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Abstract

We study stochastic approximation procedures for approximately solving a d-dimensional
linear fixed point equation based on observing a trajectory of length n from an ergodic
Markov chain. We first exhibit a non-asymptotic bound of the order tmix

d

n
on the squared

error of the last iterate of a standard scheme, where tmix is a mixing time. We then prove
a non-asymptotic instance-dependent bound on a suitably averaged sequence of iterates,
with a leading term that matches the local asymptotic minimax limit, including sharp
dependence on the parameters (d, tmix) in the higher order terms. We complement these
upper bounds with a non-asymptotic minimax lower bound that establishes the instance-
optimality of the averaged SA estimator. We derive corollaries of these results for policy
evaluation with Markov noise—covering the TD(λ) family of algorithms for all λ ∈ [0, 1)—
and linear autoregressive models. Our instance-dependent characterizations open the door
to the design of fine-grained model selection procedures for hyperparameter tuning (e.g.,
choosing the value of λ when running the TD(λ) algorithm).

1 Introduction

Linear Z-estimation problems—in which we are interested in computing the fixed point of
a linear system of equations—are widely used in many application domains, including rein-
forcement learning and approximate dynamic programming [Ber19, Sze10], stochastic control
and filtering [BMP12, Bor09, KY03], and time-series analysis [Ham20]. In many of these
applications, the data-generating mechanism is modeled using an underlying Markov chain.
The resulting dependency among the observations presents challenges for algorithm design
as well as statistical analysis. In this paper, our goal to is provide an instance-dependent
statistical analysis—one that captures the difficulty of the particular Z-estimation problem
at hand—and to develop computationally efficient algorithms that match these fundamental
limits.

A linear Z-estimation problem in R
d is specified by a fixed point equation of the form

θ = L̄θ + b̄, (1)

where the matrix L̄ ∈ R
d×d and the vector b̄ ∈ R

d are parameters of the problem. In settings
of interest in this paper, the problem parameters (L̄, b̄) are unknown, and we observe only
a sequence (Lt, bt)t≥1 of noisy observations, generated according to a Markov process in the
following manner. The Markov process generates a sequence (st)t≥0 of states taking values in
some underlying state space X. This chain is assumed to be ergodic, with a unique stationary
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distribution ξ. The observed pair (Lt, bt) at each time t depends on the current state st, and
moreover, their expectations under the stationary distribution ξ are equal to their population-
level counterparts (L̄, b̄).

This general formulation includes a number of special cases of interest. In the simplest
setting, at each time t, we observe a matrix-vector pair of the form Lt+1 = L(st) and bt+1 =
b(st), where L : X → R

d×d and b : X → R
d are deterministic mappings such that

Eξ

[
L(s)

]
= L̄, and Eξ

[
b(s)

]
= b̄. (2a)

Many applications involve additional sources of randomness beyond that naturally associated
with the Markov chain itself. In order to accommodate this possibility, we can consider
observations of the form

Lt+1 = Lt+1(st), and bt+1 = bt+1(st). (2b)

Here the mappings Lt+1 and bt+1 are now allowed to be i.i.d. random, independent of st, but
are required to be related to the deterministic mappings L and b via the relation

E
[
Lt+1(s)

]
= L(s), E

[
bt+1(s)

]
= b(s), for all s ∈ X. (2c)

By the tower property of conditional expectation, equations (2a) and (2c) imply that Lt+1(st)
and bt+1(st) are unbiased estimates of L̄ and b̄, respectively.1

Stochastic approximation methods, dating back to the seminal work of Robbins and
Monro [RM51], are standard iterative procedures for using data to approximately compute θ.
These algorithms proceed in a streaming fashion: upon receiving each data point, an incre-
mental update is made and the (averaged or) final iterate is returned in a single pass. In this
way, each iteration of stochastic approximation incurs only mild computational and storage
costs. Given these attractive computational properties, it is natural to ask if there are SA
methods that also enjoy optimal statistical performance.

In this paper, we analyze the SA procedure based on the updates

θt+1 := (1− η)θt + η(Lt+1θt − bt+1), for t = 0, 1, . . . (3a)

θ̂n :=
1

n− n0

n−1∑

t=n0

θt for n = n0 + 1, n0 + 2, . . .. (3b)

Equation (3a) describes a standard stochastic approximation update with constant stepsize
η > 0, whereas equation (3b) corresponds to an application of the Polyak–Ruppert averaging
procedure [PJ92, Rup88] to the iterates, with burn-in period n0. When each matrix observa-
tion Lt+1 has a constant rank independent of the dimension d—as is the case for temporal
difference learning methods in reinforcement learning (see Section 2.2)—the SA method (3)
can be implemented with O (d) computational and storage cost per iteration.

There is an extensive body of past work on stochastic approximation methods with Markov
data. Here we provide an overview of the literature most germane to our contributions, and
defer a more detailed review to Section 1.2. Asymptotic convergence of SA procedures with
Markovian data can be established using either the ODE method [Bor09] or the Poisson
equation method [BMP12]. The paper [TVR97] analyzes the asymptotic convergence of SA
in the specific context of temporal difference methods in reinforcement learning. Although

1However, equation (2c) does not require the observations to be conditionally unbiased.
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asymptotic guarantees provide helpful guidance, it is often most useful to have non-asymptotic
guarantees that account both for limited sample size and scale of modern problems, and for
these reasons, non-asymptotic analysis of Markovian SA procedures has attracted much recent
attention.

Assuming a mixing time bound on the Markov chain, a projected variant of linear SA
was analyzed by Bhandari et al. [BRS18], who established non-asymptotic rates that are
near-optimal in their dependence on the sample size n. Srikant and Ying [SY19] analyzed
the standard SA scheme without the projection step used in [BRS18], and obtained the same
convergence rate in both mean-squared error and higher moments. Under an appropriate
Lyapunov function assumption on the Markov chain, Durmus et al. [DMN+21] proved finite-
time bounds for linear SA using stability properties of random matrix products. Variants and
special cases of SA procedures with Markov data have also been studied, including two-time-
scale algorithms [KMN+20], gradient-based optimization under Markov data [DNPR20], and
estimation in auto-regressive models [BJN+20, JKNN21].

Despite this encouraging progress to date, two important questions still remain open, and
form the focus of this paper:

• Sample complexity in high dimensions: The primary goal of non-asymptotic analysis
is to provide guarantees on the estimation error that have an explicit dependence on the
problem at hand, and that hold true for a reasonable range of values of the sample size
n. For instance, suppose the linear Z-estimation problem in R

d is driven by an underly-
ing Markov chain of mixing time tmix. Then under natural noise assumptions, one should
expect the estimation error to scale as O (tmixd/n), with this being the dominant term
whenever n & tmixd. However, existing analyses of linear SA do not provide such tight
dimension-dependence. Using the notation of this paper, the sample size bounds in the
papers [SY19, BRS18] rely on a uniform upper bound on the operator norm of the stochas-
tic matrix Lt+1(st); this quantity scales linearly with dimension d in many applications.
Consequently, the resulting bounds on the MSE have a sub-optimal dependence on dimen-
sion, which is unsatisfactory for high-dimensional problems. Similarly, the bounds in the
papers [DMN+21, KLL20, CMSS21] also exhibit a sub-optimal dependence on dimension.
To the best of our knowledge, the question of whether linear SA succeeds under the minimal
conditions on sample size—in particular, with n mildly larger than d · tmix—remains open.

• Instance-dependent optimality: While many estimators may exhibit near-optimal sta-
tistical performance in the globally minimax (i.e., worst-case) sense, some of them perform
significantly better than others when applied to practical problem instances. This phe-
nomenon motivates the study of local (i.e., instance-dependent) performance in the non-
asymptotic regime. Such results have recently been established for linear Z-estimation in
the i.i.d. setting [PW21, LWC+20, KPR+21, MPW20]. The latter two papers listed provide
non-asymptotic analogs of classical theory on local asymptotic minimaxity (c.f. [vdV00]),
which establishes lower bounds by looking at the worst-case family of instances in a local
neighborhood of a given problem. In the Markov setting, two questions naturally arise:
(1) What does it mean for an estimator to be locally optimal in a non-asymptotic sense?
(2) Does the linear SA estimator (3) match the local lower bound for every problem instance?

1.1 Contributions and organization

The primary goal of this paper is to resolve these challenges, and provide a sharp analysis of
(averaged) linear SA algorithms. These answers are not merely of theoretical interest: they
also provide important guidance for practice, such as in choosing algorithm parameters such
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as the burn-in period and stepsize. In more detail:

• We perform a fine-grained analysis of linear SA and produce an upper bound on its statis-
tical error that transparently tracks the dependence on problem-specific complexity as well
as step-size. Furthermore, our bound holds true provided n & tmix · d, establishing that the
algorithm does indeed attain a sharp sample complexity guarantee in high dimensions.

• In a complementary direction to our upper bounds, we show a local minimax lower bound
with an appropriately defined notion of local neighborhood of Markov chains. This lower
bound certifies the statistical optimality of the linear SA estimator, again in an instance-
dependent sense.

• We derive consequences of our general analysis for temporal difference methods in rein-
forcement learning, demonstrating a key problem-dependent quantity in matching upper
and lower bounds.

One technical aspect of our analysis is noteworthy. En route to establishing bounds with
sharp dimension dependence, we introduce a careful “bootstrapping” argument: starting with
a loose bound, we progressively refine it via the repeated application of certain self-bounding
inequalities. We suspect that this method may be of independent interest in providing sharp
analyses of other stochastic approximation methods.

The remainder of this paper is organized as follows. We complete this section by introduc-
ing notation to be used throughout the paper, and then providing a more detailed discussion
of related work. In Section 2, we provide the basic problem set-up, discuss the underlying
assumptions, and give some illustrative examples. Section 3 is devoted to the presentation of
our main results, which include upper bounds on the estimation error of stochastic approxi-
mation procedures, along with local minimax lower bounds that apply to any estimator. In
Section 4, we develop some consequences of these results for specific models, including policy
evaluation in reinforcement learning and estimation in autoregressive models. Sections 5, 6,
and 7 are devoted to the proofs of Proposition 1, Theorem 1, and Theorem 2, respectively. We
conclude with a discussion in Section 8. The proof of some auxiliary results and corollaries
are postponed to the appendix.

Notation: We let (X, ρ) denote a metric space. For any x ∈ X, we use δx to denote the
distribution that places all its mass on {x}. Given a random variable X, we use the notation
L(X) to denote its probability distribution. For a pair (π, µ) of probability distributions on
X, let Γ(π, µ) denote the space of all possible couplings of µ and π. For any p ≥ 1, the
Wasserstein-p distance between π and µ is given by

Wp(π, µ) :=
{

inf
γ∈Γ(π,µ)

∫

X×X

ρ(x, y)pdγ(x, y)
}1/p

, (4)

and the total variation distance between π and µ by

dTV(π, µ) := sup
A⊆X

|π(A)− µ(A)| .

Our analysis also involves various other divergences between probability measures. For any
pair of probability distributions P and Q on the same space, we use P ≪ Q to denote the fact
that P is absolute continuous with respect to Q, and use dP

dQ to indicate the Radon-Nikodym
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derivative. Given P ≪ Q, we define:

KL Divergence: DKL(P ‖ Q) := EP

[
log dP

dQ(X)
]
,

χ2 divergence: χ2 (P || Q) := EP

[
dP
dQ(X)− 1

]
,

Max divergence: D∞(P ||Q) := sup
x∈supp(Q)

∣∣∣log dP
dQ(x)

∣∣∣ .

Given any matrix A = (aij) ∈ R
n×m, its vectorization is obtained by concatenating its

columns—viz. vec(A) :=
[
a11 a2,1 · · · an1 a12 · · · an2 · · · a1m · · · anm

]⊤ ∈ R
nm.

We use {ej}dj=1 to denote the standard basis vectors in the Euclidean space R
d, i.e., ej is a

vector with a 1 in the j-th coordinate and zeros elsewhere. For two matrices A ∈ R
d1×d2

and B ∈ R
d3×d4 , we use A⊗B to denote their Kronecker product, a d1d3 × d2d4 real matrix.

For symmetric matrices A,B ∈ R
d×d, the notation A � B means that B − A is a positive

semi-definite matrix, whereas A ≺ B indicates that B−A is positive definite. We use λmax(A)
and λmin(A) to denote the largest and smallest eigenvalue of the matrix A, respectively. We
use the following notation for matrix norms: for any matrix A ∈ R

d1×d2 , we use the notation
|||A|||op, |||A|||F and |||A|||nuc to denote its operator norm, Frobenius norm and nuclear norm,
respectively.

Finally, throughout the paper, we use Ft := σ
(
(bi, Li, si)i≤t

)
to denote the natural filtra-

tion induced by the Markov observations.

1.2 Additional related work

This paper analyzes stochastic approximation algorithms based on Markov data, and has
consequences for reinforcement learning. So as to put our results into context, we now provide
more background on past work in these areas.

1.2.1 Statistical estimation based on Markov data

There is a large body of past work on statistical estimation based on observing a single
trajectory of a Markov chain; for example, see Billingsley [Bil61] for an overview of some clas-
sical results. For the problem of functional estimation under the stationary distribution, the
asymptotic efficiency of plug-in estimators2 has been established for discrete-state Markov
chains [Pen91, GW95] and Itô diffusion processes [Kut97]. In this paper, we provide non-
asymptotic bounds, both upper and lower, that depend on a certain instance-dependent func-
tional that also appears in an asymptotic analysis. More recent work has seen non-asymptotic
results for statistical estimation with Markovian data, including the estimation of transition
kernels [WK21, LWZ18], mixing times [HKL+19], the parameters of Gaussian hidden Markov
models [YBW17], as well for certain testing problems [DDG18]. These papers can be roughly
divided into two categories. Papers in the first category focus on estimating parameters for
each individual state of the Markov chain (e.g., transition kernels), and thus require sample
sizes that scale with the complexity of the state space (e.g., its cardinality in the discrete
case). By contrast, papers in the second category are concerned with estimating properties
of the Markov chain (e.g., the expectation of a functional under the stationary distribution),
and the sample complexity of such problems need not depend on the size of the state space.
Our paper falls within the second category.

2These papers refer to such methods as “empirical” estimators.
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1.2.2 Stochastic approximation methods

The use of recursive stochastic procedures for solving fixed point equations dates back to the
seminal work of Robbins and Monro [RM51]; see the reference books [Bor09, BMP12, KY03]
for more background. By averaging the iterates of the SA procedure, it is known that one
can obtain both an improved convergence rate and central limit behavior [PJ92, Rup88]. A
variety of stochastic approximation procedures now serve as the workhorse for modern large-
scale machine learning and statistical inference [NJLS09, BCN18], and many algorithmic
techniques are known to accelerate their convergence [GL12, JZ13, LMWJ20]. In particular,
non-asymptotic bounds matching the optimal Gaussian limit have been established in a variety
of settings [MB11, GP17, DDB20, MLW+20, MPW20].

While the instance-dependent nature of this line of investigation aligns with the objective
of our work, prior work either assumes an i.i.d. observation model or imposes a martingale
difference assumption on the noise.3 The first study of SA procedures without a martingale
difference assumption was initiated by Kushner and Clark [KC78], who give a general criteria
for convergence, as well as Ljung [Lju77a, Lju77b], who analyzed linear problems motivated by
control and filtering. The work [MP84] analyzed general SA problems for controlled Markov
processes by applying the Kushner–Clark lemma. In addition to this classical work, stochastic
approximation in the Markov setting has attracted much recent attention. Central limit
theorems [For15] and non-asymptotic convergence rates [KMMW19] have been established
for controlled Markov processes. In addition to the papers discussed in Section 1, several
recent works have considered particular aspects of SA with Markov data, including two-time-
scale variants [DNPR20, KB18], observation skipping schemes for bias reduction [KLL20],
Lyapunov function-based analysis under general norms [CMSS21], and proving guarantees
under weaker ergodicity conditions [DDA21].

1.2.3 Application to RL problems

Markovian observations arise naturally in the context of stochastic control and reinforcement
learning (RL). See the book [BMP12] for a historical survey of algorithms for stochastic con-
trol and filtering with Markovian stochastic approximation, and the books [Ber19, Sze10]
for more background on the RL setting. In RL problems, SA algorithms are typically used
to solve Bellman equations, a class of linear or non-linear fixed-point equations. In policy
evaluation problems, temporal difference (TD) methods [Sut88] use linear stochastic approx-
imation to estimate the value function of a given policy, with asymptotic convergence guar-
antees [DS94, TVR97, Boy02] and non-asymptotic bounds [BRS18, KPR+21, MPW20]. In
the non-linear case, the Q-learning algorithm [WD92] is a stochastic approximation method
that estimates the Q-function of a Markov decision process from data. There is a long line
of past work on this algorithm, including convergence guarantees [Tsi94, Sze98, EDM03], re-
sults on linear function approximation for optimal stopping problems [TVR99, BRS18], and
non-asymptotic rates under general norms in both the i.i.d. setting [Wai19a, Bor21] as well as
the Markovian setting [CMSS21]. A class of variants of TD and Q-learning are also studied in
literature, including actor-critic methods [KT00], SARSA [RN94], and methods that employ
variance-reduction [SWW+18, KPR+21, Wai19b, KXWJ21]. A concurrent preprint to this
manuscript [LLP21] proves lower bounds on the oracle complexity of policy evaluation with
access to temporal difference operators, and develops an acceleration scheme with variance

3In the linear equation setup, the martingale difference noise assumes that E[Lt+1 | Ft] = L̄ and
E[bt+1 | Ft] = b̄, which does not cover the Markov case.
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reduction to achieve these lower bounds while retaining the optimal sample complexity.

It should be noted that an important feature of reinforcement learning is function ap-
proximation, i.e., using a given function class (e.g. a linear subspace) to approximate the
solution to the Bellman equation of interest. This method enables estimation with a sample
size depending on the intrinsic complexity of the function class, instead of the cardinality of
state-action space. On the other hand, an approximation error is induced by projecting the
Bellman equation onto this function class. This trade-off is central to the class of TD algo-
rithms, as studied in a line of past work [TVR97, YB10, Ber11, MS08, MPW20]. Prior work
by a subset of the authors [MPW20] focuses on the i.i.d. setting, and shows that projected
linear equations have a non-standard tradeoff between approximation and estimation errors.
The current paper is complementary in nature, building on this work by analyzing the more
challenging setting of Markov observations. Among the concrete consequences of this paper
are an instance-optimal analysis of TD algorithms in the Markov setting with linear function
approximation. This analysis provides the basis for a principled choice of the parameter λ in
the broader class of TD(λ) algorithms.

2 Problem set-up

Recall from our earlier set-up (cf. equation (1)) that we are interested in solving a fixed point
equation of the form θ = L̄θ + b̄, based on noisy observations of the pair (L̄, b̄), as defined by
the Markov observation model (2). We require that the matrix L̄ satisfies the conditions

κ :=
1

2
λmax

(
L̄+ L̄⊤) < 1, and |||L̄|||op ≤ γmax. (5)

2.1 Assumptions

We now introduce and discuss the remaining four assumptions that underlie our analysis.

2.1.1 Conditions on Markov chain

We first describe the conditions imposed on the underlying Markov chain in our observation
model. Let {st}t≥0 denote a trajectory drawn from a Markov chain with transition kernel P .
We assume that this chain has a unique stationary distribution ξ, and impose the following
mixing condition in Wasserstein-1 distance:

Assumption 1. There exists a natural number tmix and a universal constant c0 ≥ 1 such
that for any x, y ∈ X, we have the bounds

W1,ρ(δxP
tmix , δyP

tmix)
(a)

≤ 1

2
ρ(x, y), and W1,ρ(δxP

t, δyP
t)

(b)

≤ c0ρ(x, y), for all t = 0, 1, 2, . . ..

(6)

We assume throughout that the chain is initialized with a sample s0 ∼ ξ from the stationary
distribution. Given that our mixing time bound guarantees exponential decay of the Wasser-
stein distance, this condition is mild: it can be removed by waiting O (tmix) iterations for the
process to mix.
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2.1.2 Tail conditions on noise

In our observation model, the “noise” terms correspond to the differences Lt+1(st)−L(st) and
L(st)− L̄, along with analogous quantities for the vector b. Our second assumption imposes
conditions on these noise variables. We consider separate conditions on these martingale
Lt+1(st)−L(st) and Markov L(st)− L̄ parts of the noise, as well as the b-noise analogues.

Assumption 2. There exists an even integer p̄ ∈ [2,+∞] and non-negative constants σL and
σb, such that for any positive even integer p ≤ p̄, scalar t ≥ 0, vector u ∈ S

d−1, and index
j ∈ {1, . . . , d}, we have

E
[
〈ej ,

(
Lt+1(st)−L(st)

)
u〉p | Ft

]
≤ p!σpL, and Es∼ξ

[
E
[
〈ej , bt+1(s)− b(s)〉p | s

]]
≤ p!σpb ,

(7a)

as well as

Es∼ξ

[
〈ej ,

(
L(s)− L̄

)
u〉p

]
≤ p!σpL, and Es∼ξ

[
〈ej , b(st)− b̄〉p

]
≤ p!σpb . (7b)

Note that this assumption is mildest for p̄ = 2, and strongest for p̄ = ∞. In the latter
case, when p̄ = ∞, the assumption requires Lt+1 and bt+1 to be sub-exponential random
variables in the standard coordinate directions (since log(p!) ≤ p log(p/2) by concavity of the
log function). This condition covers, for instance, the case where Lt+1 is the outer product
of sub-Gaussian random vectors, as in temporal difference learning methods. In addition to
accommodating this case, Assumption 2 also covers the heavier-tailed setting in which only
finitely many moments exist. In particular, when p̄ = 2, the second moment assumption
coincides with the assumption made in the paper [MPW20].

An important quantity in our analysis is the effective noise level given by

σ̄ := sup
p∈[2,p̄]

sup
j∈[d]

p−1
(
E
[
〈ej , (Lt+1(st)− L̄)θ̄ + (bt+1(st)− b̄)〉p

])1/p
.

Note that under Assumption 2, we have the upper bound σ̄ ≤ σL‖θ̄‖2 + σb.

2.1.3 Metric space conditions

For most of our analysis, we impose the following condition:

Assumption 3. The metric space (X, ρ) has diameter at most one.

Note that our assumption of unit diameter is arbitrary; boundedness suffices. In order to
accommodate the general case, it suffices to rescale the parameters σL and σb.

When applying our theory to unbounded spaces (e.g., X = R
d), we use a truncation

argument to show that there is an event over a reduced state space on which this condition
holds with probability tending exponentially to 1. (See Appendix A for the details of this
argument.)

2.1.4 Lipschitz condition

Finally, we place a Lipschitz assumption—under the metric ρ—on the mapping from the
metric space X to the stochastic operators. Given the Markov chain setup in the metric
space (X, ρ), it is alluring to assume dimension-free Lipschitz bound on the mappings (Lt, bt).
However, as the space X has diameter bounded by 1, such Lipschitz constants typically depend
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on dimension for practical problems. Concretely, view the L̄-scale parameters (κ, γmax) as
constants and assume that the observations Lt+1(st) each have rank at most r. We then have

E
[
|||Lt+1(st)|||op

]
≥ E

[
|||Lt+1(st)|||nuc

]

r
≥ trace

(
E
[
Lt+1(st)

])

r
=

trace(L̄)

r
. (8)

The trace trace(L̄) typically scale as Θ(d), even in the “easy case” when L̄ is a constant
multiple of identity matrix.

So the Lipschitz constant for the mapping Lt : X → R
d×d is at least Ω(d). On the

other hand, as a d-dimensional standard Gaussian random variable has norm Ω(
√
d) with

high probability, it is natural to assume the Lipschitz constant for the vector-valued mapping
bt : X → R

d to be of order at least Ω(
√
d). We therefore make the following assumption:

Assumption 4. There exist constants σL, σb > 0 such that, almost surely for any x, y ∈ X,
we have

|||Lt(x)−Lt(y)|||op ≤ σLd · ρ(x, y) and ‖bt(x)− bt(y)‖2 ≤ σb
√
d · ρ(x, y) (9)

for all t = 1, 2, . . ..

Note that in Assumption 4, we explicitly rescale the RHS of the inequalities with factors
that depend on the problem dimension d, so that the pair (σL, σb) should indeed be viewed
as dimension-free. The notation (σL, σb) is actually overloaded in Assumptions 2 and 4. In
practice, we can take the maximum of the bounds in the two assumptions. Besides, as shown
in Appendix A, for certain natural problem classes, Assumption 2 indeed implies Assumption 4
with discrete metric, up to logarithmic factors.

2.2 Some illustrative examples

Our assumptions cover a broad range of ergodic Markov chains, and the fixed-point equa-
tion (1) associated with their stationary distribution naturally arises from several problems.
In this section, we describe a few concrete examples of our general setup. We first discuss the
class of Markov chains satisfying our assumptions, and then describe the linear Z-estimators
associated with such problems.

2.2.1 Examples of Markov chains

By varying our choice of the metric ρ, we recover several important classes of Markov chains
that satisfy Assumptions 1 and 3.

• Consider a Markov chain defined on a countable state space X, and consider the discrete
metric ρ(x, y) := 1x 6=y. In this context, Assumption 1 corresponds to mixing time bound
in total variation—viz.

dTV(δxP
tmix , δyP

tmix) ≤ 1
2 for all pairs x, y ∈ X.

This mixing condition is satisfied for some finite tmix when the Markov chain is irreducible,
aperiodic and positive recurrent. Moreover, this metric space has unit diameter, so that
Assumption 3 holds as well.

• As another example, consider the state space X = B(0, 1) ⊆ R
d equipped with the Euclidean

metric ρ(x, y) = ‖x − y‖2. We can define a Markov chain on this space via the random
evolution Xk+1 = Tk+1(Xk), where the random non-linear operators {Tk}k≥1 ⊆ X

X are
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drawn i.i.d. from some distribution. We assume that the expected operator operator T̄ :=
E[T1] satisfies the contraction condition ‖T̄ (x) − T̄ (y)‖2 ≤ γ‖x − y‖2 with some γ < 1.
Assuming the stochastic operator T to be Lipschitz and to satisfy a second moment bound,
this dynamical system satisfies the Wasserstein contraction condition under the Euclidean
metric.

2.2.2 Examples of linear Z-estimators

We now describe some interesting examples of linear Z-estimators, to which we will return in
later sections.

Example 1 (Approximate policy evaluation). We begin by considering the TD(0) algo-
rithm for approximate estimation of value functions. This problem arises in the context
of Markov reward processes (MRPs), which are Markov chains that are augmented with a
reward function r : X → R. A trajectory from a Markov reward process is a sequence
{(st, Rt)}t≥0, where {st}t≥0 is the Markov trajectory of states, and Rt is a random reward,
corresponding to a conditionally unbiased estimate (given st) of the reward function value
r(st). Given a discount factor γ ∈ [0, 1), the expected discount reward defines the value func-
tion V ∗(s) = E

[∑∞
t=0 γ

tRt | s0 = s
]
.

This value function is connected to linear Z-estimators via the Bellman principle. Let P
denote the transition operator of the Markov chain, and let ξ denote the stationary distribu-
tion. Note that the P maps the space L2(X, ξ) to itself. With this notation, the value function
V ∗ is known to be the unique fixed point of the Bellman evaluation equation

V = γPV + r. (10)

In general, this equation is non-trivial to solve, especially given a limited trajectory length.
In practice, it is standard to compute approximate solutions using linear basis expansions,
[BB96, TVR97], and this approach underlies the family of TD algorithms.

Let {φj}dj=1 be a collection of linearly independent real-valued functions defined on the

state space, and consider the linear subspace S of all functions of the form Vθ(s) =
∑d

j=1 θjφj(s).
This subspace defines the projected Bellman equation

V̄ = ΠS

(
γP V̄ + r

)
, (11)

where ΠS is the orthogonal projection operator under L2(X, ξ).
By definition, the projected fixed point V̄ can be written in the form V̄ (s) =

∑d
j=1 θ̄jφj(s)

for some vector θ̄ ∈ R
d. Some simple calculations show that this parameter vector must satisfy

the linear system

Σ0θ̄ = γΣ1θ̄ + Es∼ξ

[
R0(s)φ(s)

]
, (12)

where Σ0 = Es∼ξ

[
φ(s)φ(s)⊤

]
is the second-moment matrix of φ(s) under the stationary dis-

tribution, and Σ1 = E[φ(s)φ(s+)⊤] is the cross-moment operator of the Markov chain. In
defining this cross-moment, the expectation is taken over s ∼ ξ and s+ ∼ P (s, ·).

This problem can be viewed within our framework by considering a Markov chain on the
augmented state space ωt = (st, st+1). Equation (12) defines a fixed point equation under the
stationary distribution of this Markov chain. Define the minimum and maximum eigenvalues
µ := λmin(Σ0) and β := λmax(Σ0), along with the observation functions

bt+1(ωt) =
1
βRt(st)φ(st), and Lt+1(ωt) = Id − 1

β

[
φ(st)φ(st)

⊤ − γφ(st)φ(st+1)
⊤]. (13)

10



With these choices, the stochastic approximation procedure (3) is the widely used TD(0)
algorithm. On the other hand, for a stationary Markov chain (st)t∈Z, the fixed-point equation
θ̄ = E [Lt+1(ωt)] · θ̄ + E [bt+1(ωt)] is equivalent to Eq (12). Note that though the expression
for the mappings bt+1 and Lt+1 depends on unknown parameter β, they can be absorbed into
the stepsize choice, and the algorithm works well without such knowledge.

Typically, the Euclidean norm ‖φ(s)‖2 of the feature vectors scales as
√
d, and under the

stationary distribution ξ, the variance of any coordinate of φ(s) is of constant order. Under
these conditions, the cross-moment matrix Σ1 has operator norm of constant order. On
the other hand, as for the random observations, we have the scalings |||Lt+1|||op = O(d) and
‖bt+1‖2 = O(

√
d), so that Assumptions 2 and 4 are satisfied. ♣

In the context of TD, it is natural to consider a sieve estimator. Given a collection of basis
functions {φj}∞j=1, we can define the nested family S1 ⊂ S2 ⊂ · · · , where Sd denotes the span

of the sub-collection {φj}dj=1. Here the choice of the sieve parameter d is key: larger values
reduce the approximation error at the expense of increasing the estimation error. We discuss
how this can be done in Section 4.

Another extension of the TD(0) algorithm—one that becomes feasible under the Marko-
vian observation model—is the TD(λ) family of procedures. A fundamental question is how
well the solution of the projected fixed-point equation (11) approximates the true value func-
tion V ∗. The paper [MPW20] analyzes this quantity, and provides matching upper and lower
bounds in the i.i.d. setting. However, the Markovian observation model actually allows this ap-
proximation error to be reduced, albeit at the cost of increased estimation error, as discussed
in our next example.

Example 2 (Policy evaluation with TD(λ)). The family of TD(λ) algorithms is motivated
by the following observation: since the value function V ∗ is the fixed point of Eq (10), it is
also the fixed point of the composition of itself. Concretely, for any k ≥ 1, we have:

V ∗ = (γP )kV ∗ +
k−1∑

j=0

(γP )jr.

For any λ ∈ [0, 1), we take the weighted average of the above (infinite) collection of equations
using exponentially-decaying weight (1, λ, λ2, · · · ), and obtain the following equation.

V = (1− λ)

∞∑

k=0

λk(γP )k+1V +

∞∑

k=0

λk(γP )kr. (14a)

The solution V ∗ to the equation (10) also solves Eq (14a).

Following the same route as TD(0), for a given subspace S of functions, we seek a solution
V̄ (λ) to the projected fixed equation equation

V̄ (λ) = (1− λ)
∞∑

k=0

λkΠS(γP )
k+1V̄ (λ) +

∞∑

k=0

λkΠS(γP )
kr, (14b)

in which the operator P has been replaced by the projection ΠSP . Although the fixed points
of equation (14a) and the Bellman equation (10) coincide, the projected version (14b) has a
different set of fixed points.

11



Since the value function V̄ (λ) lies in the linear space S, it has a representation of the form

V̄ (λ)(s) =
∑d

j=1 θ̄
(λ)
j φj(s) for some coefficient vector θ̄(λ) ∈ R

d. From equation (14b), this
vector must satisfy a linear system of the form

[ ∞∑

k=0

(λγ)kΣk

]
θ̄(λ) =

[ ∞∑

k=0

(λγ)kγΣk+1

]
θ̄(λ) +

∞∑

k=0

(λγ)kE
[
R0(s0)φ(s−k)

]
, (15)

where {sk}∞k=−∞ is a stationary Markov chain following the transition kernel P , and we define

Σk = E[φ(s−k)φ(s0)
⊤] for each integer k. As it should, when we set λ = 0, equation (15)

reduces to the TD(0) update from equation (12).
In order to use stochastic approximation methods to solve this equation, we consider an

augmented Markov process (st+1, st, gt)t∈Z in the space X
2 ×R

d, which evolves as

st+1 ∼ P (st, ·), and gt = φ(st) + γλgt−1. (16a)

If feature vectors φ(st) lie in a compact set almost surely, we have gt =
∑+∞

k=0(γλ)
kφ(st−k).

Let ξ̃ be the stationary distribution of this augmented Markov chain.4 In terms of an element
ω = (s, s+, g) drawn according this stationary distribution, the fixed-point equation (14b)
admits the succinct representation

E
ξ̃

[
gφ(s)⊤

]
θ̄(λ) = γE

ξ̃

[
gφ(s+)⊤

]
θ̄(λ) + E

ξ̃

[
R0(s)g

]
. (16b)

By choosing the observation functions

Lt+1(ωt) = Id − ν ·
(
gtφ(st)

⊤ − γgtφ(st+1)
⊤), bt+1(ωt) = ν · Rt(st)φ(st), (16c)

for a scalar ν > 0, this algorithm is a special case of our general set-up. In particular, by
substituting the infinite-sum expression for the random variable gt into Eq (16b), we obtain
the projected linear equation (15) under the low-dimensional representation. See Section 4
for a more detailed verification of the assumptions needed to apply our main results for this
problem. ♣

For our last example, we turn to a different class of problems involving vector autoregres-
sive (VAR) models for time series [L0̈5].

Example 3 (Parameter estimation in autoregressive models). An m-dimensional VAR model
of order k describes the evolution of a random vector Xt as a k

th-order Markov process. The
model is specified by a collection of m×m matrices {A∗

j}kj=1, and the random vector evolves
according to the recursion

Xt+1 =

k∑

j=1

A∗
jXt−j+1 + εt+1, (17)

where the noise sequence
(
εt
)
t≥0

is i.i.d. and zero-mean. and supported on a bounded set.

Considering the (k + 1)-fold tuple ωt = (Xt+1,Xt, · · · ,Xt−k+1), the process
(
ωt

)
t≥0

is
Markovian. Under appropriate stability assumptions on the model parameter, the process
mixes rapidly under the (k + 1)m-dimensional Euclidean metric. Let ξ̃ denote its stationary
distribution, and suppose for convenience that the chain is observed at stationarity.

4Such a stationary distribution exists and is unique under suitable assumptions. See 4.2 for details.
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In order to estimate the model parameters, we consider the following set of Yule–Walker
estimation equations:

E
[
Xt+1X

⊤
t−ℓ

]
= A∗

1E
[
XtX

⊤
t−ℓ

]
+A∗

2E
[
Xt−1X

⊤
t−ℓ

]
+ · · ·+A∗

kE
[
Xt−k+1X

⊤
t−ℓ

]
, (18)

for ℓ = 0, 1, · · · , k − 1.
These equations form a km2-dimensional linear system for estimating km2-dimensional

parameters. Note that the parameters live in the space of matrix sequences, and so we slightly
abuse our notation for simplicity: L denotes a linear operator from R

k×m×m to itself, and b
is an element in R

k×m×m. At the sample level, for any collection A := {Aj}kj=1 ∈ R
k×m×m of

system matrices, the stochastic observations are given by

[
bt+1(ωt)

]
ℓ
= ν Xt+1X

⊤
t−ℓ for ℓ = 0, 1, . . . , k − 1, and

(
Lt+1(ωt)

)
[A]ℓ = Aℓ − ν

k−1∑

j=0

AjXt−jX
⊤
t−ℓ, for ℓ = 0, 1, . . . , k − 1.

Once again, the parameter ν is a scaling constant needed to fit into the fixed-point equation
framework, and is absorbed into the stepsize choice of the algorithm. ♣

3 Main results

We now turn to the statement of our main results, beginning with our upper bounds in
Section 3.1, followed by lower bounds in Section 3.2.

3.1 Instance-dependent upper bounds

In this section, we begin by stating some upper bounds (Theorem 1) on the behavior of the
Polyak–Ruppert averaged SA scheme (3b). These bounds are instance-dependent, in the sense
that they are specified in terms of an explicit function of the operator L̄ and the fixed point
θ̄. We then state a second result (Proposition 1) on the non-averaged iterates, which plays a
key role in proving Theorem 1.

3.1.1 Instance-dependent bounds on the averaged iterates

For any state s ∈ X, define the functions

εMG(s) := (b1(s)− b(s)) + (L1(s)−L(s))θ̄, and εMkv(s) := b(s) +L(s)θ̄ − θ̄.

Note that for a fixed state s, the quantity εMG(s) depends on the random variables b1(s) and
L1(s), and so is a random vector, whereas by contrast, the quantity εMkv(s) is deterministic.
Letting (s̃t)

∞
t=−∞ be a stationary Markov chain under the transition kernel P , we then define

the matrices

Σ∗
MG := Eξ

[
cov

(
εMG(s) | s

)]
, and Σ∗

Mkv :=
∞∑

t=−∞
E
[
εMkv(s̃t)εMkv(s̃0)

⊤]. (19)

Overall, the performance of our algorithm depends on the matrix sum Σ∗ := Σ∗
MG+Σ∗

Mkv, as
well as the effective noise variance σ̄2 := σ2L‖θ̄‖22 + σ2b . In terms of these quantities, we have
the following guarantee:
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Theorem 1. Under Assumptions 1–3, suppose that we set the stepsize η and burn-in param-

eter n0 as η =
(
c(σ2Ld + γ2max)(1 − κ)n2tmix

)−1/3
and n0 = 1

2n, where c is a suitably chosen

universal constant. Then for any sample size n satisfying n
log2 n

≥ 2tmix(σ
2
Ld+γ2

max)

(1−κ)2
log(c0d), the

Polyak–Ruppert estimate (3b) has MSE bounded as

E
[
‖θ̂n − θ̄‖22

]
≤ c′

nTr
(
(I − L̄)−1(Σ∗

MG +Σ∗
Mkv)(I − L̄)−⊤)+ c′

(
σ̄2dtmix
(1−κ)2n

)4/3
log2 n. (20)

See Section 6 for the proof of this theorem.

A few remarks are in order. First, and as shown in the next section, the first term
n−1Tr

(
(I − L̄)−1Σ∗(I − L̄)−1

)
is optimal for the Markovian stochastic approximation prob-

lem in an instance-dependent sense. This term appears in existing central limit results for
Markovian stochastic approximation [For15], whereas our bound captures this dependence in
a non-asymptotic manner.

The first term can always be upper bounded by c′ σ̄2

(1−κ)2n tmixd · log2(c0d).5 On the other

hand, disregarding dependence on (σL, σb) and logarithmic factors in the sample size, the

second term in the bound scales as O
((

tmixd
(1−κ)2n

)4/3)
. Consequently, up to polylogarithmic

factors, we have

E
[
‖θ̂n − θ̄‖22

]
.

σ̄2tmixd

(1− κ)2n
. (21)

Thus, at least in a worst-case sense, the second term is always dominated by the first term.

We note that Theorem 1 makes two types of tail assumptions on the random observations:
Assumption 2 with p̄ = 2 requires dimension-free second moment bounds in any coordinate
direction, whereas the Lipschitz condition (Assumption 4) together with Assumption 3 (bound-
edness of the domain) imply a (dimension-dependent) uniform upper bound on the noise. The
two assumptions play very different roles in the analysis of high-dimensional problems. As
we will see in Proposition 3, such assumptions are naturally satisfied in the context of sieve
estimators, for which dimension d of the problem is selected adaptively based on sample size
n.

Finally, we also note that the requirement on the sample size n is nearly optimal, since
we require n = Ω̃

(
tmixd
(1−κ)2

)
to make the estimation error (21) less than a constant (by seeing

σL and γmax as constants). Up to an additional O (tmix) factor, the sample size requirement
in Theorem 1 also matches that of linear stochastic approximation in the i.i.d. setting [LS18,
MLW+20, MPW20]. This additional O (tmix) factor is unavoidable, which can be seen from
the following reduction from the Markov to the i.i.d.setting. Consider a problem instance
in the i.i.d. setup, given by a probability distribution P over R

d×d × R
d. Defining the state

(Lt, bt), consider a lazy Markov chain that remains at the same state with probability 1− 1
tmix

,

and jumps to an independent state drawn from P with probability 1
tmix

. A Markov trajectory
of size n in this lazy Markov chain is approximately equivalent to O (n/tmix) samples in the
i.i.d. model, and results in a multiplicative blow-up of O (tmix) in the sample complexity
requirement for the Markov case.

5This can be easily seen from exponential decay of the correlation; in particular, see equation (74) in the
proof of the theorem.
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3.1.2 Bounds on the non-averaged iterates

The proof of Theorem 1 involves first analyzing the non-averaged iterates. Since the upper
bound established in this step is of independent interest, we state and discuss it here:

Proposition 1. Under Assumptions 1—3, there are universal positive constants (c0, c1) such
that for any integer p ∈ {1} ∪ [log n, p̄/2], scalar τ ≥ 2ptmix log(c0d), and positive stepsize
η ∈

(
0, 1−κ

2cp3(σ2
Ld+γ2

max)τ

]
, we have

(
E‖θt − θ̄‖2p2

)1/p ≤ e−
1
2
η(1−κ)t

(
E‖θ0 − θ̄‖2p2

)1/p
+

cp3η

1− κ
σ̄2τd (22)

for all t = 1, . . . , n.

See Section 5 for the proof of this proposition.
Note that the guarantees on the unaveraged iterates in Proposition 1—unlike those of

Theorem 1 for the averaged iterates—do not match the optimal instance-dependent behavior.
This is to be expected, since at least asymptotically, the unaveraged sequence converges to a
Gaussian random vector with covariance specified by the solution of a Riccati equation. (For
details, see Section 4.5.3 of the book [BMP12]). This covariance term need not match the
optimal statistical error.

On the other hand, by choosing η ≍ logn
(1−κ)n , the bound in Proposition 1 matches the

worst-case bound in equation (21), up to log factors. We also note that in Proposition 1,
the exponent p can take values in two ranges: regardless of the value of p̄ ∈ [2,∞], one can
always take p = 1 and obtain an upper bound on the mean-squared error E

[
‖θt − θ̄‖22

]
. This

bound only requires Assumption 2 to hold true with p̄ ≥ 2, which covers many important
examples (see Section 4). On the other hand, when Assumption 2 is satisfied with p̄ ≥ 2 log n
and a stronger moment assumption is imposed, one can obtain a p-th moment bound for any
p ≥ [2 log n, p̄]. This bound can be readily converted into a high-probability bound for the
last iterate of stochastic approximation. It is worth noting that we study these two cases
separately, using slightly different proof techniques.

It is worthwhile making some comparisons between Proposition 1 and existing results on
the unaveraged forms of Markovian stochastic approximation. As we have noted in our exam-
ples, in many cases, the quantities (σL, σb, σ̄) do not depend on the dimension, in which case
the error bound in Proposition 1 grows linearly with dimension d. In comparison, in terms
of our notation, the error bounds in the papers [BRS18, SY19] both exhibit quadratic depen-

dency on the quantity
maxs∈X |||Lt(s)|||op

1−κ . As we noted previously in equation (8), this quantity
scales linearly in dimension when the observations have a constant rank (independent of di-
mension), so that (even after optimal parameter tuning), the bounds from these parameters

scale at least proportionally to d2

n . This scaling should be contrasted with the O(d/n) guar-
antees from our bounds. On the other hand, the analysis in the paper [DMN+21] involves a
different mixing assumption, and so is not directly comparable to our results. However, it is
worth noting that their bound ‖θt− θ̄‖2 also has an explicit O (d/

√
n) term (cf. equation (32)

in their paper), showing that the MSE bound grows quadratically with dimension.

3.2 Local minimax lower bounds

Thus far, we established instance-dependent upper bounds for the averaged SA scheme with
Markov noise. It is natural to wonder whether these bounds can be improved. Answering this
question requires the development of local minimax lower bounds, which we describe in this
section.
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3.2.1 Set-up and local neighborhoods

We begin with the set-up and the definition of local neighborhoods for our lower bounds.
Let P be an irreducible Markov transition kernel on a finite state space X with associated
stationary measure ξP . Consider the solution θ̄(P ) to the following fixed-point equation

θ̄(P ) = EξP

[
L(s)

]
· θ̄(P ) + EξP

[
b(s)

]
. (23)

where the maps b and L are known to the estimator, whereas the Markov transition kernel
is unknown. For some fixed P0 with stationary measure ξ0, we would like to lower bound the
number of observations required to estimate θ̄(P0) to a given accuracy. In order to obtain
such a lower bound, we consider the fixed point problem (23) over a local neighborhood6

of the pair (P0, ξ0). We assume that the estimator is based on a Markov trajectory {st}nt=0,
with initial state s0 drawn according to the original7 stationary distribution ξ0, and successive
states evolving according to the transition kernel P .

In order to quantify the complexity of estimation localized around the Markov transition
kernel P0, we define the following two notions of local neighborhood:

NProb

(
P0, ε

)
:=

{
P :

∑

x∈X
ξ0(x) · χ2 (P (x, ·) || P0(x, ·)) ≤ ε2

}
, (24a)

NEst

(
P0, ε

)
:=

{
P : ‖θ̄(P )− θ̄(P0)‖2 ≤ ε

}
. (24b)

The two notions of neighborhood focus on different types of locality restrictions on the model
class: the local problem class NProb contains all the Markov transition kernels that are “glob-
ally close” to a given kernel P0, measured by a weighted χ2 divergence. It is worth noting
that this weighted χ2 divergence has an operational interpretation. Suppose we draw x ∼ ξ0,
and then draw the next state y ∼ P0(x, ·) accordingly the original Markov kernel P0, as well
as y′ ∼ P (x, ·) under the kernel P . Then the weighted χ2 divergence is the χ2 divergence
between the joint laws of (x, y) and (x, y′).

On the other hand, the local class NEst contains Markov transition kernels P such that
the solution θ̄(P ) to the fixed-point equation (23) lies in a local neighborhood of the given
solution θ̄(P0), measured by the Euclidean distance. This problem class captures the complex-
ity specifically for solving the fixed-point equation, without the need to estimate the entire
transition kernel. In particular, it is easy to construct a Markov kernel P such that the so-
lution θ̄(P ) is very close to θ̄(P0), but the distance between the transition kernels P and P0

(e.g. measured in weighted χ2 divergence) is arbitrarily large.

3.2.2 Instance-dependent lower bound

Our lower bound is proved on the smallest worst-case risk attainable over the intersection of
NProb and NEst. We use the shorthand notation L̄(0) := Eξ0

[
L(s)

]
. Also recall the covariance

matrix Σ∗
Mkv =

∑∞
t=−∞ E

[
εMkv(s̃t)εMkv(s̃0)

⊤], as previously defined in equation (19), for a
stationary trajectory (s̃t)t∈Z under the transition kernel P0. Our bound depends on the local
radius

εn = n−1/2
√

trace
(
(I − L̄(0))−1Σ∗

Mkv(I − L̄(0))−⊤), (25)

6Doing so is necessary to rule out trivial estimators, and the possibility of super-efficiency.
7In our construction, both kernels P0 and P are rapidly mixing and their stationary measure are sufficiently

close in TV distance that the choice of initial distribution does not affect the result. Drawing s0 ∼ ξ0 is made
for theoretical convenience.
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which is the contribution of Markovian noise to the upper bound stated in Theorem 1.

We are now ready to state our lower bound. Recall that we have assumed that the kernel
P0 is irreducible and aperiodic. We also assume the mixing condition (Assumption 1) holds
with the discrete metric ρ(x, y) = 1{x 6=y} and mixing time tmix, and that supp

(
P0(s, ·)

)
≥ 2

for all s ∈ X.

Theorem 2. Under the assumptions stated above, there exist universal positive constants
(c, c1, c2) such that for any sample size n lower bounded as

n ≥ ct2mixσ
2
Ld

2 log2 d

(1−κ)2
, and n2ε2n ≥ 2c(1+σ2

L)σ̄
2t4mixd

2

(1−κ)4
log6

(
d

min
s

ξ0(s)

)
, (26a)

we have the minimax lower bound

inf
θ̂n

sup
P∈N′

E
[
‖θ̂n − θ̄(P )‖22

]
≥ c2ε

2
n, (26b)

where N′ := NProb

(
P0, c1

√
d
n

)
∩NEst(P0, c1εn).

See Section 7 for the proof of this theorem.

A few remarks are in order. First, note that the minimax lower bound is with respect to

the problem class NProb

(
P0, c1

√
d
n

)
∩NEst(P0, c1εn), which requires both the transition kernel

P and the solution θ̄(P ) to be close to the given problem instance (P0, θ̄(P0)). The size of the
weighted χ2 neighborhood scales with the standard parametric rate

√
d/n, as desired in such

problems. On the other hand, the size of the neighborhood around θ̄(P0) is proportional to
the local radius εn that appears in the lower bound. Operationally, this result indicates that
even if the estimator knows in advance that θ̄(P ) lies in the ball B(θ̄(P0), c1εn), one cannot
do much better than simply outputting an arbitrary point in this ball without looking at the
data.

Second, it should be noted that quantity ε2n matches (up to a constant factor) the optimal
mean-squared error given by the local asymptotic minimax theorem [vdV00, GW95]. In
contrast to such asymptotic theory, however, Theorem 2 applies when n is finite, and does
not impose any regularity assumptions on the estimator. Furthermore, the radius εn that is
used to define the local neighborhood NEst(P0, εn) is optimal in the following sense. On the
one hand, since the plug-in estimator is asymptotically normal [GW95], for any decreasing
sequence ε′n such that ε′n > εn and ε′n → 0+, the minimax risk within the neighborhood
NEst(P0, ε

′
n) behaves asymptotically as ε2n up to constant factors. On the other hand, for any

decreasing sequence ε′n such that ε′n < εn, the minimax risk in the neighborhood NEst(P0, ε
′
n)

is at most ε′n. In the latter case, the neighborhood is so small that it provides more information
than the data provides.

Theorem 2 matches the Markov noise term in Theorem 1, establishing its optimality
when the martingale part of the noise vanishes, i.e., Lt(s) = L(s) and bt(s) = b(s). The
lower bound does not capture the martingale part of the noise because we assume that the
functions L : X → R

d×d and b : X → R
d are known to the estimator. In the setting

where these functions are also observed only through noisy i.i.d. data (Lt, bt), Theorem 3
of the paper [MPW20] implies a lower bound of the form c2n

−1 trace
(
(I − L̄(0))−1Σ∗

MG(I −
L̄(0))−⊤). Combining it with Theorem 2 implies a minimax lower bound involving the term

c′2n
−1 trace

(
(I− L̄(0))−1(Σ∗

Mkv+Σ∗
MG)(I− L̄(0))−⊤) in a properly defined local neighborhood,
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thus establishing the optimality of Theorem 1. Finally, we note that Theorem 2 requires the
sample size to be at least t2mixd

2, which is more stringent than the O (tmixd) requirement in
the upper bound. While Theorem 1 holds true with a linear sample-size n = O (d), it is only
shown to be instance-optimal for larger n = Ω(d2). This mismatch is due to the fact that
small perturbations of the Markov transition kernel in certain directions can destroy its fast
mixing property. That being said, Theorem 2 is still a finite-sample result, with polynomial
dependency on the quantities

(
tmix, d,

1
1−κ

)
, and poly-logarithmic dependency on the smallest

stationary probability.

4 Some consequences for specific problems

In this section, we specialize our analysis to the examples described in Section 2.2, namely
approximate policy evaluation using TD algorithms, and estimation in autoregressive time
series models. By verifying the conditions needed to apply Theorem 1 and Proposition 1, we
obtain some more concrete corollaries of our general theory.

4.1 TD(0) method

Recall the TD(0) algorithm for policy evaluation, as previously described in Example 1.
We are interested in estimating the solution V ∗ of the Bellman equation (10), and an ap-
proximation scheme is employed using the basis functions (φj)

d
j=1. Using the shorthand

〈θ, φ(s)〉 =
∑d

j=1 θjφj(s) for the Euclidean inner product in R
d, with observation model

(Lt+1(ωt), bt+1(ωt)) defined in Eq (13), the averaged SA procedure (3) is given by:

θt+1
(a)
= θt − η

{
〈φ(st)− γφ(st+1), θt〉 −Rt+1(st)

}
φ(st), and θ̂n

(b)
= 1

n−n0

n−1∑

t=n0

θt. (27)

To be clear, the update (27)(a) is the standard TD(0) algorithm with stepsize η, whereas
the addition of the averaging step (27)(b) yields the Polyak–Ruppert averaged version of the
scheme. Note that we re-scale the stepsize η by a factor of β for notational convenience. In
the following subsections, we derive corollaries of our general theory for the averaged scheme
under different mixing conditions on the underlying Markov chain.

4.1.1 Markov chains with mixing in total variation distance

We first assume that the Markov chain satisfies a mixing condition (cf. Assumption 1) in the
discrete metric: i.e., after tmix steps, we have dTV(δsP

tmix , δs′P
tmix) ≤ 1

2 for any pair s, s′ ∈ X.
Let ξ denote the stationary distribution of the Markov chain that generates the trajec-
tory {st}t≥0, and let P denote its transition kernel. Note that the augmented state vector
ωt = (st, st+1) evolves according to a Markov process with mixing time tmix + 1. Moreover,
the stationary distribution of the pair ω = (s, s+) has the form s ∼ ξ, s+ ∼ P (· | s). We
denote the stationary covariance of the feature vectors as B := Es∼ξ

[
φ(s)φ(s)⊤

]
, and also

define the minimum and maximum eigenvalues µ := λmin(B) and β := λmax(B). We assume
that

‖B−1/2φ(s)‖2
(a)

≤ ς
√
d and |Rt(s)|

(b)

≤ ς for all s ∈ X, and (28a)

Eξ

[
〈B−1/2φ(s), u〉4

]
≤ ς4 for all u ∈ S

d−1. (28b)
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In order to state our result, we define the following quantities:

M := γB−1/2 · Es∼ξ,s+∼P (s,·)
[
φ(s)φ(s+)⊤

]
·B−1/2,

εMkv(s, s
+) := B−1/2

(
φ(s)⊤θ̄ − γφ(s+)⊤θ̄ − r(s)

)
φ(s), εMG(s) := B−1/2(R(s)− r(s))φ(s)

We also define the following covariance matrices according to Eq (19):

Σ∗
Mkv :=

∞∑

t=−∞
E
[
εMkv(st, st+1)εMkv(s0, s1)

⊤],

Σ∗
MG := Es∼ξ

[
E
[
εMG(s)εMG(s)

⊤ | s
]]
.

Finally, we define the quantity

σ̄2 := ς2 ·
√

E
[(
φ(st)⊤θ̄ − γφ(st+1)θ̄ −Rt(st)

)4]
, (29)

and let κ := 1
2λmax(M +M⊤). It is easy to see that κ ≤ γ < 1. Assuming that µ > 0, we are

then ready to state our main result for the TD(0) method.

Corollary 1. Under the setup above, take the stepsize η and burn-in period n0 as

η = 1
cβ((ς4+1)d(1−κ)n2tmix)1/3

, and n0 =
1
2n, (30)

and suppose that n
log3 n

≥ 2tmix(ς
4+1)dβ2

(1−κ)2µ2 . The estimator V̂n := θ̂nφ obtained from the Polyak–

Ruppert procedure (27) satisfies the bound

E
[
‖V̂n − V̄ ‖2

L2(X,ξ)

]
≤ c

nTr
{
(Id −M)−1(Σ∗

Mkv +Σ∗
MG)(Id −M)−⊤}+ c

( β2σ̄2dtmix

µ2(1−κ)2n

)4/3
log2 n,

(31)

where V̄ is the solution to the projected fixed-point equation (11) and c > 0 is a universal
constant.

See Appendix E.1 for the proof of this corollary.

A few remarks are in order. First, we measure the estimation error in the canonical
‖ · ‖L2(X,ξ) norm, instead of the Euclidean distance in R

d. Consequently, the proof of this
corollary actually uses a generalized version of Theorem 1 proved for weighted ℓ2 norms. On
the other hand, we note that the error bound (31) is with respect to the solution V̄ to the
projected fixed-point equation. In the well-specified case where V ∗ ∈ S, this solution coincides
with the value function V ∗. In general, the approximation error needs to be taken into account,
and was the focus of the paper [MPW20]. In conjunction with this result, Corollary 1 implies
the error bound

E
[
‖V̂n − V ∗‖2

L2(X,ξ)

]
≤ c

[
1 + λmax

(
(Id −M)−1(γ2Id −MM⊤)(Id −M)−⊤)] inf

V ∈S
‖V − V ∗‖2

L2(X,ξ)

+ c
nTr

{
(Id −M)−1(Σ∗

Mkv +Σ∗
MG))(Id −M)−⊤}+ c

( β2σ̄2dtmix

µ2(1−κ)2n

)4/3
log2 n.

(32)

In Section 4.2 to follow, we provide a general recipe to trade off approximation and estimation
errors to choose the value of λ in the class of TD(λ) algorithms. Before that, we discuss two
extensions of Corollary 1.
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4.1.2 Markov chains with mixing in Wasserstein metric

Note that for Corollary 1, the mixing time condition is imposed with total variation distance.
When the state space X is continuous, e.g., the set X is a subset of Rm, mixing in Wasserstein
distance could capture the geometry of the underlying metric better. In this section, we
extend our analysis to such settings, highlighting the dimension dependency in the sample
complexity.

Concretely, we consider a Markov chain (st)t≥0 on a compact domain X ⊆ Rm, and a
feature mapping φ : X → R

d. We assume that the Markov chain admits a unique station-
ary measure ξ, and the mixing time assumption holds in Wasserstein-1 distance, so that
W1

(
δxP

tmix , δyP
tmix

)
≤ 1

2‖x− y‖2 for all x, y ∈ X. For the sake of normalization, we assume
that X ⊆ B(0, 1) and φ(0) = 0. On the feature mapping φ, we assume the following:

∃µ, β > 0, µId � B := Es∼ξ

[
φ(s)φ(s)⊤

]
� βId, (33a)

∀x, y ∈ X, ‖B−1/2
(
φ(x)− φ(y)

)
‖2 ≤ ς

√
d‖x− y‖2, (33b)

∀u ∈ S
d−1, Es∼ξ

[
〈u, B−1/2φ(s)〉4

]
≤ ς4, (33c)

∀s, s′ ∈ X, t ≥ 1, |Rt(s)−Rt(s
′)| ≤ ς‖s− s′‖2, |Rt(s)| ≤ ς a.s. (33d)

Here, we regard the parameters (ς, µ, β) as dimension-independent positive constants. Since
the state space X has diameter bounded by 2, the feature mapping φ satisfying equation (33a)

necessarily has Lipschitz constant of order O
(√

d
)
. For a simple example, take the state

x itself as the feature vector (after appropriate re-scaling), which corresponds to the case of
m = d and φ(x) =

√
d · x.

With this set-up, we have the following guarantee:

Corollary 2. Assuming the conditions in equation (33), taking stepsize and burn-in period
as equation (30), for the Polyak–Ruppert averaged stochastic approximation procedure (27),
the bound (31) holds.

See Appendix E.2 for the proof.

Corollary 2 shows that the same instance-dependent bound holds true for a continuous
state space setting. Such a bound is useful for many applications, one of which is the case
of quadratic value functions, where the dimension satisfies the relation d = m2 the map-
ping φ takes the form φ : x 7→ m · xx⊤. Assuming that the process (st)t≥0 is supported in
a unit ball B(0, 1) and has well-conditioned stationary covariance, it is easy to verify that
Assumptions (33) are satisfied with dimension-free constants (ς, µ, β). This example is partic-
ularly useful for policy evaluation in Linear Quadratic Regulators (LQR). Nevertheless, our
results hold more generally for any random dynamical system that is rapidly mixing in the
W1 distance.

4.1.3 Analysis of a sieve estimator

The optimal dimension dependency in Theorem 1 allows us to obtain optimal estimators
for various classes of non-parametric problems, in which the dimension is a parameter to be
chosen. In particular, sieve methods are a class of non-parametric estimators based on nested
sequences of finite-dimensional approximations. In this section, we analyze the behavior of a
stochastic approximation sieve estimator in the Markovian setting. The optimal dimension
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dependence in our theorem recovers the minimax optimal rates for estimation, while our
instance-dependent bounds help in capturing more refined structure in the problem instance.

Concretely, assuming that the Hilbert space L
2(X, ξ) is separable, let (φj)

∞
j=1 be a set of

(not necessarily orthogonal) basis functions. We consider the case where the mixing condition
holds true with total variation distance8. The following assumptions are imposed on the basis
functions:

∀j ∈ N
+, sup

x∈X
|φj(x)| ≤ ς, (34a)

∀d ∈ N
+, µId ≤

[
Es∼ξ

(
φj(s)φℓ(s)

)]
j,ℓ∈[d] ≤ βId, (34b)

∀t ≥ 1, sup
x∈X

|Rt(x)| ≤ ς. (34c)

The first assumption is standard in nonparametric regression, and satisfied by many useful
basis functions such as the Fourier basis and Walsh-Hadamard basis. The second assumption
relaxes the orthogonality requirement on the bases, by only requiring the Gram matrix to be
well-conditioned.

We define the noise level σ̄ using the second moment:

σ̄2 := ς2 ·
√

E
[(
V̄ (st)− γV̄ (st+1)−Rt(st)

)2]
. (35)

Once again, we run the averaged stochastic approximation procedure (27) on this problem.
A crucial point of departure from the parametric models discussed above is that the number
of basis functions dn in sieve estimators is chosen based on the problem structure and sample
size. Let S(dn) := span(φ1, φ2, · · · , φdn) denote the subspace spanned by the first dn basis
functions. The following result is a direct corollary of our theorem, and covers the case of
fixed dn; we discuss the trade-off between approximation and estimation error in the choice
of dn presently.

Corollary 3. Assuming the conditions in equation (34), take the stepsize and burn-in pe-
riod as in equation (30). Assuming that µ, β, ς ≍ 1, the Polyak–Ruppert averaged stochastic
approximation procedure (27) satisfies the bound (31) with d = dn.

See Appendix E.3 for the proof.

Recall that by taking into account the approximation error, the error for estimating the
true value function V ∗ takes the following form:

E
[
‖V̂n − V ∗‖2

L2(X,ξ)

]
≤ c

[
1 + λmax

(
(I −M)−1(γ2Id −MM⊤)(I −M)−⊤)] inf

V ∈S
‖V − V ∗‖2

L2(X,ξ)

+ c
nTr

(
(I −M)−1(Σ∗

Mkv +Σ∗
MG)(I −M)−⊤)+ c

(
σ̄2tmixdn
(1−κ)2n

)4/3
log2 n.

Let {ψj}+∞
j=1 be an orthonormal basis of L2(X, ξ) such that span(ψ1, · · · , ψd) = span(φ1, · · · , φd)

for any d ≥ 1. (For instance, one can let {ψj}+∞
j=1 be the Gram-Schmidt orthonormalization of

the original basis functions). Given a non-increasing sequence {αj}∞j=1 of positive reals such

that limj→+∞ αj = 0, we first let H0 be a linear subspace of L2(X, ξ), consisting of all the

8By following the approach in the previous subsection, the analysis can also be extended to the case of
mixing in Wasserstein distance.
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finite linear combination of basis vectors {ψj}+∞
j=1, equipped with the following inner product:

∀u, v ∈ H0, 〈u, v〉H0 :=
∞∑

j=1

α−1
j · 〈u, ψj〉 · 〈v, ψj〉.

Note that the summation shown above is actually finite, since both both sequences (〈u, ψj〉)+∞
j=1 , (〈v, ψj〉)+∞

j=1

only have finite non-zero entries. We then define the inner product space (H, 〈·, ·〉H) as the
completion of (H0, 〈·, ·〉H0). It is easy to see that H is a Hilbert space, and a linear subspace
of L2(X, ξ).

For any V ∗ ∈ H, the estimation error is at most (in the worst-case)

E
[
‖V̂n − V ∗‖2

L2(X,ξ)

]
≤ c

1−γ · αdn‖V ∗‖2H + cσ̄2dntmix
(1−γ)2n

. (36)

For example, when the eigenvalues of Hilbert space H decay as αj ≍ j−2s for some s > 0,

the estimator achieves a rate of O
(
(tmix/n)

2s
2s+1

)
, which matches the minimax optimal rate

proved by Duan et al. [DWW21] in the i.i.d. setting, but with a multiplicative correction to the
effective sample size by a factor tmix to accommodate Markovian observations. Furthermore,
since one can estimate the quantities (M,Σ∗

Mkv,Σ
∗
MG) in the bound (31) using O (d) samples,

instance-dependent model selection can in principle be conducted. Bounds of the form (36)
thus open the door to asking important questions of this type.

4.2 TD(λ) methods

Now we turn to stochastic approximation methods for the TD(λ) projected fixed-point equa-
tion (14b), with some given λ ∈ [0, 1). With observation model (Lt+1(ωt), bt+1(ωt)) given by
Eq (16c), the averaged SA procedure (3) can be written as

θt+1 = θt − η
{
〈φ(st)− γφ(st+1)

⊤, θt〉 −Rt(st)
}
gt, where (37a)

gt = γλgt−1 + φ(st) and, (37b)

θ̂n = 1
n−n0

n−1∑

t=n0

θt. (37c)

The update on gt is the so-called “eligibility trace” in the TD(λ) algorithm. As before, we
assume the two bounds in equation (28a), and assume that the mixing time condition 1
holds true for the chain (st)t≥1, with discrete metric and mixing time tmix. We consider the
augmented Markov chain ωt :=

(
st, st+1,

1−γλ
ς
√
βd
gt
)
∈ X

2 × B(0, 1) and begin by establishing

mixing conditions on this augmented chain.

Proposition 2. Under the setup above, consider the metric

ρ
(
(s1, s2, h), (s

′
1, s

′
2, h

′)
)
:= 1

4

(
1s1 6=s′1

+ 1s2 6=s′2
+ ‖h− h′‖2

)
. (38a)

Taking τ = 4
(
tmix + 1

1−γλ

)
, the augmented chain

{
ωt = (st, st+1,

1−γλ
ς
√
βd
gt)

}
t≥0

satisfies the

mixing bound

W1,ρ

(
L(ωτ ),L(ω′

τ )
)
≤ 1

2
ρ
(
ω0, ω

′
0

)
(38b)

for two chains (ωt)t≥0 and (ω′
t)t≥0 starting from ω0 and ω′

0, respectively. In particular, the

stationary distribution ξ̃ of the chain (ωt)t≥0 exists and is unique.
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See Appendix F.1 for the proof of this proposition.

Taking this proposition as given, we are now ready to present our main corollary for TD(λ)
procedures. We consider the following instantiation of quantities in Theorem 1:

The projected linear operator (1 − λ)
∑+∞

k=0 λ
k(γΠSP )

k+1 in the equation (14b) can be
represented in the orthonormal basis of the subspace S as

Mλ := Id −B−1/2
E
(s,s+, 1−γλ

ς
√

βd
g)∼ξ̃

[
gφ(s)⊤ − γgφ(s+)⊤

]
B−1/2

= (1− λ)B−1/2
∞∑

t=0

λtγt+1
E
[
φ(s0)φ(st+1)

]
B−1/2.

The Markovian and martingale part of the noise (in the low-dimensional subspace S) takes
the following form:

εMkv,λ

(
s, s+,

1− γλ

ς
√
βd

g
)
= B−1/2

(
φ(s)⊤θ̄ − γφ(s+)θ̄ − r(s)

)
g,

εMG,λ

(
s, s+,

1− γλ

ς
√
βd

g
)
= B−1/2(R0(s)− r(s))g

Finally, we define the covariance matrices Σ∗
Mkv,λ and Σ∗

MG,λ according to Eq (19):

Σ∗
Mkv,λ :=

∞∑

t=−∞
E
[
εMkv,λ

(
st, st+1,

1− γλ

ς
√
βd

gt
)
εMkv,λ

(
s0, s1,

1− γλ

ς
√
βd

g0
)⊤]

,

Σ∗
MG,λ := Es∼ξ

[
E
[
εMG,λ(s)εMG,λ(s)

⊤ | s
]]
.

As before, we let β := λmax(B), µ := λmin(B) and κλ := 1
2λmax(Mλ +M⊤

λ ), and define the
quantity σ̄ according to equation (29). Note that a straightforward calculation reveals that

κλ ≤ (1−λ)γ
1−λγ < 1. Assuming that µ > 0, we are then ready to state our main result for TD(λ)

methods.

Corollary 4. Under the setup above, take the stepsize and burn-in period as

η = (1−γλ)2/3

cβ
(
(ς4+1)d(1−κλ)n2

(
tmix+

1
1−γλ

))1/3 , and n0 =
1
2n, (39a)

and suppose that n
log3 n

≥
2(tmix+

1
1−γλ ) (ς4d+1)β2

(1−κλ)2(1−γλ)2µ2 . Then the value function estimate V̂n(s) := 〈θ̂n, φ(s)〉
obtained from the Polyak–Ruppert procedure (37) has MSE bounded as

E
[
‖V̂n − V̄ (λ)‖2

L2(X,ξ)

]
≤ cn−1Tr

(
(Id −Mλ)

−1(Σ∗
Mkv +Σ∗

MG)(Id −Mλ)
−⊤)

+ c
( β2σ̄2d

(
tmix+

1
1−γλ

)
µ2(1−κλ)2(1−γλ)2n

)4/3
log2 n, (39b)

where V̄ (λ) is the solution to the projected fixed-point equation (11).

See Appendix F.2 for the proof of this corollary.
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A few remarks are in order. First, using the same argument as in Corollaries 2 and 3,
one can extend the results for TD(λ) to the cases of continuous state spaces with Wasserstein
mixing, as well as to nonparametric sieve estimators. As is well-known, different choices of
the tuning parameter λ interpolate the “temporal difference” method, in which we aim at
solving the Bellman equation, and the “Monte Carlo” method, in which the value function
is estimated directly by averaging the rollout of a Markovian trajectory. For example, on
the one hand, letting λ = 0 recovers the instance-dependent upper bound for TD(0) method
in Corollary 1. On the other hand, by taking λ = γ, we have κλ ≤ γ

1+γ ≤ 1
2 , and the

dependence on the discount factor γ appears only through the variance of the noise, instead
of through the conditioning of the matrix Mλ. In the next section, we sketch a recipe for the
instance-dependent selection of λ that also takes the approximation error into account.

4.2.1 Using instance-dependent results to select λ

Recall that the TD(λ) algorithm aims at estimating the solution V̄ (λ) to the projected fixed-
point equation (14b). The linear operator in the unprojected fixed-point equation (14a) sat-
isfies the norm bound

|||(1 − λ)

∞∑

k=0

λkγk+1P k+1|||L2(X,ξ)→L2(X,ξ) ≤ (1− λ)

∞∑

k=0

λkγk+1 = (1−λ)γ
1−λγ .

Consequently, invoking Theorem 1 of the paper [MPW20], the approximation error satisfies
the bound

‖V̄ (λ) − V ∗‖2
L2(X,ξ) ≤ α

(
Mλ,

(1−λ)γ
1−λγ

)
· inf
V ∈S

‖V − V ∗‖2
L2(X,ξ),

where α(M,z) := 1+λmax

(
(Id−M)−1(z2Id−MM⊤)(Id−M)−⊤) is the approximation factor.

Combining with Corollary 4, we obtain the following bound on the distance to the true value
function:

E
[
‖V̂n − V ∗‖2

L2(X,ξ)

]
≤ cα

(
Mλ,

(1−λ)γ
1−λγ

)
· inf
V ∈S

‖V − V ∗‖2
L2(X,ξ) + c

( β2σ̄2d
(
tmix+

1
1−γλ

)
µ2(1−κλ)2(1−γλ)2n

)4/3
log2 n

+ c
nTr

(
(Id −Mλ)

−1(Σ∗
Mkv +Σ∗

MG)(Id −Mλ)
−⊤) (40)

for a universal constant c > 0.
It can be seen that α

(
Mλ,

(1−λ)γ
1−λγ

)
≤ c′ 1−λγ

1−γ for a universal constant. We also recall that

κλ ≤ (1−λ)γ
1−λγ . If we take the parameters (µ, β, ς) to be of constant order, in the worst case, the

upper bound (40) takes the simplified form

E
[
‖V̂n − V ∗‖2

L2(X,ξ)

]
≤ c

1− λγ

1− γ
inf
V ∈S

‖V − V ∗‖2
L2(X,ξ) + c

(
tmix +

1
1−γλ

)
d

(1− γ)3n
.

From such an upper bound, it may appear that the optimal choice of λ is always
λ = γ ∧ (1− 1/tmix), so that the approximation factor is minimized and the variance remains
controlled. However, this choice could be overly conservative, since the actual variance with
small λ can be significantly smaller, with the feature vectors still having bounded one-step
cross-correlation. Choosing the parameter λ close to 1 cannot take advantage of small one-
step correlation. On the other hand, a fine-grained bound of the form (40) can be used to
perform instance-dependent model selection, as follows:
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• Construct a uniform finite grid 0 = λ1 < λ2 < · · · < λm = γ for possible values of λ.

• For each ℓ ∈ [m], compute the TD(λℓ) estimator, and construct empirical plug-in esti-

mates
(
M̂λ,n, Σ̂∗

Mkv,λ,n, Σ̂∗
MG,λ,n

)
for the matrices

(
Mλ,Σ

∗
Mkv,λ,Σ

∗
MG,λ

)
by replacing the

expectations by empirical averages. Similarly replace θ̄(λ) by θ̂n.

• Estimate the approximation factor α
(
Mλ,

(1−λ)γ
1−λγ

)
and the covariance (Id −Mλ)

−1(Σ∗
Mkv +

Σ∗
MG)(Id −Mλ)

−⊤ by plugging in the estimated matrices described above, for each λ = λℓ
with ℓ ∈ [m]. Based on prior knowledge about the scale of the optimal approximation error
infV ∈S ‖V − V ∗‖2

L2(X,ξ), select λℓ in the grid that minimizes our estimate of the total error

according to equation (40).

Note that the procedure above is simply a sketch; a formal proof of correctness would
show bounds that are uniform over all m estimators. It is an important direction of future
work to provide sharp non-asymptotic analysis of such a model selection procedure.

4.3 Autoregressive models

Next, we turn to Example 3, the multivariate auto-regressive model. We study the stochastic
approximation procedure in which, for any i ∈ [k], we have

A
(i)
t+1 = A

(i)
t − η

( k−1∑

j=0

A
(j)
t Xt−jX

⊤
t+1−i −Xt+1X

⊤
t+1−i

)
, and Â(i)

n =
1

n− n0

n−1∑

t=n0

A
(i)
t .

The first step in our analysis is to establish necessary and sufficient conditions for the existence
and uniqueness of the stationary distribution of the process (17). The following km × km
matrix plays a crucial role in this context:

R∗ =




A∗
1 A∗

2 · · · A∗
k

Im 0 · · · 0
0 Im 0 · · · 0

0
. . . 0

0 · · · 0 Im 0



.

In the noiseless case, the stability of the linear dynamical system is equivalent to the following
Lyapunov stability condition (see e.g. [Nem01], Section 3.3):

∃P∗ ≻ 0, Q∗ ≻ 0, such that R⊤
∗ P∗R∗ = P∗ −Q∗. (41)

Clearly we have P∗ ≻ Q∗. We let β := λmax(P∗) and µ := λmin(Q∗). Based on stability
theory for discrete-time linear systems [BD09], condition (41) is necessary for the stationary
distribution to exist. In the following proposition, we show that this condition is also sufficient,
with a concrete mixing time bound.

Proposition 3. Under the Lyapunov stability condition (41) and assuming that the noise has
bounded first moment E

[
‖εt‖2

]
<∞, the stationary distribution ξ̃ for the sliding window ωt =

(Xt+1,Xt, · · · ,Xt−k+1) of the auto-regressive process (17) exists and is unique. Furthermore,
the mixing assumption 1 is satisfied with Wasserstein distance in R

(k+1)m and a mixing time
bound tmix = ck + cβµ

(
1 + log β

µ

)
.

See Section G.1 for the proof of this claim.
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In addition to this mixing guarantee, we also make the following assumptions on the noise:

E
[
εt
]
= 0, sup

u∈Sd−1

E
[
〈u, εt〉4

]
≤ ς4, and ‖εt‖2 ≤ ς

√
m, a.s. (42)

We are now in a position to consider the problem of parameter estimation using
stochastic approximation. Consider the vectorized version of the parameter θ =
vec

( [
A(1);A(2); · · · ;A(k)

] )
∈ R

km2
. The population-level Yule–Walker estimation equa-

tion (18) can be written as
( [

Γj−i

]
i,j∈[k]︸ ︷︷ ︸

H∗

⊗Im
)
θ = vec

([
Γ1; Γ2; · · · ; Γk

])
, (43)

where Γi := E
[
XiX

⊤
0

]
∈ R

m×m, for i ∈ Z. We assume that

1

2

(
H∗ + (H∗)⊤

)
� h∗Ikm, for some h∗ > 0.

In order to state the main corollary of Theorem 1 to auto-regressive models, the following
quantities are relevant:

εMkv(ωt) := vec
(( k−1∑

j=0

A
(j)
∗ Xt−j −Xt+1

)
·
[
X⊤

t−1 X⊤
t−2 · · ·X⊤

t−k

] )

Σ∗
Mkv :=

∞∑

t=−∞
E
[
εMkv(ωt)εMkv(ω0)

⊤].

Corollary 5. Under the setup above, take the stepsize and burn-in period as

η = 1

c
(
n2
(

β
µ
log β

µ

)
(h∗)2ς4k3m2β8/µ8

)1/3 , and n0 =
1
2n, (44a)

and suppose that n
log3 n

≥
(
k + β

µ log β
µ

)
ς4k3m2 β8

µ8(h∗)2 . Then the Polyak–Ruppert estimator

(Â
(j)
n )j∈[k] satisfies

k∑

j=1

E
[
|||Â(j)

n −A∗
j |||2F

]
≤ c

nTr
((
H∗ ⊗ Im

)−1
ΣMkv

(
H∗ ⊗ Im

)−1)

+
{

km2·λmax

(
E

[
εMkv(s0)εMkv(s0)

⊤
])

(h∗)2n

(
k +

β

µ
log

β

µ

)}4/3
log2 n. (44b)

A few remarks are in order. First, the leading-order term in the bound (44b) matches
the variance of asymptotic efficient estimators for AR(m) models, up to a constant factor
(see [BD09], Section 8). This simply follows from the fact that the plug-in Yule-Walker
estimator is asymptotically efficient for auto-regressive models. On the other hand, Corollary 5
is completely non-asymptotic, holding true for any reasonably large sample size. Note that
the sample complexity lower bound exhibits an O

(
β9/µ9

)
dependency on the conditioning

β/µ of the Lyapunov stability certificate (P∗, Q∗). In particular, a term linear in β/µ arises
from the mixing time β

µ log β
µ , and all other factors are from the almost-sure bounds on ‖Xt‖2

and moment bound supu∈Sm−1〈u, Xt〉4. If we instead assumed these quantities were bounded
explicitly as in some prior work [JKNN21], the factor β8ς4k2/µ8 in the sample size requirement
and stepsize choice can be replaced by such a bound.
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5 Proof of Proposition 1

We begin by proving the bound on the last iterate claimed in Proposition 1. Define the error
term ∆t := θt − θ̄, as well as the noise terms

Zt+1 := Lt+1 −L(st), ζt+1 := (Lt+1 −L(st))θ̄ + (bt+1 − b(st)), (45a)

Nt := L(st)− L̄, νt := (L(st)− L̄)θ̄ + (b(st)− b̄). (45b)

Using this notation, we have the recursion

∆t+1 = (I − η(I − L̄))∆t + η
(
Nt + Zt+1

)
∆t + η(νt + ζt+1). (46)

Taking squared norms on both sides yields the bound ‖∆t+1‖22 ≤
∑4

i=1 Ti, where

T1 := ‖(I − η(I − L̄))∆t‖22, T3 := 2η〈(I − η(I − L̄))∆t,
(
Zt+1∆t + ζt+1

)
〉,

T2 := 2η〈(I − η(I − L̄))∆t, Nt∆t + νt〉, and T4 := 4η2
(
‖Nt∆t‖22 + ‖Zt+1∆t‖22 + ‖ζt+1‖22 + ‖νt‖22

)
.

Beginning with the term T1, expanding the square and then invoking the condition (5)
yields

T1 = ‖∆t‖2 − 2η〈∆t, (I − L̄)∆t〉 + η2‖(I − L̄)∆t‖2 ≤
(
1− 2η(1 − κ) + 2η2(1 + γ2max)

)
‖∆t‖2.

As for the cross terms involved in T2 and T3, we note that

2〈(I − L̄)∆t, Nt∆t〉 ≤ ‖(I − L̄)∆t‖22 + ‖Nt∆t‖22 ≤ 2(1 + γ2max)‖∆t‖22 + ‖Nt∆t‖22,
2〈(I − L̄)∆t, νt〉 ≤ ‖(I − L̄)∆t‖22 + ‖νt‖22 ≤ 2(1 + γ2max)‖∆t‖22 + ‖νt‖22,

2〈(I − L̄)∆t, Zt+1∆t〉 ≤ ‖(I − L̄)∆t‖22 + ‖Zt+1∆t‖22 ≤ 2(1 + γ2max)‖∆t‖22 + ‖Zt+1∆t‖22,
2〈(I − L̄)∆t, ζt+1〉 ≤ ‖(I − L̄)∆t‖22 + ‖ζt+1‖22 ≤ 2(1 + γ2max)‖∆t‖22 + ‖ζt+1‖22.

We collect the above bounds on the sum
∑4

i=1 Ti and use the stepsize bound η ≤ 1−κ
12(1+γ2

max)
,

which results in the recursive inequality

‖∆t+1‖22 ≤
(
1− η(1 − κ)

)
‖∆t‖22 + 2η

(
〈∆t, Nt∆t〉+ 〈∆t, νt〉

)
︸ ︷︷ ︸

:=H1(t)

+ 2η
(
〈∆t, Zt+1∆t〉+ 〈∆t, ζt+1〉

)
︸ ︷︷ ︸

:=H2(t)

+8η2
(
‖Nt∆t‖22 + ‖Zt+1∆t‖22 + ‖ζt+1‖22 + ‖νt‖22

)
︸ ︷︷ ︸

:=H3(t)

.

Multiplying both sides by eη(1−κ)(t+1) and using the fact that
(
1 − η(1 − κ)

)
≤ e−η(1−κ), we

have

eη(1−κ)(t+1)‖∆t+1‖22 ≤ eη(1−κ)t‖∆t‖22 + 2ηeη(1−κ)(t+1)
(
H1(t) +H2(t)

)
+ 8η2eη(1−κ)(t+1)H3(t).

Unrolling this expression yields

eη(1−κ)n‖∆n‖22 ≤ ‖∆0‖22 + 2η
n−1∑

t=0

eη(1−κ)(t+1)
(
H1(t) +H2(t)

)
+ 8η2

n−1∑

t=0

eη(1−κ)(t+1)H3(t),

(47)

which is the key recursion underlying our analysis.

27



5.1 Analyzing the recursion (47)

Note that the running sum M2(n) :=
∑n−1

t=0 e
η(1−κ)tH2(t) is, by construction, a martingale

adapted to the filtration (Ft)t≥0. In contrast, the analogous quantity defined in terms of the
process H1 is not an adapted martingale. In order to circumvent this obstacle, our proof is
based on introducing a surrogate version H̃1 of the process H1, such that the running sum

M̃1(n) :=

n−1∑

t=0

eη(1−κ)(t+τ)H̃1(t+ τ)

can be decomposed as a sum of τ martingales. See the proof of Lemma 1 for the details of the
construction of H̃1. This decomposition allows us to apply standard maximal inequalities for
martingales. Of course, we also need the bound the moments of the differences H̃1(t)−H1(t);
see Lemma 1 for the bound that we provide on this difference.

We prove the MSE bounds and higher-moment bounds using slightly different analysis
tools. In order to study the mean-squared error (the case p = 1), we note that both M̃1(t) and
H2(t) have zero expectation for any t ≥ 0. Taking expectations on both sides of equation (47),
we obtain the bound

eη(1−κ)n
E
[
‖∆n‖22

]
≤ ‖∆0‖22 + 2η

n−1∑

t=0

eη(1−κ)(t+1)
E
[ ∣∣∣H1(t)− H̃1(t)

∣∣∣
]
+ 8η2

n−1∑

t=0

eη(1−κ)(t+1)
E
[
H3(t)

]
.

(48)

For higher moments, our analysis of the recursion (47) is based on a Lyapunov function
Φn and auxiliary function Λn given by

Φn :=
(
E
[

sup
0≤t≤n

eη(1−κ)tp‖∆t‖2p2
])1/p

, and Λn = max
t∈{0,1,...,n}

e−
η(1−κ)t

2 Φt.

By applying Minkowski’s inequality to the recursion (47), we obtain the upper bound

Φn ≤ Φ0 + 4η
(
E sup

0≤t≤n
|M̃1(t)|p

)1/p
+ 4η

(
E
( n−1∑

t=0

eη(1−κ)t|H1(t)− H̃1(t)|
)p)1/p

+ 4η
(
E sup

0≤t≤n
|M2(t)|p

)1/p
+ 16η2

(
E
( n−1∑

t=0

eη(1−κ)tH3(t)
)p)1/p

. (49)

In order to complete the proof, we need to control each of the terms on the right-hand side.
The following auxiliary results provide the needed control; in all cases, the quantities (c, c0)
etc. denote universal constants; the number n in the following lemmas is seen as a general
iteration index, instead of the total sample size in the final statement of the theorem.

Our first auxiliary result guarantees the existence of the surrogate variables H̃1(t) with
desirable properties:

Lemma 1. There is a surrogate version {H̃1(t)}t≥0 of the process {H1(t)}t≥0 such that

E
[
H̃(t)

]
= 0 for any t ≥ 0, and for any integer p ∈ [1, p̄/2], scalar τ ≥ cptmix log(c0tmixd) and

stepsize η ≤ 1
ctmix(γmax+pσLd)

, we have the following bounds for any n > 0:

(
E
[ ∣∣∣H1(n)− H̃1(n)

∣∣∣
p ])1/p ≤ cηp2τ

(
(dσ2L + γ2max) ·

(
E‖∆n−τ∨0‖2p2

) 1
p + σ̄2d

)
, (50a)
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and for any p ≥ 2, we have that

(
E sup

0≤t≤n
|M̃1(t)|p

)1/p ≤ cp3/2√
η(1− κ)

(
σL

√
dΦn + σ̄

√
eη(1−κ)nΦnd

)
. (50b)

See Section 5.2 for the proof of this claim. We note that it is especially challenging to prove
the bound (50a).

Our second auxiliary result is a more straightforward bound on a martingale supremum:

Lemma 2. The process M2 is a martingale adapted to the filtration (Ft)t≥0. Furthermore,
for each p ∈ [1, p̄/2], τ ≥ 2ptmix log(c0d) and η ≤ 1

c(γmax+σLd)τ
, for any n > 0, we have that

(
E sup

0≤t≤n
|M2(t)|p

)1/p ≤ cp3/2τ1/2√
η(1− κ)

(
σL

√
dΦn + σ̄

√
eη(1−κ)nΦnd

)
. (51)

See Section 5.3 for the proof of this claim.

Finally, our third auxiliary result provides control on the process H3(t):

Lemma 3. There is a universal constant c such that given τ ≥ cptmix log(c0tmixd) and stepsize
η ≤ 1

ctmix(γmax+σLd)
, for any p ∈ [1, p̄/2], we have

(
E
[
H3(t)

p
])1/p ≤ c

(
p2σ2Ld+ γ2max

)(
E
[
‖∆t−τ∨0‖2p2

])1/p
+ cp2σ̄2d. (52)

See Section 5.4 for the proof of this claim.

We now use these three lemmas to complete the proof of Proposition 1. We prove the case
of p̄ = 2 and p̄ ≥ log n separately.

Proof in the case of p̄ = 2: By Lemma 1 with τ = ctmix log(c0tmixd) and Cauchy–Schwarz
inequality, we have that

E
[ n−1∑

t=0

eη(1−κ)t|H̃1(t)−H1(t)|
]
≤ cητ

n−1∑

t=0

eη(1−κ)t
(
(σ2Ld+ γ2max)E

[
‖∆t−τ∨0‖22

]
+ σ̄2d

)

≤ cτ σ̄2d

1− κ
eη(1−κ)n + ceητ(σ2Ld+ γ2max)

n−1∑

t=0

eη(1−κ)t
E
[
‖∆t‖22

]
.

Similarly, by applying Lemma 3 to the last term of equation (48), we obtain the bound

n−1∑

t=0

eη(1−κ)(t+1)
E
[
H3(t)

]
≤ cσ̄2d

(1− κ)η
eη(1−κ)n + ce(σ2Ld+ γ2max)

n−1∑

t=0

eη(1−κ)t
E
[
‖∆t‖22

]
.

Combining them with the decomposition (48), we find that eη(1−κ)n
E
[
‖∆n‖22

]
is upper

bounded by

‖∆0‖22 + c
ητ σ̄2d

1− κ
eη(1−κ)n + cη2τ(σ2Ld+ γ2max)

n−1∑

t=0

eη(1−κ)t
E
[
‖∆t‖22

]
for any n = 1, 2, · · · .

(53)

29



In order to exploit this recursive upper bound, we define the partial sum sequence
Sn :=

∑n
t=0 e

η(1−κ)t
E
[
‖∆t‖22

]
. Equation (48) implies that

Sn ≤ S0 + c
ητ σ̄2d

1− κ
eη(1−κ)n +

(
1 + cη2τ(σ2Ld+ γ2max)

)
Sn−1

≤ S0 ·
n∑

t=0

ecη
2τ(σ2

Ld+γ2
max)t + c

ητ σ̄2d

1− κ
·

n∑

t=0

ecη
2τ(σ2

Ld+γ2
max)t+η(1−κ)(n−t)

≤ 3

(1− κ)η
eη(1−κ)n/3S0 +

3cτ σ̄2d

(1− κ)2
eη(1−κ)n.

Substituting back into the recursion (53) yields

E
[
‖∆n‖22

]
≤ 6

(1− κ)η
e−η(1−κ)n/3‖∆0‖22 + c

ητ σ̄2d

1− κ
+ cη2τ(σ2Ld+ γ2max) ·

2cτ σ̄2d

(1− κ)2

≤ e−η(1−κ)n/2‖∆0‖22 + c′
ητ σ̄2d

1− κ
,

which completes the proof of the MSE bound.

Proof in the case of p̄ ≥ log n: Now we turn to prove the p-th moment bound under
Assumption 2 with p̄ ≥ log n. Recall that we analyze the growth of the Lyapunov function
Φn, and we start from the decomposition (49).

The first term in equation (49) is simply ‖∆0‖22, and the second term is controlled using
equation (50b) in Lemma 1. In order to bound the third term, we apply Hölder’s inequality,
and obtain the bound

E
( n−1∑

t=0

eη(1−κ)t
∣∣∣H1(t)− H̃1(t)

∣∣∣
)p ≤

( n−1∑

t=0

e
η(1−κ)pt
2(p−1)

)p−1 ·
n−1∑

t=0

e
ηp(1−κ)t

2 E
[ ∣∣∣H1(t)− H̃1(t)

∣∣∣
p ]
.

By equation (50a) in Lemma 1, this quantity is at most

(η(1− κ))1−pe
η(1−κ)pn

2

n−1∑

t=0

e
ηp(1−κ)t

2
(
cτ
(
p2σ2Ld+ γ2max

)(
E
[
‖∆t−τ∨0‖2p2

])1/p
+ cτp2σ̄2d

)p
.

We then obtain the inequality:

(
E
( n−1∑

t=0

eη(1−κ)t
∣∣∣H1(t)− H̃1(t)

∣∣∣
)p)1/p

≤ cp2
eη(1−κ)n

η(1− κ)
σ̄2τd+ c

(
p2σ2Ld+ γ2max

)
τ
e

1
2
η(1−κ)n

η(1 − κ)

( n−1∑

t=0

e
1
2
ηp(1−κ)t

E
[
‖∆t‖2p2

])1/p

≤ cp2
eη(1−κ)n

η(1− κ)
σ̄2τd+ c

(
p2σ2Ld+ γ2max

)
τ
e

1
2
η(1−κ)n

η(1 − κ)

( n−1∑

t=0

e−
1
2
ηp(1−κ)tΦp

t

)1/p

≤ cp2
eη(1−κ)n

η(1− κ)
σ̄2τd+ c

(
p2σ2Ld+ γ2max

)
τ
e

1
2
η(1−κ)n

η(1 − κ)
n1/pΛn.
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Similarly, the fourth term on the right hand side is controlled using Lemma 2, and the bounds
for the last term are based on Lemma 3 and the same strategy as above. Concretely, combining
Hölder’s inequality with the bound (52) yields

E
( n−1∑

t=0

eη(1−κ)tH3(t)
)p ≤

( n−1∑

t=0

e
η(1−κ)pt
2(p−1)

)p−1 ·
n−1∑

t=0

e
ηp(1−κ)t

2 E[H3(t)
p].

This quantity is at most

(η(1− κ))1−pe
η(1−κ)pn

2

n−1∑

t=0

e
ηp(1−κ)t

2
(
c
(
p2σ2Ld+ γ2max

)(
E
[
‖∆t−τ∨0‖2p2

])1/p
+ cp2σ̄2d

)p
.

Noting that each term satisfies the inequality e
ηp(1−κ)t

2

(
E
[
‖∆t−τ∨0‖2p2

])1/p ≤ Λn for t ∈ [0, n].

We conclude that the moment
(
E
(∑n−1

t=0 e
η(1−κ)tH3(t)

)p)1/p
is upper bounded by

cp2
eη(1−κ)n

η(1− κ)
σ̄2d+ c

(
p2σ2Ld+ γ2max

)e 1
2
η(1−κ)n

η(1− κ)
n1/pΛn.

Collecting the above bounds and substituting into the decomposition (49), we note that

Φn ≤ Φ0 + c

√
p3η

1− κ

(
σL

√
dΦn + σ̄

√
eη(1−κ)nΦnd

)

+ cp2
eη(1−κ)n

η(1− κ)
σ̄2τd+

(
p2σ2Ld+ γ2max

)e 1
2
η(1−κ)n

η(1 − κ)
τn1/pΛn

≤ Φ0 + 4cσL

√
p3τηd

1− κ
Φn +

1

4
Φn + cη

σ̄2p3dτ

1− κ
· eη(1−κ)n

+ cp2η
eη(1−κ)n

1− κ
σ̄2τd+ cη

(
p2σ2Ld+ γ2max

)e 1
2
η(1−κ)n

1− κ
τΛn

In the last step, we apply Young’s inequality to the term
√
eη(1−κ)nΦnd, and use the condition

p ≥ log n to the last term so that n1/p ≤ e.
Taking the stepsize η ≤ 1−κ

64c2σ2
Lτdp

3 , we arrive at the following bound valid for any n ∈ [1, ep]:

e−
η(1−κ)n

2 Φn ≤ 2Φ0 + cp3η
e

1
2
η(1−κ)n

1− κ
σ̄2τd+ cη

p2σ2Ld+ γ2max

1− κ
τΛn.

Note that the right-hand-side of above expression is monotonic increasing in the index n. For
any integer pair (t, n) such that 0 < t ≤ n ≤ ep, we have the inequality:

e−
η(1−κ)t

2 Φt ≤ 2Φ0 + cp3η
e

1
2
η(1−κ)t

1− κ
σ̄2τd+ cη

p2σ2Ld+ γ2max

1− κ
τΛt

≤ 2Φ0 + cp3η
e

1
2
η(1−κ)n

1− κ
σ̄2τd+ cη

p2σ2Ld+ γ2max

1− κ
τΛn.

Given the value of n fixed and taking supremum over t ∈ {0, 1, 2, · · · , n} in the left-hand-side,
we arrive at the conclusion:

Λn = sup
t∈{0,1,··· ,n}

e−
η(1−κ)t

2 Φt ≤ 2Φ0 + cp3η
e

1
2
η(1−κ)n

1− κ
σ̄2τd+ cη

p2σ2Ld+ γ2max

1− κ
τΛn.
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Given the stepsize η ≤ 1−κ
2c(p3σ2

Ld+γ2
max)τ

, we arrive at the bound

(
E‖∆t‖p2

)1/p ≤ e−
1
2
η(1−κ)nΛn ≤ e−

1
2
η(1−κ)n

(
E‖∆0‖p2

)1/p
+

cp3η

1− κ
σ̄2τd,

which completes the proof of the theorem.

It remains to prove our three auxiliary lemmas.

5.2 Proof of Lemma 1

We break the proof into three steps. In the first step, given in Section 5.2.1, we con-
struct the surrogate process, whereas the remaining two steps are devoted to the proving
the bounds (50b) and (50a), as detailed in Sections 5.2.2 and 5.2.3 respectively.

5.2.1 Construction of the surrogate process

We first claim that for any t = 1, 2, . . . and any τ ∈ {0, . . . , t}, there is a random variable
s̃t ∈ X such that s̃t | Ft−τ ∼ ξ, and

(
E
[
ρ(st, s̃t)

p | Ft−τ

])1/p ≤ c0 exp
(
− τ

2tmixp

)
for each p ≥ 2. (54)

Here c0 is a universal constant.
Our construction is based on the following bound on the Wasserstein distance:

Lemma 4. Under Assumptions 1 and 3, the Wasserstein distance is upper bounded as

W1,ρ

(
δxP

τ , ξ
)
≤ c0 exp

{
⌊ τ
tmix

⌋
}
,

valid for any x ∈ X and τ ≥ 0.

See Appendix B.1 for the proof of this claim.

We now use Lemma 4 to construct the desired process. We begin by constructing a cou-
pling conditionally on the σ-field Ft−τ : let s̃t be a state whose conditional law is ξ, satisfying
the identity:

E
[
ρ(st, s̃t) | Ft−τ

]
= W1,ρ

(
L(st | Ft−τ ), ξ

)
. (55)

The existence of such s̃t is guaranteed by the definition of Wasserstein distance. We now
bound the relevant quantities based on this construction.

Combining the identity (55) with Lemma 4 yields E
[
ρ(st, s̃t) | Ft−τ

]
≤ c0 · 2−⌊ τ

tmix
⌋
. Ap-

plying Cauchy–Schwarz inequality and invoking Assumption 3, we find that
(
E
[
ρ(st, s̃t)

p | Ft−τ

])1/p ≤
(
E
[
ρ(st, s̃t) | Ft−τ

]) 1
2p ·

(
E
[
ρ(st, s̃t)

2p−1 | Ft−τ

]) 1
2p

≤
(
E
[
ρ(st, s̃t) | Ft−τ

]) 1
2p

≤ c0 · 21−
τ

2tmixp , (56)

which establishes the claim.
We now use the sequence of random variable s̃t just constructed to define the extended

filtration F̃t := σ
(
(sk)0≤k≤t, (s̃k)0≤k≤t,

(
(Lk, bk)

)
0≤k≤t

)
, as well as the surrogate quantities

ν̃t :=
(
L(s̃t)− L̄

)
θ̄ +

(
b(s̃t)− b̄

)
, and H̃1(t) := 〈∆(t−τ)∨0, ν̃t〉+ 〈∆(t−τ)∨0,

(
L(s̃t)− L̄

)
∆(t−τ)∨0〉.

Note that by definition, we have E
[
H̃1(t) | F̃(t−τ)∨0

]
= 0 for each t = 0, 1, 2, . . ..
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5.2.2 Proof of the bound (50b)

We first perform a decomposition on the process M̃1. In particular, for ℓ ∈ {0, 1, · · · , τ − 1},
we define the stochastic process M̃

(ℓ)
1 (n) :=

∑n−1
t=0 e

η(1−κ)(t+τ)H̃1(t + τ)1{tmod τ=ℓ}. Clearly,

we have M̃1(n) =
∑τ−1

ℓ=0 M̃
(ℓ)
1 (n) for any n ≥ 0. Furthermore, we note for any t ≥ 0, we have

the relations:

E
[
H̃1(t+ τ) | F̃t

]
= 0, and H̃1(t) ∈ F̃t.

So for each ℓ ∈ [0, τ − 1], the process M̃
(ℓ)
1 is a martingale adapted to the filtration

(
F̃t

)
t≥0

.

By the BDG inequality, we have the maximal inequality
(
E sup0≤t≤n |M̃ (ℓ)

1 (t)|p
)1/p ≤

cp
(
E
(
[M̃

(ℓ)
1 ]n

)p/2)1/p
, valid for all ℓ = 0, 1, . . . , τ − 1. Similarly, for the quadratic variation

term [M̃
(ℓ)
1 ]n, we have that

E
[(
[M̃

(ℓ)
1 ]n

)p/2]
= E

[( ⌊n−1
τ

⌋∑

k=0

eη(1−κ)(kτ+τ+ℓ)‖H̃1(kτ + ℓ)‖22
)p/2]

≤
( ⌊n−1

τ
⌋∑

k=0

eη(1−κ)p(kτ+τ+ℓ)
E
[
‖H̃1(kτ + ℓ)‖p2

])
·
( n−1∑

t=0

e
− p2

2p−4
τη(1−κ)t)p−2

2 ,

which is at most

(
ητ(1− κ)

)− p
2
+1

n−1∑

t=τ

eη(1−κ)tp
(
E
[ ∣∣2〈∆t−τ , (L̄(s̃t)− L̄)∆t−τ 〉

∣∣p ]+ E
[
|2〈ν̃t, ∆t−τ 〉|p

])
1{tmod τ=ℓ}.

Invoking the tail condition in Assumption 2 under the stationary distribution, we have that

E
[ ∣∣2〈∆t−τ , (L̄(s̃t)− L̄)∆t−τ 〉

∣∣p | Ft−τ

]
≤

(
pσL

√
d · ‖∆t−τ‖22

)p
, and

E
[
|〈ν̃t, ∆t−τ 〉|p | Ft−τ

]
≤

(
pσ̄

√
d · ‖∆t−τ‖2

)p
.

Substituting into the moment bounds for [M̃
(ℓ)
1 ]n and combining the results for ℓ =

0, 1, · · · , τ − 1 using Minkowski’s inequality, we arrive at the bound

(
E sup

0≤t≤n
|M̃1(t)|p

)1/p

≤
τ−1∑

ℓ=0

(
E sup

0≤t≤n
|M̃ (ℓ)

1 (t)|p
)1/p

≤ τ · n
1
p
√
p

(
ητ(1− κ)

) 1
2
+ 1

p

{
pσL

√
d · max

0≤t≤n

[
eη(1−κ)t

(
E‖∆t‖2p2

)1/p]
+ e

η(1−κ)n
2 pσ̄

√
d max
0≤t≤n

[
eη(1−κ)t/2

(
E‖∆t‖p2

)1/p]}

≤
√

τp

η(1 − κ)

(
pσL

√
dΦn + pσ̄

√
eη(1−κ)nΦnd

)
,

which completes the proof of this lemma.
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5.2.3 Proof of the bound (50a)

By Minkowski’s inequality, we can upper bound the error as(
E
[
(H1(t)− H̃1(t))

p
])1/p ≤ ∑6

k=1 Jk, where

J1 :=
(
E
[
〈∆t−τ , νt − ν̃t〉p

])1/p
, J2 :=

(
E
[
〈∆t −∆t−τ , νt〉p

])1/p

J3 :=
(
E
[
〈∆t−τ ,

(
L(s̃t)−L(st)

)
∆t−τ 〉p

])1/p
, J4 :=

(
E
[
〈∆t −∆t−τ , Nt∆t−τ 〉p

])1/p

J5 :=
(
E
[
〈∆t, Nt(∆t −∆t−τ )〉p

])1/p
J6 :=

(
E
[
〈∆t −∆t−τ , Nt(∆t −∆t−τ )〉p

])1/p

The terms J1 and J3 can be controlled using the bound on ρ(st, s̃t) and the Lipschitz condi-
tion (4); doing so yields the bound

J1 ≤ σ̄d
(
E
[
‖∆t−τ‖p2 · E

[
ρ(st, s̃t)

p | Ft−τ

]])1/p ≤ 2c0σ̄d
(
E‖∆t−τ‖p2

)1/p · 2−
τ

2ptmix , and

J3 ≤ σLd
(
E
[
‖∆t−τ‖2p2 · E

[
ρ(st, s̃t)

p | Ft−τ

]])1/p ≤ 2c0σLd
(
E‖∆t−τ‖2p2

)1/p · 2−
τ

2ptmix .

Given the time lag parameter τ ≥ cptmix log(c0tmixd) ≥ 2ptmix log
(
d
η

)
, we have the bound

J1 ≤ ησ̄
√
d
(
E‖∆t−τ‖p2

)1/p
, and J3 ≤ ηησL

√
d
(
E‖∆t−τ‖2p2

)1/p
. (57)

Turning to the J2 term, applying the Cauchy–Schwarz inequality yields

J2 ≤
(
E‖∆t −∆t−τ‖2p2

) 1
2p ·

(
E‖νt‖2p2

) 1
2p

(i)

≤
(
E‖∆t −∆t−τ‖2p2

) 1
2p · pσ̄

√
d. (58)

where step (i) follows from Assumption 2.
The terms J4 and J5 can be controlled via once again replacing st with its surrogate s̃t.

First, by Cauchy–Schwarz inequality, we note that

J4 ≤
(
E‖∆t −∆t−τ‖2p2

) 1
2p ·

(
E‖Nt∆t−τ‖2p2

) 1
2p , J5 ≤

(
E‖∆t −∆t−τ‖2p2

) 1
2p ·

(
E‖N⊤

t ∆t−τ‖2p2
) 1

2p .

Using the decomposition Nt = (L(s̃t)− L̄) + (L(st)−L(s̃t)), we note that

(
E‖Nt∆t−τ‖2p2

) 1
2p ≤

(
E‖(L(s̃t)− L̄)∆t−τ‖2p2

) 1
2p +

(
E‖(L(st)−L(s̃t))∆t−τ‖2p2

) 1
2p .

We bound the conditional expectations of the quantities above. The first term can be con-
trolled via Assumption 2:

E
[
‖(L(s̃t)− L̄)∆t−τ‖2p2 | Ft−τ

]
≤ (σLp

√
d)2p‖∆t−τ‖2p2 ,

and the second term is controlled using the Lipschitz condition 4:

E
[
‖(L(st)−L(s̃t))∆t−τ‖2p2 | Ft−τ

]
≤ (σLd)

2p · E
[
ρ(st, s̃t)

2p | Ft−τ

]
· ‖∆t−τ‖2p2

≤ (σLd)
2p · c0 · 21−

τ
tmix · ‖∆t−τ‖2p2 .

Consequently, taking τ ≥ 2tmixp log(c0d), we have the bounds

(
E‖Nt∆t−τ‖2p2

) 1
2p ≤ σLp

√
d ·

(
E‖∆t−τ‖2p2

) 1
2p , and

(
E‖N⊤

t ∆t−τ‖2p2
) 1

2p ≤ σLp
√
d ·

(
E‖∆t−τ‖2p2

) 1
2p .

Putting together the pieces, we arrive at the bound

J4 + J5 ≤ 2
(
E‖∆t −∆t−τ‖2p2

) 1
2p · σLp

√
d ·

(
E‖∆t−τ‖2p2

) 1
2p . (59)
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By the Lipschitz condition (4) and the assumed boundedness (3) of the metric space, the term
J6 admits the simple upper bound

J6 ≤
(
E
[
|||Nt|||pop‖∆t −∆t−τ‖2p2

]) 1
p ≤ σLd

(
E‖∆t −∆t−τ‖2p2

) 1
p (60)

From all of these bounds, we see that the remaining crucial piece is to bound E‖∆t−∆t−τ‖2p2 .
In order to do so, we require the following two helper lemmas

Lemma 5. Given p ≥ 2 and ℓ > 0, the iterates (3a) with stepsize η ≤
(
6(γmax + σLd)ℓ

)−1

satisfy the bound

(
E
[
‖∆t+ℓ −∆t‖p2

])1/p ≤ eηℓ(γmax + σLd)
(
E
[
‖∆t‖p2

])1/p
+ 3ηpℓ

√
dσ̄, (61a)

and consequently,

1

2

(
E
[
‖∆t‖p2

])1/p − 6ηpℓ
√
dσ̄ ≤

(
E
[
‖∆t+ℓ‖p2

])1/p ≤ e
(
E
[
‖∆t‖p2

])1/p
+ 6ηpℓ

√
dσ̄. (61b)

See Appendix B.2 for the proof of this claim.

Our second auxiliary result is of a bootstrap nature: it is based on assuming that for
some given an integer p ≥ 2, fix any integer τ ≥ 2tmixp log(c0d), there exist positive scalars
ωp, βp > 0 such that

(
E
[
‖∆t+ℓ −∆t‖p2

])1/p ≤ ηωp ·
(
E
[
‖∆t‖p2

])1/p
+ ηβpσ̄ (62)

for any t ≥ 0, η ≤ 1
48(γmax+σLd)τ

and ℓ ∈ [0, τ ]. We then have the following guarantee:

Lemma 6. When the condition (62) holds, then, for any t ≥ 0, η ≤ 1
48(γmax+σLd)τ

, and

ℓ ∈ [0, τ ], we have

(
E
[
‖∆t+ℓ −∆t‖p2

])1/p ≤ η
(
12
(
p
√
dσL + γmax

)
ℓ+

ωp

2

)((
E‖∆t‖p2

)1/p
+ ηp(τ + ℓ)

√
dσ̄

)

+ η
(
2pℓ

√
d+

1

2
βp

)
σ̄. (63)

See Appendix B.3 for the proof of this claim.

We now complete the proof of the bound (50a) by using a bootstrapping argument in order

to obtain a sharp bound on E‖∆t −∆t−τ‖p2. Let ω
(0)
p := eτ(γmax + σLd) and β

(0)
p := pτ

√
d,

and define the following recursion:
{
ω
(i+1)
p = 1

2ω
(i)
p + 12

(
p
√
dσL + γmax

)
τ,

β
(i+1)
p = 1

2β
(i)
p + 2pτ

√
d+ 2η

(
12
(
p
√
dσL + γmax

)
τ + 1

2ω
(i)
p

)
pτ

√
d.

It can be seen that as i → ∞, the sequence (ω
(i)
p , β

(i)
p ) converges to a unique limit (ω∗

p, β
∗
p);

this limit is the unique fixed point of the iterates defined above.

By Lemma 6, if the iterates satisfy the bound (62) with constants
(
ω
(i)
p , β

(i)
p

)
, then it also

satisfy the bound with constants
(
ω
(i+1)
p , β

(i+1)
p

)
. By Lemma 5, the iterates satisfy bound

with constants
(
ω
(0)
p , β

(0)
p

)
. An induction argument then yields the bound for any

(
ω
(i)
p , β

(i)
p

)
.

In particular, the bound is satisfied by the fixed point
(
ω∗
p, β

∗
p).
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Solving directly for the fixed-point equation, we find that

ω∗
p = 24

(
p
√
dσL + γmax

)
τ, and β∗p = 4pτ

√
d+ 96η

(
p
√
dσL + γmax

)
pτ2

√
d.

Taking the stepsize η ≤ 1
48(γmax+pσLd)τ

, we arrive at the bound

(
E
[
‖∆t+ℓ −∆t‖p2

])1/p ≤ 24ητ
(
p
√
dσL + γmax

)(
E‖∆t‖p2

)1/p
+ 6ηpτ

√
dσ̄, (64)

for any t ≥ 0 and ℓ ∈ [0, τ ].

Collecting the bounds (57), (58), (59), (60) and (64) and taking the stepsize η ≤
1

c(γmax+pσLd)τ
, we arrive at the bound

(
E
[
(H1(t)− H̃1(t))

p
])1/p ≤ cηp2τ

(
(dσ2L + γ2max) ·

(
E‖∆t−τ‖2p2

) 1
p + σ̄2d

)
,

thereby completing the proof of the bound (50a).

5.3 Proof of Lemma 2

By the BDG inequality, we have the bound
(
E sup0≤t≤n |M2(t)|p

)1/p ≤ cp
(
E
(
[M2]n

)p/2)1/p
,

valid for all ℓ = 0, 1, . . . , τ − 1.

As for the quadratic variation [M2]n, applying Hölder’s inequality yields

E
[(
[M2]n

)p/2]
= E

[( n−1∑

t=0

eη(1−κ)t‖H2(t)‖22
)p/2]

≤
( n−1∑

t=0

eη(1−κ)tp
E
[
‖H2(t)‖p2

])
·
( n−1∑

t=0

e−
p2

2p−4
η(1−κ)t)p−2

2

≤
(
η(1− κ)

)− p
2
+1

n−1∑

t=0

eη(1−κ)tp
(
E
[
|2〈∆t, Zt+1∆t〉|p

]
+ E

[
|2〈ζt+1, ∆t〉|p

])
.

For the moment terms above, we invoke Assumption 2, and obtain the following bounds:

E
[
|〈∆t, Zt+1∆t〉|p | Ft

]
≤ ‖∆t‖p2 · E

[( d∑

j=1

〈ej , Zt+1∆t〉2
)p/2 | Ft

]
≤

(
pσL

√
d · ‖∆t‖22

)p
,

E
[
|〈ζt+1, ∆t〉|p | Ft

]
≤ ‖∆t‖p2 · E

[( d∑

j=1

〈ej , ζt+1〉2
)p/2 | Ft

]
≤

(
pσ̄

√
d · ‖∆t‖2

)p
.

Substituting into the bound above, we find that

(
E
[(
[M2]n

)p/2])1/p

≤ (η(1−κ))
− 1

p ·n
1
p√

η(1−κ)

{
pσL

√
d · max

0≤t≤n

[
eη(1−κ)t

(
E‖∆t‖2p2

)1/p]
+ e

η(1−κ)n
2 pσ̄

√
d max
0≤t≤n

[
eη(1−κ)t/2

(
E‖∆t‖p2

)1/p]}

≤ 1√
η(1−κ)

(
pσL

√
dΦn + pσ̄

√
eη(1−κ)nΦnd

)
.
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5.4 Proof of Lemma 3

Recall the definitions (45a) and (45b). By Minkowski’s inequality, we have the upper bound

(
E
[
H3(t)

p
])1/p ≤

(
E‖Nt∆t‖2p2

)1/p
+

(
E‖Zt+1∆t‖2p2

)1/p
+

(
E‖ζt+1‖2p2

)1/p
+

(
E‖νt‖2p2

)1/p
,
(65)

For the martingale part of the noise, we note that Assumption 2 implies that

(
E‖Zt+1∆t‖2p2 | Ft

)1/p ≤ p2σ2Ld · ‖∆t‖22, and
(
E‖ζt+1‖2p2

)1/p ≤ p2σ̄2d.

For the additive Markov noise, applying Assumption 2 yields the bound
(
E‖νt‖2p2

)1/p ≤ p2σ̄2d.

For the Markov part of the multiplicative noise, we make use of the construction given in
Section 5.2.1, where we showed that for a given τ > 0, there exists a random variable s̃t such

that s̃t | Ft−τ ∼ ξ, and E
[
ρp(st, s̃t) | Ft−τ

]
≤ c0 · 21−

τ
tmix . Observe the decomposition

Nt∆t =
(
L(st)− L(s̃t)

)
∆t−τ +

(
L(s̃t)− L̄

)
∆t−τ +Nt

(
∆t −∆t−τ

)
.

Using the Lipschitz condition (4), we have that

E
[
‖
(
L(st)− L(s̃t)

)
∆t−τ‖2p2 | Ft−τ

]
≤ c0 · 21−

τ
tmix

(
σLd‖∆t−τ‖2

)2p
.

For any τ ≥ 2ptmix log d, we have the bound

(
E
[
‖
(
L(st)− L(s̃t)

)
∆t−τ‖2p2

])1/p ≤ p2σ2Ld ·
(
E‖∆t‖2p2

)1/p
.

By the moment bounds (2) on the stationary distribution, we have

E
[
‖
(
L(s̃t)− L̄

)
∆t−τ‖2p2 | Ft−τ

]
≤

(
2pσL

√
d‖∆t−τ‖2

)2p
.

For the last term, we use the Lipschitz condition 4 as well as the boundedness condition 3
of metric space. In conjunction with the inequality (64), for τ ≥ 2ptmix log(c0d) and stepsize
η ≤ 1

48τ(σLd+γmax)
, we arrive at the bound

(
E
[
‖Nt(∆t −∆t−τ )‖2p2

])1/p ≤ σ2Ld
2 ·

(
E
[
‖∆t −∆t−τ‖2p2

])1/p

≤ cη2σ2Ld
2τ2

(
p2σ2Ld+ γ2max

)(
E
[
‖∆t−τ‖2p2

])1/p
+ cη2p2σ2Lσ̄

2d3τ2

≤ c
(
p2σ2Ld+ γ2max

)(
E
[
‖∆t−τ‖2p2

])1/p
+ cp2σ̄2d,

for a universal constant c > 0.

Collecting the bounds above and substituting into our initial bound (65), we find that

(
E
[
H3(t)

p
])1/p ≤ c

(
p2σ2Ld+ γ2max

)(
E
[
‖∆t−τ‖2p2

])1/p
+ cp2σ̄2d,

as claimed.

37



6 Proof of Theorem 1

From the defining equations (3a) and (3b), we have the telescoping relation

θn−θn0
η(n−n0)

= 1
n−n0

n−1∑

t=n0

(
θt − Lt+1θt − bt+1

)
= (I − L̄)(θ̂n − θ̄) + 1

n−n0
Ψn0,n + 1

n−n0
Υn0,n (66)

where Ψn0,n =
∑n−1

t=n0

(
Lt+1θt+bt+1−E

[
Lt+1θt+bt+1|Ft

])
and Υn0,n := 1

n−n0

∑n−1
t=n0

(
L(st)θt+

b(st)− L̄θt − b̄
)
. Some algebra yields

θ̂n − θ̄ =
(I−L̄)−1

(
θn−θn0

)
η(n−n0)

− (I−L̄)−1Ψn0,n

n−n0
− (I−L̄)−1Υn0,n

n−n0
=: I1 + I2 + I3 (67)

From the triangle inequality, it suffices to bound the norms of I1, I2 and I3.
In the following, we prove a slightly stronger claim, which gives bounds on an arbitrary

quadratic loss functional. In particular, given a matrix Q ≻ 0, we seek bounds on the Q-norm

‖θ̂n − θ̄‖Q :=

√
(θ̂n − θ̄)⊤Q(θ̂n − θ̄).

6.1 Bounding the three terms

We now bound each term in the decomposition (67) in turn.

6.1.1 Bounding the term I1

The bound for term I1 follows directly from Proposition 1. In particular, given a sample size
n ≥ 8

η(1−κ) log
(
‖θ0 − θ̄‖2d/η

)
and burn-in period n0 = n/2, we have

E
[
‖θn − θ̄‖22

]
≤ cη

1− κ
σ̄2τd, and E

[
‖θn0 − θ̄‖22

]
≤ cη

1− κ
σ̄2τd.

Noting that |||(I − L̄)−1|||op ≤ (1− κ)−1, we conclude that

E
[
‖I1‖2Q

]
≤ λmax(Q)E

[
‖I1‖22

]
≤ λmax(Q) · cσ̄2τd

η(1−κ)3n2 . (68)

6.1.2 Bounding the term I2

For the term I2, note that the process (Ψt)t≥n0 is a martingale adapted to the natural filtration.
Its second moment equals the quadratic variation:

E
[
‖I2‖2Q

]
=

4

n2
E
[
[Q1/2(I − L̄)−1Ψ]n0,n

]
=

4

n2

n−1∑

t=n0

E
[
‖(I − L̄)−1

(
(Lt+1 −L(st))θt + bt+1 − b(st)

)
‖2Q

]
.

By the Cauchy–Schwarz inequality, we have the bound

E
[
‖I2‖2Q

]
≤ 8

n2

n−1∑

t=n0

E
[
‖(I − L̄)−1ζt+1‖2Q

]
+ 8

n2

n−1∑

t=n0

E
[
‖(I − L̄)−1Zt+1∆t‖2Q

]

≤ 16
n Tr

(
Q(I − L̄)−1Σ∗

MG(I − L̄)−⊤)+ 16σ2
Lλmax(Q)d

(1−κ)2n2

n−1∑

t=n0

E
[
‖∆t‖22

]

≤ 16
n Tr

(
(I − L̄)−1Σ∗

MG(I − L̄)−⊤)+ λmax(Q) · 16σ2
Ld

(1−κ)2n
· cηdτ
1−κ σ̄

2. (69)
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6.1.3 Bounding the term I3

Applying the Cauchy-Schwarz inequality yields

E
[
‖(I − L̄)−1Υn0,n‖22

]
≤ 2E

[
‖

n−1∑

t=n0

(I − L̄)−1νt‖22
]
+ 2E

[
‖

n−1∑

t=n0

(I − L̄)−1Nt∆t‖22
]
. (70)

We make use of the two auxiliary lemmas in order to control the terms in the decomposi-
tion (70).

Lemma 7. Under the setup above, for a sample size n satisfying the bound n
logn ≥

2tmix log(c0d), there exists a universal constant c > 0 such that

E
[
‖

n−1∑

t=n0

(I − L̄)−1νt‖2Q
]
≤ (n− n0) · Tr

(
Q(I − L̄)−1Σ∗

Mkv(I − L̄)−⊤)+ λmax(Q) · ct
2
mixσ̄

2d

(1− κ)2
log2(c0d).

See Section 6.2.1 for the proof of this claim.

Lemma 8. Under the above conditions, there exists a universal constant c > 0s such that
for any scalar τ ≥ 3tmix log

2(c0dn), stepsize η ∈
(
0, 1−κ

cτ(σ2
Ld+γ2

max)

]
and burn-in time n0 ≥

τ + 2
(1−κ)η log(nd), we have E

[
‖∑n−1

t=n0
Nt∆t‖22

]
≤ cη2n2τ2d2σ2Lσ̄

2.

See Section 6.2.2 for the proof of this claim.

We now exploit the preceding two lemmas to upper bound the term I3. We have

E
[
‖I3‖2Q

]
≤ 2

(n−n0)2
E
[
‖

n−1∑

t=n0

(I − L̄)−1νt‖2Q
]
+ 2

(n−n0)2
E
[
‖

n−1∑

t=n0

(I − L̄)−1Nt∆t‖2Q
]

≤ 8Tr
(
Q(I−L̄)−1Σ∗

Mkv(I−L̄)−⊤
)

n + λmax(Q) · ct2mixσ̄
2d

(1−κ)2n2 log
2(c0d) + λmax(Q) · cη2τ2d2σ2

Lσ̄
2

(1−κ)2
.

(71)

Collecting the bounds (68), (69), and (71), we find that

E
[
‖θ̂n − θ̄‖2Q

]
≤ c

nTr
(
Q(I − L̄)−1(Σ∗

MG +Σ∗
Mkv)(I − L̄)−⊤)

+ λmax(Q) ·
[ cσ̄2tmixd

η(1 − κ)3n2
+

16σ2Ld

(1− κ)2n
· cηdtmix

1− κ
σ̄2

]

+ λmax(Q) ·
[ ct2mixσ̄

2d

(1− κ)2n2
log2(c0dn) +

cη2t2mixd
2σ2Lσ̄

2

(1− κ)2
]
.

For a sample size n lower bounded as n
log2 n

≥ 2tmix(σ
2
Ld+γ2

max)

(1−κ)2 log(c0d), we can take the optimal

stepsize η =
[
c
(
(1− κ)n2tmix(σ

2
Ld+ γ2max)

)]−1/3
. With this choice, we have

E
[
‖θ̂n − θ̄‖2Q

]
≤ c

nTr
(
Q(I − L̄)−1(Σ∗

MG +Σ∗
Mkv)(I − L̄)−⊤)+ cλmax(Q) ·

( σ2Ldtmix

(1− κ)2n

)4/3
log2 n.

(72)

Setting Q := Id completes the proof.
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6.2 Proof of auxiliary results

In this section, we prove the two auxiliary results used in the proof of Theorem 1: namely,
Lemma 7 and Lemma 8.

6.2.1 Proof of Lemma 7

Given an integer k ≥ 0, we define the k-step correlation under the stationary Markov chain
as

µk := Es∼ξ,s′∼P kδs

[
〈Q1/2(I − L̄)−1ν(s), Q1/2(I − L̄)−1ν(s′)〉

]
.

Clearly, we have µ0 ≥ 0, and by Cauchy–Schwarz inequality, for any k ≥ 0, there is:

|µk| ≤
√
Es∼ξ‖(I − L̄)−1ν(s)‖2Q ·

√
Es′∼ξ‖(I − L̄)−1ν(s′)‖2Q = µ0.

The desired quantity can be written as Tr
(
Q1/2(I−L̄)−1Σ∗

Mkv(I−L̄)−⊤Q1/2
)
= µ0+2

∑+∞
k=1 µk.

Expanding the squared norm yields

E
[
‖

n−1∑

t=n0

Q1/2(I − L̄)−1νt‖22
]
=

∑

n0≤t1,t2≤n−1

E
[
〈Q1/2(I − L̄)−1ν(st1), Q

1/2(I − L̄)−1ν(st2)〉
]

= (n− n0)µ0 + 2

n−n0−1∑

k=1

(n− n0 − k)µk.

We claim that the cross-correlations µk satisfy the bound

|µk| ≤ c0
σ̄2|||Q|||opd2
(1− κ)2

· 21−
k

2tmix . (73)

We return to prove this fact momentarily. Taking it as given, this inequality, in conjunction
with the bound |µk| ≤ µ0, can be employed to bound the tail sums needed for the proof. We
have

∣∣∣∣∣
n−n0−1∑

k=1

kµk

∣∣∣∣∣ ≤
τ∑

k=1

τ |µk|+
∞∑

k=τ+1

k|µk| ≤ τ2µ0 + 2c0
σ̄2|||Q|||opd2
(1− κ)2

∞∑

k=τ+1

k · 2−
k

2tmix .

With the choice τ := 2tmix log(c0d), simplifying yields

∣∣∣∣∣
n−n0−1∑

k=1

kµk

∣∣∣∣∣ ≤
τ2σ̄2d|||Q|||op
(1− κ)2

+ 2c0
σ̄2d2|||Q|||op
(1− κ)2

· 2tmix

(
τ + 1 + 2tmix

)
· 2−

τ+1
tmix

≤ 2τ2σ̄2d

(1− κ)2
|||Q|||op,

and for n satisfying n
logn ≥ 2 log(c0dtmix), we have:

∞∑

k=n−n0

|µk| ≤ 2c0
σ̄2d2|||Q|||op
(1− κ)2

∞∑

k= 1
2
n

·2−
k

2tmix ≤ 2c0
σ̄2d2|||Q|||op
(1− κ)2

· 2−
n

2tmix ≤ 2c0
σ̄2d

(1− κ)2n2
|||Q|||op.
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Putting together these bounds yields

E
[
‖

n−1∑

t=n0

(I − L̄)−1νt‖2Q
]
= (n− n0)

(
µ0 + 2

∞∑

k=1

µk
)
− 2(n − n0)

∞∑

k=n−n0

µk − 2

n−n0−1∑

k=1

kµk

≤ (n− n0) · Tr
(
(I − L̄)−1Σ∗

Mkv(I − L̄)−1
)
+

3τ2σ̄2d

(1− κ)2
|||Q|||op,

which completes the proof of the lemma.

Proof of equation (73) Let s0 ∼ ξ and (st)t≥0 be a stationary Markov chain starting from
s0. By the construction given in Section 5.2.1, there exists a random variable s̃k, such that

s̃k is independent of s0, s̃k ∼ ξ, and such that E
[
ρ(sk, s̃k) | s0

]
≤ c0 · 21−

k
tmix . We then obtain

the bound

|µk| =
∣∣∣E

[
〈Q1/2(I − L̄)−1ν(s0), Q

1/2(I − L̄)−1ν(sk)〉
]∣∣∣

≤
∣∣∣E

[
〈Q1/2(I − L̄)−1ν(s0), E

[
Q1/2(I − L̄)−1ν(s̃k) | s0

]
〉
]∣∣∣

+
∣∣∣E

[
Q1/2〈(I − L̄)−1ν(s0), E

[
Q1/2(I − L̄)−1

(
ν(sk)− ν(s̃k)

)
| s0

]
〉
]∣∣∣

≤ 0 +
√

E
[
‖Q1/2(I − L̄)−1ν(s0)‖22

]
·
√

E
[
‖Q1/2(I − L̄)−1

(
ν(sk)− ν(s̃k)

)
‖22
]

≤ √
µ0 ·

1

1− κ

√
E
[
ρ(sk, s̃k)2 · (σL‖θ̄‖2 + σb)2d2

]

≤ c0
σ̄d

1− κ

√
µ0 · 21−

k
2tmix . (74)

On the other hand, applying the moment condition (2) yields µ0 ≤ 1
(1−κ)2 · E

[
‖ν(s0)‖2Q

]
≤

σ̄2d
(1−κ)2 |||Q|||op. Substituting this bound into our previous inequality (74) completes the proof.

6.2.2 Proof of Lemma 8

The proof of this claim relies on a bootstrap argument: we bound the summation of interest by
a more complicated summation that involves product of noise matrices. Recursively applying
the result for m = log d times yields the desired bound.

Lemma 9. Given any integer m ≥ 0, deterministic sequence 0 = k0 < k1 < · · · < km < n0,
and scalar τ ≥ 3mtmixp log(c0dn), we have the second moment bound

E
[
‖

n−1∑

t=n0

( m∏

j=0

Nt−kj

)
∆t−km‖22

]

≤ 2n2d2mσ2m+2
L · cη

1− κ
dtmixσ̄

2 + 4η2τ

km+τ∑

km+1=km+1

E
[
‖

n∑

t=n0

{m+1∏

j=0

Nt−kj∆t−km+1

}
‖22
]

+ 4η2τ

km+τ∑

km+1=km+1

E
[
‖

n∑

t=n0

{ m∏

j=0

Nt−kj

(
νt−km+1 + ζt−km+1+1

)}
‖22
]
, (75a)
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and in the special case m = 0, we have

E
[
‖

n−1∑

t=n0

Nt∆t‖22
]
≤ cσ2Ld ·

(
nτ + n2η2σ2Ldτ

2
) cη

1− κ
dtmixσ̄

2 + 4η2τ
τ∑

k1=1

E
[
‖

n∑

t=n0

NtNt−k1∆t−k1‖22
]

+ 4η2τ
τ∑

k1=1

E
[
‖

n∑

t=n0

Nt

(
νt−k1 + ζt−k1+1

)
‖22
]
. (75b)

See Appendix C.1 for the proof of this lemma.
The following lemma controls the last term of the bound (75a):

Lemma 10. Under the setup above, there exists a universal constant c > 0, such that for any
integer m > 0 and deterministic sequence 0 = k0 < k1 < · · · < km < n0, we have:

E
[
‖

n−1∑

t=n0

(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)
‖22
]
≤ c

(
n2 + nd(km + tmix log(c0d))

)
σ2mL d2mσ̄2.

See Appendix C.2 for the proof of this lemma.

Taking these lemmas as given, we now proceed with the proof of Lemma 8. Given the
scalar τ := 3tmix log

2(c0dn), we define

Hm := sup
0=k0<k1<···<km≤τ

E
[
‖

n−1∑

t=n0

( m∏

j=0

Nt−kj

)
∆t−km‖22

]

for m = 0, 1, 2, · · · , log d. By equation (75b) and Lemma 10, we have the bound

H0 ≤ cσ2Ld ·
(
nτ + n2η2σ2Ldτ

2
) cη

1− κ
dtmixσ̄

2 + 4η2τ2H1 + 4cη2τ2
(
n2 + nd(τ + tmix log(c0d))

)
σ2Ld

2σ̄2

≤ 4η2τ2H1 + c′η2n2τ2d2σ2Lσ̄
2.

In deriving the last inequality, we used the inequalities η ≤ 1−κ
σ2
Ldτ

and n ≥ 1
(1−κ)η .

By equation (75a) and Lemma 10, we have the recursive relation

Hm ≤ 4η2τ2Hm+1 + cn2d2m+1τσ2m+2
L · η log

3 n

1− κ
σ̄2 + cη2τ2n2σ2m+2

L d2m+2σ̄2

≤ 4η2τ2Hm+1 + cn2σ2mL d2mσ̄2 · log3 n.
Recursively applying these bounds yields

H0 ≤ (4η2τ2)mHm + cη2n2τ2d2σ2Lσ̄
2 + c ·

m−1∑

q=1

(4η2τ2)qn2σ2qL d
2qσ̄2 ≤ (4η2τ2)mHm + 3cη2n2τ2d2σ2Lσ̄

2.

In order to control the term Hm, we employ the coarse bound

E
[
‖

n−1∑

t=n0

( m∏

j=0

Nt−kj

)
∆t−km‖22

]
≤ n

n−1∑

t=n0

E
[
‖
( m∏

j=0

Nt−kj

)
∆t−km‖22

]
≤ n2(σLd)

2m+2 · cηtmixdσ̄
2

1− κ
.

Taking the supremum and noting that η ≤ 1−κ
σ2
Ldτ

leads to Hm ≤ cn2σ2mL d2m+2σ̄2. Consequently,

we have established that H0 ≤ 3cη2n2τ2d2σ2Lσ̄
2
[
1 +

(
2ητσLd

) 2m+2
2m

]
. Taking m = ⌈log d⌉ and

η ≤ 1
6τσLd

, we have (2ητσLd
2m+2
2m )2m < 1, and thus H0 ≤ 6cη2n2τ2d2σ2Lσ̄

2 log3 n, which
completes the proof of this lemma.
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7 Proof of Theorem 2

Our strategy is to prove a Bayes risk lower bound. We construct a prior distribution over
transition kernels by perturbing the base matrix P0 appropriately. We then apply the Bayesian
Cramér–Rao lower bound to obtain our result.

Let us describe the construction in more detail. For each s ∈ X, suppose we have a
perturbation vector hs ∈ R

X. Use these to define the perturbed transition kernel

Ph(x, y) :=
P0(x,y) ehx(y)

∑
z∈X

P0(x,z)ehx(z) for each x, y ∈ X.

Note that by construction, for any x ∈ X and any hx ∈ RX, we have
supp

(
Ph(x, ·)

)
= supp

(
P0(x, ·)

)
. Since P0 is irreducible and aperiodic, so is Ph. Therefore,

the stationary distribution ξh of Ph exists and is unique. When the perturbation is small
enough, a quantitative perturbation principle can be obtained, which we collect in Lemma 11
below.

It remains to specify how the perturbation vectors are generated. We parameterize h with
a linear transformation, writing h = Qw for a linear operator Q to be specified shortly, and
a random vector w ∈ R

d drawn from a distribution ρ. In particular, given a collection of
vectors {qx(y)}x,y∈X ⊆ R

d, we consider the linear transformation Q : Rd → R
X×X given by

w 7→
[
〈w, qx(y)〉

]
x,y∈X.

Next we specify the prior ρ, and along with some associated notation. Define the subspace
Hh :=

{
f ∈ R

X : Eξh [f(s)] = 0
}
, and note that Ph maps Hh to itself. Furthermore, since Ph

is irreducible and aperiodic, the mapping (I − Ph) is invertible on Hh. Consequently, for any
function f : X → R, the following Green function operator is well-defined:

Ahf := (I − Ph)
−1

∣∣
Hh

·
(
f − Eξh [f ]

)
∈ R

X.

We also define an operator Ph on the space of real-valued functions on X as follows:

Phf(x) := EY∼Ph(x,·)[f(Y )].

Importantly, Ph is an operator mapping functions to functions, and distinct from the matrix
Ph. It is straightforward to see that the operator Ph commutes with the operator Ah, for any
perturbation matrix h. Finally, for any h ∈ R

X×X and for all x ∈ X, we define

gh(x) =
(
Id − Eξh [L(s)]

)−1(AhL(x) · θ̄(Ph) +Ahb(x)
)
. (76)

Since the proof works under the perturbed probability transition kernel Ph, it is useful to
study the effect of small perturbation on its stationary distribution. The following lemma pro-
vides non-asymptotic bounds on the mixing time of perturbed Markov chain and its stationary
distribution ξh, which will be useful throughout the proof.

Lemma 11. Under the setup above, suppose that hmax := maxx∈X ‖hx‖∞ < 1
128tmix

. Then
the perturbed transition kernel satisfies the following.

• The Markov transition kernel Ph satisfies the mixing condition (Assumption 1) with the
discrete metric and mixing time 4tmix.

• The stationary distribution ξh satisfies the bound

max
s∈X

{
log ξ0(s)

ξh(s)
, log ξh(s)

ξ0(s)

}
≤ tmix

(
2 + log h−1

max + log 1
minx ξ0(x)

)
hmax.
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See Section 7.1 for the proof of this lemma.

With this notation in hand, we are ready to construct the prior distribution on w. We
begin with the following one-dimensional density function, taken from Tsybakov [Tsy08]:

µ(t) := cos2
(
πt
2

)
· 1t∈[−1,1]. (77a)

Also, define the positive-definite matrix Λ := EX∼ξ0

[
covY∼P0(X,·)

(
g0(Y ) | X

)]
, and let Λ =

UDU⊤ denote its eigen-decomposition. For a random variable ψ ∼ µ⊗d, define the perturba-
tion parameter

w = 1√
n
UD−1/2ψ, (77b)

and let its density denote the prior distribution ρ. Note that for any w ∈ supp(ρ), we have

‖Λw‖2 = ‖UD1/2ψ‖2 = ‖D1/2ψ‖2 ≤
√

trace(D)/n =
√

trace(Λ)/n. (77c)

The final ingredient in our construction is to specify the linear transformation Q. For each
x, y ∈ X, we set

qx(y) := g0(y)− Es′∼P0(x,·)
[
g0(s

′)
]
, (77d)

where the Green function g is defined in equation (76). Recall that h = Qw for w ∼ ρ. This
specifies our prior over transition kernels, and concludes the construction.

Next, we state the version of the Bayesian Cramér–Rao bound that we use. Before stating
the result, it is useful to introduce the general setup and basic notation for parametric models.
Given a family PΘ =

(
Pη : η ∈ Θ

)
of probability distributions of sampleX ∈ X, parameterized

by η ∈ Θ, where Θ is an open subset of R
d. Assume that each element in this family is

absolute continuous with respect to a base measure λ over X, and denote the Radon–Nikodym
derivative by pη :=

dPη

dλ . Assuming differentiability and integrability of relevant quantities, for
any η ∈ Θ, we define the Fisher information matrix I(η) as

I(η) := EX∼Pη

[
∇η log pη(X)∇η log pη(X)⊤

]
∈ R

d×d.

Now we are ready to state the Bayesian Cramér–Rao lower bound.

Proposition 4 (Theorem 1 of [GL95], special case). Under the setup above, given a prior
distribution ρ with continuously differentiable density and bounded support contained within
Θ, let T : supp(ρ) 7→ R

d denote a locally continuously differentiable functional. Then for any
estimator T̂ based on observing X, we have

E
η∼ρ

E
X∼pη

‖T̂ (X) − T (η)‖22 ≥
( ∫

trace
(
∂T
∂η (η)

)
ρ(η)dη

)2

∫
trace

(
I(η)

)
ρ(η)dη+

∫
‖∇ log ρ(η)‖22ρ(η)dη

. (78)

In order to complete the proof, we provide non-asymptotic estimates on the three quan-
tities involved in the right-hand-side of Proposition 4. These require a few technical lemmas,
whose proofs can be found at the end of the section.

Bounds on the term trace
(
∇wθ̄

)
: We state two technical lemmas that are helpful in

bounding this quantity. The first computes the Jacobian matrix of the desired functional θ̄(h)
with respect to the parameter w.
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Lemma 12. Under the given set-up, for any w ∈ R
d, we have

∇wθ̄(Ph) = EX∼ξh

[
covY∼Ph(X,·)

{
gh(Y )− Phgh(X),g0(Y )− P0g0(X) | X

}]
. (79)

See Section 7.2 for the proof of this lemma. Next, we control the RHS of equation (79) by
replacing gh with g0.

Lemma 13. Under the given set-up and for a sample size lower bounded asn ≥ ct2mixσ
2
Ld

2 log2 d

(1−κ)2

and maxx∈X ‖hx‖∞ ≤ 1
128tmix

, we have

EZ∼ξh

[
‖gh(Z)− g0(Z)‖22

]
≤ c(1+σ2

L)σ̄
2t4mixd

2

(1−κ)4n
log6 d

minx ξ0(x)
.

Furthermore, for any w in the support of ρ, we have

‖θ̄(Ph)− θ̄(P0)‖2 ≤ 3
2

√
trace(Λ)/n +

√
c(1+σ2

L)σ̄
2t4mixd

3

(1−κ)4n2 log6 d
minx ξ0(x)

.

See Section 7.3 for the proof of this lemma.

Combining these two lemmas yields

trace
(
∇wθ̄

)

≥ EX∼ξh

[
varY∼Ph(X,·)

(
g0(Y )−P0g0(X) | X

)]

− EX∼ξh

[√
varY∼Ph(X,·)

(
g0(Y )− P0g0(X) | X

)]
·
√

EZ∼ξh

[
‖gh(Z)− g0(Z)‖22

]

≥ trace
(
Λ
)
−

√
trace

(
Λ
)
· c(1+σL)σ̄t

2
mixd

(1−κ)2
√
n

log3 d
minx ξ0(x)

.

Now given a sample size lower bounded as n ≥ ct2mixσ
2
Ld

2 log2 d

(1−κ)2
+

2c(1+σ2
L)σ̄

2t4mixd
2

(1−κ)4 trace(Λ)
log6 d

minx ξ0(x)
,

we can conclude that

trace
(
∇wθ̄

)
≥ 1

2 trace(Λ) for any w in the support of ρ. (80)

Bounds on the Fisher information I(n)(w): We now state an upper bound on the Fisher
information of the observed trajectory:

Lemma 14. Under the given set-up, for any w ∈ R
d, if hmax := maxx ‖h‖∞ satisfies the

inequality h−1
max ≥ ctmix

(
log h−1

max + log(min ξ0)
−1

)
, we have

I(n)(w) := Eh

[
∇w log Ph

(
sn0
)
∇w logPh

(
sn0
)⊤] � 3n

2 EX∼ξh

[
covY∼Ph(X,·)

(
qX(Y ) | X

)]
.

See Section 7.4 for the proof of this lemma.

In order to apply the preceding lemma, we must verify the condition on hmax for our
setting. Under our construction, we have maxx∈X ‖hx‖∞ = maxx,y∈X〈g0(y) − P0g0(x), w〉.
Note that Assumption 2 and Lemma 17 in the Appendix together imply the following bound
for any δ > 0:

ξ0
(
s : |〈g0(s), w〉| ≤ cσ̄tmix‖w‖2

1−κ · log3 d
δ

)
> 1− δ.
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Taking δ := 1
2 mins∈X ξ0(s) > 0, we have the uniform bound

max
s∈X

|〈g0(s), w〉| ≤ cσ̄tmix‖w‖2
1−κ log3

(
d/min

s
ξ0(s)

)
.

Note that P0 is a probability transition kernel, for any s ∈ X, the vector P0g0(s) lies in the con-
vex hull of

(
g0(s

′)
)
s′∈X. So we have the bound maxs∈X |〈P0g0(s), w〉| ≤ maxs∈X |〈g0(s), w〉| ≤

cσ̄tmix‖w‖2
1−κ log3

(
d/mins ξ0(s)

)
. Putting them together leads to the bound

max
x∈X

‖hx‖∞ ≤ 2cσ̄tmix‖w‖2 log3
(
d/min

s
ξ0(s)

)
.

Now given a sample size

n ≥ ct3mixσ̄
2 · trace(Λ) · log3 d

mins ξ0(s)
, (81)

we have that maxx ‖hx‖∞ < 1
128tmix

. This satisfies the condition in Lemma 11 in the appendix.
Applying this lemma, we see that the condition

h−1
max ≥ ctmix

(
log h−1

max + log(min ξ0)
−1

is satisfied, so that Lemma 14 guarantees that

trace
(
I(n)(w)

)
� 3n

2 EX∼ξh

[
varY∼Ph(X,·)

(
g0(Y )− P0g0(X) | X

)]

�
(
3
2

)3
n · EX∼ξ0

[
varY∼P0(X,·)

(
g0(Y ) | X

)]

= 27n
8 trace

(
Λ
)
. (82)

The last inequality follows because ξh � 3
2ξ0 Ph(x, ·) � 3

2P0(x, ·) for all x ∈ X.

Bounds on the prior Fisher information: From Lemma 10 in the paper [MPW20], the
density ρ of w has Fisher information

I(ρ) = UD1/2I
(
µ⊗d

)
D1/2U⊤ = nπΛ. (83)

Consequently, we have
∫
‖∇ log ρ(w)‖22ρ(w) dw trace

(
I(ρ)

)
= nπ · trace(Λ).

Putting together the pieces: Combining the bounds (80), (82), and (83) and applying
Proposition 4, we obtain the lower bound

inf
θ̂n

∫

Rd

EXn
1 ∼PQw

[
‖θ̂n − θ̄(PQw)‖22

]
ρ(dw) ≥ 1

4(5+π)n trace(Λ). (84)

It remains to relate the matrix Λ to the local complexity εn in the theorem. In order to do
so, we require the following lemma.

Lemma 15. Under the setup above, for any function f : X → R such that Eξ0 [f(s)] = 0, we

have EX∼ξ0,Y∼P0(X,·)
[(
A0f(Y ) − P0A0f(X)

)2]
=

∑∞
k=−∞ E

[
f(s0)f(sk)

]
, where (sk)k∈Z is a

stationary Markov chain following P0.
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See Section 7.5 for the proof of this lemma.

Applying Lemma 15 with fj(s) = 〈(Id − L̄(0))−1
(
L(s)θ̄(P0) + b(s)

)
, ej〉 for j = 1, 2, · · · , d

respectively, we arrive at the chain of equalities

trace(Λ) =

d∑

j=1

EX∼ξ0,Y∼P0(X,·)
[(
A0fj(Y )− P0A0fj(X)

)2]

=

d∑

j=1

∞∑

k=−∞
E
[
fj(s0)fj(sk)

]
= trace

(
(I − L̄(0))−1Σ∗

Mkv(I − L̄(0))−⊤) = nε2n.

Thus, the right-hand-side of equation (84) is exactly ε2n
4(5+π) .

It remains to bound the size of the neighborhood. Given a sample size n satisfying the

bound (81), Lemma 13 implies that ‖θ̄(Ph) − θ̄(P0)‖2 ≤
√

trace(Λ)
n . Consequently, for any w

on the support of ρ, we have PQw ∈ NEst(P0, 2εn).
On the other hand, for any w ∈ supp(ρ) and any x ∈ X and perturbation h = Qw, we

have

χ2 (Ph(x, ·) || P0(x, ·)) = EY∼P0(x,·)
[(Ph(x,Y )

P0(x,Y ) − 1
)2]

= EY∼P0(x,·)
[(
ehx(Y ) − 1

)2] ·
(∑

z∈X
P0(x, z)e

hx(z)
)−2

(i)

≤ EY∼P0(x,·)
[(
ehx(Y ) − 1

)2]

(ii)

≤ e · EY∼P0(x,·)
[
hx(Y )2

]
,

where step (i) follows by using Jensen’s inequality to assert that
∑

z∈X
P0(x, z)e

hx(z) ≥ e
∑

z∈X
P0(x,z)hx(z) = 1,

and step (ii) follows from the inequality |ex − 1| ≤ e · |x|, valid for x ∈ [−1, 1].
Accordingly, the average χ2-divergence admits the bound

∑

x∈X
ξ0(x)χ

2 (Ph(x, ·) || P0(x, ·)) ≤ e · EX∼ξ0,Y∼P0(X,·)
[
〈w, g0(Y )− P0g0(X)〉2

]

≤ e · w⊤Λw ≤ ed
n .

For any w on the support of ρ, we thus have PQw ∈ NProb(P0, e
√

d
n), as claimed. The Bayes

risk lower bound (84) then implies the desired minimax lower bound.

7.1 Proof of Lemma 11

The proof relies on a total variation distance bound on the transition kernel. In particular,
for each s ∈ X, we have

dTV

(
P0(x, ·), Ph(x, ·)

)
≤

√
1
2χ

2 (P0(x, ·) || Ph(x, ·)) =
√

1
2

∑

y∈X
P0(x, y) ·

(Ph(x,y)
P0(x,y)

− 1
)2

≤
√

1
2

(
e‖hx‖∞ − 1

)2 ≤ e ·max
x∈X

‖hx‖∞. (85)
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The last inequality follows from the fact that ‖hx‖∞ < 1.
Next, we turn to proofs of the two claims. We first prove the mixing time bound. Note that

the non-expansive condition (6)(b) is automatically satisfied with c0 = 1 for total variation
distance (by a näıve coupling). Given a fixed pair x, y ∈ X, invoking Lemma 4 with τ = 4tmix

yields the existence of a joint distribution over the random sequence {xk}0≤k≤τ and {yk}0≤k≤τ ,
such that {xk} and {yk} follows the Markov chain P0, starting from x0 = x and y0 = y,
respectively. Furthermore, we have the bound P

(
xτ 6= yτ

)
≤ 1

4 .
Now we construct a coupling between the original chain and perturbed chain. Taking the

initial point x̃0 = x, we iteratively construct the sequence {x̃k}0≤k≤τ as follows: given x̃k and
xk, we construct the conditional distribution of x̃k+1 as follows:

• If xk = x̃k, we let P
(
x̃k+1 6= xk+1 | xk, x̃k

)
= dTV

(
P0(xk, ·), Ph(xk, ·)

)
.

• If xk 6= x̃k, we simply take x̃k+1 and xk+1 to be conditionally independent, following
their respective transition kernels.

We construct the sequence {ỹk}0≤k≤τ in a similar fashion.
By the union bound, it follows that

P
(
xτ 6= x̃τ

)
≤

τ−1∑

k=0

E
[
P
(
xk+1 6= x̃k+1 | xk = x̃k

)]
=

τ−1∑

k=0

E
[
dTV

(
P0(xk, ·), Ph(xk, ·)

)]

≤ 4etmix ·max
x∈X

‖hx‖∞ < 1
8 .

In the last step, we have used the total variation distance bound (85).
Similarly, the process {ỹk} satisfies the bound P

(
yτ 6= ỹτ

)
< 1

8 . Putting together the
pieces, we conclude that

dTV

(
δxP

τ
h , δyP

τ
h

)
≤ P

(
x̃τ 6= ỹτ

)
≤ P

(
x̃τ 6= xτ

)
+ P

(
xτ 6= yτ

)
+ P

(
yτ 6= ỹτ

)

< 1
8 +

1
4 + 1

8 = 1
2 ,

which shows that the perturbed chain Ph satisfies the condition (6)(a) with mixing time
τ = 4tmix.

Next, we prove the perturbation result for the stationary distribution. Given any fixed
initial distribution π0, note that for any deterministic sequence (x0, x2, · · · , xn), we have the
following expression for the Radon-Nikodym derivative:

dPh

(
x0,x1,··· ,xn

)

dP0

(
x0,x1,··· ,xn

) =

n−1∏

k=0

Ph(xk,xk+1)
P0(xk,xk+1)

=

n−1∏

k=0

ehxk (xk+1)

∑
y∈X

ehxk (y)P (xk,y)
.

We then have the max-divergence bound

D∞
(
Ph

(
xn0

)
|| P0

(
xn0

))
:= sup

xn
0∈Xn

∣∣∣∣log
dPh

(
x0,x1,··· ,xn

)

dP0

(
x0,x1,··· ,xn

)
∣∣∣∣ ≤ n ·max

x
‖hx‖∞.

Taking the marginal distribution, we see that the bound D∞ (π0P
n
h || π0Pn

0 ) ≤ n · hmax holds
for any initial distribution π0 and any n > 0.

To obtain the desired claim, we take π0 to be the stationary distribution ξh of the chain
Ph, and let n = tmix log

(
2

hmax·minx ξ0(x)

)
. Note that π0P

n
h = ξh in such case. On the other

hand, by Lemma 4, the total variation distance can be upper bounded as dTV

(
π0P

n
0 , ξ0

)
≤
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2
1− n

tmix ≤ hmax ·minx∈X ξ0(x). Note that this bound is smaller than minx∈X ξ0(x); it translates
to the max-divergence bound

D∞ (π0P
n
0 || ξ0) = max

x∈X

∣∣∣log π0Pn
0 (x)

ξ0(x)

∣∣∣ ≤ max
x∈X

∣∣∣π0Pn
0 (x)

ξ0(x)
− 1

∣∣∣ ≤ dTV

(
π0Pn

0 ,ξ0
)

minx∈X ξ0(x)
≤ hmax.

Finally, applying the triangle inequality yields

D∞ (ξh || ξ0) ≤ D∞ (π0P
n
h || π0Pn

0 ) +D∞ (π0P
n
0 || ξ0)

≤ (n+ 1)hmax ≤ tmix

(
2 + log h−1

max + log 1
minx ξ0(x)

)
hmax,

which proves the second claim.

7.2 Proof of Lemma 12

We first consider the functional h 7→ θ̄(Ph) :=
(
I − Eξh [L(s)]

)−1
Eξh [b(s)]. Note that the

stationary distribution ξh satisfies the identity ξhPh = ξh. Taking derivatives, we obtain the
following equality for all x, y ∈ X:

∂ξh
∂hx(y)

· (I − Ph) = ξh ·
∂Ph

∂hx(y)
= ξh(x)Ph(x, y) ·

[
1z=y − Ph(x, z)

]
z∈X.

Note that the linear operator (I − Ph) is invertible on the subspace Hh. For any f ∈ Hh,
we have

∂

∂hx(y)
Eξh

[
f(s)

]
=

∑

z∈X

∂ξh(z)

∂hx(y)
· f(s) = ξh(x)Ph(x, y) ·

[
1z=y − Ph(x, z)

]
z∈X ·

(
I − Ph

)−1∣∣
Hh

· f.

In the above expression, the notation
(
I−Ph

)−1∣∣
Hh

denotes the inverse of the operator I−Ph

within the subspace Hh, a bounded linear operator on this space. Note that the derivative is
invariant under translation. For any f ∈ R

X, define the auxiliary function f̃ := f − Eξh [f ],
and write

∂

∂hx(y)
Eξh

[
f(s)

]
=

∂

∂hx(y)
Eξh

[
f̃(s)

]
= ξh(x)Ph(x, y) ·

[
1z=y − Ph(x, z)

]
z∈X ·

(
I − Ph

)−1∣∣
Hh

· f̃

= ξh(x)Ph(x, y) ·
[
1z=y − Ph(x, z)

]
z∈X ·

(
I − Ph

)−1∣∣
Hh

·
(
f − Eξh [f ]

)

= ξh(x)Ph(x, y) ·
(
Ahf(y)−

∑

z∈X
Ph(x, z)Ahf(z)

)
. (86)

On the other hand, we can express the desired functional θ̄(Ph) in the form above. In
particular, setting L̄(h) := Eξh

[
L(s)

]
and b̄(h) := Eξh

[
b(s)

]
, we see that for any x, y ∈ X, we

have

∂θ̄(Ph)

∂hx(y)
=

(
I − L̄(h)

)−1 ∂L̄(h)

∂hx(y)

(
I − L̄(h)

)−1
b̄(h) +

(
I − L̄(h)

)−1 ∂b̄(h)

∂hx(y)

=
(
I − L̄(h)

)−1(( ∂

∂hx(y)
Eξh

[
L(s)

])
· θ̄(Ph) +

∂

∂hx(y)
Eξh

[
b(s)

])
.

Following the formula (86), we conclude that

∂θ̄(Ph)

∂hx(y)
= ξh(x)Ph(x, y)

(
I − L̄(h)

)−1[Ah

(
L(y)θ̄(Ph) + b(y)

)]

− ξh(x)Ph(x, y)
∑

z∈X
Ph(x, z)

(
I − L̄(h)

)−1[Ah

(
L(z)θ̄(Ph) + b(z)

)]
. (87)
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Recall the shorthand notation from before, where for each s ∈ X, we defined

gh(s) =
(
I − L̄(h)

)−1[Ah

(
L(s)θ̄(Ph) + b(s)

)]
.

Given w ∈ Rd, if we parameterize the perturbation as h = Qw, the chain rule yields

∇wθ̄(Ph) = Q⊤ · ∇hθ̄(Ph)

=
∑

x∈X
ξh(x)

(∑

y∈X
Ph(x, y)g(y)qx(y)

⊤ −
(∑

y∈X
Ph(x, y)g(y)

)(∑

y∈X
Ph(x, y)gh(y)qx(y)

)⊤)

= EX∼ξh

[
covY∼Ph(X,·)

(
gh(Y )− Phgh(X), qX(Y ) | X

)]
,

as claimed.

7.3 Proof of Lemma 13

The following technical lemma is used throughout the proof, and proved in Appendix D.1.

Lemma 16. Given a perturbation vector w satisfying ‖w‖2 ≤ 1−κ

2ctmixσL

√
d·|||Λ|||op log d

, for h =

Qw, the matrix I − L̄(h) is invertible, with |||
(
I − L̄(h)

)−1|||op ≤ 2
1−κ .

Before proceeding with the proof, we note two direct consequences of Lemma 17 from
Appendix D.2. First, by taking f(x) := 〈ej , L(x)u〉 and f(x) := 〈ej , b(x)〉, applying the
tail assumption 2 and the boundedness assumption 4, we have the following second moment
estimate for any u ∈ S

d−1 and j ∈ [d]:

EX∼ξh

[
〈ej , AhL(X)u〉2

]
≤ ct2mixσ

2
L log2 d, and EX∼ξh

[
〈ej , Ahb(X)〉2

]
≤ ct2mixσ

2
b log

2 d.
(88)

Second, by taking fj(x) := 〈ej , L(x)θ̄(Ph)+b(x)〉, for any integer p ≥ 1 and K > 0, Markov’s
inequality yields the bound

PX∼ξh

[
Ahfj(X) ≥ K

]
≤ K−2p

EX∼ξh

[
Ahfj(X)2p

]
≤

( cp2tmix(σL‖θ̄‖2+σb) log d
K

)2p
.

By taking K = 2cp2tmix(σL‖θ̄‖2 + σb) log d and p = −2 logminx∈X ξ0(x), we find that

PX∼ξh

[
Ahfj(X) ≥ 8ctmix(σL‖θ̄‖2 + σb) log

3
(

d
minx∈X ξ0(x)

)]
<

1

2
min
x∈X

ξ0(x) ≤ min
x∈X

ξh(x),

Since ξh is a discrete measure, this high-probability bound implies a deterministic bound

Ahfj(x) ≤ 8ctmix(σL‖θ̄‖2 + σb) log
3
(

d
minx′∈X

ξ0(x′)

)
for all x ∈ X.

Combining the estimates for all j coordinates yields the bound

max
x∈X

‖gh(x)‖2 ≤ 1
1−κ max

x∈X
‖Ah

[
fj(x)

]
j∈[d]‖2 ≤

ctmix(σL‖θ̄‖2+σb)
√
d

1−κ log3
(

d
minx∈X ξ0(x)

)
. (89)

Given the two lemmas and facts derived above, we now proceed to the proof of Lemma 13.
Taking derivatives on both sides of equation (76), we obtain

∇wgh(z) =
(
Id − L̄(h)

)−1 · AhL(z) · ∇wθ̄(Ph)

+
(
Id − L̄(h)

)−1 ·
(
∇wAh

)(
L(z)θ̄(Ph) + b(z)

)

−
(
Id − L̄(h)

)−1∇w

(
L̄(h)

)(
Id − L̄(h)

)−1
(AhL(z) · θ̄(Ph) +Ahb(z))

=: J1(h, z) + J2(h, z) + J3(h, z).
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We then have the integral relation

gh(z)− g0(z) =

∫ 1

0
∇wgsh(z) · w ds =

∫ 1

0

(
J1(sh, z) + J2(sh, z) + J3(sh, z)

)
· w ds.

It thus suffices to prove individual upper bounds on the terms J1(sh, z) · w, J2(sh, z) · w and
J3(sh, z) · w.

Bounds on the term J1(sh, z) · w: Invoking Lemma 12, we have

∇wθ̄(Ph) = EX∼ξh,Y∼Ph(X,·)
[(
gh(Y )− Phgh(X)

)(
g0(Y )− P0g0(X)

)⊤]
.

Consequently,

‖∇wθ̄(Ph)w‖2
≤ ‖ covX∼ξh,Y∼Ph(X,·)

(
g0(Y )− P0g0(X)

)
· w‖2

+ ‖EX∼ξh

[
covY∼Ph(X,·)

(
gh(Y )− g0(Y )− P0g0(X) + P0g0(X),g0(Y )− P0g0(X)

)]
· w‖2.

For perturbation matrix h satisfying the condition max
x∈X

‖hx‖∞ ≤ 1
128tmix

, Lemma 11 implies

the sandwich relations

1
2ξ0 � ξh � 3

2ξ0, and 1
2P0(x) � Ph(x, ·) � 3

2P0(x), for all x ∈ X.

For the first term in above decomposition, we have

‖ covX∼ξh,Y∼Ph(X,·)
(
g0(Y )− P0g0(X)

)
· w‖2 ≤ 3

2‖ covX∼ξ0,Y∼P0(X,·)
(
g0(Y )− P0g0(X)

)
· w‖2

= 3
2‖Λw‖2 ≤ 3

2

√
trace(Λ)/n,

where the last inequality is due to the bound (77c).
For the second term in the decomposition, we have

‖EX∼ξh

[
covY∼Ph(X,·)

(
gh(Y )− g0(Y )− P0g0(X) + P0g0(X),g0(Y )− P0g0(X)

)]
· w‖2

= sup
v∈Sd−1

EX∼ξh,Y∼Ph(X,·)
[(
gh(Y )− g0(Y )− P0g0(X) + P0g0(X)

)⊤
v ·

(
g0(Y )− P0g0(X)

)⊤
w
]

≤ sup
v∈Sd−1

√
EX∼ξh

[
〈
(
gh(X)− g0(X)

)
, v〉2

]
·
√

EX∼ξh,Y∼Ph(X,·)
[((

g0(Y )− P0g0(X)
)⊤
w
)2]

≤ 3
2

√
w⊤Λw

√
EX∼ξh‖gh(X) − g0(X)‖22.

By equation (77b), on the support of the prior density, we have the bound w⊤Λw =
n−1ψ⊤D−1/2U⊤ΛUD−1/2ψ ≤ d

n . Consequently, we have the upper bound

‖∇wθ̄(Ph)w‖2 ≤ 3
2

√
trace(Λ)

n + 3
2 ·

√
d
n · EX∼ξh‖gh(X) − g0(X)‖22. (90)

Collecting the bounds above and invoking equation (88) and Lemma 16, we obtain the
following bound on the desired term:

EY∼ξh

[
‖J1(ℓh, Y )w‖22

]

≤ |||
(
Id − L̄(ℓh)

)−1|||2op · EY∼ξh

[
‖AℓhL(Y ) · ∇wθ̄(Pℓh)w‖22

]

≤ 4
(1−κ)2 · 3

2EY∼ξℓh

[
‖AℓhL(Y ) · ∇wθ̄(Pℓh)w‖22

]

≤ 6
(1−κ)2

· ct2mixσ
2
Ld log

2 d · ‖∇wθ̄(Pℓh)w‖22
≤ ct2mixσ

2
Ld log

2 d

(1−κ)2
· trace(Λ)

n +
ct2mixσ

2
Ld

2 log2 d

(1−κ)2n
sup

0≤ℓ≤1
EX∼ξℓh‖gℓh(X)− g0(X)‖22.
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Bounds on the term J2(sh, z) · w: For any function X → R
d and x, y ∈ X, we note that

∂
∂hx(y)

Ahf = −(I − Ph)
−1|Hh

· ∂Ph
∂hx(y)

· (I −Ph)
−1|Hh

f

= −Ah ·
[
1s=xPh(x, y) ·

(
1s′=y − Ph(x, s

′)
)]

s,s′∈X · Af

= −Ah ·
[
1s=xPh(x, y) ·

(
Ahf(y)−

∑

s′

Ph(x, s
′)Ahf(s

′)
)]

s∈X.

We can then derive the formula for derivative with respect to the parameter w, as

(
∇wAh

)
f(z) =

∑

x,y∈X

( ∂

∂hx(y)
Ahf(z)

)
· qx(y)⊤

= −
∑

x,y∈X
Ph(x, y)Ah1x(z) ·

(
Ahf(y)−PhAhf(x)

)
·
(
g0(y)−P0g0(x)

)⊤

= −
∑

x,y∈X

∞∑

t=0

(
P t
h(z, x) − ξh(x)

)
Ph(x, y)

(
Ahf(y)− PhAhf(x)

)(
g0(y)− P0g0(x)

)⊤
.

Substituting f(z) = L(z)θ̄(Ph) + b(z), we note that Ahf = gh, and consequently,

(
∇wAh

)(
L(z)θ̄(Ph) + b(z)

)

=

∞∑

t=0

(
EX∼P t

h(z,·),Y∼Ph(X,·)
[(
gh(Y )− Phgh(X)

)(
g0(Y )− P0g0(X)

)⊤]

− EX∼ξh,Y∼Ph(X,·)
[(
gh(Y )− Phgh(X)

)(
g0(Y )− P0g0(X)

)⊤])

=:

∞∑

t=0

Dt(z).

Next, we estimate the difference term above in two different ways, depending on the value of
t. On the one hand, note that

EZ∼ξh‖EX∼P t
h(Z,·),Y∼Ph(X,·)

[(
gh(Y )− Phgh(X)

)(
g0(Y )− P0g0(X)

)⊤]
w‖22

≤ sup
x,y∈X

‖gh(y)− Phgh(x)‖22 · EX∼ξh,Y∼Ph(X,·)
[
〈w, g0(Y )− P0g0(X)〉2

]

≤ 4 sup
x∈X

‖gh(x)‖22 · EX∼ξh,Y∼Ph(X,·)
[
〈w, g0(Y )− P0g0(X)〉2

]
,

where the bound for the factor supx∈X ‖gh(x)‖22 follows from equation (89). For the latter
term in the display above, we note that

EX∼ξh,Y∼Ph(X,·)
[
〈w, g0(Y )− P0g0(X)〉2

]
≤ 2EX∼ξ0,Y∼P0(X,·)

[
〈w, g0(Y )− P0g0(X)〉2

]

≤ 2w⊤Λw = 2d
n .

Putting together the pieces yields the first estimate

EZ∼ξh

[
‖Dt(Z)w‖22

]
≤ ct2mixσ̄

2d2

(1−κ)2n
log6

(
d

minx∈X ξ0(x)

)
.

On the other hand, given z ∈ X and the Markov chain (st)t≥0 starting from s0 = z, for

any t > 0, there exists a random state s̃t such that s̃t ∼ ξh, and we have P
(
s̃t 6= st

)
≤ 2

⌊ t
tmix

⌋
.
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Define a random variable s̃t+1 by setting s̃t+1 = st+1 whenever st = s̃t, and drawing s̃t+1 ∼
P (s̃t, ·) otherwise. From this construction, we have

‖Dt(z)w‖2 ≤ sup
u∈Sd−1

{
E
[
u⊤

(
gh(st+1)−Phgh(st)

)
· w⊤(g0(st+1)− P0g0(st)

)
| z

]

− E
[
u⊤

(
gh(s̃t+1)− Phgh(s̃t)

)
· w⊤(g0(s̃t+1)−P0g0(s̃t)

)
| z

]}

≤ sup
u∈Sd−1

E
[
u⊤

(
gh(st+1)− Phgh(st)

)
· w⊤(g0(st+1)− P0g0(st)

)
1st 6=s̃t | z

]

+ sup
u∈Sd−1

E
[
u⊤

(
gh(s̃t+1)− Phgh(s̃t)

)
· w⊤(g0(s̃t+1)− P0g0(s̃t)

)
1st 6=s̃t | z

]
.

Applying the Cauchy–Schwarz inequality twice yields

EZ∼ξh

[
‖Dt(Z)w‖22

]

≤ E
[
‖gh(st+1)− Phgh(st)‖42

]1/2 · E
[
w⊤(g0(st+1)− P0g0(st)

)8]1/4 · E
[
1st 6=s̃t

]1/4

+ E
[
‖gh(s̃t+1)− Phgh(st)‖42

]1/2 · E
[
w⊤(g0(s̃t+1)− P0g0(s̃t)

)8]1/4 · E
[
1st 6=s̃t

]1/4

≤ ct4mix

(1− κ)4
σ̄4d‖w‖22 · log6 d · 2

1− t
4tmix ,

corresponding to the second estimate.
Finally, setting τ = ctmix log

tmixd
1−κ yields

EZ∼ξh

[
‖

∞∑

t=0

Dt(Z)w‖22
]
≤

( ∞∑

t=0

e−
t
τ
)
·
( ∞∑

t=0

e
t
τ EZ∼ξh

[
‖Dt(Z)w‖22

])

≤ ct4mixσ̄
2d2

(1−κ)2n
log6

(
d

minx∈X ξ0(x)

)
,

so that

EZ∼ξh

[
‖J2(ℓh, Z)w‖22

]
≤ ct4mixσ̄

2d2

(1−κ)4n
log6

(
d

minx∈X ξ0(x)

)
.

Bounds on the term J3(sh, z) · w: By equation (86), for any vector u ∈ S
d−1, we have

∇w

(
L̄(h)u

)
=

∑

x,y∈X
ξh(x)Ph(x, y)

(
AhL̄

(h)(y)−
∑

z∈X
Ph(x, z)AhL̄

(h)(z)
)
u · qx(y)⊤.

For any z ∈ X, we obtain

‖∇w

(
L̄(h)

)
gh(z)w‖2

= sup
u∈Sd−1

EX∼ξh,Y∼Ph(X,·)
[
u⊤

(
AhL̄

(h)(Y )− PhAhL̄
(h)(X)

)
gh(z)qX(Y )⊤w

]

≤ sup
u∈Sd−1

√
E
(
u⊤

(
AhL̄(h)(Y )− PhAhL̄(h)(X)

)
gh(z)

)2 ·
√

E
[(
qX(Y )⊤w

)2]

≤ ctmixσL‖gh(z)‖2 log d ·
√

d
n ,

where the final inequality is due to equation (88). Combining with Lemma 16, we have the
bound

EZ∼ξh

[
‖J3(ℓh, Z)w‖22

]
≤ cd2

(1−κ)2n · t2mixσ
2
L log2 d · EZ∼ξh

[
‖gh(Z)‖22

]

≤ cσ2
Lσ̄

2t4mixd
2

(1−κ)4n
log2 d.
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Finishing the proof. Collecting the bounds for J1, J2 and J3 and for n ≥ ct2mixσ
2
Ld

2 log2 d

(1−κ)2
,

we have

sup
0≤ℓ≤1

EZ∼ξh

[
‖gℓh(Z)− g0(Z)‖22

]
≤ c(1+σ2

L)σ̄
2t4mixd

2

(1−κ)4n
log6

(
d

minx ξ0(x)

)
+ 1

2 sup
0≤ℓ≤1

EZ∼ξh

[
‖gℓh(Z)− g0(Z)‖22

]
,

which completes the proof of the first claim of the lemma.

For the second claim, we combine the first claim with equation (90) and obtain

‖∇wθ̄(Ph)w‖2 ≤ 3
2

√
trace(Λ)

n +

√
c(1+σ2

L)σ̄
2t4mixd

3

(1−κ)4n2 log6
(

d
minx ξ0(x)

)
.

Taking the integral yields

‖θ̄(Ph)− θ̄(P0)‖2 ≤
∫ 1

0
‖∇wθ̄(Pℓh)w‖2dℓ ≤ 3

2

√
trace(Λ)

n +

√
c(1+σ2

L)σ̄
2t4mixd

3

(1−κ)4n2 log6
(

d
minx ξ0(x)

)
,

which proves the second claim.

7.4 Proof of Lemma 14

We first compute the Fisher information with respect to the perturbation vector h, and then
transform this via chain rule into a formula that holds with respect to the parameter w. We are
interested in the matrix I(n)(h) := Eh

[
∇h logPh(s

n
0 )∇h logPh(s

n
0 )

⊤]. When the Markov chain
Ph is run under the initial distribution ξ0, the joint distribution of the observed trajectory
(st)

n
t=0 can be factorized as Ph

(
s0, s1, · · · , sn

)
= ξ0(s0) ·

∏n
t=1 Ph(st−1, st).

Let us now study the Fisher information matrix. For any pair x, y ∈ X with P (x, y) > 0,
performing some algebra yields the expression

∂
∂hx(y)

log Ph

(
s0, s1, · · · , sn

)
=

n∑

t=1

1st−1=x

(
1st=y − Ph(x, y)

)
.

Consider the natural filtration Ft := σ(s0, s1, · · · , st). Note that under the transition kernel
Ph, we have the identity

Eh

[
1st−1=x

(
1st=y − Ph(x, y)

)
| Ft−1

]
= 1st−1=x ·

(
Eh

[
1st=y | st−1 = x

]
− Ph(x, y)

)
= 0.

Therefore, the process {∇h log Ph(s0, s1, · · · , sn)}n≥0 is a martingale adapted to the filtration
{Ft}t≥0. Its second moment is given by

S = E
[
∇h logPh(s

n
0 ) · ∇⊤

h logPh(s
n
0 )
]
=

n∑

t=1

E
[
∇h logPh(st−1, st) · ∇⊤

h logPh(st−1, st)
]
.

We find that

S =
[
1x1=x2 ·

n∑

t=1

E
[
1x1=st−1 ·

(
1st=y1 − Ph(x1, y1)

)]
·
(
1st=y2 − Ph(x2, y2)

)]
(x1,y1),(x2,y2)

=

n∑

t=1

diag
({

Ph

(
st−1 = x

)
· Ph(x, y)

}
(x,y)

)
−

n∑

t=1

[
Ph(st−1 = x) · Ph(x, y1) · Ph(x, y2)

]
(x,y1),(x,y2)

.

54



Consequently, the Fisher information matrix is a block diagonal matrix I(n)(h) =

diag
({
I
(n)
x (h)

}
x∈X

)
, where each block matrix I

(n)
x (h) ∈ R

X×X takes the form

I(n)x (h) =

n∑

t=1

Ph

(
st−1 = x

)
·
[
diag

({
Ph(x, y)

}
y∈X

)
−

[
Ph(x, y)

]
y∈X

[
Ph(x, y)

]⊤
y∈X

]
.

By Lemma 11, for hmax satisfying the inequality h
−1
max ≥ ctmix

(
log h−1

max+log(min ξ0)
−1

)
for

some constant c > 0, we have the bound 1
2ξh � ξ0 � 3

2ξh, and hence 1
2P

k
h ξh � P k

h ξ0 � 3
2P

k
h ξh

for each k = 0, 1, 2, . . .. From this sandwiching, we find that

I(n)x (h) � 3
2

n∑

t=1

P t−1
h ξh(x) ·

[
diag

({
Ph(x, y)

}
y∈X

)
−

[
Ph(x, y)

]
y∈X

[
Ph(x, y)

]⊤
y∈X

]

= 3n
2 ξh(x)

[
diag

({
Ph(x, y)

}
y∈X

)
−

[
Ph(x, y)

]
y∈X

[
Ph(x, y)

]⊤
y∈X

]
.

Turning to the Fisher information, we compute

I(n)(w) = Q⊤I(n)(h)Q � 3n
2

∑

x∈X
ξh(x)

(∑

y∈X
Ph(x, y)qx(y)qx(y)

⊤ −
(∑

y∈X
Ph(x, y)qx(y)

)(∑

y∈X
Ph(x, y)qx(y)

)⊤)

= 3n
2 EX∼ξh

[
EY∼Ph(X,·)

[
qX(Y )qX(Y )⊤

]
− EY∼Ph(X,·)

[
qX(Y )

]
· EY∼Ph(X,·)

[
qX(Y )

]⊤]

= 3n
2 EX∼ξh

[
covPh(X,·)

(
qX(Y ) | X

)]
.

7.5 Proof of Lemma 15

For each k ∈ Z, by the definition of the Green function, we note that

f(sk) = A0f(sk)− E
[
A0f(sk+1) | sk

]
= A0f(sk)− P0A0f(sk). (91)

By stationarity, we have

∞∑

k=−∞
E
[
f(sk)f(s0)

]
= E[f2(s0)] + 2

∞∑

k=1

E
[
f(sk)f(s0)

] (i)
= −E[f(s0)

2] + 2E
[
f(s0) ·

∞∑

k=0

E
[
f(sk) | s0

]]

where step (i) makes use of the dominated convergence theorem, in particular by noting that∣∣E
[
f(sk) | s0

]∣∣ ≤ ‖f‖∞ · 21−k/tmix from Lemma 4. Consequently, we can write

∞∑

k=−∞
E
[
f(sk)f(s0)

]
= −E[f2(s0)] + 2E

[
f(s0) · A0f(s0)

]

(ii)
= −E

[(
A0f(s0)− P0A0f(s0)

)2]
+ 2E

[(
A0f(s0)− P0A0f(s0)

)
· A0f(s0)

]

= E
[(
A0f(s0)

)2]− E
[(
P0A0f(s0)

)2]
,

where step (ii) follows from equation (91).
With E denoting expectation over X ∼ ξ0, Y ∼ P0(X, ·), we have

E
[(
A0f(Y )− P0A0f(X)

)2]
= E

[(
A0f(s1)− P0A0f(s0)

)2]

= E
[(
A0f(s1)

)2]
+ E

[(
P0A0f(s0)

)2]− 2E
[(
A0f(s1)

)
·
(
P0A0f(s0)

)]

= E
[(
A0f(s0)

)2]
+ E

[(
P0A0f(s0)

)2]− 2E
[
E
[
A0f(s1) | s0

]
·
(
P0A0f(s0)

)]

= E
[(
A0f(s0)

)2]− E
[(
P0A0f(s0)

)2]
,

and combining the pieces completes the proof of this lemma.
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8 Discussion

In this paper, we established sharp instance-optimal guarantees for linear stochastic approxi-
mation (SA) procedures based on Markovian data. Under ergodicity along with natural tail
conditions, we proved non-asymptotic upper bounds on the squared error of both the last it-
erate of a standard SA scheme, as well as the Polyak–Ruppert averaged sequence. The results
highlight two important aspects: an optimal sample complexity of O(tmixd) for problems in
dimension d with mixing time tmix; and an instance-dependent error upper bound for the av-
eraged estimator with carefully chosen stepsize. Complementary to the upper bound, we also
showed a non-asymptotic local minimax lower bound over a small neighborhood of a given
Markov chain instance, certifying the statistical optimality of the proposed estimators. Our
proof of the upper bounds uses a bootstrapping argument of possibly independent interest.

Throughout the paper, we have introduced novel techniques of analysis and motivated
several open questions. In the following, we collect a few interesting future directions:

• Nonlinear stochastic approximation and controlled dynamics: Our paper focuses
on linear Z-equations where the underlying Markov chain does not involve a control.
Though this setting already covers many important examples (as described in Section 2.2),
its applicability to practical problems is still relatively restricted. To set up a general frame-
work, one could consider a controlled Markov chain (st)t≥0 where the transition is given by
st+1 ∼ P (·|st, θt). For any θ ∈ R

d, let ξθ be the stationary distribution of the Markov chain
P (·|·, θ) induced by the control θ. Given a non-linear operator H : X × R

d → R
d, suppose

that we wish to solve the equation Es∼ξ(θ)

[
H(θ; s)

]
= 0; see Benveniste et al. [BMP12] for a

summary of classical asymptotic theory for such problems. The analysis tools introduced in
this paper provide an avenue by which one could obtain optimal sample complexity bounds
(especially in terms of dimension dependency) and instance-dependent guarantees for such
problems.

• Online statistical inference: By carefully choosing the burn-in period, one can show that
the Polyak–Ruppert estimator θ̂n is asymptotically normal and locally minimax optimal.
In particular, under suitable conditions, the following limiting result holds true (see the
paper [For15] for details):

√
n(θ̂n − θ̄)

d−→ N
(
(Id − L̄)−1(Σ∗

MG +Σ∗
Mkv)(Id − L̄)−⊤). (92)

In order to construct confidence intervals for the solution θ̄ with streaming data, it suf-
fices to estimate the asymptotic covariance in equation (92). In the i.i.d. setting, online
procedures have been developed to estimate such covariances, with non-asymptotic error
guarantees [CLTZ20]. The problem becomes more subtle in the Markovian setting, as the
matrix Σ∗

Mkv involves auto-correlations of the noise process. It is an important open di-
rection to construct online estimators of this matrix to enable inference in a streaming
fashion.

• Model selection and optimal methods for policy evaluation The policy evaluation
problem involves manual choice of two important parameters: the feature vector dimension
d and the resolvent parameter λ in TD(λ). In Section 4.1.3 and 4.2, we provide optimal
instance-dependent guarantees on both the approximation factor and the estimation error,
for a fixed choice of d and λ. An important direction of future research is to select such
parameters adaptively based on data, possibly under a streaming computational model.
Ideally, we want the risk of such estimator to attain the infimum of the right hand side
of equation (39b), over λ ∈ (0, 1) and d ∈ N+. A possible candidate approach towards
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such a model selection problem is the celebrated Lepskii method for adaptive bandwidth
selection [Lep91].

.
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[MB11] Éric Moulines and Francis R Bach, Non-asymptotic analysis of stochastic approximation
algorithms for machine learning, Advances in Neural Information Processing Systems,
2011, pp. 451–459. (Cited on page 6.)

[MLW+20] Wenlong Mou, Chris Junchi Li, Martin J Wainwright, Peter L Bartlett, and Michael I
Jordan, On linear stochastic approximation: Fine-grained Polyak-Ruppert and non-
asymptotic concentration, Proceedings of Thirty Third Conference on Learning Theory,
vol. 125, 2020, pp. 2947–2997. (Cited on pages 6 and 14.)

[MP84] Michel Metivier and Pierre Priouret, Applications of a Kushner and Clark lemma to
general classes of stochastic algorithms, IEEE Transactions on Information Theory 30

(1984), no. 2, 140–151. (Cited on page 6.)

[MPW20] Wenlong Mou, Ashwin Pananjady, and Martin J Wainwright, Optimal oracle inequalities
for solving projected fixed-point equations, arXiv preprint arXiv:2012.05299 (2020). (Cited
on pages 3, 6, 7, 8, 11, 14, 17, 19, 24, and 46.)
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A Auxiliary truncation results related to the assumptions

In this section, we present two auxiliary results on the relations between assumptions 2, 3,
and 4. These results are based on truncation arguments.
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A.1 Assumption 2 (almost) implies assumption 4 under discrete metric

For the discrete metric ρ(x, y) := 1x 6=y, the Lipschitz assumption 4 is equivalent to the
following uniform upper bounds:

|||Lt+1(st)− L̄|||op ≤ σLd and ‖bt+1(st)− b̄‖2 ≤ σb
√
d.

The following proposition provides uniform high-probability upper bounds on such quantities
based on the moment assumption:

Proposition 5. Under Assumption 2 with p̄ = +∞, there exists a universal constant c > 0,
such that for any δ > 0, the following bounds hold true uniformly over t = 1, 2, · · · , n, with
probability 1− δ:

|||Lt+1(st)− L̄|||op ≤ cd · σL log
nd

δ
and ‖bt+1(st)− b̄‖2 ≤ c

√
d · σb log

nd

δ
. (93)

We prove this proposition at the end of this section.

When the random observations (Lt+1, bt+1) are not almost-surely bounded, but satisfies
the moment assumption 2 with p̄ = +∞, we can apply our theorems on the event that Eq (93)
holds true, and the main theorems hold true conditionally on such an event, with constants
(σL, σb) inflated with a factor log(nd/δ).

Proof of Proposition 5: For a given t ∈ [n], we note that:

|||Lt+1 − L̄|||2op ≤ |||Lt+1 − L̄|||2F =

d∑

j,ℓ=1

[
e⊤j

(
Lt+1 − L̄

)
eℓ

]2
.

For each pair j, ℓ ∈ [d], Assumption 2 implies that:

P

(∣∣∣e⊤j
(
Lt+1(st)− L̄

)
eℓ

∣∣∣ ≥ cσL log(nd/δ)
)
≤ δ

2d2n

Taking union bound over all the coordinate pairs (j, ℓ) and substituting into above expansion,
we have that:

P
(
|||Lt+1 − L̄|||op ≥ cd · σL log(nd/δ)

)
≤ δ/(2n).

Similarly, for the vector-valued observations bt+1, we have the following bounds with proba-
bility 1− δ/n:

‖bt+1 − b̄‖22 ≤
d∑

j=1

(
e⊤j (bt+1 − b̄)

)2 ≤ cσ2bd · log2(nd/δ).

Taking union bound over t = 1, 2, · · · , n, we complete the proof of this proposition.

A.2 On the stationary tail and boundedness assumption 3

Note that in many applications, the Markov chain (st)t≥0 lives in an unbounded state space.
However, as long as the stationary distribution ξ of P is sufficiently light-tailed, a simple
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truncation argument applies, which we illustrate for completeness. Concretely, suppose that
there exists a constant σρ > 0, such that the following bound holds true for any p ≥ 2:

Es∼ξ

[
ρ(s, s0)

p
]
≤ p! · σpρ. (94)

Given a stationary Markovian trajectory {st}nt=1, consider the event

En,δ =
{
∀t ∈ [1, n], ρ(s0, st) ≤ 2σρ log

n
δ

}
.

By the tail assumption (94) and a union bound, it directly follows that P
(
En,δ

)
≥ 1 − δ.

Consider a truncated Markov transition kernel P ′ defined as

∀x ∈ X, Z ⊆ X, P ′(x,Z) := P
(
x,Z ∩ B

(
0, 2σρ log(n/δ)

))
+ P

(
x,B

(
0, 2σρ log(n/δ)

)c)
1s0∈Z .

In words, the Markov chain P ′ attempts to make the transition from st to st+1 according to
the transition kernel P ′. If the state st+1 lies in the ball B

(
0, 2σρ log(n/δ)

)c
, we keep it as is;

otherwise, we let the next-step transition be deterministically s0.
Given a trajectory {s′t}nt=1 of the Markov chain P ′, there exists a coupling such that

P
(
{st}nt=1 6= {s′t}nt=1

)
≤ P

(
E

c
n,δ

)
≤ δ.

One can then proceed by working on the high probability event En,δ, where the Markov chain
has a effective diameter of O

(
σρ log

n
δ

)
.

B Auxiliary results underlying Proposition 1

This appendix is devoted to the proofs of auxiliary lemmas that are used in the proof of
Proposition 1.

B.1 Proof of Lemma 4

Throughout the proof, we let x ∈ X be an arbitrary but fixed state. Note that any positive
integer τ can be represented as τ = ktmix + q with k ∈ N+ and 0 ≤ q ≤ tmix − 1. We show
the desired claim by induction over k ≥ 0.

Base case: When k = 0, Assumption 3 implies that

W1,ρ(δxP
τ , ξ) ≤ sup

s,s′
ρ(s, s′) ≤ 1 ≤ c0,

so that the base case (k = 0) holds for our induction proof.

Induction step: At step k of the argument, the induction hypothesis ensures that

W1,ρ

(
δxP

ktmix+q, ξ
)
≤ c0 · 2−k, for q = 0, 1, · · · , tmix − 1. (95)

We now need to show that the result holds for any τ = (k+1)tmix+q, where q ∈ {0, 1, . . . , tmix−
1} is arbitrary. We do so via a coupling argument. Take a random initial state y ∼ ξ,
and consider two processes {st}t≥0 and {s′t}t≥0 starting from x and y, respectively. Their
joint distribution is defined as follows: choose the coupling between the law of sktmix+q and
s′ktmix+q to satisfy the identity E

[
ρ(sktmix+q, s

′
ktmix+q)

]
= W1,ρ

(
δxP

ktmix+q, ξ
)
. Conditionally on
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(sktmix+q, s
′
ktmix+q), Assumption 1 guarantees the existence of a coupling between δsktmix+q

P tmix

and s′ktmix+qP
tmix such that

E
[
ρ
(
s(k+1)tmix+q, s

′
(k+1)tmix+q

)
| (sktmix+q, s

′
ktmix+q)

]
≤ 1

2ρ(sktmix+q, s
′
ktmix+q).

Taking expectation on both sides and substituting with equation (95), we find that

W1,ρ

(
δxP

(k+1)tmix+q, ξ
)
≤ E

[
ρ
(
s(k+1)tmix+q, s

′
(k+1)tmix+q

)]
≤ c0 · 2−(k+1),

which completes the proof of the induction step.

B.2 Proof of Lemma 5

Our proof is based on the following intermediate claim

(
E
[
‖∆t+ℓ‖p2

])1/p ≤ e
(
E
[
‖∆t‖p2

])1/p
+ 6ηpℓ

√
d
(
σL‖θ̄‖2 + σb

)
. (96)

This bound, which we return to prove at the end of this section, is a weaker form of the claim
in the lemma.

We now use the bound (96) to prove the lemma. Applying Minkowski’s inequality to the
recursive relation (46), we find that for any p ≥ 2, the pth moment is upper bounded as

(
E
[
‖∆t+ℓ+1 −∆t‖p2

])1/p ≤
(
E
[
‖∆t+ℓ −∆t‖p2

])1/p
+ η

(
E
[
‖Lt+ℓ+1∆t+ℓ‖p2

])1/p
+ η

(
E
[
‖νt+ℓ + ζt+ℓ+1‖p2

])1/p
.

For the martingale part of the noise, we take the decomposition Lt+ℓ+1 = L(st+ℓ)+Zt+ℓ+1.
By Assumption 2 and Hölder’s inequality, we have the bounds

E
[
‖Zt+ℓ+1∆t+ℓ‖p2 | Ft

]
≤ d

p
2

d∑

j=1

E
[
〈ej , Zt+ℓ+1∆t+ℓ〉p | Ft

]
≤

(
pσL

√
d
)p
E
[
‖∆t+ℓ‖p2 | Ft

]
, and

E
[
‖ζt+ℓ+1‖p2 | Ft

]
≤ d

p
2

d∑

j=1

E
[
〈ej , ζt+ℓ+1〉p | Ft

]
≤ (p

√
d)p ·

(
σL‖θ̄‖2 + σb

)p
.

Similarly, for the Markov part of the noise, we have:

E
[
‖νt+ℓ+1‖p2

]
≤ (p

√
d)p ·

(
σL‖θ̄‖2 + σb

)p
.

On the other hand, the Lipschitz condition (4) and the boundedness condition (3) of the
metric space imply that

|||Lt+ℓ+1(s)− L̄|||op ≤ σLd, and ‖b(s) − b̄‖2 ≤ σb
√
d for all s ∈ X.

Substituting into the decomposition above, we arrive at the bounds

(
E
[
‖Lt+ℓ+1∆t+ℓ‖p2

])1/p ≤ (γmax + σLp
√
d+ σLd)

(
E
[
‖∆t+ℓ‖p2

])1/p
, and

(
E
[
‖νt+ℓ + ζt+ℓ+1‖p2

])1/p ≤ 2p
√
d
(
σL‖θ̄‖2 + σb

)
.

Applying equation (96) yields

(
E
[
‖∆t+ℓ+1 −∆t‖p2

])1/p ≤
(
E
[
‖∆t+ℓ −∆t‖p2

])1/p
+ eη(γmax + σLd)

(
E
[
‖∆t‖p2

])1/p

+ 2(1 + 6ηℓ)ηp
√
d
(
σL‖θ̄‖2 + σb

)
.
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Solving this recursion leads to the bound

(
E
[
‖∆t+ℓ −∆t‖p2

])1/p ≤ eηℓ(γmax + σLd)
(
E
[
‖∆t‖p2

])1/p
+ 3ηpℓ

√
d
(
σL‖θ̄‖2 + σb

)
,

which establishes the first claim.
Since the stepsize is upper bounded as η ≤

(
2eηℓ(γmax+σLd)

)−1
, we have the lower bound

(
E
[
‖∆t+ℓ‖p2

])1/p ≥
(
E
[
‖∆t‖p2

])1/p −
(
E
[
‖∆t+ℓ −∆t‖p2

])1/p

≥ 1
2

(
E
[
‖∆t‖p2

])1/p − 3ηpℓ
√
d
(
σL‖θ̄‖2 + σb

)
,

which, in conjunction with the bound (96), establishes the second claim.

Proof of equation (96): Applying Minkowski’s inequality to the recursive relation (46)
yields (for any p ≥ 2) a bound on the pth conditional moment:

(
E
[
‖∆t+ℓ+1‖p2

])1/p ≤
(
E
[
‖(I − ηLt+ℓ+1)∆t+ℓ‖p2

])1/p
+ η

(
E
[
‖νt+ℓ + ζt+ℓ+1‖p2

])1/p
. (97)

Our next step is to bound the two terms above.
Substituting into the recursive relation (97), and applying Minkowski’s inequality, we find

that the moment
(
E
[
‖∆t+ℓ+1‖p2

])1/p
is upper bounded by

(1 + ηγmax)
(
E
[
‖∆t+ℓ‖p2

])1/p
+ ησLd

(
E
[
‖∆t+ℓ‖p2

])1/p
+ 2ηp

√
d
(
σL‖θ̄‖2 + σb

)
.

Solving this recursive inequality leads to

(
E
[
‖∆t+ℓ‖p2

])1/p ≤ exp
(
ηℓ(γmax + σLd)

)((
E
[
‖∆t‖p2

])1/p
+ 2ηpℓ

√
d
(
σL‖θ̄‖2 + σb

))
.

For any stepsize η ∈
(
0, 1

(γmax+σLd)ℓ

]
, we have

(
E
[
‖∆t+ℓ‖p2

])1/p ≤ e
(
E
[
‖∆t‖p2

])1/p
+ 6ηpℓ

√
d
(
σL‖θ̄‖2 + σb

)
,

which establishes the claim.

B.3 Proof of Lemma 6

For notational simplicity, we extend the process (∆t)t≥0 to the entire set Z of integers, in
particular by defining ∆t := ∆0 for negative integer t. Note that under our assumption,
Lemma 5 and the assumed bound (62) both hold true for the extended process, with index
set t ∈ Z. Moreover, as in the proof of Lemma 5, for each p ≥ 2, we have the moment bound

(
E
[
‖∆t+ℓ+1 −∆t‖p2

])1/p ≤
(
E
[
‖∆t+ℓ −∆t‖p2

])1/p
+ η

(
E
[
‖Lt+ℓ+1∆t+ℓ‖p2

])1/p

+ η
(
E
[
‖νt+ℓ + ζt+ℓ+1‖p2

])1/p
.

Our next step is to exploit the coarse bound (62) so as to obtain upper bounds on the

second term
(
E
[
‖Lt+ℓ+1∆t+ℓ‖p2

])1/p
. Given the time lag τ > 0, we take the decomposition

∆t+ℓ = ∆t+ℓ−τ + (∆t+ℓ −∆t+ℓ−τ ), and by Minkowski’s inequality, we have that

(
E
[
‖Lt+ℓ+1∆t+ℓ‖p2

])1/p ≤
(
E
[
‖Lt+ℓ+1∆t+ℓ−τ‖p2

])1/p
+

(
E
[
‖Lt+ℓ+1(∆t+ℓ −∆t+ℓ−τ )‖p2

])1/p
.

(98)
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The latter term of the bound (98) can be controlled through Assumption 4:

‖Lt+ℓ+1(st+ℓ)(∆t+ℓ −∆t+ℓ−τ )‖2 ≤ (γmax + σLd)‖∆t+ℓ −∆t+ℓ−τ‖2, a.s.

The distance ‖∆t+ℓ −∆t+ℓ−τ‖2 is controlled via the coarse bound (62). Putting together the
pieces, we find that

(
E
[
‖Lt+ℓ+1(∆t+ℓ −∆t+ℓ−τ )‖p2

])1/p ≤ η
(
γmax + σLd

)
·
(
ωp

(
E
[
‖∆t+ℓ−τ‖p2

])1/p
+ βpσ̄

)
. (99)

In order to bound the former term
(
E
[
‖Lt+ℓ+1∆t+ℓ−τ‖p2

])1/p
in the bound (98), we invoke

Lemma 4, and obtain a random variable s̃t+ℓ, such that

s̃t+ℓ | Ft+ℓ−τ ∼ ξ, and
(
E
[
ρ(st+ℓ, s̃t+ℓ−τ )

p | Ft+ℓ−τ

])1/p ≤ c0 · 21−
τ

2tmixp . (100)

By Assumption 2, we have the bounds

E
[
‖Zt+ℓ+1∆t+ℓ−τ‖p2 | Ft+ℓ−τ

]
≤ (p

√
dσL)

p‖∆t+ℓ−τ‖p2, and (101a)

E
[
‖
(
L(s̃t+ℓ−τ )− L̄

)
·∆t+ℓ−τ‖p2 | Ft+ℓ−τ

]
≤ (p

√
dσL)

p‖∆t+ℓ−τ‖p2. (101b)

Invoking the moment bound (100) and using the Lipschitz condition (4), we find that

E
[
‖
(
L(s̃t+ℓ−τ )−L(st+ℓ−τ )

)
·∆t+ℓ−τ‖p2 | Ft+ℓ−τ

]
≤ E

[
|||L(s̃t+ℓ−τ )−L(st+ℓ−τ )|||pop | Ft+ℓ−τ

]
· ‖∆t+ℓ−τ‖p2

≤
(
σLc0d · 21−

τ
2tmixp‖∆t+ℓ−τ‖2

)p
. (101c)

Finally, we have the operator norm bound

‖L̄∆t+ℓ−τ‖2 ≤ γmax‖∆t+ℓ−τ‖2. (101d)

Collecting the results from equations (101)(a)—(d), we arrive at the bound

(
E
[
‖Lt+ℓ+1∆t+ℓ−τ‖p2 | Ft+ℓ−τ

])1/p ≤
(
2p

√
dσL + γmax + σLc0d · 21−

τ
2tmixp

)
‖∆t+ℓ−τ‖2. (102)

According to Lemma 5, given a stepsize bounded as η ≤
(
6(γmax + σLd)τ

)−1
, we have

(
E‖∆t+ℓ−τ‖p2

)1/p ≤ 2
(
E‖∆t+ℓ‖p2

)1/p
+ 12ηpτ

√
d
(
σL‖θ̄‖2 + σb

)
.

Collecting the bounds (99) and (102), and substituting into the decomposition (98), for
τ ≥ 2tmixp log(c0d), we arrive at the inequality:

(
E
[
‖Lt+ℓ+1∆t+ℓ‖p2

])1/p ≤ 2
((
p
√
dσL+γmax

)
+ηωp

(
γmax+σLd

))
·
((
E‖∆t+ℓ‖p2

)1/p
+ηpτ

√
dσ̄

)

+ η
(
γmax + σLd

)
βpσ̄.

By following the derivation in the proof of Lemma 5, we can show that the third term is
upper bounded as

(
E
[
‖νt+ℓ + ζt+ℓ+1‖p2

])1/p ≤ 2p
√
d(σL‖θ̄‖2 + σb).
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Substituting back into the original decomposition, we find that the difference in moments

D :=
(
E
[
‖∆t+ℓ+1 −∆t‖p2

])1/p −
(
E
[
‖∆t+ℓ −∆t‖p2

])1/p
is bounded as

D ≤ 2η
{(
p
√
dσL + γmax

)
+ ηωp

(
γmax + σLd

)}
·
((
E‖∆t+ℓ‖p2

)1/p
+ ηpτ

√
dσ̄

)

+
(
2ηp

√
d+ η2

(
γmax + σLd

)
βp

)

Lemma 5 implies that
(
E
[
‖∆t+ℓ‖p2

])1/p ≤ e
(
E
[
‖∆t‖p2

])1/p
+6ηpℓ

√
dσ̄ and solving the recursion,

we arrive at the bound

(
E
[
‖∆t+ℓ −∆t‖p2

])1/p

≤ 12ηℓ
((
p
√
dσL + γmax

)
+ ηωp

(
γmax + σLd

))
·
((
E‖∆t‖p2

)1/p
+ ηp(τ + ℓ)

√
dσ̄

)

+
(
2ηp

√
d+ η2

(
γmax + σLd

)
βp

)
ℓσ̄

≤ η
(
12
(
p
√
dσL + γmax

)
ℓ+

ωp

2

)((
E‖∆t‖p2

)1/p
+ ηp(τ + ℓ)

√
dσ̄

)
+ η

(
2pℓ

√
d+ 1

2βp
)
σ̄,

for any τ ≥ 2tmixp log(c0d) and stepsize choice η ≤ c
48(γmax+σLd)

.

C Auxiliary results underlying Theorem 1

In this appendix, we prove two auxiliary lemmas that were used in the proof of Theorem 1.

C.1 Proof of Lemma 9

According to Lemma 4, given τ > 0 fixed, for any t ≥ τ + km, there exists a random variable

s̃t−km such that s̃t−km | Ft−km−τ ∼ ξ, and E
[
ρ(st−km , s̃t−km) | Ft−τ−km

]
≤ c0 · 21−

τ
tmix . By

Assumption 1, conditionally on the pair of states (st−km , s̃t−km), we have the following bound
for j ∈ [m]:

Wρ,1

(
P kj−kj−1δst−kj

, P kj−kj−1δs̃t−kj

)
≤ c0 · ρ

(
st−kj , s̃t−kj

)
, a.s.

Consequently, there exists a sequence of random variables (s̃t−kj )0≤j≤m−1, such that the
following relations hold true for j = 1, 2, · · · ,m:

s̃t−kj−1
| Ft−km ∼ P kj−kj−1δs̃t−kj

, and

E
[
ρ
(
s̃t−kj−1

, st−kj−1

)
| Ft+k−ℓ

]
≤ cm+1−j

0 · ρ
(
st−km , s̃t−km

)
.

Based on above construction, we consider the following decomposition:

( m∏

j=0

Nt−kj

)
∆t−km =

( m∏

j=0

N(st−kj )−
m∏

j=0

N(s̃t−kj )
)
∆t−km−τ +

( m∏

j=0

N(s̃t−kj )
)
·∆t−km−τ

+
( m∏

j=0

N(st−kj)
)
·
(
∆t−km −∆t−τ−km

)
:= Q1(t) +Q2(t) +Q3(t).

(103)

67



In the following, we bound the moments for the summation of the three terms above, respec-
tively. For the first term, we note the telescoping equation:

m∏

j=0

N(st−kj )−
m∏

j=0

N(s̃t−kj ) =

m∑

q=0

( q−1∏

j=0

N(st−kj )
)
·
(
L(st−kq)−L(s̃t−kq)

)
·
( m∏

j=q+1

N(s̃t−kj )
)
.

Note that each matrix in the product has operator norm uniformly bounded by σLd. We can
then use the Lipschitz condition 4 as well as the bound on the distance ρ(st−kq , s̃t−kq), and
obtain the bound

E
[
|||

m∏

j=0

N(st−kj )−
m∏

j=0

N(s̃t−kj)|||2op | Ft−km−τ

]

≤ (m+ 1) · (σLd)m
m∑

q=0

E
[
|||L(st−kq )−L(s̃t−kq)|||2op | Ft−km−τ

]
≤ (m+ 1)2(c0σLd)

m+1 · 2−
τ

tmix .

Applying the bound on ‖∆t−τ‖2 in Proposition 1 and taking τ ≥ 3mtmixp log(c0dn), we find
that

E
[
‖Q1(t)‖22

]
≤ E

[
E
[
|||

m∏

j=0

N(st−kj )−
m∏

j=0

N(s̃t−kj )|||2op | Ft−km−τ

]
· ‖∆t−τ−km‖22

]

≤ (m+ 1)2(c0σLd)
m+1 · 2−

τ
tmix cσ̄2 ητd log2 n

1−κ ≤ σm+1
L
n2 σ̄2. (104)

Now we turn to bounding the term Q2(t). First, we note that

E
[
‖Q2(t)‖22

]
≤ E

[
|||
m−1∏

j=0

N(s̃t−kj)|||2op · ‖N(s̃t−km)∆t−km−τ‖22
]

≤ (σLd)
2m

E
[
‖N(s̃t−km)∆t−km−τ‖22

]
≤ (σLd)

2m · σ2Ld · E
[
‖∆t−km−τ‖22

]
.

By Proposition 1, for t ≥ n0 and n0 ≥ 2(τ + km), we have: E
[
‖∆t−km−τ‖22

]
≤ cη

1−κ tmixdσ̄
2.

If m = 0, we have that E
[
N(s̃t+τ ) | Ft

]
= 0 almost surely for each t ≥ n0. For m ≥ 1, the

conditional unbiasedness does not hold true, but we still have the following upper bound on
the bias

|||E
[ m∏

j=0

N(s̃t+km+τ−kj) | Ft

]
|||op = sup

u,v∈Sd−1

E
[
〈u,

m∏

j=0

N(s̃t+km+τ−kj)v〉
]

≤ sup
u,v∈Sd−1

E
[
‖N(s̃t+km+τ )

⊤u‖2 · |||
m−1∏

j=1

N(s̃t+km+τ−kj)|||op · ‖N(s̃t+τ )v‖2
]

≤ (σLd)
m−1 sup

u,v∈Sd−1

√
E‖N(s̃t+km+τ )⊤u‖22 · E‖N(s̃t+τ )v‖22

≤ (σLd)
m−1 · σ2Ld.
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Denote Yt :=
∏m

j=0N(st−kj ) and Ỹt :=
∏m

j=0N(s̃t−kj) for any t ≥ km. We have the expansion:

E
[
‖

n−1∑

t=n0

Q2(t)‖22
]
≤ 2E

[
‖

n−1∑

t=n0

E[Ỹt] ·∆t−km−τ‖22
]
+ 2E

[
‖

n−1∑

t=n0

(Ỹt − E[Ỹt]) ·∆t−km−τ‖22
]

≤ 2n
(
dmσm+1

L

)2 n∑

t=n0

E‖∆t−km−τ‖22

+ 2
∑

n0≤s,t≤n−1

E
[
〈(Ỹt − E[Ỹt]) ·∆t−km−τ , (Ỹs − E[Ỹs]) ·∆s−km−τ 〉

]
.

Note that in the special case of m = 0, we have E[Ỹt] = 0 so that the bound holds without
the first term on the RHS.

For t > s+ τ + km, we have the relations

E
[
(Ỹt − E[Ỹt]) ·∆t−km−τ | F̃t−km−τ

]
= 0, and (Ỹs − E[Ỹs]) ·∆s−km−τ ∈ F̃t−km−τ ,

meaning that the product term vanishes when |s − t| > τ + km. Therefore, we arrive at the
bound

E
[
‖

n−1∑

t=n0

Q2(t)‖22
]
≤

{(
2n2

(
dmσm+1

L

)2
+ 4n(km + τ) · (σLd)2m · σ2Ld

)
· cη
1−κdtmixσ̄

2 m ≥ 1,

4nτσ2Ld · cη
1−κdtmixσ̄

2 m = 0.

(105)

Now we turn to the last term in the decomposition (103). We start with the decomposition:

∆t −∆t−τ = η
τ∑

ℓ=1

(
Lt−ℓ+1(st−ℓ)∆t−ℓ + νt−ℓ + ζt−ℓ+1

)
.

We therefore have the following decomposition:

E
[
‖

n−1∑

t=n0

Q3(t)‖22
]
≤ 4η2E

[
‖

n∑

t=n0

{
Yt ·

( τ∑

ℓ=1

Zt−km−ℓ+1∆t−km−ℓ

)}
‖22
]
+ 4η2E

[
‖

n∑

t=n0

{
Yt ·

(
L̄

τ∑

ℓ=1

∆t−km−ℓ

)}
‖22
]

+ 4η2E
[
‖

n∑

t=n0

{
Yt ·

( τ∑

ℓ=1

Nt−km−ℓ∆t−km−ℓ

)}
‖22
]

+ 4η2E
[
‖

n∑

t=n0

{
Yt ·

( τ∑

ℓ=1

(νt−km−ℓ + ζt−km−ℓ+1)
)}

‖22
]

For the martingale component of the noise, note that each term
∏m

j=0N(st−kj) ·Zt−ℓ+1(st−ℓ)
has zero conditional mean conditioned on Ft−ℓ. We have that

E
[
‖

n∑

t=n0

YtZt−km−ℓ+1(st−km−ℓ)∆t−km−ℓ‖22
]
=

n−1∑

t=n0

E
[
‖YtZt−km−ℓ+1(st−km−ℓ)∆t−km−ℓ‖22

]

≤ (σLd)
2(m+1)

n−1∑

t=n0

E
[
‖Zt−km−ℓ+1(st−km−ℓ)∆t−km−ℓ‖22

]
≤ σ2m+4

L d2m+3n · cη
1−κdtmixσ̄

2.
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From the Lipschitz condition (4) and the boundedness condition (3) on the metric space,
it follows that |||Yt|||op ≤ (σLd)

m+1 almost surely. Using this fact, the second term can be
bounded as

E
[
‖

n∑

t=n0

{
Yt ·

(
L̄

τ∑

ℓ=1

∆t−km−ℓ

)}
‖22
]
≤ nτ(σLd)

2m+2γ2max

n−1∑

t=n0

τ∑

ℓ=1

E‖∆t−km−ℓ‖22

≤ n2τ2(σLd)
2m+2γ2max · cη

1−κdtmixσ̄
2.

Collecting equations (104) and (105) as well as the above bounds for Q3, we arrive at the
upper bound E

[
‖∑n−1

t=n0

(∏m
j=0Nt−kj

)
∆t−km‖22

]
≤ ∑3

j=1 Tj , where

T1 := n2d2mσ2m+2
L

(
1 + η2τ2γ2maxd

2σ2L + η2τ2d3σ2L/n
)
· cη
1−κdtmixσ̄

2

T2 := 4η2E
[
‖

n∑

t=n0

{
Yt
( τ∑

ℓ=1

Nt−km−ℓ∆t−km−ℓ

)}
‖22
]
, and

T3 := 4η2E
[
‖

n∑

t=n0

{
Yt
( τ∑

ℓ=1

(νt−km−ℓ + ζt−km−ℓ+1)
)}

‖22
]
.

In the special case of m = 0, we have:

E
[
‖

n−1∑

t=n0

Nt∆t‖22
]
≤ cσ2Ld ·

(
nτ + n2η2σ2Ldτ

2
) cη

1− κ
dtmixσ̄

2 + 4η2τ

τ∑

k1=1

E
[
‖

n∑

t=n0

NtNt−k1∆t−k1‖22
]

+ 4η2τ

τ∑

k1=1

E
[
‖

n∑

t=n0

Nt

(
νt−k1 + ζt−k1+1

)
‖22
]
.

which completes the proof of this lemma.

C.2 Proof of Lemma 10

We study the bias and variance of the summation separately. For the bias term, we have:

‖E
[(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)]
‖2 = sup

z∈Sd−1

E
[
〈
(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)
, z〉

]

(i)

≤ sup
z∈Sd−1

√
E‖N⊤

t z‖22 ·
[
E‖

(m−1∏

j=1

Nt−kj

)(
νt−k + ζt−k+1

)
‖22
]1/2

(ii)

≤ σL
√
d · (σLd)m−1 · 2σ̄

√
d = 2(σLd)

mσ̄, (106)

where step (i) uses the Cauchy–Schwarz inequality, and step (ii) follows by invoking the
moment assumption 2 as well as the Lipschitz assumption 4.

For t ∈ [km, n], we define

λt :=
(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)
− E

[(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)]
.
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We have

E
[
‖λt‖22

]
≤ E

[(m−1∏

j=0

|||Nt−kj |||2op
)
· ‖νt−km + ζt−km+1‖22

]
≤ (σLd)

2m · E
[
‖νt−k + ζt−k+1‖22

]

≤ d2m+1σ2mL σ̄2.

For integers t ≥ 0 and ℓ ≥ km, by Lemma 4, there exists a random variable s̃t+ℓ−km , such

that s̃t+ℓ−km | Ft ∼ ξ, and that E
[
ρ(st+ℓ−km , s̃t+ℓ−km) | Ft

]
≤ c0 · 21−

ℓ−km
tmix . By Assumption 1,

conditionally on the pair of states (st+ℓ−km, s̃t+ℓ−km), we have the following bound for j ∈ [m]:

Wρ,1

(
P kj−kj−1δst+ℓ−kj

, P kj−kj−1δs̃t+ℓ−kj

)
≤ c0 · ρ

(
st+ℓ−kj , s̃t+ℓ−kj

)
, a.s.

Consequently, there exists a sequence of random variables (s̃t+ℓ−kj)0≤j≤m−1, such that the
following relations hold true for j = 1, 2, · · · ,m:

s̃t+ℓ−kj−1
| Ft+ℓ−km ∼ P kj−kj−1δs̃t+ℓ−kj

, and

E
[
ρ
(
s̃t+ℓ−kj−1

, st+ℓ−kj−1

)
| Ft+ℓ−km

]
≤ cm+1−j

0 · ρ
(
st+ℓ−km , s̃t+ℓ−km

)
.

Given the random variables constructed above, we can then construct the proxy random
variable for λt+ℓ:

λ̃t+ℓ :=
(m−1∏

j=0

N(s̃t+ℓ−kj)
)(
ν(s̃t+ℓ−km) + ζt+ℓ−km+1(s̃t+ℓ−km)

)
− E

[(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)]
.

By stationarity, we have E
[
λ̃t+ℓ | Ft

]
= 0 almost surely. In order to bound the difference, we

note the telescope relation: λ̃t+ℓ − λt+ℓ =
∑m−1

q=0 E
(mix)
q + Ē(mix), where

E(mix)
q :=

( q−1∏

j=0

N(st+ℓ−kj )
)(
L̄(s̃t+ℓ−kq)−L(st+ℓ−kq)

)( m−1∏

j=q+1

N(s̃t+ℓ−kj )
)(
ν(s̃t+ℓ−km) + ζt+ℓ−km+1(s̃t+ℓ−km)

)
,

and Ē(mix) :=
∏m−1

j=0 N(st+ℓ−kj ) ·
(
ν(s̃t+ℓ−km) + ζt+ℓ−km+1(s̃t+ℓ−km) − ν(st+ℓ−km) +

ζt+ℓ−km+1(st+ℓ−km)
)
.

Using the Wasserstein distance bounds and Lipschitz condition 4, we find the conditional

expectation A = E
[
‖E(mix)

q ‖2 | Ft

]
is bounded as

A ≤ (σLd)
m−1

E
[
|||L(st+ℓ−kq)−L(s̃t+ℓ−kq)|||op · ‖ν(s̃t+ℓ−k) + ζt+ℓ−k+1(s̃t+ℓ−k)‖2 | F̃t

]

≤ (σLd)
m
√

E[ρ(st+ℓ−kq , s̃t+ℓ−kq)
2 | F̃t] ·

√
E[‖ν(s̃t+ℓ−k) + ζt+ℓ−k+1(s̃t+ℓ−k)‖22 | F̃t]

≤ (σLd)
mc0 · 21−

ℓ−kq
2tmix · 2dσ̄,

and the conditional expectation B = E
[
‖Ē(mix)‖2 | Ft

]
is bounded as

B ≤ (σLd)
m
(√

E
[
‖ζt+ℓ−k+1(st+ℓ−k)− ζt+ℓ−k+1(s̃t+ℓ−k)‖22 | Ft

]
+

√
E
[
‖ν(st+ℓ−k)− ν(s̃t+ℓ−k)‖22 | Ft

])

≤ (σLd)
mdσ̄c0 · 21−

ℓ−km
2tmix .
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Consequently, we can bound the cross term as

E
[
〈λt, λt+ℓ〉

]
= E

[
〈λt, E

[
λ̃t+ℓ | Ft

]
〉
]
+ E

[
〈λt, E

[
λt+ℓ − λ̃t+ℓ | Ft

]
〉
]

≤ 0 + E
[
‖λt‖2 · E

[
‖λt+ℓ − λ̃t+ℓ‖2 | Ft

]]

≤ 12c0d
m+1σmL σ̄ · 2−

ℓ−k
2tmix ·

√
E‖λt‖22

≤ 12c0d
2m+2σ2mL σ̄2 · 2−

ℓ−k
2tmix .

Taking τ = 16tmix log(c0d), we can control the cross terms in two different ways:

E
[
〈λt, λt+ℓ〉

]
≤

{√
E‖λt‖22 ·

√
E‖λt+ℓ‖22 ≤ d2m+1σ2mL σ̄2, 0 ≤ ℓ ≤ km + τ,

12c0d
2m+2σ2mL σ̄2 · 2−

ℓ−k
2tmix ≤ d2mσ2mL σ̄2 ℓ ≥ km + τ.

Summing them up these terms yields

E
[
‖

n−1∑

t=n0

λt‖22
]
=

n−1∑

t=n0

E‖λt‖22 + 2
∑

n0≤t1<t2≤n−1

E
[
〈λt1 , λt2〉

]
≤ (k + τ + 1)nd2m+1σ2mL σ̄2 + n2d2mσ2mL σ̄2.

Combining with the bound (106), we find that

E
[
‖

n−1∑

t=n0

(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)
‖22
]
= ‖

n−1∑

t=n0

E
[(m−1∏

j=0

Nt−kj

)(
νt−km + ζt−km+1

)]
‖22 + E

[
‖

n−1∑

t=n0

λt‖22
]

≤ c
(
n2 + (km + τ)nd

)
σ2mL d2mσ̄2,

for a universal constant c > 0.

D Auxiliary results underlying Theorem 2

In this section, we collect statements and proofs of some technical lemmas used in proving the
lower bound in Theorem 2. Recall that the lower bound is defined by a local neighborhood of a
given Markov chain with transition kernel P0. Given a perturbation matrix h = Qw, the prob-
lem instance

(
L̄(h), b̄(h)

)
is the expectation of (L(s), b(s)) under the stationary distribution

ξh of Ph. Recall the definition (76) of the Green function gh.

D.1 Proof of Lemma 16

By following the derivation of equation (86), we find that

∂
∂hx(y)

L̄(h) = ξh(x)Ph(x, y)
{
AhL(y)−

∑

z∈X
Ph(x, z)AL(z)

}
.

Consequently, for any u ∈ S
d−1, we have the bound

|||∇w

(
L̄(h)u

)
|||op ≤ sup

z,v∈Sd−1

√
EY∼ξh

[(
z⊤AhL(Y )u

)2] ·
√

EX∼ξh,Y∼Ph(X,·)
[(
(g0(Y )−P0g0(X))⊤v

)2]

≤ sup
v∈Sd−1

√
EY∼ξh

[
‖AhL(Y )u‖22

]
· 3
2

√
EX∼ξ0,Y∼P0(X,·)

[(
(g0(Y )−P0g0(X))⊤v

)2]

≤ ctmixσL
√
d · |||Λ|||op log d.
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We thus obtain

|||L̄(h) − L̄(0)|||op ≤ sup
u∈Sd−1

‖
(
L̄(h) − L̄(0)

)
u‖2 ≤

∫ 1

0
sup

u∈Sd−1

‖∇w

(
L̄(sQw)u

)
· w‖2ds

≤ ctmixσL
√
d · trace(Λ) log d · ‖w‖2.

Now given a perturbation vector satisfying the bound ‖w‖2 ≤ 1−κ

2ctmixσL

√
d·|||Λ|||op log d

, we have

the following bound for any u ∈ S
d−1:

‖(I − L̄(h))u‖2 ≥ ‖(I − L̄(0))u‖2 − ‖(L̄(h) − L̄(0))u‖2 ≥ (1− κ)− |||L̄(h) − L̄(0)|||op ≥ 1−κ
2 ,

which implies that |||I − L̄(h))−1|||op ≤ 2
1−κ , as claimed.

D.2 A useful moment bound

Finally, we state and prove a moment bound that is useful in multiple proofs. Recall that
the operator Ph is a the perturbed probability transition kernel under perturbation matrix h,
and the operator Ah is the Green function operator associated with this transition kernel.

Lemma 17. Consider a bounded function f : X → R, and a perturbation vector h satisfying
the condition in Lemma 11. There there exists a universal constant c > 0, such that for any
integer p ≥ 1

(
EX∼ξh

[(
Ahf(X)

)2p]) 1
2p ≤ c p tmix

[
EX∼ξh

[
f(X)2p

]] 1
2p

log
{

‖f‖2p∞
EX∼ξh

[
f(X)2p

]
}

The proof is similar to that of Lemma 7. For any function f : X → R such that Eξh [f(X)] =
0, we first observe that Ahf(s) =

∑∞
k=0Pk

hf(s) for all s ∈ X. Note that Lemma 11 guarantees
that the perturbed chain satisfies Assumption 1 with mixing time 4tmix. By Lemma 4 and the
coupling definition of total variation distance, for each t ≥ 0, there exists a random variable

s̃t such that s̃t | s0 ∼ ξh, and P
(
s̃t 6= st | s

)
≤ 2

−⌊ t
4tmix

⌋
.

By construction, the state s̃t is independent of s. Consequently, we have the equivalence
Ahf(s) =

∑∞
k=0 E

[
f(sk)− f(s̃k) | s

]
, and for any α > 0,

Es∼ξh

[(
Ahf(s)

)2p] ≤
( ∞∑

k=0

e2pαtE
(
E
[
f(sk)− f(s̃k) | s

])2p) ·
( ∞∑

k=0

e
− 2p

2p−1
αk)2p−1

≤ α1−2p
∞∑

k=0

e2pαkE
[
|f(sk)− f(s̃k)|2p

]
.

We bound the moment of f(sk)−f(s̃k) for different values of k in two ways. On the one hand,
Young’s inequality directly leads to the following naive bound

E
[
|f(sk)− f(s̃k)|2p

]
≤ 22p−1

(
E
[
f(sk)

2p
]
+ E

[
f(s̃k)

2p
])

= 22pEs∼ξh

[
f(s)2p

]
.

On the other hand, for any bounded function f , we have

E
[
|f(sk)− f(s̃k)|2p

]
≤ ‖f‖2p∞ · P

(
sk 6= s̃k

)
≤ ‖f‖2p∞ · 21−

k
4tmix .

Combining the two estimates yields the bound

E
[
(Ahf(X))2p

]
≤ α1−2p

{
22p · e2pαττEs∼ξh

[
f(s)2p

]
+ ‖f‖2p∞

∞∑

k=τ+1

e2pαk · 21−
k

4tmix

}
,

valid for any α > 0 and τ > 0. Setting τ = c tmix log
‖f‖2p∞

E[f(X)2p ]
and α = 1

16τp yields the claim.

73



E Proofs for TD(0)

We stated three corollaries applicable to this method, and in this section, we prove each of
them in turn.

E.1 Proof of Corollary 1

The bulk of the proof involves verifying the conditions needed to apply Proposition 1 and
Theorem 1, but some additional care is needed in order to deal with non-orthonormal basis
functions (φj)j∈[d]. First, we note that the SA procedure (27) can be equivalently written as

θt+1 = (1− ηβ)θt + ηβLt+1(ωt)θt − ηβbt+1(ωt), (107)

whereLt+1(ωt) :=
(
Id−β−1φ(st)φ(st)

⊤+γβ−1φ(st)φ(st+1)
⊤), and bt+1(ωt) := β−1Rt(st)φ(st).

This is an SA scheme with stepsize ηβ.
For any matrix A ∈ R

d×d, define κ(A) := 1
2λmax

(
A + A⊤). We verify the eigenvalue

condition (5) by noting that

1
2λmax

(
L̄+ L̄⊤) = 1− 1

β κ
(
γEs∼ξ,s+∼P (s,·)

[
φ(s)φ(s+)⊤

]
− Eξ

[
φ(s)φ(s)⊤

])

= 1− 1
βλmax

(
B1/2

(
Id − M+M⊤

2

)
B1/2

)
= 1− µ

β (1− κ) < 1,

and

|||L̄|||op ≤ 1 + 1
β

(
|||Es∼ξ,s+∼P (s,·)

[
φ(s)φ(s+)⊤

]
|||op + |||Eξ

[
φ(s)φ(s)⊤

]
|||op

)
≤ 3.

For the two-step sliding-window Markov chain ωt = (st, st+1), Assumption 1 holds with mixing
time (tmix+1) in the discrete metric, and the metric space has diameter at most 1. It remains
to verify the boundedness and moment assumptions.

In order to verify Assumption 4, we note that the bounds (28a) imply that

|||Lt+1(st)|||op ≤ 1 + 1
β

(
|||φ(st)φ(st+1)|||op + |||φ(st)φ(st)⊤|||op

)
≤ (1 + ς2)d, and

‖bt+1(st)‖2 ≤ 1
β |Rt(st)| · ‖φ(st)‖2 ≤ ς2

√
d/β.

Turning to the moment assumption, given any vector u ∈ S
d−1 and coordinate vector ej , we

have the bounds

Es∼ξ,s+∼P (s,·)
[(
e⊤j φ(s)φ(s

+)⊤u
)2] ≤

√
Es∼ξ

[(
e⊤j φ(s)

)4] ·
√

Es∼ξ

[(
u⊤φ(s)

)4] ≤ β2ς4,

Es∼ξ

[(
e⊤j φ(s)φ(s)

⊤u
)2] ≤

√
Es∼ξ

[(
e⊤j φ(s)

)4] ·
√

Es∼ξ

[(
u⊤φ(s)

)4] ≤ β2ς4, and

Es∼ξ

[(
e⊤j Rt(s)φ(s)

)2] ≤ ς2Es∼ξ

[(
e⊤j φ(s)

)2] ≤ βς4.

Finally, the quantity σ̄ from equation (29) is bounded as

max
j∈[d]

E
[
〈ej , (Lt+1(ωt)− L̄)θ̄ + (bt+1(ωt)− b)〉2

]

≤ max
j∈[d]

√
E
[
〈ej , φ(st)〉4

]
·
√(

E
[
φ(st)⊤θ̄ − γφ(st+1)⊤θ̄ −Rt(st)

)4] ≤ σ̄2.

Invoking equation (72) with the test matrix Q := B and substituting with the representation
V (s) = 〈θ, φ(s)〉 yields the claim.
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E.2 Proof of Corollary 2

We prove this corollary by verifying the assumptions used in our main theorem. Assump-
tion 2 directly follows from (33c) and the boundedness of reward; Assumption 1 is ex-
actly the W1 mixing time bound imposed on the Markov chain. In order to verify that
L(s, s+) = Id − β−1

(
φ(s)φ(s)⊤ − γφ(s)φ(s+)⊤

)
satisfies Assumption 4, we first note that

|||L(s1, s
+
1 )−L(s2, s

+
2 )|||op ≤ 1

β |||φ(s1)φ(s1)⊤ − φ(s2)φ(s2)
⊤|||op + γ

β |||φ(s1)φ(s+1 )⊤ − φ(s2)φ(s
+
2 )

⊤|||op.

By adding and subtracting terms, we have the bound

|||φ(s1)φ(s1)⊤ − φ(s2)φ(s2)
⊤|||op ≤

{
‖φ(s1)‖2 + ‖φ(s2)‖2

}
‖φ(s1)− φ(s2)‖2

(i)

≤ 2ς2βd‖s1 − s2‖2,

The step (i) follows from the Lipschitz condition (33b) and boundedness of the metric space X.
More precisely, we have ‖φ(s1)−φ(s2)‖2 ≤ ς

√
βd‖s1− s2‖2 and ‖φ(s1)‖2 = ‖φ(s1)−φ(0)‖2 ≤

ς
√
βd. A similar argument yields that

|||φ(s1)φ(s+1 )⊤ − φ(s2)φ(s
+
2 )

⊤|||op ≤ ς2d
(
‖s+1 − s+2 ‖2 + ‖s1 − s2‖2

)
.

Putting together the pieces, we have shown that the mapping L : X → R
d×d is 3ς2d-Lipschitz

with respect to the metric ρ
(
(s1, s

+
1 ), (s2, s

+
2 )

)
= ‖s1 − s2‖2 + ‖s+1 − s+2 ‖2.

Similarly, for the vector observation bt(s) = Rt(s)φ(s), we note that for any s1, s2 ∈ X,

‖bt(s1)− bt(s2)‖2 ≤ |Rt(s1)−Rt(s2)| · ‖φ(s1)‖2 + |Rt(s2)| · ‖φ(s1)− φ(s2)‖2
≤ 2ς

√
d/β‖φ(s1)− φ(s2)‖2,

which shows that b : X → R
d/β is 2ς2

√
d-Lipschitz. Having verified the assumptions, we

complete the proof by following the same steps as in the proof as Corollary 1.

E.3 Proof of Corollary 3

In order to verify that Assumption 4 holds with respect to the discrete metric, note that for

any dn ≥ 1, we have ‖bt(s)‖2 ≤ ς
β

√∑dn
j=1 φ

2
j (s) ≤ ς2

β

√
dn, and

|||L(s1, s2)|||op ≤ 1 + 1
β

dn∑

j=1

φ2j (s1) +
1
β

√√√√
dn∑

j=1

φ2j (s1) ·

√√√√
dn∑

j=1

φ2j (s2) ≤ 1+ς2

β dn.

Turning to the moment condition, let E denote expectation over a pair s ∼ ξ and
s+ ∼ P (s, ·). Then for any vector u ∈ S

dn−1 and index j ∈ [dn], we have

E
[
〈ej , L(s, s+)u〉2

]
≤ 3 + 3

β2E

[(
〈ej , φ(s)〉 〈φ(s+), u〉

)2]
+ 3

β2E

[(
〈ej , φ(s)〉 〈φ(s), u〉

)2]

≤ 3 + 6
β2 ‖φj‖2∞ · E

[
〈φ(s), u〉2

]

≤ 3 + 6
β ς

2.

For each t = 1, 2, . . ., we also have E
[
〈ej , bt+1(st)〉2

]
≤ 1

β2‖Rt‖2∞ · Es∼ξ

[
φj(s)

2
]
≤ ς2

β , which
is an order-one quantity. Following the same steps as in the proof as Corollary 1 then yields
the claim.
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F Proofs for TD(λ)

We first prove Proposition 2—the mixing time result—and then use it to establish Corollary 4.

F.1 Proof of Proposition 2

We prove the claim via a coupling argument. Consider two initial states ω0 = (s0, s1, h0) and
ω′
0 = (s′0, s

′
1, h

′
1). By Assumption 1 (mixing time) for the original chain in total variation

distance, there exists a coupling between a chains (st)t≥1 and (s′t)t≥1 starting from s1 and

s′1 respectively, such that P
(
s(k+1)tmix+1 6= s′(k+1)tmix+1 | {st, s′t}ktmix+1

t=1

)
≤ 1

2 . Furthermore,

whenever st = s′t for some t ≥ 1, the two processes are always identical from then on. Let
(gt)t≥0 and (g′t)t≥0 be the eligibility trace process (37b) associated to (st)t≥0 and (s′t)t≥0,
respectively, and let ht =

1−λγ
ς
√
βd
gt and h

′
t =

1−λγ
ς
√
βd
g′t.

Under this coupling, we note that P
(
s3tmix+1 6= s′3tmix+1

)
≤ 1

8 . Conditioning on the event
E :=

{
s3tmix+1 = s′3tmix+1

}
, for any t ≥ 3tmix + 1, we have

‖ht+1 − h′t+1‖2 = γλ‖ht − h′t‖2 = · · · = (γλ)t−3tmix−1‖h3tmix+1 − h′3tmix+1‖2. (108)

We split the remainder of the proof into two cases.

Case I: s1 6= s′1: The coupling bound implies that P(E ) ≥ 7
8 . On the event E , for τ ≥

3tmix + 1 + 4
1−γλ , we have the bound ‖ht+1 − h′t+1‖2 ≤ 1

16‖h3tmix+1 − h′3tmix+1‖2 ≤ 1
8 almost

surely. Under this coupling, we may write

E
[
ρ
(
(sτ , sτ+1, hτ ), (s

′
τ , s

′
τ+1, hτ )

)]
= 1

4

(
P
(
sτ 6= s′τ

)
+ P

(
sτ+1 6= s′τ+1

)
+ E

[
‖hτ − h′τ‖2

])

≤ 3
4P(E

c) + 1
4E

[
‖hτ − h′τ‖2 | E

]

≤ 1
8 = 1

2 · 1
41s1 6=s′1

≤ 1
2ρ

(
(s0, s1, h0), (s

′
0, s

′
1, h0)

)
,

which proves the Wasserstein contraction in this case.

Case II: s1 = s′1 In this case, the coupling construction ensures that st = s′t for any t ≥ 1.
Invoking the bound (108) then yields

E
[
ρ
(
(sτ , sτ+1, hτ ), (s

′
τ , s

′
τ+1, hτ )

)]
= 1

4E
[
‖hτ − h′τ‖2

]
≤ 1

8‖h0 − h′0‖2 ≤ 1
2ρ(ω0, ω

′
0),

which establishes contraction in this case. Combining the two cases proves the proposition.

F.2 Proof of Corollary 4

We note that the SA procedure (37a) can be written as

θt+1 = (1− ηβ)θt + ηβLt+1(ωt)θt − ηβbt+1(ωt),

where Lt+1(ωt) =
(
Id − 1

βgtφ(st)
⊤ + γ 1

β gtφ(st+1)
⊤) and bt+1(ωt) =

1
βRt(st)gt.

Recalling that Mλ = (1 − λ)γ
∑∞

t=0 λ
tγt+1B−1/2

E
[
φ(s0)φ(st+1)

⊤]B−1/2, we first study
the eigenvalues of the symmetrized version of Mλ, and relate these back to those of
L̄ = E

ξ̃

[
Lt+1(ωt)

]
. Note that by the Cauchy–Schwarz inequality, for any vector u ∈ S

d−1,
we have

u⊤B−1/2
E
[
φ(s0)φ(st)

⊤]B−1/2u ≤
√

E
[(
u⊤B−1/2φ(s0)

)2] · E
[(
u⊤B−1/2φ(st)

)2]
= 1.
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We therefore have the bound 1
2λmin(Mλ +M⊤

λ ) ≤ (1 − λ)γ
∑∞

t=0(γλ)
t = (1−λ)γ

1−λγ . As in the
proof of Corollary 1, we can deduce that

1
2λmax

(
L̄+ L̄⊤) = 1

βλmax

(
B1/2

(Mλ+M⊤
λ

2

)
B1/2

)
≥ (1−λ)γ

1−λγ .

Next, we verify Assumption 2 on the noise moments. By the update rule (37b), under
a stationary trajectory, we have the expression gt =

∑∞
k=0(γλ)

kφ(st−k). For any u ∈ S
d−1,

invoking Hölder’s inequality yields

E
[
〈gt, u〉4

]
≤

( ∞∑

k=0

(γλ)k
)3 ·

∞∑

k=0

(γλ)kE
[
〈u, φ(st−k)〉4

]
≤ β2

(
ς

1−γλ

)4
.

In other words, for all standard basis vectors ej, we have

E
[
〈ej , Lt+1(ωt)u〉2

]
≤ 1 + 2

β2

√
E
[
〈ej , φ(st)〉4

]
·
√

E
[
〈gt, u〉4

]
≤ 1 + 2 ς4

(1−γλ)2
,

E
[
〈ej , bt+1(ωt)u〉2

]
≤ ς2

β2E
[
〈gt, ej〉2

]
≤ ς4

β(1−γλ)2
.

It remains to verify Assumption 4. Note that for any pair ω = (s, s+, h) and ω
′ = (s′, s′+, h

′),
the operator norm T := |||Lt+1(ω)−Lt+1(ω

′)|||op is almost surely upper bounded as

T ≤ ς
√

d/β

1−λγ ·
(
|||h⊤φ(s)− (h′)⊤φ(s′)|||op + |||h⊤φ(s+)− (h′)⊤φ(s′+)|||op

)

≤ ς
√

d/β

1−λγ ·
(
|||(h− h′)⊤φ(s′)|||op + |||h⊤(φ(s′)− φ(s))|||op + |||(h − h′)⊤φ(s′+)|||op + |||h⊤(φ(s′+)− φ(s+))|||op

)

≤ 2ς2d
1−λγ

(
1s 6=s′ + 1s+ 6=s′+

+ ‖h − h′‖2
)
= 8ς2d

1−λγρ(ω, ω
′).

Finally, we note that the quantity σ̄ defined in equation (29) satisfies the bound

sup
j∈[d]

E
[
〈ej , (Lt+1(ωt)− L̄)θ̄ + (bt+1(ωt)− b)〉2

]

≤ sup
j∈[d]

√
E
[
〈ej , gt〉4

]
·
√(

E
[
φ(st)⊤θ̄ − γφ(st+1)⊤θ̄ −Rt(st)

)4] ≤ σ̄2

(1−γλ)2
.

Invoking equation (72), with the test matrix Q := B and substituting the expression
V (s) = 〈θ, φ(s)〉 yields the claim.

G Proofs for vector autoregressive estimation

In this section, we present proofs of results on vector autoregressive models, as introduced in
Example 3.

G.1 Proof of Proposition 3

We prove the claim by a direct construction of the coupling. Given two initial points

ω0 =
[
X⊤

1 ,X
⊤
0 , · · · ,X⊤

−k+1

]⊤
and ω′

0 =
[
X ′⊤

1 ,X ′⊤
0 , · · · ,X ′⊤

−k+1

]⊤
, we consider a pair of

stochastic processes (Xt)t≥1 and (X ′
t)t≥1 starting from ω0 and ω′, respectively, driven by

the same noise process (εt)t≥0. Introduce the shorthand Yt+1 =
[
Xt+1 . . . Xt−k+2

]⊤
(note

that Yt+1 is a sliding window with length one unit shorter than ωt). We have:

‖Yt+1 − Y ′
t+1‖2P∗ = ‖R∗ (Yt − Y ′

t )‖2P∗ = ‖Yt − Y ′
t ‖2P∗ − ‖Yt − Y ′

t ‖2Q∗

≤
(
1− µ

β

)
‖Yt − Y ′

t ‖2P∗ .
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Consequently, the augmented processes ωt = (Xt+1,Xt, · · · ,Xt−k+1) and ω′
t =

(X ′
t+1,X

′
t, · · · ,X ′

t−k+1) satisfy the bound

‖ωt − ω′
t‖2 ≤ ‖Yt+1 − Y ′

t+1‖2 + ‖Yt − Y ′
t ‖2 ≤ 1√

λmin(P∗)

(
‖Yt+1 − Y ′

t+1‖P∗ + ‖Yt − Y ′
t ‖P∗

)

≤ 2
√

λmax(P∗)
λmin(P∗)

(
1− µ

2β

)t‖ω0 − ω′
0‖2

Note that since P∗ � Q∗, we have λmin(P∗) ≥ λmin(Q∗) = µ. Taking tmix = cβµ
(
1 + log β

µ

)

yields the contraction bound ‖ωtmix
− ω′

tmix
‖2 ≤ 1

2‖ω0 − ω′
0‖2. Taking expectations on both

sides completes the proof.

G.2 Proof of Corollary 5

We begin by showing norm bounds and moment bounds on the process (Xt)t≥0. By defi-

nition (17) of the process and stability, the block vector Yt :=
[
Xt Xt−1 · · · Xt−k+1

]⊤
satisfies the recursion Yt =

∑∞
i=0R

i
∗εt−ie1, where e1 is the standard block basis vector equal

to identify on the first block. We therefore have the bound

‖Xt‖2 ≤ 1
µ‖Yt‖P∗ ≤

∞∑

i=0

‖Ri
∗εt−ie1‖P∗ ≤ 1

µ

∞∑

i=0

(
1− µ

β

)i‖εt−ie1‖P∗ ≤ β2

µ2 ς
√
m.

Moreover, for each u ∈ S
m−1, we have

E
[
〈Xt, u〉4

]
≤

( ∞∑

i=0

e
− iµ
6β

)3 ·
∞∑

i=0

e
iµ
2β E

[
〈Ri

∗εt−ie1, ue1〉4
]

≤ c
(
β/µ

)3 ·
∞∑

i=0

e
iµ
2β · β4

µ4 · e−
iµ
β ς4 ≤ c′

(β2ς
µ2

)4
.

Next, we proceed with verifying the assumptions used in Theorem 1. Letting ν := 1/|||H∗|||op,
the stochastic approximation procedure can be rewritten as

θt+1 = (1− η
ν )θt +

η
ν

(
θt − ν

([
Xt−jX

⊤
t+1−i

]
i,j∈[m]

⊗ Im
)
θt + ν · vec

( [
Xt+1X

⊤
t · · · Xt+1X

⊤
t−k+1

] ))
.

Observe that the matrix L̄ := Ikm2 − νH∗ ⊗ Im satisfies the eigenvalue bound

1
2λmax(L̄+ L̄⊤) ≤ 1− ν

2λmin(H
∗ + (H∗)⊤) ≤ 1− νh∗.

On the other hand, the empirical observations satisfy the almost-sure bounds

|||Lt+1(ωt)− L̄|||op ≤ ν · |||
[
Xt−jX

⊤
t+1−i

]
i,j∈[m]

|||op ≤ ν · β4

µ4 ς
2mk and

|||bt+1(ωt)− b̄|||op ≤ ν · |||
[
Xt+1X

⊤
t · · · Xt+1X

⊤
t−k+1

]
|||F ≤ ν · β4

µ4 ς
2m

√
k.

For two collections of matrices U =
(
U (j)

)k
j=1

and V =
(
V (j)

)k
j=1

⊆ R
m×m such that

∑k
j=1 |||U (j)|||2F =

∑k
j=1 |||V (j)|||F = 1, the corresponding moment can be bounded as

E
[
〈vec(U),

(
Lt+1(ωt)− L̄

)
vec(V)〉2

]
≤ ν2E

[( k−1∑

ℓ=0

〈U (ℓ),

k−1∑

j=0

V (j)Xt−jX
⊤
t−ℓ〉F

)2]
,
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which is in turn at most

ν2k2
k−1∑

ℓ=0

k−1∑

j=0

√
E
[
X⊗4

t−ℓ

][
(U (ℓ))⊤U (ℓ), (U (ℓ))⊤U (ℓ)

]
·
√

E
[
X⊗4

t−j

][
(V (j))⊤V (j), (V (j))⊤V (j)

]
.

In order to bound this last quantity, we let (U (ℓ))⊤U (ℓ) =
∑m

i=1 λ
2
i uiu

⊤
i be its singular value

decomposition, and note that

E
[
X⊗4

t−ℓ

][
(U (ℓ))⊤U (ℓ), (U (ℓ))⊤U (ℓ)

]
= E

[
X⊗4

t−ℓ

][ m∑

i=1

λ2iuiu
⊤
i ,

m∑

i=1

λ2iuiu
⊤
i

]

=
∑

i,i′

E
[
X⊗4

t−ℓ

]
[ui, ui, ui′ , ui′ ] · λ2iλ2i′ ≤ c′

(β2ς
µ2

)4(∑

i

λ2i
)2

= c′
(β2ς

µ2

)4|||U (ℓ)|||2F .

Putting together the pieces, we have

E
[
〈vec(U),

(
Lt+1(ωt)− L̄

)
vec(V)〉2

]
≤ ν2k2c′

(β2ς
µ2

)4 ·
k−1∑

ℓ=0

k−1∑

j=0

|||U (ℓ)|||2F |||V (j)|||2F ≤ c
(
ν · β4kς2

µ4

)2
.

Similarly, we can prove analogous moment bounds on bt+1(ωt). In particular, for indices
ℓ ∈ [k] and i, j ∈ [m], we consider the coordinate direction of the (i, j) entry in the ℓ-th
matrix to deduce that

E
[
〈eℓ,i,j, (bt+1(ωt)− b̄)〉2

]
≤ ν2E

[
〈eie⊤j , Xt+1Xt−ℓ+1〉2

]

≤ ν2
√

E
[
〈e⊤j , Xt+1〉4

]
·
√

E
[
〈e⊤i , Xt−ℓ+1〉4

]
≤ c′

(
ν · β2ς

µ2

)4
.

Applying Theorem 1 completes the proof of this corollary.
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