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Abstract

We address the issue of safety in reinforcement learning. We pose the problem
in an episodic framework of a constrained Markov decision process. Existing
results have shown that it is possible to achieve a reward regret of O(+/ K') while

allowing an @(\/E ) constraint violation in K episodes. A critical question that
arises is whether it is possible to keep the constraint violation even smaller. We
show that when a strictly safe policy is known, then one can confine the system to
zero constraint violation with arbitrarily high probability while keeping the reward
regret of order @(\/E ). The algorithm which does so employs the principle of
optimistic pessimism in the face of uncertainty to achieve safe exploration. When
no strictly safe policy is known, though one is known to exist, then it is possible to
restrict the system to bounded constraint violation with arbitrarily high probability.
This is shown to be realized by a primal-dual algorithm with an optimistic primal
estimate and a pessimistic dual update.

1 Introduction

Reinforcement learning (RL) addresses the problem of learning an optimal control policy that max-
imizes the expected cumulative reward while interacting with an unknown environment [29]. Stan-
dard RL algorithms typically focus only on maximizing a single objective. However, in many real-
world applications, the control policy learned by an RL algorithm has to additionally satisfy stringent
safety constraints [10, 4]. For example, an autonomous vehicle may need to reach its destination
in the minimum possible time without violating safety constraints such as crossing the middle of
the road. The Constrained Markov Decision Process (CMDP) [2, 14] formalism, where one seeks
to maximize a reward while satisfying safety constraints, is a standard approach for modeling the
necessary safety criteria of a control problem via constraints on cumulative costs.

Several policy-gradient-based algorithms have been proposed to solve CMDPs. Lagrangian-based
methods [30, 28, 25, 20] formulate the CMDP problem as a saddle-point problem and optimize it
via primal-dual methods, while Constrained Policy Optimization [1, 33] (inspired by the trust region
policy optimization [27]) computes new dual variables from scratch at each update to maintain
constraints during learning. Although these algorithms provide ways to learn an optimal policy,
performance guarantees about reward regret, safety violation or sample complexity are rare.

One class of RL algorithms for which performance guarantees are available follow the principle of
Optimism in the Face of Uncertainty (OFU) [9, 11, 26], and provide an O( VK ) guarantee for the
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Table 1: Regret and constraint violation comparisons for algorithms on episodic CMDPs

Algorithm Regret? Constraint violation 2
OPDOP [9] O(H?\/|SPP|A|IK O(H?\/|S]2|AK
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0
0
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0
0
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reward regret, where K is the number of episodes. However, these algorithms also have @(\/? )
safety violations. Such significant violation of the safety constraints during learning may be unac-
ceptable in many safety-critical real-world applications such as the control of autonomous vehicles
or power systems. These applications demand a class of safe RL algorithms that can provably guar-
antee safety during learning. With this goal in mind, we aim to answer the following open theoretical
question in this paper:

Can we design safe RL algorithms that can achieve an O(v/K) regret with respect to the
performance objective, while guaranteeing zero or bounded safety constraint violation with
arbitrarily high probability?

We answer the above question affirmatively by proposing two algorithms and establishing their strin-
gent safety performance during learning. Our focus is on the tabular episodic constrained RL setting
(unknown transition probabilities, rewards, and costs). The key idea behind both algorithms is a
concept used earlier for safe exploration in constrained bandits [24, 21], which we call “Optimistic
Pessimism in the Face of Uncertainty (OPFU)” here. The optimistic aspect incentivizes the algo-
rithm for using exploration policies that can visit new state-action pairs, while the pessimistic aspect
disincentivizes the algorithm from using exploration policies that can violate safety constraints. By
carefully balancing optimism and pessimism, the proposed algorithms guarantee zero or bounded
safety constraint violation during learning while achieving an @(\/? ) regret with respect to the
reward objective.

The two algorithms address two different classes of the safe learning problem: whether a strictly
safe policy is known a priori or not. The resulting exploration strategies are very different in the two
cases.

1. OptPess-LP Algorithm: This algorithm assumes the prior knowledge of a strictly safe
policy. It ensures zero safety constraint violation during learning with high probability and
utilizes the linear programming (LP) approach for solving a CMDP problem. The algorithm

. A 3 . . .
achieves a reward regret of O(£L/|S[3|.A|K) with respect to the performance objective,
where H is the number of steps per episode, 7 is the given constraint on safety violation,
¥ is the known safety constraint value of a strictly safe policy 7°, and |S| and |.A| are the

number of states and actions respectively.

2. OptPess-PrimalDual Algorithm: This algorithm addresses the case where no strictly safe
policy, but a feasible strictly safe cost is known. By allowing a bounded (in K) safety
cost, it opens up space for exploration. The OptPess-PrimalDual algorithm avoids linear

“This table is presented for K > poly(|S|, |A|, H), with polynomial terms independent of K omitted.
3Efroni et al. [11] use A/, the maximum number of non-zero transition probabilities across the entire state-
action space, in their regret and constraint violation analysis. For consistency, we use |S|?|.A| to bound A

“Zheng et al. [34] assumes a known transition kernel and analyzes regret in the long-term average setting.
3The detailed constraint violation is O (C"H + H?\/IS]BA|C” log(C’”/d’)), which is independent of

K. Here, §' = 6/(16|S|*|A|H) and C" = O(ﬁi‘fﬁgg“ log 715744l




programming and its attendant complexity and exploits the primal-dual approach for solv-
ing a CMDP problem. The proposed approach improves the computational tractability,
while ensuring a bounded safety constraint violation during learning and a reward regret of

O( H |S|3|.A| K') with respect to the objective.

7—c0

Compared with the other methods listed in Table 1, though the proposed algorithms have an addi-
tional H/(1—c°) or 1/]S|/ (7 — ¢°) factor in the regret bounds, they are able to reduce the constraint
violation to zero or constant with high probability. This improvement in safety can be extremely im-
portant for many mission-critical applications.

1.1 Related work

The problem of learning an optimal control policy that satisfies safety constraints has been studied
both in the RL setting and the multi-armed bandits setting.

Constrained RL: Several policy-gradient algorithms have seen success in practice [30, 28, 25,
20, 1, 33]. Also of interest are works which utilize Gaussian processes to model the transition
probabilities and value functions [5, 31, 19, 7].

Several algorithms with provable guarantees are closely related to our work. Zheng et al. [34] con-
sidered the constrained RL problem in an infinite horizon setting with unknown reward and cost
functions. The approach is similar to the UCRL2 algorithm [16] and achieves a sub-linear reward
regret @(T%) while satisfying constraints with high probability during learning. In contrast to this
work, we consider the setting of unknown transition probabilities. Efroni et al [11] focused on the
episodic setting of unknown non-stationary transitions over a finite horizon, attaining both a reward
regret and a constraint violation of O(H?,/|S]3] A|K). Ding et al. [9] studied an episodic setting
with linear function approximation (suitable for large state space cases), and proposed algorithms
that can achieve @(dH 3y/K) for both the regret and the constraint violation (where d is the dimen-
sion of the feature mapping). The regret analysis in [9] can be easily extended to the tabular case,

yielding O(H?/|S?|A|K).

Constrained Multi-Armed Bandits: Multi-armed bandit problems are special cases of MDPs,
with both the number of states as well as the episode length being one. Linear bandits with con-
straints (satisfied with high probability) have been investigated in different settings. One setting,
referred to as conservative bandits [32, 18, 13], requires the cumulative reward to remain above a
fixed percentage of the cumulative reward of a given baseline policy. Another setting is where each
arm is associated with two unknown distributions (similar to our setting), generating reward and cost
signals respectively [3, 24, 21, 22].

2 Problem formulation

A finite-horizon constrained non-stationary MDP model is defined as a tuple M =
(S, A, H, P,rc,,u), where S is the state space, A is the action space, H is the number of steps in
each episode, r : S x A — [0, 1] is the unknown reward function of interest, ¢ : S x A — [0, 1]
is the unknown safety cost function used to model the constraint violation, 7 € (0, H] is the given
constant used to define the safety constraint, and p is the known initial distribution of the state.
P.(|s,a) € AH Vs € §,Va € A, where Ag is the |S|-dimensional probability simplex, and
Py, (s'|s, a) is the unknown transition probability that the next state is ' when action « is taken for
state s at step h.

Some further notation is necessary to define the problem. A (randomized Markov) policy is defined
byamap 7 : S x [H] = A4, with 7, (as) being the probability of taking action « in state s at time
step h. With S; and A; representing the state and the action at time ¢ respectively, let

Vi (s;9,P) :==Epx

H
> 9(Si, Ay)|Sh = s] , VseS

t=h



denote the expected cumulative value with respect to a function g : S x A — R under P for a
policy 7 over a time interval [h, h + 1, ..., H]. With slightly abuse of notation, we use V" (u; g, P)
to denote Eg, ~,.[V"(S1; 9, P)].

In the formulation below there are a total of K episodes with H steps each. Each episode k € [K]
begins with an initial probability distribution y for S;. Then, the agent determines a randomized
Markov policy 7* for that episode based on the information gathered from the previous episodes,
and executes it. At time step h during the execution of the k-th episode, after taking action Aﬁ at

state S¥, the agent receives a noisy reward and cost of RF(SK, A¥) = r),(SF, AF) + ¢k (Sk, A¥;r)
and CF(SF, A¥) = ¢, (SF, AF) + £F(SF, A¥; c), respectively.

Assumption 2.1 (Sub-Gaussian noise). For all h € [H),k € [K], the reward and cost noise ran-
dom variables are conditionally independent zero-mean 1/2-sub-Gaussian, i.e., E[¢F|Fr_1] = 0,
Elexp(A\&F)|Fr—1] < exp(A?/4), VA € R. Here Fy, is the o-algebra generated by the random
variables up to episode k.

Let m* denote the optimal policy of the following CMDP model:

max Vi (u;r, P) st. Vi (e, P) <. (1)

A policy 7 is said to be strictly safe if Vi™ (5 ¢, P) < 7.
Assumption 2.2. There exists a strictly safe policy 7 with Vf’o (e, P) =" < 7.

There are two important cases of the safe learning problem.

Zero constraint violation case: The agent has prior knowledge of a strictly safe policy 7° and its

safety cost value ¥ := Vl’ro (u; ¢, P). The agent wishes to attain a sublinear (in K) cumulative
regret,
K k
Reg(Kr) =3 (VT (s, P) = Vi (s, P)) @)
k=1

while incurring zero constraint violation with at least a specified high probability (1 — §), i.e.,

P(Vlﬂk(MC,P) <T,Vk € [K]) >1—34.

Bounded constraint violation case: The agent knows that there exists a strictly safe policy with a
known safety cost value c”, but does not know any strictly safe policy. It aims to achieve a cumulative
regret (2) that grows sublinearly with K, while ensuring that the regret of constraint violation,

K

Reg(K;c) := (Z (Vfrk(u; ¢, P)— T)) (where (a)4 := max{a,0}),
+

k=1

satisfies sup Reg(K'; ¢) < +oo with at least a specified high probability (1 — 9).

Remarks. For the zero constraint violation case, the assumption of knowing c can be relaxed, as
shown in Appendix E.

3 Zero constraint violation case

We start by considering the zero constraint violation case. On one hand, to balance the exploration-
exploitation trade-off, we employ an optimistic estimate of the reward function, as embodied in
the OFU principle. On the other hand, to maintain absolute safety with high probability during
the exploration, we employ a pessimistic estimate of the safety cost. Such an OPFU principle was
previously discussed in constrained bandits [3] and we adapt it to the unknown CMDP setting.



Ateach episode k, we begin by forming empirical estimates of the transition probabilities, the reward
function, and the cost function from step h of all previous episodes:

k-1 K _ K _ Koo o
p—1 L(Sy =s,Af = a, Sy =5 )

PF(s = 3
h(s |S7a’) N;f(s,a/)\/l Y ( )
k—1 K’ K’ k
2U(SE = 5, A = a)(gn(s,a) + € (5,0:9)
~k — k'=1 h y 41p ) K 9; &y o
gr(s,a) = Ni(s,a) v 1 , forg=rc, ()]
where a V b := max{a, b}, and
NF(s,a) := # of visits to state-action pair (s, ) at step h in episodes [1,2,...,k —1].  (5)

Next we fix some 6 € (0,1) and form a common (for notational simplicity) confidence radius
I5) ,’f (s, a) for the transition probabilities, the rewards, and the costs,

1

S — A here Z := log(16|S|?|A|HK/6).
N a) Vi where og(16[S|*|A|H K /d)

ﬁ’,j(s,a) =

At each episode k, we define the optimistically biased reward estimate as

(s, a) == ¥ (s,a) + a, ¥ (s,a), V(s,a,h) €S x Ax [H], (6)
where the scaling factor is
4H(1+|S|H)

ar =1+ |S|H + —

. @)

To guarantee safe exploration, define the pessimistically biased safety cost estimate at episode k as
ci(s,a) ==& (s,a) + (1 + H|S|)Br(s,a), V(s,a,h) €S x A x [H]. 8)

The policy we execute at episode k is chosen from a “pessimistically safe" policy set IT¥, defined as

o 4 iV (s eh, PR > (7 + )2, ©)
T {m s V(s ¥, PR) < 7} otherwise.

We simply use the strictly safe policy 7° until Vf’o (;¢®, P*) < (7 4 ¢°)/2, which is a sufficient
condition to guarantee that the set {m : V/"(u;c¥, P¥) < 7} is non-empty. Within this set, we
choose the optimistically best reward earning policy 7%, which can be solved by linear programming
with ©(|S||A|H) decision variables and constraints [11]. The resulting Optimistic Pessimism-based
Linear Programming (OptPess-LP) algorithm is presented below:

Algorithm 1: OptPess-LP
Input: K, 6, 7°, 0, 7;
Initialization: N} (s,a) =0, V(s,a,h) € S x A x [H];
fork=1,2,..., K do
Update empirical model (i.e., P*, #*, &) as in Equations (3)-(5);
Update Fk, c®, and IT” as in Equations (6)-(9);
Calculate 7% € argmax, e V¥ (1; 7, P¥);
Execute 7% and collect a trajectory (SK, A¥ RF CF), Vh € [H];
Update counters Ny (S, AF), Vh € [H];
end

Theorem 3.1 (Regret and constraint violation bounds for OptPess-LP). Fix any 6 € (0,1). With
probability at least (1 — §), OptPess-LP has zero constraint violation with

./ H3 H3|S]3| A
OPLP K — 3 K
Reg ( 7T) @ < |S| |’A| + (7_ _ CO)2 A (7- _ CO)

5 > , where a A'b := min{a, b}.
T—C

Theorem 3.1 shows that it is possible to achieve sublinear regret in K, while simultaneously incur-
ring no constraint violation with arbitrarily high probability. The proof is sketched in Section 5.1,
with detailed proofs presented in Appendix B.



4 Bounded constraint violation case

Without prior knowledge of a strictly safe policy 7, we may not be able to guarantee zero constraint
violation with high probability. However, by relaxing the requirement to bounded (in K') safety
constraint violation, we can incorporate more exploration and design a more efficient algorithm by
a primal-dual approach. It is inspired by the design of the pessimistic term in constrained bandits
[21].

Different from traditional optimistic dual analysis methods in [11], we introduce an additive pes-
simistic term €, at each episode k in the original optimization problem (1), i.e.,

max V" (u;r, P) st. ViT(pw;¢, P) + e < T (10)

The pessimistic term restrains the constraint violation and will be progressively decreased as learning
proceeds.

The CMDP problem in (10) may however not have any feasible solution. To overcome this, we
consider the Lagrangian,

LF(m,A) == Vi (51, P) + A (1 — e, — Vi (s ¢, P))
for which, given any Lagrange multiplier \, we can always solve for the optimizer max, L*(m, \)
by dynamic programming.

With the introduction of the additive term e, the dual variable (denoted by A*) governed by the
subgradient algorithm grows faster, which enhances safety constraints in the next episode.

In order to guarantee sufficient optimism of rewards and costs, we integrate the uncertainty of tran-
sitions into rewards and costs, i.€.,

7 (s,a) := 75 (s,a) + B(ni(s,a, b)) + H|S|B(nk(s,a,h)), Y(s,a,h) €S x Ax [H],
& (s,a) := ¢ (s,a) — B(ni(s,a,h)) — H|S|B(nk(s,a,h)), Y(s,a,h) €S x Ax[H]. (11)

Note that in contrast to the zero constraint violation case, we optimistically estimate the safety cost
function, with the pessimism only governed by ey.

We employ truncated value functions due to the additional uncertainties from transitions, i.e.,

Vi (7, PF) o= min{ H, V{" (s 7, P*)}, Vi (&%, P¥) == max{0, V{" (; &5, P¥)}. (12)

For the policy update of the primal variable (denoted by 7%), we can apply standard dynamic pro-
gramming by viewing 75 (s, a) — f‘)—:(éﬁ(s, a) — 7) as the reward function. Specifically, we apply
backward induction to solve for the optimal policy:

AF R
QZ(S,(L) :7:2(870’) - T]_k(éﬁ(sua’) _T) + E P}]:(S/|Sua’) H;%'XQEA—I(S/ua/)u Vh € [H]
s’eS

with Q% (s,a) = 0,Y(s,a) € S x A. Then, n} € argmax, Qf (s, a), which is computationally
efficient (as efficient as policy-gradient-based algorithms in the tabular case).

The resulting Optimistic Pessimism-based Primal-Dual (OptPess-PrimalDual) algorithm is shown
in Algorithm 2. It chooses €, := 5H2/|S[]3[A|(log £ +1)/1/klog £, 6’ = §/(16|S|*|A|H), the
scaling parameter n* := (7 — c*)H V/k in the primal policy update, and, for convenience, a step size
of 1 for the dual update.

Theorem 4.1 (Regret and constraint violation bounds for OptPess-PrimalDual). Fix any § € (0, 1).
Then,

5 3 5 3
RegOPPD(K;T') =0 ( H H |8| |"4|) 7

3
L VISTIATR + TS
Reg®PPP(K:¢) = O (C’”(H N+ H? |3|3|A|O//) =0(1),

where C" = O(H4‘S|3|A‘ log H4‘S|3M|) is a coefficient independent of K.

(T—CO)2 (T—CO)26/




Algorithm 2: OptPess-PrimalDual

Input: K,6,c°,7;

Initialization: N} (s,a) =0, V(s,a,h) € S x A x [H], \! =0;

fork=1,2,..., K do

Set e, = 5H2\/|S]3[A|(log £ + 1)/1/klog £, §' = §/(16|S|?| A|H),
0t =(r =) HVE:

Update empirical model (i.e., P*,#*, ¢¥) as in Equations (3)-(5);

Update 7%, ¢* as in Equation (11);

(Policy Update) " € argmaxxer V;¥ (u; 7, P¥) — 3‘7—: (Vl’r(u; &k, pky — 7’);

(Dual Update) \F+1 = (/\]C + V7 (s &, PR) + e — T) ;

+
Execute 7% and collect a trajectory (SF, A¥, RE, CF), Vh € [H];
Update counters Ny (SE AF), Vh € [H];

end

Theorem 4.1 shows that it is possible to achieve an (’N)(\/E ) reward regret, while only allowing
bounded constraint violation with arbitrarily high probability. Detailed proofs are presented in Sec-
tion 5.2 and Appendix C.

5 Regret and constraint violation analysis

We sketch the key steps in the proofs of Theorems 3.1 and 4.1. Full details are relegated to Ap-
pendices B and C, respectively. Note that our analysis and results are conditioned on the same high
probability event (specifically defined in Appendix A), which occurs with probability at least (1 —9).

5.1 Analysis of OptPess-LP (Algorithm 1)

Constraint violation analysis The zero constraint violation of OptPess-LP follows from the fol-
lowing property of the pessimistic policy set IT*:

Lemma 5.1. With probability at least (1 —6), for any k € [K] and policy = € TI¥, V" (u; ¢, P) < .

Regret of reward analysis When the parameters ¢, P are not well estimated, there may not exist
any policy 7 such that V; (u; ¢¥, P¥) < 7. Hence, as defined in (9), II* is a singleton set {z°}, and
accordingly 7 is executed, even though 7° is not safe for (c¥, I:’k) It subsequently takes several
episodes of exploration using 7° until it becomes strictly safe for (c*, P’“). At that time, policies

close enough to 7°, of which there are infinitely many, are also safe for (c¥, P’“), and so |IT¥| = +oo.
At this point the learning algorithm can proceed to enhance reward while maintaining safety with

respect to (c¥, P¥).

To analyze the algorithm, we decompose the reward regret as follows:

K
Reg®PLP (K 7) :Z 1(|TI*| = 1) (Vln* (; 7, P) — VT (; P))

k=1
K N .
Y] > 1) (V7 G P) =V (s, PR))
k=1
K k k
YL > 1) (Vi s PR = v s, ) (13)
k=1

To bound the first term on the right-hand side (RHS) of (13), we have the following lemma which
gives an upper bound on the number of episodes for exploration by policy 7°:



Lemma 5.2. With probability at least (1 — §), Zszl 1% = 1) < C', where C' =
OHYSPIAI/ (T = )2 A (7 = ))).

Turning to the second term on the RHS of (13), we first note that 7* may not be in IT¥. To ensure that
the term V™ (y; 7, P) — V{’k (p; 7%, P¥) is nevertheless non-positive even when 7* ¢ II¥, we set a,.
to the large value shown in (7). This increases 7", and hence also V™ (u; 7, P*). In addition, we

show that there is a policy 7% that attains the same reward as the (non-Markov) probabilistic mixed
policy, #* := B, m* + (1 — B,, )7, where B,, is a Bernoulli distributed random variable with

mean 7, for v € [0, 1]. v, will be chosen as the largest coefficient such that Vf’k (;c®, PF) < 7.
This latter policy in turn has a larger reward than 70 since it is a mixture with 7*, yielding the
following:

Lemma 5.3. With probability at least (1 — §),
K k
V(I > 1) (W (s, P) = Vi s, P)) <0,
k=1

Finally, concerning the third term on the RHS of (13), akin to the closed-loop identifiability prop-
erty [6, 23], while P* may not converge to P, the difference in the rewards V{rk(u; 7~ Pk) —
V{’k (w; 7, P) grows sublinearly in k since the same policy 7* is used in both values:

Lemma 5.4. With probability at least (1 — §),

K
k oA o ~ H3 H5|S]3|A
Zl(|ﬂk|>1) (Vfr (w7, PF) = V; (u;T,P))_(’)< ISPIAIK + |_| |0 |>

0
T c T c
k=1

Combining Lemmas 5.2, 5.3, and 5.4 yields Theorem 3.1.

5.2 Analysis of OptPess-PrimalDual (Algorithm 2)

In this section, we outline the steps in the proof of Theorem 4.1 by analyzing regret and constraint
violation of OptPess-PrimalDual respectively.

Recall e, = 5H%/|S[3|Al(log £ + 1)/4/klog £, where §' = 6/(16|S|?|.A|H). The existence of

a feasible solution to (10) can be guaranteed if ;, < 7 — . Let C” be the smallest value such that
Vk > C", e, < (1—c")/2. Then the perturbed optimization problem (10) has at least one feasible so-

lution for any k£ > C”. By simple calculation, one can verify that C"” = O( }Eﬂi‘i‘)é' log ZL_"Z‘)S)L?,' ).

Notice that €, is a function not depending on K, and so is the coefficient C".

Constraint violation analysis The bounded constraint violation of OptPess-PrimalDual is estab-
lished as follows. We first decompose the constraint violation as

K K
RegP (K ¢) = (Z (V" (s, Py = Vs, P9)) 30 (V" s, PP T)>
k=1 k=1
K K "
< (Z (V" (s e, P = V" (s &8, PF) ) 4 AFHE = 3 k> : (14)
k=1 k=1 +

The first summation term and A¥ ! in (14) can be bounded as follows:
Lemma 5.5. Recall §' = 6/(16|S|?|.A|H), with probability at least (1 — §),

K
k Ak ~ K
> (v (e P) = Vi (s PY)) < 8H2\[ISPIAIK log 5 + O(PolyLog(K)).

k=1



Lemma 5.6. For any k > C", with probability at least (1 — §),

2 C//
M L C'(H—7)+ Y ewt+ H+

u=1

4(H? + & +nFH)

7—c0

)

where p = (T — %) /4, Vmax = H, ¢ = p/ (V2 0x + Vmaxp/3).

To guarantee bounded violation, we ensure that Zszl €x in (14) can cancel the dominant terms in
the two lemmas above. According to Lemmas 5.5 and 5.6, with probability at least (1 — d), the
violation is bounded as

RegOPPD(K;C) -0 (C//H + H2\/|8|3|A|O// log (C///5/)) .

Regret of reward analysis For episode k with k > C”, let 7 * be the optimal policy for (10),
which is well-defined by the definition of C”. We decompose the reward regret as

»
RegOPPD(K; r) = Z (Vfr*(/i; r, P) — Vfrk(ll;r, P)) (15)
k=1
K
+ > (VG P) = VT (i P)) + S (Ve G, P) = T (s 7, PY))
k=C" k=C"
K K
0 (G PR = T s PR) S (VG PR = v (s P)).
k=C" k=C"

We upper bound each term on the RHS of (20). Since V;"(u;r, P) € [0, H]| for any policy 7, the
first term is upper bounded by HC". The second and third terms can be bounded by the following
two lemmas:

Lemma 5.7. With probability at least (1 — §),

Ko e K oH  ~( H? ;
S (G ) - s P)) £ 3 A = 0 (S VISPIAK ).

k=C" k=C""

Lemma 5.8. With probability at least (1—38), S (Vfék’*(u; r, P) — VI (7, Pk)) <0

The pivotal step is to leverage optimism of ¥ to further decompose the fourth term on the RHS
of (20), and utilize the projected dual update to transfer it into the form of A¥(A\¥ — \F*+1). The
following lemmas provide high probability bounds for the remaining two terms on the RHS of (20):

Lemma 5.9. With probability at least (1 — §),

K
> (Vf”“ (u;f’“,P’“)—‘/l”k(u;F’“,P’“)) —0< \/?)
k C//

Lemma 5.10. With probability at least (1 — §),

S (V7" G, P2 =V (i, P)) = O (HV/ISPIAIE + HY|SP* A ).

k=C""

Applying Lemmas 5.7, 5.8, 5.9, and 5.10 yields Theorem 4.1.



6 Concluding remarks

We present two optimistic pessimism-based algorithms that maintain stringent safety constraints
(either zero or bounded safety constraint violation) for unknown CMDPs with high probability, while
still attaining an O(v/K) regret of reward. The algorithms employ, respectively, a pessimistically
safe policy set IT* or an additional pessimistic term €}, into the safety constraint. The first algorithm,
OptPess-LP, guarantees zero violation with high probability by solving a linear programming with
O(|S||A|H) decision variables, while the second algorithm, OptPess-PrimalDual, is as efficient as
policy-gradient-based algorithms in the tabular case, but violates constraints during initial episodes.
A possible future direction for exploration is the application of the above OPFU principle in model-
free algorithms.
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Appendix

The theorems and lemmas presented in the paper are provided with full details in this appendix.

First, let’s recall some notations. Fix some 0 < § < 1 as the input of algorithms. We say g = (7)( )
if there exists a universal constant C' such that ¢ < C' ( f log% + flog f) for any f and 6. The
filtration {Fj }r>0 is defined as follows: Fy is the trivial sigma algebra, and for each k£ € [K],
Fr = ((S,’j/,Aﬁ/, RY CF Ve, kle[k]). The policy process, i.e., the sequence of deployed
policies {7*} ¢ is a predictable process with respect to the filtration { Fj }x>0. According to the
definition of N}, we know NJ(s,a) € Fj_1.

Additionally, we define expectation operator E,,/ p/ .[-] as the expectation with respect to a stochas-

tic trajectory (Sp, An)ne#) generated according to the Markov chain induced by (u/, P, 7"). When
w', P’ 7’ are random elements, E,, p/ ./[-] will be a o(p/, P’, 7')-measurable random variable.

A High probability good event £

We aim to give performance guarantees of the algorithms with high probability. To this end, we first
consider a high probability “good event" £ that all the subsequent analysis is conditioned on.

First, for any predictable event sequence Gy.k, i.e., G € Fr—1, Vk € [K], define the event

’T (s,a,h 2HK
k=1h=1 s,a

K' H 7r (3 a h) 2HK
ZZZ—’§6H|8||A|+2H1/|8||A|K’ +2H|S||A|ln K} + 51n = }

k=1h=1 s,a 1/ NF(s,a) V1

where K := ZkK,l 1(Gx) and ¢ is the occupancy measure of policy 7*, i.e., g™ (s,a,h) =
]E#_’p_’ﬁk[]l(Sh =S Ah = a)|]:k_1].

A trivial predictable event sequence is Gy.; with G, = Q,Vk € [K], where () is the sample space.
Let £q(0) be the event defined by this trivial event sequence.

Consider another event sequence Gi., = {Vf’o (u; ¢k, PF) > T'gco }ke[x]» Which is predictable
with respect to {F }r>0. Let 80(5) be the event £y (§) defined by this event sequence G, . Notice
that all notations (including 7, ¢, P, and ¢¥) are defined in the same manner in the two algorithms,
so this event sequence G/ is also well-defined in Algorithm 2.

Good event £. Define a “good event" £ as
&= {Vk € [K],Vh € [H],Vs € S,Ya € A,
rn(s,a) — 74 (s,a)| < B (s, a), |en(s,a) — & (s, a)| < Bh(s, a),
|PE(s'|s,a) = Pu(s']s,a)| < Bfi(s,a),¥s € S
|PE(s|s,a) — Pu(s']s,a)| < BF(s'|s,a),Vs' € 5} NE(6/4) NEYS/4),  (16)

where BF(s'|s, a) = /2 ESL§3§Z+3Nk( o1 and Z := log(16|S|*| A|H K /5).

Lemma A.1. Fix any § € (0,1) as the confidence parameter in the inputs of the proposed algo-
rithms. The good event £ occurs with probability at least 1 — 4.

Proof of Lemma A.1. For each (s,a,h) € S x A x [H]|, we take K mutually independent samples
of the reward, cost, and next state with the probability distribution specified by the generative model
M:

{R"(s,a,h),C"(s,a,h), S"(s,a, b))},
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Let (7 (s, a, h), é" (s, a, h), P"(-|s, a, h)) be the corresponding (running) empirical means, respec-
tively, for the samples

{Ri(s, a, h), Ci(s, a,h), Si(s, a,h)}iq.

Define the following failure events:
E) .= {3s,a,h: |f"(s,a,h) —rp(s,a)]
FS:={3s,a,h:|¢"(s,a,h) —cn(s,a)
FP .= {3s,a,s',h:|Py(s'|s,a) — P"(s'|s,a, h)| > B(n)},
EP .= {3s,a,s',h:|Py(s'|s,a) — P"(s'|s,a,h)| > B(n, Pu(s'|s,a))},

S

where 3(n) := \/ 747 Z and B(n, p) = /2D 7 4 2o

Define the event £9¢"

K

g9en = <( FrUFSUFPUERY negq(6/4)n 50(5/4)> .
n=1

By the definition of £q(d/4) and £(d/4) and Lemma D.5, event Eq(d/4) N E(6/4) occurs with

probability at least 1 — /2. Therefore, to show that P(£9¢™) > 1 — ¢, it is sufficient to show

that ]P’(Uff:1 FrUFSUFEPUEP) < /2. Note that §/16 < 6|S|/4(1 + |S]) =: &’. Now, it is

straightforward to show the following:

(i) Using Hoeffding’s inequality, P(Uf;l Fr) <|S| |A|HKW < ‘%-
(ii) Using Hoeffding’s inequality, ]P)(Uf;l Fr) < |S||A|HKW < ‘%-

(iii) Using Hoeffding’s inequality, P(J_, FF) < |S|2|A|HKW <¢.
(iv) Using Bernstein’s inequality, P(UK FP) < |S|2|A|HKW < 4.

n=1"-n =

Using union bound, P(U,,_y /U F UETUET) < B(Upy F7) +P(Upy F) +P(Uniz B+
P, FP) < (2+2/|8))8" = §/2.

The episodic CMDP problem studied here can be simulated as follows: at episode k, taking action
a at state s and step h returns

(R (5., ), O™ (s, 0, h), S0 (5, a,h) )
Then all the samples drawn in the episodic CMDP problem are contained in
{R"(s,a,h),C"(s,a,h), S"(s.a, 1)},

The sample averages calculated by the algorithm are
(#h(s.0). (5,0, B Cls,a)) = (770 (5, a, ), &0 5, a, ), PP (s, a,h) ).
Since £9¢ implies £, £ holds with probability at least 1 — 6. O

Remark. The analysis in the rest of this appendix is conditioned on the good event £. That is, if
(Q, F, P) is the underlying probability space, then we suppose throughout the rest of the appendix
that the sample point w € £.

B Details of analysis for the zero constraint violation case

B.1 Constraint violation analysis

We will provide a proof of a slightly stronger result. Specifically, we will suppose that we know a
policy 7 and a constant ¢ < 7 such that the safety cost V;™ (1i; ¢, P) < . The strengthening lies
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in the relaxed requirement of knowing only an upper bound on the safety cost of 70, rather than its
exact value.

The zero constraint violation of OptPess-LP is guaranteed by the pessimistic policy set IT*, as stated
in the following lemma. Recall

k= ) {7 itV sk, PR > (1 + &0)/2,
T o V(s kL PR < 7} otherwise.

Lemma B.1 (Restatement of Lemma 5.1). On the good event &, for any k € [K| and policy © € TI¥,
Vi (use, P) < 7.

Proof of Lemma 5.1. Fix w € & throughput. Then, for any &, s, a, h, we have
(92 —cn)(s,a) = 92(37 a) - éi(sv a) + 62(87 a) - Ch(sv a)
= (L +|S|H)B} (s, a) + & (s, a) — cn(s, a)
> (1+|S|H) By (s, a) = By (s,a) = |S|HB (s, a),
and
Y (B = Pu)(s's,a)Vil (s's5¢, P) = —H Y _ Bj(s,a) = —|S|HB} (s, a).

s/

Thus, by Lemma D.2, for any policy m, we have
Vvlﬂ-(u;gka pk) - Vlﬂ'(,uﬂ ¢, P)

H

=E, pr » [Z <(9§3 — cn)(Sn, An) + > _(PF = Pu)(s'|Sh, An) Vil (s's ¢, P)) ’ fkl]
h=1 s’
H

>E, pr o | Y ISIHB(Sh, An) — |SIH B} (Sh, An) ‘ Fi-1| > 0. (17)

h=1
Consider any 7 € IT¥. If 7 = 7°, then V™ (¢, P) = ® < 7. Otherwise,
Vi (pi e, P) < Vi (i, PF) < .

B.2 Regret of reward analysis

When the parameters c, P are not well estimated, there may not exist any policy 7 such that
Vi (u; ¥, PF) < 7. Hence, as defined in (B.1), II* is a singleton set {7°}, and accordingly 7°
is executed, even though 7 is not safe for (c, Pk) It subsequently takes several episodes of
exploration using 7 until it becomes strictly safe for (c*, Pk), which means that 7% = 7° and
Vit (s c®, P*) > (7 + ¢®) /2 when [TI¥| = 1. At that time, policies close enough to 7°, of which
there are infinitely many, are also safe for (c*, Pk), and so |TI¥| = +oc0. At this point the learning
algorithm can proceed to enhance reward while maintaining safety with respect to (c¥, Pk)

To analyze the algorithm, we decompose the reward regret as follows:
K

Reg(Kir) = Y LI = 1) (V7 (s, P) = V7™ (i P))
k=

—

@

WE

* k ~ A
+ U > 1) (VT (s, P) = v i, PY))

b
Il
—

an

+
M=

k ~ ~ ok
1| > 1) (V7 (s, PR = vt G, P) )

>
Il
—

Iy
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We analyze these three terms, and the results are summarized in the following lemmas, respectively.

The following lemma gives an upper bound on the number of episodes for exploration by policy 7.
It thereby bounds the first term on the right-hand side (RHS) of (13).

Lemma B.2 (Restatement of Lemma 5.2). On the good event &, Zszl 1(|I*| = 1) < C’, where
C" = OHSPIA/((T = ) A (7 = %))).

Proof of Lemma 5.2. With K' := Zszl 1(|TT¥| = 1), we then have

(1=K S (T= )
T = LI =)

k=1
K 0

=S = (T55 - )
k=1

@ & " N e ‘ . A

< YL (e, PN = o) (W (s PR = v (s, P))
k=1

©a (H4|8| A+ H2\/|8|3|A|K’) .

(a) holds since 7% = 70, V7" (u; ¢k, PF) > (7'+c )/2,and Vi (p; ¢, P) < ¢® when |IT¥| = 1. The
equality (b) follows from Lemma D.4 with ¢} — cp,| = [¢F — ¢, + (1 + H|S|)BF| < (2 + |S|H)BE.
Applying Lemma D.6 for K’, there exists some parameter C” that

HYSPLA]
T—)(AA(T—=c)/)"

K’gc’zé((

The following lemma gives the resulting high probability bound for Term (II).

Lemma B.3 (Restatement of Lemma 5.3). Recall o, = 1+ |S|H + 4H(1 + |S|H) /(T — °). On
the good event &,

K
S| > 1) (Vi (s, P) =V (s, PF)) <0
k=1

Proof of Lemma 5.3. Consider any k € [K] with V7™ (u;¢*, P*) < (1 + ¢°)/2. Then [IT¥| > 1.
When 7* € TII¥, it is straightforward to verify that Term (II) is less or equal to zero by optimism.
When 7* ¢ 11, define a probabilistic mixed policy

it =B, 7" + (1 - B,,)n°,

where B,, is an independent Bernoulli distributed random variable with mean 7. Let v € [0, 1]
be the largest coefficient such that

Vi (", PR) < 7. (18)
If V7 (u;¢¥, P*) < 7, then y;, = 1. Otherwise, at 7, equality holds in (18). Then we have
* A 0 ~
7=V (" PP) + (1= )V (ui s PY)

* S T+c°

<V (s c®, PR+ (1 — ) 5
k T * T+CO

= (V7™ (5%, PP) — VI (s ¢, P)) + V™ (56, P) + (1 — ) 5

% ~ * T+c° T+c°
<M (V1 (s e, PPy = vy (u;c,P))+7kT+ 5~

0 0
* A * — —‘,—

— (Vfr (3", P*) = Vi (w50, P) + = zc ) +- 2c '
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From (17), Vi (u; ¥, P*) — Vi7" (¢, P) + (7 — ¢°)/2 > 0, from which it follows that
-

T —c0 +2 (‘/177* (N;9k7 pk) _ ‘/171-* (/14, c, P)) )

Ve =

By Lemma D.2, for any policy T,

H
h:l

H
h:l
<a> H
< B, g 22 1+ |S|H)By (Sh, An)) ’]:k 1

1JrISIH) VT (u; BF, PF),

where (a) holds since for any &, s, a, h, we have

(ch = cn)(s,a) = ci(s,a) = &(s,a) + & (s, a) — en(s, a)
< (1+|S|H)B5 (s, a) + By (s, a)
= (2+|S|H) B (s, a),

and

ry

Z(pflf - Ph)(SI|S,G)V;ZT+1(S/;C, P) < HZﬁZ(Sva) = |8|H6}I§(Sva)

Though policy 7* is not a (randomized or non-randomized) Markov policy, we can find a random-

ized Markov policy 7% such that the occupation distributions of the state-action pair at any time of
#k coincides with #* under the transition probabilities Pk, Therefore, as stated in by Lemma D.3,

Vi (9, P¥) = Vi (s g, P*) for any g.

Since ¥ € II*, by the definition of 7%, we then have

k oA Py B .
VI (s 7, PR > VT (s, PRY = VI (s, PR
* A 0 A
=WV (7", P* )Jr(l—%)Vfr (u; 7%, PF)
> Vi (7, PF)
0
T—c I
- - - - VI (u; 7, PF)
T—c+2 (VfT (p; ck, PR — VI (s ¢, P))

T—c°

> -
- =+ A+ [SH)VT (s B, P)

Vi (s, PF).

To make Vl”k (1; 7, P*) > Vi (s 7, P), it suffices that
T —c?

T — O+ 4(1 + |S|H)VT (15 BF, PF)

VI (7, PR) > VT (s, P),
which follows since

(7= )YV (57, PY) = Vi (w7, P)) = 4(1 + [SIH)VT (i B, P*)VT™ (usr, P).
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Now notice that from Lemma D.2,

‘/lﬂ—* ('u’fk,Pk) - Vlﬂ—* (,U;T, P)

H
:Eﬂﬂpk_’ﬁ* lz <(f}]§ — 1) (Sh, Ap) + Z(P;f — By)(s'|Sh, Ah)Vh”J:l(s’; T, P)) ’ Fkl]
h=1 s’
H
ZE#,I—:’IC,TF* lZ(ar -1- H|S|)ﬁZ(Sh,Ah) ‘ ]:k—l
h=1

=(ar — 1= H|S)V{" (1 8, P*).

Thus, the choice of o, = 4H(1 + |S|H)/(t — ¢°) + 1 + |S|H suffices to guarantee that
Vit (s 7, P*) > Vi (s 7, P) for any k with [TIF| > 1. O

Finally, Term (III) is bounded as follows by employing the value of ..
Lemma B.4 (Restatement of Lemma 5.4). On the good event &,

k ~ H3 H3|S A
Z]l (JIT%] > 1) ( (u,r JP*y — v (/J,;T,P)) :(’)(T— ISPIAK + | |C| |>
k=1

Proof of Lemma 5.4. Since |F,’§ —rp| = |f,’j — T+ arﬁ,’ﬂ <(1+ ar)ﬂ}’j, by Lemma D.4, we have

k ~ k
V(T > 1) (V7 G, PR = vt G, P)

> 11>

IN

k ~ k
VG P = v (s )|

O ((ar + HVISHV/ISTAIK + HPISI|Al (0 + IS)))
H3 H5|S?|A
o (oA + 25T,

b
Il

1

T—c0

B.3 Proof of Theorem 3.1

Theorem B.5 (Regret and constraint violation bounds for OptPess-LP (Restatement of Theorem
3.1)). On the good event £, OptPess-LP has zero constraint violation with

R (i) = O (L JGFTAIR + — L ISPIA where a A b := min{a, b}
’ T—c0 (T—=)2AN(r=c) )"’ ' T

Proof of Theorem 3.1. The zero constraint violation of OptPess-LP is guaranteed by Lemma 5.1.
Combining Lemmas 5.2, 5.3, and 5.4, which give upper bounds to Terms (I)-(III) respectively, we
have

K
& ~ HS H5 3
5 (v i P) = G P)) = O s VISTIATR + ).

2 (F— YA (T — D)2
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C Details of analysis for bounded constraint violation case

Recall ¢, = 5H%/|S[3[A[(log £ + 1)/, /klog £, where 6’ = §/(16|S|?|.A|H). The existence of

a feasible solution to (10) can be guaranteed if ¢, < 7 — c’. Let C" be the smallest value such that
Vk > C", ¢, < (1—c")/2. Then the perturbed optimization problem (10) has at least one feasible so-

4 3
lution for any & > C”. By simple calculation, one can verify that C" = O( fiTISC\O\)«;I lo g_lfi)‘z?,l ).
Notice that since ¢y is a function not depending on K, so is the coefficient C".

Lemma C.1 (Optimistic of cost value). On the good event &, for any C"" < k < K and any policy
,

VI (s &, PF) < VI (i ¢, P).
Proof of Lemma C.1. Tf V™ (u; &, P%) = Vi (u; &, P*), then

i (Vl (3, P¥) — Vfr(M;C,P))

k=C"

H
= Z E, pr x [Z (h (S, An) = n(Sn, An)) + (B = P)(1Sh, An), Vil (¢ P)) | fm]
h=1

=C —
H
Z B, bk x [Z(Ci(shw‘lh) — cn(Sh, An)) — By, — H|S|By + H|S|By, } fk—l] <0.
=c” h=1
Otherwise, V;™ (11; &, P¥) = 0 < V" (u; ¢, P). O

C.1 Constraint violation analysis

Lemma C.2 (Restatement of Lemma 5.5). Recall ' = 6/(16|S|?|A|H). On the good event £,
K
k N o~ K ~
S (V' (e P) - Vi, P)) < 8H2|SPLAIK og & + 0 (Y15]714)
k=1

where O(H*|S|?|A|) contains factors poly-logarithmic in K.

Proof of Lemma 5.5. For any k, s, a, h, we have
(@ = cn)(s,a)| = [ek(s,a) — & (s, a) + & (s, a) — ca(s, a)l
< (1 + |S|H)ﬁi]§(sva) + |éZ(s,a) - Ch(sva”
< (1+|S|H)By (s, a) + By (s, a) = (2 + |S|H) B} (s, a).
By Lemma D.4, we have
K
> (Vf (e, P) = V" (u;é’“,Pk))
k=1
<(3(2+ |S|H) + 3v2H\/|S|)H\/|S||AIK Z + O (H*|S|*|A])
=(6 + 3|S|H + 3H\/2|S)) H\/|S||AIK Z + O (H*|S|*|A])

(@) N
<8H?|S|V/|S||AIKZ + O (H*|S|*|A])

where O(H*|S|?|.A|) contains factors poly-logarithmic in . (a) holds since we assume that | S| > 2
and H > 2.

Lemma C.3 (Restatement of Lemma 5.6). On the good event £, for any k > C”,

c”

11
< Ly Iia +C"(H +Zeu+H

1 4(H* + e +n"H)
S T

T—cY

3

where p := (T — c°) /4, Vmax == H, ( := p/(umax + Vmaxp/3).
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Proof of Lemma 5.6. We will first verify conditions (i) and (ii) of Lemma D.7 for k¥ > C” by defin-
ing (k) = \*. Suppose ®(k) = A\ > ¢y := 4(H? + ez +nFH)/(t — c°). Itis straightforward
to verify that \* + ‘A/f’k (p; e, I:’k) + € — T is positive, which implies

AL = \F ‘A/frk (; &%, P*) + ¢ — 7.

Let L(k) = (\F)2/2, we have

L(k-+1) = LK) = (012 = )2
_ Ak(}\kﬂ'l _ Ak) + %(}\k-’-l _ Ak)2
. R 1. .
= \F (Vfrk (38, PF) + ¢ — T) + Q(Vfrk(u; & PRy e —71)?

= ()\k (Vl’rk (1; &%, P*) + ¢, — T) - nkfffk (15 7, Pk))
+ PV (7, PR + %(Vf’k (138, PF) + e — 7)?
< (% (7" w2, P
VT (s 7, PR+ (
(2 A (VFO(M;C,P) + € —T) +n"H + H* + ¢

+ ey — T) — VT (s 15’“))
171'

Yt PYY 1) 4 &

N 2, 2 k
<—T)\ + H +€k+77 H.

(a) is by the optimality of 7% and (a + b)2/2 < (a2 + b%). (b) holds since V7™ (u; &%, P*) <
V{’O (w5 ¢, P) according to Lemma C.1.

It then follows that L(k + 1) < L(k) and

(/\k-i-l)? _ (/\k)Q
)\kJrl +Ak
- (/\k+1)2 _ (/\k)2
- 20k
7= H2+ei+nkH 7=
S - + = -
2 Pk 4

)\k:-‘rl _ Ak _

In addition, since Yk > C”, ¢, < (1 — c°)/2,
|/\k+1 - )\k| S |‘A/1ﬂ-k(,uﬁ&kapk) + €, — 7-| S H =: Vmax-

With the definitions of g, p, Vmax, We apply Lemma D.7 starting from C”, which gives

1n <€<>\C” + 2e<(vmax+§9k)>
¢p

oSO Fomaxtr) )

>
Ea
IN

IN

2

,_.
=]
/N

[
—
S
5t
]
"
L
AS)

In max + /\C” + Vmax + O

e N N e T a
—_
—_
<
(]

2 C//
M L C'(H—7)+ Y e+ H+

u=1

4(H? + & +n"H)

T—c0

IN

)
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where ¢ = p/ (V2. + Vmaxp/3) > 3(1 — °)/(13H?), and the last inequality is by

c’ -1
ACT <A+ Z (Vfrk (; 8, PF) + ¢, — 7)1
k=1
o
<> e+ C"(H-1). (19)

The bounded constraint violation of OptPess-PrimalDual is established as follows. Notice that
AL = (/\K + ‘A/lﬂK (3 &%, PR 4 e — 7’)
Jr
€x + VlﬂK(u;EK,PK) -7+ 2K
exc e+ V7 (@, PR) — 7 U (s PR — g A

Y

IV IV

K

ZZek+Z(Vl (w; ¢ Pk)—r)+)\1
k=1

Since A! = 0 according to the initial condition of Algorithm 2, we can decompose the constraint
violation:
K

Reg®P™(K:¢) = (Z (V{r’c (u5¢,P) — ‘A/frk (p; &%, PF) ) + i ( (p; &%, PP — ))
"

k=1 k=1
K K

< ( (Vl”k(u;c, p) -V (u;ék,lf’k)) + AR - Z%) :
k=1 k=1 /4

The first summation term can be bounded by Lemma 5.5. The second A *! term can be bounded
by Lemma 5.6. Finally, recall e, = 5H2/|S[3[A|(log £ + 1)/ /klog £, we have

K K+1
Z € > / €uxdu
k=1 1

/ 1
> 10H? |$|3|A|Klog——10H2 |S|3|A|logy.

The negative Zszl €x term can cancel the dominant terms. Thus, with probability at least (1 — 9),
the violation is bounded as

Reg®PP(K;¢) = O (C”H + H2\/[SPIA|C" log (C7 /5/)) :

C.2 Regret of reward analysis

For episode k with k > C”, let 7¢* be the optimal policy for (10), which is well-defined by the
definition of C"". We decompose the reward regret as

o

* k
Reg®™(K;r) = (Vfr (w3, P) = V™ (s, P))
k=1

+ ZK: (W (s, P = Vi (s, P)) + Z (V™ (s P) = V7 7, PY))

k C// C//
k K k
- Z ( VI (i PR - VT (u;f’“,Pk)) + > (VF (u; 7, PF) =V (u;r,P))-
k=C"" k=C""

(20)
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We upper bound each term in the RHS of (20). Since V{"(u; r, P) € [0, H] for any policy =, the first
term is upper bounded by HC". The second and third terms can be bounded by the following two
lemmas.

Lemma C.4 (Restatement of Lemma 5.7). On the good event &,

Ko . K oH ./ H3 -
S (G ) - s P)) £ 3 A = 0 (S VISFIAK ).
k:C// k:C//

Proof of Lemma 5.7. Define a probabilistic mixed policy

7% = (1 — Bg)7* + Bpr®, Vk>C",
where By, is a Bernoulli distributed random variable with mean ¢, /(7 — c°).
We have that

€k 70
—= """ (e P)

€ €k *
VIt (e, P) = (L= ——5)VI" (i, P) +

€k ) €k

0
C =T — €.
7—c0 T—c"

<(1-

Though 7¢* is not a Markov policy, by Lemma D.3, there exists a Markov policy 7¢#, which has the
same performance as 7 under transition probabilities P. 7¢* is a feasible solution to the following
problem

max  Vi"(u;r, P)
st. V(¢ P)+ e < T
We then have

K K
> VE (i, P) =V (s, PY <Y VT (i, P) = Vi (i, P)
k=C" k=C"'

K
= Vi (i, P) =V (i, P)
k=C"

A
ﬂ
S
Q
[e=}
/N
~
:‘*
i)
=
3
=
)
&
3
N—

Lemma CS5 (Restatement of Lemma 5.8). On the  good  event €,
PO (Vf’s’“’*(u;r, P) - Vl”ek'*(u;f’“,Pk)) <0,

Proof of Lemma 5.8. For any k € [C” K], ©* is well-defined. If V7" (u; 7, P¥) =
V77 (u; 7%, P*), then by the value difference lemma (Lemma D.2), we know

VI (s, P) = VT (s 7, PR

H
Z( Sthh _Th(Sh;Ah +Z Ph_Ph)( |Sh7Ah)Vh+1(S 7’P> "Fk 1]

#Pk P

H
Z E, pr jer - [Z 1 (Shy Ap) — ¥ (Sh, Ap)) — B — H|S|BE + H|S|BF ‘]—"k_l <0.

=C" h=1

Otherwise, V™ " (yu; 7, P*) = H > V7" (u; 7, P). Thus V™" (u; 78, PF) > Ve " (s r, P),
for any k € [C”, K|, and the lemma is proved. O
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The pivotal step is to leverage optimism of ¥ to further decompose the fourth term on the RHS
of (20) and utilize the projected dual update to transfer it into the form of \¥(A\¥ — \¥*+1), The
following lemmas provide high probability bounds for the remaining two terms in the RHS of (20):

Lemma C.6 (Restatement of Lemma 5.9). On the good event &,

S (7 e B Vet ) =0 (VR

T—cY
k=C"

Proof of Lemma 5.9. Taking advantage of the optimism of 7% and the definition of the dual update,
we have the following decomposition:

K K k
A €1 % - ~ Aﬂ_k - A )\ Aﬂ,e S * - A Aﬂ_k - ~
) (Vfrk (s 7%, PRy — V7 (u;r’“,P’“))Z > (—k(Vl STk, PRy — vy (u;c’%P’“)))
k=C"" k="

@

K
ek g B N oA Aok o Moo e s
+ ) <V1 ’ (u;r’“,P’“)—WVl ' (u;c’“,Pk)>—<V1 (u;rk,Pk)—WVl (u;c’“,Pk))
k=C""

an

Owing to the optimism of 7%, we know (II) < 0. Term (I) can then be upper bounded as follows:

@ N Sk ok Pk
M= > 5 (r-a— W (wd Ph)
k=C"
®) 1 k(yk k+1 2
£y Loros e
k=C"

(e) 11 2 Lo egie S k+1 k\2 a 2
= D GO SO+ Y o A D o
f—cr 1 k=C" k=C"

(d) ()\c”)2 K g2 ) K
< - _
= 2770// k;” 27716 + 7 k;ﬁ ’rlk
(e) ( c’ €k+C”(H—T)) K K 1
< k=1 - 2 iy
= 2770// + k;ﬁ % + T k;ﬁ nk

(a) holds by applying Lemma C.1 for 7 = 7* and V""" (u; ¢, P) < 7 — €.
(b) holds as follows: if A**1 > 0, we know
T— € — Vfrk (ju; &%, PFY = \F — \kHL
If \kt1 = 0, we have
Ne <7 —ep— ‘A/frk(u;ék,fz’k) < T,
which indicates that \¥ (7 — €, — Vi (u; &, PF)) < 72. Thus,
No(r — e = VT (3 &, PF)) < AF(OAF =AM+ 4 72,
Then, (c) holds since —eA = 1e? — 2(e + A)? + $ A%, where e = AF, A = A1 — Ak, (d) holds
since 7% is monotonically increasing and (AF — AF+1)2 < (V7" (1 &%, P*) + ¢, — 7)2 < H?, and

(e) holds according to (19). O
Lemma C.7 (Restatement of Lemma 5.10). On the good event &,
K
N o .
S (U s, P) = Vi (i, P)) = O(H2 VISPTATR + H'ISP ).
k=C"
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Proof of Lemma 5.10. For any k, s, a, h, we have

(7 =) (s, @)| = |75 (s,a) = 74 (s,a) + 7 (s,a) — (s, a)]
< (1+|S|H)BR (s, a) + |75 (s, a) — ra(s, a)|
< (1+|S|H)BR (s, ) + By(s,a) = (2 + |S|H)B5 (s, a).

By Lemma D.4, we have

K
S (VG PR = Vi (i P)) < O(H2V/ISPIAIK + HYISP|A)).
k=C"

C.3 Proof of Theorem 4.1

Theorem C.8 (Regret and constraint violation bounds for OptPess-PrimalDual (Restatement of The-
orem 4.1)). On the good event &,

_ [ H3 H5|S?|A
RegOPPD(K;T)—O<T ISPIAK + o | |co|)2|),

RegOPPD(K;C) -0 (C”(H —7)+ H? |S|3|A|C//) = 0(1),

where C" = O(H ISPIALY, H4‘S|3M|) is a coefficient independent of K.

(T 00)2 (T—CO)26/

Proof of Theorem 4.1. The bounded constraint analysis has been provided in the previous subsec-
tion. Applying Lemmas 5.7, 5.8, 5.9, and 5.10 yields the regret bound in Theorem 4.1. O

D Other supporting lemmas

Lemma D.1 (Hoeffding’s inequality [15]). For independent zero-mean 1/2-sub-Gaussian random
variables X1, Xo, ..

- Xn,

1 — )
P(EZXZ'ZtE) Sexp(—ne ),

i=1

1¢- )
P(EZXZS_6> gexp(—ne )

Lemma D.2 (Value difference lemma, [8, Lemma E.15]).

Vi (u;g', P") — V" (w5 9, P)

H

:E‘UﬂPvﬂ' [Z <g/(Sh’Ah) Sthh + Z Ph |Sh,Ah)Vh+1(S g Pl ) ’]:k 1‘|
h=1
H

=E, p/x lz (9/(Sh7Ah) 9(Sh, An) +Z (8'[Shy An)Viy1 (5'3 94 )) ‘}7@—1] ;
h=1

where g = ¢’ = r,c.

Lemma D.3 ([2, Theorem 6.1(1)]). Suppose the transition function is P. For any mixed policy
7 = Bym' + (1 — B.,)n?, where B, is a Bernoulli distributed random variable with mean ~y. Then
there exists a Markov policy 7 that

Vi (s;m, P) = Vi (s;m, P), Vr,s,h.
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Lemma D4. Let Gi.x be a sequence of events such that Gy, € Fy_1 for each k € [K|. Suppose
|3* — g| < aBF, a > 1. On the good event &, for any K' < K,

K/
STUGHIVE (115 PF) — Vi (139, P)| < (3a+ 3V2H /IS H /IS AIK, Z
k=1

+ O (aH?|S|A]),

where Gi.xe = (1.5 or Gr, = (VI (u5¢F, P*) > Ty, and K = Y, 1(Gr).

Proof of Lemma D.4. It can be proved following steps similar to those in the proof of Lemma 32
in [11], but utilizing Lemma D.5 for taking account of the predictable event sequence Gi.x, and
Lemma D.6 for bounding the leading order explicitly. For completeness, we include the detailed
proof here.

K/
k . oa -
]l(gk)‘Vf’ (: g%, PF) — vy (u;g,P)‘
k=1

M=
N

L(G)q™ (s,a,h) | (s, @) — gu(s.a) + S (B — Po)(s']s, a) Vit ('3 3, PV)

h=1 s,a s’

@) e & ZH|S|

<20 D MGKa™(s,a,h) |aBi(s,a) \/Z 2P(/|s,a) (Bh (s @) VISTH? + =5y
h=1 s,a F(s,a) V1
H

30 Y UG (s k) (S (PE = P (s, (Vi (5564 PF) = VJL(s’;g,P))‘

>
Il
—

s,a s/

* I 1= 1M 1M

i
M=
]

:[l(gk)qmC (87 a, h)

M=

Z ZH|S|
V2|S|H
(a+v2ISIH) NF(s,a) V1 +N,’f(s,a)\/11

>
Il
—

1(Ge)g™ (s,a. 1) [ S (PF = P&/ s,a) (ViTk (5335 PF) = Vit (50, P)) |

1 s,a s’

=
Il
-
=
Il

Since

ZZZ (G)a™ (s,a,) S (Pf = Pa)(s'ls. ) (ViTty (5335 PF) = Vit (539, P))

V2P (
E *(s,a,h) E V2Pi(s'ls,9)Z ‘V,ﬂ“l ' gk, Py — V;ZTH(SI;gaP)‘
s «/Nksa Vv

(1+«)|S|HZ
Z sa,h) NEF(s,a) v 1

k=1 h=1 s,a

s/

K' H
X\IZ Z]l(gk)q”k(s,a,h)

S (B = P(s1s,0) (Vi (s34, P) - V,ﬁl(s';g,m)‘

O(a? S| AJ) + |8|H\/a|A|HJZ (G0) |V (s %, B¥) = Vi (i g, P,

1
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we have

Kl
UG |V s 5, P = Vi (s g, )|
k=1
(e - -
< (20 + 2vV2H\/[S)H\/IS||AIKL Z + O (H|S||Al(a + [S|H)) + O(aH?|S[?|A|)

K/
3 .
+§|8|H\/a|A|H\l SO UG |V (s gt PR) = Vi (i g, P)|
k=1

() ~
<(3a+ 3V2H\/|S|)H \/|IS||AIKLZ + O (aH?|S|?|A]) .
(a) and (b) hold due to the triangle inequality, the Cauchy-Schawarz inequality, and since
k ~ ~ ﬂ,k ﬂ,k ~ ~ ﬂ,k A~ ﬂ,k ~
VI (8% PF) = VI (g, P)| < [V (w3 6%, P) = Vi (s 9, PR)] o+ [V (s 9, P) —
Vi™ (u;9,P)| < (a+ 1)H. (c) follows by steps similar to those in Lemma 32 in [12]. (d) and
(f) hold due to Lemma D.6. (e) holds due to Lemma D.5. O

Lemma D.5 ([17, Lemma 10] with a predictable events sequence). Given a sequence of events G1.x
that Gy, € Fy_1 for each k € [K]. With probability at least 1 — 6, for any K/ < K

ZZZ—SV‘T) < 4H|S||A| + 2H|S|| Al In K +41n¥,
=1h=1 s,a

us (Ge)g™ (s,a, h) 2HK
Z ZZ LGn)a" (s,a.h) 6H|S||A| +2H \/|S||A|K} + 2H|S||A| In K + 51n ———,
k=1 h=1 s,a \/Nk( )\/1 5

where K/ = Zk:l 1(Gx) and g™ is the occupancy measure of policy T, i.e., q”k(s, a,h) =
B, pre[L(Sy = s, A} = a)| Fi—1].

Proof of Lemma D.5. This lemma can be proved following steps similar to those in the proof of
Lemma 10 in [17]. For completeness, we include the detailed proof here.

Let 1x(s, a, h) be the indicator of whether the pair (s, a) is visited at step h in episode &, so that
Ex[1k(s, a, h)] =q (s a, h). We decompose the first quantity as

7Tsah 1(Gk)1k(s,a,h)
ZZZ Nksa\/l ZZZ Nf(s,a) V1

k=1 h=1 s,a k=1h=1 s,a

K’
g (s,a,h) — 1x(s,a,h))
Ehzz NF(s,a) V1 '

The first term can be bounded as

h
ZZZ HOOR 0 1) oprisia + His Al In K,
k=1h=1 s,a
To bound the second term, we apply Lemma 9 in [17] with Y} =

Zh lz,sa LG (o)~ Li(s.0uh) ,A=1/2, and the fact

NFE(s,a)V1
Qk]lksah)
Byl Yk < By (ZZ Nksa V1
h=1 s,a
) 1k(s,a,h)
= By [ZZ (s,a)) 2\/1]
h=1 s,a
H
1(Ge)q™ (s,a,h)
< PR S S R
_gg Nksa)\/l ’
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which show that with probability at least 1 — ¢§/(2H ),

1(Gr)( Trsah)—]lksah ”sah) IOHK
;;; NF(s,a) V1 —ka:lhz:lsza: V1 +2In 5

Combining these two bounds, rearranging, and applying a union bound over k proves the first part
of the lemma.

Similarly, we decompose the second quantity as

D) IIECLELEAES D

k=1h=1 s,a Nh(sa)\/l

]lgk]lksah

Z«(
K 7Tsah—]l s,a,h
Z;Z ) = 1i( )

NFE(s,a) V1

The first term is bounded as
)1 h
Z Z 3 LG (s: 0. ) 2H|S||A| + 2H /|S||A|K}.
k=1h=1 s,a {/NF(s,a)V1

To bound the second term, we again apply Lemma 9 in [17] with Y} =
Zh 125 CCA G ERNDS WERAD) <1,X =1, and the fact

\/Nk(sa)\/l
2 o .
1(Gr)1k(s,a, h) 1(Gx)q"™ (s,a,h)
B2 < | (303 Akl e l) ZZk—a
h=1 s,a N’“(sa)\/l =1 s,a Nh )\/1

which shows that with probability at least 1 — &/ (2H K )

1(Gr) (g™ (s, a,h) — 1x(s,a, h)) )¢~ (s,a,h) 2HK
ZZZ ZZZ Nksa\/l +n 5

k=1h=1 s,a NF(s,a) V1 k=1h=1 s.a

Combining the first part of the lemma and employing a union bound proves the second part of the
lemma. (]

Lemma D.6. Suppose 0 < z < a + by/x, for some a,b > 0,

3
2a—|— b2

Proof of Lemma D.6. By solving the equation of g = a + b,/xg, we know
1
r<ay= 5(\/4@()2 + b4 4 2a + b?)

b2 b2
S\/ab2+5+a+5
3 3
< Za+ v
=305
O

Lemma D.7 ([21, Lemma 11]). Let S(k) be a random process, ® (k) be its Lyapunov function with
®(0) = ®g and A(k) = ®(k + 1) — (k) be the Lyapunov drift. Given an increasing sequence
{@t}, pand vmax with 0 < p < Unax, if the expected drift E]A(k)|S (k) = s] satisfies the following
conditions:

(i) There exists constants p > 0 and p; > 0 s.t. A(k) < —p when ®(k) > ¢y, and

(ii) |P(k + 1) — ®(k)| < Vmax holds with probability one;

then we have

2€C(Vmax+§0k)

Cp ’

C‘P(k) < qu)O +

where ¢ = p/ (V2. + Vmaxp/3)-
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E Extensions (unknown c° with prior knowledge of 7°)

It may be noticed that the OptPess-LP algorithm can guarantee zero violation with high probability
if a coefficient ¢ with Vi™ (11; ¢, P) < ¢ < 7 is used to replace c” in the inputs. Thus when the

value Vl’r0 (u; ¢, P) is not known, one may first estimate an appropriate upper bound of V{ro (u; e, P),
and call OptPess-LP using this upper bound. The details of choosing the upper bound are as follows.

We can execute policy 7¥ sequentially until an estimate of c® with enough precision is obtained.
Denote ¢ (k) as the mean estimate after executing policy 7° k times. We stop the estimation process
after K" executions, where

1 2K
K" :_min{kZI:T—éO(k)Z3 mlogW}AK-

By Hoeffding’s inequality, with probability at least 1 — §”/,

. 1 2K
|20(k) — ] </ AN

Thus with probability at least 1 — ¢”, for k = K" — 1,
[T 2K [T 2K
T—4 ﬁ10g7<0(1€)— ﬁlogygc,

16log(2K/6")
H(r — c9)?

which implies
K'=k+1<1+

Then K" < K can then be guaranteed if %ﬁ@“) < K — 1. After K" executions, with

probability at least 1 — §”,

o [ 1 2K
CO :CO(K”) —+ m 10g W
1. /1 2K 1. [ 1 2K
:5 <CO(KN) _ —KI/H log W) + 5 (CO(K//)+3 T 10g7>

1 1 1
SQCO + 57’ = Q(CO =+ T).
We can apply the OptPess-LP algorithm with a pessimistic estimate (éO(K "+ ﬁ log %—,I,(

of . It also maintains zero constraint violation with the same order of regret since 1/(7 — co,) <
1/(r =4 +7) =2/(r—).
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