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Abstract

As a seminal tool in self-supervised representation
learning, contrastive learning has gained unprece-
dented attention in recent years. In essence, con-
trastive learning aims to leverage pairs of positive
and negative samples for representation learning,
which relates to exploiting neighborhood informa-
tion in a feature space. By investigating the con-
nection between contrastive learning and neigh-
borhood component analysis (NCA), we provide
a novel stochastic nearest neighbor viewpoint of
contrastive learning and subsequently propose a
series of contrastive losses that outperform the ex-
isting ones. Under our proposed framework, we
show a new methodology to design integrated con-
trastive losses that could simultaneously achieve
good accuracy and robustness on downstream
tasks. With the integrated framework, we achieve
up to 6% improvement on the standard accuracy
and 17% improvement on the robust accuracy.

1. Introduction

Contrastive learning has drawn much attention and has
become one of the most effective representation learn-
ing techniques recently. The contrastive paradigm (Oord
et al., 2018; Wu et al., 2018; He et al., 2020; Chen et al.,
2020a; Chuang et al., 2020; Grill et al., 2020) constructs
an objective for embeddings based on an assumed seman-
tic similarity between positive pairs and dissimlarity be-
tween negative pairs, which stems from instance-level clas-
sification (Dosovitskiy et al., 2015; Bojanowski & Joulin,
2017; Wu et al., 2018). Specifically, the contrastive loss
Lcr, (Oord et al., 2018; Chen et al., 2020a) is defined
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an input data sample z, (x, xT) denotes a positive pair and
(z,27) denotes a negative pair. The function f is an en-
coder parameterized by a neural network and the number
of negative pairs IV is typically treated as a hyperparam-
eter. Note that the contrastive loss can encode the inputs
and keys by different encoders if one considers the use of
memory bank or momentum contrast (Wu et al., 2018; He
et al., 2020; Chen et al., 2020b). In this work, we will focus
on the paradigm proposed in (Wang & Gupta, 2015; Ye
et al., 2019; Chen et al., 2020a) which has demonstrated
competitive results in representation learning.

When constructing loss Ly, ideally, one draws ™+ from
the data distribution D, that characterizes the semantically-
similar (i.e., positive) samples to z; similarly, one wants
to draw x~ from D_ that characterizes the semantically-
dissimilar (negative) samples. However, the definition of
semantically-similar and semantically-dissimilar is heav-
ily contingent on downstream tasks: an image of a cat
can be considered semantically similar to that of a dog
if the downstream task is to distinguish between animal and
non-animal classes. Without the knowledge of downstream
tasks, D, and D, are hard to define. To provide a surro-
gate of measuring similarity, current mainstream contrastive
learning algorithms (He et al., 2020; Chen et al., 2020a;b;
Grill et al., 2020) typically build up D by considering
data augmentation D%"® of a data sample z. In the mean-
time, D, is approximated by the joint distribution D or
Di}g := Uprep\ {2} D35, and the resulting contrastive loss
is known as LgsimcLr Which was proposed in (Chen et al.,
2020a):
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Although this formulation seems to put no assumptions on
the downstream task classes, we find that there are in fact
implicit assumptions on the class probability prior of the
downstream tasks. Specifically, we formally establish the
connection between the Neighborhood Component Analy-
sis (NCA) and the unsupervised contrastive learning in this
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Figure 1. The performance of existing methods and our proposal (IntNaCl & IntCl) in terms of their standard accuracy (x-axis) and
robust accuracy under FGSM attacks e = 0.002 (y-axis). The transfer performance refers to fine-tuning a linear layer for CIFAR10 with

representation networks trained on CIFAR100.

paper for the first time (to our best knowledge). Inspired
by this interesting relationship to NCA, we further propose
two new contrastive loss (named NaCl) which outperform
existing paradigm. Furthermore, by inspecting the robust
accuracy of several existing methods (e.g., Figure 1’s y-axis,
the classification accuracy when inputs are corrupted by
crafted perturbations), one can see the insufficiency of ex-
isting methods in addressing robustness. Thus, we propose
a new integrated contrastive framework (named IntNacl
and IntCl) that accounts for both the standard accuracy and
adversarial cases: our proposed method’s performance re-
mains in the desired upper-right region (circled) as shown
in Figure 1.

‘We summarize our main contributions as follows:

* We establish the relationship between contrastive learn-
ing and NCA, and propose two new contrastive loss
dubbed NaCl (Neighborhood analysis Contrastive
loss). We provide theoretical analysis on NaCl and
show better generalization bounds over the baselines;

* Building on top of NaCl, we propose a generic frame-
work called Integrated contrastive learning (IntCl and
IntNaCl) where we show that the spectrum of recently-
proposed contrastive learning losses (Chuang et al.,
2020; Robinson et al., 2021; Ho & Vasconcelos, 2020)
can be included as special cases of our framework;

* We provide extensive experiments that demonstrate
the effectiveness of IntNaCl in improving standard
accuracy and robust accuracy. Specifically, IntNaCl
improves upon literature (Chen et al., 2020a; Chuang
et al., 2020; Robinson et al., 2021; Ho & Vasconcelos,
2020) by 3-6% and 4-16% in CIFAR100 standard and
robust accuracy, and 2-3% and 3-17% in CIFARI10
standard and robust accuracy, respectively.

2. Related Work and Preliminaries

Contrastive learning. In the early work of (Dosovitskiy
et al., 2015), authors treat every individual image in a dataset
as belonging to its own class and do multi-class classifica-
tion tasks under the setting. However, this regime will soon
become intractable as the size of dataset increases. To cope
with this, (Wu et al., 2018) designs a memory bank for
storing seen representations (keys) and utilize noise con-
trastive estimation (Gutmann & Hyvirinen, 2010; Mnih &
Teh, 2012; Jozefowicz et al., 2016; Oord et al., 2018) for
representation comparisons. (He et al., 2020) and (Chen
et al., 2020b) further improve upon (Wu et al., 2018) by
storing keys inferred from a momentum encoder other than
the representation encoder for . To further reduce the com-
putational cost, besides the practical tricks introduced in
SimCLR (Chen et al., 2020a) (e.g. stronger data augmen-
tation scheme and projector heads), authors of SimCLR
get rid of the memory bank and instead makes use of other
samples from the same batch to form contrastive pairs.

In the rest of this paper, we will focus on the setups of Sim-
CLR and the related follow up work (Chuang et al., 2020;
Robinson et al., 2021; Ho & Vasconcelos, 2020) due to
computational efficiency. A temperature scaling hyperpa-
rameter ¢ is normally used in contrastive learning to tune
the radius of the hypersphere that representations lie in. For
better readability, without loss of generality, we lett = 1
in all equations. We let go(, {z; }*V) denote the negative
term & SN /(070 where the subscript i identifies
the summation index and the superscript /V identifies the
summation limits. We omit the subscript ¢ when the sample
index is one dimensional (e.g. x; has 1-D index, m; has
2-D index). Then Lgimcrr in Equation (1) can be re-written
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Designing negative pairs in contrastive learning. Sev-
eral works (Saunshi et al., 2019; Chuang et al., 2020) have
come to the awareness of the sampling bias of negative
pairs in Equation 2. Specifically, if the negative samples
are sampled from D, we will receive with 1/K probabil-
ity a positive sample in a K'-class classification task with
balanced classes, hence biasing the contrastive loss. To over-
come this issue, (Chuang et al., 2020) proposes a de-biased
constrastive loss to mitigate the sampling bias by explicitly
including the class probability prior on the downstream tasks
(e.g., with probability 0.1, z;” contains a positive example
in CIFAR10), and tune the prior 71 as a hyperparameter.
We denote the loss from (Chuang et al., 2020) as Lpebiased
and the full equation is shown below:
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where the estimator ¢ (x, {u;}",{v;}"™) is defined by
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and m represents the numbers of sampled points in D\w

and D5 ¢ for the re-weighted negative term, 77 is the class
probability prior, and ¢ is the temperature hyperparame-
ter. Recently, (Robinson et al., 2021) proposes to weigh
sample pairs through the cosine distance in the estimator
g1(z, {u;}™, {v;}™) based on Lpepiased, and we denote their
approach as Lpepiased+HardNeg>
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where the estimator go(x,{u;}",{v;}"™) is defined by
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r; = ef @7 F() A typical choice of n and m are n = N
and m = 1, and the hyperparameter 7 in go is exactly the

same as that in g; whereas the hyperparameter 5 controls
the weighting mechanism. Specifically, when 7+ = 0, we
denote EDebiased+Hadeeg as EHardNeg; when 3 = 0, Equation
(4) degenerates to Equation (3) which is Lpepiased-

Designing positive pairs in contrastive learning. Instead
of modifying the negative pairs, another direction is to de-
sign the positive pairs (Ho & Vasconcelos, 2020; Kim et al.,
2020). Specifically, authors of (Ho & Vasconcelos, 2020)
define the concept of adversarial examples in the regime
of representation learning as the positive sample 2% that
maximizes LsimcLr in Equation (2) within a pre-specified
perturbation magnitude €. The resulting loss function is
denoted as Lagy:

(Adversarial loss Lagy)

. | ef @7 fat)
—log -
I e/ @7 1@ 1 Noo(w, {zy, }V)
m;ND?&?,
x;ND'{;
| ef @7 f@)
—alo = )
& TN 4 Ngo(z, {z;,}V)

where the Di‘;" is defined by U,/ epy (32" U 2*%". Notably,
one can adjust the importance of the adversarial term by
tuning « in Equation (5).

Adversarial Robustness. Despite neural networks’
supremacy in achieving impressive performance, they have
been proved vulnerable to human-imperceptible perturba-
tions (Goodfellow et al., 2015; Szegedy et al., 2014; Nguyen
et al., 2015; Moosavi-Dezfooli et al., 2016). In the super-
vised learning setting, an adversarial perturbation ¢ is de-
fined to render inconsistent classification result of the input
x: r(x + 0) # r(x), where r is a neural network classifier.
A stronger adversarial attack means it can find § with higher
success attack rate under the same e-budget (||0]|, < e).
One of the most popular and classical attack algorithms is
FGSM (Goodfellow et al., 2015), where with a fixed pertur-
bation magnitude ¢, FGSM finds adversarial perturbation by
1-step gradient descent. Another popular attack method we
consider in this paper is PGD (Madry et al., 2018), which
assembles the iterative-FGSM (Kurakin et al., 2016) but
with different initializations and learning rate constraints.

3. Two New NCA-inspired Contrastive Losses
and an Integrated Framework

In this section, we first derive a connection between Neigh-
borhood Component Analysis (NCA) (Goldberger et al.,
2004) and the unsupervised contrastive learning loss in Sec-
tion 3.1. Inspired by our result in Section 3.1, we propose



two new NCA-inspired contrastive losses in Section 3.2,
which we refer to as Neighborhood analysis Contrastive
loss (NaCl). To address a lack of robustness in existing
contrastive losses, in Section 3.3, we propose a useful
framework IntNaCl that integrates NaCl and a robustness-
promoting loss. A summary of definitions is given as Ta-
ble S1.

3.1. Bridging from supervised NCA to unsupervised
contrastive learning: a new finding

NCA is a supervised learning algorithm concerned with
learning a quadratic distance metric with the matrix A such
that the performance of nearest neighbour classification is
maximized. Notice that the set of neighbors for a data point
is a function of transformation A. However, it can remain un-
changed as A changes within a certain range. Therefore the
leave-one-out classification performance can be a piecewise-
constant function of A and hence non-differentiable. To
overcome this, the optimization problem is generally given
using the concept of stochastic nearest neighbors. In the
stochastic nearest neighbor setting, nearest neighbor selec-
tion is regarded as a random event, where the probability
that point z; is selected as the nearest neighbor for z; is
given as p(x; | x;) with
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Let ¢; denote the label of x;, in the leave-one-out classifi-
cation loss, the probability a point is classified correctly is
givenas p; = ;. _.. pij» where {j | ¢; = c;} defines an
index set in which all points x; belong to the same class
as point z;. We use M to denote the cardinality of this
set. By the definition of ¢;, the probability z;’s label is ¢;
is given as ¢;, which is exactly 1'. Thus the optimization
problem can be written as mina 7. £(qi, 3., e, Pij)-
This learning objective then naturally maximizes the ex-
pected accuracy of a 1-nearest neighbor classifier. Two
popular choices for ¢(-) are the total variation distance and
the KL divergence. In the seminal paper of (Goldberger
et al., 2004), the authors showed both losses give similar
results, thus we will focus on the KL divergence loss in this
work. For ¢(-) = KL, the relative entropy from p to ¢ is

Dxvr(qllp) = > —ai log% = >, —logp; when ¢; = 1.
By plugging in the definition of p; = Zﬂcj:ci pi; and

Equation 6, the NCA problem becomes

n
min Zl —log
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"For every data point, p and q are defined differently with their
supports being the class index. For every sample x, g; is the ground
truth probability of class labels and p; is the prediction probability.
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With the above formulation, we now show how to estab-
lish the connection of NCA to the contrastive learning loss.
First, by assuming (a) positive pairs belong to the same class
and (b) the transformation Az is instead parametrized by a
general function f\%) = %, where h is a neural net-
work, we could derive from Equation (7) to Equation (S1)
in Appendix A. Next, we show that with some manipula-
tions (details please see Appendix A), below Equation (8)
is equivalent to Equation (S1):
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Notice that Equation (8) is a more general contrastive loss
where the contrastive loss Lsimcrr in (Chen et al., 2020a) is
a special case with M = 1,2+ ~ D}":
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With the above analysis, two new contrastive losses are
proposed based on Equation (8) in the next Section 3.2. As a
side note, as the computation of the loss grows quadratically
with the size of the dataset, the current method (Chen et al.,
2020a) uses mini batches to construct positive/negative pairs
in a data batch of size NV to estimate the loss.

3.2. Neighborhood analysis Contrastive loss (NaCl)

Based on the connection we have built in Section 3.1, we
discover that the reduction from the NCA formulation to
LsimCLR assumes

1. the expected relative density of positives in the under-
lying data distribution is 1/N;

2. the probability g; induced by encoder network f is 1.

By relaxing the assumptions individually, in this section,
we propose two new contrastive losses. Note that the two
neighborhood analysis contrastive losses are designed from
orthogonal perspectives, hence they are complementary to
each other. We use Ly,c; to denote these two variant losses:
Lnca and Lyixnea.-

(I) Relaxing assumption 1: Lnca.  When relating unsu-
pervised SimCLR to supervised NCA, we view two samples
in a positive pair as same-class samples. Since in SImCLR,
the number of positive pairs M = 1, which means that
{7 | ¢; = ¢;} only contains one element. This implies the



relative density of positives in the underlying data distri-
bution is M/N = 1/N, where N is the data batch size.
However, as the expected relative density is task-dependent,
it’s more reasonable to treat the M /N ratio as a hyperpa-
rameter similar to the class probabilities 77 introduced by
(Chuang et al., 2020). Therefore, we propose the more gen-
eral contrastive loss Lnca Which could include more than
one element or equivalently M # 1:

(NCA loss Lnca(G = go, M))
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We further provide the generalization results as follows: if
we let F be a function class, K be the number of classes,
Lsyp be the cross entropy loss of any downstream K-class
classification task, Lyca (g0, M) be the empirical NCA loss,
T be the size of the dataset, and Rs(F) be the empirical
Rademacher complexity of F w.r.t. data sample S, then

Theorem 3.1. With probability at least 1 — 90, for any f € F
and N > K — 1,

Lsup(f) < Lnca(go, M)(f)

log 1
i+ARs(]:)+B 0g 5
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where f = argminc r Lycalgo, M)(f), X = A and
B =logN.

We can see from the term A that Lnca(G = go, M) im-
proves upon LsimcLr by using a M # 1. The result extends
to G = g1 and for more details please refer to Appendix B.

(II) Relaxing assumption 2: Lypxnca. To reduce the
reliance on the downstream prior, a practical relaxation can
be made by allowing neighborhood samples to agree with
each other with probability. This translates into relaxing the
specification of ¢; = 1 and consider a synthetic data point
2’ = Az; + (1 — N)y,y ~ D that belongs to a synthetic
class ¢y ;. Assume the probability ;s label is ¢y ; 1S g5 ; =
A+ (1 —=X)[ey = ¢;], then gy ; should match the probability
PAi = Djje; = ; Pij» Where {j | ¢j = cxi} is a singleton

containing only the index of x’, which yields
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estingly, the construction of x’ herein assembles the
mixup (Zhang et al., 2018) philosophy in supervised learn-
ing. Recent work (Lee et al., 2021; Verma et al., 2021) have
also considered augment the dataset by including synthetic
data point and build domain-agnostic contrastive learning
strategies, however, their loss is different from this work
because they apply mixup on the data points « while we use
mixup to produce diverse positive pairs.

3.3. Integrated contrastive learning framework

Building on top of NaCl, we can propose a useful frame-
work IntNaCl that not only generalizes existing methods but
also achieves good accuracy and robustness simultaneously.
Before we introduce IntNaCl, we give an intermediate inte-
grated loss as IntCl, which consists of two components — a
standard loss and a robustness-promoting loss.

Motivated by L4y (Ho & Vasconcelos, 2020), we consider
a robust-promoting loss defined by

Lrobust (G E|-1 el @7 F(@*)
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where G can be chose from {gg, g1, 92}, and w(x) facili-
tates goal-specific weighting schemes. Note that w(z) can
be a general function and L4, (Ho & Vasconcelos, 2020)
is a special case when w(z) = 1.

Adversarial weighting. Weighting sample loss based on
their margins has been proven to be effective in the ad-
versarial training under supervised settings (Zeng et al.,
2020). Specifically, it is argued that training points that
are closer to the decision boundaries should be given more
weight in the supervised loss. While the margin of a sam-
ple is underdefined in unsupervised settings, we can give
our weighting function as the value of the contrastive loss
f @ T F™)
ef@OT @ L NG(x,)
samples that are originally hard to be distinguished from

other samples (i.e. small probability) are now assigned with
bigger weights. Below, we propose a new integrated frame-
work to involve the robustness term Lgobust (G, w) which can

w(z) := —log . Using this, we see that



Table 1. The relationship between IntNaCl framework and the literature: existing works are special cases of Linnaci
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‘CSimCLR (Chen et al., 2020a)

Lnca’Lumixnea 9o

«
1 0
Existing Lpebiased (Chuang et al., 2020) Lncal Lvrxnea g1 1 - 0 - -
Work | Lpepiased+HardNeg (RObinson et al., 2021) | Lnca/Lumixnca 92 1 - 0 - -
Lagy (Ho & Vasconcelos, 2020) Lnca’Lvrxnea 90 1 - 1 90 1
Lingcy in Fig. 1 Lnca/Lmixnea o 1 - 1 g2 w(x)
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LinNact in Fig. S2 LMIxNCA golg2  1-5 0.5-0.9 0 - -
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greatly help on promoting robustness in contrastive learn-
ing. In particular, we show that many existing contrastive
learning losses are special cases of our proposed framework.

IntCl. For IntCl, the standard loss can be existing con-
trastive learning losses (Chen et al., 2020a; Chuang et al.,
2020; Robinson et al., 2021), which correspond to a form of
(IntCL loss Lncr)
: ef@T f(ah)
E | —log ef @) 4 NG (z, )

+ OéLRobusl(GQv ’LU),

with G' and G? being go, g1, and g». Unless otherwise
specified, we use the adversarial weighting scheme intro-
duced above throughout our experiments. Notice that Ly
reduces to Lxgy when G = G? = gg and w(x) = 1.

IntNaCl. To design a generic loss that accounts for robust
accuracy while keeping clean accuracy, we utilize Ly,c) de-
veloped in Section 3.2 to strength the standard loss in Lyycr.
We call this ultimate framework Integrated Neighborhood
analysis Contrastive loss (IntNaCl), which is given by

EInLNaCl = ENaCl(le Mv >‘) + a‘CRobust(G27 ’LU), (9)

where Lnac1(G1, M, \) can be chose from {Lnca (G, M),
Lyixnea(GY, M, N}, We remark that as Lyca and
Lyixnea all reduce to one same form when M = 1, the
Linnact under M = 1 is exactly Lyycy. This general frame-
work includes many of the existing works as special cases
and we summarize these relationships in Table 1.

4. Experimental Results

Implementation details. All the proposed methods are
implemented based on open source repositories provided
in the literature (Chen et al., 2020a; Ho & Vasconcelos,
2020; Robinson et al., 2021). Five benchmarking con-
trastive losses are considered as baselines that include:
LsimcLr (Chen et al., 2020a), Lpepiasea (Chuang et al., 2020),
Lpebiased+HardNeg (Robinson et al., 2021), Laqy (Ho & Vas-
concelos, 2020) (i.e. Equation (2), Equation (3), Equation

(4), Equation (5)). We train representations on resnetl8
and include MLP projection heads (Chen et al., 2020a). A
batch size of 256 is used for all CIFAR (Krizhevsky et al.,
2009) experiments and a batch size of 128 is used for all
tinyImagenet experiments. Unless otherwise specified, the
representation network is trained for 100 epochs. We run
five independent trials for each of the experiments and report
the mean and standard deviation in the entries. We imple-
ment the proposed framework using PyTorch to enable the
use of an NVIDIA GeForce RTX 2080 Super GPU and four
NVIDIA Tesla V100 GPUs.

Evaluation protocol. We follow the standard evaluation
protocal to report three major properties of representation
learning methods: standard discriminative power, transfer-
ability, and adversarial robustness. To evaluate the standard
discriminative power, we train representation networks on
CIFAR100/tinyImagenet, freeze the network, and fine-tune
a fully-connected layer that maps representations to outputs
on CIFAR100/tinylmagenet, which is consistent with the
standard linear evaluation protocol in the literature (Chen
et al., 2020a; Chuang et al., 2020; Grill et al., 2020; Ho &
Vasconcelos, 2020; Khosla et al., 2020; Tian et al., 2020;
Robinson et al., 2021; Saunshi et al., 2019; Kim et al., 2020;
HaoChen et al., 2021). To evaluate the transferability, we
use the representation networks trained on CIFAR100, and
only fine-tune a fully-connected layer that maps represen-
tations to outputs on CIFAR10. All the adversarial robust-
ness evaluations are based on the implementation provided
by (Wong et al., 2020). We supplement more FGSM and
PGD attack results in the appendix.

Experiment outline. Since the performance of the inte-
grated method Liynacy is attributed to multiple components
in the formulation (Equation 9), we do ablation studies in
the following sections to study their effectiveness individ-
ually. In Section 4.1, we evaluate the effect of Ly,ci; in
Section 4.2, we evaluate the effect of Lropus; in Section 4.3,
we evaluate the effect of M, A\, and w.



Table 2. Performance comparisons of Lnaci (M # 1) and i) Left: SimCLR (Chuang et al., 2020) (M = 1,G' = go) and ii) Right:
Debised+HardNeg (Robinson et al., 2021) (M =1, G ! = g5) when a = 0. The best accuracy (%) within each loss type is in boldface

(larger is better).

M o = 0, LNuc](Gl,AL )\) = L:NCA(QQ,J\J) o = 0, LNuc](Gl,Af, )\) = ,CNCA(gz,]\/[)
CIFAR100  CIFAR100 Adv. CIFAR10  CIFARI10 Adv. | CIFAR100 CIFAR100 Adv. CIFAR10  CIFARI10 Adyv.
1 | 53.69+0.25 25.17£0.55 76.344+0.28 43.50+0.41 56.83£0.20 31.03+0.41 77.24£0.29 48.38+0.70
2 | 55.724+0.15 27.04£0.45 77.40+0.14 44.58+0.41 57.87£0.15 32.50+0.48 77.43+0.11 48.14+0.31
3 | 56.67£0.12 28.41+0.24 77.53+0.24 45.21+0.89 58.42+0.23 33.19+0.60 77.41+0.17 48.09+0.93
4 | 57.09+0.26 28.20+0.81 77.75+0.22 45.13+0.44 58.86+0.18 32.65+1.07 77.46+0.29 48.43+0.94
5 | 5§7.32+0.17 28.331+0.59 77.931+0.40 44.46+0.53 58.8140.21 32.861+0.47 77.58+0.23 48.30+0.39
a = 07 ﬁNaC[(Gl, ]\/[, /\) = [«MIXNCA(H(%, ]W, 0‘9) a = 07 ﬁNaC[(Gl, ]\/[, /\) = l:MIXNCA(gz, ]W, 0‘5)

1 | 53.69+0.25 25.17£0.55 76.34+0.28 43.50+0.41 56.83+0.20 31.03£0.41 77.244+0.29 48.38+0.70
2 | 56.20£0.33 30.954+0.36 76.96+0.15 48.85+0.75 59.41+0.19 32.224+0.35 79.36+0.65 48.86+0.34
3 | 56.41£0.13 30.98+0.90 77.10£0.21 48.76+0.63 59.81+0.25 32.04+0.67 79.411+0.17 48.91+0.81
4 | 56.00+0.42 29.9040.63 77.1110.40 48.16+0.40 59.75+0.33 32.03+0.34 79.4240.18 49.05+0.71
5 | 56.63+0.31 30.58+0.52 77.04%0.19 47.96+0.46 59.851+0.30 32.06+0.72 79.451+0.20 48.32+0.70

Table 3. Performance comparisons of Linact (M # 1) and Liwer, (M = 1) whena = 1,G* = G? = go,w = w(x). The best accuracy

(%) within each loss type is in boldface (larger is better).

M « 7é 0, [,NaCl(Gl, ]\/[, )\) = £NCA(927 ]\/[) (e} 7é 0, ENaCl(Gly ]\[, /\) = LMIXNCA(!]Q, ]\/[, 05)
CIFAR100 CIFAR100 Adv.  CIFARI0O  CIFARI10 Adv. | CIFARI00 CIFARI00 Adv. CIFAR10  CIFARIO Adv.
1 | 56.22+0.15 40.05+0.67 76.394+0.10 59.331+0.94 56.2240.15 40.05+0.67 76.394+0.10 59.331+0.94
2 | 56.71£0.11 39.80+0.57 76.554+0.27 58.4440.31 58.9740.19 40.25+0.52 78.614+0.20 58.4140.59
3 | 57.13£0.26 40.53+0.29 76.67+0.22 58.474+0.31 59.26+0.18 40.96+0.58 78.83+0.22 59.20+1.25
4 | 57.06+0.19 40.85+0.31 76.344+0.22 58.914+0.62 59.3240.21 40.82+0.54 78.83+0.27 59.03+0.52
5 | 57.46+0.04 41.00+0.86 76.60+0.37 57.984+0.47 59.43+0.23 41.01+0.34 78.80+0.21 59.51+0.93
« 7’5 07 LNL‘Cl(Gl, AL )\) = [:M[XNCA(QQ, ]\/[7 07) « 7’5 0., LNL‘Cl(Gl, Af, )\) = [:MIXNCA(QQ, ]\'L 09)
1 | 56.2240.15 40.05+0.67 76.394+0.10 59.33+0.94 56.2240.15 40.05+0.67 76.3940.10 59.33+0.94
2 | 58.00+0.18 40.35+0.34 77.73+0.24 59.40+1.27 56.5440.33 40.85+0.13 76.81+0.22 60.4010.46
3 | 58.23£0.18 40.94+0.75 77.9140.25 59.57+0.81 56.6940.11 41.23+0.66 76.98+0.22 60.131+0.56
4 | 58.20+0.25 40.95+0.45 77.8940.20 59.49+0.49 56.43+0.26 41.56+0.56 76.97£0.20 61.21+0.49
5 | 58.37+0.14 41.151+0.48 78.27+0.26 59.174+0.94 56.86+0.11 41.09+0.31 76.91+0.21 60.09+0.39

Table 4. Performance comparisons of Lyaci and Lmact with baselines on TinyImagenet. The best accuracy (%) within each loss type is

in boldface (larger is better).

a=0 Lnacl(G', M, ) = Lnca (g0, M) Lnacl(GY, M, ) = Lnca (g2, M)
M TinyImagenet TinyImagenet Adv. TinyImagenet TinyImagenet Adv.
1 39.66+0.15 24.80+0.07 41.264+0.14 27.34+0.77
40.714+0.26 26.29+0.51 41.9940.23 28.14+0.13
Lnact (G, M, \) = Lyixnea(9o, M, 0.9) | Lnaat(GT, M, X) = Lyixnea (g2, M, 0.5)
1 39.66+0.15 24.80+0.07 41.264+0.14 27.34+0.77
2 40.2340.37 26.47+0.24 43.914+0.20 28.29+0.33
a=1 LNaCl(Gl,AI, )\) = CM[XNCA(gQ,]\'17 05) ENaCl(G17]\4[7 )\) = CMIXNCA(gz,]\C{7 05)
LRobust(027 w)) = ﬁRubusl(QQ-, Lb(J))) ﬁRobusl(sz QU)) = LRobust(Q% 1))
1 42.564+0.13 31.18+0.51 42.2440.14 31.55+0.38
44.694+0.20 32.65+0.52 44.3740.08 32.20+0.23
5 45.314+0.22 32.4340.33 44.774+0.11 32.47+0.42

4.1. The effect of Lnac1

By evaluating the effect of Ln,c, we want to evaluate the
performance difference of our framework Liw.c1 when
M > 1and M = 1. In order to see that, we consider 2 cases:
(1) set & = 0 in Equation (9) and compare Lnac1 (G, M #
1, \) with existing work Lyx.ci(G, M = 1, ), or (2) set
a = 1 and compare LiyNac1 and Liycr-

Case (1) a = 0. In Table 2, after setting a = 0, we experi-
ment with G = gg, go. By referring to Table 1, our base-
line becomes exactly SImCLR (Chen et al., 2020a) when

Gl = go, and becomes Debiased+HardNeg (Robinson et al.,
2021) when G! = g2. From Table 2, one can see that when
M # 1, Lnca and Lyixnea can both improve upon the
baselines(M = 1) in all metrics (standard/robust/transfer
accuracy). When G = gg, Lnca’s improvement over Sim-
CLR also exemplifies our Theorem 3.1. Due to page limits,
we only select one A when Lnycp = Lwvixnca and report
results together with the results of Ly, = Lnca. Full
tables can be found in the appendix D. We further verify
the performance on TinyImagent and give results in Table 4.
Notice that now when G = g, we are using a batch size



Table 5. Combining Lnca (g2, 5) and Lvixnca (g2, 5, 0.5).

Accuracy (%) ‘ CIFAR100 CIFAR100 Adv. CIFAR10  CIFARIO Adv.
Lxeca 58.81+0.21 32.86+0.47 77.58+0.23 48.30+0.39
Lyvixnca 59.85+0.30 32.06+0.72 79.454+0.20  48.32+0.70
Combined 59.66+0.14 33.64+0.31 78.94+0.07 51.19+0.44

of N = 128 for 200-class TinyImagent task. Therefore, the
requirement of N > K — 1 in Theorem 3.1 is not fulfilled.
However, we can still see improvements when going from
M = 1to M = 2. Additionally, we combine Lnca and
Lwmixnca 1n training and give their results in Table 5. We see
that the robustness performance can be further boosted by
1-3% with the combined loss while keeping similar standard
accuracy to LyVIxNCA-

Case (2) a = 1. In Table 3, after setting o = 1, we ex-
periment with G' = G? = g, since g, generally yields
better performance in Table 2. When Lyaci (G, M, \) =
Lyxnea (g2, M, ), we give the results for A = 0.5,0.7,0.9
to show an interesting effect: while Lyixnea (g2, M, A =
0.5) benefits a lot going from M = 1to M = 5 (standard
accuracy increases from 56.22% to 59.43%), the improve-
ment is comparatively smaller with Lyxnca (g2, M,0.9)
(standard accuracy increases from 56.22% to 56.86%). In
Figure 1, we plot the robust accuracy defined under FGSM
attacks (Goodfellow et al., 2015) along the y-axis. Ide-
ally, one desires a representation network that pushes the
performance to the upper-right corner in the 2D accuracy
grid (standard-robust accuracy plot). We highlight the re-
sults of Liynact and Lyycr in circles, through which we see
that while Ly cp can already train representations that are
decently robust without sacrificing the standard accuracy
on CIFAR100, the standard accuracy on CIFAR10 is infe-
rior to some baselines (HardNeg and Debiased+HardNeg).
Comparatively, Liynac1 demonstrates high transfer standard
accuracy and wins over the baselines by a large margin on
both datasets, proving the ability of learning representation
networks that also transfer robustness property. For TinyIm-
agent, we only show the results when Ly, (G, M, \) =
Lyrxnea (g2, M, 0.5) since go generally achieves higher ac-
curacy and combines well with Lyxnca. Importantly, with
the help of Ln,c1 module, the performance can be boosted
from 42.56% to 45.31% while maintaining good robust
accuracy 32.43%.

4.2. The effect of Lgobust

By evaluating the effect of Lropyst, We want to see the
performance difference of our framework Lyyna.ci When
a # 0 and a = 0. Therefore, we consider 2 cases: (1) set
M = 1 in Equation (9) and compare Ly, with existing
work Lnaci(GY, M = 1, ), or (2) set M # 1 and compare
ﬁlntNuCl and ﬁNaCl(le M 7é ]-a )‘)

Case (1) M = 1. Notice that Ly differs from standard

contrastive losses by including the term Lgqpus. Therefore,
one can easily evaluate the effect of Lgropys by inspecting
the performance difference between L) and the baselines
in Figure 1. Specifically, we let G = g, for Liyc in
Figure 1, hence a direct baseline is Debiased+HardNeg. By
adding a robustness-promoting term, the robust accuracy
can be boosted from 31.03% to 40.05% and transfer robust
accuracy from 48.38% to 59.33%, which is a significant
improvement.

Case (2) M # 1. The effect of Lropus 1S also demon-
strated through the robust accuracy “jump” from Table 2
to Table 3. For example, we point out that in Table 2,
Lnac1(GY, M, \) = Lnca(ge,3) gives the maximum robust
accuracy of 33.19%, while the robust accuracy obtained
with the same Lyac1(GY, M, \) = Lnca(g2,3) and addi-
tional Lropuse increases to 40.53% in Table 3. The robust
accuracy boost on Tinylmagent with the help of Lropys 1S
also visible: when Lyaci (G, M, \) = Lyvixnea(gz, 2,0.5),
the robust accuracy increases from 28.29% to 32.65%.

4.3. The effect of M, )\, and w(x)

To evaluate the effect of M, we can see from Table 2 and
Table 3 that the performance is generally increasing as
M increases. However, this effect seems to be less visi-
ble for robust accuracy and transfer robust accuracy. In
practice, M = 5 does not require exactly 5 times train-
ing time since the number of training parameter remains
the same. In our experiment, we observe that M = 5 re-
quires roughly 3 times training time compared with the
baseline M = 1. To evaluate the effect of \, we include in
Figure S2 the standard and robust accuracy on CIFAR100
and CIFAR10 as functions of A. Intriguingly, we see that
the accuracy curves mainly show trends of increasing in
Figure S2(a). Comparatively, the standard accuracy on CI-
FAR100 and CIFAR10 shows trends of decreasing in Fig-
ure S2(b). One possible explanation is by the original base-
lines’ room for improvement. Since Debiased+HardNeg is
a much stronger baseline than SIimCLR, it is closer to the
robustness-accuracy trade-off. However, we note that the
overall performance of NaCl on Debiased+HardNeg is still
better than NaCl on SimCLR regardless of the robustness-
accuracy trade-off. In the last row of Table 4, we list the
results when ENaCl(Gl, M, A) = EMIXNCA (gg, ]\47 05) but
different Lrobust (G2, w)). Specifically, on the left we show
the case when w = w(z) and on the right we show the case
when w = 1. One can then see that by using a goal-specific
weighting scheme, the performance can be further boosted.

5. Conclusion

In this paper, we discover the relationship between con-
trastive loss and Neighborhood Component Analysis (NCA),
which motivates us to generalize the existing contrastive loss



to a set of Neighborhood analysis Contrastive losses (NaCl).
We further propose a generic and integrated contrastive
learning framework (IntNaCl) based on NaCl, which learns
representations that score high in both standard accuracy
and adversarial accuracy in downstream tasks. With the
integrated framework, we can boost the standard accuracy
by 6% and the robust accuracy by 17%.
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A. Derivation from Equation (7) to (8)

Since a generalization of contrastive learning loss in Equation (2) can be given by assuming (a) positive pairs belong to
f(=) h(x)

the same class and (b) the transformation Az is instead parametrized by a general function V2 = ZEh@ where h is a
neural network, Equation (7) becomes Equation (S1):
n M 1| f@)-f )
e 2 ij
i -1 . S1
mfm; ©8 ; S e @ TETE (ST)
Then we can prove
. Zn: | Mo -3 fe)—fEh))?
arg min —log BN —
P = Zk#e s llf (@)= f ()l
n M Fa)T Fah) =31 @) 2=4] fH)]|?
e ij
—argminz — log P e Ty W T (52)
P = Ek# ef @)T f (i) =5 1F (@)12 =11 f (zn)l
n Mo @) T () -1
:arg;mnz — log Z F@) )1 (S3)
i=1 j=1 75
M
Z )T F(=h)
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— Zk#wke{%}ef( DT f(xk) +Ek¢i,xk¢{z;}ef( )T f(xk)
[ $° @7 1)
=argminE,.p |—log iy =1 ~ (S5)
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where we go from Equation (S2) to Equation (S3) based on the fact that || f(z)|| = 1, and from Equation (S4) to Equation
(S5) assuming that set {xy, : k # i} = {a} : 1 <j < M}uU{z; : 1 <i <N}



B. Generalization Bounds

We extend the theorems from (Chuang et al., 2020) to get results for Lnca. The results we have here apply to G = go and
g1. The case when G = go2, Lyvixnea, and Liac are left as future work.

B.1. Bridging the empirical estimator and asymptotic objective

We introduce an intermediate unbiased loss in order to extend our results. Let h(z,y) = ef (@) "/, then the unbiased loss
with multiple positive pairs is given as

M +
- i h(z,x))
LALN f :E emp log ZL_l Pt}
Unblased( ) o pt Z?il h(x7 x:r) + M- N - Eszp;h(xv xi)

Then we can define a debiased loss by

M
n,m M h 7 +
LA™ (F) =E e~ |log =5 S o) |
ot | b))+ M N - Gla fuiby (i)

Ui ~p;vi~p

Theorem B.1. For any embedding f and finite N and M, we have

~ 3/2 3/2 -+
M,N M,N,n, e [n et [ 7
LUnbiased(f) - LDebiasgdm(f)’ < — % + — om

The proof of B.1 is the same as the proof of Theorem 3 in (Chuang et al., 2020) with the help of the following slightly
modified version of Lemma A.2 in (Chuang et al., 2020). Now if we let

M + M +
A = | — log i Ziil h(x’ ‘/E’L' ) + log - Ei:l h(f,U’ mi )
Zi:l h(ﬂl‘,]}j_) +M-N- G(.ﬁ, {ui}?:lv {Ul}?ll) Ei:l h(x,xj) +M-N- Ex*w

h(z,z=) |

P

where h(z, z) = exp/ @ 7@ _then one has the following lemma:

Lemma B.2. Let x and x in X be fixed. Further, let {u;}""_; and {v;}", be collections of i.i.d. random variables sampled
from p and p} respectively. Then for all € > 0,

(a2 o) < 2 ("5 00 ) vy (2T

2e3 2e3

Proof of Lemma B.2. We first decompose the probability as

M + M +
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+ P(—log { Z ha,xf)+ M- N -Gz, {ui}i—y, {vi}iy) } + log { Zh(x, )+ M- N - B s h(z,z7)} > ¢)
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where the final equality holds simply because | X | > ¢ if and only if X > ¢ or —X > . The first term can be bounded as
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using the same two bounds.

{ log Zh )4+ M- N -Gz, {u}y, {vi}, }—Hog{Zh ) +M-N-E,__ _h(z,z7)} >e)
M W@zl )+M-N-E_____h(z,z"
— B(log 52_ (+ )+ pz M@, 27) >0
Zi:l h(z, )+ M- N -Gz, {ui iy, {vi}i2,)
M-N-E,___ -hx,az7)—=M- NGz {u}iy, {vi}iZ) > 6
ZiAil h(xvxj)"f‘M'N'G(xv{ul i= 17{1)1}1 1) B

1 M
PE, - p; M, 27) = Gla, {ui iy, {vihily) = 5{ UV Z h(z

<PE,-,-h(z,27) - G(

(10)
The first A}Inequahty follows by applying the fact that logz < x — 1 for z > 0. The second inequality holds since
1
L h(z, ) +E,
M-N- 2ui=1

Next, we move on to bounding the second term, which proceeds similarly,
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Combining equation (10) and equation (11), we have

(11)
P(A > £) <P(|G(x, {ui}isy, {vi}ily) — E,-

o mpz P, z7)| > eeh).
Lastly, one needs to bound the right hand tail probability. This part of the proof remains exactly the same as in (Chuang
et al., 2020) and is therefore omitted.

O
B.2. Bridging the asymptotic objective and supervised loss

Lemma B.3. For any embedding f, whenever N > K — 1 we have

Lsw(f) < L (f) < L

Sup Unbmsed(f)
Proof. We first show that N = K — 1 gives the smallest loss
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To show that L5 1 (f) is an upper bound on the supervised loss Lg,(f), we additionally introduce a task specific class

Unbiased
distribution p7 which is a uniform distribution over all the possible K -way classification tasks with classes in C. That is, we
consider all the possible task with K distinct classes {c1,...,cx} C C.
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where the three inequalities follow from Jensen’s inequality. The first and third inequality shift the expectations Ex+~p+ .

and E, - ,(|c-), respectively, via the convexity of the functions and the second moves the expectation E7..p out using

T ~p %
concavity. Note that Lsy,(f) < L& (f) holds trivially. O

Sup

B.3. Generalization bounds

We wish to derive a data dependent bound on the downstream supervised generalization error of the debiased contrastive
objective. Recall that a sample (z, {z] }2£,, {u;}7, {v;}™,) yields loss
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Theorem B.4. With probability at least 1 — 0, forall f € F and N > K — 1,

N 1 1 75 [T ARs(F) log
LSup(f) LDeblased ) +0 7—\/; + Ti E + T B T(S ’

where)\:ﬁ\/TEQ(%+1)+T+2(%+1)andB log N (& +77).

T
Proof. Considering the samples to be { (xt, {xz }]\{1 , {uti}’,L_l , {vti}ﬁ;) } . Then, we can use the standard bounds
1= = = t=1

for empirical versus population means of any B—bounded function g belonging to a function class G, we have that with
probability at least 1 — %.

‘ 2Rs(G) log (%)
Zg(m) + —r +3B 5T (12)

In order to calculate Rg(G) we use the same trick as in (Saunshi et al., 2019). We express it as a composition of functions

g=" (h (f (xt, {xj;}j\il Auntig, {v“}gl))) where f € F just maps each sample to corresponding feature vector

and h maps the feature vectors to the {a}?_;, {b}7,. Then we use contraction inequality to bound Rs(G) with Rg(F). In
order to do this we need to compute the Lipschitz constant for the intermediate function h in the composition.

For h, we see that the Jacobian has the following form
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Using this and the Lipschitz constant, O ( mli + Tmﬁ) of ¢ derived in (Chuang et al., 2020), we get Rs(G) = AR g (F)

where A = O (1&1\/ (T4 1) + T+2(% + 1)) From (Chuang et al., 2020) we also get B = O (log N (= +771)).
Combining this with Equation 12 gives us that with probability at least 1 — 5
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Using Theorem B.2, we get that
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Finally we see that for any f, we can use M Hoeffding’s inequality to show that with at least 1 — g probability
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Combining all of the above results gives us that with probability at least 1 — 4,
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C. Table of Definitions

Table S1. A summary of definitions.
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D. Complete Tables of Results

We give the full table of results in Section 4 in the following. Notably, we gather the standard accuracy, robust accuracy,

transfer accuracy, and transfer robust accuracy for each specification.

Table S2. The effectiveness evaluation of NaCl on SimCLR (i.e. @ = 0, G* = go). The best performance within each loss type is in

boldface.

o = 07 ﬁNaCl(le M7 >\) = ENCA(gO» M)

CIFAR100 Acc. FGSM Acc. CIFAR10 Acc. FGSM Acc.
1 53.69+0.25 25.174+0.55 76.344+0.28 43.50+0.41
2 55.724+0.15 27.04+0.45 77.40+0.14 44.58+0.41
3 56.67+0.12 28.41+0.24 77.534+0.24 45.21+0.89
4 57.09+0.26 28.204+0.81 77.754+0.22 45.13+£0.44
5 57.32+0.17 28.33+0.59 77.93+0.40 44.46+0.53
a =0, Lnact(G', M, \) = Lyvixnea (90, M, 0.5)
1 53.69+0.25 25.17+0.55 76.344+0.28 43.50+0.41
2 54.76+0.29 23.661+0.27 76.78+0.26 40.76+£0.66
3 55.2140.17 24.464-0.44 77.4540.18 41.78+0.80
4 55.684+0.27 24.1940.46 77.404+0.24 41.33+0.34
5 55.85+0.16 24.01+0.91 77.50+0.16 40.77+0.66
a =0, Lyaar(G', M, ) = Lyixnea (90, M, 0.6)
1 53.69+0.25 25.1740.55 76.344-0.28 43.504+-0.41
2 54.844-0.35 25.9440.81 77.114+0.15 42.81+0.83
3 55.4940.13 26.25+0.89 76.954+0.32 42.99+0.96
4 55.65+0.24 25.414+0.53 77.39+0.37 42.69+1.20
5 55.66+0.22 26.01+0.60 77.26+0.48 43.06+£0.79
a =0, Lyact(G*, M, X) = Lavixnea(go, M, 0.7)
1 53.694+0.25 25.174+0.55 76.344+0.28 43.50+0.41
2 55.57+0.32 27.67+0.60 77.094+0.27 44.68+0.71
3 55.83+0.25 27.721+0.59 77.23+0.28 43.68+0.72
4 56.2940.25 27.924-0.60 77.334+0.29 44.69+0.82
5 56.37+0.32 27.784+0.54 77.40+0.20 45.07+0.98
a =0, Lyaar(G', M, \) = Lyixnea (g0, M, 0.8)
1 53.69+0.25 25.17+0.55 76.341+0.28 43.50+0.41
2 55.75+0.21 29.301+0.86 76.804+0.20 46.56+1.02
3 56.274+0.26 29.96+0.29 77.114+0.37 46.52+0.50
4 56.39+0.26 29.4940.65 77.34+0.31 46.79+0.93
5 56.23+0.13 29.474+0.95 77.40+0.14 47.36+0.69
a =0, Lyact(G*, M, X) = Lavixnea (9o, M, 0.9)
1 53.694+0.25 25.174+0.55 76.344+0.28 43.50+0.41
2 56.20+0.33 30.954+0.36 76.961+0.15 48.85+0.75
3 56.41+0.13 30.98-+0.90 77.10+0.21 48.76+0.63
4 56.00+0.42 29.904+0.63 77.11+0.40 48.16+0.40
5 56.63+0.31 30.58+0.52 77.04+0.19 47.96+0.46




Table S3. The effectiveness evaluation of NaCl on Debised+HardNeg (i.e. o = 0, G* = g2). The best performance within each loss type
is in boldface.

M a =0, Lnaci(G, M, X) = Lncalgz, M)
CIFAR100 Acc. FGSM Acc. CIFARI10 Acc. FGSM Acc.
1 56.83+0.20 31.03+0.41 77.24+0.29 48.38+0.70
2 57.87+0.15 32.50+0.48 77.431+0.11 48.14+0.31
3 58.42+0.23 33.19+0.60 77.414+0.17 48.09+0.93
4 58.86+0.18 32.65+1.07 77.46+0.29 48.43+0.94
5 58.81+0.21 32.86+0.47 77.58+0.23 48.30+0.39
a =0, Lyaci(G, M, \) = Lyixneal(g2, M, 0.5)
1 56.83+0.20 31.03+0.41 77.244+0.29 48.38+0.70
2 59.41+0.19 32.22+0.35 79.36+0.65 48.86+0.34
3 59.81+0.25 32.04+0.67 79.41+0.17 48.91+0.81
4 59.75+0.33 32.03+0.34 79.42+0.18 49.05+0.71
5 59.85+0.30 32.06+0.72 79.45+0.20 48.32+0.70
a =0, Lyaar(G', M, ) = Lyixnea (92, M, 0.6)
1 56.83+0.20 31.03+0.41 77.24+0.29 48.38+0.70
2 58.94+0.29 32.65+0.36 78.67+0.15 49.86+0.59
3 59.43+0.35 32.91+0.40 78.94+0.19 48.84+1.09
4 59.54+0.28 33.024+0.62 78.924+0.29 49.64+0.74
5 59.52+0.28 33.10£0.50 79.29+0.21 49.39+1.02
a =0, Lyaci(G, M, \) = Lyixneal(g2, M, 0.7)
1 56.83+0.20 31.03+0.41 77.24+0.29 48.38+0.70
2 58.24+0.19 33.2440.90 78.30+0.31 50.40+0.83
3 58.74+0.26 33.124+0.59 78.4940.30 49.85+0.38
4 58.79+0.38 33.63+0.53 78.51+£0.29 49.88+0.75
5 58.99+0.18 32.93+0.81 78.57+0.12 49.53+1.55
| =0, Lnaci(G', M, \) = Lyvixnea (g2, M, 0.8)
1 56.83+0.20 31.03+0.41 77.24+0.29 48.38+0.70
2 57.60+0.15 34.14+0.22 77.96+0.07 51.82+0.68
3 58.04+0.28 33.93+0.45 77.55+0.18 50.30+0.81
4 58.05+0.16 34.1610.54 77.90+0.21 50.404+0.43
5 58.43+0.27 33.87+0.62 77.90+0.17 50.78+0.95
| =0, Lnaai(G*, M, \) = Lyixnea(92, M, 0.9)
1 56.83+0.20 31.03+0.41 77.24+0.29 48.38+0.70
2 57.16+0.15 34.2540.55 77.194+0.09 51.42+0.45
3 57.08+0.10 33.964+0.19 77.21+£0.26 51.30+1.05
4 57.36+0.19 34.29+0.15 77.34+0.34 51.16+0.55
5 57.38+0.16 34.25+0.30 77.13+0.16 50.68+0.74




Table S4. The effectiveness evaluation of NaCl (M # 1) on IntC1 (M = 1) whena = 1,G* = G? = g2. The best performance within

each loss type is in boldface.

M

a#0, Lnact(GY, M, \) = Lncal(ga, M)

CIFAR100 Acc. FGSM Acc. CIFAR10 Acc. FGSM Acc.
1 56.224+0.15 40.05+0.67 76.394+0.10 59.33+0.94
2 56.71+0.11 39.804+0.57 76.55+0.27 58.4440.31
3 57.13+£0.26 40.53+0.29 76.67+0.22 58.474+0.31
4 57.06+0.19 40.85+0.31 76.34+0.22 58.91+0.62
5 57.461+0.04 41.00+£0.86 76.60+0.37 57.98+0.47
a#0, Lyact(GY, M, ) = Lyvixnea (92, M, 0.5)
1 56.22+0.15 40.05+0.67 76.39+0.10 59.33+0.94
2 58.9740.19 40.25+0.52 78.61+£0.20 58.41+0.59
3 59.26+0.18 40.96+0.58 78.831+0.22 59.20+1.25
4 59.324+0.21 40.82+0.54 78.831+0.27 59.03+0.52
5 59.43+0.23 41.01+0.34 78.80+0.21 59.51+0.93
a# 0, Lnact(GY, M, ) = Lyixnea (92, M, 0.6)
1 56.224+0.15 40.05+0.67 76.39+0.10 59.33+0.94
2 58.55+0.34 40.85+0.62 78.341+0.22 59.56+0.88
3 59.054+0.21 40.83+0.44 78.414+0.12 59.144+0.78
4 59.06+£0.25 40.80+0.89 78.61+0.22 58.41+£1.00
5 59.10+0.23 40.68+0.50 78.63+0.21 58.92+0.76
a#0, Lyact(GY, M, ) = Lyixnea (92, M, 0.7)
1 56.22+0.15 40.05+0.67 76.39+0.10 59.33+0.94
2 58.00+0.18 40.35+£0.34 77.73+£0.24 59.40+1.27
3 58.23+0.18 40.94+0.75 77.91+0.25 59.57+0.81
4 58.204+0.25 40.95+0.45 77.89+0.20 59.49+0.49
5 58.37+0.14 41.15+0.48 78.27+0.26 59.17+0.94
a#0, Lyaci(GY, M, X) = Lavixnea(g2, M, 0.8)
1 56.224+0.15 40.05+0.67 76.39+0.10 59.33+0.94
2 57.07+0.24 41.29+0.57 77.274+0.28 60.161+0.51
3 57.62+0.22 40.93+0.49 77.544+0.27 59.47+0.52
4 57.61+0.25 41.36+0.41 77.50+0.34 60.28+0.68
5 57.56+0.18 40.71£0.34 77.58+0.42 59.99+0.30
a# 0, Lnact(GY, M, ) = Lyixnea (92, M, 0.9)
1 56.22+0.15 40.05+0.67 76.39+0.10 59.33+0.94
2 56.54+0.33 40.85+0.13 76.81+£0.22 60.40+0.46
3 56.69+0.11 41.23+0.66 76.98+0.22 60.131+0.56
4 56.43+0.26 41.56+0.56 76.974+0.20 61.21+0.49
5 56.86+0.11 41.09+0.31 76.91+0.21 60.09+0.39




E. Robust Accuracy

For a more comprehensive study of adversarial robustness, we extend Table S3 to include PGD attack results with the same
strength as FGSM attacks (e = 0.002). One can readily see from Table S5 that the robust accuracy under PGD attacks of the
same magnitude is slightly lower (roughly 2-3% lower) as PGD is a stronger attack. Nevertheless, the trend is consistent —
the models that exhibit better adversarial robustness w.r.t. FGSM attacks also demonstrate superior adversarial robustness

w.r.t. PGD attacks.

Table S5. The complete Table S3 (Table 1 right column) with additional PGD accuracy.

M o = 07 ENaCl(leMv >\) = LNCA(g27M)
CIFAR100 Acc. FGSM Acc. PGD Acc. CIFAR10 Acc. FGSM Acc. PGD Acc.
1 56.83+0.20 31.03+0.41 28.80+0.48 77.24+0.29 48.38+0.70 46.24+0.77
2 57.87+0.15 32.50+0.48 30.25+0.60 77.431+0.11 48.14+0.31 45.81+0.43
3 58.424+0.23 33.19+0.60 30.93-+0.59 77.414+0.17 48.09+0.93 45.67+0.93
4 58.86+0.18 32.65+1.07 30.22+1.09 77.46+0.29 48.43+0.94 45.99+1.15
5 58.81+0.21 32.86+0.47 30.57+£0.55 77.58+0.23 48.30+0.39 45.801+0.48
a =0, Lyaci(G, M, \) = Lavixnea (g2, M, 0.5)
1 56.83+0.20 31.03+0.41 28.80+0.48 77.244+0.29 48.38+0.70 46.24+0.77
2 59.41+0.19 32.22+0.35 30.11+0.43 79.36+0.65 48.86+0.34 46.67+£0.40
3 59.81+0.25 32.04+0.67 29.87+0.65 79.41+0.17 48.91+0.81 46.61£0.86
4 59.75+0.33 32.03+0.34 29.85+0.36 79.42+0.18 49.05+0.71 46.70+£0.80
5 59.85+0.30 32.06+0.72 29.99+0.76 79.45+0.20 48.32+0.70 45.89+0.82
a =0, Lyacr(G', M, ) = Lyixnea (92, M, 0.6)
1 56.83+0.20 31.03+0.41 28.80+0.48 77.24+0.29 48.38+0.70 46.24+0.77
2 58.94+0.29 32.65+0.36  30.16+0.27 78.67+0.15 49.86+0.59 47.38+0.70
3 59.43+0.35 32.91+0.40 30.36+0.52 78.94+0.19 48.84+1.09 46.24+1.32
4 59.54+0.28 33.02+0.62 30.68+0.72 78.92+0.29 49.64+0.74 47.151+0.88
5 59.52+0.28 33.10+0.50 30.63+£0.48 79.29+0.21 49.39+1.02 46.89+1.12
a =0, Lyaci(G, M, X) = Layixnea (g2, M, 0.7)
1 56.83+0.20 31.03+0.41 28.80+0.48 77.24+0.29 48.38+0.70 46.24+0.77
2 58.244+0.19 33.244+0.90 30.40+1.06 78.30+0.31 50.40+0.83 47.50+0.89
3 58.74+0.26 33.12+0.59 29.94+0.62 78.494+0.30 49.85+0.38 46.69+0.32
4 58.79+0.38 33.63+0.53 30.70+£0.60 78.51+£0.29 49.88+0.75 47.01£0.96
5 58.99+0.18 32.93+0.81 29.89+0.99 78.57+0.12 49.53+1.55 46.414+1.91
| =0, Lnaci(G', M, \) = Lyvixnea (g2, M, 0.8)
1 56.83+0.20 31.03+:0.41 28.804+0.48 77.244+0.29 48.38+0.70 46.24+0.77
2 57.60+0.15 34.14+0.22 31.35+0.25 77.96+0.07 51.82+0.68 48.81+0.85
3 58.04+0.28 33.93+0.45 31.31+0.62 77.55+0.18 50.30+0.81 47.41+0.76
4 58.05+0.16 34.16+0.54 31.41+0.61 77.90+0.21 50.40+0.43 47.58+0.47
5 58.43+0.27 33.874+0.62 31.234+0.76 77.90+0.17 50.78+0.95 47.96+1.12
| =0, Lnaai(G*, M, \) = Lyixnea (92, M, 0.9)
1 56.83+0.20 31.03+0.41 28.80+0.48 77.24+0.29 48.38+0.70 46.24+0.77
2 57.164+0.15 34.254+0.55 31.83+0.57 77.194+0.09 51.42+0.45 49.09+0.53
3 57.084+0.10 33.961+0.19 31.56+0.34 77.21+£0.26 51.30+1.05 48.60+1.28
4 57.36+0.19 34.29+0.15 31.93+0.32 77.34+0.34 51.16£0.55 48.64+0.61
5 57.38+0.16 34.25+0.30 31.89+0.26 77.13+0.16 50.68+0.74 48.14+0.83

In Figure S1, we show the robust accuracy as a function of the FGSM attack strength €. Specifically, we range the attack



strength from 0.002 to 0.032 and give the robust accuracy of our proposals (IntCl & IntNaCl) together with baselines under
all attacks. From Figure S1, one can see that among all baselines, Adv demonstrates the best adversarial robustness, whereas
our proposals still consistently win over it by a noticeable margin.
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Figure S1. The robust accuracy under FGSM attacks of different strength on CIFAR100.



F. The Effect of \
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(a) NaCl on SimCLR (Chen et al., 2020a), i.e. & = 0, Lxact = Lyvixnea, G = go in Eq. (9)
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(b) NaCl on Debiased+HardNeg (Robinson et al., 2021), i.e. & = 0, Lxaci = Laixnca, G = g2 in Eq. (9)

Figure S2. The standard and robust accuracy (%) on CIFAR100 and CIFARI10 as functions of A in Eq. (9) when @ = 0, Lnac1 = LMixNCA-



G. Extended Runtime

As training the representation with more epochs can also expose the data to more augmentations, we carry out an additional
experiments to compare the efficiency and ultimate accuracy of Lnaci, LsimCLr,> and Lpepiased+HardNeg- 1n Table S6, we give
the standard accuracy of NaCl on SimCLR and NaCl on Debiased+HardNeg at different epochs. Same as before, we only
select one A when Ln,c1 = Lwvixnea and report its results together with those of Lnac1 = Lnca. In Figure S3, we plot
the best standard accuracy achieved as a function of training epochs. Specially, (HaoChen et al., 2021) has reported a
LsimcLr CIFAR100 accuracy of 54.74% after 200 epochs, compared to Lnca (9o, 2)’s 55.72% after 100 epochs. In our
reproduction of the Lgimcrr 200-epoch result?, we have witnessed an accuracy of 57.45% however at the cost of 1.34X
training time (cf. 200 epochs with Lgimcrr takes 211 mins vs. 100 epochs with Lynca (9o, 2) takes 158 mins). Overall, we
see that NaCl methods demonstrate better efficiency when applying on SimCLR and better ultimate accuracy when applying

on Debiased+HardNeg.
#epoch 100 200 400 600 800 1000 1200 1400 1600 1800 2000
LsimCLR 53.69 5745 60.06 6096 6127 6190 6194 6253 6244 62.10 62.06
Lnca(g0,2) 5572 5931 61.19 61.66 6249 6195 6206 6239 6239 6252 6254
Lyvixnea(90,2,0.9) 5620 5898 61.81 6243 6246 6348 6348 64.13 64.14 6421 64.31
Lpebiased+HardNeg 56.83 5935 61.77 6274 62.68 63.12 6322 63.08 6286 6290 63.38
Lnca(g2,2) 57.87 60.06 6236 6258 62.86 63.07 6329 6365 63.13 6373 63.20
Lyvixnea(g2,2,0.5) 5941 62.14 64.06 6559 6553 6629 66.64 67.14 6694 67.53 67.85

Table S6. The CIFAR100 linear evaluation results (%) after different numbers of training epochs.
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Figure S3. The standard accuracy (%) on CIFAR100 with extended runtime.

2We let the dataloader shuffle the whole dataset to form new batches after every epoch, so by doubling the training epoch, one will

effectively expose the network to more diverse negative pairs.



H. Experimental Details

Architecture. We follow (Chen et al., 2020a; Robinson et al., 2021) to incorporate an MLP projection head during the
contrastive learning on resnetl18.

Optimizer. Adam optimizer with a learning rate of 3e — 4.

Training epochs. The representation network is trained for 100 epochs. For CIFAR100 and CIFAR10, the downstream
fully-connected layer is trained for 1000 epochs. For Tinylmagenet, the fully-connected layer is trained for 200 epochs.

Methodological hyperparameters. Throughout out experiments, we use 77 = 0.01 and 8 = 1.0 for Lpepjasea (Chuang
et al., 2020) and Lpebiased+HardNeg (RObinson et al., 2021), o = 1 for Lagy (Ho & Vasconcelos, 2020). The same set of
hyperparameters are used in our IntCl and IntNaCl.

Data augmentation. Our data augmentation includes random resized crop, random horizontal flip, random grayscale,
and color jitter. Specifically, we implement the color jitter by calling torchvision.trans forms.Color Jitter(0.8 x s,0.8 %
$,0.8 x 5,0.2 x s) and execute with probability 0.8. Random grayscale is performed with probability 0.2.

Adversarial hyperparameters. When evaluating the adversarial robustness using the codebase provided in (Wong et al.,
2020), we use a PGD step size of 1e — 2, 10 iterations, and 2 random restarts.

Error bar. We run five independent trials for each of the experiments and report the mean and standard deviation for all
tables and figures. The error bars in Figure S1 is omitted for better visual clarity.



I. Supervised Learning Baseline

We give in the following the standard and robust accuracy of a supervised learning baseline with the same network
architecture, optimizer, and batch size. In our self-supervised representation learning experiments, we train the representation
network for 100 epochs and train the downstream fully-connected classifying layer for 1000 epochs. Therefore, to obtain a
fair supervised learning baseline, we train the complete network end-to-end for 1000 epochs. We follow the same procedures
in evaluating the transfer standard accuracy and robust accuracy as described in Section 4.

CIFAR100 (std. acc., FGSM acc., PGD acc.): 65.1640.32, 35.8940.23, 32.62+0.23.
Transfer CIFAR10 (std. acc., FGSM acc., PGD acc.): 77.454+0.21, 44.394+0.47, 40.35+0.52.



