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Abstract

A second order accurate (in time) numerical scheme is analyzed for the slope-selection (SS)
equation of the epitaxial thin film growth model, with Fourier pseudo-spectral discretization in
space. To make the numerical scheme linear while preserving the nonlinear energy stability, we
make use of the scalar auxiliary variable (SAV) approach, in which a modified Crank-Nicolson is
applied for the surface diffusion part. The energy stability could be derived a modified form, in
comparison with the standard Crank-Nicolson approximation to the surface diffusion term. Such
an energy stability leads to an H? bound for the numerical solution. In addition, this H? bound
is not sufficient for the optimal rate convergence analysis, and we establish a uniform-in-time H3
bound for the numerical solution, based on the higher order Sobolev norm estimate, combined
with repeated applications of discrete Holder inequality and nonlinear embeddings in the Fourier
pseudo-spectral space. This discrete H3 bound for the numerical solution enables us to derive
the optimal rate error estimate for this alternate SAV method. A few numerical experiments
are also presented, which confirm the efficiency and accuracy of the proposed scheme.

Key words. epitaxial thin film equation, Fourier pseudo-spectral approximation, the scalar
auxiliary variable (SAV) method, Crank-Nicolson temporal discretization, energy stability, optimal
rate convergence analysis
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1 Introduction

In this article we consider a slope-selection (SS) epitaxial thin film growth equation, which corre-
sponds to the L? gradient flow associated with the following energy functional

2
po) = [ (J0V0P - 12+ G1802 ) ax. (1)

where Q = (0, L) x (0, Ly), u: Q — R is a periodic height function, and ¢ is a constant parameter
of transition layer width. In more details, the first nonlinear term represents the Ehrlich-Schwoebel
(ES) effect [22, 37, 38, 39, 53], which results in an uphill atom current in the dynamics and the
steepening of mounds in the film. The second higher order quadratic term represents the isotropic
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surface diffusion effect [38, 48]. In turn, the chemical potential becomes the following variational
derivative of the energy

pi=0,E = —V - ([V2Ve) — Ag + £2A%, (1.2)
and the PDE stands for the L? gradient flow
Ohp =V - (|V|’Vg) — Ap — 2A%¢. (1.3)

Meanwhile, another epitaxial thin film model has also been extensively studied, with the following
energy functional

1 g2
B@) = [ (-3 +90P) + 51802 ix. (1.9
and the dynamical equation is formulated as
Vo 2 A2
Oip=—-V | —=—5 | —"A%p. 1.5
0= (e -2 o

This model is referred to as the no-slope-selection (NSS) equation. In fact, the slope-selection
energy (1.1) could be viewed an a polynomial approximation to the no-slope-selection energy (1.4),
under a small-slope assumption that |[Vé|?> < 1; see the related discussions in [35, 36, 38, 48].
A solution to (1.3) exhibits pyramidal structures, where the faces of the pyramids have slopes
|Vu| =~ 1; meanwhile, the no-slope-selection equation (1.5) exhibits mound-like structures, and the
slopes of which (on an infinite domain) may grow unbounded [38, 58]. On the other hand, both
solutions have up-down symmetry in the sense that there is no way to distinguish a hill from a
valley. This can be altered by adding adsorption/desorption or other dynamics.

The numerical schemes with energy stability have been of great interests, due to the long
time nature of the gradient flow coarsening process. There have been many efforts to devise
and analyze energy stable numerical schemes for both the SS and NSS equations; see the related
references [10, 25, 34, 45, 49, 50, 51, 52, 54, 58, 60, 63], etc. In particular, the linear schemes
have attracted a great amount of attentions among the energy stable numerical approaches, due to
its simplicity of implementation. For the NSS equation (1.5), there have been extensive works of
linear, energy stable numerical schemes [4, 6, 7, 9, 12, 32, 34, 43, 47], with up to the third order
accuracy in time. Such a nonlinear energy stability analysis is based on the following subtle fact:
in spite of its complicated form in the denominator, the nonlinear term in the NSS equation (1.5)
has automatically bounded higher order derivatives in the L* norm.

However, this approach is not applicable to the nonlinear analysis for the SS equation (1.3),
due to the polynomial pattern of the nonlinear terms, which in turn requires an W bound for
the numerical solution at both time steps, t* and "1, respectively; see the pioneering work [62] of
the linear numerical scheme for the SS equation, in which an artificial regularization term, in the
form of AA(¢"H! — ¢™), has to be included for the sake of energy stability. A theoretical analysis
has been provided in [42] for the first order accurate (in time) scheme, to justify the lower bound
of the artificial parameter A. Various estimates have indicated that, the theoretical value of A is
of order O(¢721In¢) for the first order scheme, while such an artificial regularization parameter has
to be of order O(e~"™°), with mg > 10, for the temporally second order schemes [40, 41].

It is clear that, such a singular dependence of the theoretical value of artificial regularization
parameter on ¢ comes from the W1 estimate for the numerical solution. To avoid a singular ar-
tificial regularization parameter in a linear numerical scheme, while preserving an energy stability,
the scalar auxiliary variable (SAV) approach for various gradient flows has attracted many atten-
tions in recent years [55, 56, 57, 66]. To overcome the difficulty associated with the nonlinearity,
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the energy functional is split into two parts: a nonlinear energy functional with a uniform lower
bound, combined with a quadratic surface diffusion energy with constant-coefficients. In turn,
the elevated nonlinear energy part (which contains a global constant to make its value positive)
is rewritten as a quadratic term, not in terms of the original physical variable, but in terms of
an artificially-introduced auxiliary variable. As a result, linear schemes could be derived for the
gradient flow reformulated in the quadratic nonlinear energy and the surface diffusion energy, so
that both the unique solvability and modified energy stability could be theoretically justified for
the linear schemes. Also notice that, such an energy estimate is in terms of the reformulated energy
functional, not in terms of the original energy functional.

An application of the SAV method to the SS equation (1.3) has been reported in a recent
article [16], combined with the Fourier pseudo-spectral spatial approximation. The unique solv-
ability, numerical implementation process and a modified energy stability have been presented for
the second order accurate (in time) SAV scheme, with Crank-Nicolson temporal discretization.
However, an optimal rate convergence analysis seems challenging for the proposed scheme in [16].
In particular, a discrete W15 bound for the numerical solution is necessary to pass through the
error estimate. On thr other hand, the discrete energy stability (established in [16]) leads to a
uniform-in-time discrete H? bound for the numerical solution, while this bound is not sufficient to
ensure a W1 bound for the numerical solution.

In this article, we present an optimal rate convergence analysis and error estimate for the second
order SAV scheme to the SS equation (1.3), with a slight modification of the surface diffusion
coefficients. In more details, the standard Crank-Nicolson approximation to the surface diffusion
term is replaced by an alternate one, with 3/4 and 1/4 coefficient distribution at time steps "1,
t"~1, respectively. Such an alternate Crank-Nicolson approximation has been reported in [15,
18, 19, 29, 30, 31] for the Cahn-Hilliard and other related gradient model, and great success and
advantages over the standard Crank-Nicolson have been observed. With an application of this
approximation to the second order SAV scheme for the SS equation (1.3), a modified energy stability
could also be proved in a careful way, so that a uniform H? bound for the numerical solution (of
the phase variable) is available. In addition, a higher order H? estimate could also be derived,
with the help of various discrete Sobolev inequality in the Fourier pseudo-spectral space. With
such an H?3 bound at hand, we are able to control the nonlinear chemical potential error function,
in the Fourier pseudo-spectral space. In addition, one nonlinear error inner product could be
cancelled between the error evolutionary equations for the original phase variable and the one for
the introduced auxiliary variable. These preliminary estimates enable one to obtain an optimal
rate (O(At? + h™)) convergence analysis for the proposed numerical scheme in the energy norm,
i.e., in the £°(0,T; H%) N £2(0,T; Hy) norm. In particular, the aliasing error control techniques
have to be applied in the nonlinear error estimate associated with the 4-Laplacian term.

The outline of the paper is given as follows. In Section 2 we present the numerical scheme.
First we review the Fourier pseudo-spectral approximation in space and recall an aliasing error
control technique. Then we recall the SAV numerical scheme, and prove its energy stability in a
modified way. In addition, a uniform-in-time H3 bound for the numerical solution is established
in Section 3, and an optimal rate convergence analysis is provided in Section 4. Some numerical
results are presented in Section 5. Finally, some concluding remarks are made in Section 6.
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2 The numerical scheme

2.1 Review of Fourier pseudo-spectral approximations

The Fourier pseudo-spectral method is also referred as the Fourier collocation spectral method.
It is closely related to the Fourier spectral method, but complements the basis by an additional
pseudo-spectral basis, which allows to represent functions on a quadrature grid. This simplifies
the evaluation of certain operators, and can considerably speed up the calculation when using fast
algorithms such as the fast Fourier transform (FFT); see the related descriptions in [1, 11, 13, 15,
27, 28, 33, 64, 65], etc.

To simplify the notation in our pseudo-spectral analysis, we assume that the domain is given
by @ =(0,1)%, N, =N, =: N € Nand N - h = 1. We further assume that N is odd:

N =2K +1, forsome K € N.

The analyses for more general cases are a bit more tedious, but can be carried out without essential
difficulty. The spatial variables are evaluated on the standard 2D numerical grid Qp, which is
defined by grid points (x;,y;), with x; = ih, y; = jh, 0 <i,j7 < 2K + 1.

We define the grid function space

Gn={f: 7> 5 R ’ [ is Qn-periodic} . (2.1)

Given any periodic grid functions f,g € Gy, the £2 inner product and norm are defined as

N-1

(f.g) =" D" fii-gig Iflly =1 (2.2)

%,J,k=0
The zero-mean grid function subspace is denoted as GN = {f € gn | (f,1) = f= 0}. For f € Gn,
we have the discrete Fourier expansion

K

fig= Y [l exp@mi(la; +my;)), (2.3)
bm=—K

where the discrete Fourier coefficients are given by

N-1

Fn =02 fijaexp (—2mi (Cx; + may)) . (2.4)
,7,=0

The collocation Fourier spectral first and second order derivatives of f are defined as

K
Dofiji= Yy (2mil) f, exp (2mi(lx; + my;)), (2.5)
lm=—K
K ~
D2f; ;= Z (747r2€2) fé}fm exp (2mi(lx; + my;)) . (2.6)
bm=—K

The differentiation operators in the y direction, D, and Dg, can be defined in the same fashion. In
turn, the discrete Laplacian, gradient and divergence operators are given by

Anf=(Di+D})f, Vnf:= ( g:; > , Vn- ( g ) =Dy f1+ Dyfo, (2.7)
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at the point-wise level. It is straightforward to verify that
Vn - -Vnf=ANTf. (2.8)
See the derivations in the related references [1, 2, 26].

Definition 2.1. Suppose that the grid function f € Gy has the discrete Fourier expansion (2.3).
Its spectral extension into the trigonometric polynomial space Py (the space of trigonometric poly-
nomials of degree at most K ) is defined as

K

fs(wy) =Y finexp 2mi(lz +my)). (2.9)
{m=—K

We write Sy(f) = fs and call Sy : Gn — Pk the spectral interpolation operator. Suppose
g € Cper(2,R). We define the grid projection Qn : Cper(2,R) — Gy via

Qn(9)ij = 9(zi,y5), (2.10)
The resultant grid function may, of course, be expressed as a discrete Fourier expansion:
K
_—_N )
Qn(9)ij = Z QN (9)gm exp (2mi(lz; + my;)) -
bm=—K

We define the de-aliasing operator Ry : Cper(2,R) — Pg via Ry := Sy(Qn). In other words,

K
Ru@@m) = S On(8)pmexp (2ri(lx +my)) (2.11)
K

{m=—

Finally, for any g € L*(, R), we define the (standard) Fourier projection operator Py : L*(Q,R) —
Px via

K
Py(g)(@,y) = > Grmexp (2mi(lz + my)),
lm=—K

where
Gm = / 92, ) exp (—2ri (£ + my)) dx,
Q

are the (standard) Fourier coefficients.

To overcome a key difficulty associated with the H™ bound of the nonlinear term obtained by
collocation interpolation, the following lemma is introduced. The case of r = 0 was proven in an
earlier work [20, 21|, and the case of r > 1 was analyzed in a recent article [28].

Lemma 2.2. Suppose that m and K are non-negative integers, and, as before, assume that N =
2K + 1. For any ¢ € Pk in R, we have the estimate

d
RN () e < m2 (ol g (2.12)

for any non-negative integer r.
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Furthermore, to facilitate the analysis in later sections, we introduce an operator Ly as Ly f :=
1

sgA?\, f, for any f € Gy. In addition, a fractional operator is similarly introduced as L?\, f =

e(—Ap)f, for any f € Gn.
The following summation-by-parts formulas are valid (see the related discussions in [4, 9, 27,
28]): for any periodic grid functions f,g € Gy,

(f.Ang) = — (VN[ Vng), (f.AXg)=(Anf Ang). (2.13)

Similarly, the following identity could be derived in the same manner:

(f.Lng) = <L1%Vf, L]%v9>v Vf, g €Gn. (2.14)

In addition to the standard ¢? norm, we also introduce the /7, 1 < p < oo, and £>° norms for a
grid function f € Gy:

N-1 1
Il = magligl - Ul i= (B* 32 1AisP)", 1< p <00 (215)
i,j=
The discrete H! and H? norms are introduced as
||f||%y;V = 1713+ VN 15, ||f||fq;V = ||f||fq;V + AN FI3- (2.16)

For any periodic grid function ¢ € Gy, the discrete energy is defined as

1 1 g?
En(9) = 7IIVn0l3 = SIIVnol3 + 5 ANl - (2.17)

The following result corresponds to a discrete Sobolev embedding from HJQV to WZ{,’G in the
pseudo-spectral space. Similar discrete embedding estimates, in the lower order ones, could be
found in Lemma 2.1 of [15]; also see the related results [23, 24] in the finite difference version. A
direct calculation is not able to derive these inequalities; instead, a discrete Fourier analysis has to
be applied in the derivation; the details of the proof has been provided in a recent work [14]. .

Proposition 2.3. [1/] For any periodic grid function f, we have

VN flle < CllANf]|2, (2.18)

for some constant C' only dependent on 2.

2.2 The fully discrete numerical scheme

The energy (1.1) is decomposed into two parts:

1 1 1 1
B(O) = Fa(0) + 5(0.10). Bi(o) = | {4V¢4 ~ 51V + 4} dx, Lo =A%, (219)
In particular, due to the point-wise quadratic inequality

1 1 1
1IVol' = 5Ivel* + 1 >0, (2.20)
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we conclude that Fi(¢) have a well-established lower bound:
Er(¢) = |9, (2.21)
In turn, the nonlinear chemical potential becomes
N(@) = 6,1 = -V - ((Vo[*Ve) + Ao, (2.22)
Therefore, with an introduction of a scalar auxiliary variable

r = VE(9), (2.23)

the original SS equation (1.3) could be rewritten as the following system:

61 = A(E==N(0) + L9),

E1(9)
_ 1
Tt = 2\/% fQ N(¢)¢t dx.

Based on this reformulation, the fully discrete second order SAV scheme is proposed as follows,
with Fourier pseudo-spectral spatial approximation:

(2.24)

¢n+17¢n _ _ ,,,n+1/2 ATL+1/2 B 3 in+1 1 .n—1
At \/El N((ZE"+1/2) NN<¢ ) LN(4¢ + 4¢ )7 (2'250')
rn+17,,,n _ ’1 <NN($n+1/2) ¢'n+l_¢n> (2.25b) (2.25)
A ayfmaGrr LA
in which Ny(¢) := =V - (|[VN9|*VNe) + Ane, Ly = £2A%0, rntl/2 = %(r’”rl + ™), and
a second order explicit extrapolation is applied to obtain ¢"+1/ 2 = 3pn — %qb"_l. The discrete
nonlinear energy functional is introduced as Ey n(¢) = 1[|Vno|lf — 3[[VN|3 + 2|9, similar to

the notation in (2.17).
Since (2.25) is a two-step numerical method, a “ghost” point extrapolation for ¢! is useful.
To preserve the second order accuracy in time, we apply the following approximation:

ot ="+ At 1= -V (VN PVNe?) + Ang” + %A% 40 (2.26)
A careful Taylor expansion indicates an O(At? + h™) accuracy for such an approximation:
lp7! — @7 |2 < C(AE + h™). (2.27)

In turn, we take 0 := \/E n(9), 771 := /E1 n(07T).

2.3 Unique solvability and efficient numerical solver for the numerical scheme

In this section we analyze the unique solvability of the proposed SAV scheme (2.25). From (2.25a),
one can get
3 . ,r,’n,+1/2 N 1 .
(I + 1AtLN) ¢ = — At Ny (§"F1/2) — ALy + 6™, (2.28)
El,N(¢n+1/2)

Define Ay =1+ %AtL N, so that the following identity is valid:
rn+1/2 . 1
¢n+1 — _At - AR[lNN(¢n+1/2)+A;V1<¢n N ZAtLNQSn_l)-
El,N(¢n+1/2)

Global Sciénce Press



Advances in Applied Mathematics and Mechanics

From (2.25b), we see that

1 A
P =y (N (@"H1/2), 6" = 6. (2.29)

A substitution of (2.29) into (2.28) gives

3 w1 Na(emt1/?) Tn+1/2y o+l
(I‘i'ZAtLN)Qb + +WAt<NN(¢ )7¢ >
Iin+1/2 .
_ _ ANy (v ! (NN (8172),67) + 6" %AtLNgb”_l.

B 4 /El,N(Qg”H/Q)

Let gy denotes the right-hand of the above equation, then it becomes

ELN(anH/Q)

NN(qgn+1/2)

N(b 4E1,N(¢’n+1/2)

ANy ("), "1y = gh.

Multiplying both sides by Ajvl implies that

1

n+1
+ -~ .
i 4By n(¢nF1/2)

AHNN(@"T12), 6" ) - AG Ny (9"1?) = Ayl g (2.30)

Denote LHS = <NN(<5"+1/2)7 #"*1), a scalar value. Taking a discrete inner product with (2.30) by
Ny (¢"F1/2) leads to
At

in+1/2 n+1
<NN(¢ )7¢ >+4E1’N(QA5"+1/2)

- LHS - (Nn(¢" /%), Ay Ny (6"71/2))
= (NN (6"172), AR gR).

Then we arrive at

At

(1 + W . <NN(¢A>71+1/2),A]:]lNN(qf;n+1/2)>) -LHS = <NN(9£n+1/2)aAX/19K7>- (2.31)

In addition, we notice that
(NN (6™ F12), AN Ny (67172)) > 0, (2.32)

since all the eigenvalues of the symmetric operator A;vl are non-negative. As a direct consequence,
the coefficient on the left hand side of (2.31) is positive, so that the value of LHS is uniquely
solvable. Going back (2.30), the numerical solution ¢"*! is uniquely determined:

At

¢n+1 — _ .
4By n(¢nF1/2)

“LHS - ANy (6"12) + Al g (2.33)

Furthermore, a substitution of ¢"*! into (2.29) gives the numerical value of 71

Theorem 2.4. Given ¢", ¢" "' € Gy, two scalar values r™, r" 1, with ¢" = ¢"~1, there exists a
unique solution ¢" Tt € Gy for the numerical schemes (2.25). The scheme is mass conservative,

i.e., 9F = @0 := By, for any k > 0, provided that p—1 = ¢0 = f.
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Proof. The unique solvability comes from the derived identities (2.29), (2.31) and (2.33). In ad-
dition, the mass conservation property is a direct consequence of a summation of (2.25a) over €2,
which is turn leads to

rn+1/2

ELN(qgnJrl/Q)

with the fact that Ay f =0, Vf € Gy, has been applied. An application of induction implies that
¢* = Bo, for any k > 0, provided that ¢—1 = ¢ = By. This completes the proof of Theorem 2.4. [

G = 37+ Aty Nu(m172) + Ly(Gomt1 4 1on ) =37, (234)

2.4 Modified energy stability for the numerical scheme
Theorem 2.5. For k > 1, define the discrete modified energy
En(OMH, 0, ) = LR B + I 4 LR (6 - 6 (2:35)
Solution of the numerical scheme (2.25) satisfies the following dissipation properties
En(oFH, o8, ) < En(gF, 6" 1), (2:36)

Proof. We begin with a rewritten form of the numerical scheme (2.25):

n+1 n 1/2
: Alt/j = —uy? (237a) o
n+ _ 3 n+1 | 1 .n—1 rnt In41/2
=L & — N 2.37b
:uN N(4¢ + 4¢ ) + EIYN((Z)n+1/2) N(d) )? ( ) (237)
prtl_pn 1 in+1/2y ¢ntl—gn
= Ny (o™ — ). 2.37
At 2\/E1,N(q§”+1/2) < N(¢ )7 At > ( C)
Subsequently, taking discrete inner product with (2.37a) by ,u"Jrl with (2.37b) by —(¢" 1 — "),
with (2.37c) by 2r"+1/2 = ¢+l L7 e have

(@ — g P = Atu v, (2.38)
n 7 1 n— n n
o =y = —<LN<1¢ 360 )
,rn+1/2 .
b (~ N (™12, g7t — g, (2.39)
El,N(¢n+1/2)
Tn+1/2 R
(=T ) = e (NN (¢"T2), 7T — 7). (2.40)
Ele(¢n+1/2)
In turn, by adding (2.38), (2.39) and (2.40), we obtain
3 7 1 n— T, 7 n n n n
(LG8 + 367, 6m = @7 4 (" = 2 = Al RE (240

Meanwhile, the derivation of the following two identities are straightforward:
(Ln (70" + 70", 0" —¢ )= (L (F0" + 70", L{ (6" — o))
= S(IERe" 3 - IL36"13) + (|| A" = M3~ IILA (¢ = o" H)I3)

1 3 Ve n n—
+§(||L1i/(¢ 26" + 4" )3, (2.42)
(Tn+1 _ Tn)(rn+1 + T”) _ |Tn+1|2 _ |7“n|2, (2.43)
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in which identity (2.14) has been applied in the first step of (2.42). Going back (2.41), we arrive at
(c/‘N((bTH-l’ (bn’,,,n-i-l) _ 5N(¢n7¢n_17rn)

= = LR 297+ oI — At 2R < 0. (240

This completes the proof of Theorem 2.5. O

As a direct consequence of the energy stability, a uniform in time H12v bound for the numerical
solution is derived as follows.

Corollary 2.6. Suppose that the initial data are sufficiently reqular so that
Lirs o2, 102 Lyrs 0 —1y2 < A
SILRI2 + 171 + SILE (@7 = 97 )2 < Co,

for some Cy that is independent of h. Then we have the following uniform (in time) H12v bound for
the numerical solution: 3
65 a2 < C1, ¥m > 1, (2.45)

in which ¢ stands for the spectral interpolation of the numerical solution ¢™, as gien by for-
mula (2.9). The constant C1 > 0 depends on Q and Cy, but is independent of h, At and final
time.

Proof. As a result of (2.36), the following energy bound is available:

1, 1 1 m -
SILAO™ I3 < Ex(@™ 6™t ™) < En(e 67" r)
1,1 1. 1 _ -
= IR SN + 1P + GlILA(¢° — ¢7DII3 < Co, (2.46)

1
for any m > 1. On the other hand, since L3, f = —eAn f, for any f € Gy, we see that

2 - L1
%HANW’LH% < Co, sothat |Ay¢™|s < V2e2CE, Ym > 1. (2.47)

This in turn leads to

1

|APE ] = [|[Ang™ ]2 < \[28726105, since ¢ € Gp. (2.48)

Meanwhile, by the mass conservative property stated in Theorem 2.4, we have

/ ¢F dx = ¢™ = o, ¥m >0, (2.49)
Q

in which the first step is based on the fact that ¢™ € Gy. In turn, an application of elliptic
regularity implies that

(61 < O(| [ o ax| +18031) < Csl +V22CH) = G, ¥zl (@250)

This completes the proof of Corollary 2.6. O
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Remark 2.7. It is obvious that the modified energy functional (2.35) is the second order approxi-
mation to the original discrete energy (2.17), under certain reqularity assumption for the numerical
solution. Meanwhile, such a modified discrete enerqgy is in terms of a scalar auziliary variable r,
combined with the linear surface diffusion energy part, not fully in terms of the original phase vari-
able ¢, as formulated in (2.17). Although a direct bound of the original energy functional is not
available in terms of the initial data, a uniform in time HJZV bound for the numerical solution could
be derived, up to a constant multiple, as demonstrated in Corollary 2.6.

Remark 2.8. As a combination of the uniform in time H%, bound (2.45) and the discrete Sobolev
embedding inequality (2.18), we arrive at a uniform in time WJ{;G estimate for the numerical solu-
tion:

Vo™ s < CCh, ¥ m>1. (2.51)

And also, the modified energy inequality (2.46) indicates that
. o1
[r™? < Co, so that r™ < Cg, ¥Ym>1. (2.52)

These estimates will be useful in the higher order stability analysis presented below.

3 A uniform-in-time H? estimate for the numerical solution
Theorem 3.1. For the numerical solution (2.25), the following estimate is available:

in which ¢§ stands for the spectral interpolation of the numerical solution ¢™, as given by for-
mula (2.9). The constant QB only depends on the initial H> data and the domain, and it is
independent of At, h and T.

Proof. Taking a discrete inner product with (2.25a) by —2A3¢" ", we obtain

1 n n é n 3 n 3 n 1 n—
Kt<¢ o ¢ 7_2A?\7¢ +1> - 52<A?\7¢ +17 A?V(§¢ 1 + §¢ 1)>
,,,n+1/2 .
= 22— (N (¢"""/?), A% 9™ "). (32)
El,N(¢n+1/2)

The temporal stencil term could be handled in a straightforward way:

("t — ¢, —2A%¢" 1) = 2(VNAN(¢" T = ¢"), VNAN™ )
= |VNANG" T3 = IVNANG™[|5 + [VNAN(¢"T! — 20" 4+ 6™ 1)]]3. (3.3)

The surface diffusion part could be analyzed as follows

T 3 i 1 n— i 3 s 1 n—
—(AN"L AR (GO + 50" ) = (VARG VAR (50" + 56" )

Y

3 mn 1 i n—
SIVNARE"E — S(IVNAR "B + [V AR ")

Y

5 n 1 -
TIVNARE™ Iz = IV ARS" 3. (3.4)
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For the right hand side nonlinear inner product, we begin with the following observations:

~ ~ 1
Eyn(@"T2) > 1), |72 <G, (by (2.52). (3.5)

These two bounds imply that

n+1/2 Co 2

A () o0

El,N(¢n+1) | |

Meanwhile, the following summation by parts formula is applied
Tn+1/2 . ,',,77,+1/2 R
2 (N ("11/?), AR ") = —2———=(VN NN (¢"""?), VN AR " ).(3.7)
Ele(¢n+1/2) El,N(¢n+1/2)

For the nonlinear term, the following expansion is recalled

VNNN(QZ{L-H) =—-VnNVn- (|VN¢A)n+1|2VN¢En+1) + VNANén'H. (3.8)

The linear part could be controlled in a standard fashion:

i1/ in+1/2 2 n+l CO in+1/2 2 n+l
(VAN Ty k) < 2( ) PV A - VAR
E N(qgn+1/2) €2
4006 n 1 f
< g IVNANE IR+ 2 Va ke 5. (3.9)

For the nonlinear 4-Laplacian part, the following grid function is introduced:

Gy = IV ¢”+1/2|2V /2, (3.10)

This in turn implies that
IVaVa - (Va2 PN ) = V(- 452 2, (3.11)
in which (jg+ /% is the spectral interpolation of §"T1/2, given by formula (2.9). Moreover, since

¢"11/2 is the point-wise interpolation of the continuous function
1/2)2 12 1/2 1 ..
i = VO PPV with g5t = w’é - 505 (3.12)

we see that q"H/ 2 = RN(godnH/z). In turn, by making use of the aliasing error control inequality
stated in Lemma 2.2, we conclude that

A 1/2 A 1/2
IV(V - @512 < 138212 = 1BV (pgrers2) |2 < 3llognersellme, (3.13)

since Qant1/2 € Psx. Meanwhile, for Pgn+1/2 given by (3.12), a detailed expansion and repeated
applications of Holder inequality indicate that
legnirrallme < Clllpgnisell + [Apgnias|l)
CIVES2PUdst 2+ 11A(VEs 2 Pugst )
C(IV5 e - V95 2 + IVVOE Fe - IVEE T o). (314)

IA
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Furthermore, the following 2-D Sobolev embedding and interpolation inequalities could be derived:

“n n n n 1
Vet Pl < CUAGET | + AT 2|15 - [V A2GET 2 6)
< O(Cy + CF A2, (3.15)
IVeet e < Clade™ | < ccy, (3.16)
IVVGe™ e < CIVVEET P < CIlAGET 2|5 - [V A5
< COFVALT)S, (3.17)
VG2 e < ClAGEE - AR < 007 VARG, (3.18)

in which the uniform in time H? bound (2.45) of the numerical solution has been extensively used.
In turn, a substitution of the above estimates into (3.14) yields

- ~ 7 ~
g llgs < C(CF + CF | A3H2)5). (3.19)

Subsequently, its combination with (3.11) and (3.13) reveals that

nt1/2129  in+1/2 3, % 2 n+1/2
IVNVN - (Vg™ 2 PVNG™ )|l < C(CY 4+ CFIVATGg 7[5)
- LT
< OGP+ CPIIVNARG™25),  (320)
in which the fact that ¢n+1/ = Pk has been applied in the last step. As a consequence, we arrive
at
7’”+1/2 y N
~2 e (Vy Vi - (VN " T2 PUN G 2), Uy AR 6
E; N(¢n+1/2)
C,
= 2(|QO|> IVNVy - (VNG 2PN )|y - VN AR o™ 2
< C(C}+CFA%¢™2)3) - [Vaa) ¢"+1H
< CeCY+ O VARG ) + ZIIVNA%@““H%. (3:21)

A combination of (3.9) and (3.21) leads to

e Intly A3 gntl
(NN (0"7), Axe™)

o N(qgnﬂ)

4CQ€

2
< T ITN AN 4 OO + O [V AR ) + TV AR (322

Finally, a substitution of (3.3), (3.4) and (3.22) into (3.2) results in
1 _
G (IVNANG™HE = [VNANG™ 5 + [VNAN (" = 20" + ¢ )]5)

3 1 _
+2 VAR - 1V Ak

4@06_2

~ ~ ~ 14 ~
= WHWAW“/QH% +Ce7H(CS + CF |V A% 25). (3.23)
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Meanwhile, the following interpolation inequality and Cauchy inequality are available:

IVNANG™ 22 < [lAN ¢"+1/2||2 HVNA I < 005 VN ARGTS,  (3.24)

IVy AR5 = ||VNA?V<§¢"— S0V < BIVN AR + VA% B (3:25)
Then we obtain the following estimates:
4(’[‘5 2 o and™ I < 21300[’55 |V A%
< Ccosfl“ + TN A
< Cq);f‘l = GIVN ARG + IV n Ak 13). (3.26)

4

cC X _2||V A2 ¢n+1/2”5 < C’C~’1145_10—|—€—HVNA2 q;n+1/2”2
< COfte0+ (3IIVNA &5+ IVNAR " 3),  (3:27)

in which the Young’s inequality has been applied in the first step of (3.27). Going back (3.23), we
arrive at

t(IIVNANqﬁ”“IIg IVNANG™[3) + 62HVNA ¢z~ 2IIVNA ¢" 3

A
n 2 -1 CCO Cie —10/A14
< (SHVNA 10) ||2—|-||VNA o) || )+ T+CE (Ci"+1). (3.28)
2
Moreover, the following quantity is introduced:
G = Vv AN 3 + AtIIVsz2 ¢T3+ AlﬁHVNA " |13 (3:29)

By adding 3|V A% ¢" (|3 on both sides of (3.28), we obtain the following inequality:

GMH -G + —At||V A% "2 + AtHVNA "2 < MO A, (3.30)
~% ~2 _—4 ~
with M©) = C“)Tég + Ce19(C{* 4+ 1). In addition, the following elliptic regularity estimates
2
are valid:
Col[VNANG" 3 < IVNAR ™3, Col[VNANG™ (3 < VAR5, (3.31)

so that we arrive at
C Gt < *IIVNAQ "3 + 16 IIVNA ¢" 13- (3.32)

Going back (3.30), we get

n+1 n 0252 n+1 (0)
G G A < MOAL (3.33)
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An application of induction argument implies that

8 (0)

=R (3.34)

2
GTL"rl é (1 + C%Aﬁ)_(n_'—l)GO +

Of course, we could introduce a uniform in time quantity Bj := G°+ BCAQZ) , so that [|[VyAne™||? <

G < B3 for any m > 0. In turn, an application of elliptic regularity shows that

168 s < € (171 + IVAG™) < (150l + (BY?) = QP ¥m >0, (3.35)

in which the uniform in time constant Q) depends on € and the initial H? data. This finishes the
proof of Theorem 3.1. 0

Remark 3.2. Higher order H™ estimate (beyond the norm given by the physical energy) is available
for many gradient flows, due to the analytic property of the surface diffusion parabolic operator; see
the related discussions in [3]. There have also been quite a few works of uniform in time H? estimate
for certain energy stable numerical schemes for the Cahn-Hilliard equation [15, 31, 55], beyond the
H' bound given by the energy estimate. In fact, similar estimates have also been reported for 2-
D incompressible Navier-Stokes equations, in terms of the first, second and higher order temporal
numerical approximations; see the delated works [13, 27, 61], etc.

Remark 3.3. As can be observed in the analysis (3.4) for the surface diffusion term, the alternate
temporal stencil structure, which gives 3/4 and 1/4 coefficient distribution at time steps t" 1, "1,
respectively, plays an important role to pass through the nonlinear estimate. Because of the higher
concentration at time step "1, the additional diffusion inner product term is able to control the
corresponding nonlinear growth given by (3.22), which turns out to be an essential point in the
H? estimate for the numerical solution. Instead, if the standard Crank-Nicolson approximation is
applied, such an additional diffusion inner product term would not be available in the derivation
in (3.22), so that the nonlinear growth in (3.22) could hardly be controlled. As a result, the stan-
dard Crank-Nicolson method for the surface diffusion term is able to preserve the modified energy
stability, in a similar way as in Theorem 2.5, while a theoretical justification of the H3 estimate
for the numerical solution would not go through.

4 The optimal rate convergence analysis

Now we proceed into the convergence analysis for the numerical scheme (2.25). Due to the SAV
structure of the algorithm, the error estimate has to be performed in the energy norm, i.e., in the
¢°(0,T; HZ) N £3(0,T; Hy) for the phase variable. Similar techniques have also been applied to
the convergence estimate [44] for the SAV scheme applied to Cahn-Hilliard equation. These ideas
have also been reported for the corresponding analysis for the phase field flow coupled with fluid
motion [5, 8, 17, 18, 46]. With an initial data with sufficient regularity, we could assume that the
exact solution has regularity of class R:

® € R:=H*0,T;C% N H*0,T; H*) N L>(0,T; H™). (4.1)
In particular, the following bound is available for the exact solution:

107" ® || oo orpoey < CF, (1< m < 3), || @F||grmsa < C*, VEk > 0. (4.2)
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Theorem 4.1. Given initial data ®¢ € Hgg‘i(Q), suppose the exact solution for SS equation (1.3)

is of regularity class R. For At and h are sufficiently small, we have

M
o AN (" — Ml + (At D IAR(* — o < CAR LA™, (4

where C' > 0 is independent of At and h, and At =T /M.

4.1 The consistency analysis

For ® € R, we construct an approximate scalar value of R as follows

1 1 5
R = By (@), B @) = L Vham - SVt + 2,
1 (4.4)
Rn+1/2 _ Rn+1 Rn )
SR+ RY)
A similar extrapolation dntl .= 29" — d"~1 is taken. In turn, a careful consistency analysis
indicates the following truncation error estimate:
entl_gr _ RH1/2 Hn+1/2 3@n+l | 1gn—1 +1
T o ,(WNN((IW 2) + Ly(3@"! 4 1on )) + Tg , (4.5a) (5)
Rn+17Rn o 1 a 1/2 pntl_pn 1 .
X = e V(@) S et (4.5)

with ||T$+1/2H2, 2 < O(AE? + h™). The derivation of (4.5) is accomplished with the help of
the spectral approximation estimate and other related estimates; the details are left to interested
readers.

The numerical error function is defined at a point-wise level:

eF i @k _ gk gkl gek - %ek—l, NRFU2 o N (85F1/2) - Ny (8541/2), Wk > 0. (4.6)

And also, the following scalar numerical errors are introduced

1 N - R
7:;]6 = Rk _ ,rk:7 ,i:k+1/2 = 5(,;:]%%1 + fk)7 Ef+1/2 — E17N((I)k+1/2) > El,N(¢k+1/2)7 vk > 0. (47)

In turn, subtracting the numerical scheme (2.25) from (4.5) gives

entl_en Frtl/2 _ pn+1/2 pnt1/2 fnt+l/2 in+1/2 Rnt1/2 n+1/2
= B R E N, = N
At ( EI,N($"+1/2) 1 ) N(¢ ) + ELN(¢’7L+1/2)
+Ly(Bent! 4 %enfl)) n T$+1/2’ (4.80)
Pl 1 int1/2) entl-en 1 ynt1/2 @ntl-_gn
= Ny (o™ , + = N ) 4.
A NELN(«BW/Z)< N, ) 2¢E1,N(¢n+1/2>< &) “8)
f%B”H/ZEN‘?H/Q(NN(@)"HM), ¢m+&t_q>n> 4 7_7'(L+1/2, (4.8b)
with B"+1/2 = . _ 1 . _ . (4.8¢)
vV El,N(‘I’"H/z)\/El,N(¢”+1/2)(V El,N(¢n+1/2)+\/EI,N(¢H+1/2))
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4.2 A few preliminary estimates

The following estimates are needed in the later analysis.

Lemma 4.2. We have

~ ~ 1 B
By (@) 2 (0], BEun (@) 2 (0], 0< BT < Flof s, (4.9)
B2 < Gy W2, (4.10)
INN (")) < Cs, (4.11)
[NTH2| < Col| Anem 2, (4.12)
(I)n+1 _pn
— e CC” 4.13

in which évt1 i= o+l _ gntl — 9en _ en=1 gng C'j are independent of At and h, j = 2,3, 4.

Proof. The lower bound for Ej n(¢"t/?) and Ey n($"71/2) comes from their definition, and the

estimate 0 < B"1/2 < 2|Q|7% is a direct result of its representation given by (4.8c).
Moreover, a detailed expansion for Ey x(¢""'/2) and Ej n(®"1/2) implies that

B2 B ($37H2) - By (872
= UV R = VNG — (VN2 - VG2 R)
= i<|VN<i>"+1/2|2 V22 0 (§PFY2 g grtl2) Ly entl/2)
_<VN(¢)n+1/2 +<5n+1/2)7VNé”+1/2). (4.14)

For the first error expansion, an application of discrete Holder inequality shows that
1 <|VN<i>n+1/2|2 + |VN¢§n+1/2|2 VN((i,nH/z + én+1/2) . vNén+1/2>
4 )

1 - . . . -
< ZUvwe PRI+ VNG HE) - IV 2 6 + [V ™ 2 6) - [IVne™ 22
1

<
- 4

(4(C")* + CCY) - (207 + CC1) - [|Vne™ 2|2 < C((C7)° + CF) [ Ve 2, (4.15)

in which the regularity assumption (4.2) for the exact solution and the discrete W16 bound (2.51)
for the numerical solution have been applied. The second error expansion term in (4.14) could be
controled in an even simpler way:

<‘VN(&)7L+1/2 + gzgn+1/2)’ vNénJrl/Q)

IA

(VN @12y + [V g™ 12 l2) - |V e 2]
< (20" +CC)||V e T2y, (4.16)

with (4.2), (2.51), applied again. This comletes the proof of inequality (4.10), by setting Cy :=
C((C*3 +C}+C* 4 C).

To obtain a discrete ¢? estimate for NN($”+1/2), we recall the grid function ¢"*'/2 introduced
in (3.10), so that the following identity is valid:

IV - (VN 2PV NG T2 = V(Y - G2 ) 12, (4.17)
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n+1/2 An+1/

in which gg is the spectral interpolation of §"11/2. Because of the the fact ¢ = RN(SDén+1/2)7
as indicated by the point-wise interpolation given by (3.12), we make use of the aliasing error control
inequality in Lemma 2.2 and get

n+1/2 n+1/2
IV @572 e < G621 = 1B (egnee) i < 3llegnazllm, (4.18)

an inequality snnllar to (3.13). Moreover, a detailed expansion and repeated applications of Holder
inequality lead to

logrellmr < Cllogrell + Vgl (4.19)
< OV PRV 2 + IV (vt Pe et ?))
< CIVEET 3w - VO g < Cllo% 13 < C(Q®)3, (4.20)

in which the uniform in time H? estimate (3.1) (for the numerical solution) has been applied in
the last step. Going back (4.18) and (4.17), we arrive at

IV - ((Vng™ 2 PVng 2|2 < C(QW)P. (4.21)
The other expansion term in Ny (¢™"*!) could be bounded in a more standard way:
|ANG™ 22 < 165l < 2Q. (4.22)

Therefore, a combination of (4.21) and (4.22) gives the inequality (4.11), by taking C3 = C(Q®))3 +
2Q0).

Inequality (4.12) could be derived in a similar manner. Making a comparison between N N (D1/2)
and NN((;S”“/Q), we observe that N™™1/2 turns out to be the point-wise interpolation of the fol-
lowing continuous function

NG = V- (R (o) + 80577,
(4.23)

- |V<i>’§+1/2|2v<i>g+1/2 J |V¢gn+1/2‘2vq3n+1/2
with <I>n+1/2 3<I>” 1Phig*1, ég+1/2 = %eg 165 ! A similar expansion is available for PRttt
xnis = [VOLTPRUEETE 4 (V@G 4 G vt vt (4.24)

Again, repeated applications of Holder inequality gives the following estimate

lognielln < Cllegniell + IV gmss2ll)
< O(IIvegPest A 1|V (@sT + a5t ) vegT vt
—|—\|V(\V<I>n+1/2| VAHH/Q)H%-HV(( ( n+1/2+¢n+1/2) vAn+1/2)V¢n+1/2)H>
< <Hv<1>"“/2||H + VT 2)? - ([VERt |

< CUC? + (@D))IVert |, (4.25)

with the uniform in time H?® estimate (3.1) and the regularity assumption (4.2) recalled. Since
©nn+1 € P3g, we go back (4.23) and arrive at

IN"H2)y = NG = = V- (R (pgae) + AceT 2
< Bllgguelm + 12652 < C(C)? + @QP)D)IVES Pl + VeS|
< O((C)2+ Q)2 + 1)||ves™ 2|l
< O((C)?+ Q)2 + 1)|aey
< O((C)? + QW) + 1)l|Ane" |, (4.26)

Global Sdéhce Press



Page 19 of 30 Advances in Applied Mathematics and Mechanics

in which the elliptic regularity, HVéZHprp < C’||Aég+1/2||, has been applied in the fourth step,
due to the fact that fQ Vég+1/2dx = 0, and the last step comes from the fact that ég+1/2 is the
spectral interpolation function of é”*1/2. This completes the proof of inequality (4.12), by setting
Co=C((C*)? +(Q¥)? +1).

The last inequality (4.13) is a direct consequence of the following estimates

q)nJrl —_ "
—— || £ C*, by (4.2 4.27
I < by (42). (1.27)
combined with the fact that || - || is @ norm stronger than || - ||2. O

4.3 Proof of the convergence theorem

Now we proceed into the proof of Theorem 4.1.

Proof. Taking a discrete inner product of (4.8a) with e”if”, with a repeated application of

summation by parts, we get

Lont1_ » 3 nt1 1 a1 et —em o
_— — La(Zent Zel - -
e — e, (e 4 1) + |1 B
n+l _ _n
= — (NLEL+ NLE» + NLE; — 73 T1/%), = °y, (4.28)
~n+1/2 \
NLE = —— Ny (¢™/?),
By n(pnt1/2)
+1/2
NLEy = _Bn+1/2Rn+1/2E?+1/2NN(qgnﬂ/z)’ NLE; = R/ N2
ELN(<I>”+1/2)
The temporal stencil term could be analyzed in the same manner as (2.42):
3 n+1 1 n—1 n+1 n
(L (e 4+ 7" ), 0" = ¢")
1 %n+12 %n2 1 %n—&-l ny |12 %n n—1y(2
= SULxe" Nz = [ILRe"l2) + S (ILx (" —e")lla = [[Lx (" — e )]2)
2 8
1 1
+3 (I (e"Th — 2™ 4" |I3. (4.29)
A bound for the truncation error inner product term is standard:
n+1/2 entl —en < (|t entl —en < n+1/22 } entl —en 2
() < e I S e < 2 R S I (430)
The first nonlinear inner product term could be rewritten as follows:
€n+1 —en fnJrl . en+1 —en
_<N£517 T» = _<—ANN(¢H+1/2)a T> (4-31)
El,N(¢n+1/2)
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For the second and third nonlinear inner product terms, we begin with the following estimates:

INLE2 = | B2R V2B Ny (6712
n n ~n+1/2 n
< |BUHVRL RV BT NN (87 |
1 =, ~ M, 2
< Sl - (Co+ 12 - Col| Vet 2y - C
- - 1~ ~ =
= C5||[VNe" 2|y, with C5 = 5C2Cs(Co + 1)2]Q| "2, (4.32)

INLEs[la = R Y2(Ey n($"TY2)) s N2y < RV 073 - [N

< (Co+1)2|Q7% - Cyl|Ane™2

= Cgl|Ane™2||y, with Cg = Cu(Co + 1)2]Q| 2, (4.33)
in which the preliminary estimates (4.9)-(4.12) in Lemma 4.2 have been extensively applied in

the derivation. We also notice that the inequality |R"*!|,|R"| < (Co + 1)% comes from the fact
that E(®(t)) < E(®%) = Co + h™, the pseudo-spectral approximation order, combined with the
inequality Fy vy (®%) < En(®*). And also, the following estimate for |[N'LE ||z is derived below,
which will be needed in the later analysis:

~n n -1 n ~=n -1 n
INLE ]2 = [[F" 2B N (67 T2) "2 Ny (6" H2) o < [FF2] - (9] 72 - NN (671122
Q|72 - Cy - 72 = Coin 2 with Cr = CalQ 2. (4.34)

IA

As a consequence of (4.32), (4.33), the following inequalities are available:

N N 6n+1 —en
~NLEs + NEEs, T )
6n+1 —en
< (INVLE22 + INLEs2) - |72
5 9 1 en-i—l _en 9
< 2INLE; +IIVLEs|I2) + 1 II2

~2 +1/2)12 4 A2 +1/2)12 Loertt—em
NG N

< 2G|IVne™ Gl Ane™ 7 2) + gl 2

1, entl —en

< Cs||Ane™ 2|2 + ZHT

13, Cs = 2C3C5 +CF), (4.35)

in which Cj5 corresponds to the elliptic regularity, [|[Vyflls < Cs||Anf]|2, an inequality similar

to (3.31). Therefore, a substitution of (4.29)-(4.31) and (4.35) into (4.28) yields

1 1 1 1, 1 1 _
s (LR 1B = ILE"B) + SUILE ™ — B~ L3 (" — e DIR)
5 6n-&-l —en f”+1/2 R en+1 —eh
ol A I < (e N (67, S )
ELN(QSTH*l/Q)
+Cs||Ane" 25 + 2]y 3 (4.36)

On the other hand, the original error evolutionary equation (4.8a) gives

n+l _ _n 1
= LN(%enH 1€+ NLE + NLEs + NLE; — 7 H). (4.37)
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In turn, an application of quadratic inequality implies that

6n+1 -

1 1B
> Iy (e 4 1o 3~ 2INLE: + NLE, + NLEs — 733
Z%HLN(Ze"“ + %e"*l)né —A(INLEL + NLEy + NLE35 + |75 13) (4.38)
>IN G+ 3B 120 LER + IWLE [ + INLEs|3) — 417+ 3
= <3 2B~ 12(CRTA) + (CGECR + CR) AN B) — i,
with the estimates (4.32)-(4.34) recalled. Going back (4.36), we arrive at

1 1 1 1 _
mt(”“ e — L 13) + SUILA (™ — )3 — [ L (" — " IB)
3 1 7zn+1/2 . entl _ on
||L (3 3¢ HIB + (=N (6" ), )
ElN(¢n+1/2)
< 12C2(7FY2)? + 7Cs]| Ane™ V2|3 + 6]y 23 (4.39)

Taking a discrete inner product of (4.8b) with 277 +1/2 = 4l 4 7 gives

. . f”+1/2 'n entl _ on
A7 = 7Y = (37, S
ELN(¢n+1/2)
N Fnt+l1/2 <Nn+1/2’ o+l _ (I)n>
[ By (¢n+1/2) At
@n—i—l — P

— B2 Ert 2 /2y (§ntl/2), ) 27 tL/2 /2, (4.40)

At

The inner product associated with the truncation error could be controlled via Cauchy inequality:

QrntL/2 Gntl/2 /22 gt l/2)2 (4.41)

The first nonlinear inner product on the right hand side is kept. The second and third nonlinear
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inner product terms could be analyzed as follows

~n+1/2 B e+l _ pn
T—A<Nn+1/2’ T>
El,N(¢n+1/2)
~n+1/2 -1 o+l ol — o
S[FERTE  INT e e (4.42)
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with repeated application of the prehmlnary estimates (4.9)-(4.13) in Lemma 4.2. Subsequently, a

substitution of (4.41)-(4.43) into (4.40) yields

1 ~n+1/2 enJrl n

(PP =) € e (N (37 1Y?), )
El,N(¢n+1/2)
Cy+C
+ LD (/2 e ) R (2R, (4.44)
Finally, a combination of (4.39) and (4. 44) results in
1
w (14 13 ~ L4 IB) + SR (! = e ~ L4 (" — e )B)
3 n+1 1 n—1 1 n+12
b NG 4 e B+ (T~ )
< 01 |r"+1/2|2+C’12|IANA"+1/2||2+6|| D23 4 a2, (4.45)

with C1y = 12(C2 + C2 + C3)) + 1, Cpp = 7Cs + % In particular, we notice that the first
nonlinear error inner product terms have been cancelled; this subtle fact has played a crucial role
in the analysis. In addition, the following inequality is observed:

N 1 _ _
IAne" 23 = Ay ( e = 5" D3 < 3l Ane" 5+ |Ane" 3

2
—2(3 Lz n|2 L% n—12 4.46
(BILRe" 3+l Ne 12), (4.46)

IN

in which we have used the fact that ||ANfH2 =c 1HL fll2- Going back (4.45), we arrive at

3 1
- n+l _ qm Ly n+1 - n—1y2
A =) 1 D Ce * 3l
< é11\77"“|2JrC~'12€_2(||L "||2+HL2 "HE) A+ 6l S+
< C"vll‘?:n+1|2+26vl2€—2(7_[n yr- 1)—|—6|| TL+1/2||2+|7_TL+1/2|2 (447)
1 1
with H"*! .= 5||Lf‘ve”+1||2 - g||L;‘V(e”+1 eM)|I3 + |72 (4.48)

Global S#@nce Press

Page 22 of 30



Page 23 of 30

Advances in Applied Mathematics and Mechanics

Therefore, with an application of discrete Gronwall inequality, and making use of the fact that

HT;LH/zH?’ Trn+1/2| < C(At? + h™), we arrive at
iy 5y Bt L2 o Aeas o p2m
j=1

with C' independent on At and h. Meanwhile, the following summation estimate is available:

n

- 3 . 1. 3 3 . 1 ,
Z ||LN(1€]Jrl + Zej_l)H% > Z(gHLNZejHH% - §||LNGJ_1||§)
j=1

j=1
1 »
> 1D ILxe G - Ot + )
§=0
et ¢ 2 _j+1)2 4 2m
> ZZHANe 3 — C(At* + n*™). (4.50)
7=0
In turn, the desired convergence estimate is available
k+1 ) 1 1
ane s+ (arY 8% 2) < oodar 1 hm) (451
j=1

1
in which the equality, ||Le"™||s = e[| Ane™ !||2, has been recalled. This completes the proof of
Theorem 4.1. O

Remark 4.3. In an earlier error analysis work [44] for the SAV scheme applied to the Cahn-
Hilliard flow, a linear refinement requirement for the time step size, At < Ch, has to be imposed
for the convergence estimate, since an tnverse inequality has to be applied in the error estimate in
the energy norm. In contrast, we have derived a higher order H® bound for the numerical solution,
which in turn leads to an unconditional convergence estimate (no scaling law constraint between At
and h) for the SAV scheme applied to the SS equation.

Remark 4.4. As can be seen in the proof of Lemma 4.2, the uniform in time H> estimate (3.1)
(for the numerical solution) plays an essential role in the derivation of the preliminary inequali-
ties (4.11), (4.12). These two inequalities turn out to be very useful in the optimal rate conver-
gence analysis for the proposed SAV scheme, since the error estimate has to be carried out in the
(0,1 HJQ\,)HZ2(07 T; va) norm. Instead, if the standard Crank-Nicolson approxzimation is applied
to the surface diffusion term, such a uniform in time H? estimate is not theoretically available, as
argued in Remark 3.3. As a result, the convergence analysis and error estimate for the standard
Crank-Nicolson would not be theoretically established.

Remark 4.5. For the NSS equation (1.5) with the physical energy (1.4), the corresponding SAV
scheme could be similar derived and analyzed. For example, the following inequality turns out to be
valid, with an application of elliptic reqularity:

1 2
(= 30+ Vo) + S1agk + C.)dx > 9,
G\ 72 4
in which C. only depends on €. In turn, one could denote E(¢) = Fy(¢) + (¢, Lo), with

2

1 2 2
B(0) = [ (= 501 +1V0P) + TIAdP +C.)dx, Lo = Ga%,
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The corresponding SAV scheme could be designed by this energy decomposition, using similar ideas.
The modified energy stability, uniform in time H?3 estimate for the numerical solution, and the
optimal rate convergence analysis could be derived in a similar manner. This work will be left to
the future works.

Remark 4.6. Other than the Crank-Nicolson method, some alternate second order temporal ap-
prozimation, such as the second order BDF scheme, could be applied to the SAV scheme. In a
recent work [59], a second order accurate SAV-BDF2 scheme has been successfully applied to the
square phase field crystal (SPFC) model, in which the energy stability and optimal rate convergence
analysis have been theoretically established. An application of the BDF2 temporal discretization to
the SAV formulation (2.24) of the SS equation is expected to be feasible, with all the theoretical
results available. The technical details are left to interested readers.

5 Numerical results

In this section we present some numerical simulation results to demonstrate the stability and
accuracy of the proposed scheme (2.25).

5.1 Convergence tests

We test the temporal convergence rate of the numerical scheme (2.25). The exact solution is taken

d(x,y,t) = (w +0.48) (1~ ﬂ) (5.1)

The computational domain is given by (0,27)?, and interface width is set as €2 = 0.1. We use 1282
Fourier modes in space. From Figure 1, the second order temporal convergence order has been
clearly observed for the numerical scheme (2.25).

~-SAV error
~e-Slope =2

L* error

107
time step

Figure 1: Convergence rate of SAV scheme (2.25) in time. The numerical error data is parallel to
the curve of At2.
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Figure 2: The isolines of the numerical solutions of the height function ¢ and its Laplacian A¢ for
the model with slope selection with random initial data. For each subfigure, the left is ¢ and the
right is A¢. Snapshots are taken at t = 0, 2, 20, 40, 60, 100, respectively.

5.2 The coarsening dynamics

In this subsection, we provide the coarsening process numerical simulation results for the MBE
model (1.3) with slope selection. A random initial data is taken, varying from —0.001 to 0.001.
The physical parameters are set as

=003, M=1 (5.2)

The computational domain is given by Q = (0,12.8)2, and we use 1282 Fourier modes so that
the numerical errors from the spatial discretization are negligibly small , in comparison with the
temporal discretization error. The snapshot plots of the physical variable at a sequence of time in-
stants, at t = 0, 20,40, 60, 100, computed by the numerical scheme (2.25), are displayed in Figure 2.
In addition, the time evolutions of the energy, as well as the roughness growth, are displayed in
Figure 3. A very nice agreement with the scaling laws, as given by ¢t 73 and ¢3, respectively [36], is
observed.

6 Concluding remarks

In this article, we have analyzed a scalar auxiliary variable (SAV)-based numerical scheme for slope-
selection (SS) equation of the epitaxial thin film growth model, with Fourier pseudo-spectral spatial
approximation. In particular, the standard Crank-Nicolson approximation to the surface diffusion
term is replaced by a modified version, with 3/4 and 1/4 coefficient distribution at time steps L,
t"~1 respectively. With an application of this approximation to the second order SAV scheme for
the SS equation, a modified energy stability is proved, so that a uniform H? bound for the numerical
solution (of the phase variable) is available. In addition, a higher order H® estimate has also been
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Figure 3: Dynamics of energy and roughness with respect to time.lThe energy evolution is parallel
to the t73 curve, while the roughness evolution is paralle to the ¢3 curve.

derived, with the help of various discrete Sobolev inequality in the Fourier pseudo-spectral space.
With such an H3 bound at hand, we have derived an optimal rate (O(At*> + ™)) convergence
analysis for the numerical scheme in the energy norm, i.e., in the €°°(0,T;H]2V) N 20, T; Hj‘{[)
norm. In particular, the aliasing error control techniques have to be applied in the nonlinear error
estimate associated with the 4-Laplacian term. A few numerical experiments are also presented,
which confirm the efficiency and accuracy of the proposed scheme.
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