytOvnOE/sn5+gVOkJtl</latexit>

kŷ(1)
` � y(1)k2

<latexit sha1_base64="N4T+oxVgKA6jaSf+J5aGrO7dyJc=">AAACLnicbZDLSgMxFIYzXmu9VV26CRahLiwzpaArKbhxWcFeoDMdMmnahiaZIckIw3Tewgdx7VafQXAhbvUtTC8LbftD4M93zuFw/iBiVGnb/rDW1jc2t7ZzO/ndvf2Dw8LRcVOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHQ7qbceiVQ0FA86iYjH0UDQPsVIG+QXyu4YukOkUzfgaZJlvksY66Yl5yK7hDM2+0F33K1Av1C0y/ZUcNk4c1MEc9X9wo/bC3HMidCYIaU6jh1pL0VSU8xIlndjRSKER2hAOsYKxIny0uldGTw3pAf7oTRPaDilfydSxJVKeGA6OdJDtVibwJW1gK/CnVj3r72UiijWRODZ/n7MoA7hJDvYo5JgzRJjEJbUnADxEEmEtUk4b7JxFpNYNs1K2amWq/fVYu1mnlIOnIIzUAIOuAI1cAfqoAEweAIv4BW8Wc/Wu/Vpfc1a16z5zAn4J+v7F/KWqAo=</latexit>

p
2kŷ(2)

` � y(2)k2
<latexit sha1_base64="B0RaDjNortXL3AtKI7gCgt7WKUQ="></latexit>

p
Tkŷ(T )

` � yk2
<latexit sha1_base64="EPzMshsA3L4NEvhnzmMj+as1jN4=">AAACMHicbZDLSgMxFIYzXmu9VV26CRahLiwzpaArKbhxWaE36LQlk6ZtaDIzJmeEMp3X8EFcu9Vn0JW41KcwvSy07Q+Bn+8/h3B+LxRcg21/WGvrG5tb26md9O7e/sFh5ui4poNIUValgQhUwyOaCe6zKnAQrBEqRqQnWN0b3k7y+iNTmgd+BUYha0nS93mPUwIGdTK2qx8UxJXEHWN3QCB2PRmPkqTjMiHaca5ykVziGcPuuF3AnUzWzttT4WXjzE0WzVXuZL7dbkAjyXyggmjddOwQWjFRwKlgSdqNNAsJHZI+axrrE8l0K55eluBzQ7q4FyjzfMBT+ncjJlLrkfTMpCQw0IvZBK7MPLkKNyPoXbdi7ocRMJ/O/u9FAkOAJ+3hLleMghgZQ6ji5gRMB0QRCqbjtOnGWWxi2dQKeaeYL94Xs6WbeUspdIrOUA456AqV0B0qoyqi6Am9oFf0Zj1b79an9TUbXbPmOyfon6yfX0L7qds=</latexit>

ŷ
(1)
`

<latexit sha1_base64="hZeYKIXxwONtDxQv65vYB8Y7dOM="></latexit>

ŷ
(2)
`

<latexit sha1_base64="f2JFNOyNu85B09wrtwOqS06aYjE="></latexit>

ŷ
(T�1)
`

<latexit sha1_base64="19uhz6n4cB33IO0YayGaRwv+5GA="></latexit>

ŷ
(T )
`

<latexit sha1_base64="n02BAuv706rVwxe5u/4NOHex6F0="></latexit>

LC(ŷ
(T )
` ,y`)

<latexit sha1_base64="9vgzMUkXU1RBQpruMQTdM65tV+Y="></latexit>

Loss terms …

Output 
prediction

s1
<latexit sha1_base64="P+vcwB4iwCN3/629xY9M8ccsBww=">AAACAXicbZDLSgMxGIX/eK31VnXpJlgEV2VGCrosunFZ0V6gHUomzbShSWZIMkIZunLtVp/Bnbj1SXwE38K0nYW2PRD4OOf/SXLCRHBjPe8bra1vbG5tF3aKu3v7B4elo+OmiVNNWYPGItbtkBgmuGINy61g7UQzIkPBWuHodpq3npg2PFaPdpywQJKB4hGnxDrrwfT8XqnsVbyZ8DL4OZQhV71X+un2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOg4VkcwE2eypE3zunD6OYu2Osnjm/t3IiDRmLEM3KYkdmsVsaq7MQrnK7qQ2ug4yrpLUMkXn90epwDbG0zpwn2tGrRg7IFRz9wVMh0QTal1pRdeNv9jEMjQvK361Ur2vlms3eUsFOIUzuAAfrqAGd1CHBlAYwAu8wht6Ru/oA33OR9dQvnMC/4S+fgEJwpbU</latexit>

s2
<latexit sha1_base64="eGmdAqImbqTTaurJ70ms5+i3WJw=">AAACAXicbZDLSgMxGIX/qbdab1WXboJFcFVmSkGXRTcuK9oLtEPJpJk2NMkMSUYoQ1eu3eozuBO3PomP4FuYTmehbQ8EPs75f5KcIOZMG9f9dgobm1vbO8Xd0t7+weFR+fikraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuZ3nnSeqNIvko5nG1Bd4JFnICDbWetCD2qBccatuJrQKXg4VyNUclH/6w4gkgkpDONa657mx8VOsDCOczkr9RNMYkwke0Z5FiQXVfpo9dYYurDNEYaTskQZl7t+NFAutpyKwkwKbsV7O5ubaLBDr7F5iwms/ZTJODJVkcX+YcGQiNK8DDZmixPCpBUwUs19AZIwVJsaWVrLdeMtNrEK7VvXq1fp9vdK4yVsqwhmcwyV4cAUNuIMmtIDACF7gFd6cZ+fd+XA+F6MFJ985hX9yvn4BC12W1Q==</latexit>

sT�1
<latexit sha1_base64="sNz7lUJkc1533IXiW3JLBf+xuiU=">AAACBXicbZDLSgMxGIX/qbdab1WXboJFcGOZkQFdFt24rNAbtEPJpJk2NMkMSUYoQ9eu3eozuBO3PoeP4FuYtrPQtgcCH+f8P0lOmHCmjet+O4WNza3tneJuaW//4PCofHzS0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTsc38/y9hNVmsWyYSYJDQQeShYxgo212rqfNa68ab9ccavuXGgVvBwqkKveL//0BjFJBZWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF2LEguqg2z+3Cm6sM4ARbGyRxo0d/9uZFhoPRGhnRTYjPRyNjPXZqFYZ3dTE90GGZNJaqgki/ujlCMTo1klaMAUJYZPLGCimP0CIiOsMDG2uJLtxltuYhVa11XPr/qPfqV2l7dUhDM4h0vw4AZq8AB1aAKBMbzAK7w5z8678+F8LkYLTr5zCv/kfP0CAfWYdQ==</latexit>

Fig. 7: RNN model Overview.

The underlying idea of the proposed model is thus to exploit
these solution trajectories during training.

To do so, this section introduces a DNN model for OPF
predictions which relies on deep autoregressive Recurrent
Neural Networks (RNN). RNNs are a powerful tool to learn
from sequential data and have been vastly adopted in domains
including natural language processing and computer vision
[17]–[19]. An autoregressive model is typically used in time-
series modeling where the current time step value zt depends
linearly on some value zt′ with t′ < t. Similarly, autoregressive
RNNs condition the prediction of the current time step on the
predictions of the previous steps. They thus are a natural fit
for the intended purpose.

The proposed model is illustrated in Figure 7. The model is
composed by T sequential Long Short Memory Term (LSMT)
units. For unit t ∈ [T ], the model takes as input the demands
x = Sd as well as the embedding y(t−1) outputted by unit t− 1,
and the state st−1 of unit t − 1. The first unit t = 1 is special
and only considers the input demands x. The model uses the
following loss:

N∑
`=1

T∑
t=1

√
tL(y(t)

`
, ŷ(t)

`
) +LC(y`, ŷ(T )), (9)
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Test case FCC Without Constraint FCC With Constraint RNN With Constraint

Bound Vio KLC Vio LF Err. (%) Opt. Gap (%) Bound Vio KLC Vio LF Err. (%) Opt. Gap (%) Bound Vio KLC Vio LF Err. (%) Opt. Gap (%)

IEEE-30 0.000 0.001 0.128 0.005 0.000 0.081 0.080 0.001 0.0 0.13 0.384 0.270
IEEE-118 0.007 0.087 23.59 2.41 0.003 7.16 14.34 4.910 0.002 0.052 2.901 0.131
IEEE-162 0.047 0.363 25.83 2.06 0.016 8.35 19.17 2.191 0.012 0.038 4.478 0.167
IEEE-300 0.000 0.015 0.205 17.34 6.23 0.021 11.56 16.89 0.023 0.0003 1.099 0.327

TABLE II: Accuracy comparison: FCC with and without constraints and RNN models.

Test Case FCC RNN Test Case FCC RNN

IEEE-118 11.4 0.007 IEEE-300 47.8 0.04
IEEE-162 14.8 0.005 PEGASE-1354 154 0.32
EDIN-189 3.4 0.013 RTE-2868 2907 1.64

TABLE III: RNN vs FCC: Model parameter size (Million).

where LC is the Lagrangian loss involving the prediction from
the last unit to encourage constraint satisfaction, equivalently
to that adopted by the constrained variant of the FCC model.
The

√
t multiplicative factor is adopted to give larger weights

to the latter units. The model returns ŷ(T ) as its prediction,
which is the output of the recurrent final unit.

The predictions of the proposed model are summarized in
Table II (right). Notice how the model can reduce the load
flow errors and optimality gaps by one order of magnitude
when compared with the best FCC results. Notably, the RNN
model predictions are much closer to satisfy the KLC than
those produced by the constrained version of the FCC model.
This is important as KLC are notoriously hard to satisfy for
the predictions of DNN models [3]. The ability of this model
to capture robustly rare changes in generators trajectory can
be appreciated in Figure 6.

Finally, Table III reports a comparison of the number of
parameters (proxy to memory footprint) required by the FCC
and the proposed RNN models. Notice that the FCC grow
very large with the size of the processed test case highlighting
scalability issues, as also observed in [20], which reported the
inability of these models to fit in memory for test cases larger
than 2000 buses. In contrast, the proposed RNN model does
not incur this drawback rendering it applicable to very large
power systems.

X. Conclusions

This paper was motivated by the recent development around
using deep neural networks (DNN) to approximate the solutions
of Optimal Power Flow (OPF) problems. While these learning
models show encouraging results, little is known on why
they predict OPF solutions accurately, as well as about their
predictions robustness. The paper provided a step forward to
address this knowledge gap. It studied the connection between
the volatility of the generators outputs with the ability of a
learning model to approximate it, showing that many test cases
are characterized by a large number of generators which are
easy to predict. It also showed that operational and physical
constraints are necessary to capture the complexity of the
predictions. Finally, it proposed a new learning model based
on recurrent neural networks, that was not only able improve

the prediction accuracy over existing supervised learning
approaches, but also reduced the memory requirements.
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