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Spinor fields with a vortex structure in free space that allow them to have arbitrary integer orbital
angular momentum along the direction of motion have been studied for some time. Relatively new is
the observation in a certain context that the vortex center of this field structure is, unlike a classical
whirlpool, not singular. We point out that there are several ways to calculate the local velocity of
the spinor field and that all but one show a singular vorticity at the vortex line. That one, using
the Dirac bilinear current with no derivatives, is the only one so far (to our knowledge) studied in
the literature in this context and we further show how to understand an apparent conflict in the

existing results.

I. INTRODUCTION

Vorticity is given by the curl of the velocity of a spinor
field at a given space-time point. Two overlapping ques-
tions in the context of spinor fields with non-uniform
wavefronts propagating in free space are how singular
the vortex lines may be and what expressions should
be used to calculate the momentum densities of struc-
tured spinor, here mainly spin 1/2, fields. The discus-
sion can be phrased in terms of twisted spinor states,
which are wave packets with a definite overall direction
of motion and which can have arbitrary integer, times £,
orbital angular momentum along the propagation direc-
tion; reviews can be found in, for example, Refs. [1-4].
The twisted spinor state has local momentum densities
with azimuthal components that swirl about a vortex line
whose direction is set by the overall propagation direc-
tion.

One question is whether the state has a true vortex, in
the sense that the local momenta or local field velocities
have a singular curl at the location of the vortex line.
Quickly come questions of how one should calculate the
local momenta or momentum densities that give the vor-
ticity. We may list three possibilities for the momentum
densities. One follows from the Dirac equation, particu-
larly when there are electromagnetic interactions, where
one can define a bilinear conserved current. Momenta
and thence velocities follow, analogously to electromag-
netic currents of classical particles, as ratios of the spa-
tial and temporal components of the corresponding four-
vectors. We refer to this as obtaining the momentum
density field or the velocity field from the Dirac current.
Alternatively, in field theory, one can start from either
the canonical or the symmetric Belinfante-Rosenfeld ver-
sion of the energy-momentum tensor to obtain the mo-
mentum density. For a plane wave state, or a momentum
eigenstate, the three ways to obtain a momentum density
give the same results, however in a general case, one gets
three different numerical answers.

Two papers that introduce the question about the sin-
gularity of the vortex line are by Bialynicki-Birula and

Bialynicka-Birula [5] and by Barnett [6], with further
commentary in [7-9] and more recently in [10]. These
papers each give coordinate space solutions for twisted
electrons valid, in particular, at small distances from the
vortex line. They then analyze the vorticity of the veloc-
ity field, in both of these papers obtaining the momentum
density and velocity field from the Dirac current defini-
tion. They give, interestingly enough, different opinions
on whether a true vortex exists.

The papers just mentioned [5, 6] find solutions by
unique and interesting methods, and are not the same
in appearance. There is also an older way [1, 11] to ob-
tain the twisted spinor fields, from knowledge of twisted
states in momentum space We will begin by reviewing
the solutions, and will observe that the solutions are the
same in the sense that all can be expressed as linear com-
binations of each other.

The different conclusions are a matter of interpreta-
tion. Strictly speaking, as we will show in Sec. II, when
getting the velocity field from the Dirac current the vor-
tex line does not have a singular vorticity. A classical
vortex, and we will define our use of that term below, has
singular vorticity at the vortex center. However, as par-
ticularly noted by Ref. [6], in a non-relativistic or mod-
erately relativistic situation, there are solutions where
the twisted electron velocity field is like a classical vor-
tex down to distances of order of an electron Compton
wavelength, about 2.4 picometers, from the vortex line.
This is a very small distance on an atomic scale, and
leads Ref. [6] to conclude that for practical purposes, the
twisted electron behaves (or at least can behave) like a
state with a singular vortex line. Ref. [5] shows two so-
lutions, one of which finds no classical vortex even at
larger distances, and both of which find no singularity at
the vortex line. Their conclusion is the strict one that
the vorticity of the vortex line is never singular.

These conclusions involving different opinions were in
the context of a momentum density or velocity field ob-
tained from the Dirac current. In Sec. III we present
an analysis based on momentum densities obtained from
the canonical and from the symmetrized or Belinfante
energy-momentum tensors, and show the conclusions are


http://arxiv.org/abs/2208.08358v1

dramatically different from the Dirac current conclusions.
The twisted spinor fields always display a classical vor-
tex behavior in the vicinity of the vortex line, and the
vorticity is singular at the location of the line.

These are conclusions reached from a field theoretic
viewpoint, where there is a Lagrangian and a Noether
procedure which, by studying the response of the system
to coordinate translations, gives the canonical energy-
momentum tensor. Certain components of the energy-
momentum tensor give the momentum density, and the
result is not the same as the above mentioned bilin-
ear from the Dirac equation. Further, the canonical
energy-momentum tensor is not symmetric in its two in-
dices. This is a problem if one wants to use the energy-
momentum tensor as a source in the General Relativ-
ity field equations, where symmetry is required. One
can symmetrize the energy-momentum tensor by adding
a total derivative to the canonical result. The full mo-
menta obtained by integrating components of the energy-
momentum tensor are then the same in many circum-
stances, but the local momentum densities are not the
same. In the context of twisted electrons, while both the
canonical and Belinfante cases give a singular vortex, the
strength of the singularity is not the same. Thus there are
three local field momentum definitions to choose among,
and the conclusions regarding the vorticity of the twisted
electrons depends on the choice.

Again, the plan of the paper is to display the twisted
electron solutions in coordinate space in Sec. II and
make a beginning discussion of the vorticity from the
Dirac current viewpoint. In Sec. III we will dis-
play the energy-momentum tensors derived from the
Dirac Lagrangian and symmetrized by the Belinfante or
Belinfante-Rosenfeld procedure, and show results for the
vorticity in these cases. We will offer some closing com-
mentary in Sec. ['V.

II. TWISTED ELECTRON WAVE FUNCTIONS
AND VORTICITY

It has been known at least since [11] how to write rela-
tivistic twisted electron states, and this is also applicable
to other spinor states. What is newer is the discussion of
the vorticity. We will in this section review the twisted
electron solutions, starting from a momentum space ver-
sion (beginning where the component electron states have
a common helicity), and discuss the vorticity properties
of these states, obtaining in this section the velocity field
from the Dirac current. We will then write other so-
lutions of interest [5, 6] as linear combinations of these
solutions and elucidate their vorticity properties.

A twisted electron state with vortex line passing
through the origin is

K, jzy kzy ) = Ag / %(—i)%”% A (1)

the state inside the integral is a momentum eigenstate

with helicity A = +1/2 and momentum k = (k, 0x, ¢x)
in spherical coordinates. Longitudial momentum k, =
k cos B, and transverse momentum magnitude = |k | =
ksin @y are the same for all states. Angle 0y is the
pitch angle. The state normalization is (K, N[k, \) =
(27)32E 6, 263(K — k), where E = VK2 +m2. The
phases of the momentum eigenstates are in the Jacob-
Wick convention [12]. These states are eigenstates of .J,
- the total angular momentum projected along the prop-
agation direction - with eigenvalue j, and ¢ = j, — X must
be an integer. Ay is a normalization constant.

The state in coordinate space is obtained using the
Dirac field operator,
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where u(E, A) is a Dirac helicity state. With the tradi-
tional representation of the Dirac matrices [13],
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where ¢, is an azimuthal angle in coordinate space. The
positive and negative helicity solutions are, first with ¢ =

J=—1/2,
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and then, letting notation ¢ remain ¢ = j, — 1/2,
i(E+m) sin(6x/2) f5
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The velocity field can be obtained from the Dirac cur-

rent, j# = y*, thinking of 7 as density times velocity,
so that
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and in the present representation

a_<2‘g> )

The vorticity, folowing standard definitions in fluid me-
chanics, is

w = curl v, (10)

and curl 7= V x ¥ when the derivatives are well defined.

Generically, examining the solutions for ¢ just given,
the transverse components of the velocity field have the
form

—
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(or an equivalent with ¢ — ¢ — 1), where all the p de-
pendence is displayed and QAS is a unit vector in the ¢,
direction. For small p, p < ¢/k, the Bessel functions are
approximately

1 /kp\*
~——) . 12
Jelip) ~ 7 () (12)
We will take £ > 0 for definiteness. Then—usually—the
J? 1 term in the denominator can be neglected and

7L po. (13)

This is not the velocity field of a classical whirlpool, but
rather like the velocity field of water in a rotating bucket,
with all locations of the water having a common angular
speed. The (z-component of) vorticity is constant at all
locations where the linear p dependence of ¥} pertains,
including at the vortex line itself (see, for example, [14]).

However, the antiparallel or pure negative helicity j, =
¢ — 1/2 solution is special because the J7 term in the
denominator of Eq. (11) is suppressed in the paraxial
(small 0) limit. One can see this by examining Eq. (7).
In full, the transverse velocity field in the antiparallel
case is

— al JZ(HP)JEJA(H;))
E sin®(0/2)J2(rp) + cos?(0,/2)J2, | (kp)

vL b. (14)
Now, at very small radii, p < {tanfy/k (i.e., smaller by
factor tandj than suggested above) ones still finds the
“water bucket” like velocity rotation. However, there is
a significant region

{tan 6 J4
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which is the velocity field of a classical whirlpool [15]. At
any point with p # 0, the vorticity of this velocity field
is zero [14].

Were this p dependence to persist to the vortex line,
the vorticity at the vortex line would be singular, as one
would show using the derivative free definition of the
curl [14],

NN O
(curl v), = lim — ¢ ¥ - dt, (17)
oc—0 0
where the integral is around the perimeter of a surface
in the transverse plane, dt is a differential length tangent
to the perimeter, and o is the area of the surface.

We can now discuss the vorticity of the solutions in [5,
6]. (We should remark that [5, 6] both limit the solutions
at very large radii, to avoid the requirement of infinite
energy for a pure Bessel wave, but this does not affect
the low radius region needed for the vorticity discussion.)

Ref. [5] gives solutions with definite j,. A linear com-
binations of our existing solutions is

Ypp = (acos(fy/2) —ibsin(0/2)) U’n,jz,kz,% (z)
+ (—tasin(0y/2) + bcos(0x/2)) Ve byt (z), (18)
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Ref. [5] used a Weyl basis for the Dirac matrices. Con-
verting the above to its Weyl basis counterpart, it is
easy to verify that for suitable choices of a,b, and Ay,
we get their first solution. More specifically, choosing
b(E+m—k,)—iax = 0 will give zero second component
in the Weyl representation, as they wish for this solu-
tion. A similar procedure with ¢ — ¢ — 1 gets their other
solution [16].

Their solutions may also be called parallel and antipar-
allel. The parallel solutions shows no classical whirlpool
behavior for any radius where the small argument expan-
sion of the Bessel functions can be used. The antiparallel
solutions do have classical whirlpool solutions in the same
range as Eq. (15), but revert to the water bucket solu-
tions for the smallest radii, so that neither solution has
a singular vortex line.

The Ref. [6] solutions can be obtained as a linear com-
bination of a pure b = 0 solution from Eq. (18) plus a
pure a = 0 solution with ¢ — ¢ — 1. This will be a lin-
ear combination of states with different j,, but such is
allowed. The result is

VvVE+m

a4 Yp =
a 0 0
(E+m) 0 fB+kZ a fB+’“£ bféfl
0 —b a 163+1



This is the Ref. [6] solution over all space, after invert-
ing the Foldy-Wouthuysen transformation. Ref. [6] gives
only the low transverse radius limit, which we can check
upon expanding the Bessel functions. We omit the ff_—),“
term on the grounds that it is generally small in the
paraxial limit and particularly small in the very low p

limit that can be especially important. We obtain

Ao

Y
= — X
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a 0 0
b 0 20 0
0 —b 0

This is the Ref. [6] solution for small p, verifiable upon
noting (their notation) u_/uy = k/(E+m), which is the
same as k,/(E 4+ m) paraxially, and reworking the third
term suitably.

For the vorticity analysis of these solutions, Eq. (21),
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upon making a paraxial approximation. Identifying be-
havior at moderate ((/E < p < ¢/(ksinfy)) and small
(p S U/E) radii,

—28 7“)'2 é moderate p
2 2 ’
_; ng; small p.

This is similar to the antiparallel single helicity solu-
tion. But further, it is remarkable because the term that
converts the classical whirlpool to the water bucket swirl
is not important until a radius determined by the energy
rather than the total momentum. This is also true for
the antiparallel spin solution of Ref. [5], as can be worked
out. This means that the transition radius is scaled by
the Compton rather than the de Broglie wavelength, and
the Compton wavelength is considerably smaller for non-
relativisitc and moderately relativistic situations.

The expression is a special linear combination, that
satisfies the requirement that there be an important
paraxially small contribution in order to obtain a classical
whirlpool over a range of radii, but that cannot be hoped
for generally, and at really small radii—at least for this
method of calculating the velocity field—the non-singular
water bucket like rotation will always pertain. We have
a physical example of a Rankine solution, which is an
approximate solution known in fluid mechanics that has
a transverse speed proportional to the inverse of the ra-
dius at large radii and proportional to the radius at small
radii [17].

III. FIELD THEORETIC VORTICITY
CALCULATIONS

For the Dirac field, starting from the Lagrangian one
can derive an energy-momentum tensor, and from the
energy-momentum tensor obtain the momentum densi-
ties of the field. The straightforward or canonical proce-
dure gives an energy-momentum tensor that is not sym-
metric in its two indices, and it can be symmetrized by a
procedure due to Belinfante [18, 19] that does not change
the total momentum obtained by integration, but does
change the local momentum densities.

The Dirac Langrangian density in its Hermitian form is

_ —
¥((i/2) # —m)1p. The momentum densities that follow
are

T
P _ { %z/wo ad M, canonical,

P T 24
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For the canonical momentum density and the Bessel so-
lution, the radial momentum density is zero and

s, = Lyty, (25)
p

for all p. We obtain the velocity field by taking the ratio
of the spatial momentum density to the energy density.
For either the canonical or Belinfante case,

PO = Eyle, (26)
so that,
J4
¢ _ 2
vcan pE ( 7)

This swirls at all radii, and gives a singular vortex line
at p=0.

This can also be interpreted as giving a momentum
p? = £/p to a small test object that absorbs a twisted
electron while located a distance p from the axis.

Additionally, for the z-component,

Péan = p:0"0,
p
Vgan = Ezv (28)
exactly as should be desired.

For the Belinfante case, visually the result looks (after
the time derivative is turned into an energy) inbetween
the canonical and Dirac results, and for the Bessel solu-
tion

® l

W pL Joy1(pip)
Bel 2pE

2E Ji(pip) ’

(29)

after some p? terms are dropped. One also does get

Vg, = P-/E, with the dropping of some p? terms.
These results show the canonical definition of the mo-

mentum density gives whirlpool-like swirling electrons



and a definite vortex line with singular vorticity for
twisted electrons, and the same is true for the Belinfante
definition, but with only half the magnitude of vorticity
at small radii.

The field theoretical results can also be interpreted as
giving a momentum p?® = ¢/p to a small test object that
absorbs a twisted electron while located a distance p from
the axis. One would really like to know experimentally
which calculation truly gives the momentum acquired by
a such a test object.

IV. COMMENTARY

We have discussed the vorticity of twisted electrons.
Twisted electrons are an example of structured electron
wave fronts, for which, unlike in a plane wave, the veloc-
ity of the electron in the wavefront depends on precisely
where it is. There is then a velocity field, ¥(#) (with
possible time dependence tacit) and in analogy to fluid
mechanics, a vorticity given by

w = curl 7. (30)

One starting point for calculating the velocity is to use
the Dirac current ¢y*1), with the velocity obtained from
VY
vy

Twisted photons have a swirling velocity, with a nom-
inal orbital angular momentum along the direction of
motion given by an integer ¢ or in general units by ¢h.
The wavemfunction has a p® or p/*!, determined by the
component, dependence, where p is the transverse radius
in cylindrical coordinates, approximately accurate up to
values of p ~ {/k, where k is the transverse wave num-
ber of the component electrons that make up the twisted
electron. One has k = ksinf, where k is the full wave
number of the twisted photon components, and 6y, is usu-
ally a small angle.

We find, using wave functions available from [5, 6] as
well as wave functions made from electrons of definite
helicity [11], that the swirling within the radius given
above is often well described as being like liquid in a ro-
tating bucket, where all parts of the velocity field attain
the same angular speed. Such a velocity field has con-
stant vorticty [14] and no singularity at the vortex line.
Specially selected wave functions, particularly including
but not limited to [6], can have a classical whirlpool like
velocity field, with transverse velocity o< 1/p in the re-
gion Ltanf;/k < p < £/k. But even for these solutions,

/17:

(31)

the velocity field reverts to the water bucket distribution
and no singularity for very small radii—for this way of
calculating the velocity field.

This bring up what is perhaps a larger question,
namely, what is the correct expression to use when cal-
culating the velocity field?

In a field theory, starting from a Lagrangian, there
follows by a canonical procedure an energy-momentum
tensor, and selected components of this tensor give the
momentum density and thence the velocity field. The
canonical energy-momentum tensor is not symmetric in
its two indices, and this is a problem if using it as a source
in the Einstein field equation general relativity. The
canonical energy momentum tensor can be symmetrized
by adding a total derivative term, in a procedure worked
out by Belinfante [18] and Rosenfeld [19], which does not
affect calculations of total momentum but does change
the local momentum density. The canonical and Belin-
fante expressions for the momentum density were given
in Eq. (24). The canonical expression is a gradient ex-
pression and gives a twisted electron velocity field with

. l
Ul ,can = pE(b (32)
at all radii. Thus there is a classical whirlpool like
swirling of the electron field, with a singular vorticity
at the vortex line. The symmetrized or Belinfante result
is also gives a classical whirlpool at small radii, with a
vorticity about half as great as the canonical expression.
These results are quite different from the results that fol-
low from the Dirac current.

There is an analogous situation, with a discussion (sev-
eral examples are [20-23]), for photons, where there are
only two, the canonical and Belinfante, proposals for the
momentum density, but also suggestions as to how one
may determine which matches nature. This is an im-
portant question which requires adjudication also in the
electron case.

ACKNOWLEDGEMENTS

A.A. thanks the National Science Foundation (USA)
for support under grant PHY-2111063 and Army Re-
search Office (USA) for support under grant W911NF-
19-1-0022. C.E.C. thanks the National Science Founda-
tion (USA) for support under grant PHY-1812326. A. M.
thanks the SERB-POWER Fellowship, Department of
Science and Technology, Govt. of India for support.

[1] K. Y. Bliokh, I. P. Ivanov, G. Guzzinati, L. Clark,
R. Van Boxem, A. Béché, R. Juchtmans, M. A.
Alonso, P. Schattschneider, F. Nori, and J. Verbeeck,

Phys. Rep. 690, 1 (2017), arXiv:1703.06879 [quant-ph)].
[2] S. M. Lloyd, M. Babiker, G. Thirunavukkarasu, and
J. Yuan, Reviews of Modern Physics 89, 035004 (2017).


http://dx.doi.org/10.1016/j.physrep.2017.05.006
http://arxiv.org/abs/1703.06879
http://dx.doi.org/10.1103/RevModPhys.89.035004

[3] H. Larocque, I. Kaminer, V. Grillo, G. Leuchs, M. J.
Padgett, R. W. Boyd, M. Segev, and E. Karimi,
Contemporary Physics 59, 126 (2018).

[4] 1. P. Ivanov, arXiv e-prints , arXiv:2205.00412 (2022),
arXiv:2205.00412 [hep-ph].

[5] 1. Bialynicki-Birula and Z. Bialynicka-
Birula, Phys. Rev. Lett. 118, 114801 (2017),
arXiv:1611.04445 [quant-ph].

[6] S. M. Barnett, Phys. Rev. Lett. 118, 114802 (2017).

[7] H. Larocque and E. Karimi,
Physics Online Journal 10, 26 (2017).

[8] I.  Bialynicki-Birula and Z.
Phys. Rev. Lett. 119, 029501 (2017).

[9] S. M. Barnett, Phys. Rev. Lett. 119, 029502 (2017).

[100 Y. D. Han, T.  Choi, and S. Y.
Cho, Scientific Reports 10, 7417 (2020),
arXiv:1902.09805 [quant-ph)].

[11] K. Y. Bliokh, M. R. Dennis, and
F. Nori, Phys. Rev. Lett. 107, 174802 (2011),
arXiv:1105.0331 [quant-ph].

[12] M. Jacob and G. C. Wick, Annals Phys. 7, 404 (1959).

[13] J. D. Bjorken and S. D. Drell, Relativistic quantum fields

Bialynicka-Birula,

(McGraw-Hill, New York, 1965).

[14] Byron, Frederick W., Jr., and Fuller, Robert W.
Mathematics of Classical and Quantum Physics (Dover,
Mineola, N.Y., 1992) pp. 24ff.

[15] Poe, Edgar Allen, A Descent into the Maelstrom (Gra-
ham’s Magazine, Philadelphia, 1841).

[16] We obtain the solutions in [5] after correcting a misprint
in their Eq. (12).

[17] D. J. Acheson, Elementary fluid dynamics (Oxford, Eng-
land, 1990).

[18] F. J. Belinfante, Physica 7, 449 (1940).

[19] L. Rosenfeld, Mém. Acad. Roy. Belg. 18, 1 (1940).

[20] S. Huard and C. Imbert,

Optics Communications 24, 185 (1978).

[21] M. Antognozzi, C. R. Bermingham, R. L. Harniman,
S. Simpson, J. Senior, R. Hayward, H. Hoerber, M. R.
Dennis, A. Y. Bekshaev, K. Y. Bliokh, and F. Nori,
Nature Physics 12, 731 (2016).

[22] E. Leader, Phys. Lett. B 779, 385 (2018),
arXiv:1710.03099 [physics.optics].

[23] A. Afanasev, C. E. Carlson, and A. Mukher-
jee, Phys. Rev. A 105, L061503 (2022),
arXiv:2202.09655 [quant-ph].



http://dx.doi.org/ 10.1080/00107514.2017.1418046
http://arxiv.org/abs/2205.00412
http://dx.doi.org/ 10.1103/PhysRevLett.118.114801
http://arxiv.org/abs/1611.04445
http://dx.doi.org/10.1103/PhysRevLett.118.114802
http://dx.doi.org/10.1103/Physics.10.26
http://dx.doi.org/ 10.1103/PhysRevLett.119.029501
http://dx.doi.org/10.1103/PhysRevLett.119.029502
http://dx.doi.org/10.1038/s41598-020-64168-0
http://arxiv.org/abs/1902.09805
http://dx.doi.org/10.1103/PhysRevLett.107.174802
http://arxiv.org/abs/1105.0331
http://dx.doi.org/10.1016/0003-4916(59)90051-X
http://dx.doi.org/10.1016/S0031-8914(40)90091-X
http://dx.doi.org/10.1016/0030-4018(78)90115-3
http://dx.doi.org/ 10.1038/nphys3732
http://dx.doi.org/10.1016/j.physletb.2018.02.029
http://arxiv.org/abs/1710.03099
http://dx.doi.org/10.1103/PhysRevA.105.L061503
http://arxiv.org/abs/2202.09655

