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Z-STABILITY OF TRANSFORMATION GROUP C*-ALGEBRAS

ZHUANG NIU

ABSTRACT. Let (X,T") be a free and minimal topological dynamical system,
where X is a separable compact Hausdorff space and I' is a countable in-
finite discrete amenable group. It is shown that if (X,I") has the Uniform
Rokhlin Property (URP) and Cuntz comparison of open sets (COS), then
mdim(X,T") = 0 implies that (C(X) xI') ® £ = C(X) x I, where mdim is
the mean dimension of (X,I"), Z is the Jiang-Su algebra, and C(X) x T is
the transformation group C*-algebra of (X,I'). In particular, in this case,
mdim(X,T") = 0 implies that the C*-algebra C(X) x I is classified by the
Elliott invariant.

1. INTRODUCTION

Let I be a discrete amenable group, and let (2, i) be a o-finite standard measure
space. Let (2, u) v~ T be a free and ergodic action with absolutely continuous finite
invariant measure. By the classification of injective von Neumann algebras, it is
well known that the von Neumann IT;-factor L>°(€2, ) x I' is isomorphic to the
unique hyperfinite IIy-factor R. Thus, all such crossed products L>(Q, u) x I" are
isomorphic.

In the topological setting, consider a compact separable Hausdorff space X, and
consider a minimal and free action X \~\ I". Then the transformation group C*-
algebra C(X) xT is simple separable unital nuclear and satisfies the UCT. Thus it is
a very natural object for the Elliott’s classification program of nuclear C*-algebras.

Many efforts have been devoted to the classifiability of C(X) x I' (in term of
the K-theoretical Elliott invariant); see, for instance, [35], [27] [26], [42], [38], [37],
[45], etc. However, as shown by Giol and Kerr in [11], there exist minimal and
free actions X v Z such that the C*-algebras A = C(X) x Z are not classified by
the Elliott invariant, and these C*-algebras do not absorb the Jiang-Su algebra Z
tensorially (i.e., A® Z 2 A).

The dynamical systems constructed in [I1] have non-zero mean (topological)
dimension; and in [9], it is shown that if a minimal and free Z-action has zero mean
dimension (this particularly includes all strictly ergodic systems and all minimal
dynamical systems with finite topological entropy, see [28]), then the C*-algebra
C(X) % Z must be Z-absorbing and is classifiable (see [10] and [1]).

In this paper, one considers an arbitrary discrete amenable group I', and studies
the Z-stability of C(X) x I'. Under the assumption that (X,T") has the Uniform
Rokhlin Property (URP) and Cuntz comparison of Open Sets (COS), which are
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introduced in [33], one has that mdim(X,I") = 0 implies that (C(X) xT') ® Z =

C(X) x T, where mdim is the mean dimension. In particular, this implies that

C(X) x I is classified by its Elliott invariant (see, [14], [15], [8], [6], [39], and [3]).
Recall

Definition 1.1 (Definition 3.1 and Definition 4.1 of [33]). A topological dynamical
system (X,T'), where T" is a discrete amenable group, is said to have Uniform
Rokhlin Property (URP) if for any £ > 0 and any finite set K C I', there exist
closed sets By, Bs,...,Bs C X and (K, ¢)-invariant sets I';,T's,...,'s C I such
that

Bsy, €l s=1,...,5,

are mutually disjoint and

S
ocap(X\ | | || Bo) <.

s=1~€ly

where ocap denote the orbit capacity (see, for instance, Definition 5.1 of [29]).
The dynamical system (X,I") is said to have (A, m)-Cuntz-comparison of open
sets, where A € (0,1] and m € N, if for any open sets F, F' C X with

:U/(E)<>‘M(F)7 NEMI(X7F)7
where My (X,T) is the simplex of all invariant probability measures on X, then

YE3er®---®erp inC(X)xT,
—_——

where g and @p are continuous functions supporting on F and F respectively.
The dynamical system (X,T') is said to have Cuntz comparison of Open Sets
(COS) if it has (A, m)-Cuntz-comparison on open sets for some A and m.

Remark 1.2. The ideas of the (URP) have been used in [28], [17], and [18] to study
zero mean dimension and small boundary property for Z or Z*-actions. One should
also compare the (URP) to the almost finiteness of [2I] which furthermore requires
that the diameters of all level sets Bsy, v € I'y, s = 1,..., S, are arbitrarily small;
the almost finiteness in measure is shown to be equivalent to the small boundary
property ([21]).

For the (COS), one should compare it to the (topological) dynamical comparison,
which was introduced by Winter and appears in [20] for general groups. For (Cuntz)
comparison with multiplicities; see, for instance, [44]; dynamical comparison with
multiplicities is also considered in [30]. The ideas of the dynamical comparison
actually have a long history; see, for example, [12] and [13], and it is straightfor-
ward to verify that the dynamical comparison implies the (COS) (but whether the
converse holds is unknown to the author). (A Cuntz subequivalence relation using
only normalizers is considered in [25], and a version of (COS) using this strong
version of Cuntz subequivalence is shown to imply the dynamical comparison.)

The properties of (URP) and (COS) have been verified for the following cases:
any free minimal Z%-action has the (URP) and has (3, (2[Vd] 4+ 1)* + 1)-Cuntz-
comparison of open sets ([32]); any free and minimal I'-action has the (URP) and
has (i, 1)-Cuntz-comparison of open sets if I has subexponential growth and (X, T")
is an extension of a Cantor system ([33]).
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In [33], it is shown that if (X, T") has the (URP) and (COS), then the comparison
radius of the C*-algebra C(X) x T is at most half of the mean dimension of (X, T").
In particular, if mdim(X,T') = 0, then the C*-algebra C(X) x T has the strict
comparison of positive elements (see Definition 2.7)), which, as a part of the Toms-
Winter conjecture, should imply the Z-stability (this has been verified in the case
that the C*-algebra has finitely many extreme tracial states in [31], and then been
generalized independently to the case that the set of extreme tracial states is finite
dimensional in [36], [22], and [41], and then to the case that the algebra has Uniform
Property Gamma in [2]) (in the forthcoming paper [24], it is shown that the (URP)
and (COS) imply that the C*-algebra C(X) x I', classifiable or not, always has
stable rank one, and C(X) x I indeed satisfies the Toms-Winter conjecture).

Under the assumption that (X, I") has the small boundary property (SBP) (which
implies zero mean dimension, see [29], and is shown in [28] and [18] to be equivalent
to zero mean dimension in the case I' = Z4), Kerr and Szabo show in [21] (Theorem
9.4) that the C*-algebra C(X) x I' has the Uniform Property Gamma, and hence
the strict comparison of positive elements implies Z-stability for C(X) x T

In this note, one shows the following:

Theorem (Theorem [A.8)). Let (X,I') be a free and minimal topological dynami-
cal system with the (URP) and (COS). If (X,T') has mean dimension zero, then
(C(X)xT)® Z=C(X)xT, where Z is the Jiang-Su algebra.

In particular, let (X1,T1) and (X2,T3) be two free minimal dynamical systems
with the (URP) and (COS), and zero mean dimension, then

C(X1) X Fl = C(Xg) X FQ

if and only if

EH(C(Xl) Pl Fl) = EH(C(XQ) X FQ),
where ENl(-) = (Ko(-), K{ (), [1], T(+), p, K1(+)) 4s the Elliott invariant. Moreover,
these C*-algebras are inductive limits of unital subhomogeneous C*-algebras.

As a consequence, the following crossed-product C*-algebras are Z-stable:

Corollary (Corollary[4.9). Let (X,T') be a free and minimal topological dynamical
system with mean dimension zero. Assume that

o cither I' = Z% for some d > 1, or

e (X,I) is an extension of a Cantor system and I' has subexponetial growth.
Then, the C*-algebra C(X) x T is classified by the Elliott invariant and is an in-
ductive limit of unital subhomogeneous C*-algebras.

Two approaches are provided in this paper: The first approach is more self-
contained and more C*-algebra oriented. It is to show that the C*-algebra C(X)xT
is tracially Z-stable; since C(X) x I' is nuclear, it follows from [31] and [19] that
C(X) « T actually is Z-stable.

In the second approach (Section [Bl), one proves the following dynamical system
statement:

mdim0 + URP =- SBP,
which might be interesting by itself. If, in addition, the system is assumed to have
the (COS), it follows from [33] that the C*-algebra C(X) x I" has strict comparison
of positive elements. Hence, with the SBP, the Z-stability of C(X) x I" also follows
from the Theorem 9.4 and Corollary 9.5 of [21].
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2. NOTATION AND PRELIMINARIES
2.1. Topological dynamical systems.

Definition 2.1. A topological dynamical system (X, T") consists of a separable com-
pact Hausdorff space X, a discrete group I', and a homomorphism I"' — Homeo(X),
where Homeo(X) is the group of homeomorphisms of X, acting on X from the
right. In this paper, we frequently omit the word topological, and just refer it as a
dynamical system.

The dynamical system (X, T') is said to be free if 2y = x implies v = e, where
rzeXandvyel.

A closed set Y C X is said to be invariant if

Yy=Y, ~€l,
and the dynamical system (X,T) is said to be minimal if @ and X are the only

invariant closed subsets.

Definition 2.2. A Borel measure p on X is invariant if for any Borel set £ C X,
one has

wE) = p(Ey), ~el.

Denote by M7 (X,T') the set of all invariant Borel probability measures on X. It is
a Choquet simplex under the weak™ topology.
Definition 2.3. Let I" be a (countable) discrete group. Let K C T be a finite set
and let § > 0. Then a finite set F' C T is said to be (K, ¢)-invariant if

|FKAF| -

—— <e.

|F|

The group T is amenable if there is a sequence (I',) of finite subsets of I' such that
for any (K, ¢), the set 'y, is (K, ¢)-invariant if n is sufficiently large. The sequence
(T',,) is called a Fglner sequence.

The K-interior of a finite set F' C I' is defined as

intg(F)={ye F:yK C F}.

Note that
|F \intg (F)| < |K|[FK\ F| < |[K|[FKAF],
and hence for any € > 0, if F' is (K, |%)—invamiant, then
|F\ int g (F)]
||
Definition 2.4 (see [29]). Consider a topological dynamical system (X,I"), where
I" is amenable, and let £ C X. The orbit capacity of E is defined by

1
ocap(E) := lim - sup g; xe(z7),

where (T',,) is a Folner sequence, and xg is the characteristic function of E. The
limit always exists and is independent from the choice of the Fglner sequence (T';,).

Definition 2.5 (see [16] and [29]). Let & be an open cover of X. Define
D(U) = min{ord(V) : V is an open cover of X and V <X U},
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where
ord(V) = =1+ sup Z xv (),
r€X yey

and V X U means that, for any V € V, there is U € Y with V C U.

Consider a topological dynamical system (X,T"), where I is a discrete amenable
group. The mean topological dimension is defined by

1
mdim(X,T') :=sup lim —— D( /\ v HU)),
u n—oo |Fn| ’Yern

where U runs over all finite open covers of X, (I';,) is a Fglner sequence (the limit
is independent from the choice of (I';)), and a A § denotes the open cover

{UNV:U€aq, Veg}

for any open covers a and £.

2.2. Crossed product C*-algebras. Consider a topological dynamical system
(X,T). The (full) crossed product C*-algebra A = C(X) x I" is defined to be the
universal C*-algebra

CH{f,uy; uyful, = f(-y)=fon, u%ufm:uvwz—l, ue=1, f € C(X), 7,7, €T}

The C*-algebra A is nuclear (Corollary 7.18 of [43]) if T' is amenable. If, moreover,
(X,T) is minimal and topologically free, the C*-algebra A is simple (Theorem 5.16
of [5] and Théoréme 5.15 of [47]), i.e., A has no non-trivial two-sided ideals. A is
also called the transformation group C*-algebra of (X,T').

2.3. Cuntz semigroups.

Definition 2.6. Let A be a C*-algebra, and let a,b € A". The element a is said
to be Cuntz sub-equivalent to b, denoted by a = b, if there are z;, y;, i = 1,2,. ..,
such that

lim x;by; = a,
1—00

and we say that a is Cuntz equivalent to b, denoted by a ~ b, if a X b and b = a.
Then the Cuntz semigroup of A, denoted by W(A), is defined as

(Moo (4)7/ ~

aem=(" )|

where (Moo (A))" :=U,—; M (4) and [-] denotes the equivalence class.

Definition 2.7. Let A be a C*-algebra, let T(A) denote the set of all tracial states
of A, equipped with the topology of pointwise convergence. Note that if A is unital,
the set T(A) is a Choquet simplex.

Let a be a positive element of My, (A4) and 7 € T(A); define

with the addition

. 1
d,(a) = nl;ngo T(a™),
where 7 is extended naturally to My (A). The function
T(A) > 7+ d,(a) € RT

is the limit of an increasing sequence of strictly positive affine functions on T(A),
so it is lower semicontinuous.
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It is well known that if @ < b, then
d-(a) <d,(b), 7€ T(A).
If the C*-algebra A satisfies the property that for any positive elements a,b €
Moo (A4) with
d,(a) < d,(b), TeT(A),
then a = b, the C*-algebra A is said to have the strict comparison of positive
elements.

Remark 2.8. Note that if A = M,,(Co(X)), where X is a locally compact Hausdorff
space, and 7 be a trace of A. Then, for any positive element a € My (A) =
Mo (Co(X)) and any 7 € T(A), one has

T(a):/X%Tr(a(x))duT and dT(cL):/X%ramk(a(z))d,uT7

where g, is the Borel measure on X induced by 7.
Also recall

Definition 2.9 ([46]). Let A, B be C*-algebras, and let ¢ : A — B be a completely
positive contractive linear map (c.p.c map). Then ¢ is said to be order zero if

al b= pla) Lpb), abecA

3. THE CUNTZ SEMIGROUP OF C(X) xT'

In this section, let us show that C(X) x I is tracially 0-divisible whenever (X,I")
has the (URP), (COS), and mean dimension zero.
The following is a version of Theorem 3.4 of [40] for the C*-algebra C(X) x T.

Proposition 3.1. Let A = C(X)xT, where (X,T) is free, minimal, has the (URP)
and zero mean dimension. Then, for any continuous affine function « : T(A) —
(0,00) and any £ > 0, there is a positive element a € My (A) such that

la(r) —dr(a)] <e, VreT(A).

Proof. Without loss of generality, one may assume that |I'| = oo, as otherwise, the
crossed product C*-algebra A is isomorphic to a matrix algebra, and the statement
of the proposition clearly holds. One may also assume that

1
(31) e < 1

By Corollary 3.10 of [1], there is a positive element o’ € A such that
a(r) =7(d"), VreT(A).

Since the action is minimal, the algebra A is simple, and hence there is a § € (0, 1)
such that

(3.2) 7(a’) > 48, VreT(A).
Also pick M such that
(3.3) T(a") < ||ld'|| < M, V1 e T(A).

Let € € (0, i) be arbitrary. Let 7 C A be an arbitrary finite set, and let

)
(3.4) 0 < & < min{e, Z}
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be arbitrary (F and €’ will be fixed in the next paragraph). Applying Theorem 3.9
of [33] (with m = 1) to {a’} UF (in place of {f1,...,fn}), 1 (in place of h), and
min{ Mil,a'é} (in place of d), there exist a” € A, a finite set 7' C A, h € C(X)*
(in place of p), and a sub-C*-algebra C' C A with C' = @“::1 M,,.(Co(Zs)) and
closed sets [Z;] C Zs such that the following properties hold:
(1) for any f € F, there is f' € F' such that ||f — f’|| < &', (Theorem 3.9 (1)
of [33])
(2) |la' —=a"|| < €, ||ha” —a"h| < &, |hf' — f'h|| < &, VS € F', (Theorem
3.9 (1)(2) of [33))
(3) heC, ha"he C, hf'h e C,Vf" € F' (Theorem 3.9 (3) of [33]),
(4) |h]| <1, 7(1—=h) <€, Vr € T1(A), (Theorem 3.9 (5) of [33]),
(5) (X \ h™1(1)) < 387, ¥ € My(X,T), (Theorem 3.9 (5) of [33]),
(6) under the isomorphism C 22 @;9:1 M,,.(Co(Zs)), the element h has the
form

s
h =P diag{hey,. .., hem.},
s=1
where hg; 1 Zs — [0,1], and
1
—{1<i<ns:hsi(z)=1}>1-¢, z€(Z], s=1,...,8,
N

(Theorem 3.9 (7) of [33]),
(7)
dim([Z])
Ns
(Theorem 3.9 (4) of [33]),
(8) each ng, s =1,...,5, is sufficiently large such that the interval (2nsde’ +
1,4n.e" — 1) contains at least one strictly positive integer (this follows from
the assumption |I'| = oo and the the proof of Theorem 3.9 [33], where
ngs = |T's| for the Rokhlin tower (Bs, I's), which can be arbitrarily large for
the given (F,e’)).

<éed, s=1,2,...,8,

Put
a) =hza"h?.
First, note that, with ¢’ sufficiently small, by Properties {) and (@), for any 7 €
T(A),

(3.5) 7(a}) =7(h7a"h?) ~. 7((1 — h)2d”(1 — h)? + h2a"h?) ~. 7(d") ~. 7(d).

One asserts that with F sufficiently large and &’ sufficiently small further, one has

(3.6) M > 7(m(a})) > 6, VreT(x(0)),
where 7 is the standard quotient map from
s s
= EDMTLS (Co(Zs)) to EDMTLS (Co([Z5])).
s=1 s=1

Then, fix the pair (F,¢’).
Indeed, suppose the contrary, there then exists a sequence of finite subsets F; C
A,1=1,2,..., with dense union and a sequence of positive numbers ¢;, i =1,2,...,
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decreasing to 0, sub-C*-algebras C; C A,i =1,2,...,elementsa € A,i=1,2,...,
and positive elements h; € C;, i = 1,2,..., such that
o [la’ —afll <&,
1 1
. Hh;f/ R H <en Ve F,
[ hia’i’hi € Ci7 h; € Ci7 and hlflhz S Ci, Vf/ S ]:1/7 so that
11 1,1 1 11
hZd/h? € C;, hialhi €Ci, hZfh? €Ci, and hif'hieCy Vf €F,
e there exists 7; € T(n(C;)) such that
1,1 L,
(3.7) ri(mi(h?alh?)) <6 or mi(mi(h?alh?)) > M,
. . ~ M8
where 7; is the standard quotient map from C; = @7_; M, (Co(Zs)) to

DLy Mn, (Co((Z:))),
o 7(m(h;)) > 1 —¢;, Y7 € T(w(C;)) (this follows from Property (@) and
Remark [2.8]).

Consider the linear functional
pi: A3 av my(m(hiah?)) € C,
and note that
loill = pi(1a) = 7i(m(hi)) > 1 —&s.
Also note that for, any a,b € F/,

11 111 1 11 1
pi(ab) = Ti(mi(hiabh?)) o, 7i(mi(h ah hibh})) = 7i(mi(hi bhl hiah))
11
Roe, Ti(mi(hibah)) = pi(ba).
Thus, any accumulation point of {p;}, say pso, is actually a tracial state. However,
by ([B.7), there exists an accumulation point, still denoted by peo, such that

poo(@) = lim mi(mi(h¥alh?)) <6 or peo(a@) = lim i(mi(h¥a’h?)) > M,
1— 00 71— 00

which contradicts to (8.2) or (8.3). This proves the assertion.

Denote by Z the (abstract) disjoint union of Zs, s = 1,...,5, and denote by
[Z] the (abstract) disjoint union of [Z;], s =1,...,S. Consider w(a}) € 7(C), and
consider the continuous function

[Z]) 3 z — Tr(m(a))(z)) € (0, +00).

For each s = 1,2,...,5, by Property (8), one picks an integer
(3.8) Ag € (2ng0e’ + 1,4n’ — 1).
Define

f:1Z] 220 [Tr(n(a))(z)] + Ay, if 2 € [Z4],
and

g:[Z) 3z~ |Tr(r(a))(x))] — Ay, if z € [Z,],
where |t] = max{k € Z: k <t} and [¢t] = min{k € Z : k > t}. Note that by (B.1)),
B.4), B.6), and (B.8), for any = € [Z,], s=1,..., S5, one has

[Tr(n(ay)(2))] = As = [Tr(n(ay)(2))] = (dnse’ — 1)
> Tr(n(a})(z)) —1— (4nge’ — 1)
= ngtr(n(a))(x)) — 4nge’
> ngd —4nge’ =ng(d —4e’) > 0.
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That is, the function g is a positive. Also note that for any = € [Z;], s =1,...,5,

by @B.1), B.4), B.6), and B.8) again,

flx) < max{[Tr(r(a})(y))] + € [Zs]}
< max{Tr(r(a})(y)) +4ns ty € [Zs]}
= ngymax{tr(n(a))(y)) +4¢ :y € [Z]}
< ng(M+1).

Therefore f and g satisfy
(a) g is positive upper semicontinuous and f is lower semicontinuous,
(b) 0 < g(z) < Tr(w(a))(x)) < f(z) < ns(M + 1), Vo € [Z;], and
(c) 4dim([Z;]) < 4e’omns < 2A5 =2 < f(z) — g(x) < 2A54+2 < 8'ng, Vo € [Z]
(by Property (@) and (3.8))).
It then follows from Proposition 2.9 of [40] that there is a positive element
a'"" € Moo (w(C)) such that

g(z) < rank(a’”(m)) < f(z), Vxe|Zs].

Extend o’ to an element of M, (C ) M (A) and denote it by a. One then has
that for any = € [Z], with n(x) :=n, if z € [Z,],

39 rank(a(e) — ) (2)
1 " —tr a/ T
= @rank(a (x)) — tr(ai( ))‘
1 , / 1
< |l - (@ @) + (@) - g0
< 8 < 8.

Note that the element a can be chosen so that for any = € Z,\ [Z;], s=1,..., S,
rank(a(z)) < max{f(z):z € [Zs]} <ns(M +1).

Now, let 7 € T(A) be arbitrary, and let u, denote the Borel measure on Z
induced by the restriction of 7 to C. Note that 1 —e < ||u.|| < 1 (since 7(h) >
1—¢’ >1—¢, by Property (), and also note that, by Property (&),

! €

€
<Tr
M+1 M+1
where ¢ > h is some strict positive element of C' C A, and p is the invariant measure
on X corresponding to 7 (p is not p,). Therefore,

1
/ ——rank(a(z))dp, < / (M 4+ 1)dp, <e,
2\[z) () 2\[2]

where n(z) = ns if x € Z,, and (by (8.3) and Property (2))

/ tr(al (2))dpir < / e dper < / |l dar < / (M + £)dpr < e.
Z\[Z] Z\[2] Z\[Z] Z\[2]

In particular

pr(Z\1Z]) < dr(@ = h) <dr(La —h) < p(X \h7H(D)) <

< 2e.

1 i
/Z ey klae)dn /Z e
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Together with ([8.5) and (3.9), one has
1
@) = [ ke,

1 1
= rank(a dp, —|—/ ——rank(a(x))du,

A%Mx @+ [ rana(@)

1

rank(a duT—i—/ tr(ay (z))dpr

[%Mm @i+ e @)
/ tr(ay(z))du, + / tr(a) (z))dpu,
[Z] Z\[2]

/ x))dp, = 7(ay)

Since ¢ is arbitrary, thls proves the desired conclusion. |

3e

Corollary 3.2. Let (X,T') be a free and minimal dynamical system with the (URP)
and (COS). If (X,T") has mean dimension zero, then, for any positive contraction
a € My(A), any k € N, and any € > 0, there is an order zero map

¢ : My (C) — Her(a),
where Her(a) is the hereditary sub-C*-algebra generated by a, such that
7(d(1g)) > 7(a) — e, V7T e T(A).
That is, A is tracially 0-divisible in the sense of Definition 3.5(ii) of [44].

Proof. Since (X,T") has mean dimension zero, by Theorem 4.8 of [33], the C*-
algebra A has strict comparison of positive elements.

Let a € Moo (A) be a positive contraction, and consider the lower semicontinuous
affine function

T(A) > 7 %dT(a) € (0,00).

Then, by Proposition[B.Iland the proof of Theorem 5.3 of [1] that there is a positive
element © € A ® K such that

d,(z) = %dT(a), Vr € T(A).

Indeed, pick a sequence () of strictly positive continuous affine maps on T(A)
such that

(1) an(T) < apti(r),n=1,2,..., 7 € T(A), and
(2) limy—00 an (1) = £d-(a), T € T(A).
Since T(A) is compact, for each n, there is €, such that
0nt1(7) —an (1) > &y, VreT(A).
Then, for each a,, n = 1,2, ..., by PropositionB.1] there is a,, € M (A) such that

1 .
| (7) — dr(an)| < imm{sn_l,sn},

where €9 = 1. Then

(1) dr(an) < dr(ang1), n

=1,2,..., 7€ T(A), and
(2) limp—o0 dr(an) :% d-(a), T

e T(A).
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Since A has strict comparison of positive elements, one has a,, = a1, n=1,2,....
By [4] (Theorem 1(i) and Appendix 6), supremum of every increasing sequence

of W(A ® K) exists, and hence there is a positive element z € A ® K such that

d,(x) = 1dT(a), vr e T(A).

k
For each pair of positive numbers d; < d2, define the continuous function
Oa t S 61,
t—6
f51,52(t): 52_511, 01 <t <o,
L, t > 6s.

Also consider the continuous function
fe(t) == max{t —e,0}, teR.

Then, since A is simple, with a sufficiently small § > 0 (see, Remark 2.7 of [44]),
one has

T(fas,35(2)) > %T(fg(a)) > %(T(@) —¢), V1 eT(A)

and use the simplicity again, there is 8’ > 0 such that

(d-(a)) =4', VreT(A).

e

T(fs2,6(x)) < dr(z) — 6" =

Thus, with a perturbation of x, there is a positive element 2’ € M, (A) such that,

1

(3.10) r(fassa(@)) > 7 (rla) ), Vr € T(4)
and

T(f3/24(a) < (@) — 9, ¥r € T(A).
Note that

kd,(fs2s(x")) < kT(fs/2,5(2")) < dr(a), V1 e T(A).

Since A has strict comparison, one has k[f5/2 5(2")] < [a] in W(A). By Proposition
2.12 of [44], there is an order zero map ¢ : My (C) — Her(a) such that

plern) = fas3s(2),
where a =~ b denotes the relation a = vv*, b = v*v for some v. In particular, by
3.10),
T(p(1k)) = k7(d(e11)) = k7(fas35(2")) > 7(a) —e, V1€ T(A),
as desired. 0

Remark 3.3. Note that a straightforward argument shows that there is m such that
for any k € N, there is z € W(A) such that

kx < [1a] <m(k+ 1)z,

whenever (X,I") has the (URP) and (COS), even without mean dimension zero.
Then, as a natural question, is the C*-algebra A = C(X) x I" always tracially m-
divisible for some m € N if (X,I') has the (URP) and (COS), but without any
assumptions on mean dimension?
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4. APPROXIMATE CENTRAL ORDER ZERO MAPS FROM Mj(C) To C(X) xI' AND
THE Z-STABILITY OF C(X) x T

One considers the Z-stability of C(X) x I' in this section. First, one has the
following lemma which essentially is Theorem 3.9 of [33], stating that the C*-algebra
A = C(X)xT can be (weakly) tracially approximated by homogeneous C*-algebras,
but with an extra conclusion that there is an element h in the homogeneous sub-
C*-algebra, which is approximately central in A, large in trace, and is orthogonal
to the elements with smaller trace in the decomposition obtained from the tracial
approximation.

Lemma 4.1. Let (X,T') be a free topological dynamical system with the (URP).
Then, for any finite set {f1, fa,.. .,fn} C C(X) xT and any € > 0, there exist a
C*-algebra C C C(X) xT" with C = @s 1 My, (Co(Us)) for some ks € N and locally
compact Hausdorff spaces Us, s = 1,...,5, a positive contraction h € C(X)NC,

and f(o) (1) (0), 2(1), cee 7(10), 7(11) € C(X) x I such that
D |[£= G0+ 1)
2) fMec,1<i<n,

(1) <eg, 1 <1< n,
2) f
@)Hm%H=01<z<n
(4)

)

4 H[ H<€ 1<i<n, and
(5 (1—h2) <e, VT € T(C(X) % T).
Proof. The proof is similar to that of Theorem 3.9 of [33], but without dealing with

mean dimension.
Denote by A the crossed product C*-algebra C(X) x I'. Without loss of gener-

ality, one may assume
= E iy

YEN
for some finite set N” C T' with e € N'= N "', and some f; , € C(X). Denote by
M =max{1,[|fi,|:i=1,...,n,y € N'}.

For the given € > 0, choose €1 € (0,¢) such that if a positive element a € A with
la]] < 1 satisfies
laf; — fia| <e1, 1<i<n,

then -
1 1
‘aifi—ficﬁ <§, 1<i<n.
Pick a natural number
MMN
L>
€1

and pick a sufficiently large finite set K C I" and a sufficiently small positive number
0 so that if a finite set I'g C T" is (K, §)-invariant, then

|F0 \ int nro41 (FO)‘ €
|To 2

Since (X,T') has the (URP), there exist closed sets By, Bs,...,Bs C X and
(K, ¢)-invariant sets I';,T'a,...,T'g C T such that

BS’77 ’YEFS7S:17-‘-7‘S’7

(4.1)
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are mutually disjoint and
s

ocap(X\ || | ] By <

s=1~v€l

N ™

Pick two open sets Ug, Vs C X, s =1,2,..., 5, satisfying
Us 2Vs 2 Bs, Us 2V,

and
Usy, 7€l s=1,...,5,
are mutually disjoint.
Consider the sub-C*-algebra

(4.2) C:=C{uyf:feCo(Us)y€eTls,s=1,2,...,5 CC(X) xT,
which, by Lemma 3.12 of [33], is isomorphic to

S
P M. (Co(Uy))-

For each s = 1,2,...,.5, pick continuous functions xy,, xv, : X — [0, 1] such that
(4.3) xv.lv, =1, xwvls. =1 xvlxw. =0, and xv,|x\v. =0.
Note that xv,,xv, € C, and
(4.4) xv. f, xv.f€C, [feC(X).
For each I'y, s =1,2,...,5, define the subsets
Fspp1 = intpyra(Ty),
Ts.1 = intpz(Ts) \ intpz+1 (Ty),
Pypo1 = intpye-a (L) \intye (T),
T,o = T,\intu(Ts).
Then, for any v € NV, one has
(4.5) PeyvyCls—1 Ul UL 41, 1<I<L.
Indeed, pick an arbitrary ' € I's ;. By the construction, one has
(4.6) YN'CTy but YN T,

Therefore
YN C NP CT,
and hence 'y € inty1-1T (since e € N171).
Thus, to show (4.5), one only has to show that 7'y ¢ intpu+2Ts. Suppose
~'yN2 C T,. Since N is symmetric, one has v~ € N; hence A**t! C yA*+2 and

’y/NH_l C ,y/,le+2 C Fm

which contradicts (4.6]).
Also note that

(4.7) Fsp417 Cls 1 Ul L

For each v € Ty, define
Ly)=1, ifyely,.
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By (4.5) and ({.7), the function ¢ satisfies

(4.8) (') =€ <1, v eN, yeTl 1 U--- UL, L4
Define
S L+1 l . 1 S L+1 -1
=33 3 o) =YY Y s € GO NG,
s=1[=1 v€l'y, s=1 [=1 v€ly
and
S L+1 S L+1 1—1
hv—ZZZ XVO'Y 1)=ZZZTuXVuA,EC( ync.
s=11l=1 ~el'y; s=11=1 ~vel'y

Note that, by (4.3),

S L+1 S L+1 1_1
hohy = (O L ulxu,uy) (Y 7 UaXV, Uy)
s=11=1 v€el'y, s=1 [=1 velg
S L+1
= > —uva XV, Uy
s=1 1=1 veT',
S L+1
= Z 'yXV Uy = hVu
s=1 =1 veT,
and hence
(4.9) (1 —hy)hy =0.
By @.3) (and ({.1)),
r t r
ocap(X \ hyt(1)) < max{| \in NLH( ) s=1,...,5}

+ocap(X \ |_| |_| Bsy) <
s=1~€ely
< g,

and therefore
T(1—hi)<e, 1€T(A).
Note that, by the construction of C' (see (d.2))),
1
Xiuy €C, yeTls.
Hence, for each 4" € N, since vy’ € I'y, y € T's;, 1 =1,2,...,L + 1, one has

S L+1 S L+1 . L
oty = 3030 3 Sty = Y030 Y i, ), u) € C.
s=11=1 v€el'y s=1Il=1 ~el's;

and therefore,
hU’U,A/hU e C, S N.
For any f € C(X), by (@Z[), one has

S L+1 S L+1
wf=Y3 3 — SSORNED B Dl Pl L wixu, (uy fulJus € C,
s=11=1 v€el'y, s=11=1 vyel'y,
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and therefore
thihU € 07 1<1<n.
Note that, for each v € N, by (4.3),

o B — o

5 L+l 1_1 o S L+1 11 )
= ;;7;;1 7 xu. © (V) ;;W;w 7 XU, °°Y
= max{ f(y”})—l — E(V)L—l' iy €T\ Ty, s=1,2,...,5}
< 1.8

L~ MNV
and hence
(4.10) lho fi — fibull <e1, i=1,2,...,n.
The same argument also shows that
(4.11) lhv fi — fibv| <e1 <e, i=1,2,...,n.
It follows from (4.10) and the choice of €1 that
|nesi= gind]| <5 ana [0 =no)tfi- f-nt| <5 i=12,.00m,
and hence
|5 = (@ =) brt=ho) 4 ng )| <o, 1<i<n
Put
FO = Q- h) (1 —hy)¥ and  fV =g fih?.
By (£.9),

n.

fl(o)hvvzo7 7::1,...

)

One also has, by (4.11)),
Wy  _p3ppsp  _p3 3 3 3 _ 313 M
Ji "hv = b fihghy = hi; fihv b = hihy fihg = hyhi fih = hv ;7.

Thus
‘fi(l)hv—hvfi(l)H <eg 1=1,...,n.
Then the element h := hy satisfies the lemma. O

Definition 4.2 ([19]). A unital C*-algebra A is said to be tracially Z-stable if for
any finite set F C A, any € > 0, and any non-zero positive element a € A, there is
a c.p.c. order zero map ¢ : Ma(C) — A such that

(1) [lle(@), Il <&, Vo € Ma(C), [lz]| <1, f € F,

(2) 1a —¢(12) Ja.

Based on [31], for nuclear C*-algebras, the tracial Z-stability is shown to be
equivalent to the Z-stability in [19]:

Theorem 4.3. Let A be a simple separable unital nuclear C*-algebra. Then A =
A® Z if and only if A is tracially Z-stable, where Z is the Jiang-Su algebra.

Remark 4.4. In general, there are non-nuclear C*-algebras which are tracially Z-
stable but not Z-stable (see [34]).
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The following two lemmas are simple observations.

Lemma 4.5. Let A be a unital C*-algebra, and let T be a tracial state of A. Assume
a,b € A are positive elements with norm at most 1 and

T(l—a)<e and 7(1-0)<e,
then
T(ab) > 1 — 2e.

Proof. 1t follows from the assumption that

l—e<7(a) and —e<7(b—1).
Also note that

0<7(1-a)?(1-b)(1-a)?)=7((1—a)(1—b))=7(1—a—>b+ab),
and so
T(a+b—1) < 7(ab).
Then
1-2e=(1-¢)—e<7(a)+7(b—1)=7(a+b—1) < 7(ab),
as desired. ]
Lemma 4.6. Let A be a C*-algebra, and let ¢ : M (C) — A be a c.p.c. order zero
map with
T(la—p(lk)) <e, V7 eT(A),
for some € > 0. Then there is a c.p.c. order zero map ¢’ : My(C) — A such that
" —ell < Ve

and

d-(1a — ¢'(1)) < Ve, V7 eT(A).
Proof. Since ¢ has order zero, it follows from Theorem 1.2 of [46] that there is

h € M(C*(p(My))) N (C*(p(Mg)))'
and a unital homomorphism

- My(C) = M(C*(p(Mg))) 0 (h)’
such that

v(a) = @(a)h, Va e M(C).

Note that h = p(1k).

Let 7 € T(A) be arbitrary, and denote by p, the probability measure induced
by 7 on sp(h) C [0,1]. Since 7(14 — h) < &, one has

11— < / tdp, :/ td s, —l—/ td s,
[0.1] [0,1-VE] (1-v&,1]
< (1=vVE)ur (0,1 = Ve + (1= pr ([0, 1 = V2])),
and hence
e (0,1~ VE)) < VE.
Set f(t) = min{%ﬁ, 1}. Consider f(h) and the c.p.c. order zero map

¢ = @(a)f(h), Va € M(C).
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Note that ||k — f(h)]| < v/€; one has that

lp — @'l < Ve.
On the other hand, for any 7 € T(A), one has

d'r(l - (p/(lk)) = d‘r(l - f(h‘)) = /1'7'([07 1- \/g)) < \/ga

as desired. O

Proposition 4.7. Let (X,T') be a free and minimal topological dynamical system
with the (URP), and assume C(X) x T is tracially m-almost divisible for some m €
N (see Definition 3.5(ii) of [44]). For any finite set { f1, fa,..., fn} C C(X) XTI, any
e >0, and any k € N, then there is a c.p.c. order zero map ¢ : M (C) — C(X) x T
such that

(1) lg(a), filll <e, Ya € Mg(C) with |la|| =1 and 1 <i <n, and

(2) d-(14 — ¢(1)) < &, V7 € T(A).

Proof. Denote by A = C(X) xT. By Lemmal4.6] it is enough to show that for any
given £ > 0 and any finite set {f1, f2,..., fn} C A, there is a c.p.c. order-zero map
¢ : My (C) — A such that

(1) |l[¢(a), filll < e, Ya € Mg(C) with |la|| =1 and 1 <i <n, and

(2) 7(1a — o(1g)) < &, VYT € T(A).

Since order zero maps from My, (C) are weakly stable (see Proposition 2.5 of [23]),

one is able to pick § > 0 sufficiently small such that if a c.p.c. map p: M (C) — A4
satisfies

aLlb=[pla)pd)] <3, Va,be My(C), |lall = [b] =1,
there is a c.p.c order zero map 6 : My (C) — A such that

lp(a) = (@)ll < =, Va € My(C), [la] = 1.

By Lemma [4.1] there are f?7f1(1), 19, ]‘2(1)7 N 7(11) € A, a C*-algebra C C A
with C' 2 @il M. (Co(Us)) for some locally compact Hausdorff spaces Us, s =

1,...,S, a positive contraction h € A such that
(4.12) |-+ <5 1<is<n,
(4.13) heC and fMecC, 1<i<n,
(4.14) FOR| < % 1<i<n,

1 1 3 .
(4.15) H[fi(),hz] <5 1<i<m,
and
(4.16) r(1—h) < Z, vr € T(A).

Consider the unitization C = C 4 Cly4, and note that

S S
C={feC{oc}U| | U, M. (C)): f(oc) € Cl}.

s=1 s=1
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Since the compact Hausdorff space {oo} U |_|SS=1 Us is an inverse limit of finite
dimensional CW-complexes, with a small perturbation of fl(l), 2(1), e ,(Ll), and
h, one may assume that C' (and C) has finite nuclear dimension and Equations
(4.12)—(4.16]) still hold (this is the reason that fi(o)h% in (4.14) is not required to
be 0, such as in Lemma [4.1]).

Since A is assumed to be tracially m-divisible, applying Lemma 5.11 of [44] to

B and using (Z.I3), one obtains a c.p.c. order zero map ¢ : M (C) — A such that

(4.17) [i(@), 571 < 52 Vo e Mu(E), ol =1, 1< i <,
(4.18) ll¢(a), hll| <6, Vae Mg(C), [laf| =1,

and

(4.19) 7(1a — ¢(1p)) < Z vr € T(A).

Consider the c.p.c. map
Mi(C) 3 a > hZp(a)h? € A.

Then, for any elements a,b € My (C) with a L b and ||a|| = ||b]] = 1, one has (by
(4.18))

(hZp(a)h?)(h2p(b)h?) = hEp(a)hp(b)h? =5 h2 p(a)p(b)h® =0,

and hence, by the choice of §, there exists a c.p.c order zero map ¢ : My (C) — A
such that

(4.20) |6(a) = nt(an?

Then, for any a € My (C) with |ja|]| = 1 and any 1 < i < n, one has

<2 VaeM(C), [lal = 1.

liga), £l < H[h%whm +5  (by @20)
< |mte@nt 1+ 5O+ oy @)
= itot@nt 2 + [t otamt 520+

e 3¢

< §+§+Z:€ (bYM?MandM)'

Moreover, applying Lemma [4.5] with (4.16) and (4.19), together with (4.20), one
has

r(3(10) =5 T(hFp(L)h?) = r(he(Li) > 1= 5, ¥r e T(4),
as desired. (]

Theorem 4.8. Let (X,T) be a free and minimal topological dynamical system with
the (URP) and (COS). If (X,T') has mean dimension zero, then (C(X)xT)® Z =
C(X)~«T.
In particular, let (X1,T1) and (X2,T2) be two free minimal topological dynamical
systems with the (URP) and (COS), and zero mean dimension, then
C(Xl) X Fl = C(XQ) X FQ

if, and only if,
El(C(X;) x ') 2 El(C(X3) x I'y),
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where Ell(-) = (Ko(-), K¢ (), [1], T(+), p, K1(+)) 4s the Elliott invariant. Moreover,
these C*-algebras are inductive limits of unital subhomogeneous C*-algebras.

Proof. Tt follows from Corollary B.2lthat C(X) x T is tracially 0-divisible. It follows
from Theorem 4.8 of [33] that C(X) x I" has strict comparison of positive elements.
Together with Proposition[d.7]and the simplicity of C(X)xT, one has that C(X)xT"
is tracially Z-stable. Since C(X) x I' is nuclear, it is Z-stable, as desired. O

Corollary 4.9. Let (X,T) be a free and minimal topological dynamical system with
mean dimension zero. Assume that

o cither I' = Z% for some d > 1, or

e (X,I) is an extension of a Cantor system and I' has subexponetial growth.
Then, the C*-algebra C(X) x T is classified by the Elliott invariant and is an in-
ductive limit of unital subhomogeneous C*-algebras.

Proof. Tt follows from [33] and [32] that the dynamical systems being considered
have the (URP) and (COS). The statement then follows from Theorem [4.8] O

5. AN ALTERNATIVE APPROACH: mdim0 + URP = SBP

In this section, one considers the zero mean dimension together with the (URP),
and shows that these two conditions actually implies that the dynamical system
has the small boundary property (SBP). Together with [2I] and [33], this gives
another proof of Theorem [4.8] One should note that the ideas of the (URP) have
been used in [28], [17], and [1§] to show that zero mean dimension implies small
boundary property for Z or Z*-actions, and the proof of the following theorem
actually depends on [18].

Theorem 5.1. Let (X,I") be a free topological dynamical system with the (URP).
If
mdim(X,T) =0,
then (X,T') has the (SBP).
Proof. Tt follows from Lemma 5.5 and Corollary 5.4 of [18] that, in order to show

that (X,T) has the (SBP), it is enough to show that for any continuous function
f+X — Rand any € > 0, there is a continuous function g : X — R such that
(1) [If —gll <&, and
(2) ocap({r € X : g(z) =0}) < e.
Let f: X — R and € > 0 be given. Pick U to be a finite open cover of X such
that

(5.1) If(z) — fy)] < g Yo,y € U, YU € U.

Since mdim(X,T") = 0, there is (K,¢’), where K C T is a finite set and &’ > 0,
such that if Ty C T is (K, &’)-invariant, there is an open cover V such that
(1) V refines \_p Uy, and
(2) ord(V) < £ |T'o].
Since (X,T') has the (URP), there are closed sets By, Bs,...,Bs and (K,&’)-
invariant sets I'y,I's,...,I's C T such that

Bsy, Vyel,, 1<s<S§
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are mutually disjoint and

s
(5.2) ocap(X \ |_| |_| Bsy) <

s=1~el;

Pick a small neighborhood U; of each By, s =1,2,...,5, such that

[SCRNO)

Usy, Vyel, 1<s<68,

are still mutually disjoint.

For each s =1,2,...,S, since I'; is (K, &')-invariant, there is an open cover V of
X such that
(1) V refines A\ Uy, and

(2) ord(V) < £ ||
Then, consider the collection of open sets
Ve ={VnNUs:V eV}

Note that V, covers Bs and for any V € Vg and any v € I'y, there is U € U such
that

V~ CU.

For each Vg, s =1,2,..., 5, pick continuous functions

o)X 50,1, VeV,

such that
()OI SV, WV eV,
Z ¢§,S)(:c) <1, VxrelX, and
Vevs
S 6 (@) =1, vzeB,.
Vevs
Also define
We={zeX: Y o) >0}CU..
Vevs
For each Vs, s = 1,2,...,5, also consider the simplicial complex Ay spanned by
[V], V € Vs, with
[VE)L [Vl]ﬂ SRR [Vd]

span a simplex if and only if

VOOV10~-~ﬁVd;£®.

Note that

(5.3) dim(A,) = ord(V,) < ord(V) < g Ty
Define the map

(5.4) niXsxe Y ¢ (@)[V] € CA,,

Vevs
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where CA; is the cone over Ay, i.e., CAg consists of

d
to[Vol + -+ +talVal, D t: <1, t;€[0,1], i=0,1,....d,
i=0
whenever Vy, Vi, ..., Vy € V, satisfy
Von---NVy+# .

Assume all of the cones CAg, s =1,2,...,85, share the same zero vertex, which is
denoted by 0. Note that

ns(Bs) g As~
For each V' € V,, pick a point xj, € V, and define

S S
=1 0= S @y N+ ST S fapnel) oY e Cx).

s=1~€el's VEV, s=1~v€el; VEV,

Then, using (5.1I) in the last step, one has that, for any = € X,
(@) - f@)\

S S
= | (=) Z Z D@y NN Y fapel (@ h)
s=1~€ely

Vev, s=1~vyel, VeV,

- i PR IEE 3 3P SELE

s=1~€el, s=1~el', VeV,

@

S
-3 > > oy +ZZ S Fapm)el (e )
el Vey,

s=1rv s=1~el', Vey,

S
SOSTNT (@) - Fap)e @y )
s=1~vel's VeV

S
Z

< Z S 15 (@) — i) 68 @)
€r, VeV,
< —.
3
That is,
5 €
(5.5) |7 <=
Define the linear function F, : CA, — RIT:| by
= D vy e R
vels
that is
Fu(to[Vol + 1 [Va] + - + ta[Va]) = €D Zt f(@yv)) e RIT:L
~el's =0

whenever Vo NV N---NV; # @. (In particular, F5(0) = 0.)
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Then, together with (5.4]), one has

S S
:f(l_zz Z(d)g)oﬁyil))‘kzZﬂ's,'yoFsonsoﬁyilv

s=1~el'y VEV, s=1~€el'y

where 7,  is the projection of RITsI to the y-coordinate.
Consider the restriction Fs|a,, and apply Lemma 5.7 of [I8] to Ag; there is a
linear map F : Ay — RIT=l such that

(5.6) ‘Fs(x)—ﬁs(a:)H < % z €A,
and
(5.7) ‘{’y €Ty : o (Fy(z)) = 0}] <dimA,, z€ A,

Extend F, to CA, linearly by assigning F,(0) = 0, and still denote it by Fj.
Since the map Fj is linear on CA; and F5(0) = 0, by (5.6) and (5.7), one has

(5.8) HFS(@ - Fs(x)H < % z € CA,,
and
(5.9) ‘{7 €T,y (Fu()) = 0}‘ < dimA,, z € CA,\ {0}
Put
S S ~
(5100 g=fA-33 S @Yoy N+3 Y m,0F om0
s=1~€el; VeV; s=1~€ls

and then, for any x € X,

f(w)—g@c)\
= Y T meRenr )= Y X m e Fronten )
s=1~el, s=1~€l,

s
= Z Z (s 0 Fsoms(zy™") = mey 0 Fuome(ay ™))

s=1~€l,

If x ¢ |_]S 1 Uyer, W, then
ns(x’}/il)zoa Fyel—‘& 5217"'55'

Hence

Tony o Fyong(ey™) =mgy0Fsong(zy 1) =0, ~yeTl,, s=1,...,85,
and
(5.11) fla) = g(x).

If z € |_|S 1 Uyer, Wy € |_|5 1 U, er, Usv, then there exist so € {1,...,5} and
Yo € I'y, such that

2 is only in Ugyvo.
Then
175(967_1) =0, ~veTly, s# s,
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and
Nso(@Y™1) =0, 7 #.
Hence, by (5.8),
S ~
Z Z Moy 0 Fsong(zy™!) = myy 0 Fyoms(any™"))
s=1~€l,
= Ts0,v0 © FS(J © 1so (‘T’Y(J_l) — Msp,v0 © F‘So O 1so (x’YO_l)
- €
37
and .
F(@) = gl@)] < .
Together with (5.11)), one has
~ €
— < -3
7= <3

and together with (5.5, one has
2e
17 —gl < % <

Let us estimate

ocap({z € X : g(x) = 0}).
First, note that for an arbitrary z € Bs, where s € {1,2,...,S}, one has that
ns(z) # 0, and hence by (5.9),

(5:12) [y €Ts: g(e) =0} = {7 € T 7oy (Fulis(2)) = 0} < dima,.

Let 'y C T be a finite set which is sufficiently invariant such that

int; s T2 71F0’
(5.13) Uo=1(T2) > E,
3
and (by (5.2)),
(5.14) {yveTy: x’yEX\|_||_|BS'y}<— r e X.

|F | =1 4eT,

Let © € X be arbitrary, and consider the orbit zI'. The partition

S S
=x\| ] Byul] ] B~

c=1~€ly c=1~€ls

induces a partition of zI'; since the action is free, this induces a partition of I':
o0
=AU |_| CiFs(i)a

where

S
A={yeT:ayeX\ ||| ] Bah

s=1~€ly
s(i) € {1,2,...,8} and ¢ el, i=1,2,...,
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satisfy
(515) xe; € Bs(i)'

Restrict this partition to I'g, one has

(5.16) To=TonMU || @Ton(elsm)U || also-
cils(iyZTo cil's)CTo

A straightforward calculation shows that if v € T'o N (¢;T'5(;)) and ¢y € To,
then ~ ¢ int(r‘Z(‘))—lro. Therefore
|| Tonelyu) STo\ intys 2, ) (To) = Ays_ 2, )-+To.
eiTs(1)ZTo

and, by (E)..lﬁl), M), (|5-l2a|)7 M)a (5-131), and (lm)v

Fio [y € Ty : g(ay) = 0}

_ [TonAl l—lciFS(i)QFo (o Neil's(ay) 1

= + + = {vecilsu : g(xy) =0}
ITo] ITo] ITo] Z | v |
il s(i) =10
ITo N A| UciFS(i)gFO (Lo Neil'seiy) 1
= + + = {v€Tlyu : g((xc;)y)=0}
ITo] ITo] ITo| Z el |
il s(i)=10
0 s T
|F0ﬂA| Us:l(ri(i)) E 0‘ 1 .
< + — Z dimA ;)
ol Lol ITol . r e,
< £ n € N Zcirs(i)gro dimA ;)
-3 3 Zcirs(i)gro }FS(i)|
< 2 + .
3 3

Since x is arbitrary, this implies
ocap({z € X : g(x) =0}) < ¢,
as desired. 0

Remark 5.2. Note that if T' = Z¢, it follows from Theorem 1.10.1 and Theorem
1.10.3 of [17] that

TRP 4+ mdim0 < SBP,
where TRP stands for the Topological Rokhlin Property in the sense of 1.9 of
(edim(X,Z%) < densely for some [ € N is actually not needed in Theorem 1.10.3).
It is easy to see that URP implies TRP. Therefore, in this case, the statement of

Theorem [5.1] is covered by Theorem 1.10.3 of [I7]. It was also proved later in [18]
(Corollary 5.4) that

mdim0 < SBP

for any Z%-actions with marker property.

With the Uniform Property Gamma and [2], Kerr and Szabo has the following;:
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Theorem 5.3 (Corollary 9.5 of [21]). Assume that (X,I') has the (SBP). Then,
C(X) % T has the strict comparison if and only if it is Z-stable.

Thus, together with Theorem [5.1land Theorem 4.8 of [33], one has the following:

Alternative proof of Theorem [4.8l Since (X,T) is assumed to have the (URP) and
mdim0, by Theorem [5.1] it has the (SBP). Therefore, by Theorem [5.3] in order to
prove the theorem, it is enough to show that C(X) x T has the strict comparison of
positive elements. But since (X, I') has the (COS) and mdim0, the strict comparison
property follows from Theorem 4.8 of [33]. O
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