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Abstract

Actor-critic (AC) algorithms have been widely
used in decentralized multi-agent systems to learn
the optimal joint control policy. However, ex-
isting decentralized AC algorithms either need
to share agents’ sensitive information or lack
communication-efficiency. In this work, we de-
velop decentralized AC and natural AC (NAC)
algorithms that avoid sharing agents’ local in-
formation and are sample and communication-
efficient. In both algorithms, agents share only
noisy rewards and use mini-batch local policy
gradient updates to ensure high sample and com-
munication efficiency. Particularly for decentral-
ized NAC, we develop a decentralized Marko-
vian SGD algorithm with an adaptive mini-batch
size to efficiently compute the natural policy
gradient. Under Markovian sampling and lin-
ear function approximation, we prove that the
proposed decentralized AC and NAC algorithms
achieve the state-of-the-art sample complexities
O(e2Ine™!) and O(e 3 Ine™ 1), respectively,
and achieve an improved communication com-
plexity O(e~*Ine~1). Numerical experiments
demonstrate that the proposed algorithms achieve
lower sample and communication complexities
than the existing decentralized AC algorithms.

1. Introduction

Multi-agent reinforcement learning (MARL) has achieved
great success in various application domains, including con-
trol (Yanmaz et al., 2017; Chalaki & Malikopoulos, 2020;
Venturini et al., 2021), robotics (Yan et al., 2013), wire-
less sensor networks (Krishnamurthy et al., 2008; Yuan
et al., 2020), intelligent systems (Zhang et al., 2021), etc.
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In MARL, a set of fully decentralized agents interact with
a dynamic environment following their own policies and
collect local rewards, and their goal is to collaboratively
learn the optimal joint policy that achieves the maximum
expected accumulated reward.

Classical policy optimization algorithms have been well
developed and studied, e.g., policy gradient (PG) (Sutton
et al., 2000), actor-critic (AC) (Konda & Tsitsiklis, 2000)
and natural actor-critic (NAC) (Peters & Schaal, 2008; Bhat-
nagar et al., 2009). In particular, AC-type algorithms are
more computationally tractable and efficient as they take
advantages of both policy gradient and value-based updates.
However, in the multi-agent setting, decentralized AC is
more challenging to design compared with the centralized
AC, as the algorithm updates involve sensitive agent infor-
mation, e.g., local actions, rewards and policies, which must
be kept locally in the decentralized learning process. In the
existing designs of decentralized AC, the agents need to
share either their local actions (Zhang et al., 2018b;a; Bono
et al., 2018; Perolat et al., 2018; Zhang & Zavlanos, 2019;
Lin et al., 2019b; Heredia & Mou, 2019; Lin et al., 2019a;
Chen et al., 2020) or local rewards (Foerster et al., 2018; Ma
etal.,2021; Lyu et al., 2021) with their neighbors, and hence
are not desired. This issue is addressed by Algorithm 2 of
(Zhang et al., 2018b) at the cost of learning a parameterized
model to estimate the averaged reward, yet this approach
requires extra learning effort and the reward estimation can
be inaccurate. Moreover, existing decentralized AC algo-
rithms are not sample and communication-efficient, and do
not have finite-time convergence guarantee, especially under
the practical Markovian sampling setting. Therefore, we
aim to address the following important question.

* QI: Can we develop a decentralized AC algorithm that
is convergent, sample and communication-efficient, and
avoids sharing agents’ local actions and policies?

On the other hand, as an important variant of the decen-
tralized AC, decentralized NAC algorithm has not been
formally developed and rigorously analyzed in the exist-
ing literature. In particular, a major challenge is that we
need to develop a fully decentralized and computationally
tractable scheme to compute the inverse of the high dimen-
sional Fisher information matrix, and this scheme must be



Submission and Formatting Instructions for ICML 2022

both sample and communication efficient. Hence, we want
to ask:

e Q2: Can we develop a computationally tractable and
communication-efficient decentralized NAC algorithm
that has a low sample and communication complexity?

In this study, we answer these questions by developing fully
decentralized AC and NAC algorithms that are sample and
communication-efficient, and do not reveal agents’ local
actions and policies. Our contributions are summarized as
follows.

1.1. Our Contributions

We develop fully decentralized AC and NAC algorithms
and analyze their finite-time sample and communication
complexities under Markovian sampling. Our results and
comparisons to existing works are summarized in Table 1.
In particular, our decentralized AC and NAC algorithms
adopt the following novel designs to accurately estimate the
policy gradient in an efficient way.

* Noisy Local Rewards: In a decentralized setting, local pol-
icy gradients (estimated by the agents) involve the average
of all agents’ local rewards. To help agents estimate this
averaged reward without revealing the raw local rewards,
we let them share Gaussian-corrupted local rewards with
their neighbor, and the variance of the Gaussian noise can
be adjusted by each agent.

* Mini-batch Updates: We apply mini-batch Markovian
sampling to both the decentralized actor and critic up-
dates. Compared to the approach with single-sample up-
dates, this approach i) helps the agents obtain accurate
estimations of the corrupted averaged reward; ii) signifi-
cantly reduces the variance of policy gradient caused by
Markovian sampling; and iii) significantly reduces the
communication frequency and complexity.

For our decentralized NAC algorithm, we additionally adopt
the following design to compute the inverse of the Fisher
information matrix in an efficient and decentralized way.

* Decentralized Natural Policy Gradient: By reformulating
the natural policy gradient as the solution of a quadratic
program, we develop a decentralized Markovian SGD
that allows the agents to estimate the corresponding local
natural gradients by communicating only scalar variables
with their neighbors. In particular, we use an increas-
ing batch size to optimize the sample complexity of the
decentralized Markovian SGD.

Theoretically, we provide finite-time convergence analysis
of both algorithms under Markovian sampling. Specifi-
cally, we prove that our decentralized AC and NAC algo-
rithms achieve the sample complexities O(e~2Ine~!) and
O(e 3 1Ine~1), respectively, both of which match the state-

of-the-art complexities of their centralized versions (Xu
et al., 2020b). Moreover, with a proper large batch size,
both algorithms achieve a significantly reduced communica-
tion complexity O(e~! Ine~1) compared to that with batch
size one. In particular, our analysis involves new technical
developments. First, we need to characterize the bias and
variance of (natural) policy gradient and stochastic gradient
caused by the noisy rewards and the inexact local averaging
steps, and control them with proper choices of batch sizes
and number of local averaging steps. Second, when using
decentralized Markovian SGD to compute the inverse Fisher
information matrix, we need to use an exponentially increas-
ing batch size to achieve an optimized sample complexity
bound. Such a Markovian SGD with adaptive batch size has
not been studied before and can be of independent interest.

1.2. Related Work

Convergence Analysis of AC and NAC. In the centralized
setting, the AC algorithm was firstly proposed by (Konda &
Tsitsiklis, 2000) and later developed into the natural actor-
critic (NAC) algorithm (Peters & Schaal, 2008; Bhatnagar
et al., 2009). Then, (Konda, 2002; Bhatnagar, 2010) and
(Kakade, 2001; Bhatnagar et al., 2007; 2009) establish the
asymptotic convergence rate of centralized AC and NAC,
respectively. Furthermore, (Wang et al., 2019a; Kumar et al.,
2019; Qiu et al., 2019; Xu et al., 2020c; Wu et al., 2020) and
(Wang et al., 2019a) establish the finite-time convergence
rate of centralized AC and NAC, respectively. Moreover,
(Xu et al., 2020b) improves the finite-time sample complexi-
ties of the above works to the state-of-the-art result for both
centralized AC and NAC by leveraging mini batch sampling,
and our sample complexities match these state-of-the-art
results.

In the decentralized setting, a few works have established the
almost sure convergence result of AC (Foerster et al., 2018;
Lin et al., 2019b; Suttle et al., 2019; Ma et al., 2021), but
they do not characterize the finite-time convergence rate and
the sample complexity.To the best of our knowledge, there
is no formally developed decentralized NAC algorithm.

Decentralized TD-type Algorithms. The finite-time con-
vergence of decentralized TD(0) has been obtained using
i.i.d samples (Wai et al., 2018; Doan et al., 2019; Wang et al.,
2020; Liu & Olshevsky, 2021) and Markovian samples (Sun
et al., 2020; Wang et al., 2020), respectively, without reveal-
ing the agents’ local actions, policies and rewards. Decen-
tralized off-policy TD-type algorithms have been studied in
(Macua et al., 2014; Stankovi¢ & Stankovié, 2016; Cassano
et al., 2020; Chen et al., 2021).

Decentralized AC in Other MARL Settings. Some works
apply decentralized AC to other MARL settings. For exam-
ple, (Srinivasan et al., 2018; Perolat et al., 2018; Hennes
et al., 2020; Chen et al., 2020; Xiao et al., 2021) studied
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Table 1: List of complexities of the existing AC and NAC algorithms for achieving E[||VJ(w)|?] < €

and E[J(w*) — J(w)] < €, respectively.

. Share local Sampling Sample Communication
Algorithm Papers . . . .
action/policy scheme complexity complexity
(Qiu et al., 2019) iid. O(e™) -
Centralized AC (Kumar et al., 2019) iid. O(e??) —
(Xu et al., 2020c) Markovian O(e >°In®e 1) -
(Wu et al., 2020) Markovian O(e=2?) -
(Xu et al., 2020b) Markovian ~ O(e *Ine ) -
(Zhang et al., 2018b;a)
(Foerster et al., 2018) Markovian - —
(Zhang & Zavlanos, 2019)
. (Lin et al., 2019b;a)
Decentralized AC (Zhang ot al, 2018D)
(Suttle et al., 2019) Markovian - -
Maet al., 2021)
This work Markovian ~ O(e “Ine ') O(e "Ine )
. (Xu et al., 2020c) Markovian ~ O(¢ *In? e 1) -
Centralized NAC (Xu et al., 20200) Markovian ~ O(c >Ine 1) -
Decentralized NAC This work Markovian O(eInet) O(e tne™ )

adversarial game. (Lowe et al., 2017) studied a mixed
cooperative-competitive environment where each agent max-
imizes its own Q function (Lowe et al., 2017). (Chen et al.,
2020) proposed Delay-Aware Markov Game which consid-
ers delay in Markov game. (Zhang et al., 2016; Luo et al.,
2019) studied linear control system and linear quadratic
regulators instead of an MDP. (Wang et al., 2019b) studied
sequential prisoner’s dilemmas. Three concurrent works
(Chen et al., 2022; Zeng et al., 2022; Hairi et al., 2022)
also propose decentralized AC algorithms that do not reveal
agents’ sensitive information for cooperative MARL. How-
ever, (Chen et al., 2022) focuses on homogeneous Markov
game, a specific cooperative MARL setting with homo-
geneity assumption, and has only asymptotic convergence
guarantee. (Zeng et al., 2022) allows to share part of individ-
ual policy parameters to other agents and achieves sample
complexity O(e~2-%) under i.i.d. sampling, which is larger
than O(e 2 Ine~!) of our decentralized AC under the more
difficult Markovian sampling. (Hairi et al., 2022) matches
the sample complexity O(e~2? Ine~!) and communication
complexity O(e~!Ine~!) of our proposed decentralized
AC under Markovian sampling, but it focuses on average
reward setting, while we focus on discounted reward setting.
In addition, none of the existing works study decentralized
NAC to the best of our knowledge.

Policy Gradient Algorithms. Policy gradient (PG) and
natural policy gradient (NPG) are popular policy optimiza-
tion algorithms. (Agarwal et al., 2019) characterizes the
iteration complexity of centralized PG and NPG algorithms
by assuming access to exact policy gradient. They also
established a sample complexity result O(e~%) in the i.i.d.

setting for NPG, which is worse than the state-of-the-art
result O(e 3 Ine~ ') of both centralized NAC (Xu et al.,
2020b) and our decentralized NAC with Markovian sam-
ples. (Huang et al., 2020) leverages STORM, a variance
reduction and momentum technique, to accelerate policy
gradient and further accelerates it using Hessian-aided tech-
nique, both of which achieve state-of-the-art sample com-
plexity O(e~3). (Huang et al., 2022) uses both STORM
and mirror descent algorithm to accelerate policy gradient
and also achieves sample complexity O(¢~2). (Bai et al.,
2021) proposes decentralized PG in a simple cooperative
MARL setting, where all the agents share one action and
the same policy, and they establish a iteration complexity in
the order of O(¢~*). (Daskalakis et al., 2021; Zhao et al.,
2021) apply decentralized PG to Markov games. (Alfano
& Rebeschini, 2021) applies decentralized NPG to a differ-
ent cooperative MARL setting where each agent observes
its own state, takes its own action and has access to these
information of its neighbors.

2. Review of Multi-Agent RL

In this section, we first introduce some standard settings
of RL. Consider an agent that starts from an initial state
so ~ & and collects a trajectory of Markovian samples
{s¢,a1, B¢}y € S x A x R by interacting with an un-
derlying environment (with transition kernel P) follow-
ing a parameterized policy 7, with induced stationary
state distribution . The agent aims to learn an opti-
mal policy that maximizes the expected accumulated re-
ward J(w) = (1 —)E[ Y ;207" R], where v € (0,1)
is a discount factor. The marginal state distribution is de-
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noted as P, (s;) and the visitation measure is defined as
ve(s) == (1 = 9) X207 Pu(se = s), both of which
depend on the policy parameter w € 2 and the transi-
tion kernel P. We also define the mixed transition kernel
Pe(ls,a) == vP(-|s,a) + (1 — 7)&(-), whose stationary
state distribution is known to be v/,.

In the multi-agent RL (MARL) setting, M agents are con-
nected via a fully decentralized network and interact with a
shared environment. The network topology is specified by a
doubly stochastic communication matrix W € RM*M At
any time ¢, all the agents share a common state s;. Then,

every agent m takes an action agm) following its own cur-

(m)

rent policy 7™ (-|s;) parameterized by w'™. After all

the actions a; := {a\™}M_, are taken, the global state

sy transfers to a new state s;; and every agent m re-
ceives a local reward REm). In this MARL setting, each
agent m can only access the global state {s; }, its own ac-
tions {a{™}, and rewards { R}, and policy 7\"”. Next,
define the joint policy ¢ (a¢|s;) == [[M_, 7™ (a{™)s,)
parameterized by w; = [wt(l) e ;w,gM)], and define the
average reward R, := 77 SM R™. The goal of the
agents is to collaboratively learn the optimal joint policy
that maximizes the expected accumulated average reward

J(w) = (1 =7E[>X2, Wtﬁt‘so ~ &]. Throughout, we
consider the setting that the agents interact with the environ-

ment and observe a trajectory of MDP transition samples,
which are used to learn the optimal joint policy.

3. Sample and Communication-Efficient
Decentralized AC

In this section, we propose a decentralized actor-critic (AC)
algorithm that is sample and communication-efficient and
avoids revealing agents’ actions, policies and raw rewards.

We first consider a direct extension of the centralized AC
to the decentralized case. As each agent m has its own
policy 7("™), it aims to update the policy parameter w ("™
using the local policy gradient V ,m)J(w). Under linear
approximation of the value function Vy(s) &~ ¢(s) ' 6 where
¢(s) is the feature vector, the local policy gradient has the
following stochastic approximation.

Vw(m,) J(wt)%
Retv8(s), 1) 70" — ¢(s) 7O [ (af™]s0), (1)

where a{™ ~ 7™ (|sy), se41 ~ Pe (-] st az),
St1 ~ P(lse ar). 2)
Here, Ht(m) is agent m’s critic parameter and

M (@™ s)) = Vi Inw™(al™)]s,) is the local

score function. It is clear that both 6™ and ¥{™ (a{™|s,)

can be obtained/computed by agent m using the local
information. However, the average reward R; requires
agent m aggregating the local rewards from all the other
agents, which raises concerns. In the existing literature
on decentralized AC, this issue is avoided by either 1)
sharing the agents’ actions with each other instead (Zhang
et al.,, 2018b;a; Bono et al., 2018; Perolat et al., 2018;
Zhang & Zavlanos, 2019; Lin et al., 2019b; Heredia &
Mou, 2019; Lin et al., 2019a; Chen et al., 2020), yet the
action information is also highly sensitive; or 2) learning
a parameterized model to estimate the average reward
(Zhang et al., 2018b), which requires extra learning effort
and does not provide an accurate estimation. Hence, we
are motivated to develop a simpler approach that provides
accurate estimation of the average reward while avoids
sharing raw local rewards.

1. Efficient Policy Gradient Estimation. We propose a de-
centralized policy gradient estimation scheme that improves
the sample and communication efficiency and avoids reveal-
ing the agents’ local actions, policies and raw rewards. First,
in order for each agent to estimate the average reward R; in
eq. (1), we let each agent m generate a noisy local reward
R™ = R{™ (1+¢{™)) and share with other agents, where
e{™ ~ N(0,02,). The noise variance is determined by the
agent based on its desired level. Specifically, every agent m

first initializes its local estimation of the averaged reward

ﬁim) using its own noisy reward, i.e., ﬁﬁf{j) = R™ Then,

each agent m performs decentralized local averaging with
its neighbors A,, for T” iterations, i.e.,

R =Y ene W Bt =01, T — 1. (3)
(m)

After that, agent m obtains the final estimate Rim) =R, .

It can be shown that Eim) converges to the averaged noisy
reward ﬁ ng:l Eff”) exponentially fast. Ideally, by av-
eraging these noisy local rewards over the M agents, the
variance of the noise in the final estimation will be scaled by
a factor of ﬁ Therefore, to obtain an accurate estimation,
the network needs to have a sufficiently large number of
agents, which does not always hold in practice. To address
this issue, we let each agent m collect a mini-batch of NV
Markovian samples in each iteration ¢ to estimate the local
policy gradient, which then takes the following form.

(t+1)N—1

= 1
Vi J(we) =+ >

i=tN

— (s 0 oM @), @

™ 4 ()"

where EE’") is an estimation of R; obtained by agent m
following the process described in eq. (3). Intuitively,

H(m) . . . .
each R, ~ is corrupted by a zero-mean noise with vari-

ance O(ﬁ) due to averaging over the agents. Then, the
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mini-batch samples further help scale the noise variance by
a factor of % Consequently, with a sufficiently large batch
size IV, we can obtain an accurate estimation of the averaged
reward and hence the policy gradient. To summarize, our
decentralized policy gradient estimation scheme has the
following advantages.

* Avoid sharing raw rewards: The agents share only noisy

rewards Rim) with their neighbors, and the noise variance
can be adjusted based on the desired level such that R\
is unknown to the other agents. This is in contrast to other
decentralized AC algorithms where the agents need to
either share local actions, rewards or collaboratively learn

an additional parameterized reward model.

o Sample-efficient: The mini-batch updates help greatly
suppress the noise variance of the local policy gradient
in (4) and improve its estimation accuracy. On the other
hand, mini-batch policy gradient also helps reduce the
optimization variance caused by Markovian sampling and
leads to a good finite-time sample complexity as we prove
later. We note that there is no trade-off between noise
variance and sample efficiency here, because for highly
noisy local rewards we can choose a large batch size to
suppress the overall estimation error to the desired level.

» Communication-efficient: The mini-batch updates also
significantly reduce the communication frequency as well
as the complexity compared to the single-sample updates,
as we prove later. In comparison, the existing decentral-
ized AC requires to perform one communication round
per Markovian sample.

Remark. The mini-batch policy gradient in eq. (4) can
be computed in an accumulative way by the agent when
observing the mini-batch of transition samples on the fly.
There is no need to store these samples and perform a large
batch computation.

2. Fully Decentralized Critic Update. The critic param-
eters of the agents are updated following the standard de-
centralized TD-type algorithm. Specifically, consider the
t-th local critic update of each agent m. It first collects a
mini-batch of N, Markovian samples. Then, starting from a
fixed initialization 9,5’73) = 0_1, agent m performs T itera-
tions of decentralized TD updates as follows where {5t }ten

follows the transition kernel P and ag ~ 7rt \st) for
t=0,1,..,T. —1,
ﬁ (t+1)N.—1
et(rz{f»l - Z Wrn m/ Qtrz) Z |:R,Em)
m ENm Ne i=tN,

+0(si1) 01 — 0500 |05 (9)

Then, the updated critic parameter is set to be 9( ™ 9(’7')

To further reduce the consensus error, we perform addmonal

T/ steps of local model averaging, as also adopted in (Chen
et al., 2021). The pseudo code of the entire decentralized
AC algorithm is summarized in Algorithms 1 and 2 below.

Algorithm 1 Decentralized Actor-Critic
Initialize: Actor-critic parameters wg, 6_1.

for actor iterationst = 0,1,...,T — 1 do
» Critic update on 6;: by Algorithm 2.

» Collect N Markovian samples by eq. (2).
for agents m = 1, ..., M in parallel do
» Send noisy local rewards and perform 7" local
average steps following eq. (3).
» Compute the estimated local policy gradient
V om) J(wy) following eq. (4).
» Actor update on w;:
W§T1) = wt(m) + aV ,om J(wy).
end

end
Output: wz with T e {1,2,...,T}.

Algorithm 2 Decentralized TD (critic update)

Initialize: Critic parameter 0, o = 0_;.

for critic iterationst' = 0,1,...,T, — 1 do

» Collect N, Markovian samples following policy
and transition kernel P.

for agents m = 1, ..., M in parallel do
» Send local critic parameters.

» Decentralized TD update in eq. (5).

end

end

for iterations t' = T,,....,T. + T, — 1 do
for agents m = 1, ..., M in parallel do

‘ Q(W)

(m”)
1 Zm’e.f\/m Win,m 9t,t’ :

end
end
Output: ¢; = 0y 1,1/

4. Finite-Time Analysis of Decentralized AC

In this section, we analyze the finite-time convergence of
Algorithm 1 and characterize the sample and communica-
tion complexities. All the notations and universal constants
are summarized in Appendices A & F respectively. We first
introduce the following standard assumptions that have been
widely adopted in the existing literature.

Assumption 1. Regarding the transition kernels P, Pe, de-
note [, v, respectively as their stationary state distribu-
tions under policy 7, and denote P, P¢ respectively as their
marginal state distributions. Then, there exist constants
k> 0and p € (0,1) such that for all t > 0,

sup dry (]P (st | S0 = 8) 7/%.1) < '%ptv
seS
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Sug drv (Pe (st | so = s),v0) < kp' (6)
se

where drv (P, Q) denotes the total-variation distance be-
tween probability measures P and Q).

Assumption 2. There exist constants Cy, Ly, Ly > 0
such that for all w,w € Q, s € S and a € A,
[Yu(als)l < Cy, [[Ys(als) = tulals)]| < Ly[w — ]|
and dry(73(-]s), 7 (+]s)) < L@ — w].

Assumption 3. There exists Riyax > 0 such that for any
agent m and any Markovian sample (s, a, s"), we have 0 <
R™)(s,a,5") < Ruax-

Assumption 4. The feature vectors satisfy ||¢(s)|| < 1
forall s € S. There exists a constant Ay > 0 such that
Amin (ESNMW [(b(s)qﬁ(s)TD > \g for all w.
Assumption 5. The communication matrix W €
of the decentralized network is doubly stochastic, and its
second largest singular value satisfies oy € [0, 1).

RJ\/[ XM

Assumption | has been widely considered in the exist-
ing literature (Bhandari et al., 2018; Qiu et al., 2019; Xu
et al.,, 2019; Xu & Liang, 2020; Shaocong et al., 2020; Xu
et al., 2020b; Chen et al., 2021) and it holds for any time-
homogeneous Markov chains with finite-state space and any
uniformly ergodic Markov chains. Assumption 2 introduces
boundedness and Lipschitzness to the policy and its asso-
ciated score function (Yang et al., 2020; Xu et al., 2020b),
and holds for many parameterized policies such as Gaussian
policy (Kumar et al., 2019) and Boltzman policy (Ghosh &
Aggarwal, 2020). Assumption 4 can always hold by nor-
malizing the feature vector ¢(s) Assumption 5 is widely
used in decentralized optimization (Singh et al., 2020; Saha
et al., 2020) and multi-agent reinforcement learning (Sun
et al., 2020; Wang et al., 2020; Chen et al., 2021), which
ensures that all the decentralized agents can reach a global
consensus.

With the above assumptions, we obtain the following finite-
time convergence result of the decentralized AC algorithm.
Throughout, we follow (Xu et al., 2020b; Wu et al., 2020)
and define the critic approximation error as (ne =
sup,, Esmu, (Vio(s) — ¢(s) T0%)? where 67 is the optimal
critic parameter (see its definition right before Lemma D.3
in Appendix D). We also define sample complexity as the
total number of Markovian samples required for achieving
E[||VJ(w)]|?] < €. All the universal constants are listed in

Appendix F.

Theorem 1. Let Assumptions -5 hold and adopt the hyper-
parameters of the decentralized TD in Algorithm 2 following

Lemma D.4. Choose o < ——, T" > —12M _ Then the out-
4Ly 2lno

put of the decentralized AC in Algorithm | Vl{;as the following
convergence rate.

+4(C4012/(}FI +C5/820"2/5€)+

E[|V7p|l] < Hme

(07

)\B T. 487 408 riti

e (1-58) Ry THACC

Moreover, to achieve E[||VJ(wT)||2] < € for any ¢ >

12803) e we can choose T,N,N, = O(e"') and

T.,T.,T" = O(lne~'). Consequently, the overall sam-

ple complexity is T(T,N. + N) = O(e 2Ine™ 1), and the

communication complexities for synchronizing linear model

parameters and rewards are T(T, +T') = O(e !1lne™ 1)
and TT' = O(e ' Ine™ 1), respectively.

To the best of our knowledge, Theorem 1 provides the
first finite-time analysis of decentralized AC under Marko-
vian sampling. To elaborate, under any pre-specified
variance afn of the reward noise, our result shows that
the gradient norm asymptotically converges to the order
O(N~' + N7t + ¢t ), which can be made arbitrarily
close to the linear model approximation error (St by
choosing sufficiently large batch sizes IV, V... In particular,
exact gradient convergence can be achieved when there is
no model approximation error. The overall sample complex-
ity of our decentralized AC is O(e~2Ine~1), matching the
state-of-the-art complexity result for centralized AC (Xu
et al., 2020b). Moreover, with proper choices of the batch
sizes N, N, = 0(6_1), the overall communication com-
plexity is significantly reduced to O(e~! In e~!) compared
to that with batch size one.

The proof of Theorem 1 relies on developing several new
algorithmic and technical developments to reduce the com-
munication complexity of both the decentralized actor and
critic updates while establishing tight convergence error
bounds for both components. We further elaborate on these
novel technical developments below.

* To achieve an overall reduced communication complex-
ity, we adopt mini-batch updates in both the actor and
critic steps to reduce the communication frequency, as
opposed to the single sample-based update adopted in the
existing work on decentralized TD learning (Sun et al.,
2020). Specifically, in the analysis of the decentralized
TD described in Algorithm 2 (see Lemma D.4), the mini-
batch updates with batch size O(e~!) substantially im-
prove the communication complexity from O(e~!Ine~1)
to O(In e~ 1) and help achieve the state-of-the-art sample
complexity. Eventually, this together with the mini-batch
updates in the decentralized actor steps help achieve the
desired overall low communication complexity.

* To achieve the state-of-the-art overall sample complexity,
we require a fast convergence of the decentralized TD
learning. Although the standard 7, decentralized mini-
batch TD updates can yield a small convergence error for
the global critic model (i.e., the average of all local critic
models), it still suffers from a relatively large consensus
error. To resolve this issue, we introduce an additional T/
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global consensus steps in Algorithm 2 to reduce the con-
sensus error. It is proved that a small number O(lne™!)
of such steps suffices to yield a desired TD error.

* We inject random noises into the local raw rewards Rﬁ’”)
to protect the information. These noises introduce addi-
tional Markovian bias and variance to the local policy
gradients in (4). Fortunately, as proved in Lemma D.6,
by applying mini-batch policy gradient updates, we are
able to control the bias and variance induced by the noisy
rewards to an acceptable level that does not affect the
overall sample and communication complexities.

5. Decentralized Natural AC

Natural actor-critic (NAC) is a popular variant of the AC
algorithm. It utilizes a Fisher information matrix to per-
form a natural policy gradient update, which helps attain
the globally optimal solution in terms of the function value
convergence. In this section, we develop a fully decen-
tralized version of the NAC algorithm that is sample and
communication-efficient.

A major challenge of developing fully decentralized NAC
algorithm is computing the inverse Fisher information
matrix-vector product involved in the natural policy gra-
dient update. To explain, first recall the exact natu-
ral policy gradient update of the centralized NAC al-
gorithm, i.e., wi11 = wy + aF(w;) 'VJ(w;), where
Fwi) = Egmn, arm(|se) [0 (ar]si)e(ar|s) "] is the
Fisher information matrix. However, in the multi-agent
case, it is challenging to perform the natural policy gra-
dient update in a decentralized manner. This is be-
cause the Fisher information matrix F'(w;) is based on
the concatenated multi-agent score vector ¢ (at|s;) =
[ fl)(ail)\st); s @Z;EM)(ang”st)] and the inverse matrix-
vector product F(w;)~'V.J(w;) is not separable with re-
gard to each agent’s policy parameter dimensions. Next,
we develop a fully decentralized scheme to implement the
natural policy gradient update in the multi-agent setting.

First, the natural policy gradient h(w;) := F(w;)*V.J(w;)
is the solution of a quadratic program, i.e.,

h(w) =argmin f,,(h):= %hTF(wt)h—VJ(wt)Th. 7
h

Therefore, we can apply K steps of SGD with Markovian
sampling to solve this problem and obtain an estimated
natural policy gradient update. Specifically, starting from
the initialization h;o = h;—1 (obtained in the previous
iteration), in the k-th SGD step, we sample a mini-batch
By ' of Nj Markovian samples to estimate Vf,, (h)

ISpeciﬁcally, the mini-batch B, contains sample indices
{EN + 302 Ny oo tN + 38— N — 1},

as N%Eiegt,k Vu(ailsi)e(ailss) "The — VI (wi; Big)s
where V.J (we; By i) is estimated in the same decentralized
way as eq. (4) using the mini-batch of samples 3; . In par-
ticular, each agent m needs to compute the corresponding lo-
N%c B, wgm)(agm)|5i) [0 (ailsi) Ther] —
Voo J(wi; Beg), in which ™ (a{™]s;) and
@w(mJ(wt;Bt,k) can be computed/estimated by the
agent m. Then, it suffices to obtain an estimate
of the scalar wt(ai|si)—rht,k, which can be rewrit-
ten as M, gm)(agm)\si)Thgﬁ). This summation
can be easily estimated by the decentralized agents

cal gradient

through local averaging. Specifically, each agent
m locally computes z( m = w,ﬁm’(a§m’\si)Th§j§?
and performs 7T, steps of local averaging, i.e.,

= Y wen, W 2030, £=0,1,..., T, — 1,

After that, the quantity M z( ) can be proven to converge
to the desired summation Zm L™ (@™ \si)ThEZZ)
exponentially fast. Finally, the local gradient for agent m is

approximated as

Aw(m)th ht k Z '(Z)(m) (m)| ) (m)
163t k
- Vw(m) J(Wf, Bt,k)- (8)

Algorithm 3 Decentralized Natural Actor-Critic
Initialize: Actor-critic parameters wq, 6_1, natural policy
gradient h_.

for actor iterationst =0,1,...,T — 1do

» Critic update on 6;: by Algorithm 2.

for agents m = 1, ..., M in parallel do

for iterations k = 0,1,..., K — 1do

» Collect N, Markovian samples following
eq. (2). N

» Send R™ and zl(jz) and perform 7" and T},
local average steps, respectively.

» Estimate local gradient V,m) f,,, (h¢ k) fol-
lowing egs. (8) and (4).

» Perform SGD update in eq. (9).

end

» Actor update on w;: ! = w{™ + ah{™.

end
end

Output: w~ with 7 ""S™ {1,2,....T}.
T

Then, the agent m performs the following SGD updates to

obtain A{™) == n{").

W =0 =0V o fu, (her), k=0, K

i ~1. 9

We emphasize that the above mini-batch SGD updates
use Markovian samples. In particular, as shown in Sec-
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tion 6, we need to develop an adaptive batch size scheduling
scheme for this SGD in order to reduce its sample complex-
ity. We summarize the decentralized NAC in Algorithm 3.

6. Finite-time Analysis of Decentralized NAC

To analyze the decentralized NAC, we introduce the follow-
ing additional standard assumptions.

Assumption 6. There exists a constant A\ > 0 such that
Amin(F(w)) > /\F > O,Vw e .

Assumption 7. There exists C,. > 0 such that for w* =
arg max,cq J(w) and any w € Q,

Esnvy ammo(-ls) {(M)Q} < C2

Vo ()T (als)

Assumption 6 ensures that the Fisher information matrix
F'(w) is uniformly positive definite, and is also considered in
(Yang et al., 2020; Liu et al., 2020; Xu et al., 2021). Assump-
tion 7 regularizes the discrepancy between the stationary
state-action distributions v, (s) 7+ (a|s) and v, (s)m, (als)
(Wang et al., 2019a; Xu et al., 2020a).

We obtain the following finite-time convergence re-
sult of the decentralized NAC. Throughout, we fol-
low (Wang et al., 2019a; Xu et al.,, 2020b; 2021)

and define the actor approximation error (yote.

. 2
sup, mingEgwp amm, [ (Vu(als) Th — Ay(s,a))”]. All
universal constants are listed in Appendix F.

Theorem 2. Let Assumptions 1-7 hold and adopt the hy-
perparameters of the decentralized TD in Algorithm 2

following Lemma D.4. Choose hyperparameters o <
- Ay C / In M

min (L, ;e 075 ) B < LT 2 5325 <
1 In(3D;C7) In3

207" T. > Thmot K > mA—nrp/2)-1’ N >

2304C2 (k+1—p) _
ez and Ny o< (1= nAp/2) k2,

Then, the output of Algorithm 3 satisfies

J(w") = E[J (wz)]

<1 B 77>\7F)(K_1)/4

T, T’
B -+ C190w + C200 1

C17
<—+c
~ Ta 18

AB )TC/Q 23

T,
+ co1 8oy +622(1— 3 N

ClﬁCL%Z%x + 02442;;2;2)( +C" \/ z%[t;;{?x
Moreover, to achieve J(w*) — E[J(wz)] <
any € > 20y, /c16Cme, + 2c24Cone, + 2C* /TG,
we can choose T = O(e7!), N,N. = O(e?),
T, T, T'.T., K = O(lne"'). Consequently, the overall

sample complexity is T(T,N, + N) = O(e 3Ine™ 1), and
the communication complexities for synchronizing linear

+Cy

€ for

model parameters, rewards and inner products zém) are

T(T.+T) = O(etlne ), TT = O(c ' Ine ') and
TT, = O(e tIne 1) respectively.

Theorem 2 provides the first finite-time analysis of fully
decentralized natural AC algorithm. Our result proves that
the function value optimality gap converges to the order
(Q(Nc_l/2 + \/¢gide 4\ /Cacter ), which can be made ar-
bitrarily close to the actor and critic approximation error by
choosing a sufficiently large batch size N.. In particular,
exact global optimum can be achieved when there is no
model approximation error. We note that the overall sam-
ple complexity of our decentralized NAC is O(e 3 Ine™1),
matching the state-of-the-art complexity result for central-
ized NAC (Xu et al., 2020b). Moreover, with the mini-batch
updates, the overall communication complexity is signifi-
cantly reduced to O(e~! In ¢~!) compared to that with batch
size one.

Similar to that of Theorem 1, our analysis of Theorem 2
also leverages the mini-batch decentralized TD updates to
reduce the communication complexity and deal with the
bias and variance of the local policy gradient introduced by
noisy rewards. In addition, decentralized NAC uses mini-
batch SGD with Markovian sampling to solve the quadratic
problem in eq. (7). Here, we use a special geometrically
increasing batch size scheduling scheme, i.e., Nj o< (1 —
nAr/2)~*/2, to achieve the best possible convergence rate
under the total sample budget that Zle N = N and
obtain the desired overall sample complexity result. Such an
analysis of SGD with Markovian sampling under adaptive
batch size scheduling has not been studied in the literature
and can be of independent interests.

7. Experiments

We test our decentralized algorithms in three experiments:
a decentralized ring network, a fully connected network,
and a two-agent cliff navigation environment. Due to space
limitation, we present only the ring network experiment
results. Please refer to Appendix E for the other results, all
of which demonstrate the effectiveness of our algorithms.

We simulate a fully decentralized ring network with 6 agents.
We implement four decentralized AC-type algorithms and
compare their performance, namely, our Algorithms 1 and
3, the existing decentralized AC algorithm (Algorithm 2 of
(Zhang et al., 2018b)) that uses a linear model to parameter-
ize the agents’ averaged reward (we name it DAC-RP1 for
decentralized AC with reward parameterization), and a mod-
ified version of DAC-RP1 that uses minibatch updates with
batch size N = 100, which we refer to as DAC-RP100. For
our Algorithm 1, we choose T' = 500, T, = 50, T/, = 10,
N.=10,T" =T, =5,8= 0.5 {0,}8,_; = 0.1, and
consider batch size choices N = 100, 500, 2000. Algorithm
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Figure 1: Comparison of accumulated discounted reward
J(w;) among decentralized AC and NAC-type algorithms
in a simulated ring network with 6 agents.

3 uses the same hyperparameters as those of Algorithm 1
except that 7" = 2000 in Algorithm 3. For DAC-RPI1, we
set learning rates 3y = 2(t + 1)7%9, 8, = 5(¢t + 1)798
and batch size N = 1 as mentioned in (Zhang et al., 2018b).
The modified DAC-RP100 adopts the same learning rates
as Algorithm 1 with V = 100.

Figure 1 plots the accumulated reward J(w;) v.s. commu-
nication and sample complexity. Each curve includes 10
repeated experiments, and its upper and lower envelopes
denote the 95% and 5% percentiles of the 10 repetitions,
respectively. For our decentralized AC algorithm (top two
figures), its communication and sample complexities for
achieving a high accumulated reward are significantly re-
duced under a larger batch size V. This matches our theoret-
ical understanding in Theorem 1 that a large /N helps reduce
the communication frequency and policy gradient variance.
In comparison, DAC-RP1 (with N = 1) has little improve-
ment on the accumulated reward. Moreover, although the
modified DAC-RP100 (with N = 100) outperforms DAC-
RP1, its performance is much worse than our Algorithm 1
with V = 100. This performance gap is due to two reasons:
(i) Both DAC-RP algorithms suffer from an inaccurate pa-
rameterized estimation of the averaged reward, and their
mean relative reward errors are over 100%. In contrast, our
noisy averaged reward estimation achieves a mean relative
error in the range of 107 ~ 10~%;(ii) Both DAC-RP algo-
rithms apply only a single TD update per-round, and hence
suffers from a large mean relative TD error (about 2% and
1% for DAC-RP1 and DAC-RP100, respectively) whereas

our algorithms perform multiple TD learning updates per-
round and achieve a smaller mean relative TD error (about
0.3%). For our decentralized NAC algorithm (bottom two
figures), one can make similar observations and conclusions.

8. Conclusion

We developed fully-decentralized AC and NAC algorithms
that are efficient and do not reveal agents’ local actions
and policies. The agents share noisy reward information
and adopt mini-batch updates to improve sample and com-
munication efficiency. Under Markovian sampling and lin-
ear function approximation, we proved that our decentral-
ized AC and NAC algorithms achieve the state-of-the-art
sample complexities O(e 2Ine~1) and O(e 3 Ine 1), re-
spectively, and they both achieve a small communication
complexity O(e~! Ine~!). Numerical experiments demon-
strate that our algorithms achieve better sample and com-
munication complexity than the existing decentralized AC
algorithm that adopts reward parameterization.
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A. Notations

Norms: For any vector x, we denote ||z|| as its {2 norm. For any matrix X, we denote || X ||, || X|| ¢ as its spectral norm and
Frobenius norm, respectively.

Difference matrix: A .= — ﬁll—r, where 1 denotes a column vector that consists of 1s.

Moments of random vectors: For a random vector X, we define its variance and covariance matrix as Var(X) :=
E[|X — EX||? and Cov(X) := E([X — EX][X — EX] "), respectively. It is well known that E|| X||* = Var(X) + |[EX||?
and that Var(X) = tr[Cov(X)].

Score function: At any time ¢, The joint score function ¢ (a¢|s;) := V., In m:(a+|s:) can be decomposed into individual
score functions ¥0{™ (a{™|s;) := Ve In 7™ (0™ |51) as e (as]s) = [0 (@V]se), . .., 0 (@™ s)].

Reward functions: At any time ¢, we denote Rgm) = R (sy,a4,8441) and Ry := R(sy, ay, 5¢11), where R(s,a,s') =
1 M p(m) /
M Emzl (S7a75 )
Policy gradient: The policy gradient theorem (Sutton et al., 1999) shows that
VJ(w)=E,, [Aw(s7 @), (8, a)]. (10)

where A, (s,a) == Qu(s,a) — V,,(s) denotes the advantage function. In the decentralized case, we have the approximations
Vio(se) = @(s1) 10, Qu (e, ar) = Ry+y¢(s,, 1) 0 where s, ~ P(:|s;, a;). Therefore, we can stochastically approximate
the partial policy gradient as eq. (1), i.e., form =1, ..., M,

Vot T (@i B +76(5) 0™ = 6(s0) 08" [ 0™ (af™ ).
We also define the following mini-batch stochastic (partial) policy gradient.
ﬁw(m)J(wt) — % ZE:;JI\;N—I [ﬁz + 7¢(5§+1)T9t(m) _ (b(si)‘regm) ’lﬁt(m)(aEM)|Si)~

ﬁJ(wt) = [6w(1>J(wt); ceey 6‘&,(1»1)](&&)} .

Filtrations: We define the following filtrations for Algorithms 1 & 3.
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Fii= o ({00 Y memozr<s U s, i sy, o™ bmeam 15 U {sin ).
t+1)N—-1
Fl=0|FUo({si a;, 5;+1}§:t1\;+1 )]

For =o[FeUo({si,a;, 841,511, {egm)}meM}iguﬁ,;lUBt,k,ﬂ'

B. Proof of Theorem 1

Theorem 1. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following

Lemma D.4. Choose o < ﬁ, T > 5 i“ M __ Then, the output of the decentralized AC in Algorithm 1 has the following

convergence rate.

Rmax
T +4(C4UW +C5620W H

E[IVi@all] <

T. 4C7 468
4cq (1 —2B) S+ NG,

Moreover, to achieve E[HVJ(wf)HQ] < eforanye> 128031 e we can choose T, N, N, = O(e™ ) and T, T,, T" =
O(lne~t). Consequently, the overall sample complexity is T(T.N. + N) = O(e 2Ine"1), and the communication
complexities for synchronizing linear model parameters and rewards are T(T. + T.) = O(e 'lne™!) and TT' =

O(etIne™t), respectively.

Proof. Concatenating all the agents’ actor updates in Algorithm I, we obtain the joint actor update w41 = w; + aVJ (we).
Then, the item 7 of Lemma D.5 implies that

L
J(th) Z J(wt) + VJ(wt)T(th 7&),3) — %wal — thZ

= J(wi) + aVJ(w) VI (w) —

= )+ ol TI @l + 0V ()T (9 () — VI (w2)
N LJO‘2||§J(wt) - vJ(Wt)H2 - LJa2||VJ(wt)H2
)+ (§ = La0?) 1901 = (5 + Lo0?) |97 — 95 0)|

Z'LZ

> J(w) + %HVJ(wt)HQ —a|VI(w) = VI ()|

where (i) and (ii) use the inequalities ||z|? < 2|z — y||2 +2|ly|* and 2Ty > —1|z|*> — 3|ly|| for any z,y € RY,
respectively, and (iii) uses the condition that o < ; 1 . Then, summing up the inequality above overt = 0,1,...,T7 — 1
yields that
o Tl T—1 )
2

Rearranging the equation above and taking expectation on both sides yields that

T-1

BVl = 5 3 BIVI@)I
t=0

< Bl (wr) - J(wo)] + 7 2 E[|97 ) = V@)’

() 4Ry o Ap T
< ot deaod) "t desBrolle 4 406(1 75)
(@7
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407 408

TN

where (i) uses the item 4 of Lemma D.5 and eq. (39) of Lemma D.6 (The condition of Lemma D.6 that 77 > %
holds). This proves the error bound of Theorem 1.

+64C7 Conox (11)

Finally, for any € > 12805 j{,i;irf)x, it can be easily verified that the following hyperparameter choices make the error bound in
(11) smaller than € and also satisfy the conditions of this Theorem and those in Lemma D.4 that 5 < min ( Ap 4 1_"),

8C%°> Ap’2Cp
2 192C%[1+(k—1)p]
Nez (55 +28) =G,

1
o =min <1, E) =0(1)
J
A 4 1-o0

ﬁ:mln (@’E’E) :O(].)
48Bmax] 1
T_’V (073 —‘ _0(6 )

_ max [111(4804671),111]\4]-‘ =0O(In(e™))

2 192CE1+ (k— D)pI1] ) -1
(—+26) 0 7s H = 0(e ) (12)

C. Proof of Theorem 2

Theorem 2. Let Assumptions 1-7 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following
. 2 c? n In(3D;C2
Lemma D.4. Choose hyperparameters o < min (1, 42’7‘”057 ﬁ) B<1T > 2}110]\'4‘;/1’ n < ﬁ T, > II(IT:_VIW

2304C (k+1—p)

K > In3 N > ) (e /2) (=D72 and N, « (1 — 77)\F/2)_k/2. Then, the output of Algorithm 3
F

= In(l—-nAp/2)" 1’
satisfies

J(W*) = E[J(wz)]

A (K-1)/4
S 2 + 018(1 _ M)
« 2

T, T’
T + 6190'W —|— CQQO’W

AB )TC/2 Ca3

8 v N,
itie critic * £
+ Cw \/ C16 (51:;11;%x +c24 approx +C \/ g]gpor:;x'

Moreover, to achieve J(w*) — E[J(wz)] < € for any € > 2Cy, [c16 critic 2045, + 2C* /4t | we can choose
T=0("1), NN, =0(2), T, T., T, T, K = O(Ine~'). Consequently, the overall sample complexity is T(T.N, +
N) = O(e 3 Ine 1), and the communication complexities for synchronizing linear model parameters, rewards and inner
products zém) are T(T,+T') = O(e tIne ), TT' = O(e *Ine 1) and TT, = O(e " Ine 1) respectively.

+ C21¢30% + Co2 (1 -

Proof. Concatenating all the agents’ actor updates in Algorithm 3, we obtain the joint actor update w;+; = w; + ahy. Then,
the item 7 of Lemma D.5 implies that

L
J(th) Z J(wf) + VJ(wt)T(th - wt) — 7JHwH_1 — wt||2
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L
= J(ws) + aVJ(w) he — JO‘

el

(Q J(wi) + aVJ(wt)TF(wt)_IVJ(wt) + aVJ(w) T[he — h(w,)]
— Lya?||hs — hwy)||” = Lya® | F(w) " VI (@)

(i) o « Ljo? B OZCi 9 9
> J(wr) + (C—i 5 v)||VJ(wt)|| — (% + Lsa?)|[h = h(w)|
(i)
> J(w) + %HW(%)H? — aC2||hy = h(wy)||*

P

where (i) uses the notation that h(w;) 2 F(w;)~1VJ(w;) and the inequality that ||z||2 < 2|jz — y||2 + 2||y||? for any
2

x,y € RY, (ii) uses the item 3 of Lemma D.7 and the inequality that x Ty > — 1 ||x||* — %Hy”2 for any =,y € R%, and

2C;

.o . c
(iii) uses the condition that & < min ( 1 L’\FCQ 3Ly ) Taking expectation on both sides of the above inequality, summing
overt =0,1,...,7 — 1 and rearranging, we obtain that

1% 2 407% 3} — 2
f;EHVJ(wt)H < Bl (wr) = J(wo)] TZE||ht—h(wt)||

(1) 4C2 Rpnax A ~1)/2
< % +4C:/l, {010 (1 - UTF) + c10°7= +61202T
, A ¢ c -
oo 4o (1-228) " + 52 s, (3)

where (i) uses the item 4 of Lemma D.5 and the item 8 of Lemma D.7.
By Assumption 2, In7,(s, a) is an Ly,-smooth function of w. Denote w*:=argmin ., J(w) and denote E,,- as the
unconditional expectation over s ~ v,«, a ~ Ty« (+|s). We obtain that
Eu [Inmy41(als) — Inmy(als)]
T L
> Eur | (Vo Ine(a]s)) " (@it = w)| = S Bflwa — il
Lya
= aR,- [¢(als)The] — ZL—E]
Q
> aBy- [¢i(als) " (he — h(wy))] + aEo- [Yr(als) T h(wi) — Au, (s, a)] + o [Ay, (s, a)]
— Lya®E[||hy — h(wy)||*] = Loa®E[|| F(w) ' VI (w)||]

(i)
> —aCy\JE[|he — hwn)|] - aC. [Cisins

+ aB[J(w*) = J(wr)] = Lp@®E[||hy — h(w)||*] = Lpa®\22E[[| VI (w)||*]

]|

where (i) uses the inequality that [|z||2 < 2|z — y||> + 2|ly|/? for any =,y € R? and the notation that h(w;) =
F(w;)~tVJ(wy), (ii) uses Cauchy-Schwarz inequality, the items 3 & 6 of Lemma D.7, the inequality that E|| X | <

\/E [l X||?] for any random vector X and the equality that E,« [A., (s,a)] = E[J(w*) — J(w;)] (See its proof in Lemma
3.2 of (Agarwal et al., 2019).). Averaging the inequality above over ¢ = 0,1,...,7 — 1 and rearranging it yields that

T-1

J(w*) —E[J(wz)] = 121@ J(wr)]

t=0

1 Cy — 2
< T—aIEw* [Inmr(als) — Inmo(als)] 4+ Cuy /Ci5 + % ; \/]E[Hht — h(w)]|"]
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L
Leo ZE e = hw)||*] + 755 ZE 177 ()]

—
S

i)

IN

1 .
T B [KL (7o ([8)l[mo(-])) — KL (e ([s)l[mr(-]5)) ] + €/ Cifiiox
n)\F)(K 1)/2

+Cy {610 (1 -

2T, 27’ 2 27!
5 +c1107°F + 1207 +cfBioe

A T ¢ 1/2
o1 225)" 1 52 s cucg
n)\F)(K 1)/2

+ Lyalen(1 -5

e C15

+c14(1—736) t N +c6<;,§i§it;x}
Ly [ 4C7 Rinax A nAp (K-1/2
S a1 %)
A2 { Ta 40y e 2
A T. ¢ »
reu(1-206)" + 5 ]}
(u) 1

< T B [KL(mo (18Im0 ([5))] + €/ Cifiaox

Ap\ (K—1)/4
+Cy | (1—77—F) + Va0 + Jegol + \JersBo’

A T./2 c ,
Va1 T78) [ e,

C4 Ap\ (K—1)/4
(i )[Cw(l—*”f)

2T

T’ 2 2T
=+ c120°T 4 ¢38%0%

-+ C110

! !
+ 1107 + e120%" + 138207

/ /
+ 1107 4+ c1a0” + e13Bo’

/2 4Ly C? Rinax
+C14(1—£ﬁ) + e+ 16@“551;}%4 de
1 VN, Tals
e Apy (K—1)/4 / / A Te/2
B A MRS R O

critic critic * actor
\/7 + CT/J clﬁcapﬁox +C24 approx +C \/ Sapprox> (14)

where (i) uses the definition of KL divergence that KL (- (+[s)[|Tw(¢|$)) = Eqmr. (1s) [ In T (a]s) — In7(als)|s]
and egs. (13) & (54), (ii) uses the condition that « < 1 and the inequality that /Y ;" x; < Y., \/z; for any

2
n € N* and zy,...,2, > 0, (iii) uses the notations that c17:=E~,,. [KL(mu~(-|s)[|m0(-]s))] + %ﬂ, C1g 1=
F

4C7 4C; 4C;
Cip\/clo +010L¢ (1+ )\7;)’ Clg = Cl/ﬂ/cll +011L¢ (1+ Tg})’ Co0 1= Cl/ﬂ/clg +012L¢ (1+ Tzw), Co1 = Cl/,,/cl +

4cy, 4cy, 4cy, 40w
013[/1/) (1 + W), Coo 1= C¢\/614 + C14Lw<1 + ?), Co3 = Cw\/le) + 615Lw (1 + B ) Coq ‘= 016L¢ (1 + )
This proves the error bound of Theorem 2.

Finally, for any e > 2Cy /c16(Site, + 2co4(Sie. 4 2C* /3l it can be verified that the following hyperparameter

approx
choices make the error bound in (14) smaller than € and satisfy all the conditions of this Theorem and those in Lemma D.4

thatﬁgmin( 4 ) N, >( +25)M

802 ' AB QCB (1—p)AB
22, C?
—min (1, —2F —’/’): 1
@ mm(’4LJc2’2LJ o)
A 4 1-—o0
— mi o1
£ =min (1, "8C% g 203) (1)
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In[(1 —nAp/2)71] In [(1 = nAp/2)~?
111(3DJC7?0) In(14cige)

max[ In3 4n(lderge ) ] + 1H =O[In(e™")]
|

} = —‘0[1I1(671)]
H =0O[In(e™")]

In(c=1) 7 In(oc71)
InM  In(l4cyoe?)
2In(c—1)"  In(oc—1)

|
|
[
|
77 =[] o)
[
|
[

In(
21n(14copet) B B
= g 572 | — Ol ™)
2304C4 (k + 1 — p) .
k(1 - P)(f— nAF/z)(K—n/J =0(™)

o [(5 +20) R ke ] e "

AB

D. Supporting Lemmas

First, we extend the Lemma F.3 of (Chen et al., 2021) to the Lemma D.1 below. The item 1 of Lemma D.1 generalizes the
case n = 1 to any n € N7, the items 2 & 3 remain unchanged, and the item 4 is added for convenience of our convergence
analysis.

Lemma D.1. The doubly stochastic matrix W and the difference matrix A = I — = 11—r have the following properties:

I. AW =W"A=W"— ﬁll—'—for anyn € NT.
2. The spectral norm of W satisfies |W|| = 1.

3. Foranyx € RM andn € NT, |[W"Az| < ol || Az|| (ow is the second largest singular value of W ). Hence, for any
H e RM*M [W"AH||p < o}y | AH| p.

4. |jwr = L1t < of,

wn — ﬁllTHF < o, VM foranyn € NT.

Proof. The proof of items 2 & 3 can be found in (Chen et al., 2021). We prove the item 1 and item 4.

We prove item 1 by induction. The case n = 1 of the item 1 can be proved by the following two equalities, as shown in
(Chen et al., 2021).

1 1 1
AW = (I - —11T) “We —11TW=W——117
w = W=W = 11TW =W - —

_ 1 Ty _ 1 T _ 1 T
WAfW(I M11)7W WL =W - 11

Suppose the case of n = k holds for a certain k € N7, then the following two equalities proves the case of n = k + 1 and
thus proves the item 1.

1 1
k+1 _ k k T _ k+1 T
AWHEFL = (AW YW = (W —11 )W w —11
1 1
”rk+1 - W ”rk =W Hrk _ T _ ”rk+1 _ T
A=WWA) = ( Mll) 't
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The item 4 can be proved by the following two inequalities.

n n n (iv) n
WAl = sup IIW Aﬁrl\< sup oy [|Aflflz]| = oy, (16)

1
HW’IL _ 711T’
M aillz] < |z <1

1 ; (44)
[ = 37|, L Iwalle < o iale

(@) aﬁ,\/M(1]\14)2+M(M1)(A1/[)2§Uﬁ/mv (7

Where (i) uses the item 1, (ii) and (iii) use the item 3 (H = I in (iii)), and (iv) uses the fact that A has M diagnoal entries
1 — 4 and M (M — 1) off-diagnoal entries — ., which implies that || A = 1. O

Next, we extend the Lemma F.2. of (Chen et al., 2021) to the Lemma D.2 below.

Lemma D.2. Suppose the Markovian samples {s;, a; };>o are generated following the policy 7, and transition kernel P’
(can be P or P¢), and s, ~ P(-|s;, a;). Then, for any deterministic mapping X : S x Ax 8§ x § — RP*? (p,q € Nt
are arbitrary.) such that | X (s, a,s’,s)||p < Cy and for any s,s',s € S,a € A, we have

n+n7 2
9CZ(k+1—p)
LN Kl sisnssign) = X || fsw] <ZEEEIZ0) et 18
{H Z (Si,Qi, Sit1,8541) S| < W= ) n,n’ € (18)
where X = E[X(Si,&i,5i+1,s,/i+1)‘81‘:| with s; ~ [, (or v,,) when P' =P (or Pe).

Proof. Denote Y(s,a,s') = Ezopi(|sa) [X(s, a7s’,§)|s,a, s’] which satisfies [|[Y(s,a,s’)|] < C, and
Es, v, [Y(si7 a;,8;41)] = X. Hence, Lemma F.2 of (Chen et al., 2021) can be applied to Y (s,a, s’) and obtain the
following inequality

1 n4n’—1 2 802(,% +1— P)
]E{H— Y (51, a3, i —XH ] iUk ) 19
n Z;/ (8454, 8i41) P Sn/ | = n(l— p) 19)
Therefore, we obtain that
n+n —
|:H* Z X 517a1752+17 1+1)_XH ’{Suazasz—&-l}lt?/ 7li|
n+n 2
= HE[ Z X (si,ai,8i41,5 1+1 X‘{SuazaSH—l} _ _1} HF
=
n+n’—1
l nJrn —1
+Var Z Xslaa27s’b+la i+1 {Slaa27s’b+l
1=
nJrn —
I %,
- Y 19 Wiy 9 X
Z (Siy @iy Sit1) — -
1 n+n’—1
+ﬁ Z Var[X(SzyazaSz+17 z+1)|{327aza51+1} ntn! _1]
i=n'
n4n’—1
‘f Z Y (si, a0, si1) —XH (20)
where (i) uses the conditional independency among {s/ +1}§:§]1\;N_1 on {s;,a;, Si+1 ?:7?/_1 and (ii) uses the fact that

| X (54, @iy 8541585401 ||p < Co.
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Finally, eq. (18) can be proved via the following inequality.

n+n

|:H7 Z X(817a1781+17 1+1 XH

Qe[|

(2) 805(/&4—1—,0) §<QC§(H+1—p)
- n(l-p) n = n(l-p)

where (i) takes the conditional expectation of eq. (20) on s/, and (ii) uses eq. (19).

-
2

2 o2
Y(Suai,siﬂ) - XHF‘S,,L/:| +

O

Next, we prove the following Lemmas D.3 & D.4 on the decentralized TD in Algorithm 2. We first define the following

useful notations.

A = Amin (Es~pu, [0(5)¢(s) T]) > 0, see Assumption 4.

B(s, s’) = o(s)[yo(s') — o(s)] -

—1
i=tN, (Sia 8i+1)'

B, = Eswpu,awﬂ-u(~|s),s’~7)(~|s,a) [3(57 8/)} :
b(m)(g’ a,s') = R(m)(s, a,s")p(s).
b(s,a,s') = 17 Z,Aj_l b (s,a, ).

bz(tm) = Zz(ttll\;N (m)(sw i, Sl+1)

bt = M Zm:l bgm)

b 1= By amma (1s),5/~ P 1s0) [0(5, @, 87)]

0% := B, 'b,,, which is the optimal critic parameter under policy 7.

Lemma D.3. The following bounds hold for Algorithm 2.

1. ||B(5:S/)HF: ||Bt||F7 ||BUJHF S C’B =1 +7’
160 (s, )11, 165, @, )1 5™ I 10ell lbwll < Co = Rima.

2. 0T B,0 < —22|0|| uniformly for all w, where A\ := 2(1 — 7)Ay > 0.

305N < Ro = % uniformly for all w.

Proof. We first prove the item 1. Notice that for any vectors z,y € R?,

d d d
lzy e = 4| DD ()2 = | D a? Zy] I llyll-
i=1

i=1 j=1

Hence, we obtain that

1B (5,8l = [[6() (v (5) = &) " || o = 6(s)lll[v(s") — 6(s)| <1+ := Ci,

1b(s, a, ") = R(s, a,s")[[¢(s)|| < Rmax = Cb.

The other terms listed in the item 1 can be proved by applying the Jensen’s inequality to the convex function || -

21

(22)
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Next, we prove the item 2, where we use the underlying distribution that s ~ (i, a ~ m,(-|s), 8" ~ P(:|s,a). We obtain
that

0T B.0 = E, (9%(8) [yo(s') — ¢(8)]T9)
_ K, {(0T¢(s)) (GTd)(S/))} —E, {(0T¢(S))2}
< 5 (B (070()"] + EL[(670())"] ) ~ o[ (0 0()’]
9Dy~ DE, [(9%(8))2}
(1= DT [b(:)6(s)T]6

(31) )\
< =Sl 23)

where (i) uses the fact that s, s’ ~ p,, which is the stationary state distribution with the transition kernel P and the policy
T, and (ii) uses Assumption 4 and we denote A := 2(1 — y)Ag > 0.

Finally, the item 3 can be proved via the following inequality.

oz 1% < —E(%)TBw@w < g 10slllButs ]l = Sl0ulllbe Il < 5161 (24)

where (i) uses the item 2. O

2
Lemma D.4. Under Assumptions 1-5 and choosing < min (8>\TB%7 é, 12_%;"), N, > (% + 28) W,

Algorithm 2 has the following convergence rate.
- (m) 2 2T 1o A \Te o

E[||65") 7, — 02, |we] < oty 8%z + 20 [ea(1 - 528) "+ =] (25)

m=1

Moreover, to achieve Ei\f:lE[HGngiT{ - GthQ‘wt] < € we can choose T, T, = O[In(e™!)] and N. = O(e™').
Consequently, the sample complexity is T.N. = O[e_l ln(e_l)} and the communication complexity is T, + T, =

O[In(e™h)].
Proof. In Algorithm 2, by averaging the TD update rule (26) over the agents m € M, we obtain that the averaged critic

parameter gt,t’ = ﬁ 2117\/11:1 ?;7:,) follows the following update rule

M M
Puaess = 37 32 [ 30 W03+ 5(Be03) +1(7)]
m= =1

| M , | M
=2 2 )+ By Do (Bee) + v
m/=1 m=1
=010 + B(Brbry + by) (26)
which can be viewed as a centralized TD update using the Markovian samples {s;, a; }; from the transition kernel P and the

joint policy 7r;. Therefore, Theorem 4 in (Xu et al., 2020b) can be directly applied to analyze this centralized TD update and
obtain the following convergence rate of 6, ;, since all the conditions of that theorem are met °.

_ Ag N\
Bl — 05 e < (1= 225) EBeo 02, o]

2 192(CERE + CR)[1 + (k — 1)p]
* (E - 2ﬁ) (1= p)ABNc

2We corrected the typo 1 — %ﬂ, which should be 1 — ATB 5.
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(i4) Mg\ e
< 1-— —. 27
< c3 < 1 ﬂ) + N, (27)
2 p2 2 e
where (i) uses the condition that 8 < 4/\p, the item 3 of Lemma D.3 and the constant that ¢; := 1920(C% R(gltf)b 32[1—0—( Del ,
B
(ii) uses the constant that c3 := 2(||9_1 H2 + Rg).
Next, we consider the consensus error [|AO; »||% = >, HGt(T,) — 041 ? where we define Oy = [Hglt)/, e Ht(z{)]T.

Note that the critic-step (26) can be rewritten into the following matrix form
Ouirs1 = WOy + (0B + 8. 6Tt = 0,1,..., T — 1, (28)

which further implies that for any ' = 0,1,..., T, — 1,

HA@t t/+1HF < ||WA®t o ot 5||A bi/l)’ s bE/M)]T”F

-+ 8|26, v B,

(“)
< (ow + BCB) ||A@tt’

M
+ 8y M S B2
m=1

(ii4)
“Sl 1+OW||A@H’

|+ BMCy,

where (i) uses the item 1 of Lemma D.1, (ii) uses the item 3 of Lemma D.1 and the item 1 of Lemma D.3, (iii) uses the
condition that 5 < 1;?";” and the item 1 of Lemma D.3. Telescoping the inequality above yields that

1 2 MC 2BMC
< ( + Uw) 5 b (1) 28 b 29)
F 2 — oW 1-—- UW
where (i) uses the equality that A©y = O due to the initial condition that ©; ¢ = [0_1;...; 9,1}-'—.

On the other hand, the final 77, local average steps in Algorithm 2 can be rewritten into the following matrix form
@t,t/+1 = W@t’t/;t =T, T.+1,...,T.+ Té — 1.

Hence, the average critic parameter ¢, ;» does not change in these local average steps, i.e.,

_ 1 / 1 —
Ot = @t reml= M@ZTC(WTC)H = M@jﬂl =0;1.. (30)

Therefore, we obtain that

M
2 "’
SO 7 — — A0,z 11|13 = |AWTO, 1, |2
—

M
2 (m) i)
= Z ||9t Te+T! et,TquT;

NP < NI

@0 g 2BMCN2 (i0) o7
o () s

ey /2 €29

1—0’W

2MChy )2.

where (i) and (ii) use the items 1 and 3 of Lemma D.1 respectively, (iii) uses eq. (29), (iv) denotes that ¢y := 2( Fr—

Combining eqgs. (27) & (31) yields that

M M

SB[ ay — 02, ] <2 D7 E[|67) 1, 0

m=1 m=1

]+ 2ME[|B,.r. — 02, |]]
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’ )\ T,
< 0‘2565202 + 2M[03<1 — TBB) + ]cv—l}

In the inequality above, replacing 9;7}3 7 from Algorithm 2 by its corresponding variable Gim) from Algorithm | proves

eq. (25). Finally, it can be easily verified that the following hyperparameter choices make the error bound in (25) smaller
than e and also satisfy the conditions of Lemma D.4.

)\B 4 170'W

N, = max {(% +28) 1920%1[12)(;3 1)p],6Mcle_1} =0

_ [ In(6Mcze™1)
I [(1-ApB/4) "]

T = 2{%] = O[In(e™1)]

| =ofme)]

O

Lemma D.5. For any w,& € Q, s € S and o™ € A,, (A, denotes the action space for the agent m), the following
properties hold.

1. ||z/)£,m) (a(m)|s)H < Cy, where wé,m)(a(m”s) =V, In ﬂ'&m)(a(mns).

2. 95 (@t™]s) = g™ (@™]s)]| < Ly @0 — ™)

3. dry[re, (1), 700, (19)] < L@ — w(m|.

4- 0 S Vw(s)a Qw(57 a) S (1 - V)Rmax: 0 S J(w) S Rmax~

5. dry[ve(ls), vs(-]s)] < Lyllw’ — w|| where Ly, := Ly [1 +log, (k) + (1 — p)~].
6. drv[Qz(s,a), Qu(s,a)] < Lol — w|| where Lg = %.

7. J(w) is L y-smooth where Ly := Rpax(4L, + Ly) /(1 — 7).

8. |VJ(W)| < Dy = S4ftmes,

9. F(w) is Lp-Lipschitz where Ly := 2Cy(L;Cy + L,Cy + Ly).
10. h(w) is Lp-Lipschitz where Ly, := 2)\;1(DJ/\;1LF +Ly).

Proof. For any w(™ &™) € Q,,, s € Sand a(™ € A,,, arbitrarily select wm) =5m) e, am) e A, for every

m' € {1,...,M}/{m}. Denote w = [wM);...; 0] & = [@D;...;5M)], a = [aM),... a™)]. Notice that the joint
score vector has the following decomposition
vu(als) = [ (aD]s);...; 9 {0 (@D]s)]. (32)

Hence, the items 1 & 2 can be proved via the following two inequalities, respectively.

M L.
m) ¢ (m mY ;o (i) (@)
[ @) < | S 1™ (@m)]s) 12 = [l (als)]| < Cy.

m/=1

100 ()]5) — ™ (@™ |s)|| = vz (als) — v (als)]

@) ~ ~(m m
< Lyl@ —w] = Ly[@™ — o™
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where (i) uses Assumption 2.
Next, we prove the item 3. Notice that
drv [m5(]5), T (']5)]
©)
= sup |mg(Als) — o, (Als)]
ACA

(i) M M

> sup H Tm'y (Am|$) — H 7Tw<m/>(Am’|3)‘
A1CAL, A CAM Ty mi=1

(#id) o

211

D [T 7o (Anrls)| |mz0n (Amls) = T (Amls)|
A1CAL B AMCAM ] m/#Em

(iv)

= sup [ (Amls) = oom (Anfs)| = drv 750 (19), 700, (19)],

AmnCAm

where (i) denotes that 7, (Als) = [, m.(als)da, (ii) uses the relation that X e A1 Ay, C A, (iii) uses our construction that
w™) =5m) € Q... ¥m/ € {1,..., M}/{m}, and (iv) uses A,,, = A, to achieve the supremum. Therefore, the item 2
can be proved via the following inequality.

S ~ ~(m m
drv [, (1), 7wl (19)] = dry [m5 (1), 7o (-1s)] L @ = w]| = Lal|3™ — 0™,

where (i) uses Assumption 2.

The item 4 can be proved by the following three inequalities that use Assumption 3.

0<V [Zry Rt’50_51| <Zorthmax_fiaj;a

J— Rmax Rmax
0< Qw(sva) = Es’~P(-|s,a)[ (S7a7 S/) + ’wa(S/)} < Rpax + 'Yl ~ = 1_ 77

0 < J(w) = (1 - W)Ew [Z'Ytﬁt} < (1 - 7) Z’YtRmax = Rmax-
t=0 t=0

The proof of the items 5 — 7 can be found in the proof of Lemma 3, Lemma 4 and Proposition 1 of (Xu et al., 2020b),

respectively.

Next, the item 8 is proved by the following inequality.

VI = [Esmrs anmaiio [Qu (s, a)ulals)] |

(@)

C RI!’I&X
< IEs~uwa~7rw(| “Qw S a)HW}w a|$ H] 111

-
where (i) applies Jensen’s inequality, (ii) uses Assumption 2 and the item 4.
Next, the item 9 is proved by the following inequality.
1F@) = Fw)
= ||]Es~1/,r(;,a~7r(;(-|s) [¢$(a|5)¢w( ‘ ) ] swu,rw ar~Ty (+]s) [d)w(a| ww (IIS ] H

(1)
< HESNVWE}JINW@("S) [¢@ (CL|S)’[/)§ (als)T] - ESNVWW JarTy, (¢]s) [w@ (a|8)'¢; (a|S)T] ||

+ ESNVM ,any, (+]s) [H [1/)5(a|8) - ¢w(a|5)]¢§(a|5)—r |H
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+ Esrvu,rw ,anTy, (¢]s) [wa(a|5)[¢@(a‘s) - ’l/}w(a‘s)}—r |H
(id)
<

| [ ramatals) = (o) als)) v (als)stals) Tdsdal | + 20, Ly 5~
<G [ Iuats)malals) v (s)mlals)dsda+ 20y Ly 3 — ]
<G [ valmalals) = mofals)ldsda

Lez /SXA 7 (a]8)[vs (5) — vo(s)ldsda + 20y Ly | — w|

(1i7) 2~ o (1~ - -
< 2L7TC¢||w —w|| +2L,,Cw||w —w” +QC¢Lw||w —w|| = LFHw —w||

that [ v, (s)ds = [, m,(als)da = 1 as well as the inequlities that [ , |75 (als) — m(als)|da = 2drv (75 (-|s), m (-]s)] <

2L ||& — w| (based on Assumption 2) and that [ [v5(s) — v (s)|ds = 2drv [ (+|s), vz (-|s)] < 2L, [|lw" — w|| (based on
the item 5).

Finally, the item 10 is proved by the following inequality

|M(@) — h(w)]|

= |F(@)"'VJ(@) - F(w) ' VJ(w)]

L2[F@)7" = Flw) ' IVI@)]| 4 2||F(w) VI (@) — V(W)

(@) _ - o .

< 2D;||F(w) HF(w) — F@)]F(@) 7| 4 2L || F(w) 7| |& — w||

(i) 9 _ L1~ -

< 2D AL LF||w — w|| +2L 1A% ||w — w|| = Lh||w — w||,
where (i) uses the items 7 & 8, and (ii) uses the inequality that || F(w) || = Amax(F(w) ™) = Amin[F(w)] 7' < AR* for
all w (since F(w) and F(w)~" are positive definite) and the item 9. O
Next, we bound the approximation error of the following stochastic (partial) policy gradients.

(t+1)N—1

Vaomd(w) = 2[R 460070 = 6(s) 76 ui™ (a™]s.), (33)
i=tN

VJ(wy) ::[@me(wty 3 Vian J(wi)] (34)

Vo (e Buge) =~ z (B 4+ yo(si0) TO™ — (s0) O 0™ (@™ |52), (35)
ZEBtk

ﬁj(wt; Bix) = [§w(1) J(@i); -3 Von J(wi)]. (36)

Lemma D.6. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following

Lemma D.4. Choose T > 3 IITEA{l Then, the following properties hold.

1. The estimated average reward Eim) has the following bias and variance bound.

M

STER™ - Ri| R <Mo3 R, 37)
M
S var[R™|R)] <4R2%057 (38)

where R; = [Rz(l) - REM)] denotes the joint reward.
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2. The stochastic policy gradients have the following error bound.

) | | L
=[]0 = V] et + el + a(1-225)

+ N + ﬁ + 16C oo (39)
N 5 M )
E[||VJ (e Bew) = VI (wo) ||| Fer] Scacdt +1602 3" [j05™ — 0z, |
m=1
+ N 160G (40)

where Fyj, i= o [Fs U ({80, ai, i1, 811, (€™ Ymeat et

5]

k'=0
Proof. We will first prove the item 1.

When R; := [R(l)' 'REM)] is given and fixed, the randomness of E(m) = R(m)(l + e(m)) and Y, (m)J (w;) defined in

eq. (4) only comes from the noises {e(m)} . Since {e(m)}M , are independent noises with zero mean and variances
02,02 Ry == [RW:. i R™)] has the followmg moments
E[Ri|R;] = Ry,

cov [§Z|RJ = diag[(REl))zof, ey (REM))ZUIQW} =3
Hence, R; := [E(l) E(m)]T WT'R; (the second “=" comes from eq. (3) and the notations that f?z(-m) = E%) and

that R(m) R("TL),) has the moment that E [R |R;] = WT'R; and Cov [}A%,\RZ] = WT's,(WT)T. Therefore, eq. (37)
can be proved as follows

2 , 1
=|WTR, — —
= g

M
S B[R - Ri|R)" = ||E[R: - Ri|R]
=1

< HWT’ 11TH 12 2 o2l 2

where 1 is a M-dim vector of 1’s, (i) uses the inequality that || R;||?> = Z%=1(3§7n>)2 < M R?

< ax (based on Assumption 3)
and the item 4 of Lemma D.1. Then, eq. (38) can be proved as follows

f var[R™ |Ri] = Var[Ri|R)] = w[(WT) Tm,w ]
- tr[(WT’ - %uT)zi (WT' — %uT)T} +tr[(WT')Ei(%11T)}

+ tr{(%llT)Ei(WT/)T} T tr[(%llT) i (%HT)}

(1) ’ 1 2 2 , 1

2 52 T T T T T T
< MRG0 HW — a1t H +Mtr[W ;11 ]+Wtr[1(1 S117]
(i) 2 1
< MR?, 5203 + Z1Ts,wT1 S8 1)u(1T1
(2i1) 3
< R? 1Ty

max M

3 M (m)
_ 2 —2 m)\2 __2
Rmdx MmZ:l(Rz ) Jm

(iv)
< 4R?

IIlch )
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where (i) uses the equality that tr(Y' ") = tr(Y") and the inequality (41) below in which X = wT — ﬁllT and the m-th
entry of v,, € RM is 1 while its other entries are 0, (ii) uses the item 4 of Lemma D.1 and the equality that tr(zy ") =y 'z
for any =,y € RM (iii) uses the condition that 7" > [In M]/[2In(o;')] and the item 1 of Lemma D.1, (iv) uses Assumption
3.

M
(X2, X ") =u(XTXY,) = Z U X T XS0 < ol [[1X 1| Zivm|l

m=1 m=1
M
=Y (RI)202|IX|? < MR2,. 57X (41)
m=1

Next, we will prove eq. (39) in the item 2, where the error term can be decomposed as follows

[V T (we) = VI)||” < 4[|V T(wr) = ge||” +4]|g: — g5 ||* +4 || o7 — 7;||° +4]9; — VI (@o)|, (42)

(1) (I1) (I11) (1v)

where we use the following notations that

g =[5 10t™), “3)
(t+1)N—-1
o= D [Ritae(si) 6 = o) 0™ (0], (44)
i=tN
1 (t+1)N—1
g =5 D [Bitae(si) 00, — é(s) 05, Jenails:), (45)
i=tN
g;&k = Eswuwt JarTy(+]s),s'~P(+]s,a) m(sv a, 5/) + ’YQS(S/)TQZ& - ¢(5)T9:;J qbt (a|s) ’wt] . (46)

Conditioned on the following filtration
t+1)N—1
]:t/ 5:‘7[-7:t U U({Sivah §+1}£ t]\;+1 )]
= ({0 mermo<r<e U{si,ai, s KUY 1 U {s vt U el Fmerd N5,
the error term (I) can be bounded as follows.

E [H@J(wt) - gt7k||2 ’]—'{}

M
E{ Z (m)J wt — Gy, k)H ‘.7:/}

0l
m=1 N i=tN ' ' t ' l t
@ &t FET o e ) ?
<Y Ely X @Y -Rume™s)|A]|
m=1 i=tN
- Var| 2+ R B Ry m) o (m) /
+Z ar{ﬁ Z (Ri —Rz‘)wt (a; ‘Sz‘)]:t}
m=1 i=tN
2 3 ol S - mof |
m=1 1=tN

M (t+1)N-1

N2 Z Z Var R( (R i)¢§m)(a§m)|8i)|f£]
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(i) M q (FDN-1 oy )
Y [v X B -RIE)] @)
m=1 i=tN
M (t+1)N—1
Z S @™ s)|Pvar[R — Rl 7]
= i=tN
C M (t+1)N71 ) = ) o2 2 (t+1)N—-1 M (m)
YA RV -RIEP D Y S wlR)E)
m=1 1=tN 1=tN m=1
W) 2T 12 02 2 2
< Cw(MO'W Rmax) + 7(4Rmax )
/ 4
_ 2 or | 4
— C’meaX(MaW + 57 ) 7

where (i) uses the definitions of @OJ(m)J (wt) and gt(m) defined in eqs. (33) & (44) respectively, (ii) uses the relation

that E|| X||?> = Var(X) + ||EX]||? for any random vector X, (iii) uses the facts that wt(m)(agm”si),ﬁi € JF are fixed
while {R(m)}ftt]l\;N " are random and independent given F7, (iv) uses the equality that Var(zY) = Ej:1 var(zy;) =
Z?Zl yivar(z) = |ly||*var(z) for any random scalar z and fixed vector Y = [y1,...,ya] € R? (Here we denote
y= t(m)(al(-m) |s;) € F7), (v) applies Jensen’s inequality to the convex function (-)? and uses the item 1 of Lemma D.5 as
well as the fact that R; € F is fixed, (vi) uses egs. (37) & (38) and the fact that the conditional distribution of Rgm) on

R; € F] is the same as that on F since the noise e( ™) s independent from any other variables.

Then we bound the error term (II) of eq. (42) as follows.

(t+1)N 1 9
o — g | = Z v 3 (olshn) — ol O —62,))u™ @™ ls)
i=tN
(1) 1 (t+1)N—1 M

Sv 2 2 hetsha) — el ll6m — o, |l @™ s

i=tN m=1
iy t+1)N—-1
@ CA+7)? I

D YD S VR

i=tN m=1
_ (m) *
=4C3 Z 6™ — 65, (48)
where (i) applies Jensen’s inequality to the convex function || - ||2, (i) uses Assumption 4 and the item 1 of Lemma D.5.

To bound the error term (III) of eq. (42), denote that

X(s,a,5',3) = [R(s,a,3) +70(3) 05, — 6(s) 62, ]vu(als), (49)
which satisfies | X (s, a, s, 5)|| < [|R(s,a,3)|+]|vé( “)—i—qﬁ W65, 1114+ (als)|] < Cy(Rumax +2Rg) (the second < uses
the item 3 of Lemma D.3) and X = Eg,,, [X(sl, iy Sit1, S |.7-"t} = g; where sy, wy € Fy := 0({9(?)}m€M30§t/§tU
{ss,ai, 8] 41, " e YN U {sin}) are fixed. Hence, Lemma D.2 yields that

(t+1)N o
E[||gr —gt|| | 7] = {H* (Si7ai75i+1vs;’+1)_XH ‘]:t}

9C (RmaX + 2R9) (k+1-)p)

50
N —p) c0

Next, we bound the error term (IV) of eq. (42). Notice that
g; — VJ (wt)
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=E., [ (Rls,0.5) + 10(3) = 6()] 70, — [R(5,0,5) + 1V (3) = Vi ()] ) r(als) ]
=E., [(1[6()705, = Ve (3)] = [0(5) 65, = Vi (5)] ) weals)] . 51)

Hence,

175 — V@I = |[Bu [(7106) 02, — Vau B)] — [005) 702, — Ve (5)] ) lals) ]|
(1685, = Ve ] = (669782, = Ve 01 el o]
< 20z, 7)o@ 7o, Ve @ + 00982, — Vi)

2
= 2024 / ng)(gfe;t —th(g)H ve(s)me(a|s)P (3]s, a)dsdads
SXAXS

(%)
<E..|

2038, [[[o()705, — Vi (9 o]
(ig) 203,7/SXAXS qu(@)TGL — Vi, (§)H2yt(s)7rt(a|s)P§(§|s,a)dsdad§

o) 702, — Vi (5)] ]

o702, — Vi (5)] ]

+2CZE,, [

(i)
2 203 (v + 1), |

(v) -
S 403} critic (52)

approx’

where (i) applies Jensen’s inequality to the convex function || - ||2, (ii) uses the inequality that ||z + y||? < 2||z||* + 2|ly||?
for any x,y € R, (iii) uses the inequality that P(s|s,a) < v 1 P¢(s'|s,a); Vs, s’ € S,a € A, (iv) uses the equality that
Jsxavi(s)me(als)Pe(5]s, a)dsda = v4(5), and (v) uses the notation that (fide .= sup,, Es,, [|Vio(s) — QS(S)TH:’Q}.
Substituting eqs. (47),(48),(50)&(52) into eq. (42) yields that

E[||[VJ (we) = VI (wr)||*|F]

M
< AC R (M + 57) + 1608 3 1" - 2.
m=1

3605} (Rmax + QRG)Z(H +1- p)

+ 1607 Gonrox
N(1-p) % >app
M
= el % +1602 3 [0 — 6z, |7 + 1603 ¢t (53)
m=1

where 9£m)7wt € F; are fixed, and we take the conditional expectation of eq. (47) on F; C F; and denote that ¢4 :=
36C2 (Rmax+2Re)? (k41—
AMC2R2, . ¢ = 16C2 R, o + PCullmet 2H0) (04 120)

max> max 1—p

eq. (53) yields that

. Substituting eq. (25) into the unconditional expectation of

E[||VJ(w:) — VI ()]
< o2l + % +16C2 (03555%2 +2M [CS (1 - %B,B) n %D + 1602 ¢t
e
—cioft el beo(1-228) 45+ 1003,
where we denote that c5 := 160203,, ce 1= 32M03Ci, cg 1= 32Mch’i. This proves eq. (39).

Equation (40) can be proved in the same way as that of proving eq. (53). There are two differences. First, vJ (we; B i)
uses the minibatch B, j of size N}, while V.J(w;) uses batchsize N. Second, eq. (40) is conditioned on the filtration
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Feg =0 |FUo({siai, siv1,8],1, (™} e }zeu"'*l 5, )] which includes not only the filtration JF; use by eq. (53)

but also the minibatches Uk, Bt x used by the previous (k — 1) SGD steps. D
Lemma D.7. Implementing Algorithm 3 with n < T > oM > In(3DsCy) K> 3 _ N>
P 8 Alg n 202 ’ - 2111(0'71) z = ln(a‘jvl) ’ = In[(I-nAp/2)~1] -

AT (12—3/?)4tfﬁ7(1’;i;;),:)}“1>/2 and Ni; < (1 —nAp/2)~ k12 the involved quantities have the following properties, where E,,
F

denotes the expectation under the underlying distributions that s ~ v, a ~ 7,(-|s).
L Ap < Amax[F(W)] = [|[F(w)]| < CF, V.
<1=nC} <|[I=nF ()| <1 =nAp, son < 53—
3. C2 < ||F(w) M < Ap' Foranyw,z € R, T F(w) ™'z > C, %]
4 Jr@) < sH[VI@) < £
5. h(w) = arggninEw [(Yw(als) Th — Au(s, a))Q], 50
Eo [(Yw(als) Th(w) — Au(s, &))2] < ooy Where s ~ v, a ~ 7, (+|s).
6. E - [ww(a\s)Th(w) — Aw(s,a)] > —C, \/m, Yw.

7 N, — N(1-— 7,AF/2)<K =R /2(1—\/1—nAFr/2) 5760{‘0(n+17p)
-k = —(1-nAp/2)K/? Ap(=p) -

8. h: approximates the natural gradient h(wy) with the following error bound.

77)\F>(K 1)/2 , ,

E[||h: — h(wt)Hz] < ¢10 (1 -5 + e + c1208E + 013520’351

&
era(1-728) " + 52 4 s, (54)

Proof. The item 1 is proved by the following inequality.
(1) (m)
AR SAmin[F(W)] € Amax[F(w)] = [[F(W)]

=B (el als) ]| < Bul0tals) [ tals) T[] ' €3,

where (i) uses Assumption 0, (ii) uses the fact that F'(w) is positive definite implied by Assumption 6, (iii) applies Jensen’s
inequality to the convex function || - || and (iv) uses Assumption 2.

Next we will prove the item 2. On one hand,

@
Amin [I - UF(W)] =1 —nAmax [F(W)] >1- 7703; > %7 (55)

where (i) uses the item 1, (ii) uses the condition that < 5 02 . On the other hand,

Amin [I = nF(w)] < Amax [I = nF (w)] @ [1 —nF ()| =1 —nAmin[F(w)] <1-nAp, (56)
where (i) uses the fact that I — nF(w) is positive definite based on eq. (55). Hence, eqs. (55) & (56) prove the item 2.

The item 3 can be proved by the fact that F'(w) ™! is positive definite with minimum eigenvalue Apax [F(w)] ™! > Cy % and
maximum eigenvalue Apin [F(w)] ™" < A5 implied by the item 1.

The item 4 can be proved by the following inequality.

()] = ||F(w) ' V()] < |[Fw [V (W) D VI (w H s 7Dy,
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where (i) uses the item 3 and (ii) uses the item 8 of Lemma D.5.
Next we will prove item 5.

Consider the following function of x € R% .

@) = %Ew [(Yu(als) Tz — Au(s,a))?]
%xTEw [V, (als)vu(als) Tz — Ey, [Au(s, a)vu(als)] T+ %]Ew [Au(s,0)°]

= 2o F)r — V(@) o+ JEu[Au(s,a)’]

Since V2 f(w) = F(w) is positive definite, f is strongly convex quardratic and thus it has unique minimizer h(w) =
F(w)~'V.J(w) obtained by solving h from the equation V f,,(h) = F(w)h — V.J(w) = 0. Hence,

E. [H1/Jw(a|s)—rh(w) - Aw(s,a)HZ]
= minE, [(vu(als) Th = A (s, a))’]
< supminE,, [ (v, (als) Th — A (s, a))?] = ¢ (57)

which proves the item 5.

The item 6 can be proved by the following inequality.

[ — Yy (als ) ( )}
- / Vo ()7 (a]) [Au (5, @) — 0 (als) T h(w)] dsda

we (8)7e~(a]s)

) - als T w sda
o meals) e (5:0) — Yulals) Th(w)]dsd

-E, [”;wggiz(é“j [Au(s,0) — zpw(a\s)Th(w)]}
- \/]E[(E; e ) Ve (A (s.0) = v lals) )] < €y )

where (i) uses Assumption 7 and the item 5. Multiplying —1 to the above inequality proves the item 6.

Next, the item 7 can be proved as follows.

i 1—nAp/2)~"/?
Ny (:)N K(—l mAe/2) /
w—o(L=nAp/2)~+/2
_N(O - nAp/2)E1=R/2(1 — /1T — nhp/2)
1—(1—nAp/2)K/2

(g) 2304Cy)(k + 1 = p) (1 — nAp/2)E-D/2(nAp/2)

T A1 = p)(1 = nAg/2)K-D/2 14+ /1 —1\p/2
576C4 (k+1— p)

T Xp(l=p)

where (i) uses the conditions that N}, o< (1 — nAg/2)~*/2 and ZkK:_Ol N}, = N and (ii) uses the condition that N >
2304C, (k+1—p)
AR (1=p)(1—nAp/2)K-1/2

Finally, we will prove the item 8. Until the end of this proof, we use the underlying distribution that a; ~ m¢(+|$;),8i4+1 ~
Pe(:]8s,a;) for tN < i < (t + 1)N — 1 in the ¢-th iteration of the multi-agent NAC algorithm (Algorithm 1).
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The local averaging steps of z; ¢ := [z 2(12)7 e 721()]1\34)]-'— yield the following consensus error bound.
M g
(m)  — \2 T 2 (1) T 2 D op 2
(zq," —21.)" = = [[AW 20| = [[W=Aziol|” < oy [[Aziol|
m=1
M
G2 or, (m) 2 (m)((m) [ \Tp,(m)
& g z< 23 [ @™ s TR
m=1
(iv) oT, ) 2
§ Chow Z th(tnlz |” < Cloyy
m=1
where Z7, = 4 M.

me1 Z T , (1) and (ii) use the items 1 and 3 of Lemma D.1 respectively, (iii) uses the equality that
Al = 1, and (iv) uses the item 1 of Lemma D.5.

Then, we define the following stochastic gradients of function f,,,.

Vestom fun (he ) =~ Z W™ (@™ [s)te(ailsi) Thew — Vom J(we Br)
'LEBt k
V foor (he k) iiﬁ '628: Ve(ailsi)e(ailsi) The — §J(Wt§8t,k)
2 t,k

:[Nw(l)fwt(h’t k) -3 Vi fur (hew)],

w(m)fwr(ht k) = Z w“”) (m)|8i)3£?z _ﬁw(m)J(Wt;Bt,k)a

1€B8¢

N N = T
V fui (he i) =V fur (hei); - - Vian fu, (her)]
where @w(mg J(wy; By y) and ﬁJ(wt; B..x) are defined in egs. (35) & (36) respectively. Hence,

19 fur (o) = ¥ f (o)

M
=" Ve for () — Vet for (i) ||

m=1

M
2
=3[y 3 [ etk Theal " el
m=1 1€B
© 1 (m) 2
< W 2 S M (L5 = 20 ) s
1€By kM= 1
(“) M202
LN Z i) —zr)? < M2Choil (59)
i1€Bt ) m=1

where (i) uses the equality that ¢, (a;|s;) " he x = Y omem 2 l(T) = MZr_, (ii) uses the item 1 of Lemma D.5.

Since, wy, hy i, € Fr i while {s;, a;}iep, , are random. Hence,

E[|[9 fu (hr) = fu (e )| Fi ]

1 ~ 2
= E[Hm 2 Dabearads) T s =970 Bu) = Pl + 9

7]

Q2|5 3 [adsvntadsn] - Feo Il Fio]

P€EB K
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+ 2IE[WJ (wi; Buw) — VI (@) ||*| Fi]

(1 2
o [|| o 2 [onalsountails) ) = P 7] Iheal?
1€5 tk
+ 2E[|| VI (we; Bek) — VI (@) | Fer]
(i) 18CH (kK + 1 — , -
< W|ht,k|2 + 2c408E + ?V + 3201/, Z He“’” — 9;”2 + 3203) critic (60)

approx?
m=1

where (i) uses the inequalities that ||z + y||? < 2||z||?> + 2||y||* for any =,y € RY, (ii) uses the fact that hy j, € F , and
(iii) uses eq. (40) and applies Lemma D.2 to the quantity that X (s, a, s’,3) = ¥ (a|s)i;(a|s) " in which w, € Fy . is fixed
and | X (s,a,s,3)||r < Ci.

Combining egs. (59) & (60) yields that

E[|[V fur (hex) = V fuo, (he) ||| Fei]
SQE[H%fUJt (ht,k) - ﬁfwt (h’t,k)H2‘]:t7k} + Q]E[H%fwt(htk) — vat (ht,k)”2‘ft7k}

36(k+1—p)
<4 2 2T, 2 2T
<Cj[2m208f + W | o2 + deaor
4er (m) * riti
+N +64Cw§ 5™ — 65, ||* + 6402 cortc (61)

m=1

Therefore,

E[||he 1 — hlws)]||Fer]
= E||her =0V fu, (he x) = h(wr)||*| Fie]

@ ARE ek — 1 fa () — )| Fo]
+ 1+ 0AR) M E[0]¥ fur (k) = V oo, ()] || 7]
D (1492 [hek — nF (o) [ — hiwr)] — hw)|*
AT VE]V Lo () = 9 fo ) o]
= (L AR)|[[ = 0 ()] [ — lwn)] ||
+ 701+ e ) E[|19 fa (o) = V o, ()] Fi]

(#42)

< (1 +1AR) (1= nAr)2||he s — hiwr)||”

36(k+1—p)

4 2 2T, 2 2T

+ T (Cw |:2M O'W + m} ||ht7}€|| + 4C4UW
4cr (m) % [|2 2 ~critic

P an 3 o -6 P+ i)

m=1

< (1 =)k — hiwr)||”

2n 36(k+1—p)
+ 32 (208 20203 + m}(ﬂhm — h(w)|® + | Aws)?)

+degoBF + & +64C3 Z 0™ — 0z, |7 + 6403 i )

approx
v _ 2
(S) (1_77)\7F>||htk_ h(wt H +*<20¢{ 2M?o 2TZ+M}&

Ni(1—p)
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+ sl + = + 64C2 Z o™ = 0z, | + 64c conme )

approx
(v)
(- “J)Hhtk — )|+ 2 (ool + 2
M
+ 040‘2;/ + 16C’3, Z H@t(m) -0 H + 16011;(;;;3)()
m=1

where (i) uses the inequality that ||z + y||?> < (1 +nAr)||z]|® + [1 + (nAr) 71]|ly||? for any z,y € RY, (ii) uses the notation
that V f,,, (h) = F(w)h — VJ(w) = F(w)[h — h(w;)] and the fact that wy, hy , € Fy , (iii) uses eq. (61) and the item 2
In(3D,C3)

of this Lemma, (iv) uses the conditions that 7°, > T
In(oy, )

and the item 7 of this Lemma, and (v) uses the notation that
__ 18Cy, D3 (k+1-p)
Co'= —zap T«

Then, taking unconditional expectation of the above inequality and iterating it over k = 0,1, ..., K — 1 yield that

E[l[e = h(wo)*) = E[||hex — h Wt)HQ]

A\ K 8 A\ K—1—k
(122 el i)+ 2 ()
(cinradl: + E + ol + 1603 Z E[[lo™ - 62, ])%] + 16C3 conme, )
m=1
(i) A
< (1= %55) " Bllhi ~ hen)]
M
+ 37 (COPORT + el 1603 - B0 - 02, + 163, )
m=1
8nco[l — (1 — nAp/2)K/?] I(il (1 - &)umfk)/z
N)\F(l—\/l—nAF/Q) k=0 2
(id) A N
< (1- "J) E[||he1 — hiwn)||*] + (C¢M20Wz + a0l 1602 )
25602 / oy ) 8nc
¥ (2T 52 _ B ‘1 "1C9
+ 52 (aw 3 02+2M{03(1 . ﬂ) + ND WY sy
(241) A 16 "
< (1 - ”—F) E[||h_1 — h(wy)||"] + E(C;;M2 02T 4 ey 1602 )
25602 , oy Mg AT e 128¢
Y[ 2T, p2 B 1 9
+ 52 (o 82z + 20 [es (1 - 22 ) +ND+N17A3 (62)

(iv) AF 2 2
< 3(1—L) E[||he-1 = hlwr—)|* + [hi-)|* + || = hwo)||’]

57 (CLG 1 eaoff 4+ 1603,

2560 ' c 128¢

) 2T 2 C1 9
ey (1-308) 4 -

+ ¥2 ( °B%co + cs Ié] +Nc)+NT])\3

?%vﬂﬁ>[mm—w%mm D3 (- 1)

AQ (cwM%—Wz + ol + 1603 e )

approx
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IR s [l 30)" s )

. . . . . . _ K—1—k
where (i) uses the notation that iy o = hy, the item 7 of this Lemma and the inequality that ZkK:Ol (1 — MTF) < 77/\%’

1 _ (/1-n2p/2)* 16 .o .
e VYL < CEVSE implied by the item 2 of
this Lemma, (iv) uses the inequality that ||z + y + z||2 < 3||z||? + 3||y||? + 3||2||?, Yz, y, 2 € R%, and (v) uses the items 4
of this Lemma. Taking unconditional expectation of the above inequality and iterating it over ¢ yield that

(ii) uses Lemma D.4, (iii) uses the inequality that

E[|[he — h(w)||]

2 ) ] Bl - neol + SE (-7

32
+ = (C$M202Tz + ol + 160¢C§$§x)
F

T (it 1 oM (1 - 22) 1)) 4 200
@ [3(1_17ATF> ['[( =25 “B[Jhs ~ b))
A2 0 (4012027 1 403l T 1603 ¢gte )
- B (e[ (1 220) "+ 2] + 125
. 12;2;?, (1- nATF) +F(C¢MQU§VT + ol 1603 ¢ )
. 51;;75 (o 52es +2M [ea (1 - *5) + J%D * 12v5176§

a(a-2)" (" )

12D? (1 B 77)\F>K

48 ’
32 (COMPoy™ + caoy +16CECGR)
F

A2 2
T68C2 / oy N
Y 2T, 12 B 1
xp (o e 2mfes(1-528) "+ )
384co NAL(1 — p)(1 — nAp/2)K-1/2
A 2304C (ki + 1 — p)
(iv) A (K-1)/2 , ’
= <o (1 ; UTF) +enon + col + eiBlog”
A Te ¢
teu(L-F8) + s

where (i) uses the inequality that 3(1 — nAr/2)¥ < 1 implied by the condition that K > MW (ii) uses eq. (62)
2304C, (k+1—p)
N5 (A= p)(L—nhp/2) (K172
2||/h-1 H2 +2||A(wo) H2 < 2Hh 1 H2 +2D2 A2 (* uses the item 4 of this Lemma) and that 3(1—n\r/2)% < 1, (iv) denotes
co 48C4 M? 768¢2C2 1536 Mc3C2 1536 Mc1C2
that ¢10 := 2||h—1|*+ 14DJ + gf, Ci1 = s Gl i 4524, 13 )\% “,e1 = A%S L e = Tld,
768C

Clg := Tw This proves the item 8 of this Lemma. O

as well as the inequalities that ||h_; — h(wo)H2 <

with ¢ = 0, (iii) uses the condition that N > .
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E. Experiment Setup and Additional Results
E.1. Experiment Setup

We simulate a fully decentralized ring network with 6 fully decentralized agents, using communication matrix with diagonal
entries 0.4 and off-diagnonal entries 0.3. The shared state space contains 5 states and each agent can take 2 actions. We
adopt the softmax policy 7, (a|s) o< e¥==. The entries of the transition kernel and the reward functions are independently
generated from the standard Gaussian distribution (with proper normalization of the absolute value for the transition kernel).
We use the rows of a 5-dimensional identity matrix as state features. We set the discount factor v = 0.95.

We implement and compare four decentralized AC-type algorithms in this multi-agent MDP: our decentralized AC in
Algorithm 1, our decentralized NAC in Algorithm 3, an existing decentralized AC algorithm (Algorithm 2 of (Zhang et al.,
2018b)) that uses a linear model to parameterize the agents’ averaged reward R(s,a,s’) = >, \ifi(s,a,s’) (we name
it DAC-RP1 for decentralized AC with reward parameterization) *, and our proposed modified version of DAC-RP1 to
incorporate minibatch, which we refer to as DAC-RP100 with batch size N = 100. For our Algorithm 1, we choose
T =500,T, = 50, T, = 10, N. = 10, 7" = T, = 5, 3 = 0.5, {0,,}5,_; = 0.1, and consider batch size choices
N = 100, 500,2000. Algorithm 3 uses the same hyperparameters as those of Algorithm 1 except that 7' = 2000 in
Algorithm 3. We select v = 10, 50, 200 for Algorithm 1 with N = 100, 500, 2000 respectively, and 7, = 5, « = 0.1,0.5, 2,
n = 0.04,0.2,0.8, K = 50,100, 200, N = 2, 5, 10 for Algorithm 3 with N = 100, 500, 2000, respectively. For DAC-RP1
that was originally designed for discount factor v = 1, we slightly adjust it to fit our setting where 0 < y < 1*. For this
adjusted DAC-RP1, we select diminishing stepsizes 89 = 2(t + 1)7%°, 8, = 5(¢ + 1)~°® as recommended in (Zhang
et al., 2018b) and use the rows of a 1600-dimensional identity matrix as the reward features { f;(s,a,s’) : s,s' € S,a € A}
(i=1,2,...,1600) to fully express R(s,a, s") over all the 5 x 26 x 5 = 1600 triplets (s, a, s"). DAC-RP100 has batchsizes
100 and 10 for actor and critic updates respectively, and selects constant stepsizes /3, = 0.5, 89 = 10. This setting is similar
to Algorithm 1 with N = 100 to inspect the reason of performance difference between Algorithm 1 and DAC-RP1. All
the algorithms are repeated 10 times using initial state 0 and the same initial actor parameter wq generated from standard
Gaussian distribution.

E.2. Gradient Norm Convergence Results in Ring Network

Figure 2 plots ||VJ(w;)||? v.s. communication complexity (¢(T. + T + T') = 65¢t, t(T. + T.. + T’ + T,) = 70t and 2t
for Algorithms 1 & 3, and both DAC-RP algorithms, respectively)® and sample complexity (t(7, N, + N), 2t and 110t for
both of our AC-type algorithms, DAC-RP1 and DAC-RP100, respectively).® For each curve, its upper and lower envelopes
denote the 95% and 5% percentiles of the 10 repetitions, respectively.

Similar to the result of accumulative reward J(w;) shown in Figure 1, it can be seen from Figure 2 that the communication
and sample efficiency of both our decentralized AC and NAC algorithms improve with larger batchsize due to reduced
gradient variance, which matches our understanding in Theorems 1 & 2. Our decentralized AC and NAC algorithms
significantly outperform DAC-RP1 which has batchsize 1. Using mini-batch, DAC-RP100 outperforms a lot than DAC-RP1,
and converges to critical points earlier than Algorithm 1. However, it can be seen from Figure 1 that such early convergence
turns out to have much lower J(w;) than Algorithm 1 with N = 100 and N, = 10. Such a performance gap is caused by
two reasons: (i) Both DAC-RP1 and DAC-RP100 suffer from an inaccurate parameterized estimation of the averaged reward,
and the mean relative estimation errors of both DAC-RP1 and DAC-RP100 are over 100% . In contrast, our noisy averaged

3The original algorithm in (Zhang et al., 2018b) uses the parameterization R(s,a) = 3 ; Aifi(s,a), and we extend to our setting
where the rewards also depend on the next state s’.

#(Zhang et al., 2018b) defined the Q-function Q4(s,a) = E [ﬂ+1 —J (6‘)] for policy parameter 6 and used the temporal differences
0t =1l — pt + Vig1(vi) — Va(vl) and 8F = Re(AL) — pb 4 Vigr (vi) — Vi(wi) for critic update and actor update respectively. To
fit0 <y < 1, weuse d; = ripq + yVig1(vi) — Vi(vi) and 6f = Re(AL) + Vit (vf) — Vi(vi) where ué ~ J(6;) is removed since
Qo(s,a) = E(T¢+1). In addition, we used two different chains generated from transition kernels P, P¢ respectively for critic update and
actor update as in our Algorithm 1.

Each update of our decentralized AC uses 7. + T and T’ communication rounds for synchronizing critic model and rewards,
respectively. Each update of our decentralized NAC uses 7. + T!,T', T, communication rounds for synchronizing critic model, rewards
and scalar z, respectively. Each update of both DAC-RP1 and DAC-RP100 uses 1 communication round for synchronizing v and A
respectively.

®DAC-RPI uses 1 sample for actor and critic updates respectively. DAC-RP100 uses 100 and 10 samples for actor and critic updates
respectively.

"The relative reward estimation error at the ¢-th iteration of both DAC-RP1 and DAC-RP100 is defined as A/B where A =
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le—-4

le-4

le-5 le-5
20 —— Alg.1,N=100 20 —— Alg.1,N=100 8 —— Alg.3,N=100 8 —— AIg.3,N=100
—— Alg.1,N=500 —— Alg.1,N=500 —— Alg.3,N=500 —— AIg.3,N=500
1.5 —— Alg.1,N=2000 1.5 —— Alg.1,N=2000 6 —— Alg.3,N=2000 6 —— Alg.3,N=2000
DAC-RP1 DAC-RP1
= —— DAC-RP100 = —— DAC-RP100 = =
310 31.0 34 34
5 5 5 5
0.5 0.5 2 2
0.0 0.0 0 0
0 1 2 3 0 1 2 3 0.0 0.5 1.0 0.0 0.5 1.0
Communication le4 Sample le5 Communication  1e5 Sample le6
complexity complexity complexity complexity
Figure 2: Comparison of |V.J(w;)||?> among decentralized AC-type algorithms in a ring network.
le—1 le—1 le—1 le—1
1.4 —— Alg.3,N=100 1.4 — Alg.3,N=100
1.50 1.50 — Alg.3,N=500 — Alg.3,N=500
1.2 —— Alg.3,N=2000 1.2 —— Alg.3,N=2000
1.25 1.25
~ — Alg.1,N=100 ~ — Alg.1,N=100 =10 =10
3100 —— Alg.1,N=500 3100 —— Alg.1,N=500 3 3
T : — Alg.1,N=2000 T ! — Alg.1,N=2000 Tos Tos
~ 075 DAC-RP1 < 075 DAC-RP1 . .
=~ —— DAC-RP100 - —— DAC-RP100 0.6 0.6
0.50 .5
0.50 0.4 0.4
0.25 0.25 0.2 0.2
0 1 2 3 0 1 2 3 0.0 0.5 1.0 0.0 0.5 1.0
Communication le4 Sample le5 Communication 1le5 Sample le6
complexity complexity complexity complexity

Figure 3: Comparison of optimality gap J(w*) — J (w;) among decentralized AC-type algorithms in fully connected network.

reward estimation achieves a mean relative error in the range of 107° ~ 1074, ® ; (ii) Both DAC-RP1 and DAC-RP100
apply only a single TD update per-round, and hence suffers from a larger mean TD learning error (about 2% and 1% for
DAC-RP1 and DAC-RP100, respectively), whereas our algorithms perform multiple TD learning updates per-round and

achieve a smaller mean relative error (about 0.3% and 0.07% for our decentralized AC and NAC respectively) °. All these
relative errors are averaged over iterations.

E.3. Additional Experiments in Fully Connected Network

To investigate the effect of network topology on the performance of our algorithms, we also conduct the above experiments
on a fully connected network with 6 fully decentralized agents, using communication matrix with diagonal entries 0.4 and
all the other entries 0.12. The MDP environment and all the hyperparameters are the same as the above experiments for ring
network. Figures 3 & 4 plot the learning curves of the optimality gap J* — J(w;) and ||V.J(w;)||? respectively for fully
connected network. To make comparison, we plot J* — J(w;) and |V J(w;)|| in Figures 5 & 2 respectively for the above
experiments with ring network. It can be seen by comparing these figures that network topology does not much affect the

performance of these algorithms, so the conclusions for ring network that we summarized right before this subsection also
holds for fully connected network.

M 55 m )
WSTPTA] omet Sossres 2oacalR(s,a,8") = 32, M™ fi(s,a,5')]* and B = TSTTAT Los,s'es Doaca B(s,0,8')%

8 At the t-th iteration of Algorithms 1 & 3, we focus on 7\ = + ZEE}@NA RE’") as the estimation of the batch-averaged reward
7= L E(H—I)N—l
=W

it N R; since its estimation error affects the accuracy of the policy gradient (4). The relative estimation error is defined
1 M —(m) 2
as 57w Do T =)

The TD error at the ¢-th iteration is defined as W}””; M 6S™ — 6r L2
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le—4 le—4 le-5 le-5
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Figure 4: Comparison of ||V.J(w;)||?> among decentralized AC-type algorithms in fully connected network.
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Figure 5: Comparison of optimality gap J(w*) — J(w:) among decentralized AC-type algorithms in ring network.

E.4. Two-agent CIliff Navigation

In this subsection, we test our algorithms in solving a
two-agent Cliff Navigation problem (Qiu et al., 2021) in
a grid-world environment. This problem is adapted from
its single-agent version (see Example 6.6 of (Sutton &
Barto, 2018)). As illustrated in Figure 6, two agents start
from the starting point “S” on a 3 x 4 grid and aim to
reach the destination “D”. Here, global state is defined as s X X 5
the joint location of the two agents, and there are in total
(3 x 4)% = 144 global states. In most states, an agent can
choose to move up, down, left or right by one step and
receives —1 reward. However, once an agent falls into
the cliff “X”, it will return to the starting point “S” and
receives —100 reward. When an agent reaches “D”, it
will always stay at “D”, and receives 0 reward if the other agent also reaches/stays at “D”, or receives —0.5 reward otherwise.
If an agent is not at “X” or “D” and selects a direction that points outside the grid, then it stays in the previous location
and receives —1 reward. The optimal path for both agents is the red path shown in Figure 6, which has the minimum
accumulative reward J* = —0.1855 under the discount factor v = 0.95.

Figure 6: Two-agent cliff navigation. (“S”, “X”, “D” denote
starting point, cliff and destination respectively. The optimal
path is shown in red.)

For our Algorithm 1, we choose T = 500, T, = 50, T/ = 10, N. = 10, 7" =T, = 5, 8 = 0.5, {on}5,_, = 0.1, and
consider batch size choices N = 100, 500, 2000. Our Algorithm 3 uses the same hyperparameters as those of Algorithm 1
except that we choose 7" = 2000. We select o = 1, 5, 20 for Algorithm 1 with N = 100, 500, 2000 respectively, and T}, = 5,
a = 0.002,0.01,0.04, n = 0.002,0.01, 0.04, K = 50,100, 200, N} = 2,5, 10 for Algorithm 3 with N = 100, 500, 2000,
respectively. For DAC-RP1, we select 7' = 10000, 3, = 10(t + 1)7%% and 3y = 5(¢ + 1) ~%6. For DAC-RP100, we use
T = 2000 and batchsizes 100 and 10 for actor and critic updates respectively, and selects constant stepsizes 3, = 0.5,
Be = 1. This setting is similar to Algorithm 1 with N = 100 to inspect performance difference between Algorithm 1 and
DAC-RPI.
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Figure 7: Comparison of optimality gap J(w*) — J(w:) among decentralized AC-type algorithms on cliff navigation.
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Figure 8: Comparison of || V.J(w;)||?> among decentralized AC-type algorithms on cliff navigation.

We plot J* — J(w;) and ||V J (w;)]| in Figures 7 & 8 respectively. It can be seen from these figures that both our Algorithm 1
& Algorithm 3 significantly reduce the function value gap J* — J(w; ), and their convergence is faster with a larger batchsize.
In contrast, the function value gaps of DAC-RP1 and DAC-RP100 do not decrease sufficiently and converge to a high
value. In particular, since DAC-RP100 achieves a larger function value gap than our Algorithm 1 with N = 100 while their

hyperparameter choices are similar, we attribute this performance gap to the inaccurate average reward estimation and TD
error, as we analyzed in Appendix E.2.

F. List of Constants

The following global constants are frequently used.

M The number of agents.

~: Discount rate.

Ruax: The reward bound such that 0 < R(m)(s, a,8") < Rpax forany s,s’ € S and a € A (Assumption 3). Hence,
0 S E(m)(sa a, 8/)5 Rrgm)aﬁz S Rmax~

ow € [0,1): The second largest singular value of W.

w* := max,, J(w) denotes the optimal policy parameter.

The following constants are defined in Lemma D.3.

CB :1+"}/

Cy =

Ao = Amin (Es~pu, [#(s)0(s) T]) > 0 satisfies Assumption 4.
A = 2(1 —y)As > 0. (Assumption 4 implies that A, > 0.)

Ry =

RH!&X .

20y
A *
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The policy-related norm bounds and Lipschitz parameters are defined as follows.

Cy, Ly, Ly > 0 defined in Assumption 2: Forall s € S, a € A and w, @, ||, (als)|| < Cy, ||[¥z(als) — Yu(als)| <

Loll& 2 ] and dry (r3C15), 7 (1)) < Lal@ — .
L, := Lﬂ'[l + Ing(Kil) + (1 - p)il]'

Lg = 2hpacke,

LJ = Rmax(4Ly + Lw)/(l - ’y).

. Cy Rmax
DJ = ﬁ

Lp :=2Cy(L,Cy+ L,Cy + Ly).

L = 2)\;1(DJ)\;1LF + Lj) where Ap := inf,cq Amin[F(w)] > 0 (Amin denotes the minimum eigenvalue) which
satisfies Assumption 6.

The following constants are defined to simplify the notations in the proof.

1920(CE R3+CE)[1+(s—1)p]
(1-p)A% )

2
=239

C1 =

c3:= 2(||9_1 ||2 + Rg) where 6_ is the initial parameter of decentralized TD (Algorithm 2).
cy = 4MCiR12naX.
o 16(:203,.

¢ := 32Mc3CJ.

36C, (Rmax+2Rp)> (k+1—p)
1-p :

cr = 1605]%?[]%52 +

cg = 32M01C3).

18C7, D7 (k+1—p)

Cg 1= A?,(lfp) + cr.
c10 :=2||h_1]]* + 1%\23 + Cé}% where h_1 is the initial natural gradient of Algorithm 3.
11 = 486;%1%2
F
.__ 48c
C1g = )\%4.
15 = 768:;05
F
. 1536Mc3Cy
C14 ‘= T
- 1536’%@0;‘;
P
C16 = 765201
F

2
c17 = Ban_. [KL (70 (-]5)]|70(-]5))] + %

44)_

Cy
Ao

c1g = Cy+/C1o + cioLy (1 +
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C19

C20

C21

C22

C23

C24

= wa/Cn + Can 1+

= Cyy/c12 + ciaLy (1 +

= Cw« /C13 + 013L¢

1+

= Cy~/Cra +craly 1+

(
(
(
(
(

= C¢\/615 + 015L¢ 1+

4
402¢>
)\F

= 016L¢ (1 +

4
404 )
AF




