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Abstract—A new approach is presented to the problem of
compensating the beam squint effect arising in wideband terahertz
(THz) hybrid massive multiple-input multiple-output (MIMO)
systems, based on the joint optimization of the phase shifter
(PS) and true-time delay (TTD) values under per-TTD device
time delay constraints. Unlike the prior approaches, the new
approach does not require the unbounded time delay assumption;
the range of time delay values that a TTD device can produce
is strictly limited in our approach. Instead of focusing on the
design of TTD values, we jointly optimize both the TTD and PS
values to effectively cope with the practical time delay constraints.
Simulation results that illustrate the performance benefits of the
new method for the beam squint compensation are presented.
Through simulations and analysis, we show that our approach is
a generalization of the prior TTD-based precoding approaches.

Index Terms—Wideband THz massive MIMO, beam squint
effect, hybrid precoding, true-time delay.

I. INTRODUCTION

Communications in the terahertz (THz) band (0.1-10 THz)
have recently attracted significant interests from academia and
industry due to the availability of the tens or hundreds of
gigahertz bandwidth [1]. In THz communications, data rates on
the orders of 10 to 100 Gbps are achievable using the currently
available digital modulation techniques. To deal with the high
path losses, power consumption, and inter-symbol interference
found in the THz communication channels, the combination of
hybrid massive multiple-input multiple-output (MIMO) and or-
thogonal frequency division multiplexing (OFDM) technologies
has been popularly discussed recently.

It is well known that as the number of antennas grows,
the system can be greatly simplified in terms of beamforming
and precoding complexity [2]. This has engendered a signif-
icant interest in massive MIMO systems at sub-6 GHz [2]-
[4] and millimeter-wave (mmWave) frequencies [5]-[7]. The
underlying assumption behind several strong results [2]-[7]
was narrowband. Unlike the narrowband systems, wideband
THz OFDM systems suffer from the array gain loss across
different subcarriers as the number of antennas grows due to
beam squint [8]-[10]. Beam squint refers to a phenomenon
in which deviation occurs in the spatial direction of each
OFDM subcarrier when wideband OFDM is used in a very
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large antenna array system. This causes a sizable array gain
loss, which potentially demotivates the use of OFDM in THz
massive MIMO.

A. Related Works

To deal with the beam squint effect, beam broadening
techniques have been previously studied in mmWave massive
MIMO systems [9], [11]. While they show efficacy in the
mmWave bands, these techniques cannot be directly extended
to THz due to the extremely narrow pencil beam requirements
imposed by one or two orders of magnitude higher carrier
frequencies. Traditionally, the beam squint effect has been inde-
pendently studied in the radar community (e.g., [12], [13], and
references therein). These traditional works [12], [13] proposed
to employ true-time delay (TTD) lines to relieve the beam
squint effect. Recently, the TTD methods have been proposed
for THz hybrid massive MIMO-OFDM systems by introducing
delay-phase subarray architectures [14]-[16]. Most of these
prior works have focused on (i) the design of TTD values with
fixed phase shifter (PS) values and (ii) the assumption that the
TTD values could increase linearly with the number of antennas
without bounds. However, it is practically difficult to implement
these approaches. First, the unbounded TTD assumption cannot
be realized in practice due to the inevitable limitation of a TTD
device. The range of time delay values that a TTD device can
produce is strictly limited (e.g., < 508 ps [17]). Second, to
cope with the practical TTD constraints, it is much desirable
to jointly optimize both the TTD and PS values to compensate
the beam squint.

B. Overview of Methodology and Contributions

In this paper, we present an approach to the problem of beam
squint compensation in wideband THz hybrid massive MIMO-
OFDM systems, based on the joint optimization of the PS and
TTD values subject to per-TTD device time delay constraints.
First, assuming a fully-digital array, we characterize the optimal
unconstrained analog precoder that completely compensates the
beam squint effect. Then, the problem is formulated as a joint
PS and TTD optimization problem that minimizes the distance
between the optimal unconstrained analog precoder and the
product of PS and TTD precoders. Although the formulated
problem is non-convex and thus difficult to solve directly,
we show that by transforming the problem into the phase
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domain, the original problem is converted to an equivalent
convex problem, which allows us to find a closed-form of the
global optimal solution. Our analysis reveals the amount of time
delay and the number of transmit antennas required given an
acceptable level of beam squint compensation.

Notation: A bold lower case letter x is a column vector and a
bold upper case letter X is a matrix. X7, X ||X||r, X (4, 7),
and |z| are, respectively, the transpose, conjugate transpose,
Frobenius norm, ith row and jth column entry of X, and the
modulus of z € C. blk[xj,Xa,...,xx] is an nN x N block
diagonal matrix such that its main-diagonal blocks contain x; €
R”, for ¢ = 1,2,..., N and all off-diagonal blocks are zero.
Fm,n denotes the set of all X € C™*™ such that |X (7, )| =
ﬁ,w, j. 0,, 1,, and I,, denote, respectively, the n x 1 all-
zero vector, n x 1 all-one vector, and n X n identity matrix.
Given x € R", e/* denotes [e/™1, %2 ... /|1 € C".

II. CHANNEL MODEL AND MOTIVATION

In this section, we describe the channel model and the beam
squint effect of large antenna array systems.

A. Channel Model

We consider the downlink of a THz hybrid massive MIMO-
OFDM system where the base station is equipped with an
Ny-element uniform linear array (ULA) with element spacing
d. The ULA is fed by Nrp radio frequency (RF) chains to
simultaneously transmit N, data streams to an [V,.-antenna
user. The dimensions of N;, N,, N, and Nrp satisfy N, =
Ny < Ngrp < N;. Herein, f. and B denote the central
(carrier) frequency and bandwidth of the OFDM system, re-
spectively. We let K be the number of subcarriers and an
odd number. Then, the kth subcarrier frequency is given by
fu = fo+ 2(k —1— 531). The frequency domain MIMO-
OFDM channel at the kth subcarrier is represented by

NN, & o f
Hy =/ = > o 2T (N, g )E (N, 1), (1)
=1

where L denotes the number of spatial paths, and v ; =
Qd% sin(¥;) and ¢y = Qd% sin(ip;) are the spatial directions
of the kth subcarrier on the [th path at the transmitter and
receiver, respectively, where v = 3 x 108 m/s is the speed of
light, and ¥; € [-7, 7] and ¢; € [~7, 5] are the angel-of-
departure (AoD) and angel-of-arrival (AoA) of the lth path,
respectively. The a; € C and 7, € R in (1) represent the
gain and delay of the [th path, respectively, and f(NV,¢) =
\/#ﬁ[l,e‘j’””,...,e‘j”(N‘l)w]T is the array response vector
of an N-element ULA at the direction ).

Assuming d = 2—’}( the spatial directions at the central
frequency f. are simplified to 9.; = sin(¥;) and ¢.; =
sin(y;), Vi. Hence, setting (; = % leads to ¥r; = Cktbey
and ¢p; = (pdc, VEk,l. For ease of exposition, we assume
that L. = Ngrp, which is equivalent to setting oy = 0, VI > L
in (1) whenever L < Ngp.

B. Motivation

As aforementioned in Section 1, when wideband OFDM is
employed in a massive MIMO system, a substantial array gain
loss at each subcarrier could occur due to beam squint. To
describe the beam squint effect, we consider the /th path of the
channel in (1). We denote the beam forming vector matched to
the array response vector with the AoD U; as f; = £(N¢, 9. ;).
The array gain at the kth subcarrier of the /th path is then given

by g(fi, r1) = [£7 (Ny, ¢r)fil, ie.,

Ni—1 .
1 I'& ) B sin (]\QA;C l)

£, — JnT (Yr,1—Ye,1) | — AN

9(E Y =47 nzzoe Ny sin (Ag,) @

where Ap; = 5 (Yr1 — ¥eu). It is not difficult to observe

that at the central frequency, the array gain is g(f;,¢¥.;) =
1, because lim,_,q 51:1212/3) = N;. However, when f;, # f.,
Ay, ; deviates from zero. As a result, any non-central subcarrier
suffers from the array gain loss. The implication of beam squint
in the spatial domain is that the beams at non-central subcarriers
may completely squint.

The beam squint effect becomes severe either when the
bandwidth B increases or when NV; grows. The following lemma

quantifies the asymptotic array gain loss as Ny — o0.

Lemma 1. Suppose that 1) ; is the spatial direction at the
kth subcarrier (fy # f.) of the Ilth path. Then, the array
gain in (2) converges to 0 as N, tends to infinity, i.e.,
th,,*)oo g(flvwk,l) =0.

Proof. The array gain in (2) can be rewritten as g(f;, ¥ ;) =

1 |sin(NeAg,) wAR;
N | A sm(arqy|» Where Agg # 0 because fi # fe.

Then the lemma follows from the definition of the Dirac

delta function limyy, o Z2UEED = §(A;) [18], which

completes the proof. O
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Fig. 1: Array gain vs. subcarriers for different numbers of
transmit antennas (V).

Fig. 1 illustrates the convergence trend of Lemma 1. The
array gain patterns are calculated for f. = 300 GHz, K = 129,
Ve = 0.8, and B = 30 GHz. As N, tends to be large, the
maximum array gain is only achieved at the central frequency,
i.e., 65th subcarrier in Fig.1, while other subcarriers suffer from
nearly 100% array gain losses. This is quite opposite to the
traditional narrowband massive MIMO system in which the
array gain grows as Ny — o0.
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Fig. 2: TTD-based hybrid precoding architecture

Wideband THz massive MIMO research is in its early stages.
In order to truly unleash the potential of THz communications,
a hybrid precoding mechanism that can effectively compensate
for the beam squint effect under practical constraints is of
paramount importance.

III. HYBRID PRECODING UNDER TTD CONTRAINT

We consider a TTD-based hybrid precoding architecture [14],
[15], where each RF chain drives M TTDs and each TTD is
connected to N = % phase shifters (PSs) as shown in Fig.
2. The N-element ULA is divided into M subarrays with
N antennas per subarray (N; = MN). A TTD delays the
kth subcarrier by t (0 < ¢t < tnax), Which corresponds to
the —27 fit phase rotation. The f,,, is the maximum time
delay value that a TTD device can produce. The received signal
yr € CN at the kth subcarrier is then expressed by

yi = HEF Fo ({6157 )Wy, + ny, 3)

where s, € CNs, W, € CNrrxXNs and n, € CMr are,
respectively, the transmitted data stream, baseband digital

precoder, and noise. Herein, F1=ﬁ[G1,G2,...,GNRF]E

CNexMNrrjs the PS precoding matrix, where
o 0 R0 .

G = bl eim) | amil] e VM s he

PS submatrix and x(l) = [xgl’)m, gl)m, xg\l,)m}T € RV

is the PS vector with the PSs connected to the mth
TTD on the Ith RF chain, Vi,m. The Fq;({t;}}5") =
b]k[e—ﬂ‘ﬁfkh’e—j27rfkt2’ el e*jQWfktNRp] € CMNrrxNrr
is the time delay precoding matrix, where t; =
[tgl),tgl), e ,tg\l/[)]T € RM is the time delay vector on
the [th RF chain, VI.

The prior methods [14], [15] fixed the PS precoder F'; and
designed the time delay precoder Fyx({t;}11%"), where t;
were determined to increase proportionally to the number of
antennas. As the number of antennas grows by two or three
orders of magnitude in THz massive MIMO, the required time
delay values in the prior work may exceed the operational
limit of a TTD device, causing degradation. This motivates
us to impose a practical constraint on the range of the TTD
values and study an approach that jointly optimize PS and TTD
precoders.

IV. PRELIMINARIES

In this section, we describe the sign invariance property of
the array gain and identify the optimal unconstrained analog
precoder that will be incorporated in Section V.

A. Sign Invariance of Array Gain

Denotlng the /th column of F;Fs ;({t; }NRF) in (3) as
gé) = =xG& e~27fxti | the array gain associated with gkl

given, based on (2), by

]‘fka’Yn memﬁﬁme—jwcwﬁ? , (@

(gk 7,(/Jkl

m=I1ln=1

where %(f?)m = ((m —1)N +n — 1)1, and o 2fctm €
[0, Fmax] With Vmax = 2fctmax. The g(glil),z/zk’l) in (4) is
invariant to the multiplication of negative signs to yp/m, mg,l ms
and 19( To be speciﬁc given wcg > 0 (ie., Vé)m > 0, Vm,
n), we denote {xm =} and {19,” } as the optimal values that
maximize g(g,i), ¥r.1). Then, it is not difficult to observe that
{—xﬁf,)ﬁl} and {VUpmax — 19%)*} also maximize g(g,(cl),—wk,l).
This is a straightforward property when we simultaneously
change the sign of the phase in every term inside the double
sums in (4). Leveraging this sign invariant property, in what
follows, we assume that 9.; > 0, VI. This sign invariant
property will be exploited when deriving the solution to our
optimization problem in Section V and Appendix B.

B. Optimal Unconstrained Analog Precoder

We identify an optimal unconstrained analog precoder that
maximizes the array gain of each subcarrier by completely
compensating the beam squint effect. The purpose is to provide
a reference design. To this end, we define F, € Fn, Ny, as
an unconstrained analog precoder where f,gl) € Fn,1 denotes
the Ith column of Fy. The array gain obtained by f, T given
by g(f,g”,wkl |£4( Nt,wk DEY|. By the Cauchy-Schwarz
inequality, ( X ,¢kl ||f Nt,wkl ||2 [EN l)Hg 1, where
the equality holds if and only if f = f(Vy, ¢x1), resulting in

Fj = [f(Ny, 0n1), E(Ney ,2)s - E(Ne, o, v )]s Where the
((m —1)N 4+ n — 1)th row and lth column entry of Fk is

Fr((m -

t
It is noteworthy to point out that the entries in (5) is only realiz-
able when Npp = Ny, i.e., each antenna is fed by its dedicated
RF chain, which is highly impractical for THz massive MIMO
systems. Therefore, we attempt to best approximate the optimal
unconstrained analog precoder in (5) as a product of F; and

Fo . ({t:}57).

V. JOINT PHASE AND DELAY PRECODING UNDER TTD
CONSTRAINTS

—1)N+n-1,1)= eI e, 1, myn. ()

Ideally, we wish to find {t;};%" and F; satisfying
FiFo,({t)V2F) = Ff, Yk ie, e/™nmimady)
_JWCWS)m, Vk,l,m,n. However, given fixed [, m, and n,
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solving K -coupled matrix equations is an ill-posed problem,
because PSs only generate fixed phase values (frequency-
independent), while TTDs generate frequency-dependent phase
values. To overcome this issue, we approach to formulate a
problem that optimizes F; and {tl}; " by minimizing the
difference between F1F2 k({tl}l ) and F;, Vk:

N
., % Z T N 1o N
subject to 0 < tﬁ,? < tmagz, Vl,m, (6b)
1

F1F2 k({tl}NRF) € FN, Npr, k. (6e)
The constraint (6b) indicates the range of time delay values
of the per-TTD device. The constraint (6e) describes the
constant modulus property of the product F;Fy j({t;} ] 5")
at every subcarrier. We note here that while we are focusing
on precoding in this paper, a similar optimization problem can
be induced to design receive combiners to deal with the beam
squint effect at the receiver.

The constraints in (6¢), (6d), and (6e) and the coupling
between F; and ngk({tl};\; %) in (6a) make the problem
difficult to solve. Besides, (6) can be viewed as a matrix
factorization problem under non-convex constraints, which has
been also studied in wireless communications in the context of
hybrid analog-digital precoding [5], [7], [19]-[21]. A common
approach was applying block coordinate descent (BCD) and
relaxing the constraints [5], [7], [19]-[21] to deal with the
non-convexity. Unlike the prior approaches, we show in this
work that the original non-convex problem in (6) can be readily
converted into an equivalent convex problem.

Lemma 2. For xp € R and y € R, the following equality
holds argmin |e/®0 —e¥| =  argmin

yimod (y,m) #zo yimod (y,m) %0
mod(y, ) is y modulo .

Proof. See Appendix A. O

Rewriting the objective function in (6) gives

K Nrrp M N

Ay Yy

k=11=1 m=1n=1

e ImCeA D _ gimal), *JWCkﬁ(”

(1)

and incorporating Lemma 2 into (7) converts (6) into the
following equivalent problem:

K Nrp M N

DY

k=1l=1m=1n=1
0 <Y < Dy, VI, m.

nm

2
G+ Gl 60

min
{oWm {95}

subject to (8b)

The PS and TTD variables in (8) are readily collected into a

composite matrix A; = [al’ ... al)] € RNFDXM yhere
aﬁ,ll) = [xi?T,ﬁﬁ,?]T e RN+, Containing the unconstrained

analog counterpart 1n (5) in a matrix B() RV *M

B(l) (n,m) =

, where
Ck'yn m» Vk,l,n,m, the problem (8) becomes

K Nrgrr
333

ijj = eN+1Al = 19max1ﬂa Vl,

min

(%92)
(A} BF

CLA, — B“)H

subject to (9b)

where C, = [IN,fcklN] € RN *(N+1) and ent1 =
[0%,1]T € RN*L. The < is an entry-wise vector inequality.

By introducing C = 5% CFC), € ROHDX(N+D)
and D, = - Eszl CfB,(Cl) e RWHDXM “the problem (9) is
equivalently

Hl(lgl allTcall) —2dTa(0) (10a)
subject to 0 < ek jal) < Wnax,Vl,m,  (10b)

where dS,? in (10a) is the mth column of D;. The problem (10)
is solved globally and the solution to it is summarized below.

Theorem 1. The optimal solution aldx — [X%)*Tﬁg,?*]T to
(10) is given by
N—2n+1 : 4fetmax
Jf(l)* _ 2 wc,h if 0 < wc,l < @2@m—1)N—1° (11)
e Vmax — %f}n, otherwise, VI, n, m,
and 19(”* = 2fctr 08 , where the t(l)* i
(2m—1)N—1 4fetmax
+Ox 71%1» if 0 <t < Gm-ON-T’  (12)
" tmax; otherwise, VI, m.
Proof. See Appendix B. O

Remark 1. The PS and TTD solutions in (11) and (12) are
different from those in prior works. For instance, the PS values
in [14] were not optimized and given by :cg,)m =—(n—1)¢.y,
Vn, which is distinguishable from (11). The time delay value
of the mth TTD was tS,B = mNﬁ:l in [14]; as m increases,

the tSB could be greater than ¢,,,x, in which case such t(l)
needs to be knocked down to the ¢,,,«, resulting in performance
deterioration. On the other hand, as will be discussed in
Section VI in detail, when all TTD values are smaller than
tmax, the approaches in [14], [15] achieve the same array
gain performance as the proposed approach, meaning that the
designs in [14], [15] is a special case of Theorem 1.

Focusing on the large t,,.x, the TTD value in (12) becomes
$,?* = %W, which is proportional to the delay
increase at everyc subcarrier and thereby, best compensating
the beam squint. On the basis of this observation, we obtain
selection criteria (rule of thumb) on the required number of
transmit antennas and value of maximum time delay based on
(12) as follows.

Ny Selection Criterion: Given t,,x value determined by the
employed TTD devices, choose N; such that

M 4Mfctmax
+ )
-1 (2m - 1)77[}0,1

N < oo VI, m. (13)
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tmax Selection Criterion: Equivalently, given N, value de-
termined by the transmission array, the TTD device should be
chosen to satisfy

4M f.

These bounds are once again approximations, but they give
insight into the values of IV; and t,,,x required. For example,
these bounds depend on a random variable 1. ;, which can be
characterized by the angle spread statistics ¥c; € [¥min, Ymax]
of the deployed array antenna systems, leading to sufficient
conditions for (13) and (14) by replacing .; With Y ax.

tmax = wc,l 7VZ7m (14)

VI. SIMULATIONS

In this section, we conduct numerical simulations to evaluate
the average array gain performance of the proposed joint PS
and TTD precoding and verify our analysis in Section V.

The average array gain of the [th path is computed as
L Zszl g(g,(j),d)c,l). For the numerical simulation, we con-
sider B = 30 GHz, f. = 300 GHz, K = 129, and t.; = 0.8,
and the number of TTDs to be M = 16.

1 “.; - _‘_ * I
) \.\Q\Y\ N, = 256
g 0.8+ \, \\
> - AN
206 N=256 s
s \\ \\
Sho.a| A
= B S~.
15} ~. <
750 [ S S~
0.21|-#-Proposed approach | Tl I
-©-Hybrid precoding in [14] -3
0 L L L L L
0 200 400 600 800 1000

Number of transmit antennas Nt

Fig. 3: The average array gain vs. Ny for t,,x = 340 ps.

Fig. 3 displays the average array gain curves of the proposed
approach and the prior approach in [14] for the number of
antennas N; € {32,64,256,512,1024} and ty,ax = 340 ps.
When N; = 32 or 64, both methods obtain the same near-
optimal array gain performance, because the designed time
delay values in both approaches are smaller than 340 ps.
However, when N, increases further, e.g., N; > 256, both
approaches suffer from array gain loss as shown in Fig. 3.
Nevertheless, the proposed approach reveals a rather reliable
performance than the benchmark because some TTD values
produced by the prior approach are larger than the ¢, and
this increases the array gain loss.

In Fig. 4, the average array gain performance of the proposed
approach is compared with the prior approach in [14], in which
we increase the tmax values from 200 ps to 400 ps while fixing
N; = 256. When .5 € [200, 340] ps, as seen from the figure,
the proposed approach reveals consistent performance increase
while the benchmark [14] shows inconsistency because of the

-

tmax =330 ps* *9-60-0-09
»* /
=] 097 TG ,-' 7
§D ’*l?, .G“e_é'
208 | "
£ 7 4
. [ t =350
S07) et PO max P2
5 * 90
B *
<06T ."I - # -Proposed approach
%o -©-Hybrid precoding [14]
0.5 ‘ : ‘
200 250 300 350 400

Maximum time delay value L (ps)

Fig. 4: The average array gain Vvs. ty,,x for Ny = 256.

infeasible TTD values designed. When t.,,x > 330 ps, the
proposed approach steadily converges to the average array gain
performance around 94%. Meanwhile, the benchmark achieves
the same performance when ¢,,,x > 350 ps.

Overall, the trends in Figs. 3-4 reaffirm Remark 1 stating that
the prior design [14] is a special case of the proposed approach.
Figs. 3-4 also reveal the intuition behind the selection criteria
in (13) and (14), in which N; < 256 and t,.x > 330 ps are
chosen to meet the criteria, respectively.

VII. CONCLUSION

A TTD-based hybrid precoding approach was proposed to
compensate the beam squint effect in the wideband THz
massive MIMO-OFDM system by jointly optimizing the PS
and TTD precoders under the per-TTD device time delay
constraints. The joint optimization problem was initially for-
mulated in the context of minimizing the distance between the
optimal unconstrained analog precoder and the product of the
PS and TTD precoders. By transforming the original problem
to a tractable phase domain, we identified the global optimal
solution. Based on the closed-form expression of our solution,
we proposed the selection criteria for the required number of
transmit antennas and value of maximum time delay. Through
analysis and simulations, we affirmed that our proposed design
is a generalization of the prior TTD precoding approaches.

APPENDIX A
PROOF OF LEMMA 2

m  without
eJTo _ iy

We assume that 0 <
loss of generality. Then,

lzo — y| <

argmily ¢ |4 —y| <z |

= argmin |sin (%) ‘ = argmin sin( “‘2—7?") =
0<|zo—y|<m 0<|zo—y|<m
argmin  |zg — y|, where the last step follows from the
0<|zo—y|<m

fact that sin(-) is a strictly increasing function in (0
completes the proof.

,5). This
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APPENDIX B
PROOF OF THEOREM 1

To show Theorem 1, we need to first provide closed-form
expressions of e}, ;C 'en;1 and e} _HC*ld?(fl), which will
be later used in this proof. To this end, we first claim that

_ 1
ey 1Cleni = -, (15a)

"

—1)N -1
( 2) wC,h
where n= T ToRT We first prove (15a). Given Cy, in (9),

T o I —Crln
we have C;, C, = [—Cklﬁ Ne?

el C71dY) = (15b)

NB? (K2-1)

}, and . After some algebraic

. . oo . ; Iy -1
manipulations, it is readily verified that C = oy
1%L r
(IN+%,1N1%) %11\1
llT 1 ’
n

Now, it is straightforward to conclude e} ,C~
1 T oo-1g® _ hndd)
=~ and ey +1C d,, = im

n
& in (10), we obtain df) = LK cTbl ‘m» Where
is the mth column of

l l l
by = [~ Gl
;(f) in 9. Since df) = LK [Ty, —G15]b) =
11< el 1[b§cl)mv*<k1T b(l) T, we have e%HC*ldnﬂ)
0)
Ao (2m= ;)N 11/JC 1, completing the proof of (15b).
Now we are ready to prove Theorem 1. We start by formu-

lating the Lagrangian of (10),

and C™! = where ' = N + 7.

1
EN+1

From the definition of

N+1

£(@Y, A, 2) =al?cal) —2d)7al)+
— Dinax) + Aa(—€eX1al)),  (16)

where A\; > 0 and Ay > 0 are the Largrangian multipliers.

After incorporating the first order necessary condition for aS,?

in (16), the KKT conditions of (10) are given by:

A1 (ejj:r+1a7(7ll)

2Cal) — 2d%) + Aeyi1 — hoeni1 =0,
l
)\l(eN+1a$n)_19max) =0, (17)
Ao (— e71:,+1a%) =0,
A1 Z 07 )\2 Z 0.

It is obvious that when A1 > 0 and Ay > 0, there is no solution.
When \; = Ao = 0, solving (17) yields a'?) = c=1d) for
0 < ek, ,C'd}) < Vmax. When A > 0 and Az = 0, (17)
yields a}) = C1(d%) — Aieny1) for €k, C7IbY) > Vpax.
However, when \y = 0 and A > 0, we obtain a$f3 =
C1(al)) + Asen 1) for €k, ,C~1d) < 0, which contradicts
with (15), because from the sign invariance property of array
gain, we have %d;ql > 0, Yip.,; > 0. In short, solving
(17) leads to

RO Len a9, if 0< e, ,C 1Y < Iax,
K ol (d,‘ntAleNH), if 5, C71dY) > D,
(18)
et Substituting (15) into (18)
results in the closed-form solution of (10) as in (11) and (12),
which concludes the proof.

e%+1c_ldifz)

where \; = =
eNn
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