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Abstract

We study the problem of networked online con-
vex optimization, where each agent individually
decides on an action at every time step and agents
cooperatively seek to minimize the total global
cost over a finite horizon. The global cost is made
up of three types of local costs: convex node costs,
temporal interaction costs, and spatial interaction
costs. In deciding their individual action at each
time, an agent has access to predictions of local
cost functions for the next k time steps in an r-
hop neighborhood. Our work proposes a novel
online algorithm, Localized Predictive Control
(LPC), which generalizes predictive control to
multi-agent systems. We show that LPC achieves
a competitive ratio of 1 + O(pk) + O(p%) in an
adversarial setting, where pr and pg are constants
in (0, 1) that increase with the relative strength
of temporal and spatial interaction costs, respec-
tively. This is the first competitive ratio bound on
decentralized predictive control for networked on-
line convex optimization. Further, we show that
the dependence on k and r in our results is near
optimal by lower bounding the competitive ratio
of any decentralized online algorithm.

1. Introduction

A wide variety of multi-agent systems can be modeled as
optimization tasks in which individual agents must select
actions based on local information with the goal of coopera-
tively learning to minimize a global objective in an uncertain,
time varying environment. This general setting emerges in
applications such as formation control (Chen & Wang, 2005;
Oh et al., 2015), power systems control (Molzahn et al.,
2017; Shi et al., 2021), and multiproduct price optimization
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(Caro & Gallien, 2012; Candogan et al., 2012). In all these
cases, it is key that the algorithms used by agents use only
local information due to the computational burden created
by the size of the systems, the information constraints in the
systems, and the need for fast and/or interpretable decisions.

At this point, there is a mature literature focused on decen-
tralized optimization, e.g. Bertsekas & Tsitsiklis (1989);
Boyd et al. (2011); Shi et al. (2015); Nedi¢ et al. (2018),
see Xin et al. (2020) for a survey; however, the design of
learning policies for uncertain, time-varying environments
requires decentralized online optimization. The literature
studying decentralized online optimization is still nascent
(see the related work section for a discussion of recent pa-
pers, e.g. Li et al. (2021b); Yuan et al. (2021); Yi et al.
(2020)) and many challenging open questions remain.

Three issues of particular importance for real-world applica-
tions are the following.

First, temporal coupling in actions is often of first-order im-
portance to applications. For example, startup costs, ramp-
ing costs, and switching costs are prominent in settings such
as power systems and cloud computing, and lead to penalties
for changing actions dramatically over time. The design of
online algorithms to address such temporal interaction costs
has received significant attention in the single-agent case re-
cently, e.g, smoothed online optimization (Goel et al., 2019;
Lin et al., 2020), convex body chasing (Argue et al., 2020b;
Sellke, 2020), online optimization with memory (Agarwal
et al., 2019; Shi et al., 2020), and dynamic pricing (Besbes
& Lobel, 2015; Chen & Farias, 2018).

Second, spatial interaction costs are of broad importance in
practical applications. Such costs arise because of the need
for actions of nearby agents to be aligned with one another,
and are prominent in settings such as economic team theory
(Marschak, 1955; Marschak & Radner, 1972), combinato-
rial optimization over graphs (Hochba, 1997; Gamarnik &
Goldberg, 2010), and statistical inference (Wainwright &
Jordan, 2008). An example is (dynamic) multiproduct pric-
ing, where the price of a product can impact the demand of
other related products (Song & Chintagunta, 2006).

Third, leveraging predictions of future costs has long been
recognized as a promising way to improve the performance
of online agents (Morari & Lee, 1999; Lin et al., 2012;
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Badiei et al., 2015; Chen et al., 2016; Shi et al., 2019; Li
et al., 2020). As learning tools become more prominent,
the role of predictions is growing. By collecting data from
repeated trials, data-driven learning tools make it possible
to provide accurate predictions for near future costs. For
example, in multiproduct pricing, good demand forecasts
can be constructed up to a certain time horizon and are
invaluable in setting prices (Caro & Gallien, 2012).

In addition to the three issues above, we would like to high-
light that existing results for decentralized online optimiza-
tion focus on designing algorithms with low (static) regret
(Hosseini et al., 2016; Li et al., 2021b) , i.e., algorithms that
(nearly) match the performance of the best static action in
hindsight. In a time-varying environment, it is desirable
to instead obtain stronger bounds, such as those on the dy-
namic regret or competitive ratio, which compare to the
dynamic optimal actions instead of the best static action in
hindsight, e.g., see results in the centralized setting such as
Lin et al. (2020); Li et al. (2020); Shi et al. (2020).

This paper aims to address decentralized online optimiza-
tion with the three features described above. In particular,
we are motivated by the open question: Can a decentral-
ized algorithm make use of predictions to be competitive for
networked online convex optimization in an adversarial en-
vironment when spatial and temporal costs are considered?

Contributions. This paper provides the first competitive
algorithm for decentralized learning in networked online
convex optimization. Agents in a network must each make
a decision at each time step, to minimize a global cost
which is the sum of convex node costs, spatial interaction
costs and temporal interaction costs. We propose a predic-
tive control framework called Localized Predictive Control
(LPC, Algorithm 1) and prove that it achieves a competitive
ratio of 1+ O(pk.) + O(p%), which approaches 1 exponen-
tially fast as the prediction horizon k£ and communication
radius r increase simultaneously. Our results quantify the
improvement in competitive ratio from increasing the com-
munication radius  (which also increases the computational
requirements) versus increasing the prediction horizon k,
and imply that — as a function of problem parameters — one
of the two “resources” k£ and r emerges as the bottleneck
to algorithmic performance. Given any target competitive
ratio, we find the minimum required prediction horizon k
and communication radius r as functions of the temporal
interaction strength and the spatial interaction strength, resp.

Further, we show that LPC is order-optimal in terms of & and
r by proving a lower bound on the competitive ratio for any
online algorithm. We formalize the near optimality of our
algorithm by showing that a resource augmentation bound
follows from our upper and lower bounds: our algorithm
with given k and r performs at least as well as the best
possible algorithm that is forced to work with &’ and r’

which are a constant factor smaller than k and r respectively.

The algorithm we propose, LPC, is inspired by Model Pre-
dictive Control (MPC). After fixing the prediction horizon
k and the communication radius r, each agent makes an
individual decision by solving a k-time-step optimization
problem, on a local neighborhood centered at itself and with
radius r. In doing so, the algorithm utilizes all available
information and makes a “greedy” decision. One benefit of
this algorithm is its simplicity and interpretability, which is
often important for practical applications. Moreover, since
the algorithm is local, the computation needed for each
agent is independent of the network size.

Our main results are enabled by a new analysis methodology
which obtains two separate decay factors for the propagation
of decision errors (a temporal decaying factor pr and spatial
decaying factor pg) through a novel perturbation analysis.
Specifically, the perturbation analysis seeks to answer the
following question: If we perturb the boundary condition of
an agent v’s r-hop neighborhood at the time step which is
7-th later than the present, how does that affect v’s current
decision, in terms of spatial distance r and temporal distance
77 With our analysis, we are able to bound the impact on
v’s current decision by O(p7p%), where the decay factors
pr and pg increase with the strength of temporal/spatial
interactions among individual decisions. This novel analysis
is critical for deriving a competitive ratio that distinguishes
the decay rate for temporal and spatial distances.

To illustrate the use of our results in a concrete application,
Appendix B provides a detailed discussion of dynamic mul-
tiproduct pricing, which is a central problem in revenue
management. The resulting revenue maximization problem
fits into our theoretical framework, and we deduce from
our results that LPC guarantees near optimal revenue, in
addition to reducing the computational burden (Schlosser,
2016) and providing interpretable prices (Biggs et al., 2021)
for products.

Related Work. This paper contributes to the literature in
three related areas, each of which we describe below.

Distributed Online Convex Optimization. Our work relates
to a growing literature on distributed online convex optimiza-
tion with time-varying cost functions over multi-agent net-
works. Many recent advances have been made including dis-
tributed OCO with delayed feedback (Cao & Basar, 2021),
coordinating behaviors among agents (Li et al., 2021a; Cao
& Bagar, 2021), and distributed OCO with a time-varying
communication graph (Hosseini et al., 2016; Akbari et al.,
2017; Yuan et al., 2021; Li et al., 2021b; Yi et al., 2020).
A common theme of the previous literature is the idea that
agents can only access partial information of time-varying
global loss functions, thus requiring local information ex-
change between neighboring agents. To the best of our



Decentralized Online Convex Optimization in Networked Systems

knowledge, our paper is the first in this literature to provide
competitive ratio bounds or consider spatial and temporal
costs, e.g., switching costs.

Online Convex Optimization (OCO) with Switching Costs.
Online convex optimization with switching costs was first
introduced in Lin et al. (2012) to model dynamic power
management in data centers. Different forms of cost func-
tions have been studied since then, e.g., Chen et al. (2018);
Shi et al. (2020); Lin et al. (2020), in order to fit a variety
of applications from video streaming (Joseph & de Veciana,
2012) to energy markets (Kim & Giannakis, 2017). The
quadratic form of switching cost was first proposed in Goel
& Wierman (2019) and yields connections to optimal con-
trol, which were further explored in Lin et al. (2021). The lit-
erature has focused entirely on the centralized, single-agent
setting. Our paper contributes to this literature by providing
the first analysis of switching costs in a networked setting
with a decentralized algorithm.

Perturbation Analysis of Online Algorithms. Sensitivity
analysis of convex optimization problems studying the prop-
erties of the optimal solutions as a function of the prob-
lem parameters has a long and rich history (see Fiacco &
Ishizuka (1990) for a survey). The works that are most re-
lated to ours consider the specific class of problems where
the decision variables are located on a horizon axis, or con-
sider a general network and aim to show the impact of
a perturbation on a decision variable is exponentially de-
caying in the graph distance from that variable, e.g., Shin
et al. (2021); Shin & Zavala (2021); Lin et al. (2021). The
idea of using exponentially decaying perturbation bounds
to analyze an online algorithm is first proposed in Lin et al.
(2021), where only the temporal dimension is considered.
This style of perturbation analysis is key to the proof of our
competitive bounds and, to prove our competitive bounds,
we provide new perturbation results that separate the impact
of spatial and temporal costs in a network for the first time.
Additionally, our analysis is enabled by new results on the
decay rate of a product of exponential decay matrices, which
may be of independent interest.

Notation. A complete notation table can be found in Ap-
pendix A. Here we describe the most commonly used nota-
tion. In a graph G = (V, £), we use dg (v, u) to denote the
distance (i.e. the length of the shortest path) between two
vertices v and u. NN, denotes the r-hop neighborhood of
vertex v, i.e., N := {u € V | dg(u,v) < r}. ON; denotes
the boundary of N7, i.e., ON! = N7\ N!~!. We generalize
these notations to temporal-spatial graphs as follows. Let

x denote the Cartesian product of sets, and IV, ((k U ={re
L)t <t <t+k}x Ny, ON) = (ff))\N(k Lr—1).

For any subset of vertices S, we use £(S) to denote the
set of all edges that have both endpoints in .S, and define
St ={ueV|Ive Sstdg(u,v) <1} (.e., S and its

1-hop neighbors). Let A denote the maximum degree of any
vertex in G; h(r) := sup,|ON;|. We say a function is in
C? if it is twice continuously differentiable. We use |-|| to
denote the (Euclidean) 2-norm for vectors and the induced
2-norm for matrices.

2. Problem Setting

We consider a set of agents in a networked system where
each agent individually decides on an action at each time
step and the agents cooperatively seek to minimize a global
cost over a finite time horizon H. Specifically, we consider
agraph G = (V, £) of agents. Each vertex v € V denotes an
individual agent, and two agents v and w interact with each
other if and only if they are connected by an undirected edge
(v,u) € €. Ateachtime stept = 1,2,..., H, each agent v
picks an n-dimensional local action zy € Dy, where n is
a positive integer and Dy C R"™ is a convex set of feasible
actions. The global action at time ¢ is the vector of agent
actions x; = {z} },,cy, and incurs a global state cost, which
is the sum of three types of local cost functions:

* Node costs: Each agent v incurs a time-varying node cost
¥ (z7), which characterizes agent v’s local preference
for its local action z}.

» Temporal interaction costs: Each agent v incurs a time-
varying temporal interaction cost ¢} (z¥, z}_,), that char-
acterizes how agent v’s previous local action x}_; inter-
acts with its current local action 7.

* Spatial interaction costs: Each edge e = (v, u) incurs
a time-varying spatial interaction cost! s¢(z¥, 2%). This
characterizes how agents v and «’s current local actions
affect each other.

In our model, the node cost is the part of the cost that only
depends the agent’s current local action. If the other two
types of costs are zero functions, each agent will trivially
pick the minimizer of its node cost. Temporal interaction
costs encourage agents to choose a local action that is “com-
patible” with their previous local action. For example, a
temporal interaction could be a switching cost which pe-
nalizes large deviations from the previous action, in order
to make the trajectory of local actions “smooth”. Such
switching costs can be found in work on single-agent online
convex optimization, e.g., Chen et al. (2018); Goel et al.
(2019); Lin et al. (2020). Spatial interaction costs, on the
other hand, can be used to enforce some collective behav-
ior among the agents. For example, spatial interaction can
model the probability that one agent’s actions affects its
neighbor’s actions in diffusion processes on social networks
(Kempe et al., 2015); or model interactions between comple-

'Since e is an undirected edge, the order we write the two
inputs (the action of v and the action of u) does not matter. Note
that s§ can be asymmetric for agents v and u, e.g., s¢(z}, z}) =
s§(zi,xd) = ||lzf + 22>
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ment/substitute products in multiproduct pricing (Candogan
etal., 2012).

Our analysis is based on standard smoothness and convexity
assumptions on the local cost functions (see Appendix A
for definitions of smoothness and strong convexity):

Assumption 2.1. For ;1 > 0,{; < 00,lp < 00,lg < 00,
the local cost functions and feasible sets for all t, v, e satisfy:

o Y R™ = Rxq is p-strongly convex, { s-smooth, and in
02: N

e ¢} : R" x R" = Ry is convex, {p-smooth, and in C?;

e 57 : R" x R™ = Ry is convex, {s-smooth, and in C?;

* DY C R" satisfies int(DY) # () and can be written as
Dy = {af € R | (g)i(a}) < OV1 < i < my},
where each (g7)i : R™ — R is a convex function in C*.

Note that the assumptions above are common, even in the
case of single-agent online convex optimization, e.g., see Li
et al. (2020); Shi et al. (2020); Lin et al. (2021).

It is useful to separate the global stage costs into two parts
based on whether the cost term depends only on the current
global action or whether it also depends on the previous
action. Specifically, the part that only depends on the current
global action z; is the sum of all node costs and spatial
interaction costs. We refer to this component as the (global)
hitting cost and denote it as

fla) =3 fra) + Y s (ay, o).

veV (v,u)e€

The rest of the global stage cost involves the current global
action z; and the previous global action x;_1. We refer to it
as the (global) switching cost and denote it as

(T, mp—1) = Z i (@), xi_y)-
veY
Combining the global hitting and switching costs, the net-
worked agents work cooperatively to minimize the total
global stage costs in a finite horizon H starting from a
given initial global action x at time step 0: cost(ALG) :=
Zil (fe(xy) + (g, 24—1)), where ALG denotes the de-
centralized online algorithm used by the agents. The of-
fline optimal cost is the clairvoyant minimum cost one can
incur on the same sequence of cost functions and the ini-
tial global action x( at time step 0, i.e., cost(OPT) :=

ming, Zf:l(ft(ft) + ez, w0-1)).

We measure the performance of any online algorithm ALG
by the competitive ratio (CR), which is a widely-used metric
in the literature of online optimization, e.g., Chen et al.
(2018); Goel et al. (2019); Argue et al. (2020a).

Definition 2.2. The competitive ratio of online algo-
rithm ALG is the supremum of cost(ALG)/cost(OPT)

over all possible problem instances, i.e., CR(ALG) =
SUDG, o {f1 et s, Dv} COSL(ALG) [cost(OPT).

U2 us
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Figure 1: Tllustration of available information for agent v at
time ¢ in networked online convex optimization with k = 2
and = 1, for the network with V = {uy, ug, v, us, uq}
and & = {(uy,us2), (u2,v), (v, us), (ug, us), (uz, us)}).

Finally, we define the partial hitting and switching costs
over subsets of the agents. In particular, for a subset of
agents S C V), we denote the joint action over S as xf =
{z} | v € S} and define the partial hitting cost and partial

switching cost over S as

S v v ’ v u
e =3 e+ > s @y,
veS (v,u)€E(S4)
Cts(xts’xf—l) = Z Czt)(x}t)vx;)—l)a (1)

This notation is useful for presenting decentralized online
algorithms where the optimizations are performed over the
r-hop neighborhood of each agent.

2.1. Information Availability Model

We assume that each agent has access to local cost functions
up to a prediction horizon k into the future, for themselves
and their neighborhood up to a communication radius r. In
more detail, recall that V] denotes the r-hop neighborhood
of agent v, i.e., N] := {u € V | dg(u,v) < r}. Before
picking a local action z{ at time ¢, agent v can observe
k steps of future node costs, temporal interaction costs,
and spatial interaction costs within its r-hop neighborhood,
{{(f2,e%) [ u e Nip{se | e € EON))}}irersn, and
the previous local actions in N: {«}* | | u € N]}.

We provide an illustration of the local cost functions known
to agent v at time ¢ in Figure 1. In the figure, the black
circles, blue lines, and orange lines denote the node costs,
temporal interaction costs, and spatial interaction costs re-
spectively. The known functions are marked by solid lines.
Note that, in addition to the local cost functions, agent v
also knows the local actions in N at time ¢ — 1, which are
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not illustrated in the figure.

To simplify notation, in cases when the prediction horizon
exceeds the whole horizon length H, we adopt the conven-
tion that f7(z}) = “th” c¢f =s{ =0and Dy =R"
for t > H. These extended definitions do not affect our
original problem with horizon H.

As in many previous works studying the power of predic-
tions in the online optimization literature, e.g., Yu et al.
(2020); Lin et al. (2020); Li et al. (2020); Lin et al. (2021),
we assume the k-step predictions of cost functions are exact
and leave the case of inexact predictions for future work.
This model is reasonable in the case where the predictors
can be trained to be very accurate for the near future. Al-
though we focus on exact predictions throughout this paper,
we also discuss how to extend this available information
model to include inexact predictions in Appendix C.3.

3. Algorithm and Main Results

Algorithm 1 Localized Predictive Control (for agent v)

Parameters: £ and r.
fort =1to H do
Receive information {z}" ; | u € N} and

{7 e) [ue Ny} {s7 [e € E(N.

Choose local action z} to be the (¢, v)-th element in

)}}t<‘r<t+k~

k,r u r u k,r
o (s lue Ny {02 (rw €N ()Y

the solution of (2), where % := arg minye p« f3(y).
end for

In this section we present our main results, which show that
our simple and practical LPC algorithm can achieve an order-
optimal competitive ratio for the networked online convex
optimization problem. We first introduce LPC in Section 3.1.
Then, we present the key idea that leads to our competitive
ratio bound: a novel perturbation-based analysis (Section
3.2). Next, we use our perturbation analysis to derive bounds
on the competitive ratio in Section 3.3. Finally, we show
that the competitive ratio of LPC is order-optimal in Section
3.4. An outline that highlights the major novelties in our
proofs can be found in Appendix C.

3.1. Localized Predictive Control (LPC)

The design of LPC is inspired by the classical model predic-
tive control (MPC) framework (Garcia et al., 1989), which
leverages all available information at the current time step
to decide the current local action “greedily”. In our context,
when an agent v wants to decide its action z} at time ¢, the
available information includes previous local actions in the

r-hop neighborhood and k-step predictions of all local node
costs, temporal/spatial interaction costs. The boundaries of
all available information, which are formed by {t — 1} x N

and ON ((tk;)r)), are illustrated in Figure 2.

The pseudocode for LPC is presented in Algorithm 1. For
each agent v at time step ¢, LPC fixes the actions on the
boundaries of available information and then solves for
the optimal actions inside the boundaries. Speciﬁcally, de-

fine 4{y7) ({uy | we Np}h{=2 | (r,u) € ONGY) as

the optimal solution of the problem

min Z ( (N’ 1)( )> +C(N7 ( S’NT) (TN; ))
stz =y ,YueN,,
xe =z V(7 u) GﬁN(k ) (2)

(t,v)?

(k—1,r—1)
u) € Niwy
where the partial hitting cost and partial switching cost f2

and cS for a subset .S of agents were defined in (1). Note that

éfvr)) ({yi1}, {z*}) is a matrix of actions (in R™) indexed

xt € DY Y(T,

by (1,u) € N((tk'u)l "1 (When the context is clear, we use

the shorthand ¢(k ™) ({yi_1},{#“}).) Once the parameters

{y#;} and {z“} are fixed, the agent v can leverage its
knowledge of the local cost functions to solve (2).

r=2
e

q
t—1 @ @ © @ o
history o
future k
(t,v)
t @ O -O——0O L
1t St

t+1 @ O O O ]
t+2 @ o o @ L

Figure 2: Illustration of LPC with k = 3,7 = 2 ona
line graph (the underlying graph is replicated over the time
dimension). The orange node marks the decision variable
at (t,v). The green part denotes the decisions in N at
time (¢ — 1). The blue “U” shape denotes the boundary of
available information for node v at time ¢. Edge e := (v, q).

LPC fixes the parameters {y}" ;} to be {z}* ;}, which are
the previous local actions in IV, and fixes the parameters
{z%} to be the minimizers of local node cost functions at

nodes in ON, (k’g) The selection of the parameters at nodes

in 6N (k, )) plays a similar role as the terminal cost of classi-
cal MPC in centralized settings.
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For a single-agent system, MPC-style algorithms are per-
haps the most prominent approach for optimization-based
control (Garcia et al., 1989) because of their simplicity and
excellent performance in practice. LPC extends the ideas
of MPC to a multi-agent setting in a networked system by
leveraging available information in both the temporal and
spatial dimensions, whereas classical MPC focuses only on
the temporal dimension. This change leads to significant
technical challenges in the analysis.

3.2. Perturbation Analysis

The key idea underlying our analysis of LPC is that the
impact of perturbations to the actions at the boundaries of
the available information of an agent decay quickly, in fact
exponentially fast, in the distance of the boundary from the
agent. This quick decay means that small errors cannot
build up to hurt algorithm performance.

In this section, we formally study such perturbations by
deriving several new results which generalize perturbation
bounds for online convex optimization problems on net-
works. Our bounds capture both the effect of temporal
interactions as well as spatial interactions between agent
actions, which is a more challenging problem compared to
previous literature which considers either temporal interac-
tions (Lin et al., 2021) or spatial interactions (Shin et al.,
2021) but not both simultaneously.

More specifically, recall from Section 3.1 that for each agent
v at time ¢, LPC solves an optimization problem w(fvr))
where actions on the boundarles of available information
(.e., {t =1} x NI and 8]\7( )) are fixed. By the principle
of optimality, we know that 1f the actions on the boundaries
are selected to be identical with the offline optimal actions,
the agent can decide its current action optimally by solving
wgfg) However, due to the limits on the prediction horizon
and communication radius, LPC can only approximate the
offline optimal actions on the boundaries (we do this by
using the minimizer of node cost functions). The key idea to
our analysis of the optimality gap of LPC is by first asking:
If we perturb the parameters of wgﬁf)), i.e., the actions on the
information boundaries, how large is the resulting change
in a local action 0 for (to,vo) € N (k. T) \ aN(k T) (in the

optimal solution to (2))?

Ideally, we would like the above impact to decay expo-
nentially fast in the graph distance between node vy and
the communication boundary for node v (i.e., » minus the
graph distance between vy and v), as well as in the tempo-
ral distance between ¢y and t. We formalize this goal as
exponentially decaying local perturbation bound in Defini-
tion 3.1. We then show in Theorem 3.2 and Theorem 3.3
that such bounds hold under appropriate assumptions.

U ]C r
Definition 3.1. Define x° = m))({yt 1 {22 })(t0 %)

and (21) = O W) A gy o
arbitrary boundary parameters {(y;' 1)}, {(z¥)} and
{(W¥ 1)}, {(z%)'}. We say an exponentially decaying local
perturbation bound holds if for non-negative constants

C(1 = Cl (KT/N@ (AZS)/M) < 0,
Cy = Co(lr /1, (Als)/p) < oo,
pr = pr(lr/p) <1,ps = ps((Als)/p) <1

for any (to,vo) and arbitrary boundary parameters

{@) A AW D) (), we have:
iy = (@2)'|
<G Y AT e =
(uA,T)E('?N((tkUT))
+C 3 o eyt~ (i)
uENY

Perturbation bounds were recently found to be a promising
tool for the analysis of adaptive control and online optimiza-
tion models(Lin et al., 2021). The exponentially decaying
local perturbation bound defined above is similar in spirit
to two recent results, i.e., Lin et al. (2021) derives a similar
perturbation bound for line graphs and Shin et al. (2021) for
general graphs with local perturbations. In fact, one may
attempt to derive such a bound by applying these results
directly; however, a major weakness of the direct approach
is that it will yield pr = pg, i.e., it cannot distinguish be-
tween spatial and temporal dependencies, and the bound
deteriorates as max{¢r/u,¢s/u} increases. For instance,
even if the temporal interactions are weak (i.e., {1 /u = 0),
pr = ps can still be close to 1 if £g/p is large, leading to
a large slack in the perturbation bound for small prediction
horizons k.

We overcome this limitation by redefining the action vari-
ables. Specifically, to focus on the temporal decay effect,
we regroup all local actions in {7} x N/ as a “large” deci-
sion variable for time 7 (in Figure 1 we would group each
horizontal blue plane in V] to create a new variable). After
regrouping, we have (k + 1) “large” decision variables lo-
cated on a line graph, where the strength of the interactions
between consecutive variables is upper bounded by ¢7. On
the other hand, to focus on spatial decay, we regroup all
local actions in {7 | t —1 < 7 < t+k} x {v} as a decision
variable (in Figure 1 we would group each vertical orange
line connecting from ¢ — 1 to ¢ + k — 1 to create a new
variable). After regrouping, we have |V| “large” decision
variables located on G, where the strength of the interactions
between two neighbors is upper bounded by /g. Averaging
over the two perturbation bounds (since we have two valid
bounds, their average is also a valid bound) provides the
following exponentially decaying local perturbation bound
(see (14) in Appendix D.1 for details of the proof).
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Theorem 3.2. Under Assumption 2.1, the exponentially

decaying local perturbation bound (Definition 3.1) holds
with Cl = 02 = 2vAlstr A}fSeT

pr = \/1 —2(\/1 + (207 /p) +1)71,
ps = \/1—2( 1+(A£S/ﬂ)+1)7

,and

Note that, as {7/ (respectively £s/p) tends to zero, pr
(respectively pg) in Theorem 3.2 also tends to zero with the

scaling pr = ©(+/br /1) (resp. ps = O(\/Ls/p)).

Next, we provide a tighter bound (through a refined analysis)
for the regime where p is much larger than ¢, £g. Specifi-
cally, we establish a bound with the scaling pr = ©(¢1 /1)
and pg = O(ls/u). Again, it is not possible to obtain this
result from previous perturbation bounds in the literature.

Theorem 3.3. Recall h(y) = sup,cy|ON)|. Given
any bi,by > 0, define a = Y- (35535%) h(),
. V1+AL 1

a = 2720(14}b1)ﬂyh(7) and vs = 71+szz+l. Sup-

pose Assumption 2.1 holds, a,a < oo and p >
max{8alr, Als(by + bz)/4}. Then the exponentially de-
caying local perturbation bound (Definition 3.1) holds with
_ _ a? 202 Als/u
C1 = Cy = max{ 2a(1—4alr/p)’ 'ys(lerlibg)sl A4azT/H)}
dalp
pT = )
W

ps = (14 by + b2)vs

Note that p7, pg < 1 follow from the condition on p. Also
observe that yg = O(fg/p) as £s/p — 0.

The main difference between this result and Theorem 3.2 is,
instead of dividing and redefining the action variables, we
explicitly write down the perturbations along spatial edges
and along temporal edges in the original temporal-spatial
graph. We observe that per-time-step spatial interactions
are characterized by a banded matrix and that the inverse
of the banded matrix exhibits exponential correlation decay,
which implies the exponentially decaying local perturbation
bounds holds if the perturbed boundary action and the im-
pacted local action we consider are at the same the time step.
However, for a multi-time-step problem, to characterize the
impact at a local action at some time step due to perturbation
at a boundary action at a different time step is a difficult
problem. The main technical contribution of this proof is to
establish that a product of exponentially decaying matrices
still satisfies exponential decay under the conditions in The-
orem 3.3. In addition, we obtain a tight bound on the decay
rate of the product matrix (see Lemma C.3), which may be
of independent interest.

Our condition on a, @ < oo and p > max{8aly, Als(b; +
by)/4} characterizes a tradeoff between the allowable neigh-
borhood boundary sizes h(vy), and how large 1 needs

to be compared to the interaction cost parameters /7, {g.
At one extreme, if h(y) = A7, then by setting b; =
2A — 1 and by = 4A%2 — 2A, we obtain a = @ = 2
but must make a strong requirement on p, namely, u >
max{16(r, A(s(1 — ;xz)}. At the other extreme, if
h(y) < O(poly(y)) (as is the case if G is a grid), then
a,a < oo holds for any b;,b2 > 0, we can impose a
weaker requirement on p: for example, taking by = by =1
yields a requirement p > max{8alr,Alg/2} (where
a = 27>0(%)7h(7))§ which grows only linearly in A,
and compares favorably with the p > Q(A?) requirement
which arose earlier.

Proofs of Theorem 3.2 and Theorem 3.3 are in Appendix D.

3.3. From Perturbations to Competitive Bounds

We now present our main result, which bounds the compet-
itive ratio of LPC using the exponentially decaying local
perturbation bounds defined in the previous section.

Before presenting the result, we first provide some intuition
as to why the perturbation bounds are useful for deriving
the competitive ratio bound. Specifically, to bound the
competitive ratio requires bounding the gap between LPC’s
trajectory and the offline optimal trajectory. This gap comes
from the following two sources: (i) the per-time-step error
made by LPC due to its limited prediction horizon and
communication radius; and (ii) the cumulative impact of
all per-time-step errors made in the past. Intuitively, the
local perturbation bounds we derive in Section 3.2 allow
us to bound the per-step error made jointly by all agents
in LPC, and then we use the perturbation bounds from Lin
et al. (2021) help us to bound the second type of cumulative
errors.

We present our main result in the following theorem and
defer a proof outline to Appendix C.2. A formal proof can
be found in Appendix E.3.

Theorem 3.4. Suppose Assumption 2.1 and the exponen-
tially decaying local perturbation bound in Definition 3.1

—1
holds. Define pg = 1 — 2 - (\/1 + (20r/u) + 1) ,
and define Cs(r) = >\ _h(y) - ps If param-
eters v and k of LPC are large enough such that
O(h(r)? - p¥ + Cs(r)? - p3¥ - p&) < 3, then the compet-
itive ratio of LPC is upper bounded by

- p%) +0(Cs(r)? - ph).

Here the O(+) notation hides factors that depend polynomi-
allyon £y /p, br/p, and (Alg)/u; see Appendix E.3.

1+ 0(h(r)?

Recall that i(r) denotes the size of the largest r-hop bound-
ary in G. The bound in Theorem 3.4 implies that if () can

1—u)r

be upper bounded by poly(r) - pg *  for some constant
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¢ > 0, the competitive ratio of LPC can be upper bounded by
14+ O0(pZ) + O(ph.), because C5(r) can be upper bounded
by some constant that depends on ¢ in this case. Therefore,
the competitive ratio improves exponentially with respect to
the prediction horizon £ and communication radius 7.

(1—u)r
2

Note that the assumption h(r) < poly(r) - pg is not
particularly restrictive: For commonly seen graphs like an
m-dimensional grid, h(r) is polynomial in 7, so ¢ = 1
works. More generally, for graphs with bounded degree
A < o0, there exists 6 = §(A) > 0 such that, for any graph
with node degrees bounded above by A and any {g/u < 4,
we have pg (from either Theorem 3.2 or TheoreTm 3.3) will
be small enough that, e.g., h(r) < A" = O(pg*);i.e., =
1/2 works. Thus we can eliminate the dependence on h(r)
and Cs(r) in the competitive ratio by making additional
assumptions on £g/p. This result is stated in Corollary 3.5
whose proof is deferred to Appendix E.4. Corollary 3.5 is
a corollary of Theorem 3.4 and Theorem 3.3. We use the
bound in Theorem 3.3 and not the bound in Theorem 3.2
because Theorem 3.3 is tighter when £/ is small.

Corollary 3.5. Suppose Assumption 2.1 and inequalities
ls/u < A7, and b1 /p < 1/16 hold. If r and k satisfy that
O(pg + p%k : p%;k) < %, then the competitive ratio of LPC
is upper bounded by 1 4+ O (pTS/2) + O(p’fp), where pg and
pr are given by Theorem 3.3 with parameters by = 2A — 1
and by = 4A? — 2A. The O(-) notation hides factors

that depend polynomially on Ly /p, by /p, and (Alg)/ s,
see Appendix E.4 for the full constants.

3.4. A Lower Bound

We show that the competitive ratio in Theorem 3.4 is order-
optimal by deriving a lower bound on the competitive ratio
of any decentralized online algorithm with prediction hori-
zon k and communication radius r. The specific constants
and a proof of Theorem 3.6 can be found in Appendix F.

Theorem 3.6. The competitive ratio of any decentral-
ized online algorithm is lower bounded by 1 + Q(A\%) +

Q(NG), where Ay = <1 — 2T+ (r /) + 1)_1>2,

(1 - 2(\/m+ 1)_1)2. The Q)

notation hides factors that depend polynomially on 1/, b,
and {g.

and \g =

While Theorem 3.6 highlights that Theorem 3.4 is order-
optimal, the decay factors Ar, A\g in the lower bound differ
from their counterparts pr, ps in the upper bound for LPC.
To understand the magnitude of the difference, we compare
the bounds on graphs with bounded degree A. The decay
factors are a function of the interaction strengths, which
are measured by ¢s/u and £1 /. Our lower bound on the

temporal decay factor Ap and upper bound pr only differ
by a constant factor in the log-scale, and the same holds for
the lower/upper bound in terms of the spatial decay factor.

To formalize this comparison, we derive a resource aug-
mentation bound that bounds the additional “resources” that
LPC needs to outperform the optimal decentralized online
algorithm.? Here the prediction horizon k and the communi-
cation radius 7 can be viewed as the “resources” available to
a decentralized online algorithm in our setting. We ask how
large do k and r given to LPC need to be, to ensure that
it beats the optimal decentralized online algorithm given a
communication radius v* and prediction horizon k*?

We formally state our result in the following corollary and
provide a proof in Appendix G.

Corollary 3.7. Under Assumption 2.1, suppose the optimal
decentralized online algorithm achieves a competitive ratio
of ¢(k*,r*) with prediction horizon k* and communication

radius v*. Additionally assume that h(v) = O(pg'v/4)

and A\ > 2, where the O notation hides a factor that de-
pends polynomially on ~y. As k*,r* — oo, LPC achieves
a competitive ratio at least as good as that of the optimal
decentralized online algorithm when LPC uses a prediction
horizon of k = (4 + o(1))k* and a communication radius
of r = (16Alog A + o(1))r*.

Finally, note that we establish Corollary 3.7 based on the
local perturbation bound in Theorem 3.2 rather than Theo-
rem 3.3 for simplicity, because it does not make assumptions
on the relationship among u, {7, and £5. We expect that
Theorem 3.3 can give better resource augmentation bounds
under stronger assumptions on p, 7, and £g.

4. Concluding Remarks

In this work, we introduce and study a novel form of decen-
tralized online convex optimization in a networked system,
where the local actions of each agent are coupled by tem-
poral interactions and spatial interactions. We propose a
decentralized online algorithm, LPC, which leverages all
available information within a prediction horizon of length
k and a communication radius of 7 to achieve a competi-
tive ratio of 1 + O(pk) + O(p%). Our lower bound result
shows that this competitive ratio is order optimal. Our re-
sults imply that the two types of resources, the prediction
horizon and the communication radius, must be improved
simultaneously in order to obtain a competitive ratio that
converges to 1. That is, it is not enough to either have a
large communication radius or a long prediction horizon, the
combination of both is necessary to approach the hindsight
optimal performance.

2See, e.g., Roughgarden (2020), for an introduction to this
flavor of bounds for expressing the near-optimality of an algorithm.
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A limitation of this work is that we have considered only ex-
act predictions in the available information model, the LPC
algorithm, and its analysis. Considering inexact predictions
is an important future goal and we are optimistic that our
work can be generalized in that direction using the roadmap
in Appendix C.3.
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A. Notation Summary and Definitions

The notation we use throughout the paper is summarized in the following two tables.

Table 1: Notation related to the graph/network structures.

Notation Meaning
G = (V,€) | The network of agents connected by undirected edges;
dg(u,v) The graph distance (i.e. the length of the shortest path) between two vertices u and v in G;
Ny The r-hop neighborhood of vertex/agent v in G, i.e., N} := {u € V | dg(u,v) < r};
ON The boundary of the r-hop neighborhood of vertex/agent v, i.e., N7 = N7 \ N7~ 1;
h(r) The size of the largest r-hop boundary in G, i.e., h(r) := sup, |ON]|;

A The maximum degree of any vertex v in G;

E(S) The set of all edges that have both endpoints in .S, where S C V;
St The extension of S by 1-hop, i.e., Sy = SU{u | Jv € Ss.t. (u,v) € E};
(ks7)

() {r€Z|t<7<t+k}x NJ,whichis a set of (time, vertex) pairs;

ON, ((tkur)) N, ((t’f UT)) \ N, ((tk ;)l’rfl), which is a set of (time, vertex) pairs;

Table 2: Notation related to the optimization problems.

Notation Meaning
Il The (Euclidean) 2-norm for vectors and the induced 2-norm for matrices;
H The whole horizon length of Networked OCO problem;
[H] The sequence of integers 1,2,..., H;
sm For any positive integer m, S™ denotes the set of all symmetric real m X m matrices;
Yty its The sequence Y, , Yt 41, - - - Yt TOr L2 > t1;
xy The individual action of agent v at time step ¢. It is a vector in R";
xy The joint action of all agents in set S C V at time ¢, i.e., 77 = {z¥ },es;
Ty The joint action of all agents in V at time ¢, i.e., 7; = {2V}, . It is a shorthand of z};
Ty The offline optimal joint action of all agents at time ¢;
azj‘ . The clairvoyant joint decision of all agents at time 7 given that the joint decision is x4 at time ¢;

2 (xy) The node cost function for agent v € V at time step ¢;
ey (x¥,xy_1) | The temporal interaction cost function for agent v € V at time step ¢;
s¢(xy,zy) | The spatial interaction cost for edge e = (v, u) € £ at time step ¢;

I The strong convexity constant of node costs f,;
by by, ls The smoothness constant of node costs, temporal interaction costs, and spatial interaction costs;
Dy The feasible set of x7 for agent v at time ¢. It is a convex subset of R™;

i The minimizer of node cost function for v at time ¢ subject to Dy, i.e., 0} = argmin, ¢ py f7 (y);

S (:cf *) The total node costs and spatial interaction costs over a subset S C V attime ¢, i.e.,
D) = Tes 7 @) + Lo weecs) st (@ 2t);

e (x?) The total temporal interaction costs over a subset S C V at time ¢, i.e., ¢f (z) := Y. gV (¢}, 2y_1);
fr(axy) The total node costs and spatial interaction costs over a V at time ¢. A shorthand of £ (x));
ce(xy) The total temporal interaction costs over V at time t. A shorthand of ¢} (z});

(kr) (. ) e optimal individual decisions in N ((tk ;f)) when the decision boundaries formed by {¢t — 1} x N7

and ON, (<tk ,’UT)) are fixed as parameters;

(,) The optimal global trajectory x4, 41, ..., ZTi+p—2 When 2, and x4, are fixed as parameters;
() The optimal global trajectory x, x¢41, ..., 27 When x;_1 is fixed as the parameter;

In addition to the notation in the tables above, we make use of the concepts of strong convexity and smoothness throughout
this paper.
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Definition A.1. For a fixed dimension m € Z., let D C R™ be a convex set, and suppose function h:D = Risa
differentiable function. Then, h is called {-smooth for some constant ¢ € R if

. N 14
h(y) < h(z) +{Vh(z),y —z) + Sy — z|3, Y,y € R™,

and is called p-strongly convex for some constant 1 € R>q if

~ ~ 0 m
h(y) 2 h@) + (Vh(@).y - 2) + S lly - o3 Va,y € R™

Here (-, -) denotes the dot product of vectors.

B. Example: Multiproduct Pricing

The networked online convex optimization problem captures many applications where individual agents must make decisions
online in a networked system. In this section, we give a concrete motivating example from multiproduct pricing problems.
Many recent books of revenue management (Talluri & Ryzin, 2006; Gallego & Topaloglu, 2019) and papers (Song &
Chintagunta, 2006; Caro & Gallien, 2012; Candogan et al., 2012; Chen & Chen, 2015) describe numerous instances of this
problem. In our example below, we follow a similar pricing model as in Candogan et al. (2012).

Consider a setting where a large company sells n different products and wants to maximize its revenue by adjusting prices
adaptively in a time-varying market. Each vertex/agent v € V corresponds to a product and xy denotes its price at time ¢.
Two products v and v are connected by an edge if they interact, e.g., because the products are complements or substitutes.

We assume a classical linear demand model (Talluri & Ryzin, 2006; Gallego & Topaloglu, 2019), where the demand of v at
time ¢, denoted as d7, is given by

Part 2

i =af —kap— 3 gy ey,
Part 1 ueNj\{v} Part 3
with parameters a/, k¢, by > 0 and nt(le) € R. Here, Part 1 corresponds to the nominal demand at price xy; Part 2 adds

the network externalities from v’s complements/substitutes, and Part 3 reflects the pent up demand of product v due to
high price at time ¢t — 1. Note that the coefficient ntu_w) can be different with ntv—m). To simplify the notations, for each

undirected edge e = (u, v), we define an aggregate coefficient v¢ := % (nt("_w) + nﬁ”‘””).
The full revenue maximization problem can be written as

H H

max YN apdy =Y aflal —kay - Y Va4 bjapy)

t=1vey t=1vey ueNI\{v} 3)
st. 0<uz/ <py,

which is equivalent to the following:

H H
min =N apdy =Y |af(—ay +hay+ > n T ay - b))

t=1veV t=1vey ueNI\{v} )
st 0<a’ <P

We assume that the product’s own price elasticity coefficient £k is uniformly larger than the sum of magnitudes of
cross-elasticity coefficients, i.e., exist u > 0, s.t.

v gy oy _ O F Vi
& = ki Z e 9 >p/2>0
uwEN\v
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holds for any (¢, v). Further, we assume sup,cy e kY < £f/2, sup,ey e b < b, and sup(, ,)ee ren |77§u—w)| <.

We now observe that this problem fits within our framework with node, spatial, and temporal costs which are quadratic and

defined as follows.
a? \?
fi(xy) _§t< t,,) )

283
2
Sgum)(l‘t ,TY) = |’Ytu U)|(9Ct + 59”( (e v)) ch) )
U v v b’u v v 2
ci (z, ) _q) = é(xt *It—l) .

Note that f(x?) is &7 (x?)? — a?z? plus a constant (a?)?/(4€}), and the interaction functions can be rewritten as
(w,0)( u (u,v) u\2 2 (u,v) v, u V(0 g v\2 v 2| _ bex? v
s () = | (@) (@) )+ 2 ey, (ay,ag) = 9 (@) + (z{_1) T 1Tt -

Summing, we see that

H

Z Z @) + el (zy,zy_1) + Z Z s¢(zy, xf) = (Objective in (4)) + Z Z (aV)?/(4€7) . (5)

t=1vey t=1ec& t=1vey

Hence the optimal solution of (4) is the same as the following problem:

ZZf zy) + cf (xy, 2y_1) +Zzst zy, xy) ©)

t=1vey t=1 ec&
st. 0<zy <p;

where the node cost function f’(z}) is nonnegative, p-strongly convex, and £-smooth; the spatial interaction function is
nonnegative, convex and (4+)-smooth; the temporal interaction function is nonegative, convex and (2b)-smooth.

The decentralized nature of our policy is important in this setting. Interpretable pricing algorithms (Biggs et al., 2021)
are attractive in practice. Our local pricing algorithm is indeed interpretable, since the current price of a given product is
transparently determined by reliable predictions of demand in the near future as well as interactions with directly related
products.

In addition, exactly solving the global multiproduct pricing problem can be computationally challenging in practice,
especially when the network is large. For example, large online e-commerce companies maintain millions of products,
which makes the entire network difficult to store, let alone do computation over. Moreover, due to the ease of changing
prices, e-commerce companies often use dynamic pricing and change prices on a daily (or quicker) basis, which magnifies
the computational burden.

B.1. Competitive Bound

We end our discussion of multiproduct pricing by showing how the competitive bound in Theorem 3.4 can be applied to the
revenue maximization problem of product networks through the use of the following lemma.

Lemma B.1. Suppose the competitive ratio of our general cost minimization problem is CR(k,r), whtch a function of
prediction horizon k and communication radius . Suppose sup, e cm] 44 /a0 < b, SUDP, ey telH } w < ¢, then the

competitive ratio for the corresponding revenue maximization problem, defined as rev(ALG)/ rev(OPT) is at least
1 — 2(CR(k,r) — 1), where A denotes the degree of the product network and 1 := max{2((; + AbY) /1, &/ 1}

Proof. We define C' := Y7,  (ay)?/(4}). Suppose

CR(k,r) - cost(OPT) > cost(ALG),
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then
CR(k,r) - (—rev(OPT) + C) > (—rev(ALG) + C).
Rearranging the terms yields

(CR(k,r)—1)-C > CR(k,r)rev(OPT) — rev(ALG). (7)

v
ay

To find a lower bound on rev(OPT), we choose a pricing strategy such that 2 = 7£ > 0 where n = max{2({; +
AINW) /1, ¢/}t We first check that the demand is always nonnegative under this strategy:

ay w—v) @ » 0 » » af w—v) @F
af — ki = — Z nt( %)i+bt =L > ay — k)L — Z nlg_))*t
nu weNT\{v} nw nw ny weNT\{v} nyw
>af kb - 3 byt
ny N
uENI\{v}
(4 Ab
zaf(l—%)
S 0
-2

Moreover,

Hence this is a feasible price strategy.

We lower bound the optimal revenue:

TS 3 3 TR S ST ST
1 vey Mt s ueNI\{v}

We further divide Equation (7) by rev(OPT) to obtain

¢ > CR(k,r) —rev(ALG)/rev(OPT).

(CRk, 1) = V)57 2

Since CR(k,r) > 1 for the cost minimization problem,

C

rev(ALG)/rev(OPT) > 1 — (CR(k,r) — UW'

This allows us to complete the proof as follows

rev(ALG)/rev(OPT) > 1 — g(CR(k;,r) —1).

C. Proof Outline

In this section, we outline the major novelties in our proofs for the tighter exponentially decaying local perturbation bound
in Theorem 3.3 and the main competitive ratio bound for LPC in Theorem 3.4. The full details of the proofs of these and
other results are in the appendices following this one.
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C.1. Refined Analysis of Perturbation Bounds

We begin by outlining the four-step structure we use to prove Theorem 3.3. Our goal is to highlight the main ideas, while
deferring a detailed proof to Appendix D.2.

STEP 1. ESTABLISH FIRST ORDER EQUATIONS

We define h as the objective function in (2), where actions on the boundary are fixed as {z%|(7,u) € ON, ((tk v'))} and the

actions at time ¢ — 1 are fixed as {z}"_;|u € N/ }. We denote those fixed actions as system parameter
. (Ny) k,r
Ci=(zp_ 7", {z¥(,u) € 8N((t,v)) ).
To avoid writing the time index ¢ repeatedly, we use ; to denote actions at time t — 1 + ¢ for 0 < ¢ < k. The main lemma
in for this step is the following.
Lemma C.1. Given 0 € R, system parameter  and perturbation vector e, we have

k—1
%"/’(C + be) = M <R(1)€0 + R*De, + Z K(T)(f-,-)

T=1
where
M =V2  h(p(C+ 0e),C + be),

L1:k—1

RO = =5,V h((C + ), + 0e),
R(kfl) = —V@kV@l:k,lh(w(C + 96)7 ¢+ 96)7
K = =V ox0) Vi h(0(C + 0e), € + 00).

The proof for Lemma C.1 using first order conditions at the global optimal solution for convex function (-, 4 fe) and
then takes derivatives with respect to to 6. See Appendix D.2 for a proof.

STEP 2: EXPLOIT THE STRUCTURE OF MATRIX M

M is a hierarchical block matrix with the first level of dimension (k — 1) x (k — 1). When fixing the first level indices
(i.e. time indices) in M, the lower level matrices are non-zero only if the difference in the time indices is < 1. Hence
we decompose M to a block diagonal matrix D and tri-diagonal block matrix A with zero matrix on the diagonal. Each
diagonal block in D is a graph-induced banded matrix, which captures the Hessian of h in a single time step. Denote each
diagonal block as D; ; for 1 < i < k — 1. Further, for 1 < ¢ < k —1, A; ;1 (similarly A; ;1) captures the temporal
correlation of individual’s action between consecutive time steps. Given this decomposition,

M?'=(D+A) =D 1+AD Y™

For the ease of notation, we denote I + AD~! by P. Note that P is not necessarily a symmetric matrix. Nevertheless, under
technical conditions on P’s eigenvalues, we have the following power series expansion (Shin et al., 2020). The details are
presented in the Lemma C.2 in Appendix D.2.

Lemma C.2. Under the condition . > 207, we have

Pt =3 (I-P) ®)

£>0

To understand the the power series in (8), consider the special case where each block A; ; = 7 - I, and D; ; = (). Denote
P — I as J, which is equivalent to AD™!. Then, we have J;; =0, J; ;_1 = J; ;41 = {rQ~*, J; ; = 0O when |i — j| > 1.
Intuitively, J captures the “correlation over actions” after one time step. More generally, for £ > 0 and any two time indices
T,

Jh . =0pQ (e, T, ),
where b(¢, T,7') is a constant depending on ¢, 7, 7" and equal to zero if £ < |7 — 7/|.

Given that @ is a graph-induced banded matrix, Q! satisfies exponential-decay properties, which makes it plausible that
Q" is an exponential decay matrix with a slower rate.

For the general case, we need to bound terms similar to H (D;}“Di;li2 e D;}u)u,v H This is the goal of Step 3.
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STEP 3: PROPERTIES FOR GENERAL EXPONENTIAL-DECAY MATRICES

The goal of this step is to establish that a product of exponential decay matrices still exhibits exponential decay property
under technical conditions about the underlying graph.

Lemma C.3. Given any graph M = (V',£') and integers d,{ > 1, suppose block matrices A; € RIV'19<V'Id g1 satisfy
exponential decay properties, i.e. exists C; > 0, and 0 < X\ < 1, s.¢.,

(A uqgll < CAM®D - for any node u, g € M.

Select some § > 0s.t. N = X+ < L. Ifa = po ()" (supyey [ONE|) < oo, then Hle A; satisfies exponential
decay properties with decay rate N, i.e.,

L

(H Ai)u,v

i=1

< C/(/\/)dM(uaU)_

~ ¢
where C' = (a)*[[;_, C..
A proof of Lemma C.3 can be found in the Appendix D.2.

STEP 4: ESTABLISH CORRELATION DECAY PROPERTIES OF MATRIX M

The last step of the proof is to study the properties of M. To accomplish this, we first show that, for time indices ¢, 7 > 1,
J* has the following properties:

o (J9;; =0if ¢ < |i—j|lorl— i — j|isodd.

. AP 3 £ L —1 . Y

(J )i,j is a summation of terms szl Ajyin Di”k and the number of such terms is bounded by ((Zf\ifj\)/Q)'

We formally state and prove the above observation in Lemma D.3. We can further use Theorem C.3 on block matrices
Ajyin D, ! which gives the following lemma.

Lemma C.4. Recall v = 7m. Select§ > 0s.t. g =ys+0 < land b := Zpo(z—zﬁh('y). Given l,i,j > 1
S/H =

and u,q € V, we have
/ 201

(i —j|>/2) b=

Intuitively speaking, Lemma C.4 bounds the correlations over actions for node u at time step ¢ — 1 4 ¢ and action for node ¢
at time step t — 1 + j. We present its proof in the Appendix D.2.

H((Jé)i,j)u,qH < < ) (7)o (w9,

Recall that, for 1 < 4,5 <k —1,
-1 _ p-1 ¢
M;; = Dy, (=J)ij-
£>0
With the exponential decaying bounds on matrix .J, we can thus conclude Theorem 3.3 by following a similar procedure as
in the proof of Theorem 3.1 of (Lin et al., 2021). We present the details in Appendix D.4.

C.2. From Perturbation to Competitive Ratio

We now show how to use the result proven in the previous section to prove our competitive ratio bounds in Theorem 3.4.
Our starting point is the assumption that the exponentially decaying local perturbation bound in Definition 3.1 holds for
some C1,Cy > 0 and pg, pr € [0,1), which is established using the proof approach outlined in the Section 3.3.

As we discussed in Section 3.3, our proof contains two key parts: (i) we bound the per-time-step error of LPC (Lemma C.7);
and (ii) show that the per-time-step error does not accumulate to be unbounded (Theorem C.8).

A key observation that enables the above analysis approach is that the aggregation of local per-time-step error made by
each agent at x7 can be viewed as a global per-time-step error in the joint global action x;. Following this observation, we
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first introduce a global perturbation bound that focuses on the global action x; rather than the local actions z} . Recall that
fi denotes the global hitting cost (see Section 2). Define the optimization problem that solves the optimal trajectory from
global state ;1 t0 ¢4 p—1

t+p—1
'(/Jf(:% z) = argmin Z (f‘r(xr) + (e, vr21))
Tt:t+p—1 —
S.LZt1 =Y, Tegp-1 = 2, 9)

and another one that solves the optimal trajectory from global state z;_; to the end of the game

T
'J}t(y) = argminZ(fT(x‘r) + C‘r(mra 377'71»
TET =y
s.t. X1 =y. (10)

The following global perturbation bound can be derived from Theorem 3.1 in Lin et al. (2021):

Theorem C.5 (Global Perturbation Bound). Under Assumption 2.1, the following perturbation bounds hold for optimization
problems (9) and (10):

|

V(Y 2o =Y 2o | < Capd ™ Hly =o'l + Cap ™™ 2 =2l

|9 @)es = Bul )

—1
where pg =1 —2- (\/@Jrl) and Cg = 2fLT.

To make the concept of per-time-step error rigorous, we formally define it as the distance between the actual next action
picked by LPC and the clairvoyant optimal next action from previous action z;_; to the end of the game:

to—t+1

< Capd ™ ly =y,

Definition C.6 (Per-step error magnitude). At time step t, given the previous state x_1, the (decentralized) online algorithm
ALG picks xy € Dy. We define error e; as

€t 1= th - &t(ﬂﬁt—l)tH-

Using the local perturbation bound in Definition 3.1, we show the per-time-step error of LPC decays exponentially with
respect to prediction length £ and communication range . This result is stated formally in Lemma C.7, and the proof can be
found in Appendix E.2.

Lemma C.7. For LPC with parameters r and k, e; satisfies
T * 2
e = O(h(r)* p§ + Cs(r)* - p7"pEF) - Jwemr — 24 |

t+k—1
+O(h(r)? - p¥) > pp ' fr(a)
T=t

+ O(C’3(r)2 . PQTk)ft-i-k—l (Th k1)

where C3(r) := Z;:O h(%) - pg.

Using the global perturbation bound in Theorem C.5, we show Zthl ||ze — xF ||2 can be upper bounded by the sum of
per-time-step errors of LPC in Theorem C.8. The proof can be found in Appendix E.1.

Theorem C.8. Let zg,x7,25,...,x5 denote the offline optimal global trajectory and xo,x1,%2,...,2y denote the
trajectory of ALG. The trajectory of ALG satisfies that

C?
* (12 0 2
g Ty — X <7§e,
tlHt t” (1 p)ztlt

where Cyy := max{1, Cq} and Cg¢ is defined in Theorem C.5.
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To understand the bound in Theorem C.8, we can set all per-time-step error e; to be zero except a single time step 7. We see
the impact of e, on the total squared distance Zthl |z, — 27]|* is up to some constant factor of e,. This is because the
impact of e, on ||x; — 2}|| decays exponentially as ¢ increases from 7 to 7.

By substituting the per-time-step error bound in Lemma C.7 into Theorem C.8, one can bound ZtT:1 |z, — 27 ||* by the
offline optimal cost, which can be converted to the competitive ratio bound in Theorem 3.4.

C.3. Roadmap to Generalize the Proof to Inexact Predictions

In this section, we present a roadmap to generalize our proof to the case where predictions of future cost functions are inexact.
In the information availability model in Section 2.1, one can study inexact predictions by introducing additional disturbance
parameters {67, w}, w§ } to the 3 types of cost functions and generalize them to fi(x¥, 67), ¢} (z}, xy_1, w?), s¢(z}, zi, wy)
forallt € [H],v € V,e = (v,u) € €. {67, w}, w§ } represents the disturbances in the cost functions that are hard to predict
exactly. Before the decentralized online algorithm decides each local action, it receives the generalized cost functions
), eb(y 0, 0), sE(+, +, +) and noisy predictions of the true disturbance parameters {dy , w} , wt} within k time steps and

an r-hop nelghborhood In the LPC algorithm (Algorithm 1), the optimization problem 1/) (t, ) can then be solved with
the noisy predictions of disturbance parameters. To analyze the performance of LPC in the presence of prediction errors,
one can first generalize the exponentially decaying perturbation bounds in Theorem 3.2 and Theorem 3.3 to include the
perturbations on disturbance parameters similar to what we already did in Theorem D.2. The prediction error on disturbance
parameters will result in an additional additive term in the per-step error bound in Lemma C.7. If one is willing to assume
that the total sum of prediction errors is O(cost(OPT)), as in Antoniadis et al. (2020), one can derive a competitive ratio
for LPC by substituting the per-step error bound into Theorem C.8. It is worth noting that the resulting competitive ratio will
inevitably depend on the quality of predictions, and will converge to a limit larger than 1 (under imperfect predictions) as
the prediction horizon k& and the communication radius r increase.

D. Perturbation Bounds

This section provides the full proofs of the perturbation bounds stated in Section 3.2.

D.1. Proof of Theorem 3.2

We begin with a technical lemma. Recall that for any positive integer m, S™ denotes the set of all symmetric m x m real
matrices.

Lemma D.1. Fora graph G' = (V', "), suppose A is a positive definite matrix in S=iev' Pi formed by |V'| x |V'| blocks,
where the (i, j)-th block has dimension p; X pj, i.e., A; ; € RP:*Pi. Assume that A is q-banded for an even positive integer
q; ie.,

A;j =0,Vdg (i,5) > q/2.
Let ag denote the smallest eigenvalue value of A, and by denote the largest eigenvalue value of A. Assume that by > ag > 0.
Suppose D = diag(Dx, ..., D)), where D; € SPi is positive semi-definite. Let M = ((A + D)’l)SR So where

Sr,Sc C{1,...,|V'|}. Then we have || M| < C’yd, where

2/q
2 d(A)—1 R

ag Veond(A) +1 i€SR,JESe

Here cond(A) = by /ag denotes the condition number of matrix A.

We can show Lemma D.1 using the same method as Lemma B.1 in Lin et al. (2021). We only need to note that even when
the size of blocks are not identical, the m th power of a g-banded matrix is a ¢gm-banded matrix for any positive integer m.

With the help of Lemma D.1, we can proceed to show a local perturbation bound on a general G’ in Theorem D.2, where G’
can be different from the network G of agents in Section 2. Compared with Theorem 3.1 in Lin et al. (2021), Theorem D.2
is more general because it considers a general network of decision variables while Theorem 3.1 in Lin et al. (2021) only
consider the special case of a line graph. Although Theorem D.2 does not consider the temporal dimension which features
in the local perturbation bound defined in Definition 3.1, we will use it to show Theorem 3.2 later by redefining the variables
from two perspectives.
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Theorem D.2. For a network G' = (V',E") with undirected edges, suppose that each node v € V' is associated with a
decision vector® &, € RP* and a cost function fv :RPv — Rsq, and each edge e = (u,v) € &' is associated with an edge
cost Ce : RP x RPv x R? — R>q. Assume that fv is p-strongly convex for allv € V' and ¢, is £-smooth for all e € £’. For
some subset S C V', define

Eo :={(u,v) € & |u,v € V'\ S},
B :={(u,v) €& |ueV'\ S veS}

For the disturbance vectors* w € RUEITIE1DX4 jndexed by e € Eg U Ey and y € R2=ves Pv indexed by v € S, let Y(w,y)
denote the optimal solution of the optimization problem

w(w7y) (= argmin Z fv(i'v) + Z é(u,v)(‘%ua'fjlzyw(u.,zz)) + Z é(u,v)(j;iuyv»w(u,v))'
zeRrIV\S|xd veEV\S (u,v)EEy (u,v)EE
Then, we have that for any vertex ug € V' \ S, the following inequality holds:

19w, Y)ug — Y (W'Y ol < C( Z Mo () =11y, —wl || + Z Mo (hv) =11, y'v||> Nw, y,w' Yy

e€c EgUE veES

—1
where C == (20)/ppand A =1 -2 - («/1 + (A/p) + 1) . Here, A’ denote the maximum degree of any vertexv € V'
in graph G'. For e = (u,v) € &', we define dg (ug, €) := min{dg: (ug, u), dg (ug, v)}.

Proof of Theorem D.2. Let e = [n",€e"]" be a vector where ¢ = {¢, },es for €, € RP* and 7 = {n.}eer,uE,, for
. € R%. Let § be an arbitrary real number. Define function / : RXvev\s Pv x RUEBol+IE1Dxq y R¥vesPo R> as

-T w y Z fv U Z é(u,v)(-%uai‘vvw(u,v)) + Z é(u,v)(i'uvymw(u,v))-

veEV/\S (u,v)€Eq (u,v)EEL

To simplify the notation, we use ( to denote the tuple of system parameters, i.e.,
¢:=(w,y).
From our construction, we know that / is pu-strongly convex in x, so we use the decomposition h = hq + hy, where

PN Hysog2 A PR . N
ha(,C) = Z 5“9311” + Z C(u,v)(xuv17vaw(u,v))Jr Z C(u,v)(zuaymw(u,v))a

veEV\S (u,w)EEy (u,v)EE;
A ‘u R

> (fulan) = Slal?).

veV\S

Since ¥ (¢ + fe) is the minimizer of convex function (-, + fe), we see that

Vih(¥(C + 0e), ¢ + be) = 0.

Taking the derivative with respect to 6 gives that

V2h(4(C + Oe), ¢ + e) dw(gwe =V, Vah((C + 0e), ¢ + be)e,
vES
D V. Vah($(C + 6e),¢ + by
ecE1UE>

3We add a hat over the decision vector &, to distinguish it with the local action z} and global action x; defined in Section 2. We
assume Z,, is a p,, dimensional real vector.

“We do not consider the disturbance vectors in the exponentially decaying local perturbation bounds defined in Definition 3.1, but
adding w into the edge costs makes Theorem D.2 more general. For each edge e, w. is a g-dimensional real vector.
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To simplify the notation, we define
M := V2h(1h(C + 0e), ¢ + e), which is a [V \ S| x |V \ S| block matrix,
R® .= —vyvvjﬁ(w(g +0e), ¢ + 0e), Vv € S, which are |V \ S| x 1 block matrix,
K©) .= —V,, . V:h(¢(C + 0e),( + 0e),Ye € Ey U Ey, which are |V’ \ S| x 1 block matrices,

where in M, the block size is p, X p,, V(u,v) € (V'\ S)%; in R, the block size is p, X p,,Yu € V' \ S;in K(°), the
block size is p, X g, Vu € V' \ S. Hence we can write

d P(¢ + be) = <ZR € + Z K©g )

veS ecE1UE>

Recall that { R}, cs are [V’ \ S| x 1 block matrices with block size p,, X p,, Vu € V'\ S; {K(®)}ccp,um, are [V'\ S| x 1
block matrices with block size p, x ¢, Vu € V'\ S. Let N (v) denote the set of neighbors of vertex v on G’. For R(*) v € S,
the (u, 1)-th block can be non-zero only if u € (V' \ S) NN (v). For K(©) e € EyU Ey, the (u, 1)-th block can be non-zero
only if u € eand u € V' \ S. Hence we see that

d _ (v) - (7)
@77[}(4‘ + oe)uo = Z(M 1)uo7(V’\S)ﬂN(v)R(V/\S)QN(U)JGU + Z (M 1)u07{u€e\u€V’\S}K{ueemevl\s},ﬂre-

veS e€EoUE;
Since the switching costs ¢, (-, -, +),7 = 1, ..., p are £-strongly smooth, we know that the norms of
RrRY) and K'7)

(V\S)NN(v),1° {u€elueV’\S},1

are all upper bounded by /. Taking norms on both sides gives that

d
'(/)(C =+ 06 ZZH uo, (V'\S)NN (v) H”Q}H + Z KH(M_l)uo,{ueduEV’\S}HHTreH' (11)
vES eeEgUE}

Note that M can be decomposed as M = M, + M, where
M, = VEha((C + be), ¢ + e),
My, := V2hy((C + Be), ¢ + Oe).

Since M, is block tri-diagonal and satisfies (u + A’0)I = M, > pl , and M, is block diagonal and satisfies M, = 0, we
obtain the following using Lemma D.1:

2 2
||(M_1)uo,(V’\S)ﬂN(U)|| < ;)\dg/(uom)—l’ and ||(M_1)u0,{u€e|u€V’\S}H < ;)\dg/(uo,e)—17

where A := (y/cond(M, /(Weond(M,)+1)=1-2" («/14—(2@/“)4—1)71

Substituting this into (11), we see that

d

<c<2w e+ Y A 1”“”)’

veS e€EgUE;
where C' = (20)/ .

Finally, by integration we can complete the proof

() g — $(C + €)ug | = H/ C+96u0d0H

d

T+ 0)u, |
SC’W<ZW““W>1|ey||+ > Adg(uw“uwe)‘

veS ec EgUE,
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Now we return to the proof of Theorem 3.2. For simplicity, we temporarily assume the individual decision points are
unconstrained, i.e., Dy = R"™. We discuss how to relax this assumption in Appendix D.3.

We first consider the case when ({yi_;}, {z“}) and ({y;"1},{z“}) only differ at one entry y;" ; or z¥. If the difference is
at z¥, by viewing each subset {7} x N for 7 € {t — 1,¢,...,t + k} in the original problem as a vertex in the new graph
G’ and applying Theorem D.2, we obtain that

|20 — (@) || < CF - (Pl — (=2, (12)

T

~1
where CY = (207)/pand pf =1—2- (\/1 + (20r/u) + 1) . On the other hand, by viewing each subset {7 | ¢t — 1 <
T < t+k} x {u} foru € N in the original problem as a vertex in the new graph G’ and applying Theorem D.2, we obtain
that

|20 — (270) || < CF - (p&) ™ |22 — (22|, (13)

T

1
where O = (2Als)/pand p% =1 —2- ( 1+ 2Als /u)) . Combining (12) and (13) gives that

ke = (@ieY || < minf{CF - (o)1, O (pg) ety -1z = (1) |
<O O ()02 (o2 |z — (22|
< Crp T e - Y| (14)

when ({y{" 1}, {2*}) and ({y;" 1}, {z*}) only differ at one entry 2 for (7, u) € 8N((tk;)r)).

We can use the same method to show that when ({yf;},{z%}) and ({y;"},{z%}) only differ at one entry y;* , for
u € N, , we have

|z — (zp0)|| < Cople™ P pla o)y — (i Y||. (15)

In the general case where ({y;",},{z%}) and ({y;" 1}, {z%}) differ not only at one entry, we can perturb the entries of
parameters one at a time and apply the triangle inequality. Then, the conclusion of Theorem 3.2 follows from (14) and (15).

D.2. Proof of Theorem 3.3
The proof follows a four step structure outlined in Appendix C.1.
STEP 1. ESTABLISH FIRST ORDER EQUATIONS

Given any system parameter { = (mgi\,{r), {Z¥|(m,u) € ON, (k T) }) we can define function  as follows:
) k
W@, ) = Z Z fitri(@) + Z Z Siqi’f-s-)i(j?’j? )+ Z Z cfy (87, 27).
=1 yeN]? i=1 (u,u’)€E(NT) i=1 uENT

2o coincides with x;_; on every node in N;. &), coincides with z;_144 on every nodein N]. For1 <¢ <k —1,2
coincides with z{* |, ; on the boundary, i.e., u € ON;.

Let perturbation vector e = [el,eT,--- el | el]T where eg,e), € RINoIX7 and ¢; = RIONuIX7 for 1 < < k — 1.

Given 0 € R, ¢(C + 0e) is the global minimizer of convex function h(-, ¢ + fe), and hence we have

vr—L h(y(C + 0e), ¢ + Be) = 0.
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Taking the derivative with respect to 6, we establish the following set of equations:

V2 o1, B (¢ + Be), C+be)p ! gV(C+0e) ==V p)V iy VAW (C + ), ¢ + be)eq

(N
I1kv1 lkl

- V. (N >V (’lﬁ(( + 96),C + 6‘e)ek

k 1

(16)

B Z vi‘aNg’vAmL‘*l)ﬁ(lb(C + 6e), ¢ + be)e,
=1 T Tiik—1

We adopt the following short-hand notation:

e M =V? h((C + 0€), ¢ + Be), which is a hierarchical block matrix with the first level of dimension (k — 1) x

(er
Tike—1

(k — 1), the second level of dimension |[N7~%| x |N7~!| and the third level of dimension n x n.

e RM = -V (Nr>V SN (1/J(C + 0Oe), ( + fe), which is also a hierarchical block matrix with the first level of
Liik—

dimension (k — 1) x 1, the second level of dimension [N/ ~!| x |N”| and the third level of dimension n x n.

o« RE=D = v (Nr)v ST h(1(¢ + Be), ¢ + Be), which is also a hierarchical block matrix with the first level of
1

dimension (k — 1) x 1, the second level of dimension |N7~!| x |N”| and the third level of dimension n x n.

e KN = _V_ (8NT)V S h(i/J(C + fe), ¢ + Oe), which is also a hierarchical block matrix with the first level of

Tik—1
dimension (k — 1) x 1. the second level of dimension | N7 ~!| x |ON?| and the third level of dimension n x n.

Using the above, we can rewrite (16) as follows:

k—1
d
(¢ +be) = M1 (R(l)eo + R e+ 3 K(T)yT>.

T=1

Due to the structure of temporal interaction cost functions, for R (resp. R(*~1)), only when the first level index is 1 (resp.
k — 1), the lower level block matrix is non-zero; due to the structure of spatial interaction cost functions, for K ™), only
when the first level index is 7, the lower level block matrix is non-zero. Hence, for 1 < 7/ < k£ — 1, we have

Ic

d
(Zg(C+00)e = MIL RV eo + MY R ey + Z ML KDy, (17)

where the subscripts on the right hand side denote the first level index of hierarchical block matrices M, RW, R(=1) and
K@,
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STEP 2. EXPLOIT THE STRUCTURE OF MATRIX M

We decompose M to block diagonal matrix D and tri-diagonal block matrix A such that M = D + A. We denote each
diagonal block in D as D; ; for 1 <4 < k — 1. Other blocks in D are zero matrices.

* 0 - x T
0 = 0
* 0 *
* 0 - *
0 = 0
D =
* 0 *

* 0 *
0 = 0
* 0 - x

Each non-zero block in A is a diagonal block matrix, which captures the Hessian of temporal interaction cost between
consecutive time steps. Denote each block as A; j for 1 <i,7 <k — 1.

0 = 0
0 0 *
* 0 0 * 0
0 =x* 0 0 =x* 0
0 0 * 0 0 *
A= * 0 0
0 = 0
0 0 *
x 0 0
0 =x 0
L 0 0 * |

We rewrite the inverse of M as follows:

M'=(D+A)'=D'I+AD )y '=D7'p7L.
Next we show the proof for Lemma C.2.

Proof of Lemma C.2. We claim the eigenvalues of P are in {\ € C||\ — z| < R} for some R € R+ and z € C\ {0} such
that R < |z|. We first establish Lemma C.2 based on the claim and then prove the claim.

We follow the argument as in the proof of Thm 4 in Shin et al. (2020). Since any eigenvalue A of P satisfies [\ — 2| < R,
[A\/z — 1| < R/|z| < 1. Thus, the eigenvalues of T — (1/z)P lie on {A € C : |\| < R/|z|}, which guarantees
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p(I — (1/z)P) < 1. Therefore,

-1
Pl = i([ - - ip)> - %Z(I - %P)q.

q=0

Weletz =1and R = 2‘% and prove the above claim by utilizing Gershgorin circle theorem for block matrices.

By Theorem 1.13.1 and Remark 1.13.2 of Tretter (2008), the following holds: Consider A = (4;;) € Rénxdn (g p > 1)
where A;; € R¥4 and Aj;; is symmetric. Suppose o (-) is the spectrum of a matrix. Define set

Gi=o(Ai)U { Ui, B (Ak(An‘)’ Zi‘%‘l) }
J#i
where B(-, -) denotes a disk B(e,r) = {\: ||A — ¢|| < r} and )\ is the k-th smallest eigenvalues of A;;. Then,
o(A) e UL, G,.

Next, we use the above fact to find a superset of o(P). Every diagonal block of P is I. Moreover, P; ; = 0 for |i — j| > 1,
Pi,ifl = Ai’ileii—ll,i—l’ Pi,iJrl = Ai,iJrlD;_lLi_;_l- Hence we have

S NP < NAiia 1D || + 1 Asisa 1| DY |
J#i
=

The last inequality is by Assumptions 2.1. Therefore, G; = B(1, 2‘%) This implies all eigenvalues of P are in B(1, 2‘%)

To further simplify the notation in the power series expansion, we define .J := AD~! = P — I. Given any time indices 7’
and 7, we have

(Mﬁl)'r’ T = (Dil)T/ T’(Pil)T/,T

) s

= (D e X D (=), (18)

>0

where the first equality is since D! is a diagonal block matrix, the second equality is due to Lemma C.2.

STEP 3: PROPERTY FOR GENERAL EXPONENTIAL-DECAY MATRICES

This step simply requires proving Lemma C.3.

Proof of Lemma C.3. Under the assumptions, we see that

1 1
Z(y)dM(u’q) ||(A1A2 e Af)u,q | = Z(y)dM(u,q) Z (Al)u,81 (A2)S1,Sz e (AZ)SZ—I;Q
q q 1,000,801
< Y ST (o) (Coxt o) (Cpxtaer)
q S1,000,80—1

l
< Z Z HCZ_(%)d/\/t(u781)+dM(S1,52)+---+dM(8271,Q)

q Si,,80—11=1

4
<@'[[c-
=1
(19)
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Hence, we obtain that

STEP 4: ESTABLISH CORRELATION DECAY PROPERTIES OF MATRIX M

In this step, we use the property developed for general exponential-decay matrices on M and derive the perturbation bound
in the Theorem 3.3.

Lemma D.3. For{ > 1, time index i, > 1, J* has the following properties:
o (JY;; =0ifl <|i—jlort—|i—j|isodd.

. . ¢ -
o (J%);,; is a summation of terms [[,_, AjkaikDik?ik

and the number of such terms is bounded by ((Z—\ifj\)m)'
Note for integers m, k > 1, we define ( k%) = 0if k is odd.

Proof. Since J is a tri-diagonal banded matrix, Jﬁ ;=0forl < |i — j|. We prove the rest of properties of J by induction
onf. When ¢ =1,
Ji,i =0, Ji,ifl = Ai,ile;_lLi_la Ji,i+1 = Ai,i+1D;_|_11,7;+1~

Lemma D.3 holds for the base case. Suppose Lemma D.3 holds for J? for ¢ < ¢ — 1. Let ¢ = ¢, then

¢ _ /-1 =1 4 -1 -1 4 -1
Ji,j = E :Ji,k le = Ji,j—lAJ—LJDj,j +Ji,j+1AJ+LJDj,j~
k

Jnvin D, llk Moreover, the number of such terms is bounded
-1 -1 . =1 -1 ¢

bY (om1jiyo1y2) T (oo jaapy2)- Nextwe will show (¢, "0y o) + (ooq i jaapy2) = (eoisgpyy2) case

by case.

Case 1: ¢ — |i — j| is odd.

If¢{ —|i —j|isodd, then { — 1 —|i — j — 1| and £ — 1 — |i — j + 1] are both odd. Under this case,

((ﬁ— 1 —Ti_—lj - 1|)/2> + ((z_ 1 _Ti__lﬂ 1)/2> =0,

which is equal to ((e—|ifj|)/2)'

By induction hypothesis, ij_-l is a summation of terms Hi;ll A

Case 2: { — |i — j| is even and ¢ = j. Under this case, we have

((5 -1 —zi_—lj - 1|)/2> i ((5 -1 —IIZi_—lj + 1|)/2) B <€f2_—11> i <552_—11>'

Since £ is even, (ef;E1) + (zf;—lﬂ = (452) = ((Z—\ifj\)/Q)'
Case 3: { — |i — j|iseven and 7 # j.

If ¢ —|i — j|iseven,then { — 1 — |i — j — 1] and £ — 1 — |i — j + 1] are both even. We denote (¢ — |i — j|)/2 as kg. By
triangle inequality, ({ — 1 —|i —j —1|)/2and ({ — 1 — |i — j + 1|)/2 are in {kg — 1, ko}. Since i # j,

((é 1 Ez‘_lj - 1|>/2) ’ ((e 1 Tz‘_lj + 1|>/2) B (lfo_ll) ’ (Ek_()l)’

which sums to ( lfo) by Pascal’s triangle.
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Next we present the proof of Lemma C.4.

Proof of Lemma C.4. By Lemma D.3, (J); ; is a summation of terms [ et Ajrin Dy, llk and the number of such terms is
bounded by ((f—li—jl)/2)‘
Define By, := A;

jerix Diy 4y, - Recall Ay, is a diagonal matrix and D, ;, is a graph-induced banded matrix.

— — 26 u,v
IBuall = (45605 5wl = (i) ual D35 Duall < ol (D55 uall < = P28

where the last inequality is by using Lemma D.1 on D;, ;, .

Under the condition b < co, we can use Lemma C.3 to obtain the following bound,

~

2€T

“D ).

<(

Jkytk

Since the number of such terms is bounded by ((27|ifj|)/2)’ we have

AN ¢ %j i \dg (u,v)
T esball < (o o) OEEN Y00

LemmaD4. Givenl <7/, 7<k—-1y¢€ RIONG X1 gnq vy € N;'_l, we have

H (<M>;57Kr>y)
vo

andfori € {1,k — 1}, e € RINvIxn,

H ( _ T Z R(Z) )
vo

_ 2 o2
where pr = % and ps = (1 4+ by + ba)vs. We let C; = Cy = max{ 2&(1751&@/#)7 Ws(HbeerAf(Sl/fZMT/M) }.

dg (vo,u)—1
< Ciplf~ E ple o=y,
uedNT

< Copy ST pE e ey |,
ueN?

Proof. Given1 < 7,7/ <k —1landvy € NJ 71, since M~ = D=1, (—J)% we have

H ( (T) ) = (DT/}T/ Z(_J)f",TKv(-T)y> . (20)
vo Vo
)

>0
With slight abuse of notation, we use K to denote K $ ,and Q™! to denote DT_,}T, in this proof from now. We can rewrite
the right hand side of (20) using the new notation as follows:

(QlZ(ﬂﬁl,TKy) <y (Ql(J)ﬁ,JKy)

>0 >0

=Xl > (Ql(—J)?,T> (Ky)q Q1)

£>0 geN; !

<% <Q-1<—J>£/,T> 1K)l

£20 geNy—? V0,9
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For a given ¢ € N ~! and y € RION:14,

”(Ky)q” = Z Kq,uyu = Z Kq,uyu .

u€ONT u€INFNN}

where the last equality is since spacial interaction costs are only among neighboring nodes.

For a given u € N, since the spacial interaction cost for each edge is {5 smooth,

which gives

Therefore,

(Ql > (=

£>0

1K g utull < 1 Kqullllyull < £sllyull,

Iyl < > syl

u€INZNN}

Ky) <lsy Y (Ql(—J)ng> > lwall

20 genr—? vo,q || wEONFNN}

By Lemma C.4, (—J ) _ satisfies the following exponential decay properties: for any u,q € N7~ 1,

A ¢ 2ZT 1 \dg (u,q)
H((J )T ,T)U,QH < ((6 | )/2)( ) (’75') )

where we choose § = by - y5, 75 = (1 + b1)ys and a = szo(m)’yh(v).

Moreover, Q! (which denotes D' ,

2 2
<z dg(u,q) < Z(~ dg(UaQ)’
Q7 ull < G H(VS)

where the first inequality is again by using Lemma D.1 on D,/ ;.

Applying Lemma C.3 on Q! and

where ) = 5 + bz - ys < 1 and

above inequality holds when ¢ = 0.

[[(CERSIE ~1 and £ > 1,

22 ¢ 207 4 o)
)S (- ) S0y,

(22)

) is the inverse of a graph-induced banded matrix. Q! satisfies: for any u,q € N7 ~1,

a=>y Wzo(i)'yh(v). Note that J° = I, it is straightforward to verify that the

1+b1+b2

With the exponential decay properties of Q' (—.J), _, we have

—-J)% K y)
e>0 vo

T,7°

2 / 20t
S| J@2Iy ¥ et Iy
I %: UE%UN;
2 12 2€T
< /flga?= A dg (vo,u)—1
<t 5 (o ape) @D 2 o]
> —71| uEONT
<A/ 22 daly L \ dg (vo,u)—1
22 3 (A 5 ) ol
> —7| H u€INT
2A€Sa2 4EL€T ’
< 2/ (2 | 7" —7] A\ dg (vo,u)—1 Yu
< DT S W Iy

N 2A€Sa2 4&£T |.,_/,,,.‘ dg (vo,u)
e U i LD DI UL A}

H u€INT

(23)
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The third inequality uses (( Z—lT/Z—TD /2) < 2, which can be proved using the following version of Stirling’s approximation:
For all n > 1, e denotes the natural number,

Vomn(n/e)" et/ 120t <l < /2rn(n/e)met/ (120,

Similarly, consider H (M=) )RWe),,

for ¢ € {1,k — 1}. With slight abuse of notation, in this proof, we use R to

denote Rl@ and use the notation Q! to denote D" ,. Following the same steps as before, we have

H <(M‘1>T, )>

Since temporal interactions occurs for the same node under consecutive time steps, R is a diagonal block matrix. Hence,

[(Re)qll = [ Rg,q¢qll < Lrlleqll-

Moreover, using the exponential decay properties of Q~'(—J), , we have for u,q € N/ 1,

T,

. 22 ¢ 207 10\ 1\do (u.q)
)S o) et

)

£>0 qeENT

Therefore,
[ enrlan| < X @2( - )@ e
50 gene = =i)/2)" n
¢ 2°r ., .,
< X X 2y @D e e
{>|1'—i| gENT
20ra? 4alr dg (vo,
<= 2 (S0 e 25)
> |7 —i| 4ENT
2
< QEZ?E 4a£T |7 —i| Z dg(vo’q)||6 I
Hn—4aa T H gENT
- a2“~ (4a€T =i §™ (Ao o) g
2a(p — 4alp) " p sene
O
Given time index 1 < 7/ < k — 1, node vg € N7}, and perturbation vector e = (eg, €1, "+ , €x),
d — T
|Gyt + 00y (Mff}lRi”eo> (M B ek> (M K(e )
Vo Vo vo
a?u
c__*r 6 (vo,q) dg (vo,q)
< [pT P AW e O
k-1
2A€5a2 ‘7—/_7—| d
YD (09) (el
= N —dalr) uw€ON
a 2 a’ Al
where pr = % and ps = N = (14 by + be)vs. We let C' = max{ 2&(1&&%/#), 75(1+b12+b2)(§£/2aeT/#) }. Under the

condition p > max{8aly, Alg(by + b2)/4}, pr < 1and pg < 1.
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Then,
d
L+ 0D
k—1
V0, dg (vo, -7 )
Clor 3 A lle)all + 5 D0 o el + 3o T Y (ps) e ||]
qEN] qeENT T=1 Uu€EONT
Finally, let ¢ = {y}" {, 2¥|(7,u) GaNgfg')}andef{(yt ) =yt (%) — 2%}, By integration,
0t (b 42D ey — ) A B AE D | 1 <dw<<+ee>> df
(t,0) \Wt—15 127 5 ) (40 00) (to) \WHe—1) 1 W\ &7 (to,wo) || = a0 to,vo )
which is bounded by
o I [ Y R o S e N o !
UENT (u, T)GBN(k »T)

(t,v)

D.3. Adding Constraints to Perturbation Bounds

Recall that in Appendix D.1 and D.2, we showed Theorem 3.2 and Theorem 3.3 under the assumption that the individual
decisions are unconstrained to simplify the analysis. In this section, we present a general way to relax this assumption by
incorporating logarithm barrier functions, which also applies for Theorem C.5.

Recall that in Assumption 2.1, we assume that D} is convex with a non-empty interior, and can be expressed as
Dy = {af € B™ | (g)i(a}) < O,¥1 < i <m}},

where the i th constraint (g¢); : R™ — R is a convex function in C2. For any time-vertex pair (7, v), we can approximate
the individual constraints
(g:)(xv) <0,Vli<i< mﬁ,

by adding the logarithmic barrier function —py -, ln (—=(g2);(z2)) to the original node cost function f*. Here, parameter
1 is a positive real number that controls how good” the barrier function approximates the indicator function

o2 [0 e <o sisme,
v | =
byitr +o0o  otherwise.

The approximation improves as parameter y becomes closer to 0. Thus, the new node cost function will be
BY(ali 1) = uzln 22)).

As an extension of the original notation, we use z/)gff))({y}til}, {z%}; u) denote the optimal solution of the following
optimization problem

t+k—1
. § : 2 u E U U U § (u,q) q
arg m}:nl L B 7-7 ,U/ C-r (x‘rv 37771) + gt (xt ’xt)
{zu ()N TTVY =t \uweNy ueNT (u,q)EE(NT)

st.al | =y, Yu e N,

v

xe =z V(7 u) E@N(tkqj))

Compared with 1/1( ) ({yt 1}, {#¥}) defined in Section 3.1, the constraints z¥ € DY are removed and the node costs
f(x™) are replaced w1th B¥(xr; ).
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A key observation we need to point out is that the perturbation bounds we have shown in Appendix D.1 and D.2 do not
depend on the smoothness constant £, of node cost functions. That means the perturbation bound

k,r m " k,r
H¢Et v)) {yt—l}v{zf};u)(to,vo) - ,(/J((t u))({(yt 1) } {( ) } M)(to Vo)
<0 Z ngoleplég(vo,u)|‘Z$ 2 H“rc Z pto (t=1) dg 7JO’“)Hyt . (y;tl)/H

(k) ueENY
eonN{

(u,7)

holds for arbitrary p, where C1, Ca, pg, pr are specified in Theorem 3.2 or Theorem 3. 3 and are independent of . Theorem

3.10 in Forsgren et al. (2002) guarantees that wéf’;))({yt 1}, {#%}; ux) converge to w( t ’T)({yt 1}, {z¥}) for any positive

sequence {p }72 ; that tends to zero. Thus the above perturbation bound also holds for w( t.0) ({yt 1}, {z%}) which includes
the constraints on individual decisions.

Note that the argument we present in this section also works for Theorem C.5.

E. Competitive Bounds

This appendix includes the proofs of the competitive bounds presented in Section 3.3.

E.1. Proof of Theorem C.8
We first derive an upper bound on the distance between z; and .

Note that for any time step ¢, we have

e = o), | < et 26)
Thus we see that
|zt — aill = ||z — 1/;1($0)t
t—1
< ||lze — %/;t(xt—l)tH + ZHJJt—iH(%—i)t - Q;t—i(xt—i—l)tH
< wt(:ct 1) Z CGP(;‘ Ty — Py i(Ti—io1)e— (27a)
t_l . ~
<> Copngl"t—i — Vi (Te—im1)1—i (27b)
i=0
t
< > Coplgei, (27c)

where in (27a), we used Theorem C.5 and the fact that @t_i(xt_i_l)t can be written as
'(Z)t—i(xt—i—l)t = '(th—i-i-l ("/;t—i(xt—i—l)t—i)t~

We also used Cp = max{1,C¢} in (27b) and (26) in (27¢).
By (27) and the Cauchy-Schwarz Inequality, we see that

¢ 2 ¢ ¢ ¢
* —1 —1i —1 CQ —1i
bl < Soote) < bt (L) < 7 (D).
i=1

=1

Summing up over ¢ gives that

C?

* 12 0 2
E Ty — X <7-Ee.
tlHt t” (1 p)z t
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E.2. Proof of Lemma C.7

In this section, we show Lemma C.7 holds with following specific constants:

2 * ?
€ 1= Hl‘t _J’.t|t71H
h(r)*p¢ o2
2 ~2 G 2r (k=1)
s4clco<<1—pT><1—pépT) o+ 0 o7 g ) e — i
80 rH_k ! T— - *
T <) P ) O i (i) 28)

Note that, by the principle of optimality, we have

= ) (11408 0y

(x§|t—1)* = 7/’(5,[) ({xt—l}’ {(xr\t—l) })(tw).

Recall that we define the quantity C3(r) := Y- _; h(7) - p% to simplify the notation.

Since the exponentially decaying local perturbation bound holds in Definition 3.1, we see that

t+k—1
ot = @ < e S ot 3 @ e
T=t u€ONT
K1 dg (u, \
+ O Y A @)~ O (29)
uENT
which implies that
2
2 t+k: 1
2 2
lo¥ = @h0)|| < 2080 DD (CEMNIEE
u€ONT
2
2(k—1 dg (u, «
oYl I S ] [N —92‘+k_1H (30a)
ueNY
t+k—1 t+k—1 2
o7 4 DD DI | 1D SN DN (CEMN M=
T=t u€EINT T=t u€EINT

2
(#pmrjem)” = Oy | (30b)

120220 [ (30 e ) [ e

uENT wENT

22h(r) t+k—1 N ) 9
A DYl ol (Y

u€dNYT

— w,v * 2
+201203(7“)'P2T(k Y png( ) (T h—1jt—1) _equj:i’kle 5 (300)

uENT

where we used the AM-GM Inequality in (30a); we used the Cauchy-Schwarz Inequality in (30b); we used the definitions of
functions h(r) and C5(r) in (30c).
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Summing up (30) over all v € V and reorganizing terms gives

2
:L't\t 1) H
veV
20%2h(r) o, st «  oull?
< 117 Py Z Z P! Z H(ch\pl) - 07
Pr vey \ =t wE€dNT

+20805(r) - " T 30| D A

veEV \uENT

(@ nmrieer)” = Oeim |

2020(r)2 5. S . 2 2
< 11_£T)p% Z P ||Trmy — 0+ +2CTCs(r)? - p (k 1)“rt+k 1t—1 — Ort— 1’ ) (31)

T=t
where we used the facts that

Z Z H('rg\t—l)*_eg

vEV u€INY

2

)

:h(T).‘

*
i1 — 07

<m0t o
veY

and

g (u,v) * u 2 v * v 2
Z Z ‘xt+k—1|t—1) *9t+k—1H SC?)(T)ZH(xt-&-k—Mt—l) *9t+k—1H

vEV u€dNY veY
. 2
= C3(r) - th-i-k—l\t—l - 9t+k—1H .

We also note that by the principle of optimality, the following equations hold for all 7 > ¢:
x;k-|t71 = ’l/;t(xt—l).r;
Ty = QLt (xf—1)7~
Recall that Cj := max{1, C}. By Theorem C.5, we see that

‘ xj—\tfl - E:itHHwtfl — x|, (32)
which implies
2 2 9
e e (33a)
T— * 2 *
<2C2pe Y Jwimy — a4 ||+ 2]t — 6.7, (33b)

where we used the triangle inequality and the AM-GM inequality in (33a); we used (32) in (33b).
Substituting (33) into (31) gives

v v * 2
Z‘ Ty — (xt|t—1)
%
h(r)?p2 2
22 G 2r 2(k—1) 2k %
S4CIOO (1 pT)(l_pQGp ) " Ps +O3( ) *Pr e th_l _xt—lH

PT

<4C7C3

2 hr)2 Hk ! Tt 2 2 2k=1)[ 2
4G Z Pt — 0,7 + Cs(r)? - o250 |2ty — Ornc

h(r)QPQG , 2(k-1) o e
(1= pr)(1 = p&pr) P8+ Cs(r)? - oy e Hl‘t—l —:ct_1||

8C% [ h(r)? Hk ! _ _ N
+u1<1 Z’T Z Pr th +03() 'Pg“(k 1)ft+k71(xt+k—1) ) (34)
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where we used the fact that the node cost function f is non-negative and p-strongly convex for all 7, v, thus

>3 £(@D) = 53N -0 = Sllat 6.

veEVY veEVY

2
Note that ) ev’ Ty — xz‘l 1 H = ¢2. Thus we have finished the proof of (28).

~ G| =]
tlt—1 =

E.3. Proof of Theorem 3.4

In this section, we show Theorem 3.4 holds with the following specific constants:

320202(5 + Alg + 207) - h(?”)2 320202(€f + Als + QKT)C;),(T‘)Q
1+<1+ L )~T+<1+ e >’f—1. (35)
n(l = pa)?*(1 = pr)? Ps 1(1 = pe)? Pr

under the assumption that

4012061 h(?")szG 2 9 2(k—1) 2%k 1
- o < —.
(1=pc)*\ (1 —pr)(1 - PQGPT) P+ Calr)”- o e )= 2 (36)

Recall that Cj is defined in Theorem C.8. Note that Theorem 3.2 and Theorem C.5 hold under Assumption 2.1. One can
check that Cy, C1, (1 — pg) ™!, and (1 — pr)~! are bounded by polynomials of £/, £/, and (Als)/ .

In the proof, we need to use Lemma F.2 in Lin et al. (2021) to bound LPC’s total cost by a weighted sum of the offline
optimal cost and the sum of squared distances between their trajectories. For completeness, we present Lemma F.2 in Lin
et al. (2021) below:

Lemma E.1. For a fixed dimension m € Z.., assume a function h : R™ — Rxg is convex, {-smooth and continuously
differentiable. For all x,y € R™, for all n > 0, we have

) < @i + 5 (142 )lle =l

Now we come back to the proof of Theorem 3.4. We first bound the sum of squared distances between LPC’s trajectory and
the offline optimal trajectory:

Zth Ty || Z €t (37a)

2 2,2 2
ACECY (( h(r)”pe o P 4+ C3(r)? - ka v, %) Zth—l _$2:1H2

T (1= pc)? \ (1 —pr)(1 = pgpr
H t+k—1
80202 hr)? . P _ )
TN (e SR RRTURY, L VANTE ) RS
T=t

where we used Theorem C.8 in (37a); we used Lemma C.7 with the specific constants given in Appendix E.2 in (37b).

Recall that in (36), we assume r and k are sufficient large so that the coefficient of the first term in (37) satisfies
401Gy ( h(T)QPQG 2 2 2(k-1) Qk)
ps +Cs(r)" - p oG | <
= pal? \ W= pr) (1 — o) /5 T OO o v
Substituting this bound into (37) gives that

H H

16C2C3 h(r)?
D e —af|)* < -0 12(<1 ())2~p2§+03(r2~ T ”) }j (38)
t=1 t=1

(1= pa) —pr

1
5"
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By Lemma E.1, since f; is ({; + Alg)-smooth, convex, and non-negative on R”, and ¢; is ¢r-smooth, convex, and
non-negative on R™ x R", we know that

Fulae) < (L4 ) fula) + LA (1 n 1}) e — 272

2
* * g * *
ct(we, we—1) < (L+n)e(ay, zi_y) + ;1(1+' )(Lﬁ"xJF4‘wﬁl_*%ﬂﬁ) (39)
holds for any > 0. Summing the above inequality over ¢ gives
H
Z(ft(mt) + e (@, 1))
t=1
H H
Ly + Alg + 207)
1+77t:Zlft It +Ct If,:c, 1))+ / 5 tleIt*xf
16C2C2 (0 + Alg + 20 2 _
< (1 +n)cost(OPT) + <1+ > OC(Ly + Als + T)( (T) Y 4 Cs(r)? - p2* 1>> - cost(OPT),
" u(l = pa)? (1—pr)

(40)
where we used (38) and ZtH: | fi(xF) < cost(OPT) in the last inequality. Setting 17 = pls -+ p%* in (40) finishes the proof
of (35).

As a remark, we require the local cost function (f, ¢}, s§) to be non-negative, convex, and smooth in the whole Euclidean
spaces (R™,R™ x R™, R™ x R™) in Assumption 2.1 because we want to apply Lemma E.1 in (39).
E.4. Proof of Corollary 3.5

We first show A%pg < ,/pg holds under Assumption 2.1 and the assumptions that £ S < A17, m < 15- To see this, note

that as we discussed in Section 3.2, by setting b; = 2A — 1 and by = 4A? — 2A, Theorem 3.4 holds w1th

AA2(/TF Als/p — 1)
ps = :
s VI+Als/p+1

Hence we see that

+ (Als/p) — 1 %<2A3 VI+A-6-1 :
V1i+ (Alg/u)y+1) — 2

AQN/pS = 2A3 <
which implies that
A’ps < \/ps. (41)

Recall that function C5(r) := Z;zo h(7) - pl. Hence we see that

T T y A
r)< ) AT-py< (WTS) < (42)
L=y fxm

Substituting (41) and (42) into the competitive ratio bound in (35) shows that the competitive ratio of LPC is upper bound by

32C6CH( + Als + XY it (14 32C3CR (s + Als + 200) A2 o
1(1 = pe)*(1 = pr)? o 11— pa)2(A = /ps)? T

t+ (14

F. Proof of Theorem 3.6

In this appendix we prove a lower bound on the competitive ratio of any online algorithm. Our proof focuses on temporal
and spatial lower bounds separately first, and then combines them.
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STEP 1: TEMPORAL LOWER BOUNDS

We first show that the competitive ratio of any online algorithm with k steps of future predictions is lower bounded by
1+ Q(A%). To show this, we consider the special case when there are no spatial interaction costs (i.e., s§ = 0 for all ¢t and
e). In this case, since all agents are independent with each other, it suffices to assume there is only one agent in the network
G. Thus we will drop the agent index in the following analysis. To further simplify the problem, we assume dimension
n=1c(xy,xi-1) = %T(xt — x4_1)?, and the feasible setis D; = D = [0, 1] for all t. Let R denote the diameter of D,
ie, R=sup, ,eplz —y|=1.

By Theorem 2 in Li et al. (2020) and Case 1 in its proof, we know that for any online algorithm ALG with k steps of future
predictions and Ly € (2R, RH), there exists a problem instance with quadratic functions fi, fa, ..., fg that have the form
ft(a:f,) = %(J?t — Gt)z, 0; € D such that

3 V2
(1= VA7) k
cost(ALG) — cost(OPT) > o6 ? MR- Ly, (43)
where Ly > Zle\ﬂt — 0;_1]. Note that
H
R-Lr > Z|Ut - Ut—1|2
t=1
g A
= ir : ;(ft(vt) + o (vg, v4-1))
2
> — . cost(OPT).
%

Substituting this into (43) gives

3 2
1 (1= v/Ar)
> _
cost(ALG) > (1 + 8(u + 12y

Note that (43) implies cost(ALG) > 0, hence the competitive ratio can be unbounded if cost(OPT) = 0.

- A?) - cost(OPT). (44)

STEP 2: SPATIAL LOWER BOUNDS

We next show that the competitive ratio of any online algorithm that can communicate within 7-hop neighborhood according
to the scheme defined in Section 2.1 is lower bounded by 1 + Q(\%). To show this, consider the special case when there are
no temporal interaction costs (i.e., ¢; = 0 for all ¢ and v). In this case, since x; and x;_; are independent with each other, it
suffices to assume the horizon length H = 1. That means the game only has one round, and each agent v decides 7 after
observing f{ for v € N and s§ for e € E(N). To further simplify the problem, we assume the graph G of agents is a line,
and all agents are labeled by 1,2, ..., |V| from left to right.

Suppose that there exists a one-step algorithm ALG that achieves a competitive ratio of ¢ in the setting we mentioned above.
We can also use ALG as an online algorithm to solve the setting defined in Section F. Specifically, we assume H = |V| and
view each time step in the finite horizon H as an agent. When & = r + 1 and {1 = {g, the prediction model defined in
Section F allows ALG to observe fi_,, ft—r41, ..., ft++ (Which are the cost functions in r-hop neighborhood of “agent” t)
before picking decision point x;. The temporal interaction costs in Section F play the role of the spatial interaction costs for
ALG, and they are common knowledge according to the prediction model. Therefore, by the lower bound results we have

shown in Section F, we know that
3 2
1—VA
c> 1+ u . )\gfl.
A8(p + 1)2Lg
STEP 3: COMBINE TEMPORAL AND SPATIAL LOWER BOUNDS

Combining the results of Steps 1 and 2 together, we know that the competitive ratio of any decentralized online algorithm is
lower bounded by

131 — v/ Ar)?
A8(p + 1)2lr

. 3(1 = Vg)?
1 kT “(75 1Y 1 L OQOF) - QO
max{1 + Ar, 1+ 18(u+ 1)2ls g} + QA7) + Q(\%)
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G. Proof of Corollary 3.7

In this appendix we prove a resource augmentation bound for LPC. To simplify the notation, we define the shorthand
ar = {r/uand ag := ls/p. ar and ag are positive real numbers. We first show two lemmas about the relationships
between the decay factors pr and Ar, and pg and Ag.

Lemma G.1. Under the assumptions of Theorem 3.2, we have p4T <A < pzT.

Proof of Lemma G.1. Recall that pr is given by

2
= 1- —
T \/ I+ 2ar +1

in Theorem 3.2. Thus we see that

2 > 2 2
4
(1= ) < (1 —= ) =)
r ( \/1+2aT+1) —< ~/1+4aT+1) r

On the other hand, we have that

\ ) (1 2 )2 - 2 4y/(1+ 2ar) (VI ¥+ 2ar — I+ dar)
T — P = - — =
g VI+dar +1 VI+2ar +1 (VIF2ar+1)(VITdar +1)°
O
Lemma G.2. Under the assumptions of Theorem 3.2, we have pgA g & < )g.
Proof of Lemma G.2. Recall that pr is given by
2
ps =1 - ———
vV1+Aag+1
in Theorem 3.2. We consider the following 3 cases separately.
Casel: ag > 16A — 8.
We first show that the following inequality holds for any z € [0,1/(2A)]:
(1-)*2<1- Az (45)

To see this, define function g(z) = (1 — z)?* + Az — 1. Note that g is a convex function with g(0) = 0 and

IR RN U R T
I\on ) ~ 2A 7 =¢ T3 %

Thus, we see that g(z) < 0 holds for all z € [0,1/(2A)]. Hence (45) holds.

Note that under the assumption ag > 16A — 8, we have

2 1
0 —— < —.
T V1+Aag+1 7 2A

. . _ 2 L .
Thus substituting x = TTFAasTl < 5x gives

4A(12>2A<12A<12A
Ps = Sthas+1) = itbas+1l- itdas+1 %

Case 2: ag < ﬁ. Recall that A > 2. Thus, in this case, we have ag < 1 and

2 1
hg=loo > <«
§ VT +das +1 — A2
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Note that
_1)\2 7 _1\2 _1\2
pQS:(\/l-f—AaS 1) SAaS:A'(V1+2QS+aS 1) §A~(\/1+4as 1) ZA\/E.
Aag 4 dag dag

Thus we see that
ps < (A% Xg) - As < As.

Case 3: ﬁ <ag < 16A — 8.

In this case, we have

v (1o ——2 Y.L
5 Vitdas+1) = AT

2 2 1
(e —— =) <1 —.
ps ( \/1+Aas+1> = 2A
Since (1 — 1/(24))22 < ¢!, we see that p3 loa(2) < \g. O

Now we come back to the proof of Corollary 3.7. By Theorem 3.4 and Theorem 3.6, we know that the optimal competitive
ratio is lower bounded by

c(k* 1) > 1+ C), (A’;f + Ag*)
and LPC’s competitive ratio is upper bounded by
crpe(k,r) =1+ Cp(Cg(r)2 . p? + h(r)*- pg),
where C and C, are some positive constants. To achieve ¢z pc(k,r) < c¢(k*,r*), it suffices to guarantee that

C, - Cs(r)? - ph < O\NE and C, - h(r)? - ply < CANG

r

Note that C5(r) can be upper bounded by some constant and h(r)? < poly(r) - pg > under our assumptions. Applying
Lemma G.1 and Lemma G.2 finishes the proof.



