THREE APPLICATIONS OF THE SIEGEL MASS FORMULA
JEAN BOURGAIN AND CIPRIAN DEMETER

ABSTRACT. We present three applications of the Siegel mass formula, using the explicit
upper bounds for densities derived in [2].

1. BACKGROUND ON THE SIEGEL MASS FORMULA
Let m > n+1 and let v € M,;, ,n(Z) and A € M, ,,(Z) be two positive definite matrices
with integer entries. Denote by A(7, A) the number of solutions £ € M,, ,(Z) for
LyL = A. (1)

Then Siegel’s mass formula [5] asserts that

A A) Snms (det(A)*F7 T w01, A). (2)

p prime

In our forthcoming applications m = n+ 1 and ~ will always be the identity matrix 1,,,.
m—n—1

In this case, the factor (det(A))” =z is 1.

In evaluating the densities v,(l,1+1,A) we distinguish two separate cases: p { det(A)
and p|det(A). We recall the following estimate (Proposition 5.6.2. (ii) in [6]), see also
Proposition 4.2 in [2].

Proposition 1.1. We have
H Vp(In+17A) S./ 1, (3)
pldet(A)
with some universal implicit constant.
Let us next consider the primes p which divide det(A). Recall that the number of such
primes is
log det(A)
() (4)
loglog det(A)

We will denote by 0,(T") the largest a such that p® | T. We denote by d(7") the number
of divisors on T', and by gcd the greatest common divisor. If T has factorization

T=]1]»"
d(T) =[] + ).
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2 JEAN BOURGAIN AND CIPRIAN DEMETER

Recall that we have the bound
d(T) < T<.

For an n x n matrix A and for A, B C {1,... ,n} with |A| = |B| we define

pap = det((Aij)icajen).

We recall the following result from [2].
Proposition 1.2. Let A € M, ,,(Z) be a positive definite matriz and let p|det(A). Then

Vp<In+17 A) Sj Z p62(l1,~~-,ln)+~~-+5n(l1,~~~,ln)’

0<1;:1<i<n
I1+lg+...4+ln <op(det(A))

where B; = Bi(l, ... ,1,) satisfies

Bi = min{(i — 1)l;, (i — 2)l; + &1'3 op(pry,a) — b, (i = 3)l; + ﬁl'g op(pprzpa) =l —1lo, ...

. 7‘Aflfii,fil 0p(M{1,2,...,z’—1},A) —bh—l—... = li}

Let us list two consequences that will be used in the next sections.
Corollary 1.3 (n =2). Let A € My5(Z) be a positive definite symmetric matriz. Then
A(I5,A) Se (det(A)) ged(Ag1, Ay o, Aga).
Proof Let p | det(A). Proposition 1.2 and its symmetric version implies that
il 1) 5 [op(det()Fprntostinienhe)
and
vyl A) S [op(det())2prinierthzentd=a)
Combining them leads to

vy(Is, A) < C[op(det(A))]mein{OP(Al’l)’OP(AM)’OP(A“)},
with C independent of p. Thus

log det(A)

H vp(I3,A) S Co(loglogdam)d<det(A))2 ged(Aq 1, Ar g, Aoo)
pldet(A)
Se (det(A)) ged(Aq1, Ay, Ag2).

The result now follows by combining this inequality with (2) and (3).

Corollary 1.4 (n =3). Let A € M;3(Z) be a positive definite matriz. Then
A(Ig, N) Se (det(A))ged(Aap: A, B C{1,2,3}, |Al =|B|=2).
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Proof Use the bound
Ba(li, g, l3) < 1o
and

Ba(l1,1a,13) < ‘gl‘i:% op(p{12y,4) — 1 — la

(and its symmetric versions). The rest is the same as in Corollary 1.3.
In the next sections we present three applications of these corollaries.

2. UNEVEN PARSELL-VINOGRADOV SUMS

Our first application concerns a sharp estimate for the quadratic Parsell-Vinogradov
sums, in the general case when N and M are unrelated. The special case N ~ M was
proved in [3], as a consequence of the [3(L?¥) decoupling for the surface

(t,s,ts, t*,5%).

In the same paper, the point is made that the [*(L®) decoupling for this surface is false.
As a result, we do not know of any way to recover the following theorem using decoupling
technology.

Theorem 2.1. For each N,M >1

N M
I Z Z e(nxy, +may + nmas + nlry + m2x5)||Ls([071]5) < (NM)%Jre
n=1 m=1
Proof We need to show that the number of integral solutions ni,...,ns € [1, N],
mi,...,mg € [1, M] of the system

(1 4+ ...+ ng=ns+...+ng
mi—+...+myg=ms+ ...+ Mmg
n%—l—...—i—ni:ngjt...—l—ng
mf—l—...+mi:m§—l—...—|—m§

\nlml—l—...+n4m4:n5m5+...+n8m8

is O((NM)**). For positive integers A< N, BS M, C <N? D<M? ESNM, we
note that the number of integral solutions of the system

(n1+...+ng=A
m +...+my=208
n+...+ni=C
mi+...+mj=D
(nimiy+...+ngmy =F
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is smaller than the number N4 g ¢ p g of solutions to the following system

(ny+...4+ny =4A
mi+...+my =48
n?+...+nj=16C
m?+...+mj=16D
(n1my + ... +nymy = 16E

We can rephrase our goal as follows

Y. Nibcors Sc(NM)' ()

A,B,.C,D,E
We also note that N4 g ¢ p, g is equal to the number N¢, p, g, of solutions for the system

;

n+...+n,=0

m+...+my =20

n?+...+ni=0C (6)
m2+...+m3 =D

\ 111y + ...+ ngmy = E1

where
Cl - 160 - 4A2
D, =16D — 4B?
E,=16F — 4AB
So

2
§ NA,B,C,D,E S
A,B,C,D,E

> NE b m{(AB,C,D,E): Cy =16C—-4A%, D, = 16D—-4B°, E; = 16E—4AB}|.

C1,D1,E7

Note that the second summation runs over C; < N% Dy < M?, E; < NM and that
{(A,B,C,D,E): C; =16C — 4A% D, = 16D — 4B* FE, = 16E — 4AB}| < NM.

It follows that

2 2
Z NA7B707D7E 5 NM Z NClaDlaEl'
A7B7C7D7E CI7D17E1

The system (6) can be rewritten as follows
ni 4+ nj 4 nj + (ny 4+ ny + n3)® = C

m3 +mj + m3 + (my + mg +mg)? = Dy

n1mi + NoMso + Nams + (m + N9 + ng)(ml + mo + mg) = E1
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This has at most as many solutions as the system
n% + n3 —I— n% =C
n1msi + N9Mo + NgMsz = El

This can be seen by changing variables

(ny + ng,ng + ng, ng + ny) — (ng, ng, n3)
(my + ma, ms + mg, m3 +mq) — (mq, mg, m3)

On the other hand, (7) is equivalent with

ny N9 ns T Cl E1
]3 Ny Mo | = .
myp Mz M3 ns Ms Ey Dy

Let us analyze the number NCI, Dy, of solutions of this system. We start with the singular
case, when C;D; = E?. In this case the number can be estimated directly. Using only
the first two equations and the bound on the number of lattice points on spheres we find
that

N "
Ney pycrpyyre Se (CiDy)2 ™
This proves that the contribution from the singular case is acceptable

NM Z Z 017D1701D1)1/2 Se (NM)*He, (8)

C1SN2 D1SM?

Let us next assume that CyD; # E?. Corollary 1.3 shows that
NCLDl,El 55 (]\[]\4)6 ng(Cl, Dl, El)
Fix A < N2. The number of triples (Cy, Dy, Ey) with C; < N2, Dy < M? E; S NM,
such that A\ = ged(Cy, Dy, Ey) is trivially dominated by
N?*M?*NM  N3M?
A A A a8
Using these, the contribution from the nonsingular case can be dominated by

NMY Y N SNMMCY 3N

ASN2 C1,D1,E; ASN2 C1,D1,E;
ged(C1,D1,E1)=\ ~ ged(Cq,D1,E1)=X

. 1
SWM)E Y S
ASN2

< (NM)**e,

This together with (8) completes the proof of (5).
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3. NON-CONGRUENT TETRAHEDRA IN THE TRUNCATED LATTICE [0, ¢]* N Z3
Our goal here is to answer the following question asked in [4].

Question 3.1. Let T3([0, ¢> N Z3) denote the collection of all equivalence classes of con-
gruent tetrahedra with vertices in [0,q]> N Z3. Is there a & > 0 and some C > 0, both
independent of q such that

#73([0,¢)> N Z°) < C¢"°

for each q > 17

A positive answer to this question would have implications on producing lower bounds
for the Falconer distance-type problem for tetrahedra. We refer to [4] for details on this
interesting problem.

Here we give a negative answer to this question. We hope that our approach to an-
swering this question will inspire further constructions which might eventually improve
the lower bound for the Falconer-type problem.

Theorem 3.2. We have for each € > 0 and each ¢ > 1
#T5([0,a]° N Z°) Ze ¢" .
Note the following trivial upper bound, which shows the essential tightness of our result
#T5([0,¢]> N Z%) < O¢°.

Indeed, by translation invariance it suffices to fix one vertex at the origin. The upper
bound follows since there are (¢+ 1) possibilities for each of the remaining three vertices.

Proof [of Theorem 3.2]

As mentioned before, we fix one vertex to be the origin 0 = (0,0, 0). A class of congruent
tetrahedra in T3([0, ¢]> N Z?3) can be identified with a matrix A € Mz 3(Z). Namely, the
congruence class of the tetrahedron with vertices 0,x,y,z € [0, q]*> N Z3 is represented by
the matrix

(x,x) (x,y) (x,2)
A= |{y.,x) (v.y) (v.2)
(z,x) (z,y) (z,2)
A tetrahedron is called non-degenerate if x,y,z are linearly independent. We will implic-
itly assume the congruence classes correspond to non-degenerate tetrahedra.

We seek for an upper bound on the number N, of integral solutions £ = (x,y,z) € (Z*)3

to the equation
LL=A.
This will represent the number of congruent tetrahedra with side lengths specified by A.

In the numerology from the Section 1, this corresponds to n = m = 3. To make the
theorems in that section applicable we reduce the counting problem to the m = 3,n = 2
case as follows. One can certainly bound Ny by ¢ N}, where N} is the number of integral
solutions £’ = (x,y) € (Z*)? satisfying

(;C/)*,C, — Al
and A’ is the 2 x 2 minor of A obtained from the first two rows and columns of A. Indeed,
if x,y are fixed, the matrix A forces z to lie on the intersection of the sphere of radius
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A;{; centered at the origin with, say, a sphere centered at x whose radius is determined
only by the entries of A. These radii are O(q), so the resulting circle can only have O(¢)
points.

Note also that we only care about those A’ for which there exist x,y € [0,q]> N Z?
linearly independent, such that

v [<x, x) <x,y>] |
y,x) (y,y)
This in particular forces A’ to be positive definite.
Apply now Corollary 1.3. This will bound N} by

q° ng(Ai,j 1,§#3) < ¢ ng(Al,l,Am)-
Thus
Ny f,e q° ng(A1,17A2,2)7 (9)

for each A corresponding to a non-degenerate tetrahedron.

Denote by M, the number of lattice points on the sphere or radius r/? centered at the
origin. In our case r < ¢? so we know that M, <. ¢'™¢. We need to work with spheres
that contain many points. Let

Aw={r<q¢: M >q/2}.

Since for each € > 0 we have M, < C.¢'*¢, a double counting argument shows that
¢ < CHAG+ 5¢°q. Thus #A Z ¢*<.

Note that for each r; € A there are ~ M,, M,,M,, non-degenerate tetrahedrons with
vertices X,y,z on the spheres centered at the origin and with radii 7"}/ 2, r%/ 2, ré/ 2 respec-
tively. The congruence class of such a tetrahedron contains

Se q° ng(Tb 7“2)

elements, according to (9).
We conclude that there are at least
M, M,,M,,
qc ged(ry, r2)
congruence classes generated by such non-degenerate tetrahedra. As distinct radii neces-
sarily give rise to distinct congruence classes, we obtain the lower bound

M, M., M, 1
T 0 3 N ZS >6 1 T2 3 >6 3—e

ri€A qe ng(Tl’ TQ) r1,r2,r3€A (TI’ Tg) ‘

It is immediate that for each integer d there can be at most g—z tuples (11, 79,73) € [0, ¢*]?
hence also in A3, with ged(ry,72) = d. Using this observation and the bound #(A4%) >
Ceq® ¢, it follows that for each e > 0 at least $#(A*) among the triples (ry,7,13) € A®
will have ged(ry,rg) < %‘Ze.

This implies that

Z ; 26 q6767
71,r2,73€A ng(Tl’ TZ)

which finishes the proof of the theorem. [
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4. DISTRIBUTION OF LATTICE POINTS ON CAPS

Let n > 2 and A > 1 be two integers. Define the lattice points of the sphere

‘Fn)\: {é: (517"' 75”) EZn : ‘€1|2+‘€n|2:)\}
It was proved in [1] that

{(xy) € ZP x 2% ¢ |x]* = |y[* = A, |x —y| < AV} < A2Fe,

This is a statement on the average distribution of the lattice points on F3, in caps of
size \1/4. Roughly speaking it states that most such caps contain at most O(X) lattice
points. It seems reasonable to conjecture that for n > 3

{(x',...,x" ) e (ZM) 1 X2 =\, |x' — x| < AT D for i # j}| S AT
(10)
We next prove this conjecture for n = 4.
Note that if |[x|* = |y|> = A then x -y = A — $|x — y|®. Denote by X the (n —1) x n

matrix with entries z;; = xé-, the latter being the j** entry of x*. We can thus bound the
left hand side from (10) by

d X ezt XXT =AY, (11)
A

with the sum extending over all symmetric (n — 1) x (n — 1) matrices with integer entries

of the form
{AuZ Aforl1<i<n-—1 (12)

IN—A;;| <p* for 1 <i#j<n.

We use p = AT
Replacing (x!,... . x" 1) by (x!,y% ...,y
alternative expression for (11) is

" withy' =x' —x! for2<i<n-—1,an

DOHX ezt XX = N, (13)
A/
with the sum over symmetric (n—1) x (n — 1) matrices A’ with integer entries of the form
A&,l = A
AL < 77 forij #1 (14)

Ay =N, =—3A;,; for2<i<n-—1.

We will now estimate (13) when n = 4, using the bounds on local densities from Section
1. We assume x' A x? A x® # 0 and leave the other more immediate case to the reader.
Note that a typical A’ in our summation has the form

A —a —b
AN=|—-a 2a c|,
-b ¢ 2b

with det(A’) # 0.
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Using Corollary 1.4 we bound (13) by
SN > ged(Ny 5 A, BC{1,2,3}, |A|=|B|=2)

lal,[bl,|e|<p?
S A Y ged(a(2) — a),b(2X — b), 4ab — )
lal,[b],|c[<p?
Se A€ Z dl{(a,b,c): |al,|b],|c| < p*, dla(2X — a), d|b(2\ —b), d|dab — c*}|,

deD
where |D| <. p**¢ and D has all elements O(p*).

Write d = didy where [],, p divides A and (da, A) = (d1,d2) = 1. Let also dj be the
smallest number such that di|d; and d,|(d})?>. The Chinese Remainder Theorem shows
that d|a(2A — a) determines a modulo djds within at most 2 values. The same holds for b.
Once a, b are fixed, ¢ is similarly determined modulo d* where d* is the smallest number
such that d*|d and d|(d*)?>. We can refine the estimate for (13) as

2

AYd Y Y Y (dfl);+1)(d§;+1>(%+1>

deD d=djdy  Ald d,d"”|d
H ‘)\ P 1041191
pldy PIA A g, y(a))2,(af)2

4 2
< pite d/? (P_ + P +1)
~€ p 2
51 2 Gt
[Tpjay PIX
Se p6+e 56 )\H—e‘
This proves the conjectured bound (10) for n = 4.
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