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Keywords: Max-pressure signal control has been analytically proven to maximize the network throughput
Max-pressure control and stabilize queue lengths whenever possible. Since there are many transit lines operating
Maximum stability in the metropolis, the max-pressure signal control should be extended to multi-modal trans-

Public transit portation systems to achieve more widespread usage. The standard max-pressure controller is

more likely to actuate phases during high-demand approaches, which may end up ignoring the
arrival of buses, especially in bus rapid transit. In this paper, we propose a novel max-pressure
signal control that considers transit signal priority of bus rapid transit systems to achieve both
maximum stability for private vehicles and reliable transit service. This study revises the original
max-pressure control to include constraints that provide priority for buses. Furthermore, this
policy is decentralized which means it only relies on it relies only on the local conditions of
each intersection. We set the simulation on the real-world road network with bus rapid transit
systems. Numerical results show that the max-pressure signal control which considers transit
signal priority can still achieve maximum stability compared with other signal control integrated
with transit signal priority. Furthermore, the max-pressure control reduces private vehicle travel
time and bus travel time compared to the current signal control.

Bus rapid transit
Transit signal priority

1. Introduction

As a bottleneck for urban transportation networks, intersections have attracted lots of attention from researchers. To optimize
signal timing and achieve maximum throughput of intersections, recent studies have proposed max-pressure-based signal control
policies for adaptive adjustive signal timings (Wuthishuwong and Traechtler, 2013; Varaiya, 2013; Gregoire et al., 2014; Xiao et al.,
2014; Rey and Levin, 2019; Chen et al., 2020; Mercader et al., 2020; Levin et al., 2020; Li et al., 2021). One property of max-
pressure control is it had proven to serve all demands whenever possible. Max-pressure control is also decentralized, which means
the network-level optimal solution can be found by a local traffic signal controller only using the traffic information from upstream
and downstream links (Varaiya, 2013; Tassiulas and Ephremides, 1990).

Implementation of max-pressure control faces some real-world challenges, such as the equity between private vehicle users and
public transit users. Specifically, implementation of max-pressure control may cause bus service to become unreliable and increase
bus users’ travel time because the max-pressure controller is more likely to give phases for a large demand approach. However, bus
service quality is an important factor that could promote part of the travel demand shift from driving to public transit. To achieve
equity between different transportation modes, public transit priority is introduced to improve bus operation efficiency (Hunter-
Zaworski et al., 1995; Ma et al., 2014; Ding et al., 2015; Anderson and Daganzo, 2020; Deng and Nelson, 2011; Eichler and Daganzo,
2006; Levinson et al., 2002; Bayrak and Guler, 2020; Wadjas and Furth, 2003; Yang et al., 2019). One major approach is granting
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signal timing priority (also called transit signal priority, TSP) to the buses, TSP has three kinds of types: passive priority method,
active priority method, and real-time priority control method (Hunter-Zaworski et al., 1995; Currie and Shalaby, 2008; Christofa
and Skabardonis, 2011; Li et al., 2011; Ma et al., 2014; Ding et al., 2015; Wadjas and Furth, 2003; Lin et al., 2019; Yang et al., 2019;
Bayrak and Guler, 2020). The other major approach is designing exclusive bus lanes, which are usually built with bus rapid transit
system (Deng and Nelson, 2011; Levinson et al., 2002; Eichler and Daganzo, 2006). For bus lanes, there are some other designing
strategies, such as queue jumper lanes (Zhou and Gan, 2005; Truong et al., 2016) and intermittent bus lane (Eichler and Daganzo,
2006; Chiabaut et al., 2012; Chiabaut and Barcet, 2019; Currie and Lai, 2008). Both can effectively increase the operational speed
of buses and increase the level of service of the public transit system.

However, previous max-pressure signal control policies assume that public transit uses the same signal timing as private vehicles.
If the operation of public transit is ignored, there may be problems at certain intersections that are neglected when implementing
max-pressure controller policies. For instance, the max-pressure controller is more likely to actuate phases for high-demand
approaches, which may delay buses waiting in lower-demand approaches.

In order to improve the scope of the application of the max-pressure control policy, we combine the max-pressure control with
TSP for the first time. The contributions of this paper are as follows: (1) We modify Varaiya’s max-pressure control policy to give
priority signals to bus rapid transit (Varaiya, 2013). Specifically, in this paper, we only consider situations where bus rapid transit
has exclusive bus lanes. (2) We design dynamic queueing models for bus rapid transit systems and private vehicles. (3) We formulate
the conflict region model, which is inspired by autonomous intersection control, for the proposed max-pressure policy to eliminate
the conflicts between buses and private vehicles (Levin et al.,, 2019) (4) We analytically prove the max-pressure control policy
considering bus rapid transit can also achieve optimal throughput at the network level. (5) We implement our simulation using the
road network, bus rapid transit (BRT) system, and bus timetables from downtown Austin, Texas, USA.

2. Literature review

In this part, we first review related papers focusing on transit signal priority. Then we review the existing literature on
max-pressure control.

2.1. Transit signal priority

Transit signal priority has been implemented in many cities around the world to improve bus operational performance (Hunter-
Zaworski et al., 1995; Ma et al., 2014; Ding et al., 2015; Anderson and Daganzo, 2020). Many bus routes are located in a primary
corridor of cites (Deng and Nelson, 2011). High-performance public transit systems can attract more travelers to transit from using
private vehicles, which would reduce traffic emissions and congestion significantly. One way to enhance public transit priority is
building exclusive bus lanes or intermittent bus lanes (Eichler and Daganzo, 2006; Chiabaut et al., 2012; Chiabaut and Barcet, 2019;
Currie and Lai, 2008), which are part of bus rapid transit (BRT) Systems (Levinson et al., 2002; Eichler and Daganzo, 2006). Another
way is designing TSP strategies for public transit systems. Passive priority methods (pre-determined signal setting) (Lin et al., 2019),
active priority methods (real-time detection of buses on the intersection arms) (Currie and Shalaby, 2008; Christofa and Skabardonis,
2011; Lin et al., 2015), and adaptive/real-time priority control method are three types of the most widely used TSP strategies (Li
et al., 2011). For passive priority signal, all the phases and timing are pre-designed to accommodate intersection traffic demand and
buses operation. The green time extension is a typical method belonging to active transit signal priority, which required bus arrival
information, such as arrival time, speed to insert phases for buses. Specifically, adaptive/real-time priority controllers are not only
based on the information from detectors but also try to optimize signal timings for some performance metrics, like private vehicle
delay, person delay, bus delay, etc.

Previous studies have tried to achieve more benefits from the implementation of TSP strategies. Some papers used simulation
tools to test the performance of TSP (Chang et al., 2003; Wadjas and Furth, 2003; Dion et al., 2004; Stevanovic et al., 2008).
Due to the complexity, these simulations only considered one intersection or arterial, rather than the whole road network. For
instance, Stevanovic et al. (2008) used VISSIM and Direct CORSIM to optimize basic signal timing parameters for transit signal
priority setting. Their results showed the transit signal priority setting based on a genetic algorithm can reduce travel delay on
the corridors in Albany, NY, with mixed traffic and transit operations. With the development of intelligent transportation systems,
several studies aimed to leverage advanced transportation technology to make the best use of TSP. Wu et al. (2020) analyzed the
transit signal priority considering buses as moving bottlenecks along an arterial with mixed traffic scenarios. They used the lax-hopf
equation (Claudel and Bayen, 2010a,b) to evaluate vehicle operations at the arterial level, the results showed that implementing
TSP can be better than implementing exclusive bus lanes in some scenarios. Yang et al. (2019) used more precise and detailed
information from connected vehicles for TSP implementation to minimize the delay of buses and cars. Bayrak and Guler (2020) tried
to determine the optimal transit signal priority implementation locations in an urban transportation network. They tested different
scenarios aiming to minimize the total travel time of network users. Some studies used simulation-based methods to explore the TSP.
Meanwhile, optimization-based methods are also popular in improving TSP strategies. Ma et al. (2014) proposed a person-capacity-
based optimization method for the transit priority operation at isolated intersections. Their optimization problem was formulated
as a mixed integer linear program (MILP). Christofa et al. (2013) presented a person-based traffic responsive signal control system
for TSP, which was formulated as a Mixed Integer Nonlinear Program (MINLP) aiming to minimize the total person delay while
providing priority to public transit vehicles. Some data-driven based methods are also used in designing TSP strategies. Ding et al.
(2015) established a multi-objective TSP method that used the ARIMA-SVM hybrid model to predict bus dwell time at bus stations.
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The prediction model used data extracted from the BRT Line 2 from Changzhou City, China. With real-time average passenger delay,
the maximum queue length, and the exhaust emissions as its optimization objectives, their proposed TSP method performed well in
VISSIM simulation experiments.

Overall, existing studies of TSP have demonstrated that TSP strategies are an efficient way to improve the performance of public
transit systems. These studies leveraged simulation-based and model-based methods to find the optimal locations, modified strategies
to achieve better implementations with traditional vehicles. However, none of them consider the stable impacts for private vehicles.
Furthermore, most of them focused only on one intersection, one bus line, or in some grid-based networks. Specifically, when TSP
sacrifices the general benefits for private vehicles, the queue length of private vehicles may grow arbitrarily large around the urban
network, which we call unstable scenarios.

2.2. Max-pressure control

Initially, max-pressure control was developed as a scheduling strategy in communication and power systems (Tassiulas and
Ephremides, 1990). Varaiya (2013) converted it to a decentralized traffic signal control policy that guarantees network stability
whenever possible based on the store-and-forward queueing model. In Varaiya (2013)’s paper, max-pressure control defines the
pressures of each turning movement then finds the phase with the maximum pressure for each iteration. In addition, it is also a
decentralized algorithm that can be computed separately for the individual intersection.

The advantageous properties of max-pressure control have led many researchers to introduce it into the area of traffic signal
control (Wuthishuwong and Traechtler, 2013; Varaiya, 2013; Gregoire et al., 2014; Xiao et al., 2014; Rey and Levin, 2019; Chen
et al., 2020; Mercader et al., 2020; Levin et al., 2020; Li et al., 2021). Varaiya (2013) defined the weight function as the difference
between the queue length of the current movement and the weighted average queue length of downstream movements. Some
researchers have followed Varaiya’s weight calculations (Rey and Levin, 2019; Levin et al., 2020), while some others have used travel
time instead of queue length to define the movement weight (Mercader et al., 2020). Li et al. (2021) used the density information
and designed a position weighted back-pressure policy to calculate the weight. However, it is impossible to know spatial-time density
in the real world due to the limitations of loop detectors. After calculating the weight of each movement, the pressure term can be
calculated by the weights. Most papers calculated the pressure term from the product of link capacity and movement weight (Varaiya,
2013; Chen et al., 2020; Mercader et al., 2020; Levin et al., 2020; Li et al., 2021), while others calculated the pressure term from
delay-based information (Wu et al., 2017).

Due to the complexity of the max-pressure control policy, some researchers did not include an analytical proof of stability. Sun
and Yin (2018) used the VISSIM platform to compare several proposed max-pressure-based traffic signal control methods. The
results showed that max-pressure control achieved better control performance of adaptive signal control systems. Also, the cycle-
based max-pressure control seems to perform worse than the non-cyclic max-pressure control. Mercader et al. (2020) compared
travel-time-based max-pressure controller with other traffic controllers via micro-simulation study. Their results showed that the
max-pressure controller performs better than other traffic signal controllers in terms of travel delay.

Several improvements have been made to make the max-pressure control more palatable for practical implementation. Rey and
Levin (2019) put attention on the long-time existence of mixed traffic flow and proposed a modified max-pressure traffic control
policy for mixed traffic flow of legacy and autonomous vehicles. They introduced a blue phase to coordinate autonomous vehicles at
network intersections. They also proved that the proposed hybrid network max-pressure controller can achieve maximum stability,
i.e. maximizes throughout. Chen et al. (2020) developed the AIM-ped algorithm, which can achieve optimal throughput combined
with max pressure control. Their paper proved that the max-pressure controller could achieve a more realistic implementation. To
reduce the negative influence brought by the original max-pressure control police, Levin et al. (2020) introduced a cyclical phase
structure max-pressure controller to make the max-pressure policy more friendly for drivers’ preference. The most similar previous
study to this one is the paper that considered pedestrians (Chen et al., 2020). However, their simulations were only implemented on
the grid-based network. Inspired by the aforementioned research, we extend the max-pressure policy to consider the transit signal
priority of bus rapid transit systems in the real-world network for the first time.

3. Network model
3.1. Road network model

Consider a road network G = (N, A) with nodes N and links .A. Nodes represent intersection locations. The link set A is divided
into three subsets, which is the entry link set .A,, internal link set .4;, and the exit link set .4,. Entry links are the source links where
buses and private vehicles can enter the network. Exit links are the sink links where buses and private vehicles leave the network.
Internal links connect the intersections located inside the network. Note that the bus links in this paper only represent exclusive
bus lanes (private vehicles are not allowed to use them), which are part of bus rapid transit systems in reality. We use 1"’.+ and I'T
to represent the sets of outgoing links and incoming links of intersections respectively. One turning movement is a combination of
two links. For instance, (i, j) and (j, k) are two movements respectively. We define M to be the set of all turning movements in
the network. Let xll.’j(t) be the number of private vehicles on link i waiting to move to link j, and let xg.(t) be the number of buses
waiting on link i waiting to move to link j. Let d,() be the demand entering the network on link i € A,, which is composed by
the bus demand d?(z) and private vehicles’ demand diP(t). Turning proportion r?k(t) is the proportion of buses entering ;j that will
next move to k. We assume that r?k(t) is fixed (we could get this information from the bus company or do field surveys), which
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Fig. 1. Network example.
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Fig. 2. Queue evolution instruction.

represents turning movements of buses. Turning proportion rfk (t) determines the proportion of private vehicles entering j that will
next move to k, which are independent identically distributed random variables with mean ffj. We separate the link queues by
turning movements since different turning movements at intersections could not be activated at the same time in some scenarios.
The capacity of bus link i is denoted by QB. Therefore QE. = min(QF, Qf‘), is the maximum number of buses that can move from i
to j in one time step. The capacity of private vehicle link i is denoted by QF. Therefore, ij = min(QF, Q}’), is the maximum flow
of vehicle movement (i, j). Note that, both the buses’ and private vehicles’ capacities represent the physical properties of the road,

which means they are determined value. We assume that Q?j and ij are constants. These variables are shown in Fig. 1.

3.2. Bus queueing model

To represent the propagation of bus queueing in the network, we use the store-and-forward model of Varaiya (2013). We assume
buses have entry and exit links. For the internal links, we have the following equations to represent flow conservation:

B+ D=xpO-yFO+ Y yOXEO €h)
(i,j,h)eA3

where yg. (¢) is the number of buses from i to j at time 7, which is controlled by traffic signal. rg(t) is the proportion of buses entering
i that will next move to j. Fig. 2 shows how the queue evolves from upstream to downstream. Flow conservation also applies to
entry links, which are connected with bus terminal stations.

x?j(t +1)= x?j(t) - y}?l,(z) +dP(1)x r?j(t) 2)

We assume that entry link i € A,, dI.B(t) is based on the bus timetables. In reality, the number of buses from terminal stations is
varies over time throughout the day. We denote the mean value of bus entering flow as d? and further assume d?(t) has maximum
value d?. Intersection-controlled bus movement flow is yﬁ. (¢). At each time step, a traffic signal phase is selected. The activation of

4
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bus turning movement (i, j) is denoted by s;(®) € {0, 1}. s;;() = 1 means movement (i, j) gets a green light, and 5;;(f) = 0 means that
movement (i, j) gets a red light. The value of yg(t) is determined by the following equation

W80 = min { 085, x50 | @)
3.3. Private vehicle queueing model

To represent the propagation of private vehicles queueing in the network, we use the store-and-forward model from Varaiya
(2013). We assume private vehicles also have entry and exit links. For the internal links, we have the following equations:

X+ 1) = x50 -y (0 + > hox 0] @
(i.j,h)eA?
where y})j(t) is the flow of private vehicles from i to j at time ¢, which is controlled by traffic signal. rf/.(t) is the proportion of private
vehicles entering i that will next move to j. Fig. 2 shows how the queue of private vehicles evolves from upstream to downstream.
Flow conservation also applies to entry links, but entering flow is determined by the demand d}’(t).

X+ 1) = xp (0 =y, (0 +df (0 X () (5)

We assume that for entry link i € A,, diP(t) all t are independent identically distributed random variables with mean d_}’. We
further assume df(¢) has maximum value d?.

Intersection controlled flow of private vehicles is yfj(t). At each time step, a traffic signal phase is selected. The activation of
private vehicle turning movement (i, j) is denoted by s;;(#) € {0, 1}. s;;(f) = 1 means movement (i, j) gets a green light, and s;;(t) = 0
means that movement (i, j) gets a red light. Noted that buses have priority in the intersections, which means if buses and private
vehicles arrive at an intersection at the same time, traffic signal phases will choose 1 for buses and 0 for private vehicles. The value
of y};() is determined by the following equation

3%, (1) = min {Qg.s[ o x}’j(t)} ©)
Furthermore, we can rewrite Egs. (4) and (5) as the following two equations, respectively.
x4+ 1) = 5 (1) - min {Q}’js,j(z), x}’j(t)} + Y min {QF s, (0. X0 0} x P () VieAjer? %)
heA”
x4 1) = 57 (1) — min {Q};s,.j(z), xfj(t)} +dP ) x P () VieA.jEeTy 8

3.4. Signal control and transit signal priority

The activation of turning movement for buses and private vehicles is denoted by s;;(r) € {0,1}. Let S,(7) be an intersection
matrix for intersection r, and all turning movements activated in intersection control S, () matrix cannot conflict with each other.
Activating S,(r) at all time step, we can define the intersection control sequence S, = {S,(¢),7 € T} that includes signal controls for
all intersections r from start to end. Let S be a set that includes all feasible network control matrices for all intersections, and S,
denotes a set including all feasible intersection matrices for intersection . We denote the convex hull of all feasible signal control
matrices as Conv(S).

We give public transit more priority than private vehicles when there are bus lanes with BRT, which means when the buses of BRT
are waiting at an intersection constructed with bus lanes, the green light will be actuated to at least one phase of bus queues at the
bus lanes. More specifically, the feasible signal control integrated with transit signal priority should obey the following relationships:

First, the number of signal control buses flow yﬁ. () should larger than zero if buses are waiting. That is

320 = min {Qﬁs[j(t), xﬁ.(:)} >0 if Y Bn>0 ©
(i.j))EA?
In order to activate the phases where the buses will travel through, we have the following equation
> syxxEn>0 i Y xB@m>0 (10)
(i,j)eA? (i.))EA?
After that, we rewrite Eq. (10) as follows
Z sy XxBO-120  if Z Xp0 >0 11)
(i,j)eA? (i.j)eA?
Fig. 3 shows how the transit signal priority provide for a given fixed-time signal control, adaptive signal control, and max-pressure
signal control.
Therefore, we can obtain some feasible signal controls s; (0 that satisfy transit signal priority constraints, that is s; () €S, We

define S, be a set that includes all feasible network controls integrated with transit signal priority. S, is a subset of S, thatis S, C S.
Furthermore, we define the convex hull of all feasible signal control integrated transit signal priority matrices as Conv(S,). For any
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Fig. 3. Transit signal priority.

given intersection control sequence, the long-term average time used for serving turning movement (i, j), which also considers transit
signal priority can be calculated by Eq. (12). Let § and s(r) be the vectors of 5;; and s;;(f) respectively.

T
o
5y = lim 7 3 sy (12)

t=1

The convex hull of S, the set of feasible network controls integrated with transit signal priority, is

Conv(S,) = {Z AS[AS <0, 4= 1} (13)

SES

Proposition 1. If s(t) € S, then there exists a § € Conv(S,) such that

s(t) (14
1

Proof. First, we prove that 5 is in the convex hull of S,. For any T, Let T x 4 be the number of times so that s(t) = s. Since s(t) € S,
Yses T3 =T, so A is the proportions of time spent in each phase. Therefore
P

T
_ 1
§= Jim — gfs(t) (15)
| T
= Jim — XD sty = s)s (16)
1=1 ses’p
| T
= lim — > Y Tis a7)
r=1 seSp
= Z }Lss (18)
seSp
Since § is the convex hull of S, there exists A, satisfying ¥ s, 4 =1 such that
§= Z AgS (19
sESp
Define the indicator function as
1 ifs@) =
Is() = ) S0 =s 20)
0 ifs()#s
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For any A € {0, 1} there exists a sequence Ay(r) such that
L &
Jim ; I(s(t) = s) = Aq (21)

Since Zsesp Ag=1,

T
. 1
Jim Zf I(s(t) =s) = 1 (22)
Finally, we obtain the following equation
| v | v
S= Jim — Z Z I(s(t) = s)s = lim Z s@) O (23)
1=1s€S, t=1

3.5. Stable network

Stability refers to the ability to serve all demand in the transportation network. The bus transit rapid system is always stable since
the number of buses belonging to the bus transit rapid system is limited and much smaller than the number of private vehicles. We
define the stability of the network mathematically as follows:

Definition 1. The network is stable if the number of private vehicles remains bounded in expectation, i.e. there exists a k¥ < o
such that

T
lim sup %Z Z ]E{xg(t)} <K 24

T—o
=1 (i,j)eA?

It is easy to choose a demand rate vector d” such that no traffic signal timing policy can stabilize it. For instance, we can choose
a very large demand rate that exceeds the turning movement capacity. The objective of our modified max-pressure control is to
stabilize any private vehicles’ demand rate that could be stabilized by some signal control also considering transit signal priority
of bus rapid transit. To prove the maximum-stability property, we must first define analytically the sets of demands that could be
stabilized. The definition is similar to that of Varaiya (2013) and Levin et al. (2020), but we should consider transit signal priority
in this study.

3.6. Stable region

For private vehicles, since the demand of private vehicles is stochastic, the stable region is defined in terms of the average
demand rates d°. Demand for entry links can be propagation to demand for entry links. Let f” be the average private vehicle traffic
volume for link i. For entry links, we have

fF=d’ (25)
For internal links of private vehicles, fl.P can be determined by conservation of flow:
7= s (26)
i€A
By Proposition 1 of Varaiya (2013), for every demand rate d” and turning proportions ¥, there exists an unique average flow
vector f”. The network can be stabilized if the average private vehicle traffic flow can still be served by some traffic signals integrated
with transit signal priority. That is, there must exist an average signal activation § € Conv(S,). Note that, the stable region is different
from Varaiya’s definition (Varaiya, 2013), because the § € Conv(S,), which includes transit signal priority.
PP . o AP
f,- ",‘jss,'jQ,-j (27)
where 5;; can be obtained from Eq. (12), based on some feasible signal control consider bus priority s;;(t) € S,.
Let D be the set of demands which satisfy constraints (25)—(27). Let D° be the interior of D, where constraint (27) holds with
strict inequality. Then there exists an ¢ > 0 such that
f}’f‘.’j -5,0° <—e (28)

i ij =

Proposition 2. If d* ¢ D, then there does not exist a signal control policy can stabilize the network.
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Proof. Since d” ¢ D, V5;; € S,, there exists a 6 > 0 and at least one turning movement (i, j) satisfying f}’?}’j >5; ij +6.
Based on Eq. (4) we have

X+ 1) = xP (0 = D YO @) = Y5 ) (29)
(i.j,h)eA3
Based on Eq. (29) we can obtain the following relationship:
7—1 [ i
E[Y Y <x}.’j(z +1)- xg(z)> =E| Y <x}’j(r) - x5(0)> (30)
1=0 (i,j)e A2 | (.))eA? 1
71—1
=El) <yii<r>r§’,(r> - yi’,(z)) (31)
| =0 (hij)eA3
_ PP < P
=E| Y <fj - s,.jQ,.j> (32)
| (i)EA? ]
>E[z0] = 70 (33)
Moving x}’j(O) to the right hand side, we obtain:
E[ Y S@|z0c+E[ Y X0 (34
(i.j)eA? (i.))eA?
or equivalently
E[Ix"(0)]] > 67 + E [Ix"(0)]] (35)
From Eq. (35), we obtain
1 < 1 <
. P . P
Jim E [? ; Ix (z)|] > lim E [? ;[HIHE [Ix (0)|]]]
1 T 1 T
S H = : 2 P —
= lim E [T ;(01)] + Jim E [T ;[lx (0)|]] % (36)

which violates Eq. (24). [
Note that if the network is unstable, the private vehicle’s turning movement flow is greater than the traffic signal integrated
with transit priority that can serve.

3.7. Stability analysis based on average signal control

We now proceed to prove that the average signal control with bus priority will stabilize any private vehicle demand d* € D°.
Since any demand d* ¢ D cannot be stabilized by Proposition 2, this essentially proves that we can find an average signal control to
achieve stability. The only excluded demand is on the boundary of D, for which the Markov chain can be shown to be null recurrent
but not positive recurrent. Note that we only care about the stability of private vehicles because we always give signal priority to
BRT.

Lemma 1. When d* € DY, the average signal control resulting from Eq. (12) and satisfying constraints (25)—(27) are used, there exists a
Lyapunov function v(t) > 0 and constants k < oo, ¢ > 0 such that

E[vt+ 1) — v x* ()] < & — elxP ()] (37)
Proof. To calculate the queue length at time 7 + 1, we apply the private vehicle queueing models shown in Eq. (7)-(8). Then, let
6;;(t) be the difference of the queue length of private vehicles between time steps ¢ and time steps 7 + 1.

81(1) = x5t + 1) = X[, (1)

= —min {Q}}s, (D), xfj(t)} + hz;{_ min {Q} 5, (D), xp,(N} X ri,(1) Vi€ A, jeT] (38)
€.
8,0 =38+ 1) = X0 = —min { %5, (0.xE0 | +dPOx /(0 VieA.jery (39)
Let xP(r) be the matrix including all queue length of private vehicles. We define the Lyapunov function v(z) as follows:
2 2
=Kol = ¥ (o) (40)
(i.j)eA?
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Then we expand the difference v,(t + 1) — v, (?):
vt + 1) —v() = |xP(t + 1)‘2 - (xp(z)‘z = |x"(z) + a(z)(z - |x"(z)(2 =2P(T8(t) + |6(t)|2 (41)

20780 = =250 Y, Y min {QF 5,00}

I'E.Aje[“iJr

+2 3 3y xp )y min { Q) 5, (1), xp, (1)} 5 (1)

helT i€A jer’*
i

+2Y Y (—Inin {Q}’js,.j(t), xf;(r)} +dP(n)x r}.’/.(t)) (42)
€A, jeF,*
=2 ¥ Y min{Qs,0.xb0 -0+ Y Ao
I€AUA, jer ker;
+2 ) Y dl ) xrhnx o (43)
i€A, je[‘iJr

Replacing the turning proportion rfj(t) with average value FI'.’/., sincelimy_, o, % ZL | Ziijed? rfj(t) = Yiiea Ffj since rfj(t) is a random
variable. Therefore we have the following equation:
EOTso 0= Y Y E [min {ijs,. o x}’/.(t)} X (=x (1) XP(t)]

i€EAUA, je[‘i'"

xp(t)] N DIAEAC

ker;

x*’(r)] (44)

+ Y Z]E[min{Q}}s,.j(z),xfj(z)}

i€EA;UA, jEr’fr

+ ) E[d}’(r)fg.x}.’j(z)

i€EA, je]":‘

Then we obtain

E X080 0] = Y E[min{Q}’js,.,(z),x}’j(z)} xP(t)] x[=xfo+ Y Aah o

I€EAUA, ker}
+ ZA d_IPF})ij(t) (45)
i€A,
For the last term of Eq. (45), ¥,c 4 d?ffjxll.)j(t), we have
Y &= Y Rl = Y [ (46)
€A, i€A, i€A,
- PP P PP _P
= ) 7 Frxe (1) = D R0 (47)
i€AUA, JEA;
= Y flEsto- [ > f,"ffj] b (1) (48)
IEAUA, jer;y LieAua, ker;
= Y o= P (1) (49)
IEAUA, ker}

By Proposition 1 there exists some 5;; € Conv(S,) such that E[s;;()] = 5;;. Then

E[FOTs0 0] = Y < PP -E [min {5,050}

i€EAUA,

XP(t)]> EHOEED WA (50)
ki

+
EFj

-y (fin}?j-g,.ijj) Ly - Y AP0

I€EA;UA, kel‘;’
+ Z (E,.jQS -E [min{QgsU(t),x}’j(t)} XP(z)D
i€EAUA,
X X0 = X Fado (51)
kel"j+
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For the second term of Eq. (51), if xfj(t) > Q}’j, then we have E |min {Q}’jsij(t), x;’j(z)} P = ijj,.j. Therefore, the second term

of Eq. (51) equals zero. If xﬁ(t) < ij, then we have E [min {ijs,-j(t), xfj(t)}

xp(t)] =E [xfj(z)

xp(t)] , which results in

) <§ij5’ - E[X})j(’)

i€EAUA,

xP(t)]> RAGE Z fka}’k(t) < Z 500X,

ke rj+ I€EA;UA,

< Y (&) (52)

i€EAUA,

2
Therefore, the second term of Eq. (51) is equal to zero or bounded by Y, AUA, (QZ) . Moving on, we focus on the first term
of Eq. (51). Based on inequality (28), we have

Y (-0 o= Y Aol Y (A5 -5,05) (o)
kert

i€AUA, i€A;UA,
< —elx"@) (53)
Eq. (37) satisfies the following relationship based on Egs. (52) and (53):
|5,./.(z)‘ =|—min {Q}’jsu(z),x}’j(z)} + Z min {Q} s;;(t), xb (1)} x r}.’j(z) vie A,jeI] (54)
heA;
< max Qg, Z Qg. (55)
heA;

Let d, ; be the maximum value of the demand. Then we have

|3, 0| = '—min {Qgs,.ja), xfj(t)} +dP(1) x 1| < max {QZ d”,.j} Vie A, jeT;y (56)
Define A as the maximum value among Qg, he A ij, and d, j» that is
_ P P
A=max{0F, ¥ Of.d; (57)
heA;”

Because the total movement of private vehicles is M, we have the following inequality
2
|| < M x22 (58)
From Egs. (53) and (58),

|x"(z + 1)‘2 - |XP(1)‘2 =2xP(0)T6+ )5(2

< 2( Y @) - e|x"(r>|> +MP (59)
iI€EAUA,
=k — e|xP ()] (60)

where k =2 ¥, 4,4, (@5 +MA. O

J
Based on the above procedure, we find that we do not need to know the lower-bound and upper-bound of signal to prove stability.
What we need is the long-time average time 5;; used for serving turning movement (i, /) while considering transit signal priority.

Proposition 3. When average signal 5;;, which satisfies the stable region constrains and obey the transit signal priority, is used and

d® € D, the transportation network is stable.

Proof. Inequality (37) holds from Lemma 1. Taking expectations and summing over ¢ = 1, ..., T gives the following inequality:

T
E [T +1) - v(D)|x* ()] ng—€Z|XP(I)| (61)

t=1

Then we have

T
1 1 1 1
GF ;E [lXP(l)l] <kK- ?E[V(T + 1)] + ?]E[V(l)] <K+ ?E[V(l)] (62)

r
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Table 1
Notation.
M Set of movements
N Set of nodes
A Set of links
l";r Set of outgoing links
r; Set of incoming links
xf;(t) Number of private vehicles of the movement from link i to link j at time step ¢
xg(t) Number of buses of the movement from link i to link j at time step ¢
r:P/ ) Proportion of private vehicles entering i that will next move to j.
r,B, ) Proportion of buses entering i that will next move to ;.
wrj(t) Weight of turning movement from link i to link j at time step ¢
dP () Bus demand at link i
a’}’(f) Private vehicle demand at link i
5;;(0) Actuation of turning movement from link i to link j at time step ¢
yz(t) Signal control private vehicle flow from link i to link j at time step ¢
yg(t) Signal control number of buses from link i to link j at time step ¢
Q}’J Capacity of turning movement for private vehicles from link i to link j
Q?j Capacity of turning movement for buses from link i to link j
0, Capacity of conflict region
) 0-1 binary dummy variable (a}; = | when private vehicles have conflict with buses)
P Average private vehicle traffic volume of link i.

which immediately implies that the stability Definition 1 is satisfied. []

Furthermore, we can prove that stability is not impacted by the initial condition. For Eq. (62), we move ¢ to the right hand side
and take the limit as 7' goes to infinity. Then the %IE [v(1)] term equals zero, which yields

T
Jim 20l <t 63)
4. Modified max-pressure control policy
4.1. Notations
See Table 1.

4.2. Max-pressure control policy considering public transit signal priority

This study uses the max-pressure control policy to calculate how many vehicles at the intersection should be served at every time
step integrated the transit signal priority. The weight of each turning movement is the queue length of this movement (i, j) of private
vehicles. The pressure calculation is shown by Eq. (64). As shown in Fig. 1, the downstream turning movements of movement (i.;)
are composed by movement (j, k), (j, k,), and (j, k3).

wh( = x50 = Y Oxh @ (64)
keryt

After we calculate the weight for each movement, a mixed-integer linear program is used to calculate the intersection control.
In this program, we use af; we indicate whether the buses’ movements have conflicts with private vehicles. The capacity of conflict
region is Q., which is determined by the capacities of turning movements, O, = max jyjeec;, {Q,-j}. The total number of private
vehicles and buses driving through the one conflict region per time is bounded by the capacity of the conflict region.

The max-pressure control policy considering bus priority tries to maximize the total pressure of private vehicles. Let sl?*j(t)
denote the max-pressure signal control at intersection » in the transportation network given the priority of bus transit, which is
s’.*j(t) = argmax,cg, Z(i’j)eM s,-/-(t)Qg wf.)j(t)] based on constraints (65b) to (65h). To be specific, constraint (65b) is combined with
Eq. (11) that indicates the max-pressure control gives priority to the bus transit. Specifically, once a bus appears in the area of
the intersection, our signal control s; () will be activated (s; ;0 =1)in this moving direction. However, if there is no bus, s; (1) is
controlled by the pressure of private vehicles, which is determined by the objective function, Eq. (65a). If two buses with conflicting
movements are waiting, then one of them will be given a green light. The optimal solution to problem (65a) determines which bus
will move first. The operation of transit signal priority is described in Fig. 3. Private vehicles would follow the bus transit priority

11
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signal. Constraint (65c¢) indicated the movement of private vehicles should consider the capacity of this movement and whether this
movement could conflict with buses or not. Constraint (65d) indicates the sum movements of private vehicles and buses should less
equal to the capacity of the conflict region. Constraint (65¢) indicates the movement of private vehicles should be less than or equal
to the queue length of the private vehicles. Constraint (65f) indicates the bus movement flow is bounded by the minimum value of
capacity multiples signal control or the length of bus queueing. (65g) means the signal control equal to 0 or 1. The constraint (65h)
indicates the queueing length of buses, the movement of private vehicles and buses should not be negative numbers.

max Y sy (005w (0 (65a)
(i.j))eEM
s.t. D X2 (0) [ D sy (DXL () - 1] >0 V@i, j) €M (65b)
(i.j))emM (i.))eEM
Vi) < 50070 - af) V(. j) € M (650)
PR HO AR AGES N V(i,j) € M,Ve € C (65d)
(i,j)EM
Yo < x50 v(i,j) € M (65€)
3B = min {Q}j.s,. S0, x}j(z)} V(i j) e M (650)
s;;(OV € {0,1} Y(i,j) e M (65g)
Xp (0, y1 (0, Y5 (0) 2 0 Vi, j) € M (65h)
Lemma 2. If max-pressure control policy considering bus priority is used and d° € D°, then we have the following inequality for 5, » which
is the average signal control considering bus priority and satisfying constraints (25)—(27).
El Y stoolulo|xX*O=El Y 5,080l ox 0 (66)
(i.))EM? (i.))EM?
Proof. First, we have
Y sEOtutn = Y s (008w ® (67)

(i.))EM? (i.))eM?
3 * *
since s[.j(t), 5;;(t) € S,, and 87

the private vehicle queue length x’(7) as
El Y si00puwjo|x* 0|2 E| ¥ s (0] w]0)

(i,j)eM? (i,))eM?

(t) maximizes objective (65a). Then we calculate the expected value of the above equation when given

xP(0) (68)

Since s,.*j(t) = argmax,es Y hep? s,-j(t)ijwg(t) and based on Eq. (12), we rewrite Eq. (68) to

E| Y si0Qpujo|x*0|2E| ¥ 5;00wfo|x" 0| O (69)

i (i,j)em? | (i,j)eM?

4.3. Stability analysis

Now, we proceed to prove that the max-pressure signal control with bus priority defined in 4 will stabilize any private vehicle
demand d” € DV. Notice that the bus demand can be stabilized at any time since the number of buses is limited and much smaller
than the number of private vehicles.

Lemma 3. If max-pressure signal control with bus priority is used and d* € D°, there exists a Lyapunov function v(t) > 0 and constants
x > 0, € > 0 such that

E[v(t+ 1) = vl x"(0)] < x —nIx" ()] (70)

Proof. Based on Egs. (7)-(44) and the definition of the pressure term (64), we obtain

ERPOTs0R 0] = Y B [min {ohsy.xb0} xP(t)] x (-ub o)+ Y d' 71)
i€EAUA, i€EA,
The last term of Eq. (71) can be rewritten as follows based on Egs. (25), (26), and (64):
P HAAOEI W e A0 (72)
€A, €A,
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= Y o= Y FEaho (73)
i€AUA, iEA;

= Y o= Y () X Ao 74)
I€ALUA, jery kert

RAACD 79
I€EAUA,

Combining Egs. (71) and (75) yields

E [x"()8(0)|x"(1)] = . AZA < fir —E [min {Q}’js,. j(r),x}.’j(z)} xP(t)]> wr (1) (76)
i€EAUA,
= .EAZ;‘A (f‘_Pff_’j - Q})jiij) w}’j(t)
+ AZA (Q}’j.&,, -E [min {Qf;s,.j(z), xfj(z)} XP(,)D wy (1) 77)
I€EAUA,

For the second term of Eq. (77), if xfj(t) > Qg, then we have E [min {Qgsij(t), xfj(t)}

xP (t)] = QZE,- I Therefore, the second term

of Eq. (77) equals zero. If xf.}(t) < Qg., then we have E [min {Qgsij(t), xfj(t)}

following

xP(z)] =F [x}.’j(t)

xP(t)]. Therefore, we obtain the

<Q,l')j§ij -E [x,l-)j(t)

2
xP(r)D wh(n < 050 < (oF)) 78)

2
Hence, the second term of Eq. (77) equals zero or is bounded by 3. AUA, (ij) .

The max-pressure signal control s7(#) is chosen from the feasible signal control set S,, which obeys bus priority constraints, and
Si*j(’) seeks to maximize the objective (65a). According to Lemma 2, we have

w:)j(t)] <E [ z ( f[_Pf})j - §ijQ}.’/.) wfj(z) w}’j(z)] (79)

iI€EAUA,

E[ > (f,."ff,—s,.*,<t>Q}?,)w:’,<t>

i€EAUA,

Therefore, for some feasible signal controls s;;(#) satisfying the stable region and integrated transit signal priority, we obtain 5;;
based on Eq. (12). We have

PP _ - P\ P P P
(f,. i = SijQ,-j> w,.j(t) < —€ Z max {wij,O} < —elw,.jl (80)
iI€EAUA, (i,j)eM?

We know that the pressure w(z) is a linear function of the queue length of the private vehicles. So we can find g > 0 to satisfy

et w}.)j > p|xP|. Then we have

2
—elufl <-epixl< Y (0F) - epix”l (81)

i€AUA,

;) is upper-bounded by max {QE, Dhea- ij }, which is the same as Eq. (54). Based on Eq. (81) and Egs. (54)-(58), we obtain
2 2 2
|x"(z + 1)‘ - |XP(1)‘ =2xP(r)Ts+ )5(

s2< Y (Qf’j)z—emx"(zn) M2 (82)

i€EAUA,
= &~ x| (83)
where k =23, 4.4 () +MA, ef =4 O

Proposition 4. When d° € DY, then the max-pressure policy considering transit signal priority is stabilizing.

Proof. The proof is analogous to Proposition 3. Inequality (70) holds from Lemma 3. Taking expectations, summing over ¢ =1,...,T,
and transferring the position of terms gives the following inequality:

.
- ZIE (X)) < 5= ZEMT + DI+ ZEIVD] < 5+ ZE[V(D] 84)
1=

which satisfies Definition 1 for stability. []
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5. Simulation model and numerical results

To test the effects of our proposed max-pressure control policy, we set up simulations on the downtown Austin Network based
on a microscopic traffic simulation tool, SUMO, interfaced with Python (Lopez et al., 2018). The demand file was from the authors’
past study, which can be found on Levin et al. (2020). Note that, there are two bus lanes built in the downtown area, the Austin
Metro Rapid, which is the bus rapid transit. Details are shown in Fig. 4. We add the Metro Rapid information into the simulation
settings, such as bus operational timetable and departure interval of routes and to make the simulation much closer to the real-world
condition. All the bus operational information is open access to the public on the Capital Metro website.

The numerical results presented in this part compare the performance of the max-pressure control considering transit signal
priority of bus rapid transit system (referred to as MP-TSP), adaptive signal control considering transit signal priority (referred to
as Adaptive-TSP), and a given fixed-time controller (referred to as FT-TSP) considering transit signal priority of bus rapid transit
system. It is worth noticing that we only give transit signal priority to built-in bus lanes. While, when there is no bus lane on a BRT
route, transit signal priority will fail for any signal controller in this simulation. In this simulation, there is no conflicting movement
for bus lanes in the Austin network, and the transit signal priority strategy is the same for all traffic signal control policies in this
paper.
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Fig. 7. Stable region comparison between MP-noTSP and MP-TSP.

5.1. Stability comparison

First, we compare the stability of the network based on Definition 1. Basically, we test whether the total number of private
vehicles in the network is increasing over time under different private vehicle demand level settings with 20 min bus departure
intervals. Fig. 5 shows an example of a stable condition and unstable condition. When the demand of private vehicles is within
the stable region, the average number of private vehicles will converge to a constant. However, for unstable demand, the average
number of private vehicles will increase to an arbitrarily large number.

Fig. 6 compares the result of the average number of waiting private vehicles for FT-TSP, Adaptive-TSP, and MP-TSP. At the same
private vehicles’ demand setting, the number of waiting private vehicles by FT-TSP and Adaptive-TSP are larger than the results for
MP-TSP. Furthermore, when increasing the demand level, the MP-TSP has a lower number of waiting private vehicles. These results
indicate that MP-TSP has a larger stable region than FT-TSP and Adaptive-TSP, and is able to stabilize the network at a higher level
of private vehicle demand, which is consistent with Section 4.2.

It is also worth exploring whether the signal priority affects the stable region. We compare the original max pressure control
(referred to as MP-noTSP) from Varaiya (2013) with MP-TSP under different bus departure intervals. The results are shown in Fig. 7.
These results show that when the number of waiting private vehicles of MP-noTSP is lowest under the same demand setting. This
is because, if we give more priority to transit, we will sacrifice the right of way at the intersection for private vehicles. When the
bus arrival frequency is higher (bus departure interval is smaller), the number of waiting private vehicles of MP-TSP is higher. This
is reasonable because the higher the bus demand, the more priority time buses are given.

From Fig. 7, we find that TSP may “reduce” the stable region of private vehicles. Specifically, the original private vehicle demand
may be within the stable region, but when TSP is considered, the private vehicle demand may fall outside of the stable region.
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Fig. 9. Trajectory of Lyapunov function under demand of 6000 vehicles per hour.

Fig. 8 shows the detail of throughput loss in experiments under 20 min bus departure intervals setting. Fig. 8 shows that when we
choose MP-noTSP, the network can serve 12500 private vehicles per hour, while when implementing MP-TSP, the network becomes
unstable (the average number of waiting vehicles increases to infinity). When we add private vehicle demand to 13 000 vehicles per
hour, both MP-noTSP and MP-TSP cannot stabilize the network. It is worth noticing when implementing MP-TSP, the network can
serve 12000 private vehicles per hour. Therefore, we may lose around 500 private vehicles network capacity when giving signal
priority to public transit.

We also provide the trajectory of the proposed Lyapunov function (40) as figures to show the dynamic pattern of stability for
FT-TSP, Adaptive-TSP, and MP-TSP. The demand setting and bus departure interval setting is the same as in Fig. 5. As Figs. 9-11
show, the Lyapunov function value of MP-TSP is still the lowest compared with Adaptive-TSP and FT-TSP. These results indicate
that MP-TSP has a larger potential to achieve maximum stability on a given network under different levels of demand.

5.2. Travel time

It is also important to explore how transit signal priority impacts vehicle travel time at the network level. The average waiting
time of MP-TSP, Adaptive-TSP, and FT-TSP at different demand levels and 20 min bus departure intervals time are shown in Fig. 12.
We also provide Table 2 including experiment results for better comparison. As the demand increases, vehicles spend more time
on the links and intersections. Therefore, the average waiting time increases. Unsurprisingly, since MP-TSP can serve more demand
than Adaptive-TSP and FT-TSP, MP-TSP have lower average travel time compared with adaptive-TSP and FT-TSP. Also, it is no
surprise that Adaptive-TSP make private vehicles have less travel time than FT-TSP controller since it could adjust phases duration
based on loop detectors. These results also indicate that the max-pressure controller integrated with transit signal priority performs
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better than the adaptive signal control integrated with transit signal priority and a given fixed-time signal controller integrated with
transit signal priority at different demand settings.

We also care about the bus travel time in the downtown area after implementing max-pressure control and transit signal priority.
We compare a given fixed time controller without considering transit signal priority (referred to as FT-noTSP), the origin max-
pressure signal control (referred to as MP-noTSP, which is Varaiya’s version), adaptive-TSP, FT-TSP, and MP-TSP. The results are
shown in Fig. 13. As the demand increases, bus average travel time in the downtown area increases under both 5 traffic signal
controllers. Bus average travel time is highest under the FT-noTSP controller, and MP-noTSP controller can reduce bus average
travel time in the downtown area, but it is not the best. Moreover, without transit signal priority (FT-noTSP and MP-noTSP), bus
average travel time in the downtown area is larger than the bus travel time under the traffic signal controller with transit signal
priority (FT-TSP, Adaptive-TSP, and MP-TSP). Unsurprisingly, Adaptive-TSP is the second-best, since it is more “advanced” based
on more loop detectors compared with FT-TSP, FT-noTSP, and MP-noTSP. Finally, we find that MP-TSP can reduce bus travel times
in the downtown area, and both bus departure interval setting is 20 min in the comparisons. Table 3 provides details of the output
of experiments. It is worthwhile to mention that at the start points of the bus lanes, where the upstream intersections are operated
by the origin max-pressure controllers, there may be long bus waiting times as demand increases. This could reduce the MP-TSP
travel time performance at the network level.

5.3. Impacts on the nearby roads
How the TSP influences nearby private vehicle roads and intersections are also worth exploring. Previous studies found that TSP
may increase some delay for non-transit modes in the urban network, which inspires us to figure out how MP-TSP will influence

nearby private vehicle roads. We calculate how the TSP influences the private vehicle links that are parallel to the bus links, which
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Table 2
Average travel time between MP-TSP, Adaptive-TSP, and FT-TSP.
Demands FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (seconds)
6000 478.71 388.60 360.07
7000 588.50 460.96 431.15
8000 664.24 535.55 504.23
9000 775.49 610.26 584.88
10000 893.26 689.60 665.15
11000 1001.21 776.57 762.65
12000 1071.39 866.85 849.31
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Fig. 13. Bus average travel time.
Table 3
Bus average travel time (seconds) in downtown area.
Demands MP-TSP Adaptive-TSP FT-TSP MP-noTSP FT-noTSP
6000 624.14 680.38 702.25 873.45 1006.31
7000 644.30 698.38 729.40 914.64 1011.02
8000 653.83 694.29 739.20 926.31 1031.59
9000 690.79 710.24 746.79 931.93 1041.52
10000 699.04 732.30 763.47 937.32 1057.03
11000 724.85 745.69 788.66 954.89 1124.51
12000 757.18 766.85 823.18 962.90 1156.84
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Fig. 15. Consistent direction.

are denoted as the consistent direction in Fig. 14, and the direction without bus links, which are denoted as the conflict direction in
Fig. 14. Note that for the conflict directions, we only consider the links between the nearest next intersection. We use the average
queueing time of private vehicles to figure out how FT-TSP, Adaptive-TSP, and MP-TSP influence the performance in those directions.
Experimental setting details are shown in Fig. 14.

The results are shown in Figs. 15, 16, Tables 4, and 5. For the consistent direction, the MP-TSP has a significantly lower queueing
time compared with FT-TSP and Adaptive-TSP when the private vehicle demand increases. For instance, when the demand is 11000
private vehicles per hour, the average queueing time when implementing MP-TSP is between 50 to 60 s under different bus departure
intervals, but the average queueing time when implementing Adaptive-TSP is between 80 to 90 s. Furthermore, when the demand
grows larger, the queueing time of FT-TSP increases faster than the queueing time of MP-TSP. These results are consistent with the
property of MP-TSP because max-pressure control can serve as much demand as possible while giving priority to bus rapid transit.
When the bus rapid transit departure interval is smaller, the consistent direction has lower queueing time, since buses arrive more
frequently when their departure time gap is smaller.

As for the conflicting direction, when the demand is below 10 000 private vehicles per hour, MP-TSP is slightly better than FT-TSP
when considering the queueing time. When the demand increases, MP-TSP is slightly worse than FT-TSP, because the max-pressure
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Average queueing time of private vehicles among FT-TSP, Adaptive-TSP, and MP-TSP and FT-TSP
in the consistent direction.

5 min bus headway

FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (Seconds)
179.75 42.36 12.57
203.76 50.35 23.12
230.89 57.50 27.44
245.46 67.95 34.69
270.35 76.61 43.61
299.34 88.93 52.73

10 min bus headway

FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (Seconds)
193.24 42.68 17.62
223.75 50.50 24.57
244.03 60.24 29.34
287.86 69.81 37.97
311.15 77.96 45.03
369.52 89.47 54.77

20 min bus headway

FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (Seconds)
194.65 44.68 18.47
222.11 51.80 25.11
246.69 63.27 31.84
275.57 69.06 39.66
305.85 78.40 47.29
380.23 90.07 54.94

controller would give priority to bus phases and high demand approaches, which may cause some delay for conflicting movements.

Furthermore, Adaptive-TSP performs best for the conflicting direction, because the adaptive signal controller can adjust its phase

duration based on the dynamic private vehicle demands, but MP-TSP will give more priority for private vehicles on the consistent

directions, which is the main transit corridor in the downtown Austin network. However, the travel time of private vehicles and

buses at the network level indicates that this will not influence that MP-TSP has better performance than FT-TSP and Adaptive-TSP.

When the bus departure interval is smaller, the conflict direction has a larger queueing time, because the consistent direction has

more priority when buses arrive more frequently in the consistent direction.
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Table 5
Average queueing time of private vehicles among FT-TSP, Adaptive-TSP, and MP-TSP and FT-TSP
in the conflict direction.

5 min bus headway

FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (Seconds)
142.40 13.91 100.39
171.39 19.63 128.73
181.00 26.29 185.36
200.67 32.53 210.92
233.56 37.62 234.21
258.25 48.31 320.09

10 min bus headway

FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (Seconds)
139.02 13.42 88.39

152.67 19.42 115.28

172.50 24.82 174.28

189.70 30.86 186.40

216.98 37.59 222.50

242.30 43.89 274.77

20 min bus headway

FT-TSP (seconds) Adaptive-TSP (seconds) MP-TSP (Seconds)
125.42 13.55 81.71

136.67 17.56 118.17

165.20 25.56 162.78

188.00 31.86 185.10

214.00 35.71 206.13

226.22 41.77 267.21

6. Conclusions

In previous studies, max-pressure control only considered the private vehicle network. However, the urban transportation
network also includes other traffic modes. Chen et al. (2020) extended max-pressure signal controller to autonomous vehicles and
pedestrians for the first time. To boost the scope of the application of the max-pressure control policy, we propose a modified
max-pressure control policy, which considers the transit signal priority of the bus rapid transit system. We analytically proved that
the MP-TSP can still achieve maximum stability.

Numerical results in the downtown Austin network suggest that, although the modified max-pressure control policy will have
a lower stable region compared with the original max-pressure control policy, it will have much lower bus travel time. Also, the
modified max-pressure control policy performs better than the other fixed time signal control incorporating with transit signal
priority and adaptive signal control incorporating transit signal priority based on the average number of waiting private vehicles,
the trajectory of the proposed Lyapunov function, the average travel time of private vehicles, and the bus average travel time. When
the private vehicle links are parallel to the bus links (consistent directions), the average queueing time increase with increase of
bus departure intervals, and the MP-TSP performs better than the FT-TSP and Adaptive-TSP (the second-best one). On the other
hand, for the direction conflicting with bus links, the MP-TSP performs better than FT-TSP when demand is low, and the average
queueing time decreases with the increase of bus departure intervals. It should be noted that Adaptive-TSP performs best in the
conflict direction with bus links, this is because the adaptive signal controller can adjust its phase duration based on the dynamic
private vehicle demands, but MP-TSP will give more priority for private vehicles on the consistent directions because of the arrivals
of buses. We also notice that at the start points of bus lanes, where the upstream intersections are operated by origin max-pressure
signal controllers, there may be a long bus waiting time as demand increases, which could reduce MP-TSP travel time performance
at the network level. Overall, the proposed modified max-pressure policy can serve more private vehicle demand and reduce travel
time while including transit signal priority at the urban network level, which is more friendly to multi-modal traffic operations.

In the future, there are many extensions to consider. For example, streets comprise more than 80% of public space in cities,
but they often fail to provide their surrounding communities with enough space where people can safely walk, bicycle, drive, take
public transit, and socialize. Incorporating all of these modes into the max-pressure signal control scheme is an interesting and
important challenge. Also, since the proposed signal control policy is non-cyclic, which means it will actuate phases in arbitrary
orders when there is no bus arrives. Therefore, it would be interesting to study the performance with cyclic-based max pressure
policy integrating with transit signal priority (Levin et al., 2020). In addition, the results will benefit from additional numerical
analyses on the design of exclusive bus lanes, such as the layout of bus lanes, the number of bus lanes, location of bus lanes with
regard to the different levels of private vehicle demand. Finally, it would benefit more when we consider the existence of connected
and autonomous vehicles, which would help us develop a coordination approach combined with the proposed MP-TSP policy in the
future.
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