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Abstract

This paper presents the first model-free,
simulator-free reinforcement learning algo-
rithm for Constrained Markov Decision Pro-
cesses (CMDPs) with sublinear regret and
zero constraint violation. The algorithm is
named Triple-@Q because it includes three key
components: a Q-function (also called action-
value function) for the cumulative reward, a
Q-function for the cumulative utility for the
constraint, and a virtual-Queue that (over)-
estimates the cumulative constraint violation.
Under Triple-Q, at each step, an action is
chosen based on the pseudo-Q-value that is
a combination of the three “Q” values. The
algorithm updates the reward and utility Q-
values with learning rates that depend on
the visit counts to the corresponding (state,
action) pairs and are periodically reset. In
the episodic CMDP setting, Triple-Q achieves
@) (%H‘*S%A%K%) regret!, where K is the
total number of episodes, H is the number
of steps in each episode, S is the number
of states, A is the number of actions, and
0 is Slater’s constant. Furthermore, Triple-
Q guarantees zero constraint violation, both
on expectation and with a high probability,
when K is sufficiently large. Finally, the com-
putational complexity of Triple-Q is similar
to SARSA for unconstrained MDPs, and is
computationally efficient.

'Notation: f(n) = O(g(n)) denotes f(n) =
O(g(n)log®n) with k > 0. The same applies to Q. RT

denotes non-negative real numbers. [H| denotes the set
{1725"' 7H}
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1 INTRODUCTION

Reinforcement learning (RL), with its success in gaming
and robotics, has been widely viewed as one of the most
important technologies for next-generation, Al-driven
complex systems such as autonomous driving, digital
healthcare, and smart cities. However, despite the sig-
nificant advances (such as deep RL) over the last few
decades, a major obstacle in applying RL in practice is
the lack of “safety” guarantees. Here “safety” refers to
a broad range of operational constraints. The objective
of a traditional RL problem is to maximize the expected
cumulative reward, but in practice, many applications
need to be operated under a variety of constraints, such
as collision avoidance in robotics and autonomous driv-
ing Ono et al. (2015); Garcia and Ferndndez (2012);
Fisac et al. (2018), legal and business restrictions in
financial engineering Abe et al. (2010), and resource
and budget constraints in healthcare systems Yu et al.
(2021). These applications with operational constraints
can often be modeled as Constrained Markov Decision
Processes (CMDPs), in which the agent’s goal is to
learn a policy that maximizes the expected cumulative
reward subject to the constraints. We consider cumu-
lative constraints in episodic CMDPs in this paper,
which include budget constraints, energy constraints,
or structural fatigue in flexible UAVs.

Earlier studies on CMDPs assume the model is known.
A comprehensive study of these early results can be
found in Altman (1999). RL for unknown CMDPs
has been a topic of great interest recently because
of its importance in Artificial Intelligence (AI) and
Machine Learning (ML). The most noticeable advances
recently are model-based RL for CMDPs, where the
transition kernels are learned and used to solve the
linear programming (LP) problem for the CMDP Singh
et al. (2020); Brantley et al. (2020); Kalagarla et al.
(2021); Efroni et al. (2020); Liu et al. (2021b); Bura et al.
(2021), or the LP problem in the primal component
of a primal-dual algorithm Qiu et al. (2020); Efroni
et al. (2020); Liu et al. (2021b). If the transition kernel
is linear, then it can be learned in a sample efficient
manner even for infinite state and action spaces, and
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then be used in the policy evaluation and improvement
in a primal-dual algorithm Ding et al. (2021). Ding
et al. (2021) also proposes a model-based algorithm
(Algorithm 3) for the tabular setting (without assuming
a linear transition kernel).

The performance of a model-based RL algorithm de-
pends on how accurately a model can be estimated. For
some complex environments, building accurate models
is challenging computationally and data-wise Sutton
and Barto (2018). For such environments, model-free
RL algorithms often are more desirable. However, there
has been little development on model-free RL algo-
rithms for CMDPs with provable optimality or regret
guarantees, with the exceptions Ding et al. (2020); Xu
et al. (2021); Chen et al. (2021), all of which require
simulators. In particular, the sample-based NPG-PD al-
gorithm in Ding et al. (2020) requires a simulator which
can simulate the MDP from any initial state x, and the
algorithms in Xu et al. (2021); Chen et al. (2021) both
require a simulator for policy evaluation. It has been
argued in Azar et al. (2012, 2013); Jin et al. (2018) that
with a perfect simulator, exploration is not needed and
sample efficiency can be easily achieved because the
agent can query any (state, action) pair as it wishes.
Unfortunately, for complex environments, building a
perfect simulator often is as difficult as deriving the
model for the CMDP. For those environments, sam-
ple efficiency and the exploration-exploitation tradeoff
are critical and become one of the most important
considerations of RL algorithm design.

1.1 Main Contributions

In this paper, we consider the online learning problem
of an episodic CMDP with a model-free approach with-
out a simulator. We develop the first model-free RL
algorithm for CMDPs with sublinear regret and zero
constraint violation (for large K). The algorithm is
named Triple-Q because it has three key components:
(i) a Q-function (also called action-value function) for
the expected cumulative reward, denoted by Qp(x,a)
where h is the step index and (x,a) denotes a state-
action pair, (ii) a Q-function for the expected cumu-
lative utility for the constraint, denoted by Cj(z,a),
and (iil) a virtual-Queue, denoted by Z, which overes-
timates the cumulative constraint violation so far. At
step h in the current episode, when observing state x,
the agent selects action a* based on a pseudo-Q-value
that is a combination of the three “Q” values:

Z
a* € argmax Qp(z,a) + —Ch(x,a) ,
a Ui

pseudo-Q-value of state (z, a) at step h

where 1 is a constant. Triple-Q uses UCB-exploration
when learning the Q-values, where the UCB bonus and

the learning rate at each update both depend on the
visit counts to the corresponding (state, action) pair as
in Jin et al. (2018)). Different from the optimistic Q-
learning for unconstrained MDPs (e.g. Jin et al. (2018);
Wang et al. (2020); Wei et al. (2020)), the learning
rates in Triple-Q need to be periodically reset at the
beginning of each frame, where a frame consists of K¢
consecutive episodes. The value of the virtual-Queue
(the dual variable) is updated once in every frame. So
Triple-Q can be viewed as a two-time-scale algorithm
where virtual-Queue is updated at a slow time-scale,
and Triple-Q learns the pseudo-Q-value for fixed Z at
a fast time scale within each frame. Furthermore, it is
critical to update the two Q-functions (Qp(z,a) and
Ch(z,a)) following a rule similar to SARSA Rummery
and Niranjan (1994) instead of Q-learning Watkins
(1989), in other words, using the Q-functions of the
action that is taken instead of using the max function.

We prove Triple-Q achieves O (%H 1G5 AT K §> reward
regret and guarantees zero constraint violation when

5
the total number of episodes K > (@) ’

where ¢ is logarithmic in K. Therefore, in terms of
constraint violation, our bound is sharp for large K.
To the best of our knowledge, this is the first model-
free, simulator-free RL algorithm with sublinear re-
gret and zero constraint violation. For model-based
approaches, it has been shown that a model-based
algorithm achieves both O(vVH4SAK) regret and con-
straint violation (see, e.g. Efroni et al. (2020)). Two
concurrent papers Liu et al. (2021b); Bura et al. (2021)
developed model-based approaches that achieve zero
constraint violation assuming a strictly safe policy is
known a-prior. It remains open what is the funda-
mental lower bound on the regret under model-free
algorithms for CMDPs and whether the regret bound
under Triple-Q is order-wise sharp or can be further
improved. Table 1 summarizes the key results on the
exploration-exploitation tradeoff of CMDPs in the liter-
ature. We note that it is technically more challenging
to bound regret and constraint violation of model-free
algorithms for CMDPs than model-based algorithms.
Under a model-based algorithm, the regret and con-
straint violation are determined by the accuracy of the
estimated model (transition kernels, reward functions,
etc). The accuracy of estimated model improves as the
number of data samples increases, so does the perfor-
mance of the learned policy. Without maintaining a
model, the learning target (the pseudo-Q values) varies
over time, depending on the dual variables, which be-
comes a key difficulty in bounding regret and constraint
violation of model-free algorithms for CMDPs. Fur-
thermore, the optimal policy for a CMDP is stochastic
in general, so a greedy policy based on fixed pseudo-
Q-values will not be optimal, which makes it much
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Table 1: The Exploration-Exploitation Tradeoff in Episodic CMDPs.

Algorithm Regret Constraint Violation
OPDOP (Ding et al., 2021) O(H?*V/S?AK) O(H>VS2AK)
OptDual-CMDP (Efroni et al., 2020) O(H?*VS3AK) O(H?*VS3AK)

Model-based | OptPrimalDual-CMDP (Efroni et al., 2020) | O(H?VS3AK) O(H?*VS3AK)
CONRL (Brantley et al., 2020) O(H3VS3A2K) O(H®VS3A2K)
OptPess-LP (Liu et al., 2021b) O(H3VS3AK) 0
OptPess-PrimalDual (Liu et al., 2021b) O(H*VS3AK) 0(1)
OPSRL(Bura et al., 2021) O(VS*HTAK) 0

Model-free Triple-Q O (%H‘lS% Az K%> 0

more challenging than bounding regret of model-free
algorithms for unconstrained MDPs like the optimistic
Q-learning Jin et al. (2018); Wang et al. (2020); Wei
et al. (2020).

As many other model-free RL algorithms, a major ad-
vantage of Triple-Q is its low computational complexity.
The computational complexity of Triple-Q is similar
to SARSA for unconstrained MDPs, so it retains both
its effectiveness and efficiency while solving a much
harder problem. While we consider a tabular setting in
this paper, Triple-Q can easily incorporate function ap-
proximations (linear function approximations or neural
networks) by replacing the Q(z,a) and C(z,a) with
their function approximation versions, making the al-
gorithm a very appealing approach for solving complex
CMDPs in practice. We note that safe exploration
is an active topic in reinforcement learning and sev-
eral heuristic methods, without provably guarantees,
have been developed over the past last years (see e.g.,
Wachi et al. (2018); Dalal et al. (2018); Cheng et al.
(2019); Grbic and Risi (2021); Liu et al. (2021a)). We
will compare the performance of Triple-Q and Deep
Triple-Q (Triple-Q with neural networks) with some of
these algorithms in Section F, and demonstrate signifi-
cant performance improvements (higher rewards, lower
costs, and faster convergence) under Triple-Q.

2 PROBLEM FORMULATION

We consider an episodic CMDP, denoted by
(S, A, H,P,r,g), where S is the state space with |S| =
S, A is the action space with |A| = A, H is the num-
ber of steps in each episode, and P = {P,}L  is a
collection of transition kernels (transition probability
matrices). At the beginning of each episode, an ini-
tial state 7 is sampled from distribution pg. Then
at step h, the agent takes action aj after observing
state xj. Then the agent receives a reward rp,(zp, ap)
and incurs a utility gp(xp,ar). The environment then

moves to a new state 41 sampled from distribution
Py (:|zn, ap). Similar to Jin et al. (2018), we assume that
ri(z,a)(gn(z,a)) : S x A — [0, 1], are deterministic for
convenience.

Given a policy m, which is a collection of H functions
{mn + & = A}, the reward value function V;* at
step h is the expected cumulative rewards from step h
to the end of the episode under policy 7 :

H
=K eri(xiﬂr,—(x N xp = x] .
i=h

The (reward) Q-function Q7 (z,a) at step h is the ex-
pected cumulative rewards when agent starts from a
state-action pair (z,a) at step h and then follows policy

T
u Th =
Q7 (xz,a) = rp(x,a)+E ‘_;Hri(mi,m(xi)) GZ :a ] .

Similarly, we use Wy (z) : § — R* and Cf(x,a) :
S x A — RT to denote the utility value function and
utility @-function at step h:

Trp = JJ] 5

H
=E [Z gi(wi, mi(z;))
i=h
> gilwi,mi(x:))

H
i=h+1

Cl(z,a) = gp(z,a) + E

rp =T
ap=a |’

For simplicity, we adopt the following notation (some
used in Jin et al. (2018); Ding et al. (2021)):

thff—i—l( ) :Em’wlP’h( |z, a)Ver—i-l( /)
Qp (z,mp(x Ztha 7 (z) = a),
PhWthl( ) :Ex/NJPh( |z, a)Wh+1( I)
Ch(z,mp(z ZChxa mh(z) = a).
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From the definitions above, we have

Vi (z) =Qp (z, (),
C?h<x a) =rp(z,a) + PpVy (2, a),
Wi (z) =Cf (z,mn(2)),
Ch(z,a) =gn(z,a) + Pa Wy, (2, a).

Given the model defined above, the objective of the
agent is to find a policy that maximizes the expected
cumulative reward subject to a constraint on the ex-
pected utility:

max E[Vi"(z1)] subject to: E[W (z1)] > p, (1)

TE
where we assume p € [0, H] to avoid triviality and
the expectation is taken with respect to the initial
distribution 1 ~ pyp.
Remark 1. The results in the paper can be directly
applied to a constraint in the form of E[WT (x1)] < p.
Without loss of generality, assume p < H. We define
gh(.f,a) =1 —gh(x,a) € [051} andﬁ =H-p2>0,
E[WT(z1)] < p can be written as E [W{r(xl)} > p,
where

E Wi ()]

Let 7* denote the optimal solution to the CMDP prob-
lem defined in (1). We evaluate our model-free RL
algorithm using regret and constraint violation defined
below:

K
Regert(K) =E Z Vi (zr,1) — V™ (o, 1))]1 (2)
k;l
Violation( K lz "k 1))] ) (3)
k=1

where Vi*(z) = Vi (), m, is the policy used in episode
k and the expectation is taken with respect to the distri-
bution of the initial state 1 ~ o and the randomness
of m. We further make the following assumption.

Assumption 1. (Slater’s Condition). Given initial
distribution pg, there exist § > 0 and policy m such that
EWT (z1)] = p =0

In this paper, Slater’s condition simply means there
exists a feasible policy that can satisfy the constraint
with a slackness §. This has been commonly used in
the literature Ding et al. (2021, 2020); Efroni et al.
(2020); Paternain et al. (2019). We call ¢ Slater’s
constant. While the regret and constraint violation
bounds depend on 4, our algorithm does not need to
know § under the assumption that K is large (the

H
=E Zgl(l‘z,ﬂ'l(l‘l))‘| =H —E[W{T(lj)]

exact condition can be found in Theorem 1). This is
a noticeable difference from some of works in CMDPs
in which the agent needs to know the value of this
constant (e.g. Ding et al. (2021)) or alternatively a
feasible policy (e.g. Achiam et al. (2017)) .

3 TRIPLE-Q

In this section, we introduce Triple-Q for CMDPs. The
design of our algorithm is based on the primal-dual
approach in optimization. While RL algorithms based
on the primal-dual approach have been developed for
CMDPs (see. e.g. Ding et al. (2021, 2020); Qiu et al.
(2020); Efroni et al. (2020); Liu et al. (2021b)), a model-
free RL algorithm with sublinear regrets and zero con-
straint violation is new.

The design of Triple-Q is based on the primal-dual
approach in optimization. Given Lagrange multiplier
A, we consider the Lagrangian of problem (1) from a
given initial state x :

max VY (1) + A (W (1) ~ p)

H

:mﬁxE Zrh(ivh,ﬂh(wh))+>\9h($h7ﬂh($h)) = Ap,
h=1

which is an unconstrained MDP with reward

ri(zn, 7 (zh)) + Agn(xh, mh(xp)) at step h. Assuming
we solve the unconstrained MDP and obtain the op-
timal policy, denoted by 7}, we can then update the
dual variable (the Lagrange multiplier) using a gradient
method:

)\e()\er E[W (xl)D+. (4)

While primal-dual is a standard approach, analyzing
the finite-time performance such as regret or sample
complexity is particularly challenging. For example,
over a finite learning horizon, we will not be able to ex-
actly solve the unconstrained MDP for given A. There-
fore, we need to carefully design how often the Lagrange
multiplier should be updated. If we update it too of-
ten, then the algorithm may not have sufficient time
to solve the unconstrained MDP, which leads to diver-
gence; and on the other hand, if we update it too slowly,
then the solution will converge slowly to the optimal
solution and will lead to large regret and constraint
violation. Another challenge is that when A is given,
the primal-dual algorithm solves a problem with an
objective different from the original objective and does
not consider any constraint violation. Therefore, even
when the asymptotic convergence may be established,
establishing the finite-time regret is still difficult be-
cause we need to evaluate the difference between the
policy used at each step and the optimal policy.
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Next we will show that a low-complexity primal-dual
algorithm can converge and have sublinear regret and
zero constraint violation when carefully designed. In
particular, Triple-Q includes the following key ideas:

e A sub-gradient algorithm for estimating the Lagrange
multiplier, which is updated at the beginning of each
frame (recall that a frame consists of K consecu-

N
tive episodes) as follows: Z «+ (Z +p+e— %) ,

where (z)* = max{z,0} and C is the summation of
all C(x1,a1)s of the episodes in the previous frame.
We call Z a virtual queue because it is terminology
that has been widely used in stochastic networks
(see e.g. Neely (2010); Srikant and Ying (2014)). If
we view p + € as the number of jobs that arrive at
a queue within each frame and C' as the number of
jobs that leave the queue within each frame, then Z
is the number of jobs that are waiting at the queue.
Note that we added extra utility € to p. By choosing
€= 87%216&, the virtual queue pessimistically esti-
mates constraint violation so Triple-Q achieves zero
constraint violation when the number of episodes is
large.

e A carefully chosen parameter = K°-2 so that when
Z is used as the estimated Lagrange multiplier, it
balances the trade-off between maximizing the cu-

mulative reward and satisfying the constraint.

e Carefully chosen learning rate «; and Upper Confi-
dence Bound (UCB) bonus b; to guarantee that the
estimated Q-value does not significantly deviate from
the actual Q-value. We remark that the learning rate
and UCB bonus proposed for unconstrained MDPs
Jin et al. (2018) do not work here. Our learning
rate is chosen to be %, where t is the number
of visits to a given (state, action) pair in a particu-
lar step. This decays much slower than the classic
learning rate + or g—ﬁ used in Jin et al. (2018). The
learning rate is further reset from frame to frame, so
Triple-Q can continue to learn the pseudo-Q-values
that vary from frame to frame due to the change of

the virtual-Queue (the Lagrange multiplier).

We now formally introduce Triple-Q. A detailed de-
scription is presented in Algorithm 1. The algorithm
only needs to know the values of H, A, S and K, and
no other problem-specific values are needed. Further-
more, Triple-Q includes updates of two Q-functions
per step: one for @)}, and one for C}; and one simple
virtual queue update per frame. So its computational
complexity is similar to SARSA.

The next theorem summarizes the regret and constraint
violation bounds guaranteed under Triple-Q.

1

2

3
4
5
6

10

11

12
13

14

15

16
17

Algorithm 1: Triple-Q

Choose x =1 = K%2, 1 = 1281log (\/2SAHK) ,

v/ 6,3
a=0.67and€=%;

Initialize Qp(x,a) = Ch(z,a) + H and

Z =C = Np(z,a) =Vyyi1(x) = Whyii(z) < 0
for all (z,a,h) € S x A x [HJ;

for episode k =1,..., K do

Sample the initial state for episode k : 1 ~ po;

for step h=1,...,H + 1 do

if h < H ; // take a greedy action based
on the pseudo-Q-function

then

Take action aj, <

arg max, (Qh(xh,a) + %C’h(sch, a));
Observe rp(zn, an), gn(xh, ar), and x4

Np(xn,an) < Np(xp,an) + 1, Vi(zh) <
Qn(zn, an), Wi(zp) < Ch(zn, an);

if h>2; // update the Q-values for
(zh—1,an—1) after observing (s, an)
then

Set t = Np—1(Th—1,an-1), b =

1 JH2OAHD) ) XL
A X+t ) Xt X+t
Update the reward Q-value:
Qn-1(xph_1,an-1)
(1—0)Qn-1(xzh—1,an-1) +
ay (Th—1(Th—1,an-1) + Va(xn) + by);
Update the utility Q-value:
Ch-1(zh—1,an-1) +
(1= 0a)Cho1(Th—1,an—1) +
at (gh—1(Th—1,an—1) + Wh(wn) + bs);
if h =1 then
C < é+ C’l(xl,al) 3 // add 01(1'17@1)
to C
if & mod (K*)=0; // reset visit counts
and Q-functions
then
Np(x,a) < 0, Qp(z,a) = Cp(z,a) + H,
Ze(Z+p+67% +,andC’e0;
// update the virtual-queue length

N—

5
Theorem 1. Assume K > (167 VS?HGLB) , where

v =128log(vV2SAHK). Triple-Q achieves the follow-
ing regret and constraint violation bounds:

13 4H*
Regret(K) < ?H‘l\/ SABK®S + 1z
54HY K5 16H?\/1

Violation(K) < 3 0g —

AVEH?
+ TLKO-S — 5V SAHS 3K,
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If we further have K > e%, then Violation(K) < 0 and

K
~ . 1
Pr <Zp— W™ (2r,1) < o) =1-0 (e—K“+ + K2> ,

k=1

in other words, Triple-Q) guarantees zero constraint
violation both on expectation and with a high probability.

O

We note that the theorem holds when K is sufficiently
large, and how large K needs to be depends on the
slackness 9.

4 PROOF OUTLINE

Due to the page limit, we will only present an outline
of the proof and the key intuitions in this section.
The complete proof can be found in the supplementary
material. Notation: In the proof, we explicitly include
the episode index in our notation. In particular, xy p
and ag j, are the state and the action taken at step h
of episode k; Qi ., Ck.h, 2, and C are the reward Q-
function, the utility Q-function, the virtual-Queue, and
the value of C' at the beginning of episode k; Niws Vi
and Wy, p, are the visit count, reward value-function,
and utility value-function after they are updated at step
h of episode k (i.e. after line 10 of Triple-Q). We also
use shorthand notation {f —g}(z) = f(x) —g(z), when
f() and g(-) take the same argument value. Similarly
[(f - 9)ah() = (f(2) — g(x))(x). Tn this shorthand
notation, we put functions inside { }, and the common
argument(s) outside. A summary of notations used
throughout this paper can be found in Table 2 in the
supplementary material.

4.1 Regret

To bound the regret, we consider an offline optimiza-
tion problem as our regret baseline Altman (1999);
Puterman (1994):

max Z qn(z, a)rp(x, a) (5)

qdh

et
s.t.:hz: qn(z,a)gn(z,a) > p (6)
2%@,@ = 3 B (ol @) (@), (7
S ai(w.a) = (@), 4 (2.0) > 0 (8)
za:qh(x,a) —1,Yhe [H],Vz € S. (9)

Recall that Py_;(z|z’,a’) is the probability of transi-
tioning to state x upon taking action o’ in state x’ at

step h — 1. This optimization problem is linear pro-
gramming (LP), where gp(z,a) is the probability of
(state, action) pair (z,a) occurs in step h, Y qn(,a)
is the probability the environment is in state x in step
h, and % is the probability of taking action
a in state x at step h, which defines the policy. We
can see that (6) is the utility constraint, (7) repre-
sents the global-balance equation for the MDP and the
initial state is sampled from pg, (8)-(9) indicate the
normalization condition so that gy, is a valid probability
distribution.Therefore, the optimal solution to this LP
solves the CMDP (if the model is known), so we use
the optimal solution to this LP as our baseline.

To analyze the performance of Triple-Q, we need to
consider a tightened version of the LP:

max Z Qh(x’ a)rh(a:, a)

an h,x,a
s.t.: Z qh(x,a)gh(a:,a) >p+te, and (7) - (9)3 (10)
h,x,a

where € > 0 is called a tightness constant. When e < §,
this problem has a feasible solution due to Slater’s
condition. We use superscript * to denote the optimal
value/policy related to the original CMDP (1) or the
solution to the corresponding LP (5) and superscript
“* to denote the optimal value/policy related to the
e-tightened version of CMDP (defined in (10)).

Following the definition of the regret in (2), we have

Regret(K) =E

K
S - vy m,l)]
k=1

K
=E [Z (Z {Qiqr} (xk,ha)) - QT (xk,l,ak,l)] )

k=1 a

Now by adding and subtracting the corresponding
terms, we obtain

Regret(K) =
e

E> (Z {Qigr —Qi’*ﬁ’*}(ﬂsk,ha)> + (1)
:klzl a

E (Z {Q77ay"} (zg,a) — Qk,l(ffk,ham)) +
Lk=1 a (12)

K
E|> {Qr1—Q} (xk,hak,l)] : (13)
Lk=1

Next, we establish the regret bound by analyzing the
three terms above. We first present a brief outline.
The complete proof is presented in the supplementary
material.
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e Step 1: First, by comparing the LP as-

sociated with the original CMDP (5) and
the tightened LP (10), Lemma 1 will show

E [Za {Q*{qf — Qi’*qi*} (xk1, a)} < %, which im-
plies that under our choices of ¢, §, and ¢,

KHe ~ (

(11) < o

(15H455A5K§> .

Step 2: Note that Qy  is an estimate of Q7*, and
the estimation error (13) is controlled by the learning
rates and the UCB bonuses. In Lemma 2, we will
show that the cumulative estimation error over one

frame(K® consecutive episodes) is upper bounded
by

H3 /iK™

H?SA+ + VHASALK(x +1).

So under our choices of «, x, and ¢, the cumulative
estimation error over K episodes satisfies

H3\/IK
(13) <H?SAK'™ + LS

—0 (H3S%A%K%) .

The proof of Lemma 2 is based on a recursive formula
that relates the estimation error at step h to the
estimation error at step h + 1.

Step 3: Bounding (12) is the most challenging part
of the proof. For unconstrained MDPs, the opti-
mistic Q-learning in Jin et al. (2018) guarantees that
Qk,n(x,a) is an overestimate of Q7 (x,a) (so also an
overestimate of Q" (x,a)) for all (z,a, h, k) simulta-
neously with a high probability. However, this result
does not hold under Triple-Q because Triple-Q takes
greedy actions with respect to the pseudo-Q-function
instead of the reward Q-function. To overcome this
challenge, we first add and subtract additional terms
to obtain

K

Z (Z {QT 7"} (wr1,0) — Qra(wr,1, am))}

k=1
€,% €% Zk €.k €%
=E ZZ Qy g + 7017 q" ¢ (Tk1,a)
k a

€,% Z €,%
- {Qk,ﬂh’ + %Ck,lql’ } (fﬂk,l»a))] (14)

E

L k
(15)

[« Z ey e
+E Z#@Z{(Ck’l -Cy )ql’ }(mhl?a)] .
L k a

(16)

+ VHASALK2=2(x + 1)

+E Z <Z {quf’*} (Tx,1,0) — Qk,l(xk,17ak,1)>‘|

Regret(K) <

We can see (14) is the difference of two pseudo-
Q-functions. Using a two-dimensional induction
on step and episode, we will prove in Lemma

3 that {Qk,h + %Ck,h} (z,a) is an overestimate

of {QZ* + %C’Z*} (r,a) (ie. (14) < 0) for all
(z,a,h, k) simultaneously with a high probability.
To guarantee this overestimation, Triple-Q resets the
reward and cost Q-functions to H at the beginning
of each frame. Finally, to bound (15)+(16), we use
the Lyapunov-drift method and consider Lyapunov
function L = %Z%, where T is the frame index and
Zr is the value of the virtual queue at the beginning
of the T'th frame. We will show in Lemma 4 that
the Lyapunov-drift satisfies

E[L74+1 — L] < a negative drift
. (T+1)K~
4 2
+HY = >, (17)

e
k=TK>~+1

where
o, =E l(Z {Qraa7" } (k1 0) — Qo (1, ak,l))]

+E

Z €,% €,%
7}92{(0&1 - Oy )Ch’ }(iUk,ha)] ,

and we note that (15)+(16) = >, ®x. Inequality (17)
will be established by showing that Triple-Q takes
actions to almost greedily reduce virtual-Queue Z
when Z is large, which results in the negative drift
in (17). From (17), we observe that

(T+1)K*
E[Lr41 — Ly) < HY 4+ € — % Z Dy
k=TKe+1

So we can bound (15)+(16) by applying the telescop-
ing sum over the K1~ frames

(15) + (16) = 3 @, < LB bt
k

n

4 2 4 2

N K(H*1+ €%) < K(H*1+ €%)
n n

where the last inequality holds because L; = 0 and
Ly > 0 for all T. Combining the bounds on (14) and
(15)4(16), we conclude that under our choices of ¢,
€ and 7,

Y

(12) = O(H*S= A2 K'3).

Combining the results in the three steps above, we
obtain the regret bound in Theorem 1,

KHe

H3\/IK
+ H?SAK'~ + H VK
X
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K(H4L—|-€2) 4H%,
+ :
n nkK

+ VHASALK2=2(x + 1) +

By choosing a = 0.6, i.e each frame has K°6 episodes,

\/ 6,3
x =K% n=K" and e = %7 we conclude

5
that when K > (87“5'146%3) , which guarantees that
€ < 0/2, we have

4H*,

K12

-0 <§H485A5K0'8) .

1
Regret(K) §§H4v SABK® +

(18)

4.2 Constraint Violation

We present a brief outline of the proof. The details are
in the supplementary material. Again, we use Zr to
denote the value of virtual-Queue in frame 7T'. According
to the virtual-Queue update defined in Triple-Q, we
have

Zoo=(zrtp4e-CL)
T+1 = TPEKQ

Cr

ZZT+p+€_ﬁu

(19)

which implies that

TK®

by

k=(T—-1)Ko+1
TK™

>

k=(T—1)Ko+1

(=CT*(wk,1,ar,1) + p) < K (Zr41 — Z7)

({Cka — CT* } (wk1,a8,1) —€) -

Summing the inequality above over all frames, taking
expectation on both sides, and using the fact Z; = 0,
we obtain the following upper bound on the constraint
violation:

K
E Z p— Ofk (xhl, ak71)] S —Ke+ K°E [ZK17(2+1]
k=1
K
+E Z {Cr1 — CT*} (k15 ak,l)] ; (20)
k=1

Lemma 2 in the supplementary material will establish
an upper bound on the estimation error of Cy, ; :

K
Z {Cr1—CT*} (l’k,hak,l)] < H2SAK'™ @

k=1

E

H3\/IK
+ i + VHA*SAUK2=(x +1). (21
Next, we study the moment generating function of Zr,
ie. E [eTZT} for some r > 0. Based on a Lyapunov

drift analysis of this moment generating function and
Jensen’s inequality, we will establish the following upper
bound on Z7 that holds for any 1 < T < K17 41

E[Zr] <

54HY  (16H2\/i
1 2 Ve
5 ( ) )
16H%, n dnv H?.
K26 5

(22)

Under our choices of €, a;, x, n and ¢, it can be easily
verified that Ke dominates the upper bounds in (21)
and (22), which leads to the conclusion that the con-
straint violation becomes zero when K is sufficiently
large in Theorem 1.

Substituting the results from (21) and (22) into (20),

5
16\/SAH6L3>
s

under assumption K > ( , which guaran-

8VSAHG.3

KO.Q 3
we can easily verify that if further we have K > e%,
Violation(K) = 0. This shows zero constraint violation
on expectation. We can further prove that under the
same assumptions, Zszl p— W (xp1) < 0 with a
high probability. The details can be found at the end
of Section B in the supplementary material.

tees € < g. Then by using the facts that e =

4.3 Novelty of the Proof Technique

We remark that a key difference between our analy-
sis and the analysis of the optimistic Q-learning for
unconstrained MDPs Jin et al. (2018); Wang et al.
(2020); Wei et al. (2020); Vial et al. (2021); Jin et al.
(2020) is that our proof relies heavily on the Lyapunov-
drift analysis of virtual-Queue Z. The drift analysis
on Lyapunov function Z2 relates the difference be-
tween the optimal reward Q-function and the learned
reward Q-function to the difference between the optimal
pseudo-Q-function and the learned pseudo-Q-function.
For fixed Z, Triple-Q can be regarded as optimistic
SARSA for the pseudo-Q-function, so the relationship
enables us to establish the regret bound by analyzing
the pseudo-Q-function. Furthermore, the Lyapunov-
drift analysis on the moment generating function of
Z, i.e. E[e"?] yields an upper bound on Z that holds
uniformly over the entire learning horizon. This up-
per bound, together with a fundamental relationship
between Z and constraint violation, leads to the con-
straint violation bound. The Lyapunov drift analysis
has been used to establish sublinear regret and zero
constraint violation in constrained linear bandits Liu
et al. (2021c). Some of the proofs were inspired by
Liu et al. (2021¢c). Compared with bandit problems,
CMDPs, however, is a much more challenging problem
due to its sequential nature.
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5 CONVERGENCE and -OPTIMAL
POLICY

The Triple-Q algorithm is an online learning algorithm
and is not a stationary policy. In theory, we can obtain
a near-optimal, stationary policy following the idea
proposed in Jin et al. (2018). Assume the agent stores
all the policies used during learning. Note that each
policy is defined by the two Q tables and the value of
the virtual queue. At the end of learning horizon K,
the agent constructs a stochastic policy 7 such that
at the beginning of each episode, the agent uniformly

and randomly selects a policy from the K policies, i.e.

T = m, with probability % We note that given any

initial state x,

Z V() = Vi (), (23)
1 kKl _
= D W) = W (@), (24)
k

=1
Therefore, under policy 7, we have
E [Vf(xhl) - Vf?(xk,l)]

1 & i
K Z (V1" (zn) — Vfr(ffk,l)]
k=1

Il(z (V" (k1)

H4\/571>

=E

=E

l—|
=

1 (z, 1)]

K02 (25)

I
(@)
7 N

% > (- Wf(xk,l)]

k=1

1 K
K > (oW (Ik,l))] <0.  (26)

Therefore, given any €, 7 is an e-optimal policy when
K is sufficiently large.

While 7 is a near-optimal policy, in practice, it may not
be possible to store all policies during learning due to
memory constraint, so extracting the stationary policy
based on output randomization is not ideal. A heuristic
approach to obtain a near optimal, stationary policy
is to fix the two Q functions (reward and utility) after
learning horizon K and continue to adapt the virtual
queue with frame size /K. The virtual queue needs to
be continuously updated because an optimal policy for
a CMDP is stochastic in general and a greedy policy

based on a fixed virtual queue will not be optimal.

By adapting the virtual queue with fixed Q functions,
Triple-Q outputs a stochastic policy. When the virtual
queue reaches its steady state, we obtain a stationary
policy. The resulted policy has great performance in
our experiment (see Section F in the supplementary
material).

6 EVALUATION

We evaluated Triple-Q using a grid-world environment
(Chow et al., 2018). We further implemented Triple-Q
with neural network approximations for environments
with continuous state and action spaces, called Deep
Triple-Q. We compared the performance of Deep Triple-
Q with existing safe RL algorithms, including WCSAC
in the Dynamic Gym benchmark (Yang et al., 2021),
CBF in the Pendulum environment Cheng et al. (2019),
and DDPG+Safety Layter in the Ball-1d environment
Dalal et al. (2018). The details can be found in section
F in the supplementary material. The code for the
simulations is available found at: https://github.
com/honghaow/Triple-Q.

7 CONCLUSIONS

This paper considered CMDPs and proposed a model-
free RL algorithm without a simulator, named Triple-Q.
From a theoretical perspective, Triple-() achieves sub-
linear regret and zero constraint violation. We believe
it is the first model-free RL algorithm for CMDPs
with provable sublinear regret, without a simulator.
From an algorithmic perspective, Triple-Q has simi-
lar computational complexity with SARSA, and can
easily incorporate recent deep Q-learning algorithms
to obtain a deep Triple-(Q) algorithm, which makes our
method particularly appealing for complex and chal-
lenging CMDPs in practice. While we only considered
a single constraint in the paper, it is straightforward
to extend the algorithm and the analysis to multiple
constraints. Assuming there are J constraints in total,
Triple-Q can maintain a virtual queue and a utility Q-
function for each constraint, and then selects an action
at each step by solving the following problem:

S 200

Jj=1

Qn(xp,a)+ Ih, a)

1
max —
a n
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Supplementary Material
Part 1: Proof of Theorem 1

In this part of the supplementary material, we present the complete proof of the main theorem. For the convenience
of the reader, we restate Theorem 1 and the proof outlines.

R
Theorem 1. Assume K > (%) , where v = 128log(V2SAHK). Triple-Q achieves the following regret

and constraint violation bounds:

13 4H*,
Regret(K) < ?H‘l\/ SABK®S® + oz
AHY K6 16H? AVH?
Violation(K) < > ; log 20 ; N ; LKO® — 5V SAHSAKOS,

If we further have K > e, then Violation(K) < 0 and

K
~ 0.2 1
Pr (ZP—W{T’“(xk,1> <0> =1-0 <e-K ++K2)7
k=1

in other words, Triple-Q guarantees zero constraint violation both on expectation and with a high probability.

A REGRET

To bound the regret, we consider the following offline optimization problem as our regret baseline Altman (1999);
Puterman (1994):

n}]%x; an(z, a)ry(z, a) (27)
s.t.: hz an(x,a)gn(z,a) = p (28)
%th(x,a) = Z Pp—1(z|2’, a")gn-1(2", ) (29)
> anla,a) = i;h € [H] (30)

> a(@a) = po(x) (31)
gn(z,a) > 0,Yo € §,Va € A,Vh € [H]. (32)

Recall that P,_1(x|z’,a’) is the probability of transitioning to state x upon taking action o’ in state x’ at step
h — 1. This optimization problem is linear programming (LP), where g (x,a) is the probability of (state, action)
pair (z,a) occurs in step h, Y qn(z,a) is the probability the environment is in state = in step h, and

qn(z,a)

D ar qn(2;a')

is the probability of taking action a in state x at step h, which defines the policy. We can see that (28) is the
utility constraint, (29) is the global-balance equation for the MDP, (30) is the normalization condition so that
gn, is a valid probability distribution, and (31) states that the initial state is sampled from pg. Therefore, the
optimal solution to this LP solves the CMDP (if the model is known), so we use the optimal solution to this LP
as our baseline.

To analyze the performance of Triple-Q, we need to consider a tightened version of the LP, which is defined below:

33
mex 37 an(z )20 (33
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s.t.: Z gn(z,a)gn(z,a) > p+e

h,z,a

(29) - (32),

where € > 0 is called a tightness constant. When e < ¢, this problem has a feasible solution due to Slater’s
condition. We use superscript * to denote the optimal value/policy related to the original CMDP (1) or the
solution to the corresponding LP (27) and superscript ©* to denote the optimal value/policy related to the
e-tightened version of CMDP (defined in (33)).

Following the definition of the regret in, we have

K
D Vit(mka) = Vi (wa ] = lz (Z {Qiar} (xk,ha)) - QT (Jik,l’am)] :
k=1 a

Regret(K) =E

Now by adding and subtracting the corresponding terms, we obtain

Regret(K )

=E Z <Z {Qigi — QT ¢v"} (xk,l,a)>

Lk=1

E Z <Z {Q7"q7"} (wh1,0) — Qk,l(mk,hak,l))

Lk=1

+ (34)

N

+ (35)

Mx

{Qr1 — QT} (xk,lvak,l)] . (36)

k=1

Next, we establish the regret bound by analyzing the three terms above. We first present a brief outline.

A.1 Outline of the Regret Analysis

e Step 1: First, by comparing the LP associated with the original CMDP (27) and the tightened LP (33),
Lemma 1 will show
He

Z{Qﬂh 6* 6*}(xk,1’a)] < Tv

which implies that under our choices of €, §, and ¢,

KHe (1 ., 1 1. 4
: c_0 (5H4S2‘A2Ks> .

(34) <

e Step 2: Note that Q5 is an estimate of @Q}*, and the estimation error (36) is controlled by the learning rates

and the UCB bonuses. In Lemma 2, we will show that the cumulative estimation error over one frame is upper
bounded by

H3\/IK®

H?SA+ + VHASALK(x + 1).

Therefore, under our choices of «, x, and ¢, the cumulative estimation error over K episodes satisfies

3
(36) < H2SAK'~* + AViK

+ VHSAK> o (y+1) =0 (HBS%A%K%) .
The proof of Lemma 2 is based on a recursive formula that relates the estimation error at step h to the

estimation error at step h + 1, similar to the one used in Jin et al. (2018), but with different learning rates and
UCB bonuses.

e Step 3: Bounding (35) is the most challenging part of the proof. For unconstrained MDPs, the optimistic
Q-learning in Jin et al. (2018) guarantees that Qy ,(x,a) is an overestimate of @}, (x, a) (so also an overestimate
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of Q5" (x,a)) for all (z, a, h, k) simultaneously with a high probability. However, this result does not hold under
Triple-Q because Triple-Q takes greedy actions with respect to the pseudo-Q-function instead of the reward
Q-function. To overcome this challenge, we first add and subtract additional terms to obtain

K
E lz (Z {QT av"} (wr1,0) — Qk,l(fﬂk,l,am))]

k=1 a

€,% €% Z €,k €% €% Z €.%
= lZZ ({ A } (th10) — {Qk,lql’ 20y } (xk,l,a>>] (37)
k a
Z (Z {Qrnav"} (k1 0) — Qra(p,1, ak,l))
k a

+E +E

Z % Z {(Cra = CT") 0" } (ks a)] .
k a (38)

We can see (37) is the difference of two pseudo-Q-functions. Using a two-dimensional induction on step and
episode, we will prove in Lemma 3 that {Qk,h + %Ck,h} (z,a) is an overestimate of { ox %C;*} (z,a)

(i.e. (37) <0) for all (z,a,h, k) simultaneously with a high probability. To guarantee this overestimation,
Triple-Q resets all Q-values to H at the beginning of each frame.

Finally, to bound (38), we use the Lyapunov-drift method and consider Lyapunov function Ly = %Z%, where
T is the frame index and Zp is the value of the virtual queue at the beginning of the Tth frame. We will show
in Lemma 4 that the Lyapunov-drift satisfies

E[L74+1 — L]
(T+1)K*
. . 4 2_ "
<a negative drift + H*t + ¢° — Ko Z Dy, (39)
k=TK+1

where

O, =E [(Z {Qraa7” } (k1 0) — Qo (Th1, ak,l))

+E

Z €,% €,%
sz{(ck‘,l _Cl) )ql’ }(xk?,lﬂa) bl

and we note that (38) = >, ®,. Inequality (39) will be established by showing that Triple-Q takes actions to
almost greedily reduce virtual-Queue Z when Z is large, which results in the negative drift in (39). From (39),
we observe that
(T+1)K°
E[Lrs1 — Ly]) < H* 4 € — % Z Dy (40)
k=TKo+1

So we can bound (38) by applying the telescoping sum over the K'~% frames on the inequality above:

« — . 4 2 4 2
(38)=Z¢>k§K ElLy — Lyi-e] | K(HY + )  K(HY )
k

n n n

where the last inequality holds because Ly = 0 and Ly > 0 for all T. Combining the bounds on (37) and (38),
we conclude that under our choices of ¢, € and 7,

(35) = O(H'S7TATK?3).

Combining the results in the three steps above, we obtain the regret bound in Theorem 1.

A.2 Detailed Proof

We next present the detailed proof. The first lemma bounds the difference between the original CMDP and

its e-tightened version. The result is intuitive because the e-tightened version is a perturbation of the original

problem and € < 6.
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Lemma 1. Given € < §, we have

E > {Qidgi — Qa7 } (wka,0)| <

a

He
5

Proof. Given ¢;(z,a) is the optimal solution, we have

> iz a)gn(z,a) > p.

h,z,a

Under Assumption 1, we know that there exists a feasible solution {¢;'(z,a)}f’_; such that

3 ¢ (@ a)gn(w,a) = p+ 6.

h,z,a

We construct g3 (z,a) = (1 — $)a(z,a) + 5q,§1( a), which satisfies that

> a @ agn(@.a) = 3 (1= Dai(e,0) + 5af (2,0) ) gulw,0) = p+e,

h,z,a h,z,a
S g (wa) = paalzla’,d)g (@, d),
h,z,a z’,a’
Z ¢;’ (z,a) = 1.
h,z,a

Also we have ¢;*(x,a) > 0 for all (h,z,a). Thus {qff (z,a)}_ | is a feasible solution to the e-tightened optimization
problem (33). Then given {q;"" (2, a)}L, is the optimal solution to the e-tightened optimization problem, we have

Z (QZ(I7CL) - q;’*(w,a)) Th(xa a)

h,x,a

<Y (dh@0) = ¢ (@,0)) ra(a,0)
h,x,a

<Y (ditw.a) - (1-5) di@.0) - 565 (@) rae,a)
h,x,a

< Z (qZ(a:,a) — (1 - g) q}i(a:,a)) ry(z, a)
h,x,a

gg }ga g (z, a)rp(x, a)
He

<=

— 5 b

where the last inequality holds because 0 < rp(x,a) < 1 under our assumption. Therefore the result follows
because

ZQl 21, 0)q (wr,0) = ) g;(@, a)ra(z, )

h,x,a

ZQ1 (k1 a)qy" (2,1, @ Zq (z,a)rn(z, a).

h,z,a

O

The next lemma bounds the difference between the estimated Q-functions and actual Q-functions in a frame.
The bound on (36) is an immediate result of this lemma.
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Lemma 2. Under Triple-Q, we have for any T € [K'~¢],

TK<

E > {Qr1 — QT*} (xr1,a81) | < H?SA+
| k=(T—T)Ko41

TK<

E Z {Cr1—CT*} (zp1,ak1) | < H?SA+
| k=(T—1)K*+1

H3\/IK*
HoyuK® +VH2SAK>*(x + 1),

H3/IK®
HWVES | IS AR (1),

Proof. We will prove the result on the reward Q-function. The proof for the utility Q-function is almost identical.
We first establish a recursive equation between a Q-function with the value-functions in the earlier episodes in the
same frame. Recall that under Triple-Q, Q41,1 (2, a), where k is an episode in frame T, is updated as follows:

(1 — o) Qun(z,a) + ¢ (ra(z,a) + Vi np1 (Tp, 1) + b)) if (2,0) = (Tp,n, ar,n)
Qr.n (z,a) otherwise

b

QkJrl,h(x’ a) = {

where t = Ny, p(z,a). Define k; to be the index of the episode in which the agent visits (z,a) in step h for the ¢th
time in the current frame. The update equation above can be written as:

Qun(z,a) =(1 — o) Qu, n(2,a) + ¢ (Th(, @) + Vi, i1 (Try ht1) + bt) -

Repeatedly using the equation above, we obtain

Qin(w,a) =(1 — ) (1 — 1) Qo y 0 (w,0) + (1 — ap) g1 (rn(x, @) + Vie,_y hy1 (Thy_y 1) + be—1)
+ oy (rp(x, a) + Vi, b1 (@, ht1) + be)

t

=a{Qr—1ykos1n(,0) + Y af (ra(w,a) + Vi nga (T, nr1) + bi) (41)
i—1
t
0 i
<ayH + Z oy (r(z, @) + Vi pt1 (T hr1) + 0i) (42)
i=1
where af = H§:1(1 —aj) and of = o H§:¢+1(1 — a;). From the inequality above, we further obtain
TK® TK® TK®™ Ni,n(x,a)
> Qralza) < > alH+ Y > abv, (@) + Vi na (@e, ng1) +0i) -
k=(T—1)Ko+1 k=(T—1)Ko+1 k=(T-1)Ko+1  i=1
(43)

The notation becomes rather cumbersome because for each (xy p,ak,n), we need to consider a corresponding
sequence of episode indices in which the agent sees (xy n,arn). Next we will analyze a given sample path (i.e. a
specific realization of the episodes in a frame), so we simplify our notation in this proof and use the following
notations:

Nih =N n(Ti,n, ak,n)

k(k}h) :ki(xk:,ha ak,h)a

K2

where kgk’h) is the index of the episode in which the agent visits state-action pair (xj p,ax,n) for the ith time.
Since in a given sample path, (k,h) can uniquely determine (zy p,ax,p), this notation introduces no ambiguity.

Furthermore, we will replace ZZZ{(;_U Kag1 With >, because we only consider episodes in frame T" in this proof.
We note that

Nk,n oo

. 1
Z Z aﬁvk,h Vk@(’“””,h+1 (xkgk’h),h+1) < Z Vk,h+1(xk,h+1) Z O‘ivk’h < (1 + X> Z Vk’h+1(xk}h+1), (44)
k =1 k k

t=Ng n
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where the first inequality holds because because Vi p11(2x,n+1) appears in the summation on the left-hand side
each time when in episode k' > k in the same frame, the environment visits (zy 5, ak,r) again, i.e. (T, p) =
(@, h, ak,n), and the second inequality holds due to the property of the learning rate proved in Lemma 7-(d). By

substituting (44) into (43) and noting that ZN’“ n(ma) aNk , = L according to Lemma Lemma 7-(b), we obtain

Z Qi (T by Ok, 1)
k

Nk,

<> alH+Y " (ra(@hns arn) + Vingr (@n41)) Z Vieht1(Tr,n41) + Z Z aly, b
k k

2 \ﬂKa

< Z (Th(.%'k,}“ ak,h) + Vk,h+1($k,h+1)) + HSA + + 5\/H25ALKQ(X + 1),
k

where the last inequality holds because (i) we have
> o H = Hl, oy < HSA,
k k

(ii) Vi nt1 (k. n1) < H2/t by using Lemma 8, and (iii) we know that

Ne, « N
3 D S S L
Ni,n 7t — CN =
i=1 Sy O Xt 2 e Tkeq | X N

Nrgo p(z,a) 2 NTKa n(z,a)
ffz Z wgl 1/ XJFI <\/HQSALKO‘X—|—1)
XTn v

where the last inequality above holds because the left hand side of (1) is the summation of K terms and
H?2.(x+1)

ot is a decreasing function of n.

Therefore, it is maximized when Npgo j = K*/SA for all z,a, i.e. by picking the largest K terms. Thus we
can obtain

> Qrn(@rn akn) = > Qn* (@kn, ann)
k k

Tk HQ\/ZKQ 2
S Z (Vk,h+1(1'k,h+1) — Pth+1(xk,h,ak,h)) + HSA + T + \/H SALKO‘(X + 1)

< Z (Vih1 (@rhg1) — PuVE @k, ns akn) + Vit (1) — Vi (Tene))

H2 /iK™

+ HSA+ + VH2S ALK (x + 1)

=y (Vk,h+1($k,h+1)) — Vi @nr1) — PRV (@ns an) + BEVIE (2.0, %h))
k

H%\/IK~
casa+ YRS sk )
X
= Qrhi 1 (Trnt1, Went1) — QFFy (Thnr1s ahng1) — PRV (Thon, arn) + PEVTE (2hpy akp
¥ ¥ ¥

HQ\ﬂKa
X

+ HSA+ + VH2S ALK (x + 1).

Taking the expectation on both sides yields

E > Qunl@rn arn) — > QrF(Tkn arn)
k %
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W H%/IK®
<E Z (Qrh1(Thhs1s arns1)) — Q' (Thngrs aknr1)) | + HSA + LS + VH2SAK*(x + 1).

k

Then by using the inequality repeatably, we obtain for any h € [H],

_ H3\/iK®
E lz Qrn(@rns arn) = > QnF (kn, ak,h)] <H?SA+ \Q +VHAS ALK (x + 1),
! P

so the lemma holds.

From the lemma above, we can immediately conclude:

K

H3\/IK
E|> {Qk1 — QF*} (zk1, ak,l)] < H*SAK'™ + LS +/HA*SALK?=a(x + 1)
k=1
K 3K
E > {Cr1— CT*} (xx1,ar1) | < H*SAK'™ + — = 4 \/HISALK? o (x + 1).
k=1

We now focus on (35), and further expand it as follows:

(35)

K
Z (Z {QT 7"} (xr1,0) — Qra(zr,, ak,1)>‘|

k=1 a

22{@:::—Fk,l)q;’*}m,ha)] )
k a

Z (Z {Qk,lq?*} (Tk,1,a) — Qr1(Th 1, ak,1)>
k a

=E

=E

+E +E

S 2SO~ )i} awaea)|  (46)
k a

where
A
Fen(r,a) = Qpn(r,a) + Fck,h(xva)
* €,% Zy, €,%
Fyi(z,a) = Qy (x,a)—|—7k0h’ (z,a).

We first show (45) can be bounded using the following lemma. This result holds because the choices of the UCB
bonuses and the reset at the beginning of each frame guarantee that Fj, ,(x,a) is an over-estimate of F;'" (x, a)
for all k, h and (z,a) with a high probability.

Lemma 3. With probability at least 1 — %, the following inequality holds simultaneously for all (x,a,h, k) €
SxAx[H]x[K]:

{Frn — Fi} (2,0) 2 0, (47)
which further implies that

E

k=1 a

S5 (5 - i pow)] < .

Proof. Consider frame T' and episodes in frame T Define Z = Z(1_1)k«1 because the value of the virtual queue
does not change during each frame. We further define/recall the following notations:

Z Z
Fin(z,a) = Qrn(z,a) + gck,h(% a), Ukn(z)=Vin(z)+ EWk,h(x)y
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Fy(z,a) = Qp(z,a) + gch (,a), Up(z)=V](z)+ gWh (2).
According to Lemma 9 in the appendix, we have

{Fk,n — F }Hz,a)
=) {Fir-nykor1n — F7 )} (2,0)

t
) L, A
Y i ({UWl U (pnen) + (B — B)UTL ) (o a) + (1 T n) bi)
=1

t
> {Fir-tyxos1h — FF Y (@,0) + > af {Uk,nrr = Ufyr } (2 ng1)
=1

t
=l {Fr—ykes1n — Fi} (x,0) + ) af (maax By ht1 (Ths ht 1, @) — Fpyg (T ht1,s W(wki,hﬂ)))
1=1
t

>af { Fir—tykes1n — Fi } (2,0) + Y i {Frnr — Fiiy } (@t 7@k, n1), (49)
=1

where inequality (a) holds because of the concentration result in Lemma 10 in the appendix and

t
Z H2(x+1) +Z H2(x + 1)
E:at1+ § s Xt aes
n 4 X+t X+t

by using Lemma 7-(c), and equality (b) holds because Triple-Q selects the action that maximizes Fi, j4+1(Zk; h+1,a)
80 Uk, h+1(@k; ht1) = maxXe Fi, ny1 (T, ht1, ).

The inequality above suggests that we can prove {Fj , — FJ }(x, a) for any (z,a) if (i)
{Fir—1)kot1,n — F[ } (%,a) >0,
i.e. the result holds at the beginning of the frame and (ii)
{Fins1 — Ff 1} (x,a) >0 for any K
and (z,a), i.e. the result holds for step h + 1 in all the episodes in the same frame.

It is straightforward to see that (i) holds because all reward and cost Q-functions are set to H at the beginning of
each frame (line 20 in Algorithm 1).

We now prove condition (ii) using induction, and consider the first frame, i.e. T = 1. The proof is identical for
other frames. Consider h = H i.e. the last step. In this case, inequality (49) becomes

i.e. condition (ii) holds for any k in the first frame and h = H. By applying induction on h, we conclude that
{Fin — FFHz,a) > 0. (51)

holds for any k, h, and (z,a), which completes the proof of (47).

Let £ denote the event that (47) holds for all k, h and (z,a). Then based on Lemma 8, we conclude that

E i > { (F,S:i - Fk,l) CJ?*} (xk,17a)]
k=1 a

S (- A} e g] Pr(e) + 5 iz{( R ) gc] Pr(er)
k=1 a =1 a
<2K <1 + Kl_afz‘ﬂ) H? ;3 < 4;?. (52)

O
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Next we bound (46) using the Lyapunov drift analysis on virtual queue Z. Since the virtual queue is updated
every frame, we abuse the notation and define Z; to be the virtual queue used in frame T. In particular,
Zr = Z(r_1)Ke+41- We further define

TK*

Cr = Z Cri(@r1,ak,1)-
k=(T—1)K*+1

Therefore, under Triple-Q, we have

Cr\ "
Zry1 = ZT“"/)"’E_E (53)
Define the Lyapunov function to be
1
Ly = EZ%.

The next lemma bounds the expected Lyapunov drift conditioned on Zp.

Lemma 4. Assume ¢ < 0. The expected Lyapunov drift satisfies

E [LT+1 — LT|ZT = Z}

1 TK~
Sﬁ Z (—U]E

k=(T—1)K*+1

Z {Qraa7"} (k1 0) — Qr1 (@1, ak,1)
a

ZT:Z‘|

+zE Jr =%

Z {(CY" = Crp) 7"} (wp,1,a)

) + H* 4 €2 (54)

Proof. Based on the definition of L, the Lyapunov drift is

, 2
~ Cr
Cr (ﬁ+€—l))
L — Ly <Z - = -
T+1 TS T(p+€ KQ)+ 5

C
<Zr <p+6— T) + HY 4 €
KOL
Zn (T+1)K*

Sﬁ Z (p+e—0k,1(xk71,ak,1)) +H4L+e2
k=TKo+1

where the first inequality is a result of the upper bound on |C 1(zk 1, ak,1)| in Lemma 8.

Let {q§}L | be a feasible solution to the tightened LP (33). Then the expected Lyapunov drift conditioned on
ZT =z is

E[Lri1 — L7|Zr = 2]
) TK"

ST > (Elz(p+ €= Cra(zr,ar1) —nQk1 (k1 ak1)| Z7 = 2] + E [Qp,1(wk,1, ak,1)| Zr = 2])
k=(T—1)K+1

+ H* + €2 (55)
Now we focus on the term inside the summation and obtain that

(Elz(p+e—Cri(zri,ar1)) —nQri(Tr1,ak1)| Zr = 2] + NE [Qr1(Tr1,ak,1)| Zr = 2])

n (Z {;Ck,lfﬁ + Qk,ﬂlf} (Tk1, a))
z (p +e— chyl(xk,lv a)qi (T 1, a)) Zr = z]

<z(pte) —E Zr =z| +nE[Qr1(zk1,a81)| Z1 = 2]

=E
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—-E

nz@k,l(xk,lv a)qi(Tk,1,a) — NQk1(Tk,1, ak1)| 21 = Z}

=E |z (p +e— ZC{(mk,l,a)qf(xkﬁl,a)> Zr = z]
~E |7 Qralwra,a)f(wr1,a) = nQk1(xx1,ak1)| Zr = 2| +E |2 Y {(Cf = Cra)a5} (wr1,0)| Zr = Z]
< =B | Y Qralwr, a)gf (zr1,0) — Qra(zra,an1)| Zr = 2| +E [ 2 {(Cf — Cra)gi} (zh1,0)| Zr = Z] :

where inequality (a) holds because ag,j, is chosen to maximize Qg (zk,n,a) + %C’k,h(a:k,h, a) under Triple-Q,
and the last equality holds due to that {g¢} (z, a)}hH:1 is a feasible solution to the optimization problem (33), so

<p+6—Zcf(wk,l,a)qi(ﬂck,l,a)> =(p+e=>_ gnlx,a)g(z,a) | <0.
a h,z,a

Therefore, we can conclude the lemma by substituting ¢§ (x, a) with the optimal solution ¢, (, a). O

After taking expectation with respect to Z, dividing n on both sides, and then applying the telescoping sum, we
obtain

K K
€,% Z €,% €,%
=3 (@i H o - atunonn) )| +2 [ 2 3 (00 - €857
k=1 a k=1 a
_K°E L1 = Lice] | K (H* 4+ €) - K (H* + 62)’ (56)
n n n
where the last inequality holds because that Ly = 0 and Ly is non-negative.
Now combining Lemma 3 and inequality (56), we conclude that
K (H* + ¢ 4H*
(35) < ( ) 4N
U ni
Further combining inequality above with Lemma 1 and Lemma 2,
KH H3\/IK K (H*+¢*) 4H*
Regret(K) < SH€ | prgari—o VK s ra s 1) + ( ; “) nKL. (57)
By choosing o = 0.6, i.e each frame has K% episodes, x = K2, n = K%2, and € = 87%2‘%;, we conclude that
—\ 5
when K > (%) , which guarantees that € < /2, we have
13 4H*, ~ (1 11
Regret(K) < ?H4\/SAL3KO'8 + 42 =0 <§H4SZA2KO'8) : (58)

B CONSTRAINT VIOLATION

B.1 Outline of the Constraint Violation Analysis

Again, we use Z7 to denote the value of virtual-Queue in frame T. According to the virtual-Queue update defined
in Triple-Q, we have

Cr\" C
Zry1 = (ZT-FP-FG—:;) >Zr+p+e—

~T
K Ko’



Triple-Q: A Model-Free Algorithm for CMDPs with Sublinear Regret and Zero Constraint Violation

which implies that

TK® TK®
> (O (kaarn) +p) S K* (Zr—Zr)+ Y ({Cha— C7*} (k1 ak1) —€)
k=(T—1)Ko+1 k=(T—1)Ko+1

Summing the inequality above over all frames and taking expectation on both sides, we obtain the following
upper bound on the constraint violation:

K K
E lzp — 7" (Th1, ak,l)l < —Ke+ K°E[Zgraa] +E |y {Cha — C7*} (@r1,an0) | (59)
k=1 k=1

where we used the fact Z; = 0.

In Lemma 2, we already established an upper bound on the estimation error of Cj, ; :

H3\IK

E + VHASAUK2=(x + 1). (60)

K
Z {Cra — CT*} (w1, ak,l)} < H?SAK'—@ +
k=1

Next, we study the moment generating function of Zrp, i.e. E [eTZT} for some r > 0. Based on a Lyapunov drift
analysis of this moment generating function and Jensen’s inequality, we will establish the following upper bound
on Zp that holds for any 1 < T < K7 41

E[Zr] <

54H* 16H? 16H? dnv H?
: log < ﬁ) + Ly 3 (61)

) ) K25 )
Under our choices of €, «, x, n and ¢, it can be easily verified that Ke dominates the upper bounds in (60) and

(61), which leads to the conclusion that the constraint violation because zero when K is sufficiently large in
Theorem 1.

B.2 Detailed Proof

To complete the proof, we need to establish the following upper bound on E[Zr41] based on a bound on the
moment generating function.

Lemma 5. Assuming € < g, we have for any 1 < T < K1—@

E[Z7] < (62)

54H* 16H?\/t 16H?.  4nvVH?2
1 .
5 °g< 5 )+ K% T s

The proof will also use the following lemma from Neely (2016).

Lemma 6. Let S; be the state of a Markov chain, Ly be a Lyapunov function with Ly = lg, and its drift
Ay = L1 — Ly. Given the constant v and v with 0 < v < v, suppose that the expected drift E[A:|S; = s| satisfies
the following conditions:

(1) There exists constant v > 0 and 6; > 0 such that E[A]S; = s] < —v when Ly > 0.

(2) |Li+1 — Lt| < v holds with probability one.

Then we have (0405)
2 (v+0¢
E[eTLt] S erlo + € ,
Yy

where r = m
Proof of Lemma 5. We apply Lemma 6 to a new Lyapunov function:

ET = ZT.
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_ 4H2, /HZ, 4,02
To verify condition (1) in Lemma 6, consider Ly = Zp > 0 = AE I; HH ) and 2e < 4. The conditional

expected drift of

E [ZT+1 — ZT|ZT = Z]

:E[@—@’ZT:Z}

1
I P

AL 4 H2 4 HY + €2
z

4%? + nx/ﬁ—i— H* + €2
Or

+

IN
2
|

IA
\

B NS N
+

where inequality (a) is obtained according to Lemma 11; and the last inequality holds given z > 0.

To verify condition (2) in Lemma 6, we have
ZT+1 — ZT S |ZT+1 — ZT| S |p+€f C’T| S (H2 + \/H4L) +€ S 2\/H4L,
where the last inequality holds because 2¢ < § < 1.

Now choose v = % and v = 2V H%.. From Lemma 6, we obtain

26r(v+9T) v
rZ rZ o
]E [6 T} g e 91 + T’ Where T = m (63)
By Jensen’s inequality, we have
eT]E[ZT] g ]E [eTZT] ,
which implies that
1 ) r(v+07)
E[Zr] < ~log <1 + e)
r Yy
2
! log (1 o} 3+22v~y e’”(””}T))
r Y
1 Sv?
<] 14 27 r(vtor)
=7 Og( + 3726
1 1102
+0
_;log ( 32 er T))
2 2
<4L log v er(v+or)
~ 3y 32
302 2v
<—log|— | +v+06r
gl g
B2 (Y, AV ER S HY )
A8H* 16H?2 A(Ae 4 H? 4+ HY + ¢
A8 (SHEVEN o gy A VR H )
) ) )
54H* 16H? 16H? dnv H? ~ (nH
< o Vi) L0 IVHR 6 (1) (64)
é é K?) é 0

which completes the proof of Lemma 5. O
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Substituting the results from Lemmas 2 and 5 into (59), under assumption K > (167 VS?HS“O’) , which guarantees

e < g Then by using the facts that € = 87%21“&’ we can easily verify that

4H WK% 16H? 4V H?
Violation(K)§5 (; log 0 6\ﬂ+ 5 "KO8 — 5V/SAHSBKOS,

If further we have K > e%, we can obtain

4H4 KO‘G 1 H2 :
Violation(K) < o (; log 6 5 Ve _ V/SAHSBKO8 — .

Now to prove the high probability bound, recall that from inequality (53), we have

K K

> p—CT*(zra,ak1) < —Ke+ K*Zgamair + Y {Chy — CT*} (zh.1, ax).- (65)
k=1 k=1

According to inequality (63), we have

2em(vHoT) 1102
<

- er(v—‘,—@:p)7

E [67‘ZT} S e'r'Zl +

Ty 3y
which implies that

1 1102
:PI‘(GTZT > 6108;(131,:)2 )+2T(U+9T)>
Eler?7]
= %eQT(U—QﬂT)

< 1
— er(v+or)

=0 (e, (66)

where the first inequality is from the Markov inequality.

In the proof of Lemma 2, we have shown

TK*

> Cen(@rnarn) = CrF (zhn, axn)
k=(T—1)Ko+1

TK* TK®
< Yo Crnrr@rper anner) = CFby (@ne1s Gpr)| + Yo (B = Pu)Vit (zhns ann)
k=(T—1)Ko+1 k=(T—1)Ko+1
H2\/IK®
+HSA+4%ﬂ;—+V&P&MK%X+U (67)

Following a similar proof as the proof of Lemma 10, we can prove that

TK* R 1
> @?WWW%@MMM)Sipr“
k=(T—1)Ko+1

holds with probability at least 1 — % By iteratively using inequality (67) over h and by summing it over all
frames, we conclude that with probability at at least 1 — %,

H3IK

K
1
> {Cha — CT* Mz, any)| <K'"H?SA + + VHASALK? = (x + 1) + 1\/H4LK2*04

k=1
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<4AVHAISAK®S, (68)

where the last inequality holds because o = 0.6 and y = K%2.
Now, by combining inequalities (66) and (68), and using the union bound, we can show that when K >

max { (87“9%}1%3) ,er%} , with probability at least 1 — @) (e‘KO'2 + %)

K
Y p—C*(wni,ak,1)
k=1

1 1102

< -Ke+ K* ( log ( 31’2 ) +2(v + eT)) +4VHAS A KO®
T 2l

< —V/SAH63K"8 <, (69)

which completes the proof of our main result.

C THE CHOICES OF THE HYPER-PARAMETERS IN TRIPLE-Q

Recall that the regret upper bound in (57) and the constraint violation bound in (59):
K K
Regret(K) =0 (Ke—i—Kl_“—l— — + K2y + )
X n
. . «@ 11—« K —
Violation(K) < — Ke+ O | K+ K%+ — + /K2 x| .
X

Note that we simplify the bounds above by keeping only K and the hyper-parameters y, «, € and 7, which should
be chosen as functions of K. Letting x = K”, in order to have O(K/x) and O(y/K2~x) be of the same order,
we should choose oo = 3. Therefore,

K K
Regret(K) =0 <K€+K13'B + KP4 KP4 ) =0 (K6+K1'B + >
U n

Violation(K) < — Ke + O (K*n+ K3 + K'™F + K'P) = ~Ke+ O (K*'n+ K' 7).
To guarantee zero constraint violation, we need to have Ke, K%n and K'=7 of the same order, so we set
e=0(K") and n=0(K'"*).

To minimize the regret upper bound, K'=# and % = K*P should be of the same order, so 3 = 0.2, which leads
to the choices of a = 0.6, x = K%2, ¢ = O(K~°2), and n = O(K"?).

D NOTATION TABLE

The notations used throughout this paper are summarized in Table 2.

E AUXILIARY LEMMAS

In this section, we state several lemmas that used in our analysis. The first lemma establishes some key properties
of the learning rates used in Triple-Q. The proof closely follows the proof of Lemma 4.1 in Jin et al. (2018).

Lemma 7. Recall that the learning rate used in Triple-Q is oy = ’;—ii, and
t t
a? = H(l —aj) and op = H (1—«aj). (70)
j=1 j=it1

The following properties hold for o :
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Table 2: Notation Table

Notation ‘ Definition
K The total number of episodes
S The number of states
A The number of actions
H The length of each episode
[H] Set {1,2,...,H}
Qi,n(x,a) | The estimated reward Q-function at step h in episode k
Q7 (x,a) | The reward Q-function at step h in episode k under policy =
Vin(xz) | The estimated reward value-function at step h in episode k
Vir(z) The value-function at step h in episode k under policy 7
Ci.n(z,a) | The estimated utility Q-function at step h in episode k
Ch(xz,a) | The utility Q-function at step h in episode k under policy 7
Wi.n(z) | The estimated utility value-function at step h in episode k
W[ (x) The utility value-function at step h in episode k under policy m
Fen(z,a) | Frn(z,a) = Qun(z,a) + S2Cpp(z, a)
Urp(z) | Upn(x) = Vin(z) + T2 Wi n(2)
rp(z,a) | The reward of (state, action) pair (z,a) at step h.
gn(z,a) | The utility of (state, action) pair (z,a) at step h.
Nin(z,a) | The number of visits to (x,a) when at step h in episode & (not including k)
Zy, The dual estimation (virtual queue) in episode k.
q5 The optimal solution to the LP of the CMDP (5).
q,” The optimal solution to the tightened LP (10).
) Slater’s constant.
by the UCB bonus for given ¢
I(-) The indicator function

(a) af =0 fort > 1,02 =1 fort=0.

(b) i ai=1fort>1,5""_ai=0 fort=0.

(c)

1
Vx+t

< 2

t ai
S 2im 3w S A

(d) Ztoiioéi =1+ i for every i > 1.

e L (a2 < XL for cvery t > 1.
i=1 t X+t Y

O

Proof. The proof of (a) and (b) are straightforward by using the definition of . The proof of (d) is the same as
that in Jin et al. (2018).

(c): We next prove (c) by induction.

For t = 1, we have >3'_, holds for t = 1.

a1 g, (c)
Now suppose that (c) holds for t — 1 for ¢ > 2, i.e.

t—1 .
1 at 2
- < ¢ < )
VX +E—1 *;\/X+z‘—1 T VxFt-1
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From the relationship af = (1 — o)l _; for i =1,2,...,t — 1, we have
t t—1

al Qi al_y
- = + (1 -« -,
Zx—i—z Aot t)zx/x—i—z

=1 =1

Now we apply the induction assumption. To prove the lower bound in (c), we have

t—1 4
Qi Qy_q Qi 1-— Qg Qi 1 — O 1
+(1-a g - > + > + > .
A t>i=1\/x+z VXL UXFE-T1 - X+t X+t X Ti

To prove the upper bound in (c), we have

t—1
@ o o 2(1 — « +1 2(t—1
(1)) A <y U-a) __ X + -1
VXt —Vx+iTVxFt xFt-T 0 (xFH)Y+Ht o () HE -
_lex-2 20t — 1) L2
(X+OVXFE (X+OVXFE-T XFt
—x —1 2 2
< + < . 71
(X FOVXFE—T X T X+ (71)
(e) According to its definition, we have
i x+t1 ( i i+1 t—l)
a:. . - - oo
it x U+l xi+2+x t+x
1 ) 41 t—1 1
X+ .<'z 'z+ )§X+ . (72)
t+x t+xi+1+x t—-1+% X+t
Therefore, we have
t t
2 i % X+]‘
a;)® < maxay| - ap < ——,
o) < lagei)- ot < 245
because Y'_, ol = 1. O

The next lemma establishes upper bounds on Q) and Cj j, under Triple-Q.
Lemma 8. For any (z,a,h,k) € S x Ax [H] x [K], we have the following bounds on Qi n(x,a) and Cyp(z,a) :

0 < Qrn(z,a) < H*Vu
0< C’kyh(x,a) < Hz\ﬂ.

Proof. We first consider the last step of an episode, i.e. h = H. Recall that Vi, gr11(x) = 0 for any k and = by its
definition and Qo g = H < H+/t. Suppose Qi u(z,a) < H /i for any ¥’ <k —1 and any (z,a). Then,

Qr.u(z,a) = (1 — a)Qx, m(z,a) + ar (rg(z,a) + b)) < max {H\ﬂ, 1+ Hiﬂ} < H+/4,

where ¢t = Ny, g(z,a) is the number of visits to state-action pair (z,a) when in step H by episode k (but not
include episode k) and k; is the index of the episode of the most recent visit. Therefore, the upper bound holds
for h = H.

Note that Qo = H < H(H — h + 1)y/t. Now suppose the upper bound holds for h + 1, and also holds for
k' < k — 1. Consider step h in episode k& :

Qrn(z,a) =(1 — o) Qu, (2, a) + o (ri(x,a) + Vi, h1 (T hg1) + 0e)
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where ¢ = Nj ,(z,a) is the number of visits to state-action pair (z,a) when in step h by episode k& (but not
include episode k) and k; is the index of the episode of the most recent visit. We also note that Vi p41(z) <
max, Qk h+1(z,a) < H(H — h)y/t. Therefore, we obtain

Qk.n(x,a) Smax{H(H—h—i—l)ﬂ,l—G—H(H—h)ﬁ—F Hiﬂ} <H(H—h+ 1)V

Therefore, we can conclude that Qg (z,a) < H?\/t for any k, h and (z, a). The proof for Cy, j,(z,a) is identical. [

Next, we present the following lemma from Jin et al. (2018), which establishes a recursive relation between Qg
and @} for any 7. We include the proof so the paper is self-contained.

Lemma 9. Consider any (z,a,h,k) € S x Ax [H| x [K], and any policy 7. Let t=Ny p(x,a) be the number of
visits to (x,a) when at step h in frame T before episode k, and k1, ..., ks be the indices of the episodes in which
these visits occurred. We have the following two equations:

(Qrn — QF)(2,0) =0 {Q(r—1yKo 11,0 — QF } (z,0)

t
+ Za; ({Vki,h-i-l — Vhw-i-l} (xki,h-&-l) + {[@’Zivhﬂ+l — Pthﬂ+1} (a:,a) —+ bi) , (73)
1=1
(Crn — Cf) (2, a) :0‘? {C(T—l)Ka+1,h - C}T} (z,a)
t
+ 3 ot ({(Weowsn = Wit} @eonin) + {BE Wiy = PaWis } (@,0) +8:), (74)
=1

where ]@ZVhH(m,a) := Vg1 (wg,ny1) is the empirical counterpart of PyViT | (2,a) = B ap, (|2,0) Vi1 (&), This
definition can also be applied to W as well.

Proof. We will prove (73). The proof for (74) is identical. Recall that under Triple-Q, Q41,1 (2, a) is updated as
follows:

(1 - at)Qk,h($7a) + oy (Th(.%', a) + Vk,h+1($h+1,k) + bt) if (1‘, a) = (xk’h,ak,h)
Qkn(z,a) otherwise

Qr+1,n(z,0) = {

From the update equation above, we have in episode k,

Qrn(z,a) =1 — ) Qr, .n(z,a) + o (1r(x, a) + Vi, 1 (@, ht1) + be) -

Repeatedly using the equation above, we obtain

Qin(@,a) =(1 — o) (1 — 1) Qu,_y 0 (w,0) + (1 — )1 (rn(z, @) + Vi, _y 1 (Thy_y 1) + be—1)
+ oy (T, a) + Vi, hg1 (The, ht1) + be)

t
=0{Qr—1yke+1.0(x,0) + Y af (ra(w, @) + Vi, w1 (T, ni1) +bi) (75)
i=1
where the last equality holds due to the definition of o} in (70) and the fact that all Q1 5 (z,a)s are initialized to
be H. Now applying the Bellman equation Q7 (z,a) = {rh + IP’hV,fH} (z,a) and the fact that 22:1 al =1, we
can further obtain

Qh(z,0) = o} Qf (z,a) + (1 - of)Qf (v, a)

t
= a{ QR (x,a) + Y o (r(w,0) + PaVily (2,0) + Vi (@ ni) = Vit (@ n41))
=1
t . A
= a{Qf(x,0) + >« (Th(xa a) + PVl (2, 0) + Vil (2 ni) — PRVl (2, a))
=1



Honghao Wei, Xin Liu, Lei Ying

t

= afQ7 (v, ) + Y af (rl@,@) + Vi (@nsn) + {PuViiy — BEViL f (,0)) . (76)

i=1

Then subtracting (76) from (75) yields
(Qrn — Q) (@, a) = {Qr—1)Kos1,n — QR } (2,0)

t
+ Za,’é ({Vkuhﬂ - Vhﬂ+1} (@hy ht1) + {Piivffﬂ - Pthﬂﬂ} (z,a) + b,») .
i=1

O

Lemma 10. Consider any frame T. Let t=Ny, 5 (z,a) be the number of visits to (x,a) at step h before episode k
in the cm"rent frame and let k1, ...,k < k be the indices of these episodes. Under any policy w, with probability
at least 1 — 755, the following mequalztzes hold simultaneously for all (z,a,h,k) € S x A x [H] x [K]

1 [H2(x+1)
4 x+t
L1 [HAx+1)
4 X+t)

Proof. Without loss of generality, we consider T'= 1. Fix any (z,a,h) € S x A x [H]. For any n € [K?], define

t
Z ai {(Pk Ph)Vh+1
i=1

t

Z a {(ﬁbk Ph)Wh-H

i=1

IN

=Y ab Ly { @ = Pa)Vi | (@,0).
i=1
Let F; be the o —algebra generated by all the random variables until step h in episode k;. Then
ELX(n+ 1)) = X(n) +E |02 e, <iey { B = PRV } (@,0)|Fa| = X(m),
which shows that X (n) is a martingale. We also have for 1 <4 < n,

1X(0) - X (- D) < ok [{ @ =PV} (0,0)] < 0tH

Then let 0 = \/ 8log (\/ 2SAHK ) >oi_,(aiH)?. By applying the Azuma-Hoeffding inequality, we have with

probability at least 1 — 2exp (—%) =1- ﬁ,

T T 2
X ()] < ,|8log (\/2SAHK)Z(04§H)2§ %6H2Z(a3)2§% }w

i=1 i=1

where the last inequality holds due to Y ;_,(a%)? < X“ from Lemma 7.(e). Because this inequality holds for any
7 € [K], it also holds for 7 =t = Ny (2, a) < K, Applylng the union bound, we obtain that with probability at
least 1 — 7 the following inequality holds simultanecously for all (z,a,h, k) € S x A x [H] x [K],:

Zt:ai {(Pff - Ph)Vhﬂﬂ} (z,a)

i=1

H%(x +1)

1
< Z
T4\ ()

Following a similar analysis we also have that with probability at least 1 — % the following inequality holds
simultaneously for all (z,a,h, k) € S x A x [H| x [K],:

t

>t { @) - PWi | (.a)

=1
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This lemma bound the conditional expected Lyapunov drift.
Lemma 11. Given 6 > 2¢, under Triple-Q, the conditional expected drift is
4H?%,

ot nVH2 + H* + € (77)

1)
E[Lyry1 — Ly|Zr = 2] < *§ZT +

Proof. Recall that Ly = %Z%, and the virtual queue is updated by using

cr\*
ZT+1: ZT+p+€—ﬁ .

From inequality (55), we have

E [LT+1 — LT|ZT = Z]

TK"
<L S E[Zr(o+e— Cunlmrs ann)) — 1@k (@, an)
=K T\pP k1 (Zk,1,0k,1 Nk 1 (Tk,1, k1

(0%
k=(T—1)Ko+1

+NQu1 (T, ak1)| Zr = 2] + H' + €

TK®
1
<wga 2. E|Zr <P+ €= > {Cradf} (x’“’l’“)>

k=(T—1)K*+1

Y AQradi Mk, a) + 1@k (wk 1, ax1)| Zr = Z]

+e2+ HY
TK®

1
SEZE

k=(T—1)Ko+1

Zr <p o= 3 {O7aT} (s a>>

- Z{qun(ﬂ?k,h a) +nQr(Tk1,a81)| 2T = Z]
a

1 TK®
w2

k=(T—1)K*+1

E | Zr Z {CTa1} (wha,0) — Z7 Z {Craq} (wk1,0)| 27 = Z}

TK®
1 m T
t%a Z Ean{qul}(xm, nZ{qul (zr1,0)|Zr = 2| + HY v+ €2
k=(T—1)K*+1 a
5 ] TK™
< ~3*t ga ) ”Z{ — Fr1)ai } (@1, a) + 0Qp1 (Th1, a0) | Zr = 2| + Hu 4 €
k=(T—1)K*+1

1) 4H?,
<(e) — 2z+ 72 +nVH2 4+ H* + €2

Inequality (a) holds because of our algorithm. Inequality (b) holds because ) {QTqT} (zx,1,a) is non-negative,
and under Slater’s condition, we can find policy 7 such that

d

=p+e—E Z qr(x,a)gn(z,a)| < —0+e< ——.

—E
€E+p 5

> Cf (e, a)gf (w1, 0)
a

h,z,a
Finally, inequality (c) is obtained due to the fact that Qg 1(zk 1, ak,1) is bounded by using Lemma 8, and the fact
that

TK*

E Z Z{ —Fr1)ql } (wpp,a)| Zr = 2

k=(T-1)K*+1 a
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can be bounded as (52) (note that the overestimation result and the concentration result in frame 7" hold regardless
of the value of Zr). O

Part 2: Simulations

F EVALUATION

We remark that when implementing Triple-Q, we do not need to reset all the Qp,(z,a) and Cj(s,a) to H. Instead,
we added extra “bonuses” to the learned values at the beginning of each frame to ensure overestimation. This
allows Triple-Q continues to learn across frames. In particular, at the beginning of each frame, we update all
Q-values as follows to replace lines 18-20.

Algorithm 2: Replacing Lines 18-20 of Triple-Q
if £ mod (K*) =0 // reset visit counts and add bonuses to Q-functions
then
Np(z,a) < 0 and Qn(z, a) < Qn(z,a)+ %M,V(aaa,h).
if Qn(x,a) > H or Cp(x,a) > H then
Qn(z,a) + H and Ch(x,a) + H;

N _
Z (Z +p+e— %) ,and C' «+ 0 ; // update the virtual-queue length

Consider frame T + 1. Note that if QJTrKaH’h(x, a) = C’;fKaJth(m, a) = H, then condition (i) in the proof of
. . - 2031
Lemma 3 holds. Otherwise, with the extra bonus, we have Q;K(,H’h(x, a) = QTK(,H’h(Jc, a) + T\/ < H and

C’;KaJrl)h(x, a) = C’;K(,H)h(x, a) < H. Here, we use superscript — and + to indicate the Q-values before and
after adding the extra bonus and thresholding. Suppose that the overestimation holds at the end of frame T i.e.
{Friay1n — Flrgaiipt(x,a) > 0 for any m, h and (x,a). Then, at the beginning of frame 7'+ 1, we have

- _ ZTK” _ - ZTKo -
{Frioy1n — Fy } (z,0) :QTKQ+1,h($7a) + n TKa+1,h($7 a) — Qp(w,a) — 0 Ch(x,a)

QH3\/t  Zriasi — Zrica
+ \/+TK+1 TKC,

ZrKko41 — ATKe pon

1 n TKa+1,h(xa a) — n Cr(z,a)

3 - [e3
ZQH Vi 2|ZT1r<a+1 ZrK |H

n n
>0, (78)

where the last inequality holds because according to Lemma 8,
TK>
i 1yxar1 Cra(Tr, ok
|ZrKeq1 — Zrre| < max {P+ € LK J}l(a ( ) < H*VL.

In a summary, condition (i) in the proof of Lemma 3 continues to hold under this modified algorithm, assuming
the overestimation result holds in the previous frame, so does the overestimation result in frame T + 1. The
advantage of this method is that the algorithm does need to learn the Q-functions from scratch in each frame.

F.1 A Tabular Case

We first evaluated our algorithm using a grid-world environment studied in Chow et al. (2018). The environment
is shown in Figure 1-(a). The objective of the agent is to travel to the destination as quickly as possible while
avoiding obstacles for safety. Hitting an obstacle incurs a cost of 1. The reward for the destination is 100, and
for other locations are the Euclidean distance between them and the destination subtracted from the longest
distance. The cost constraint is set to be 6 (we transferred utility to cost as we discussed in the paper), which
means the agent is only allowed to hit the obstacles as most six times. To account for the statistical significance,
all results were averaged over 25 trials, same for later simulations.
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The result is shown in Figure 2, from which we can observe that Triple-Q can quickly learn a well performed
policy (with about 20,000 episodes) while satisfying the safety constraint. Triple-Q-stop is a stationary policy
obtained by stopping learning (i.e. fixing the Q tables) at 40,000 training steps (note the virtual-Queue continues
to be updated so the policy is a stochastic policy). We can see that Triple-Q-stop has similar performance as
Triple-Q, and show that Triple-Q yields a near-optimal, stationary policy after the learning stops.

01 2 345 6 7 8 9101 121324151617 1819

4
Agent @

5 Hazards
cGoal D

(b)

Figure 1: Grid World and DynamicEnv! with Safety Constraints

1000 T T T 10
800 8
Threshold
- 600f 6 ==
- -
© 3 T —— et
z o
= 400f 4}
200 2 1
—— Triple-Q-stop
Triple-Q
0 0

0 20000 40000 60000 80000 0 20000 40000 60000 80000
Training Steps Training Steps

Figure 2: The average reward and cost under Triple-Q during training. The shaded region represents the 95%
confidence interval.

Ablation Study

We investigate Triple-Q’s sensitivity to hyperparameter 7 via an ablation study. As shown in Figure 3, a smaller
71, which represents a higher weight on constraint, results in a lower cost while maintaining a similar performance
in terms of reward.

F.2 Triple-Q with Neural Networks

We also evaluated our algorithm on the Dynamic Gym benchmark (DynamicEnv) Yang et al. (2021) as shown in
Figure. 1-(b). In this environment, a point agent (one actuator for turning and another for moving) navigates on
a 2D map to reach the goal position while trying to avoid reaching hazardous areas. The initial state of the agent,
the goal position and hazards are randomly generated in each episode. At each step, the agents get a cost of 1 if
it stays in the hazardous area; and otherwise, there is no cost. The constraint is that the expected cost should not
exceed 15. In this environment, both the states and action spaces are continuous, we implemented the key ideas
of Triple-Q with neural network approximations and the actor-critic method. In particular, two @ functions are
trained simultaneously, the virtual queue is updated slowly every few episodes, and the policy network is trained
by optimizing the combined three “Q”s (Triple-Q). The implementation details can be found in Table 3. These
hyperparameters are used in two later environments, pendulum and Ball-1D, as well. We call this algorithm Deep
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1000 - 10

800} 8
o 600
3 8
< 400}
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0020000 40000 60000 80000 %0 20000 40000 60000 80000
Training Steps Training Steps

Figure 3: Performance of Triple-Q under different choices of 7 in the Grid World

Triple-Q. The simulation results in Figure 4 show that Deep Triple-Q learns a safe-policy with a high reward
much faster than WCSAC Yang et al. (2021). In particular, it took around 0.45 million training steps under
Deep Triple-Q, but it took 4.5 million training steps under WCSAC.

100

— Triple-Q
—— WCSAC
80 1
60
@
o
o |
40
Threshold
20
00 075M 1.5M  2.25M  3.0M 00 075M 1.5M  2.25M  3.0M
Training Steps Training Steps

Figure 4: The rewards and costs of Deep Triple-Q versus WCSAC during Training

Table 3: Hyperparameters

Parameter Value
optimizer Adam
learning rate 3x173
discount 0.99
replay buffer size 106
number of hidden layers (all networks) 2
batch Size 256
nonlinearity ReLLU
number of hidden units per layer (Critic and Actor) 256
virtual queue update frequency 3 episode

We further compared Deep Triple-Q with several existing safe exploration RL algorithms. We first compared
Triple-Q with CBF Cheng et al. (2019) on the Pendulum environment.(https://gym.openai.com/envs/Pendulum-
v0/) In this environment, the constraint is that the maximum angle (rad) of the pendulum cannot exceed 1
radian, otherwise the episode ends. Since Triple-Q was designed to address cumulative constraints, we set the
threshold of angel to be 0.5 so that the angel will not exceed 1 radian with a high probability. The result was
averaged over 25 trials. As shown in Figure 5, we observed that Triple-Q achieved a higher reward. Although

'Image Sorce: The environment is generated using safety-gym: https://github.com/openai/safety-gym.
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Triple-Q violated the constrained at the early stage and cannot guarantee an strictly safe policy during learning,
it can learn a relatively safe policy very quickly without violating the hard constraint. We remark that CBF
requires the physical model of the pendulum as a prior knowledge while Deep Triple-Q does not.

250F7 T T ' T T
3.0+ —— Deep Triple-Q H
ot 8 —— CBF
\V 2.5}
T -250f 1o
© © 2.0r
& —s00] 1o
b 5 1.5
3 —750} 12
0 é 1 0- r— - ——
o
- 3 1=
w —1000 ost
—1250} ool
—1500k s - - g . - - . s
0 25 50 75 100 0 25 50 75 100
Episode Episode

Figure 5: Comparison with CBF

Finally, we compared Triple-Q with DDPG+Safety Layer in Dalal et al. (2018) on Ball-1D environment (Figure
6a), where the goal of the RL agent is to keep the green ball as close to the target (pink ball) as possible by
controlling its velocity. The safe region is [0, 1]. If the green ball steps out of it, the episode terminates. The
threshold in this environment was set to be 0.3. We can observed that Deep Triple-Q converged much faster than
DDPG+Safety Layer as shown in Figure 6b.

_0_‘—

(a) Ballld Environment

70 20
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1 0 0.3K 0.6K 0.9K 1.2K 1.5K 0 0.3K 0.6K 0.9K 1.2K 1.5K
Training Steps Training Steps

(b) Performance during training

Figure 6: Comparison with DDPG—+Safety Layer



