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ABSTRACT

Common-envelope evolution is a stage in binary system evolution in which a giant star engulfs a companion.
The standard energy formalism is an analytical framework to estimate the amount of energy transferred from the
companion’s shrinking orbit into the envelope of the star that engulfed it. We show analytically that this energy
transfer is larger than predicted by the standard formalism. As the orbit of the companion shrinks, the mass it
encloses becomes smaller, and the companion is less bound than if the enclosed mass had remained constant.
Therefore, more energy must be transferred to the envelope for the orbit to shrink further. We derive a revised
energy formalism that accounts for this effect, and discuss its consequences in two contexts: the formation
of neutron star binaries, and the engulfment of planets and brown dwarfs by their host stars. The companion
mass required to eject the stellar envelope is smaller by up to 50%, leading to differences in common-envelope
evolution outcomes. The energy deposition in the outer envelope of the star, which is related to the transient
luminosity and duration, is up to a factor of ~ 7 higher. Common-envelope efficiency values above unity,
as defined in the literature, are thus not necessarily unphysical, and result at least partly from an incomplete
description of the energy deposition. The revised energy formalism presented here can improve our understanding

of stellar merger and common-envelope observations and simulations.

1. INTRODUCTION

Common-envelope evolution (hereafter CEE; Paczynski
1976) occurs when a post-main-sequence star fills its Roche
lobe and engulfs its companion. This process is thought to
shape the fates of a significant fraction of binary stars, leading
to the formation of systems such as compact object and white
dwarf binaries, the conjectured Thorne-Zytkow objects, and
millisecond pulsars (Ivanova et al. 2013b).

Similarly, many planets and brown dwarfs will undergo
common-envelope evolution with their host stars (Nordhaus
& Spiegel 2013)—a process more often referred to as plane-
tary engulfment. This process has been studied as a potential
explanation for several observations in stellar and planetary
astrophysics, such as substellar companions around stellar
remnants (Livio & Soker 1984; Nelemans & Tauris 1998;
Staff et al. 2016; Kramer et al. 2020; Bear et al. 2021; Yarza
et al. 2022), and populations of giant stars with abnormal
rotation rates (e.g., Sandquist et al. 1998; Siess & Livio
1999; Sandquist et al. 2002; Aguilera-Gémez et al. 2016a,b;
Soares-Furtado et al. 2021) and surface abundances of the
"Li lithium isotope (e.g., Sandquist et al. 1998; Siess & Livio
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1999; Sandquist et al. 2002; Aguilera-Gomez et al. 2016a,b;
Soares-Furtado et al. 2021).

The complexity of CEE—characterized by the wide range
of physical processes, and spatial and temporal scales
involved—, combined with the need for computationally inex-
pensive prescriptions for population synthesis, has motivated
the development of simplified analytical frameworks to un-
derstand it. One of such frameworks is the “standard energy
formalism” (van den Heuvel 1976; Webbink 1984), based
on the transfer of energy from the orbit of the companion to
the envelope of the star that engulfed it. This formalism is
used to estimate whether envelope ejection is possible, by
comparing the change in orbital energy to the binding energy
of the envelope.

The standard energy formalism suggests that, as a result
of energy conservation, the change in orbital energy is equal
to the work done on the companion, and therefore equal in
magnitude to the energy deposited in the envelope. This
deposited energy can be written as

Edep,st = *AEortu (1)

where “st” stands for “standard,” and A E,y, is the change in
orbital energy.

This Letter shows that equation 1 does not hold because the
mass enclosed by the orbit of the companion is a function of
time. In 2, we derive a revised energy formalism (in the limit
where the companion mass is much smaller than the mass
enclosed by its orbit) and show that conservation of energy
requires that the energy deposited into the envelope is larger
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in magnitude than the change in orbital energy. In 3, we com-
pare this revised formalism to the standard one. Sections 5.1
and 5.2 discuss the implications for CEE involving compact
and substellar companions, respectively. We summarize our
results in 6. The Appendix contains fitting formula for some
of our results and a reference to the reproducibility repository
for this Letter.

2. A REVISED ENERGY FORMALISM

We consider an extended star (“primary”’) engulfing a com-
panion of mass Ms. We assume that the mass of the compan-
ion is much smaller than the mass enclosed by its orbit, M.
In this limit, the equation of motion for the companion is

dv
M2% = Mag + Fq, 2

where v is its velocity, ¢ is time, g is the gravitational field
and Fg4 is the drag force. The gravitational field is

GMBHC ~
8, 3)

g=—

T
where 7 is the radial coordinate of the companion with respect
to the center of the primary,  is the unit vector in the radial
direction, and G is the gravitational constant. We will write
an equation for the rate of change of the orbital energy of the
companion, which equals the sum of its potential and kinetic
energies. Taking the dot product of the equation of motion 2
and the velocity of the companion yields the equation for the
rate of change of its kinetic energy,

dEy G Menc Mo
d:n :MQV'g"_Fd'V:_ﬂ

which is the work-energy theorem for the companion. The first
term on the right-hand side (RHS) is the work per unit time
done by the gravitational force Msyg. Since the gravitational
field points radially inwards, only the radial component of the
velocity 77 = v - I contributes to this term. The second term
on the RHS is the work per unit time done by the drag forces
responsible for the orbital decay of the companion.
The potential energy is

n £ Fa-v, (&)

G M, M,
Bpoy = ==, )

and its rate of change is

dEpe  GMyMens?  GMar dMene

dt r2 r dr

The second term on the RHS is the contribution from the
changing enclosed mass. Adding equations 4 and 6, we obtain

(6)

dEorb dEpOt dEkin GMQT dMenc
= =— Fa-v. (7
dt a T dt r g Trav- (@
If the enclosed mass is constant and there are no drag forces,
the RHS is zero, so the orbital energy of the companion is con-
served. Conservation of orbital energy is expected in that limit

because the equations then represent the Keplerian motion
of a test particle. If the companion experiences drag forces,
but the enclosed mass is constant, the orbital energy changes
according to the work-energy theorem, with the drag force
adding or subtracting energy from the companion depending
on its alignment with the velocity. However, if the enclosed
mass changes with time, there is an additional term whose
sign depends on the rate of change of the enclosed mass.

Replacing ¢ with the integration variable ¢’ and integrating
from ¢’ = 0 to ¢ yields

¢ dFEy; by dMenc
/ d/bdt/:—GMg/ DO 1 Wy, (8)
o dt o T dr

where we have defined the work done by the drag forces

t
Wd = / Fd . th/. (9)
0

The left-hand side (LHS) in equation 8§ is the change in orbital
energy, so

t - Mn
AEjorb:_G(]\42/ fd ec

o dt’ + Wy. (10)
0

This equation states that the change in orbital energy has two
sources: the change in the enclosed mass, and the work done
by the drag forces. The work done by the drag forces is nega-
tive because the forces oppose the velocity of the companion.
On the other hand, the first term on the RHS is positive if the
orbit of the companion shrinks (= < 0), so it energetically
opposes the drag forces. Drag forces must therefore do more
work to shrink the orbit of the companion when the enclosed
mass is a function of radius (and therefore time) than when
the enclosed mass is constant. Equivalently, as the orbit of
the companion shrinks, the companion is less bound to the
new, smaller enclosed mass, than it would have been if the
enclosed mass had remained constant. Therefore, additional
work must be done to further shrink its orbit.

Using 7dt’ = dr’, introducing the energy deposited into the

envelope Egep = —Wy, and rearranging,
Edep = _AEorb - AEwu (11)
where we defined
"1 dMepe
AE,, = GM, / - - dr’, (12)
S 7 dr

where 7 is the radial coordinate at ¢ = 0, and the subscript
indicates this change of energy is a result of the changing
enclosed mass. In appendix A, we verify equation 11 by
numerically integrating equation 2.

3. COMPARISON TO THE STANDARD FORMALISM

In this section, we assume for simplicity that the orbit re-
mains approximately circular during CEE. In this approxima-
tion, the change in orbital energy is
GMQMenc G(]\42]\4enc,0

+ )
2r 2rg

AEjorb = - (]3)
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where Moy is the enclosed mass at ¢ = 0. The rate of change
of the orbital energy with radius is

dEorb _ GMQ (Menc _ 1dMenc)

dr 2 (14

r2 r dr

The radial rate of change of the additional term in the revised
formalism is

dEm _ GMQ dMenc
dr —  r dr’

and the radial rate of change of the energy deposition is
dEsey  dEo, dE,

dr dr dr
_ GMQ (Menc

15)

r2 r dr

1 Moy (10
: .

3.1. Inwards-increasing energy deposition

The energy formalism sets the energy deposited into the
envelope equal to —AFE,, (equation 13). This quantity is
assumed to be positive, which occurs only when

Mene r

Menc,O ” T(J’ (17)
a positive energy deposition is not guaranteed for arbitrary
stellar structure. While the inequality above typically holds
above the core-envelope boundary in evolved stars, the depen-
dence of the sign of the energy deposition on stellar structure
is conceptually problematic. In the inner regions of the star,
the rate of change of the orbital energy approaches zero and
even reverses sign (e.g. Figure 1; Law-Smith et al. 2020;
Moreno et al. 2021), implying that a companion must gain
energy to shrink its orbit further. This issue is particularly
important for CEE mergers involving a compact object com-
panion, whose orbital decay will continue until it reaches the
center of the primary (for an example of such a system, see
Hutchinson-Smith et al. 2022).

For the change in orbital energy to make an inwards-
increasing contribution to the energy deposition, dFo/dr
(equation 14) must be positive, so that the orbital energy de-
creases inwards. The contribution to the energy deposition
rate from the additional term in the revised formalism (equa-
tion 15) is positive and larger in magnitude than the negative
term in equation 14. The radial rate of change of the energy
deposition (equation 16) is therefore always negative in the
revised formalism, so the deposited energy increases inwards.
Since the energy deposition is initially zero, equation 16 also
implies a positive energy deposition throughout CEE. This
argument highlights an important qualitative property of the
revised formalism, in alignment with physical intuition—the
companion must always deposit energy into the envelope for
its orbit to shrink, regardless of the structure of the primary.

3.2. Relative term importance

Both terms in the RHS of equation 11 are proportional to
the mass of the companion, so the relative importance between
them is a function of stellar structure only.

The additional term will dominate the energy deposition
when AF,, < AFE,y, which can be written as

/T.0 ldMenc d’f‘l > Menc _ Menc

' dr’ 2r 210 (18)

We will simplify this inequality by constructing a lower bound
for the integral on the LHS. This integral satisfies

"1 dM, "0 1 dM, Mo — M.
- encd / > 7 Cl’lCd ! — enc, enc
/T o dr! " /T ro dr! " o

19)
because 1’ < rg inside the integral. For the RHS of equation
19 to be larger than the RHS in equation 18,

Mene 3
< .
Menc,[) 24 TO/T

(20)

A more general approximate criterion can be derived based
on the expectation that the additional term will dominate the
energy deposition in the parts of the star where its rate of
change is consistently larger than that of the orbital energy,
ie.

dEm dEorb
21
dr o dr ’ @b
which reduces to
r dMee 1
—. 22
Moe dr 3 22)

This criterion is equivalent to the enclosed mass profile being
locally steeper than a power law with exponent 1/3.

3.3. Common-envelope efficiency

For the envelope to be ejected, the deposited energy must
be equal to its binding energy. The fraction of this deposited
energy that contributes to envelope ejection is referred to as
the common-envelope efficiency « (Livio & Soker 1988), and
is defined in the standard formalism as
Ebind, env

= 2
N (23)

Ebind,env

At = —
Edep,st

where Eing, eny 1S the binding energy of the envelope. If all
sources of energy are included, the efficiency should be less
than or equal to unity. However, the standard energy formal-
ism can explain the formation of some systems, such as white
dwarfs binaries (Nelemans et al. 2000), only if the efficiency
is greater than unity. Some hydrodynamical simulations (e.g.
Law-Smith et al. 2020; Sand et al. 2020; Moreno et al. 2021;
Lau et al. 2022) of CEE have measured this efficiency to be
larger than unity. These results are typically attributed to the
omission of other energy sources from equation 23, such as
the internal energy (Han et al. 1994) and enthalpy (Ivanova &
Chaichenets 2011) of the envelope. The additional term AFE,,
behaves, in the standard definition of the common-envelope
efficiency (equation 23), as an additional unaccounted-for
energy source, even though, like the A Eoy, term, it is of grav-
itational origin. Values of the common-envelope efficiency
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Figure 1. Energy profiles as a function of radius for a 1.33 M neutron star companion, as a function of the radial coordinate inside a 12M,
star evolved to 200R (left; first point in time at which envelope ejection is possible) and 500 R (right). Lines in different colors show the
magnitude of the binding energy Fying and the energy deposition predicted by the standard and revised formalisms (Eqyep, i and Egep, respectively).

The dashed vertical line shows the core-envelope boundary.

above unity computed using equation 23 are therefore not nec-
essarily unphysical, and do not necessarily arise only from the
omission of other energy sources—they arise at least partly
from an incomplete description of the gravitational energy
deposition.

Equation 23 is frequently used to estimate the post-CEE
orbital separation. An upper bound for this separation is
obtained by setting ooy = 1. Since the revised formalism
predicts a higher energy deposition, it also predicts a larger
post-CEE separation, since the companion won’t decay as
far into the star before depositing enough energy to eject the
envelope.

4. NUMERICAL METHODS

We construct stellar models using the modules for exper-
iments in stellar astrophysics (MESA, Paxton et al. 2011).
We modified the 12M pre ms_to_core_collapse and
1M_pre_ms_to_wd test suite parameter files to produce the
stars shown in sections 5.1 and 5.2, respectively. We set the
metallicity to Z = 0.02.

We estimate companions will eject the envelope of the
primary if the deposited energy is greater in magnitude than
the gravitational binding energy of the envelope. We define the
core-envelope boundary as the location where the hydrogen
mass fraction falls below one tenth.

We consider the CEE phase to end in a merger if the com-
panion reaches the core-envelope boundary without ejecting
the envelope or, in the case of compact companions, if their
mass equals the enclosed mass, at which point they will tidally
disrupt the enclosed mass. We estimate planetary companions
will be destroyed, and unable to further deposit energy into
the envelope, when (i) the kinetic energy per unit volume
of the gas they encounter is equal to their binding energy
per unit volume (Jia & Spruit 2018), or (ii) the enclosed
mass tidally disrupts them, which will occur roughly when

7 = Ro (Menc /Mz)l/ 3 where R is the radius of the compan-
ion. We compute the radius of planetary companions from
their mass-radius relation (Chabrier et al. 2009), and their
speed with respect to the surrounding medium by assuming
circular Keplerian motion around the enclosed mass.

In numerical calculations, we use the gravitational constant
value from Tiesinga et al. (2021), and the solar system con-
stants from Prsa et al. (2016).

5. DISCUSSION
5.1. The formation of neutron star binaries

Figure 1 shows the energetic profile of the CEE between
a 12M, star and a 1.33M, neutron star. This neutron star
mass is the peak mass of the neutron star binary mass distribu-
tion (Ozel et al. 2012). Each panel in the figure corresponds
to a different stage of stellar evolution. When the star has
evolved to 200R, the standard energy formalism underes-
timates the energy deposition by a factor of ~ 2 throughout
CEE. Consequently, it overestimates the mass required to eject
the envelope by the same factor. The panel on the right shows
the same energy profiles, but for a star evolved to 600R,.
The energy deposition rates predicted by both formalisms at
the core-envelope boundary are different by only about 50%
at this evolutionary stage, but by a factor of =~ 5 in the outer
envelope.

Figure 2 shows the stellar radius at which a 1.33M neu-
tron star can eject the envelope, as a function of stellar mass.
The dashed and solid lines represent, respectively, the stan-
dard and revised energy formalisms. More massive stars must
be larger in size for envelope ejection to be possible. Scatter
points show binary systems from a binary population syn-
thesis simulation (Team COMPAS 2022) from the COMPAS
code (Riley et al. 2022). We assume that companions are en-
gulfed when the stellar radius equals the periapsis distance of
their orbit. The number of systems that will lead to envelope



A REVISED ENERGY FORMALISM FOR COMMON-ENVELOPE EVOLUTION 5

1000
800F .
~
= 600
2400
o)
%3]
200 — Revised 4
----- Standard ‘
45 13 14 5 16 17

Stellar mass [M)]

Figure 2. Minimum stellar radius at which a 1.33 M neutron star
can eject the envelope, as a function of stellar mass. Dashed and
solid lines represent, respectively, the standard and revised energy
formalisms. Scatter points show systems from a representative simu-
lation (Team COMPAS 2022) from the COMPAS binary population
synthesis code (Riley et al. 2022). The number of systems that eject
the envelope in the parameter space of this Figure is higher by 20%
in the revised formalism.

ejection in the parameter space plotted in Figure 2 is &~ 20%
larger in the revised formalism.

Mass ejection during CEE will result in an infrared or opti-
cal transient. The properties of the plateau-shaped lightcurve
depend on the ejecta mass me; and speed at infinity wve;
(Ivanova et al. 2013a). The luminosity is proportional to

ij/z Sj/g 1/3, 2173, Ejecta also

m./” and v_/", and the duration to My "V

radiates as a result of recombination with a luminosity pro-
portional to its mass. The additional energy deposition in
the outer envelope shown in Figure 1 indicates higher ejecta
mass and/or speed than predicted by the standard formalism.
Since the transient luminosity increases with both ejecta mass
and speed, the revised formalism predicts a more luminous
plateau. Differences in plateau duration depend on how en-
ergy is distributed within the envelope, since the duration
depends on ejecta mass and speed oppositely. For example,
if there is no energy redistribution within the envelope, the
same mass will be ejected, but at a significantly higher speed,
resulting in a shorter plateau.

5.2. Planetary engulfment

Figure 3 shows the minimum companion mass required to
eject the envelope of stars of different mass as a function of
their radius. The standard formalism predicts larger compan-
ion masses than the revised formalism by about 25% early in
the red giant branch, but the differences are < 1% near the
tip of the red giant branch, when the star is more centrally
concentrated.

The left panel in Figure 4 shows the fractional difference be-
tween the energy deposition predicted by both formalisms at
the location where the companion is destroyed, as a function

100

— Revised

07 —— Standard

80
70
60

50 M, = 2M,

Companion mass [M )]

M, = 1.5M,

M, = 0.5M,
2 102
Stellar radius [Re)]

M, = M,

Figure 3. Minimum companion mass required to eject the enve-
lope of stars of several masses, as a function of their radius. The
dashed and solid lines correspond to the standard and revised energy
formalisms, respectively.

of stellar radius at the onset of engulfment, and of compan-
ion mass. The energy deposition at that location is roughly
proportional to the peak transient luminosity (MacLeod et al.
2018). Scatter plots show the known exoplanets, assuming
they are engulfed at their current orbital separations by a 1M
star. Contour lines show delimit the region where the relative
difference is larger than unity.

Even if the total energy deposition at the point of destruc-
tion is similar, for most exoplanets the energy deposition will
be larger than predicted by the standard formalism by a fac-
tor > 2. The right panel in Figure 4 shows the maximum
fractional difference through engulfment (from onset to de-
struction) between the energy deposition predicted by both
formalisms. As in the left panel, the dashed lines delimit the
region where the relative difference is > 1. Most exoplanets
lie in this region, so at some point their energy deposition
will be significantly different than predicted by the standard
formalism. At large stellar radii this fractional difference is
a function of stellar radius only. The tenuous envelope of
the more evolved star allows for most companions to survive
deeper than the point at which the difference between the two
formalisms is at a maximum. When the star is more compact,
companions above a critical mass will survive deeper than
this maximum point, but for companions destroyed above this
location the maximum fractional difference depends on their
mass.

6. SUMMARY AND CONCLUSIONS

We derived an energy formalism for common-envelope evo-
lution (CEE), starting from the equation of motion of the
engulfed companion in the limit in which its mass is much
smaller than the mass enclosed by its orbit. This formal-
ism contains an additional term, compared to the standard
formalism, that accounts for the energetic effect of the time-
dependence of the mass enclosed by the orbit of the compan-
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Figure 4. Ratio between energy deposition predicted by the revised and standard energy formalisms, as a function of the stellar radius of a 1M,
star at the onset of common-envelope evolution and of companion mass. The left panel shows the ratio at the approximate location in the star
where the companion will be destroyed, and the plot on the right shows the maximum ratio throughout its orbital decay. Scatter points show the
known exoplanets (NASA Exoplanet Archive 2022), assuming they are engulfed at their current orbital separations by 1M stars.

ion. Equations 11 and 12 quantitatively describe this revised
formalism. Some of our key results are:

The revised formalism always predicts a higher en-
ergy deposition than the standard one, and it guaran-
tees that the energy deposition is positive and inwards-
increasing, regardless of the internal structure of the
engulfing star.

Differences in energy deposition are largest when the
enclosed mass profile is the steepest. The energy de-
position is higher by a factor 2 2 in parts of the star
where the local power law index of the enclosed mass
profile is > 1/3 (equation 22).

Since the energy deposition is larger than predicted by
the standard energy formalism, values above unity for
the common-envelope efficiency as typically defined in
the literature (equation 23) are not necessarily unphysi-
cal, and might arise at least partly from an incomplete
description of the gravitational energy deposition. Con-
clusions drawn from the assumption that the efficiency
must be < 1 should be reevaluated.

For CEE involving a neutron star companion, the stellar
radius at which envelope ejection becomes possible
is smaller by up to 30% (Figure 2). At some stages
of stellar evolution, the energy deposition in the outer
envelope is a factor of ~ 5 higher (Figure 1), thus
changing the transient properties.

For CEE involving a substellar companion, the mass
required to eject the envelope of an evolved 1M, star
is lower by up to ~ 25% (Figure 3), whereas the energy
deposition in the outer envelope is larger by a factor
of up to =~ 7 (Figure 4, left panel). Even in cases in
which the peak energy deposition is similar, the energy

deposition for most known substellar companions will
at some point during engulfment be larger by a factor
> 2 (Figure 4, right panel).

The revised energy formalism we introduced in this Letter is
valid in the limit in which the mass of the companion is small
compared to the mass enclosed by its orbit. However, the pro-
genitors of many systems formed through common-envelope
evolution have mass ratios closer to unity (e.g., double white
dwarfs). In future work, we will extend the revised formalism
to study the energetics of these systems.

Presently, only hydrodynamical simulations can capture the
three-dimensional redistribution of energy and mass during
common-envelope evolution. The goal of this Letter is to
improve on an analytical framework useful to validate and in-
terpret the results of these simulations. This synergy between
simplified analytical frameworks and computational models
is crucial to understanding the dynamics and energetics of
common-envelope evolution.
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APPENDIX

A. NUMERICAL VALIDATION

We verify equation 11 by integrating the equation of motion
of the companion (equation 2) numerically using the code
described in Yarza et al. (2022). We initially place the com-
panion in a circular orbit at a separation r = 0.9R,, where R,
is the radius of the star. The results of Section 2 are indepen-
dent of the form of the drag F4; in our numerical integration
we consider gravitational drag, given by

F, = —mR2pv*%, (A1)

where R, = 2GMy/ v2 is the accretion radius of the compan-
ion and V is the unit vector in the direction of its velocity. The
energy deposition from equation 11 matches the numerical
energy deposition for the systems in Figure | to within a frac-
tional difference of 3.7 x 10~*. The leading source of error
is likely energy conservation in the numerical integrator.
Three-dimensional hydrodynamical simulations have found
that the work done by the drag forces and the change in orbital
energy are not equal (e.g., Figure 2 of Wu et al. 2020).

B. FITTING FORMULZE

We provide fitting formula for some results of this letter.
See Appendix C for the data these formula fit. The stellar
radius at which envelope ejection by a 1.3M, neutron star is
possible is given by

R*, min
R

= (1 +a1x+a2x2)_12bixi, (B2)
i=0

where x = 0.1979 (M, /Mg — 12), a1 = —3.9849, ay =
4.5065, and

b; = {206.1, —717.32,1628.3, —11902, 51307,

B3
—99586, 92123, —31739} . (B3)
This formula is valid in the stellar mass range 12 < M /Mg <
17, with a relative error < 4.4% compared to Figure 2.
The companion mass required to eject the envelope of a star
of between one half and two solar masses as a function of its

radius (Figure 3) is given to within 6.2% by

—1

M. min i q i 4
]\;7’2 Z a;;x'y’ Z by’ , (B4)
where™" i=0,j=0 i=0,j=0
o[ 1290 —199 —0.879 E5)
Y\ -3420 748 029 )’
0 —5.25 0.0103
bij =1 67.3 176 0.0624 , (B6)

—-190 —3.14 —0.00601

x = (M,/Mg), and y = (R./Rg). This formula is valid
between the radius at which envelope by companions with
masses < 100Mj,, becomes possible,

R,
©

= —1.94 + 14.58z + 7.42> (B7)

(to within 1.2%), and the radius at the tip of the red giant
branch (to within 1.8%),

R _ ,
== (1213500 +1.23220°) ' Y e’ (BY)
© i=0
where

¢; = {—81.05,494.27, —870.65,603.71, —127.44} . (B9)

C. DATA AND SOFTWARE AVAILABILITY

The software and data required to reproduce the results
of this letter are available under the digital object identifier
(DOI) 10.5281/zenodo.7058241. This DOI also contains code
to compute the energy deposition according to the revised
formalism (equations 11 and 12).
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