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Mathematical Knowledge for Teaching Proof (MKT-P) has been recognized as an important 

component of fostering student engagement with mathematical reasoning and proof. This study 

is one component of a larger study aimed at exploring the nature of MKT-P. The present study 

examines qualitative differences in feedback given by STEM majors, in-service and pre-service 

secondary mathematics teachers on hypothetical students’ arguments. The results explicate key 

distinctions in the feedback provided by these groups, indicating that this is a learnable skill. 

Feedback is cast as a component of MKT-P, making the results of this study significant empirical 

support for the construct of MKT-P as a type of knowledge that is unique to teachers.   
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Calls for students to experience deeper engagement with mathematical proof and reasoning 

across a variety of levels have been long standing (Nardi & Knuth, 2017; NGA & CCSSO, 2010; 

NCTM, 2009, 2014; Stylianides, Stylianides, & Weber, 2017). In order for this aim to be 

realized, mathematics teachers must be equipped with a substantial knowledge, both subject 

matter and pedagogical. The present study is part of a larger, NSF-funded research project, 

which studied how Mathematical Knowledge for Teaching Proof (MKT-P) of prospective 

secondary teachers (PSTs) evolves as a result of participating in a specially designed capstone 

course Mathematical Reasoning and Proving for Secondary Teachers (Buchbinder & McCrone, 

2020). The course design and the assessment instruments draw on the MKT-P theoretical 

framework proposed by Buchbinder & McCrone (2020), which we describe below.  At the same 

time, the project seeks to understand the nature of (MKT-P) empirically; specifically, whether 

this knowledge is unique to teachers and if it is learnable. To explore these questions, we 

compared the performance of STEM majors, in-service teachers, and prospective secondary 

teachers on an instrument designed to assess MKT-P (Buchbinder & McCrone, 2021). This 

examination of groups with distinct mathematical and pedagogical backgrounds aims to draw out 

the ways in which MKT-P is unique to teachers. Distinctions in performance of the practicing 

teachers with respect to individuals with little teaching experience or extensive theoretical 

knowledge of teaching, but strong knowledge of proof-specific subject matter, could reveal the 

components of MKT-P, which are unique to teachers (Krauss, Baumert, & Blum, 2008).  

The study reported herein analyzes a particular aspect of the MKT-P - the ability to provide 

instructional feedback on student mathematical work. A set of items on the MKT-P instrument 

asked participants to provide hypothetical students with feedback on their mathematical 

arguments. This feedback was quantitively assessed in the larger study through a coding scheme 

concerned with correctness and mathematical richness of responses (Buchbinder, McCrone & 

Capozzoli, Butler, in preparation). As we coded these responses, we noticed significant 

qualitative differences between the feedback provided by the three groups, which could not be 

captured by the existing scheme. The current study provides in-depth exploration of the 

differences that caught our attention in the larger study. The research questions are: 

1) How does the feedback to a hypothetical student on mathematical arguments compare 

across three groups of participants: practicing teachers, STEM majors, and PSTs.   



2) How does the feedback of PSTs change before and after participation in the capstone 

course?  

Background and Literature Review 

In this study, providing feedback on students’ arguments is taken as one practice specific to 

Mathematical Knowledge for Teaching Proof (MKT-P). Inspired by research on the notion of 

MKT-P (e.g., Corleis, Schwarz, Kaiser, & Leung, 2008; Lessig, 2016; Lin et al., 2011; Steele & 

Rogers 2012; Stylianides 2011), Buchbinder and McCrone (2020) proposed an MKT-P 

framework, which consist of three domains: knowledge of the logical aspects of proof (KLAP), 

knowledge of content and students (KCS-P), and knowledge of content and teaching (KCT-P). 

KLAP encompasses subject matter knowledge related to the mathematical content of proof, such 

as knowledge of definitions, proof types, and proof validity. KCS-P describes knowledge about 

student perceptions of various proof related concepts including knowledge of common 

difficulties or misconceptions. KCT-P is knowledge of pedagogical praxis specific to facilitating 

student engagement with reasoning and proof and encompasses such skills as design of 

classroom activities, the making of instructional moves, and the ability to provide students with 

productive feedback on their proof related activities.  

Feedback is commonly described as “information provided by an agent (e.g., teacher, peer, 

book, parent, self, experience) regarding aspects of one's performance or understanding” (Hattie 

& Timperley, 2007, p.81). Extensive research across populations and disciplines has explored the 

ways in which various characteristics of feedback are related to student achievement (e.g., 

length, timing, positive or negative nature, and format) (Shute, 2008). Recent work in 

mathematics education builds on these established relationships between feedback and student 

learning by focusing on feedback as a teaching practice.  

Kastberg et al. (2016) found that mathematics PSTs tend to center their feedback on the 

performance of the task, processes involved in completing the task, and personal evaluations 

with more attention to correct than incorrect responses. This finding is echoed by Crespo (2002) 

who found that PSTs tended to focus their feedback on the process and correctness of student 

responses, with PSTs supplying students with correct solutions in the case of incorrect responses 

and issuing praise in the case of correct responses. Over the course of a mathematics methods 

course, Crespo (2002) found that PSTs shifted the focus of their praise toward the process 

students used to obtain their answers and shifted the focus of their critiques toward probing 

student processes via questions and offering guidance toward correct solutions. These shifts are 

also evidenced by Santos & Pinto (2010) who tracked the changes in written feedback given to 

secondary students by a single teacher over the first two years of her teaching. They found that 

the focus of her feedback shifted away from the task and toward the student, errors were 

corrected less often, symbolic feedback was given less often, the nature shifted from stating facts 

toward leading clues, and length of feedback increased. Bleiler et. al. (2014) analyzed feedback 

given by PSTs on sample student proof strategies, finding that PSTs tend to critique student work 

for use of specific cases over general mathematical representations. Overall, the literature 

indicates that feedback is a practice which teachers develop over time with this development 

centered on shifts from product to process and from telling to guiding. This supports our 

assumption that providing feedback on student mathematical arguments is a particular task of 

teaching specific to classroom situations involving reasoning and proof; in other words, an 

element of MKT-P. Comparing feedback across groups with comparable mathematical 

knowledge but different pedagogical background can provide empirical support for this 

assumption and illuminate the nature of MKT-P.    



Methods 

Participants and the Study Setting 

Three groups of participants were involved in this study; 17 in-service secondary 

mathematics teachers, 22 university STEM students, and nine PSTs involved in the capstone 

course Mathematical Reasoning and Proof for Secondary Teachers. The in-service mathematics 

teachers (11 female and 6 male) had teaching experience ranging between 2 to 25 years (𝑥̅ = 

12.18, SD = 8.26). The teachers were recruited via presentations given at departmental meetings 

and were compensated for their participation with a $35 ex gratia payment.  

The STEM majors and PSTs came from the same 4-year university. The STEM students, 

mostly computer science and mathematics, second year majors, were enrolled in a mandatory 

mathematical proof course. The course instructors reviewed the MKT-P questionnaire and 

confirmed that the students should have all the relevant proof knowledge included in it. The 

students who volunteered to participate in the study received a small extra credit in the course.  

All but one of the PSTs enrolled in the capstone course were in their final year of their 

secondary mathematics education program, so they had completed the majority of their 

mathematical coursework, including the same Mathematical Proof course as the STEM majors, 

as well as two courses specific to mathematics pedagogy. While these latter courses did require 

some classroom observations, the participants had no personal experience with teaching.  

The capstone course (taught by the second author of this paper) intended to enhance PSTs’ 

MKT-P by helping the PSTs to connect their university-level knowledge of mathematical 

reasoning and proof with secondary school teaching (Buchbinder, McCrone, 2018; 2020). The 

course was comprised of four modules, each devoted to a particular proof theme: (1) direct proof 

and argument evaluation, (2) conditional statements, (3) role of examples in proving and (4) 

indirect reasoning. In each module, the PSTs refreshed their subject matter knowledge of the 

proof theme and subsequently examined common student (mis)conceptions of the topic. Next, 

they applied this knowledge by planning and teaching a lesson on that proof theme at a local 

school. They recorded their lessons using 360 video cameras and wrote a reflection report on 

their teaching (Buchbinder, Brisard, Butler, McCrone, in press).    

Instruments 

The MKT-P questionnaire contained 29 items designed to evoke participants’ knowledge in 

each of the three domains of MKT-P. Ten questions were devoted to measuring KLAP, eleven to 

KCS-P, and eight to KCT-P. The content of the questions spanned the four proof-themes of the 

capstone course (direct proof, conditional statements, role of examples in proving, and indirect 

reasoning) framed across a range of topics in the secondary curriculum: number and operations, 

geometry, algebra and functions. The KCT-P items, which are the focus of this study, consisted 

of two parts: identifying errors in a sample student’s argument and providing feedback to the 

student, with attention to both the strong and weak points of their work (Figure 1). This type of 

question requires participants to translate their proof-specific mathematical knowledge into the 

pedagogical practice of communicating with a student in a way that is productive for their 

learning. Hence these questions are appropriate for assessing KCT-P. By examining KCT-P 

items qualitatively, we hoped to detail the differences among the groups of participants, which 

we noticed in the larger study.    



 
Figure 1: Sample KCT-P item 

Data Collection and Analytic Techniques 

The same MKT-P instrument was administered to all three groups. The in-service teachers 

were given two weeks to complete the questionnaire in an on-line format. The STEM majors 

completed the paper-and-pencil questionnaire near the end of the course. The questionnaire took 

1.5 – 2 hours to complete. The PSTs completed the MKT-P questionnaire twice; at the beginning 

of the course (as an ungraded assignment) and at the end of the course as a final exam.  

The feedback provided by participants on KCT-P items was first analyzed for mathematical 

correctness and pedagogical depth, e.g., whether a student receiving this feedback would be able 

to improve their mathematical work. Through this analysis, detailed in Buchbinder et. al. (in 

preparation), we noticed stark differences in the three groups’ feedback, which our coding 

scheme was not capturing. Consequently, we re-coded all data using a newly devised a coding 

scheme, along four dimensions. First, we counted the sheer amount of words in the feedback. 

Second, we analyzed the perspective - to whom the participants addressed their responses. 

Addressing a student directly (e.g., “you are on the right track”) was coded as 1, using the 

collective “we” (e.g., “think what we are trying to show”) was coded as 2, and referring to the 

student in the third person, was coded as 3. The third dimension was the presence of questions in 

the feedback. Lastly, since participants were asked to highlight both positive and negative 

aspects of the student’s work, we analyzed the content of the feedback for complimentary and 

critical feedback. We used open coding and the constant comparative method (Strauss & Corbin, 

1994) to identify recurring themes (Table 1). The unit of analysis was the appearance of a code 

in a given response, so occasionally multiple codes were assigned to a given response. Two 

researchers coded the data individually with initial Kappa agreement of 0.67 (moderate) for 

compliments and 0.53 (weak) for critiques. All disagreements were discussed and reconciled. 
Table 1. Coding scheme for the content of the feedback   

Code and Description Examples 

Empty 

Providing feedback which is devoid of 

substance beyond recognition of correctness 

Compliment: Good proof 

Critique: Not proven enough 

General Mathematical Comment  

A general statement about the mathematics 

of the student’s work or describing work in a 

neutral manner 

Compliment: Strength: showed multiple examples 

showing its true 

Critique: An example does not prove so a 

counterexample is needed. 

Student Mathematical Work 

An explicit connection to the student’s work 

is made in the feedback 

Compliment: Molly had a great idea to show how the 

fractions add together to make a new fraction and used 

the closure property to argue details about the integers. 



Critique: Nicole only uses one example to argue that 

the statement is true. 

Student Understanding 

Feedback gauges what the student knows or 

does not know 

Compliment: You show your strong understanding of 

what a rational number is and how to use variables to 

generalize a situation. 

Critique: Calvin lacks an understanding in conjecture 

which is good to know for the teacher. 

Mathematical Value 

Centered on some mathematical value 

(brevity/clarity), mathematical writing, or 

argument structure 

Compliment: I like that the student attempted to use 

algebra in a general case to prove it 

Critique: Try to write it more in the 3rd person 

Directing Solution 

The participant tells the student how to 

correct their work, either through suggestion 

or direct explanation 

Compliment: N/A 

Critique: Nicole needs to use variables to show that the 

statement holds true for all rational numbers 

Results 

Although the number of words in the feedback does not give insight to its substance, it gives 

a broad sense of the participant’s willingness to take seriously the hypothetical student and the 

mathematics of the problem. The groups showed notable differences in the mean number of 

words, with teachers averaging 37.43 words per response and STEM majors averaging 27.18 

words per response. The PSTs’-Pre1 feedback was initially closer to the length of the STEM 

majors’, averaging 29.33 words per response; however, PSTs-Post surpassed the teachers 

averaging 48.69 words per response. This gain could be attributed to the high-stakes nature of 

the post-questionnaire, but it is nevertheless a valuable indication of engagement. 

The groups also differed with respect to perspective in which they framed their responses. 

The teachers had an average perspective rating of 1.87 while the STEM majors had an average 

rating of 2.29. This means that teachers more often framed their feedback as an address to the 

student while STEM majors tended to talk about the student or to the collective. The PSTs-Pre 

aligned with the STEM majors, with an average rating of 2.54, which slightly lowered upon their 

second attempt to an average of 2.17 (for PSTs-Post). This shift indicates that PSTs began to 

address students directly in their feedback more often, but still less frequently as the teachers.  

Participant’s responses were also analyzed for the presence of questions, although these only 

appeared in about 25% of the data: across all groups, only 74 responses contained some form of 

question. Of these, 13 (17.6%) were generated by STEM majors and 37 (50%) by teachers, 

meaning that teachers tended to pose questions to the hypothetical students more frequently than 

the STEM majors did. The PSTs-Pre posed 9 questions as a group, and 15 questions on the Post, 

representing 12.2% and 20.2% of all questions in the data set respectively. Yet again, the PSTs-

Pre performance on the questionnaire resembles that of the STEM majors, while the PSTs-Post 

performance shifted toward the teachers’ performance.  

Whenever possible, the content of the feedback was analyzed for the presence of 

compliments and /or critiques on student arguments. Complimentary feedback appeared in 62% 

of STEM majors’ responses, 64% of teachers’ responses, 73% of the PSTs’-Pre, and 91% of the 

PSTs’-Post responses. Figure 2 shows the frequency of each compliment type (detailed in Table 

1) as a proportion of the complimentary feedback from each group to facilitate cross-group 

comparison. 

 
1 For ease of communication, we refer to the pre-course data as “PSTs-Pre” and the post-course data as “PSTs-Post” 



  
Figure 2: Distribution of compliment types by group (in percent of total complimentary feedback in each group) 

Figure 2 shows that the only category for which all groups displayed similar proportions 

(within 5% of one another) is that of general mathematical principles. Among the notable 

differences between the groups is the drop in empty compliments of PSTs-Pre to PSTs-Post. 

While all other groups had similar proportions of empty praises (within 7%), PSTs-Post gave 

such feedback less frequently, with only 9% of their compliments considered empty. PSTs-Post 

also showed a large drop (17%) in complimenting student mathematical work, while 

dramatically increasing their complements of student understanding (2% to 27%). Both teachers 

and STEM majors showed low rates of such feedback (5% and 8% respectively) making this 

category a distinguishing feature of the PSTs’-Post complimentary feedback. PSTs also slightly 

increased their compliments of mathematical values from 28% to 36%. While PSTs-Pre were 

closer to the teachers on this category (25%), the PSTs-Post fell between the teachers and the 

STEM majors (44%).  

Feedback of a critical nature was more frequent than complimentary feedback for both 

STEM majors and teachers, appearing in 86% of STEM majors’ responses, 84% of teacher 

responses. 68% of PSTs-Pre and 89% of PSTs-Post feedback contained some sort of critique.  

 
Figure 3: Distribution of critique types by group (in percent out of total critical feedback in each group) 

Figure 3 shows the distribution of critical feedback categories for each group in percent of 

total critical feedback in each group. Compared to Figure 2, each group provided empty critiques 

less often than empty compliments, with such critiques being entirely absent for PSTs-Post. This 



indicates that the critiques provided by all groups are substantive and contain more information 

regarding the nuances of student’s arguments. The types of critiques vary by group. Notably, 

PSTs increased their critiques of student mathematical work and directing solutions. PSTs-Post 

decreased their focus on general mathematical principles and mathematical values compared to 

PSTs-Pre. This indicates shifts toward specific aspects of existing student work and revisionary 

work rather than making general comments. The increase in directing solutions and decrease in 

mathematical values mark a shift toward the critique profile of the teachers while the decrease in 

general mathematical principles marks a shift toward the critique profile of the STEM majors.  

Discussion 

The two research questions of this study asked about qualitative differences in the feedback 

given by the groups and changes in PSTs feedback before and after the capstone course. 

Significant differences were found through these comparisons. Teachers tended to provide longer 

feedback, address the student directly, and frequently posed questions. STEM majors tended to 

write shorter responses in the third person. Content wise, teachers’ feedback tended to focus on 

the particularities of student work while STEM majors focused on the mathematical conventions 

and qualities of mathematical writing. Considered holistically, the feedback provided by the 

PSTs-Pre is qualitatively close to that of the STEM majors, while PSTs-Post feedback is 

qualitatively close to that of the teachers. This is primarily evident in the shift toward longer 

feedback addressed to the student and inclusion of questions. It is also evident in the shift of 

critical feedback toward directing solutions and away from critiquing mathematical values.  

These shifts in the PSTs feedback are consistent with the existing literature exploring PST 

feedback. PSTs in this study tended to provide complimentary feedback frequently, concurring 

with Kastberg et al. (2016) and Crespo (2002) that PSTs tend to focus on the correctness of 

responses. This study also echoes the trend in which PSTs write longer feedback focused on 

processes as they gain experience teaching (Santos & Pinto, 2010). The literature is furthered by 

this study as it compares the work of PSTs to both experienced teachers and STEM majors, 

revealing aspects of feedback specific to teachers and providing insight to their development.  

While limited by small sample sized and the high-stakes nature of the PSTs post assessment, 

the results of this study elucidate MKT-P as a construct; namely, these qualitative distinctions 

contribute to the empirical validation of this theoretical construct. By drawing out the differences 

in feedback provided by groups with varying mathematical and pedagogical backgrounds, this 

study illustrates that there is an underlying difference in the MKT-P of these groups, thereby 

lending credibility to the construct as something which is both unique to teachers and learnable.  

This connection of feedback to MKT-P also carries implications for teacher education. While 

the course that the PSTs of this study were enrolled in was not specifically aimed at cultivating 

specific feedback practices, changes in PST feedback were evidenced after taking this course. 

These changes along with the substantial differences in teachers’ and STEM majors’ feedback 

indicate that giving feedback is a learnable practice. By consciously attending to the 

development of MKT-P in PSTs, teacher preparation programs can better equip their participants 

to evaluate student work regarding proof and communicate their thoughts about this work back 

to the student in meaningful ways. 
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