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Abstract

Policy-based methods with function approxi-
mation are widely used for solving two-player
zero-sum games with large state and/or ac-
tion spaces. However, it remains elusive
how to obtain optimization and statistical
guarantees for such algorithms. We present
a new policy optimization algorithm with
function approximation and prove that un-
der standard regularity conditions on the
Markov game and the function approxima-
tion class, our algorithm finds a near-optimal
policy within a polynomial number of sam-
ples and iterations. To our knowledge, this is
the first provably efficient policy optimization
algorithm with function approximation that
solves two-player zero-sum Markov games.

1 Introduction

Two-player zero-sum Markov game is a popular set-
ting with many applications, such as Go (Silver et all,
2016), StarCraft II (Vinyals et all, [2019), and
poker (Brown and Sandholnd, 2018). In this setting,
the goal of player one is to find a policy that achieves
the maximum reward against player two who plays op-
timally to minimize the reward in response to player
one’s policy.

Policy optimization methods are widely used for solv-
ing zero-sum games. These algorithms often con-
strain the policy in a parametric form, and com-
pute the gradient of the cumulative reward with re-
spect to the parameters using the policy gradient the-
orem or its variants to update the parameters itera-
tively (Sutton et all, 12000; Kakade, [2002; [Silver et all,
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2014). Due to its flexibility, a wide range of successful
results are attained by policy optimization methods.
For example, [Lockhart et all (2019) performed direct
policy optimization against worst-case opponents and
empirically demonstrate their effectiveness in Kuhn
Poker and Goofspiel card game. [Foerster et all (2017)
invented LOLA where each agent shapes the learning
of other agents. It gave the highest average returns on
the iterated prisoners’ dilemma (IPD).

Despite the large body of empirical work using policy
optimization methods for two-player zero-sum Markov
games, theoretical studies are very limited. In this
paper, we aim to answer the following fundamental
question:

Can we design a provably efficient policy optimization
algorithm with function approzimation for two-player
zero-sum Markov games with a large state-action
space?

We answer the above question affirmatively. We sum-
marize our contributions below.

Our contributions. We design a new, provably ef-
ficient policy optimization algorithm for two-player
zero-sum Markov games based on the natural policy
gradient (NPG) method (Kakade, 2002). On a high
level, our algorithm has the two-step style as in pre-
vious work on value-based algorithms for two-player
zero-sum Markov games (Perolat et all, 2015). In the
Greedy step, we aim to find a pair of policies that
approximately solves matrix games for a given value
function, and in the Iteration step, we aim to up-
date the value function upon the current policy. In
contrast to their value-based algorithm where function
approximation is used for value functions, our results
are entirely policy-based. We only have function ap-
proximation for policies. Therefore, we need to tackle
additional challenges which are absent in value-based
algorithms.

1. First, in the Greedy step, the algorithms
in (Perolat et all, 2015) requires solving two-
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player zero-sum matrix games for every state in
a value-based manner. The computational com-
plexity scales with the size of the state-action
space, which can be infeasible. For finding the
equilibria for state-wise matrix games, we em-
ploy policy-based methods whose sample complex-
ity only scales with the complexity of the func-
tion class (e.g., feature dimension for linear func-
tion approximation) instead of the size of state-
action space. Specifically, we design a subrou-
tine that combines two-player policy gradients
with the optimistic mirror descent (OMD) up-
dates (Rakhlin and Sridharan, 2013) to solve the
zero-sum matrix game in a computational and sta-
tistical efficient way.

2. Second, in the Iteration step, [Perolat et al.
(2015) used Generalized Policy Iteration to eval-
uate the value function while we only have
function approximation for policies. We lever-
age recent developments on NPG in single-agent
RL (Agarwal et all, [2020) to update policies in
this step and represent the value function using
policies instead of explicitly storing the value func-
tion.

3. Third, technically, we incorporates policy-based
methods into value-based schemes, and develop
new perturbation analyses for policy-based meth-
ods, both of which may be of independent interest.

Theoretically, first, to illustrate the main idea of our
algorithm, in Section M we study an idealized “pop-
ulation" tabular Markov game setting where we can
access the population quantities, including the true
policy gradients and the Fisher information. We
prove an O (%) rate where T is the number of it-
erations. This result is interesting in its own right
because this matches the rate in the single-agent
RL setting (Agarwal et all, [2020). We further ob-
tain an improved rate in the entropy-regularized set-
ting (Cen et all, [2020).

We present our main algorithm and theoretical results
in Section Bl where we study Markov games with a large
state-action space, and log-linear policy parameteriza-
tion is used for generalization. Instead of the idealized
“population" setting, we study the realistic online set-
ting, where we can only access the model through in-

% + ﬁ) rate where T’

teractions. We prove an 9] (
is the number of iterations and NN is the number of sam-
ples (interaction with the model). To our knowledge,
this is the first quantitative analysis of online policy
optimization methods with function approximation for

two-player zero-sum Markov games.

0 () hides logarithmic factors.

2 Related Work

A large number of empirical works have proven the
validity and efficiency of PG/NPG based methods in
games and other applications (Silver et all, [2016,[2017;
Guo et all, 2016; [Mousavi et all, 2017; [Tian et all,
2019). Below we mostly focus on relevant algorithmic
and theoretical papers.

There is a long line of work developing computation-
ally efficient algorithms for multi-agent RL in Markov
games. Value-based approaches (Shapley, [1953; [Patek,
1997; [Littman, [1994; [Bai and Jin, 12020; [Bai et all,
2020) try to find the optimal value function. When
the size of the state-action space is large, Approxi-
mate Dynamic Programming (ADP) techniques are
often incorporated into value-based methods. Ex-
tending the error propagation scheme of ADP devel-
oped by [Scherrer et all (2012) to two-player zero-sum
games, [Perolat et all (2015) obtained a performance
bound in general norms. Using this error propaga-
tion scheme on ADP, [Pérolat et all (2016) adapted
three value-based algorithms (PSDP, NSVI, NSPI) to
the two-player zero-sum setting. Recently, [Yu et all
(2019) replaced the policy evaluation step of Approx-
imate Modified Policy Iteration (AMPI) introduced
by Scherrer et all (2015) with function approximation
in a Reproducing Kernel Hilbert Space (RKHS) and
proved linear convergence to l,-norm up to a statis-
tical error. While focusing on policy-based methods,
our paper also leverages the error propagation analy-
sis (Perolat et all, [2015).

Another type of algorithms on two-player zero-sum
Markov games is policy-based. One family of al-
gorithms is based on fictitious play (Brown, [1951;
Robinsor, [1951)). Fictitious play is a classical strategy
proposed by [Brown (1951)), where each player adopts
a policy that best responds to the average policy of
other agents inferred from historical data. For ex-
ample, Heinrich et all (2015) introduced two variants
of fictitious play: 1) an algorithm for extensive-form
games which is realization-equivalent to its normal-
form counterpart, 2) Fictitious Self-Play (FSP) which
is a framework computing the best response via fit-
ted Q@Q-iteration. Owur paper also aims to find the
best response iteratively. Another family of policy-
based methods is based on the idea of counterfactual
regret minimization (CFR) (Zinkevich et all, [2008).
Brown and Sandholm (2019) invented a novel CFR
variant which utilizes techniques such as reweighting
iterations and leveraging optimistic regret matching.
Although these two families of algorithms are similar
to ours in spirit, they are quite different technically
and their theoretical analysis does not apply to our
setting.
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The current paper focuses on using NPG techniques
for solving two-player zero-sum Markov games. NPG
is first introduced by [Kakade (2002) to better explore
the underlying structure of the reinforcement learning
(RL) problem instance. Extensions of NPG methods
are also used to solve zero-sum games. |Zhang et al.
(2019); Bu et all (2019) applied projected natural
nested gradient under a linear quadratic setting, a sig-
nificant class of zero-sum Markov games. Extensions
to imitation learning were also studied in (Song et all,
2018).

In terms of theoretical analysis on PG/NPG meth-
ods, |Agarwal et all (2020) showed that tabular NPG
could provide an O(1/T) iteration complexity, as well
as a sample complexity of O(1/n%) for online NPG
with function approximation. In contrast, we provide
bounds for the two-player zero-sum case, which is sig-
nificantly more challenging. In two-player zero-sum
games, the non-stationary environment faced by each
individual agent invalidates the stationary structure of
the single-agent setting, and thus precludes the direct
application of the convergence proof from the single-
agent setting. Furthermore, each agent in two-player
zero-sum games must adapt to the other agent’s pol-
icy, which poses additional difficulties. |Zhang et all
(2020) proposed a new variant of PG methods that
yielded unbiased estimates of policy gradients, which
enabled non-convex optimization tools to be applied
in establishing global convergence. Despite being non-
convex, Agarwal et all (2020); [Bhandari and Russo
(2019) identified structural properties of finite Markov
decision processes (MDPs): the objective function has
no suboptimal local minimum. They further gave
conditions under which any local minimum is near-
optimal.

Schulman et all (2015) developed a practical algorithm
called TRPO which could be seen as a KL divergence-
constrained variant of NPG. They show monotonic im-
provements of the expected return during optimiza-
tion. |Shani et all (2020) considered a sample-based
TRPO (Schulman et all, [2015) and proved an O(1/v¥)
convergence rate to the global optimum, which could
be improved to O(1/n) when regularized. |Cen et al!
(2020) showed that fast convergence rate of NPG meth-
ods can be obtained with entropy regularization. Ap-
plying NPG to linear quadratic games, |Zhang et all
(2019) and Bu et al! (2019) proved that: for finding
Nash equilibrium, NPG enjoys sublinear convergence
rate. Both analyses rely on the linearity of the dy-
namics which does not hold in general Markov games
considered in this paper.

Recently, [Daskalakis et all (2020) showed independent
policy gradient methods converge to a min-max equi-
librium. Compared to our work, they focused on the

tabular case and did not study the function approxima-
tion. They also assumed that the probability of stop-
ping at any state (Daskalakis et all, 12020, Section 2) is
bounded below from a certain positive number, which
is not a standard modelling approach and is hard to
validate empirically. We instead use concentrability
coeflicients as a characterization of the game structure
(cf. Definition [[l). In general, these two conditions do
not imply each other. Comparing with their work, ours
is cheap in sample complexity. To find an e-optimal so-
lution, their sample complexity has an O (6_12'5) scal-
ing whereas ours has an O (6_6) scaling.

Our work is related to Optimistic Mirror Descent
(OMD) and its behavior in zero-sum games, which
have received more attention lately. [Daskalakis et al.
(2018) proposed the use of optimistic mirror decent for
training Wasserstein GANs to address the limit cycling
problem in experiments. They also proved convergence
to a equilibrium in bilinear zero-sum games. Gener-
alizing (Daskalakis et all, [2018), [Mertikopoulos et al
(2019) showed OMD converged in a class of non-
monotone problems satisfying coherence. Their work
made concrete steps toward establishing convergence
beyond convex-concave games.

3 Preliminaries

In this section, we introduce the material background
on two-player zero-sum Markov games and specify sev-
eral quantities which will be used to analyze our algo-
rithms for different settings.

3.1 Two-Player zero-sum Markov Games.

In this paper, we consider the centralized setting where
we can control both players in the training phase to
learn good policies. we focus on infinite-horizon dis-
counted two-player zero-sum Markov games, which
can be described by a tuple M = (S, A,P,r,7): a
set of states S, a set of actions A, a transition prob-
ability P : S x A x A — A(S), a reward function
r:SxAxA—[0,1], and a discount factor v € [0,1).
We let o to be the initial state distribution and de-
fine policies as probability distributions over the ac-
tion space: z,f € S — A(A). @ The value function
Vel .S — R is defined as:

Vz,f(S): ag~x(-|st)
b~ f(+|st)

st+1~P(-|st,at,bt)

oo
Z Y'r(se, ar, by)|so =s
t=0

2For clarity we assume two players share the same set
of actions, it is straight forward to generalize to the setting
where two action sets are different. See Section
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we use distribution o as the optimization measure we
use to train the policy and use distribution p as the
performance measure of our interest. We remark that
these two separate measures are widely used in analyz-
ing approximate dynamic programming and policy gra-
dient (Agarwal et all, [2020; [Perolat et all, 2015). We
overload notations and define V=¥ (p) as the expected
value function of interest, i.e. V=7 (p) = Es., V57 (s).

In a two-player zero-sum Markov game, player one ()
wants to maximize the value function and the other
player (f) wants to minimize it. We define the Markov
game’s state-action value function Q%7 : Sx Ax A —
R, the advantage function A>/ : S x A x A — R, and
the state visitation function d2:/ : § — [0,1] as

Q" (s,a,b)=r(s,a,b)+v E V™IS,
s'~P(-]s,a,b)
Ali,f(s7 a, b) = Qzﬂf(sa a, b) - VIJ'(S)a
% (s) = (1 =) Y _+'Pr(s; = slso, x, f)
t=0

where sy € S is an initial state, respectively. With the
state visitation function at hand, we are prepared to in-
troduce NPG (Kakadd, 2002) for two-player zero-sum
games which relies on the Fisher information matrix.
Given player one’s policy x, player two’s policy f pa-
rameterized by 0, and starting state distribution o, we
define the Fisher information matrix F,(0) as:

Fp(0) =E, _ys.sEyp(.1s)Volog f(b]s)Valog f(b]s) ",

where we denote d%/ = ESONgd;”(;f by the expectation
form of the state visitation distribution.

One important concept in RL is the Bellman oper-
ator. For two-player zero-sum Markov games and
two behavior policies x and f, we define P, ¢(s'|s) =
Eqma(|s),bof(-|s)P(8'|5,a,b) which performs as the
transition kernel from s to any s’ € S and 7, ¢(s) =
Eqa(-|s),b~f(-|s)7(8, @, b) which represents the reward
each player can expect with policies (z, f). Bellman op-
erators Ty ¢, Te, T act on any value functionv : § - R
and update it

® 7o v =7y 5 +7Ps sv, which generalizes the stan-
dard Bellman operator.

e Tyv :=inf¢ 7, yv, which is an asymmetric opera-
tor by letting f to be optimal. B

o Tv := sup, T,v = sup, inf; 7, yv, which general-
izes the standard Bellman optimality operator. It
reflects notions of minimax equilibrium in essence.

3Here we focus on max player (see Eq.B). If we replace
x by f, we will have an analogous notation for min player.

Perolat et all (2015) introduced these operators as gen-
eralized counterparts of single agent RL. We are able
to adopt the dynamic programming scheme only once
the Bellman operators are introduced.

Since we are considering a learning problem, we need
to collect samples from the environment. We assume
we can stop and restart at any time. With this, we
can have the following sampling oracle.

Episodic Sampling Oracle For a fixed state-action
distribution vy, we can start from sg, ag, by ~ g, act
according to any policy pair (z, f), and terminate
when desired. We obtain unbiased estimates of the
on policy state-action distribution

VZ(;f(S,CL,b) = (1 - 7)

o0

E507ao7b0~uo E ’YtPr(St =s,a =a,b = b|307 ap, bO)
t=0
(1)

which can be wused for acquiring an unbiased
Q™7 (s,a,b) where s,a,b ~ fo(;f. See (Agarwal et all,
2020, Algorithm 1) for a sampler.

This oracle essentially requires that we can terminate
at any time and restart, therefore many real-world ap-
plications including games and physics simulation (e.g.,
OpenFOAM (Weller et all, [1998)) admit this oracle.
This oracle is also used in the analysis (Agarwal et all,
2020) (see Algorithm 1,3 and Assumption 6.3 therein).

The oracle is essential in analysis, technically because
policy gradient methods need to estimate the values.
This is the same reason as in the single-agent set-
ting (Agarwal et all, [2020). Moreover, we believe this
sampling oracle is not a strong assumption: it only re-
quires that we can terminate at any time and restart.
This is much weaker than the generative model as-
sumption. The generative model assumes that one can
query any state-action pair where we only require we
can restart from a fixed initial distribution.

Shapley (1953) show that (z*, f*) is a pair of Nash
equilibrium (NE) if the following inequalities hold for
any state distribution p and policy pair (z, f):

VEl () <V () =V (p) <V (). (2)

NE always exists for discounted two-player zero-sum
Markov Games (Filar and Vrieze, 2012). In practice,
we seek to find an approximate pair of NE instead of
an exact solution. The goal of this paper is to output
a policy x that makes the metric

V7 (p) = inf V™ (p) (3)
small where p is some state distribution of in-
terest. This metric measures the performance
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of x against the worst-case f. If it is less
than €, we call x an one-sided e-approximate NE,
A it has been used by (Daskalakis et all, 2007;
G66s and Rubinstein, [2018; |Deligkas et all, 2017;
Babichenko and Rubinstein, [2020; [Daskalakis et al.,
2020).

3.2 Function Approximation

This paper studies function approximation to general-
ize across a large state space in SectionBl To represent
both behavior policies  and f, we adopt a log-linear
parameterization: for a coefficient vector € R?, the
associated probability of choosing action a under state
exp (07 )
cacxp (070, ,r)
a feature vector representation of s and a. This pa-
rameterization has been used in (Branavan et al., [2009;
Gimpel and Smith, 2010; Heess et al), 2013). We im-
pose a regularity condition such that every ||¢s.qll2 <
D. Note that log-linear parameterization is D?-smooth
in terms of 6 (Agarwal et all, [2020). B This term is
also known as Policy Smoothness when analyzing PG
methods.

s, mo(als), is given by s~ where ¢ 4 is

3.3 Problem-Dependent Quantities.

Our analysis relies on several problem-dependent quan-
tities. We denote weighted L,-norm of function f on

oo = (Dcs P F()]7)7

The first problem-dependent quantity is used to mea-
sure the inherent dynamics of Markov games.

state space S as || f]

Definition 1 (Concentrability Coefficients). Given

two distributions over states: p and o. When o is
element-wise positive, define
. PPyt g1+ Pori ri
cpoli) = sup ‘ e I
al, fl,-ad, fleS—A(A) o 00

Cho=(01-7)2Y my" te,p(m—1),
m>1
k—1 oo
(1—9)? s
Gy’ = T 2 2V enali+ ).
i=l j=i

Here, x', f!,-- 27, f7 are j pairs of policies. Intu-
itively, the first term quantifies the distribution shift af-
ter taking j pairs of steps starting from p. The second

4From an optimization perspective, the sampling com-
plexity of finding a solution so that both the min and max
player are approximate NE scales only twice as large as
that in one-sided case, since we may apply algorithms with
the roles switched.

SWe follow standard smoothness definition. A function
f is said to be B-smooth if for all z,z’ € R%: ||V f(z) —
Vi@ )z < Bllz — 2|2

term describes the accumulative effect of discounted
distribution shifts. Finally, the last term represents
the additive performance of (k—1) accumulative distri-
bution shift and thus it is often considered as stricter
condition. See (Scherrer, 2014) for a thorough com-
parison on these coefficients. Generally speaking, if o
is sufficiently diverse across states, then these quanti-
ties are bounded from above. (Chen and Jiang, [2019)
pointed out that small concentrability coefficients re-
flect a restriction on the MDPs dynamics. Concen-
trability coeflicients are widely used in analyzing the
convergence of approximate dynamic programming al-
gorithms (Munos, 2005; |Antos et all, [2008; |Scherren,
2014; [Perolat et all, [2015) and recently in analyz-
ing PG methods (Agarwal et all, 12020). In particu-
lar, (Agarwal et all, 2020) gave an example to show
the dependency on concentrability coefficients is neces-
sary. In these papers, their upper bounds all depend
on the concentrability coefficients. For our two-player
setting, we use the same definition of concentrability
coefficients as (Perolat et all, [2015).

The second quantity measures how well a parameter-
ized class can approximate in terms of a metric.

Definition 2 (Approximation Error). Given a space
W and a loss function L : W — R, we define €qpprox =
mingew L(w) as the approximation error of W.

This concept is widely used for analyzing function ap-
proximation (Menache et all, 2005; lTiang et all, 2015),
state abstractions schemes (Jiang et all,2015) and rep-
resentation learning in RL (Bellemare et all, 2019). It
explicitly describes the capacity of a parameter set.

4 Warm-up: Population Algorithm
for Tabular Case

We first introduce the population version algorithm for
the tabular case with the exact Fisher information ma-
trix and policy gradients. The algorithm is spiritually
similar to fictitious play. We enforce x, f to be tabular
softmax parameterized by &, 6 € RISI¥IAl

Parameterization For vector § € RISIXIAI the
probability associates to choosing action a under state
exp (0s.0) .

s, mp(als), equals S e (0. One can verify that
7y is 1-smooth in terms of 6.

This algorithm can be viewed as a prototypical algo-
rithm and in the subsequent section, we will generalize
to the online setting. The pseudo-code is listed in Al-
gorithm 11

In Algorithm [Tl we perform K outer loops and obtain
a near-optimal x and value function Vi . We note that
this algorithm is asymmetric since our metric (Eq. B)
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Algorithm 1 Population Two-Player NPG.
Input: Vy =0 a value function.
Output: Approximate policy 2 at Nash equilibrium
for k=1,2,--- K do
Greedy Step:
Run Algorithm 2] with Ag defined in Eq. @ and
returns z¥(-|s) for every state s.
Iteration Step:
Fix z = z*, initialize 6 = 0.
fort=0,1,---,T—1do
Ot = 9t — nF, (01 VeV ©I (o) .
end for
Vi = Veol',
end for

Algorithm 2 Subroutine: OMD for tabular case
Input: fo, g, zo,y, € Unif(A), 8 = %, and Ag for
s€S.
Output: Approximate optimal z7+ for max player
fort=1,2,---,7" do
min player:
play fi(-|s), observe A xz,(-|s). Update:

.
g:(i) o< gj_1 (d)e el Al gl = (1 — B)g, + %I,

Jesai) oc gy(iye el A

max player:
play z:(+|s), observe Agf:(-|s). Update:
() o g (DAL g = (1= By +

Tt41 (l) X yé (i)e_"£+1 [Afi]i

end for

is only considering max player x while taking the best
response of min player f.

Each outer iteration begins with a Greedy Step. For
current Vi_1, we aim to find approximate equilibrium
(x, f) with which 7,V &~ TVj_1. This step is spir-
itually equivalent to finding minimax equilibrium of
a matrix game for every state s. In intuition, this
step helps to update Vi1 towards V* (cf. contraction
Lemma).

Let us take a closer look at Greedy Step. Consider
an approximate two-player zero-sum matrix game: for
every state s € S, we try to solve

A, f, (4)

max min
z(-|s)EA(A) f(-|s)EA(A)

Ag(a,b) =r(s,a,b) + Z’P(s' | s,a,0)Vi_1(s").

Here A, represents a set of matrices related to cur-
rent value function Vj;_1. Instead of value-based ap-
proaches (PI (Patek, 1997), VI (Shapley, [1953)) which
are often inefficient, we solve these matrix games by
policy-based methods for efficiency and sub-optimality

guarantee. We adopt the Optimistic Mirror De-
scent (Rakhlin and Sridharan, 2013) for two players
by assuming access to population quantities, e.g., Ay
in Eq. @ Note that each As(a,b) € [0, 1i7] because
kal S [O, ﬁ)

For clarity, we follow notations
in  (Rakhlin and Sridharan, [2013). Denote
¢(f,x) = T A,f which is convex w.r.t. f when
fixing x and concave w.r.t. z when fixing f, and

the domains for z, f are X, F respectively. Thus
TVi—i(s) = supyexinfrer ¢(f,z). we denote {y:}
and {g:} as secondary sequences of {z:} and {f:}
respectively. We refer readers to Appendix [Bl for how
we set the adaptive stepsizes 7, and 7;.

We perform simultaneous updates for T iterations in
Algorithm ] to minimize the following terms,

1 T T 1
F;Wt,xt) —irflf;FMf,xt), (5)

1 & 1 &
F;(_(b(ft,ft))_H;fF;(—(b(ft,I)). (6)

Suppose two infs are achieved at f* and x* respectively.
With these two inequalities, we can derive an upper
bound of Greedy Step:

sup flgffdﬁ(f, T) — flg§¢(f, x7)

k

to guarantee x” is near-optimal with respect to Vi_1.

After obtaining z* from Greedy Step, the Iteration
Step aims to evaluate the value function while fixing
x = x¥. We run T updates to find f* = argmin; V=/.
In the competitive multi-agent RL literature, this step
is equivalent to finding the best response of min player
(namely, f*) when fixing 2 = 2*. The intuition is that
when the max player’s policy is very close to its opti-
mal policy at NE and f takes f*, their accumulative
value function is also close to V* at NE. This step
can be viewed as running NPG for a single-agent RL
problem.

The following theorem gives the performance guaran-
tee for Algorithm [

Theorem 1. For Algorithm[d, setn > (1—~)?log|A|.
After K outer loops we have V*(p) —inf V””K=f(p) up-
per bounded by

_ [ CcLKoO C0.K,0
O e PO
(L= (1=

¥ K,K+1,0
/ 9 9
10g T + ECP’U .
We remind that o is the optimization measure we use
to train the policy and p is the performance measure
of our interest.
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Theorem [ explicitly characterizes the performance of
the output 2 in terms of the number of iterations and
the concentrability coefficients. Viewing concentrabil-
ity coefficients to be constants (which is the case when
o is sufficiently diverse) and looking at the dependency
on T and K, we find the dependency on T is a fast 1/T
rate, matching the same rate in the single agent NPG
analysis (Agarwal et all, 2020). The dependency on
K is exponential (%) which means we only need a
few outer loops. The first term has an (1 —~)~* de-
pendency on the discount factor, which may not be
tight and we leave it as a future work to improve. In
Theorem [Il and 2 we set 1 to have a lower bound to
simplify the convergence bounds. We can also derive
n-dependent bounds. Note that the “large step size"
phenomenon is also consistent with the single-agent
setting (see Theorem 5.3 in (Agarwal et al), [2020) and
discussion therein).

The proof of Theorem [ further requires the
following parts: mirror-descent type analysis of
NPG used in (Agarwal et all, 12020) and simulta-
neous mirror descent for matrix games proposed
in (Rakhlin and Sridharan, 2013). The full proof is
deferred to Appendix [Bl

4.1 Extension: Entropy regularization

Following (Cen et all, 2020), we give an extension of
entropy-regularized NPG in the Iteration Step for
Algorithm [l Denote 7 as the regularization term, the
entropy regularized value function is formulated as

ved(o) = vol(o) —mH(o, f) (7)

where H(o, f) = ﬁESng,fEbe log% is the en-

tropy term w.r.t. min player f. Note that V*/(s) €
[ —7log| Al 1],Vs € S.

Entropy regularization requires us to minimize V; in-
stead of original value function V. Denote V*(0) =
min; V=f (o) = Vo7 (o) — 7H(o, ), the following
sandwich bound holds

v fs (o) > Vryf*(z)(o) > VTI-,f*(r)(U)

> Vio) 2 Vi (o) - 1

log | A

Therefore, the regularized problem and the original
problem are close when 7 is small.

NPG methods with entropy regularization. Let
n = =2, we have the NPG update rule

T

0 — 0F — nF,(0") Ve VES (o),

FH(bs) o< exp (—% Z :zr(a|s)Qf,ft (s,a, b))

a

The following theorem shows the performance improve-
ment over Theorem [I

Theorem 2. For entropy regularized Algorithm [I,
after K outer loops, one-sided measure V*(p) —

inf VIK’f(p) is bounded by
5 (7 o
(1—=79)?

Cg;fvo log T’
(1 —y)i1’

g

Ky

,Ych&KJrl,O
1—7 '

o0

Here, pf is the one-sided stationary distribution w.r.t.
x which satisfies: pf = d%f~. This argument indi-
cates that the state visitation distribution remains un-
changed if the initial state is already in a steady state.

See Appendix [B.] for the full proof.

Recently, [Perolat et al! (2021) studied learning algo-
rithms for extensive-form zero-sum games and they
also used entropy regularization. Compared with their
work, the differences include 1) we use policy opti-
mization instead of value-based methods used in their
paper. 2) our entropy regularization is a simple ex-
tension whereas the entropy regularization is crucial
in (Perolat et all, [2021): the regularization term gives
strong convergence guarantees in monotone games.

5 Online Algorithm with Function
Approximation

In this section, we extend Algorithm [l to the realistic
online setting with function approximation, in which
the parameterization we adopt is defined in Section[3.2]
In this setting, we only observe samples (instead of the
population quantities in Section Hl). The pseudo-code
is listed in Algorithm [3

To obtain estimates of quantities, we adopt the
episodic sampling oracle (cf. Sectionf3]) to provide tran-
sition tuples for estimating A;(a,b) in Greedy Step
(cf. Eq.H). This sampling oracle is also used in the
Iteration Step to estimate value functions and gradi-
ents. See Appendix [C] for more details about how we
use the sampling oracle.

In Section 2l we have pointed out that our algorithm
has a smaller sample complexity of O (6_6) comparing
to O (¢~ '*%) (Daskalakis et al.,2020). As for the com-
putational complexity, we remark that we only need
projecting onto an Le-norm ball in Algorithm [3] [
which has the same time complexity as computing the
gradient (linear in the dimension of 6), so our algo-
rithms are computationally efficient.

Now we describe our algorithm. Specifically, we let &
and 6 be parameters of x and f, respectively. B The

5We assume that the two players share the same pa-
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output and motivation of the Greedy Step and the
Iteration Step are analogous to those in Algorithm/[Il
In both steps, we need to take sample-based NPG up-
dates which are forced to be constrained in a convex
set W = {w : ||w|]]z < W} for analysis. From now,
we denote W as the bound of this norm-constrained
convex set where each NPG update lies.

Again, we first discuss the Greedy Step whose
pseudo-code is listed in Algorithm @ Our goal is still
to obtain a near-optimal z* with respect to T Vj_i.
Algorithm M] is similar to Algorithm @] in spirit. The
main difference is that we use a sample-based NPG
update rule for both = and f. Ideally, we wish to find
simultaneous updates w} and wy, for the players. Both
are minimizers of quadratic loss

w} = arg 111111)11 EsnoEpmpi(.)s)

(w" Vo log f(bls) — [(2] Aoy = 6s(fun2)])"

wy = argmin EgwoEqyg()s)
2
(w Ve logat(als)—[(Asfi)a — ds (i 20)]) -

Then the updates take the form 6,11 = 6; — nw; and
&1 = & + nwi. Along the way, the sampling oracle
is used to approximate w}, wy. After T’ iterations,
we are able to output an approximate solution z7: by

averaging {x;}7 .

After obtaining z* from the Greedy Step, we adapt
NPG updates (Eq. [[l) in Algorithm [ to the online
setting.

Denote v* = vZ/ " for simplicity. Ideally, NPG update
in the Iteration Step takes the form

w' € argmin  E  (w'Vglog f(b|s)— A/ (s, a, b))2 ,
s,a,b~ut

Ot = 0" — nut. (8)

We perform sample-based quadratic loss minimization,
which shares similarity with the former step: it takes
N steps of projected gradient descent to return an ap-
proximate update.

Now we state our main theorem.

Theorem 3. For Algorithml[3, suppose in the Greedy
Step: Vt € [T' — 1],infs 4 2% (als), infs, f1(b]s) > 2.

— 2 — /2log|A]| —
Let G = 4D(2DW + ﬂ). Set n = D25V2T’n/ =
\ ;;%%/L’?p‘,,a = G%,a’ = GY/VW' After K outer loops,

rameter set only for clarity. We only need some minor
modifications in the analysis to extend our results to the
setting where two opposing players have different capabil-
ities. Specifically, we only need to treat W (norm-bound
of updates), D (regularity condition on features), and n
separately for each agent.

Algorithm 3 Online Two-Player NPG
Input: Vy = 0 value function
Output: Approximate policy % at NE
for k=1,2,--- K do
Greedy Step:
Run Algorithm @l returns «* with T” iterations.
Iteration Step:
Fix 2 = z*, initialize () = 0.
fort=0,1,---,7T—1do
Initialize wy = 0.
forn=0,1,---,N —1do
Sample s,a,b ~ v, then obtain Q(s, a,b) us-
ing the sampling oracle.
Sample b’ ~ f*(:|s), observe:
9n=Q(5,0.) (Vlog *(b]s) — Vilog *(]s)):
Wn+1 = PrOjW [wn_
2w, Volog f*(b|s)Velog f*(b]s)—ga) ].
end for
Set o' = L S w,.
Update #+D = 9t — it
end for
Randomly sample f from fi(t=0,1---T —1).
Denote V4, for Vo f,
end for

E [V*(p) —infy VIK’f(p) is bounded by

_ [ cLKO C0.K.0
O POy PO
-2 1=

where error terms e, € are defined as

. [log | A|D?W?2 n |A| o GW+
T (1=7)2\ VN

|A|
(1 —7)?

/log | A|D2W?2 VGW
¢ = — Tt \/ €approz + N

/ o
Here €qpprox and €gy,.,,, are approzimation errors com-

ing from Greedy and Iteration Steps (cf. Defini-
tion 2). We remind that D is a regularity condition
on features, with which we could show log-linear pa-
rameterization is D2-smooth (cf. Section B.2). See
Appendix [C] for specific expressions.

VK CKE+1,0
1—~ P°

/ .
Co’)g’ €approx

Similarly, the exponential v* in Theorem [l implies
that we only need a few outer iterations. When con-
sidering concentrability coefficients as constants, the
dependency on T is a slower T2 rate while the
sampling efficiency takes a N~"/* rate. Both match
the rates in the sampling-based single-agent NPG
analysis (Agarwal et all, 2020). We note that itera-
tion counts T,7" and sample counts N, N’ have the
same exponent. There is no explicit dependence on
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Algorithm 4 Online Greedy Step with Function-
Approx
Input: 6;,¢ =0 € R?
Output: 27+ as average of {z;},t € [T]
fort=1,2,---,7" do
min player: Initialize wg = 0.
forn=0,1,2---N'—1do
Sample s ~ o(s),a ~ z'(-|s),b ~ fi(:|s),s" ~
P(-|s,a,b),b’ ~ fi(-|s), observe:
gn = [1(8,a,b) +yVi_1(s")] - (Vg log ft(b|8) -
Vo log f1(1/]5)).

Update: Wpt1 = Projylw, — 2a/
(w,, Vg log f*(b|s)Vglog f*(bls) — gn)].
end for

W' = 5 2221 Wn.
Update: 0,11 = 0; — n'ut.
max player: Initialize wy = 0.
forn=0,1,2---N'—1do
Sample s ~ o(s),a ~ zt(-|s),b ~ fi(:|s),s" ~
P(-|s,a,b),a’ ~ x'(-|s), observe:
gn = [r(s,a,0) + YWi-1(s)] - (V¢ loga'(als) —
Velogzt(d|s)).

Update: wpy1 = Projy [wn — 20/
(w] Veloga'(als) Ve log o' (als) — g,)|.
end for

~ N’

wt = % Zn:l Wn«

Update: §t+l = ft + T]/UA)t.
end for

state-space S in the theorem, hence our online algo-
rithm proves nice guarantees for function approxima-
tion even in the infinite-state setting. Instead, the
bounds have parametric representation-related terms:
D upper bounds feature norms ||¢s 4| and W restricts
each NPG update. The term ¢ bounds two policy prob-
abilities from below and it must be greater than 0 since
we adopt log-linear parameterization. In spirit, ¢ is
similar to concentrability coefficients which reflect the
inherent dynamics of Markov games.

In the worst case, the concentrability coefficient scales
as large as the number of states, and the bounds for
function approximation are only meaningful in the be-
nign case where the concentrability coefficient is small.
However, we note that that, the dependency on con-
centrability is unavoidable: A hard example for the
single-agent setting was given in (Agarwal et all,[2020).
Since our Markov-Game (MG) setting is a generaliza-
tion of the single-agent setting, their hard example also
applies to our setting. Moreover, we argue that the co-
efficients can be small when there are some restrictions
in the dynamics (see discussions in (Chen and Jiang,
2019)). We also use the same definition as in the prior
work value-based learning (Perolat et all, 2015). The
recent work (Daskalakis et all,[2020) also assumed this

structure of MGs to analyze policy-based methods.

6 Conclusion

This paper gave the first quantitative analysis of pol-
icy gradient methods for general two-player zero-sum
Markov games with function approximation. We
quantified the performance gap of the output pol-
icy in terms of the number of iterations, number
of samples, concentrability coefficients, and approxi-
mation error. An interesting direction is to extend
our results to more advanced PG methods such as
PPO (Schulman et all, [2017).
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A Basic results

In this section we provide some fundamental results for two-player zero-sum games and policy gradients.

Lemma 1 (contraction of Bellman operator). We show Tpv = inf; T, sv is a 7y contractor to V*. Other forms
of Bellman operators defined in Section[3 could be shown to hold contraction property with similar lines.

Proof. First we show V7 is the unique fix point of 7, this is because:
VE(s) = r(s,2(s), [* () +7 D P(s']s,x(s), f*(s)V* ()
= infr(s, 2(s), f(s)) + 72P(s’|s,x(s), F))V(s)
=T.V"(s) S
Then for all function v : RISl — RISI

Tev(s) = TV (s)]

ir}f Tz, fv(s) — ir}f Tz, V()
= max {irflf Tz ru(s) — irflf To. fVE(s), irflf To fVE(s) — irflf 'Eyfv(s)}

Note that the first term could be upper bounded by
ir}f T pv(s) — ir}f7;7wa (s)
=il Too(s) = Toug V2 (9)
< T pr0(8) = T, px VE(s)
=Y P(sls,x(s), [*(5)) (v(s) = V*(s))
<ylv(s) = V*(s)l
The second term could be upper bounded similarly, hence we have
Tov = ToVF <yl = V7

A direct application of contraction is (7;)°v = V* which inspires the classical Value Iteration algo-
rithm (Shapley, [1953). O

To analyze our NPG algorithm based on approximate dynamic programming scheme, we introduce the following
lemma to upper bounding global performance, which is very useful in other sections.

Lemma 2. Let p and o be distributions over states. With Algorithm [, after k iterations

27 = 0)C5°0 (L= AN)CpR0 2yhCp o

k
V*(p) —inf V= I (p) < € € , 9
(p) ; (p) e e T 9)
where
e= sup ¢,
1<j<k—1

¢ = sup €10
1<j<k

This Lemma could be directly extended to expectation form in Section[Q
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This is a straightforward application of the following theorem.
(Perolat et al., 2015, Theorem 1) Let p and o be distributions over states. Let p, q and ¢’ be such that
% + % = 1. Approximate Generalized Policy Iteration takes the following update:

TVk_l S Eka_l + 6;6 (10)
Vi = (Ek)m Vi1 + € (11)

Then, after k iterations, we have:

1

2(y = 1F)(CLH0)
Iy < a sup €illpg .o,
” H;&P (1 _ 7)2 1<j<h—1 H JHZDQ (4

1
(1= M)(CEg™0)7 sup |[€}|pg
Q-2 g TP

2%k krLoNL
+ m(cq’ )7 min(||do | pg’,os 100 p’ r)-

where
k—1 oo
1—~)2 .
e = S S i+ )
LS A
b=V —imf v
b = Vig — Tprs1 Vi

Note the generalized norm of Radon-Nikodym derivative is:

d(pPH17V1 o 'Puj;Vj)
do

cq(j) = sup

H1,V1, 0 5 G,V

a0
Now we make adaptation to this theorem.

Proof. Set norm order p = 1, then let ¢ — oo,q’ = 1. Note that, in reinforcement learning, p has an explicit
meaning of measure distribution or distribution for testing, while o stands for exploration distribution. Normally
exploration should cover more states, e.g., o is a uniform distribution over all actions.

Now we provide detailed calculations with these parameter settings.

PP g1 Pyj 44

Cgsoo(f) = sup
xl fl..xd fI

= qhﬁrgo <Z O'(S)

S

g q—00,0

1
‘q>q

p'])z17f1 N -'ij)fj (S)

o(s)
PPyt g1 Pyi g
o

= sup
xl,fl.,---xj,fj

= ¢p,0(J)

oo

As for weighted norm o, it holds:
* : z®
lllp =D p(s)(V(s) — inf I(s)

=V*(p) =it V" (p)
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Notice in practice Vj(s) is initialized to be 0, hence

:Z (s)Ibo(s)]
—Z IVols) — TorVals)
< supr(s,a,b)

s,a,b

<1

which gives that min(||lo||1,0,]|bol/1,0) < 1. Then proof is completed via substitution. O

Lemma 3 (Policy Gradient). Consider a two-player zero-sum Markov game, when x is fized, for f it holds:

xX 1 xT
VoV©I (s9) = ﬁ]ESngéf]an(-\s)]Ebe(-\S)Ve log f(b]s)Q™7 (s, a,b)

1 T
= j]ESngéf]an(-\s)]Ebe(-\S)Ve log f(bs) A" (s, a,b)

Proof. The proof is straightforward.

VoV®7 (s0)
=Vpy Z (ag|so) Zf bo|s0)Q“ (s0, ao, bo)
ao
= Z Vo f(bo|so) - ZUC(GO|SO)Qw’f(807 ao, bo) + EaoEs, VeQ (50, ao, bo)
bo ao

= anEbo [VQ log f(b()lSO)QI)f(SOu ao, bO)} + VanEboE& VGVI)f (Sl)

> ' Valog f(be|se) Q™ (st,ar, by)

t=0

=Eu ¢

—1 €T
= _,yEswdﬁéfEa~$('|5)Eb~f('IS)vﬁ log f(b]5)Q™ (s, a, b)

Notice that, when replacing Q7 (s, a,b) in the final line with A% (s, a,b),

anz(.‘s)Ebe(.‘s)VQ log f(b|S)Az"f(S, a, b)
= Eana(s)Bons(1s) Volog f(b]s)(Q (s, a,b) — VI (s))

Note that Ey.s(.|s)Volog f(bls) = 0, then V®/(s) term’s influence is zero. Proof is completed. O

The distribution mismatch coefficient, which is often used for single-agent policy-based optimzation, is a weaker
condition compared to concentrability coefficients, see (Scherrer, [2014) for more discussion.

Lemma 4 (distribution mismatch coefficient and concentrability coefficients). For any fix policy x and its best
response f*, for infinite horizon, it holds

*

s

a

< —C,

o |l 1=797°
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Proof. The proof is straightforward,

dg;f* ,.Y O' PLE f
Lo fge
m>0
o0
™o ( 'sz )™
NI A"l
m>0 0
<( Z myY" ey p(m —1)
m>1
_ Ch
e
Proof is completed. O

B Proof for Section [
[Proof sketch] Recall Approximate Value/Polity Iteration for zero-sum games (Perolat et all, [2015), in each
step k=1,2,3---,
TVk_l S Eka_l + 6;6 (12)
Vie = (Tor )" Vi1 + €k (13)

where m denotes the number of performing Bellman operators w.r.t. a fixed value-function Vi_1, and e is

tolerance term. Specifically, m = 1 is Value Iteration. While m — oo, (Tx)"Vi_1 — vt = inf ¢ v="f due to
Bellman operator’s contraction property (see Lemma [I]).

We discuss details to characterize error brought by two steps in each iteration, namely: € and e respectively.

Greedy Step Suppose two sequences of {f;} and {z;} is given, let fr» = & Z;‘il ft,x_i[ =4 Zthll z¢, then

mf— Zas fowe) < inf o(f,07) < supinf ¢(f,x) < sup (frr, @) < sup 7 Zas fi,x), (14)

where ¢(f,z) = T Af in this paper. Specifically, assume that two players produce sequences by using a regret
minimization algorithm respectively, of which the bounds are

T’ i
% Z(b(ft,:vt mfz ~¢(f, ) < Rate(wy, w2, x71) (15)
=1 =1
|z |
7 200 w)) —inf 5 3 (~6(fu,)) < Rate(fy, for -+ fr) (16)

Thus, an upper bound of Greedy Step could be derived
supirflf o(f,x) — irflf o(f,x7) < Rate(xy,xa,- - x7:) + Rate(f1, fa,+ - frr)

*

Ounly in this section we denote (f*,2*) as the policy pair at NE for simplicity, i.e., sup, ¢(f*,z) =

inf y sup, ¢(f, x)) = inf; ¢(f, 2*).
Lemma 5 (Greedy step suboptimality.). In Algorithm [3, when both players adopt the following adaptive step
sizes for each state s € S,

10g(|A|T/2) 1
7y = min T :
VEH AT wls) — ATz (1) + /S AT wCls) — A ()R L T
10g(|A|T/2) 1
7y = min T m ,
VI A1) = Afia G2 + /S22 AL fiCls) — Afia ()2 LT T
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— ~ ’
then pair (a7, fr/) is an O (%) — approximate minimax equilibrium.

Proof. Proof is modified from (Rakhlin and Sridharan, 2013). Regret minimization procedure in Eq.[IHis calcu-
lated as:

x

T/
S Z <ft - f*avf (Sup¢(ft7$)>>
t=1 ¥

T/
1
= (7) R+ S AT AT ] e = il
1

T/
Z sup ¢(ft, z) —sup ¢(f*, )
t=1 i

t=1
1en 1
3 ~(llge = fell® + llgi—y — fel) + 1,
—
where R2, . is upper bound of KL divergence between f* and any ¢/, so B2, = log(|A|T'?). With some

calculations, the sum of two regrets (Eq. and its counterpart) is upper bounded by

40 2 1 40
6+ 4+ —— )1 T’ e T 17
(4 ) AT T an
Thus regret is upper bounded by O (%)
O

Iteration Step While Approximate Value-based algorithms generally focus on the relation between e, and
accumulative error of €5 ;,¢ = 1,2,3---m. We could take another view of this iteration: at k" iteration, let ya*
be our goal to achieve, V} is what we finally get with optimization techniques, and €; now turns out to be a
suboptimality gap.

> lex(@)lo(s) = VI (0) — inf V" (o)

Describe this with general policy-based languages: when we are given z*, we desire to find infy ve".f . Note that
it holds similarity to the general single-agent MDP, where the agent seeks to find max, V™. Thus we could apply
NPG for player two at iteration step, next we show NPG update in Algorithm [] takes exponential form on the
weighted advantage function.

Lemma 6. Fiz x, when f is softmax parameterized, it holds

ft+1 x ft . eXp_% Zaw(a\s)AI,f(s7a,b)

Proof. Notice that Fisher matrix calculation for this case is often obtained by minimizing

2
Lw)=E__ By (wTVQ log f(bls) — Zx(a|s)Am’f(s, a, b)) ,

a

which is because:
At minimizer w*,

dL(w?) _ () implies that

dw -

E, g2 Bog ((w*)Tve log f(bls) = > _ w(als)A™ (s, a, b)) Vo log f(b]s) = 0,

a

rearrange this,
w* = (1= ) F5(0)' VeV (o)
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For softmax parameterization, note:

w* = Zx(a|s)Az"f(s, a,b)+v(s) & L(w*)=0

a

Then NPG updates take the following form,

v

t+1 _ gt _ 1 z.f _ "
0 0 1_ﬂyz:v(a|s)A (s,a,b) T

a

ft-l—l x ft . expf% Zaz(a\s)Amwf(&a,b)

Proof is completed. O

Lemma 7. With above update rule, after T iterations

< log |A| n 1

z,fT vz, fr
Vet —ver ) < AL L

where f* is player two’s best response w.r.t. x, which satisfies V=7 (o) = inf; V(o)

Proof. Proof sketch is analogous to |Agarwal et al. (2020, Theorem 5.3), only need to replace A7 (s,a) with an
average term y_, x(a|s) A%/ (s, a,b). O

With these policy optimization results, the proof of Theorem [I]is concise.

[Proof for Theorem [I]

Proof. After T steps of NPG descent, it can be guaranteed that
en(s) = VI (s) — inf Ve >0

2

2 lex()lo(s) = VoI (o)~ V(o) < T

where we have set n > (1 — v)%log|A|. Substitute this NPG suboptimality and Greedy step suboptimality
(Lemma [B]) into Lemma [2] proof is completed. O

B.1 Proof for Entropy regularization

First, note that the entropy term w.r.t. min player f

1 1
—E, osEpylog ———
1— oy e f ()

lies in [0,log |A[]. Recall that V(o) = miny V(o) = Ve I7 (o) — 7H (o, f) and the following sandwich bound
holds:

H(va) =

T

-

Veli(e) 2 Vel (o) > VR0 (0) 2 Vi (o) 2 VoF (o) = 7 log|Al,

We aim to bound V*/” (o) — V*F(*) through optimizing V;, denote V* = V*/ () for short, observe
Vel (o) = vl W) = vl (o) ~ Vi (o) + Vi (o) = Vi (o)

T log |4+ V2 (0) = V2 (o) + 0.

<
-1
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Besides the notations in Section [} introduce the regularized advantage function for min player f
A2 (5,,8) = Q2 (s, 0,b) + 71og f(b]s) — V! (5)
Regularized reward is
r-(s,a,b) = r(s,a,b) + 7log f(b|s)
Lemma 8 (Regularized policy gradients).

1
VoV&I (s0) = mESN 4z, Bara b f Vo log f(b]s) A% (s, a,b)

Proof. Note that soft Q function is Q% (a, a,b) = r(s,a,b) +yEs V=1 (s")

V@VTm"f(So) = VQ

57 False) 3 laolso)( (.o, )+ 71og Fblon) + wESIV?%n)]
bo

ao

:V9

Z J(bols0)Eag~a <Qf’f(507 ag, bo) + 7 log f(bo|50))]
bo

= 57 1 (ols0) ot (Ools0) B ( Q5 (50,00, 0) + 7105 (b))

bo

+ EboNfEaONEVH <T(507 ao, bO) + FYEslvTxyf(Sl) +7 1Og f(b0|50))

oo

Z V'V log f(be|st) (vaf(st, at,bt) + 7log f(bt|st)>]

t=0

=K

1
1—7
1

— ﬁESNdI,fanEbN rVelog f(b|s)A%7 (s, a,b)
J— S50

ESNd;:(,)f]EaNIEbeVQ log f(b]s) <Qf’f(s, a,b)+ 7log f(b|s))

Adopting softmax parameterization, gradient is written as

8Vf’f(so) N 1
90(s,b) 11—

Lemma 9 (Regularized update rule).

1) oc (F1(bs)) T exp [ — —— S 2(als)Q% (s, a
P00 < (£01) e (= £ S wtal@ b))

,Ydiaf ()£ (b]$)EBans A% (s, a,b)

Proof. Denote update direction as w* = (F?)'V,V.*f (o), which means w* is minimizer of square loss

| Féw — VoV (o)

. 1 . . 2
= 5 (OO s~ c(6) — T FO1S B 47 (50,8))
s,b
thus wsp = c(s) + ﬁanzAz*f(s, a,b), and
FL(b]s) oc F1(b]s) exp <_1LENA$> (s, a, b))
-

= fH(bls) exp (—ﬁ%(@&f%s, a,b) + 7log f(bls) — v£f><s>>)

o (f1(Bls)) T exp (—ﬁ 3" a(als)QW (s, a, b))

a

(18)
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Proof is completed.

Lemma 10 (Performance improvement lemma).

1
t _ y/t+1 _
Vi(so) = Vo (s0) + By g (77

KL (P Cs) + LK (Gl )

Proof. Regularized update rule can be transformed to

— (log f*}(b]s) — log f*(b]s)) + 1_77 log Z'(s) = —7log f'(b]s) — EarnaQ7(s,a,b)
Then

VE(s0) = EanaEonpe [T1og f*(bolso) + QL(s0, a0, bo)]

— —1_77 log Z"(s0) + PTWKL (f*Cllso), £ Cllso))

= Eyyoprr [7’ log f'(bls) + Eano@L (s, a,b) + 1_77 (log f**! (bls) —log f'(b]s))
F I IRL(F Clso) | Cls)

= Epyprtr [71og 7 (bo]50) + Eana @ (50, a0, bo)]
N (1—77 B T) KL (ft+1(.|80)||ft(.|30)) + 1_TWKL (ft(,|so)||ft+1(-|so))

Note that: Q% (s, ao,bo) = r(so,a0,bo) + VEs, V!(s1), apply this recurrently then the proof is completed.

For regularized Markov games, the suboptimality gap is shown to be
Vo (o) = v (o)

Zv sivai bi) +7log 7 (bils:)) | — VEI (o)

- [Z v ( r(si, ai, bi) + 7log [ (bilsi) + AV (si41) — Vf’ft(‘”))]

1
- . E * (t) * _v®
- 1— /}/Eswdﬁ‘fﬂ' [ - fT (b|5) (EGNIQT (Svaab) + TlOg fT (b|$)) VT (S)
Take reverse,
vl (o) = v (o)

L VIO (s)+ 3 £ (bls) (~EansQ)) — 7log f <b'8>)1 !

= T ,-YESNdi’f: g

where

> F2(bls) (~EanaQ(5,a,0) = o 1 (b1s))
b

()

Fana—QF) (s0.0)/7
=7y fXbls)log| ——————
2 1:(00) 72 0ls)

(t)(s a,b)
<7l —Epy "2
< tlog Eb exp ( =
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Contraction property Following contraction argument raised by [Cen et all (2020), suppose n = 1;7
VTxvft+1 (O') _ VTw,f;f (0_)
=Vl o) = vE T (o) + VT (o) = VT (o)
1 ¢ o f*
=E g = KL (DI C) + V7 (0) = V7 (o)
o fr =1
< nyft( ) Vm’f:( ) ) 1 dp" T
o |1
x,f*? x, fr dP). ’
< (VT (o) — V& T(U)) 1= (=) |
Denote stationary distribution as: pr = dil;f: and
vl (o) = Vi (o)
g P % 1,.: "
<|E] (v - v o)
/’LT o0
a xT 0 * €T, : *
< H— A (Vi ) = Vi )
/’LT o0
Combining these results, we are ready to show Theorem
[Proof for Theorem [2]
Proof.
vel' (o) = Vol @) ()
= VoI (o) = Vil (o) + VT (o) = V(o) + V7 () = V(o)
TloglAl | || o T 0 w7
< Thosl o) e (v - v ),
I—vy P oo (1) (1)
note that V27" () — v (ur) <1+ 7loglAl.
Proof is completed via substitution into Lemma O

C Proof for Section

For online setting, we consider Approximate Generalized Policy Iteration (EqIT EqIT]) in expectation

E[TVi—1] < E[TxVi_1] + E[E;C] (19)
E[Vi] = E[(Tor)" Vi-1] + Elex] (20)
Here, we try to bound the summation of tolerances over state space S. In function approximation, S could

be very large or even infinite. Therefore, we use the optimization measure ¢ we take to train our policy for
generalization across states, namely:

Ele] = E[Y_o(s)ej,(s)]

S

Eler] = E[Y_ o(s)er(s)]

S

Randomness is brought by oracle sampling and stochastic optimization.
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Based on the iterative scheme, Lemma [2] could be adapted to expectation: after k iterations,

r] L 20-RCHS (- oeaEe ,  yiekkno
E|[V*(p) —inf V= (p)| < L7 ¢ 27 ¢+ L :
f (1—=7)? (1—=7)? 11—~
where
e= sup Elgl,
1<j<k—1
¢ = sup E[¢]].
1<5<k

We are able to derive suboptimality gap for the online setting.

[Proof sketch] Similar to Section [Bl discuss errors brought by two phases respectively.

Greedy Step
Problem Restatement: Consider a two-player zero-sum matrix game, formally

min max fTAszzr
FCls)eA(AD z(-[s)eA(|A])
Ag(a,b) =r(s,a,b) + Z’P(s' | s,a,b)Vi_1(s")

The goal is to output policy 27+ for max player and an upper bound of Greedy error E[¢'] = E[>

E

ngpigf ¢s(f(ls),2(ls)) —inf ds(f(]s), 27 (5))

T T’ T’ T’
< %EZ { > slfrrme) - il}fz%(f, )+ Y (=5 (for ) = ing(—fbs(ftvx))}
s t=1 t=1 t=1 t=1

We only analyze max player (') and min player (f*) is very similar.

First, we show our Algorithm Ml is using unbiased gradient estimates. Observe:

E[gn]
= EsnoBanat(15)Eon s (1) Es np(f5,a,6)Barmat (1) [T(5, @, b) + Y Vi_1(s")]
- (Veloga'(als) — Velogai(a'ls))
= EsnoBomat(s)(Asf")aVelogzt(als) — EsuoEar (505 (fr: x) Ve log at(a']s)
= ESNUEaNm‘(»Is)[(ASft)a — ¢s(ft,71)| Ve log z*(als).

Recall notations raised in Eq. Bl where z* is best response of average policy % Zthll ft,

Esno KL("(|)]l2*(-]5)) = K L(z"([s)ll="*" (-]s))
z(als)

=EsuoEqms- log 2t als)

. s
> ESN(T]EG.NCE*(~|5) <V9 10g$t(a|8),7’]l’wt> - §H§t+1 - é-tHQ

= n/ESNUEaNz* {VG Ingt(a’|S)TuA}t - ((Asft)a - (bs(ftaxt))}

/2w2
+ nIESNUEaNm*(»Is) [(Asft)a - Qbs(ftv xt)] - 677 2
/ T s ?
> =\ EsnoBana(s) (Ve logat(als) W' — [(Asfi)a — %(fmil?t)])
By w2

+nlEs~a(¢s(ftu$*) _(bs(ftaxt)) - 2 )
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2
where we define L(w!) = EgupFqyt (V9 log zt(als) w! — [(Asfi)a — bs(fe, :ct)]) with little abuse of notation.

Rearrange inequality and the upper bound of Eg ¢4 (fi, %) — ¢s(ft, 2+) is smaller than

\/—+ ﬁn’W2

iEsw [KL(z"([s) [l (-]s)) = KL(z"(]s)l|l="" (-]s)] + sup
n <T’

Expectation of €.s; is bounded by sample complexity, SGD optimizer has

cest = EL(#")] — Lw") £ =,

where G = 2B(BW +2/1—~) bounds norm of gradient estimation, learning rate o’ is set as W/avN7, see Lemmal[I3

Thus

E [sgpirflf ¢s(f(-]s), x(-[s)) — i?f¢5(f('|5)a17§”('|5))}

< aniEN (KL (1)l (1)) + KL Cl)| (1))

1 1 GW
+ sup ||—|| +4/sup ||— A€ ow + ——= + B W2
<\/t<$, ft - \/K%), It LO> \/ pp N Bn
2log|A| 1 H 1 ’ GW R
< + sup ||—=| +4/sup ||— A€ pros + ——= 1+ B0 W
=TT tg%)/ ft - tg%)/ 7t - pp N Bn
Let ' = 4/ Qﬁbm,g2‘:,“f‘,l, and finally E[¢'] = E[}", o(s)e},(s)] is lower than

2log | A|BW2 , VGW
2 \felppron + A (21)

Iteration Step See NPG regret Lemma [II] for two-player zero-sum games, where err; is bounded when
vo(s,a,b) = o(s)/|4]? is an exploration distribution covering all states and actions:

|eT‘Tt| S \/Eswdz I amm b £ ( [AI o (Sv a, b) —w'Vylog ft(b|8)]2

di_vf* . . fx
< +f Eq b0t (A% (5,0,b) — w!'Vglog f4(b]s))?
2 d?f*
S ﬂ _— L(wt79)7
1= o

Notice E\/% > L(wt,8) < \/% >, E[L(@t, )], then proof is completed via upper bounding E[L(@", 6)].

The final equality contains distribution mismatch coefficient Hdﬁ’f ’ /o

, which often appears in single-agent

policy-based optimization. It measures the difficulty of exploration proboloems faced by algorithms. Furthermore,
e’ /o
o0

We first introduce a two-player zero-sum Markov game version regret lemma, single agent version of MDP is
useful for online NPG analysis (Agarwal et all, [2020).

Lemma 11 (NPG regret). Assume for all s € S and b € A that log f(b|s) is a B-smooth function, then

T—1
1 . 1 (log|A| BWQ 1
- x, f _ (@) g 77
T ;ZO V&l(o) =V (0) < T ( T E err |,

could be derived. See Lemma [l
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where erry is defined as

erry =B jer @ Bonpr (o) lz z(als)A™I" (s,a,b) — w'Vylog f4(b]s)
= L, [A7 (5,0,0) = 'V log £ (b]s)]

where we denote E:,a,b = ESng,f*EaNbeNf* for simplicity.

Proof. When making no abuse of notation, we denote f* as the best response of fixed = for simplicity from now
on, i.e., V&I =inf, V*/

Sap (KLU = KL )

. ft-i—l(bls)
= Es a log Tt 11 N
SO
t t 5772 2
2 Es a,b WVH Ing (b|S)w — TW
2 2
= _nEs a, bA S (S a b) + nEs a,b (Azﬂf* (Sv a, b) — Vo log ft(b|5)) B ﬂn 2W
* t 2172
=-n(l-7) (Vw’f (o) — V=T (U)) +nerry — ﬁﬁ2 .

Rearrange it and we get

Vel (o) = vl (o)

2
< 1 (3B B (KLULAY) = KLG) = et 50 )

Taking the sum, and notice that §° =0

T-1 5 T-1
LS e (o) - v (o)) < C%W T em)
t=0

Tl nr t=0

Lemma 12 (Unbiased estimation). Sample-based gradient in Algorithm[3 is unbiased of V,,L(w) (Eq.[d).

Proof. Recall the estimators in (Agarwal et al), 2020, Algorithm 1, 3) which provide unbiased estimations of
Q™" (s,a,b) and d=/". With little abuse of notation, we use Qf, A* to represent Q=" and A=/".
Es o prrt oy gt [gn]
= Eq 0,00t Q(s,0,b) Vg log f*(b]s) — By g pmwt B e Q(s, a,b) Vg log f*(v']5)
= Eq 050t Q' (s,a,0)Vglog f1(b]s) — Eq 4 prt V(s) Ve log f(b]s)
=Eq 0t Al(s,a,0) Ve log f(b]s),

hence,
2Es,a,b~ut [(wr—LFVG log ft(b|8)) VG log ft (b|8) - gn}

=2E; 4 bt [wIVQ log f'(b|s) — A'(s,a, b)] Ve log f!(b|s)
=V L(wy,)

Proof is completed.
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Lemma 13 (Bounded stat error). Assume ||Vglog f(b]s)||2 < B, statistical error of minimizing Eq.[8 is bounded

Proof. For this sample-based projected gradient descent, notice the estimated gradient is bounded by G =
2B(BW + ﬁ) Shalev-Shwartz and Ben-David (2014) shows if setting learning rate oo = %,

_ N GW
E[L(w)] — L(w*) < ﬁ

O

.
Lemma 14 (Gradient norm bounded for log-linear parameterization). Suppose mp(als) = 5= e’fc(ﬁp (d;s&z 5 for
a’e s,a’

which ||¢s ol < D, we show ||Vglogn(als)||z2 < B =2D.

Proof. Proof is straight forward
(bs,a’eer)s’a

E , 69T¢s,a’

a

= ¢s,a - Z ¢s,a’P(a/)a
a/

Vo logmg(als) = ¢s.a —

07 bs,a

where P(a') = —%—+,—. Then
IVelogma(als)|| < lls.all + 1Y ds.aP(@)|
< llgs,all + Y P(a)ll¢sar
<2D.
Proof is completed. O

mitial state-action

Lemma 15 (Tteration error of Algorithm [B]). Set learning rate n = 4/ 261;%/%\ , o = %,

distribution vo(s,a,b) = o()/|A1%, erry in LemmalIdl can be bounded with sample complexity.

- + 2
lerr? S By [A7" (5,0,6) — w! Vg log [ (b]s)]
ds I g f* " 2
< intxf Es o put (Ax’f (s,a,b) —w'Vylog ft(b|s))
1 ds I . f*
< CANREAR B | R
1—7v Vo o
1 d=I" g f*
S o xz f L(’LZ)t,G)
I—v 2 .
2 dm,f*
< A | ds L(w', 0)
1—7v o .
AP ||de” A . .
Sl—w o m(L(wt)_L(w>+L(w )

*
di’f

is controlled by C,, ,

oo

o

From Lemmal[4, ’
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Take the expectation on both sides of Lemmallll, summation of err; is bounded

E

zt: %errt] <E l% Zt: \/E:,a,b (A=T%(s,a,b) — w'Vglog ft(b|s))2]

1
= E\/T ZE;-,a»b (A™-T"(s,a,b) —w'Vlog ft(b|5))2, y =/ is concave
t

< \/% zt: E {]E;ayb (A= f*(s,a,b) — wtVglog ft(b|3))2}
x, f*
< % dUT ‘ -E[L(wt) — L(w*) + L(w*)]

A2 aw
- \/(1 —Cee \ T Cemvrer

Further, V1 < 3 <k —1, it holds

E[Y o(s)e;(s)]

S

=E

1 T-1
fE]V”Y@—vMYwﬂ
t=0
[2loglABW> 1A [, (GW
S T + (1 _ 7)2 CU,U \/N + EGPPT0$
[2log| ABW2 A |, GW A o
= A (e A OV (o D

Take the expectation on both sides of Lemmal[d, note Elsup;<;<y_1 |l€jll1,0] is also upper bounded by the above
inequality, then the proof is completed via substitution.

Combining these results, Theorem [B] for online setting is concluded.
[Proof for Theorem [3]

Proof. Substitute € and €',

E V7o)~ v+ (o)

200 =G A= 2F ke
- (=2 (1—7)? 1—y 77

2log|[APWE || aw |4
€ = + Cég—‘i‘i C(I;g'ea TOX
L N el AV A (i
[21og | A|SW2 VGW
e =2 % + 2¢ <‘ /Eflppmm + F)

When the outer loop count k is set as K, proof of Theorem [3is completed. O

where
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