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Abstract

Despite the established convergence theory of Optimistic Gradient Descent As-
cent (OGDA) and Extragradient (EG) methods for the convex-concave minimax
problems, little is known about the theoretical guarantees of these methods in
nonconvex settings. To bridge this gap, for the first time, this paper establishes the
convergence of OGDA and EG methods under the nonconvex-strongly-concave
(NC-SC) and nonconvex-concave (NC-C) settings by providing a unified analysis
through the lens of single-call extra-gradient methods. We further establish lower
bounds on the convergence of GDA/OGDA/EG, shedding light on the tightness of
our analysis. We also conduct experiments supporting our theoretical results. We
believe our results will advance the theoretical understanding of OGDA and EG
methods for solving complicated nonconvex minimax real-world problems, e.g.,
Generative Adversarial Networks (GANs) or robust neural networks training.

1 Introduction

In this paper, we consider the following minimax problem:

min max f(z, 1

min max f(2, y) e9)
where ) could be a bounded convex or unbounded set, and the function f : R? x ) — R is smooth
and strongly-concave/concave with respect to y, but possibly nonconvex in . Minimax optimization
(Problem 1) has been explored in a variety of fields, including classical game theory, online learning,

and control theory [2, 50, 21]. Minimax has emerged as a key optimization framework for machine
learning applications such as generative adversarial networks (GANs) [14], robust and adversarial
machine learning [46, 37, 15], and reinforcement learning [54, 43].

Gradient descent ascent (GDA) is a well-known algorithm for solving minimax problems, and it
is widely used to optimize generative adversarial networks. GDA performs a gradient descent step
on the primal variable « and a gradient ascent step on the dual variable y simultaneously in each
iteration. GDA with equal step sizes for both variables converges linearly to Nash equilibrium under
the strongly-convex strongly-concave (SC-SC) assumption [28, 12], but diverges even under the
convex-concave (C-C) setting for functions such as bilinear [22, 38].

Given the high nonconvexity of practical applications such as GANs, exploring convergence guar-
antees of minimax optimization algorithms beyond the convex-concave (C-C) setting is one of the
canonical research directions in minimax optimization. Several algorithms with convergence guaran-
tees beyond the C-C domain have been explored in the literature. Alternating Gradient Descent Ascent
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Algorithm NC-C NC-SC
Deterministic | Stochastic | Deterministic | Stochastic
PG-SVRG [44] - O(e™%) - -
HiBSA [36] O(e®) - - -
Prox-DIAG [48] O(e™?) - - -
Minimax-PPA [31] O(e™?) - 0(%) -
3 3
ALSET [4] - - O(%) O(%r)
2
Smoothed-AGDA [52] - - O(%) O(%r)
GDA [30] O™ O(e®) O(%) O(%r)
2
OGDA/EG (Theorems 4.2, 4.4, 4.8, 4.9) O(e™%) O(e™®) o(%) o(%)

Table 1: A summary of prior and our convergence rates in nonconvex-concave (NC-C) and nonconvex-
strongly-concave (NC-SC) minimax optimization. For NC-C, we assume f(x,y) is £-smooth, G-
Lipschitz in x, and concave in y, and for NC-SC we assume ¢-smoothness, and p-strong concavity
in y, where x = ¢/ denote the condition number.

(AGDA) is one of these methods demonstrated to have excellent convergence properties beyond the
C-C setting [51, 52, 6]. Additionally, two alternative powerful algorithms are Extragradient (EG) and
Optimistic GDA (OGDA), which have recently acquired prominence due to their superior empirical
performance in optimizing GANs compared to other minimax optimization algorithms [28, 8, 38].
Spurred by the empirical success of EG and OGDA methods, there has been a tremendous amount
of work in theoretical understanding of their convergence rate under different sets of assumptions.
Specifically, recently the convergence properties of EG and OGDA were investigated for SC-SC and
C-C settings, where it has been shown that they tend to converge significantly faster than GDA in both
deterministic and stochastic settings [39, 12, 40]. Despite these remarkable advances, there is a dearth
of theoretical understanding of the convergence of OGDA and EG methods in the nonconvex setting.
This naturally motivates us to rigorously examine the convergence of these methods in nonconvex
minimax optimization that we aim to investigate. Thus, we emphasize that our focus is on vanilla
variants of OGDA/EG, and improved rates in NC-C and NC-SC problems have already been obtained
with novel algorithms as mentioned in Section 2.

Contributions. We propose a unified framework for analyzing and establishing the convergence
of OGDA and EG methods for solving NC-SC and NC-C minimax problems. To the best of our
knowledge, our analysis provides the first theoretical guarantees for such problems. Our contribution
can be summarized as follows:

* For NC-SC objectives, we demonstrate that OGDA and EG iterates converge to the

. . . . . 2 e . 3
e—stationary point, with a gradient complexity of O (%5 ) for deterministic case, and O( %7 )

for the stochastic setting, matching the gradient complexity of GDA in [30].

» For NC-C objectives, we establish the gradient complexity of O(e~%) for the deterministic
and O(e~8) for stochastic oracles, respectively. Compared to the most analogous work on
GDA [30], our rate matches the gradient complexity of GDA our results show that OGDA
and EG have the advantage of shaving off a significant term related to primal function gap

(Ag = ®(x0) — ming D(x)).

* We establish impossibility results on the achievable rates by providing an Q(’:—j), and

(%) lower bounds based on the common choice of parameters for both OGDA and EG
in deterministic NC-SC and NC-C settings, respectively, thus demonstrating the tightness of
our analysis of upper bounds.

* By carefully designing hard instances, we establish a general lower bound of O(Z% ), inde-
pendent of the learning rate, for GDA/OGDA/EG methods in deterministic NC-SC setting—
demonstrating the optimality of obtained upper bound up to a factor of .

2 Related Work

Extra-gradient (EG), and OGDA methods. Under smooth SC-SC assumption, deterministic OGDA
and EG have been shown to converge to an O(e) neighborhood of the optimal solution with rate of
O(k log(%)) [39, 49]. Fallah et al. [12] improved upon the previous rates by proposing multistage



OGDA, which achieved the best-known rate of O(max(x log(1), e 7)) for the stochastic OGDA in

SC-SC setting. Under monotone and gradient Lipschitzness assumption (a slightly weaker notion
of smooth convex-concave problems), Cai et al. [3] established the tight last iterate convergence of
O(%) for OGDA and EG, and similar results for EG has been achieved in [17, 16]. Furthermore, To

the best of our knowledge, OGDA and EG methods have not been extensively explored in nonconvex-
nonconcave settings except in a few recent works on structured nonconvex-nonconcave problems in
which the analysis is done through the lens of a variational inequality. This line of work is discussed in
the Nonconvex-nonconcave section. Moreover, recently, Guo et al. [ 18] established the convergence
rate of OGDA in NC-SC, however, they have p-PL assumption on ® (), which is a strong assumption
and further allows them to show the convergence rate in terms of the objective gap. However, we
did not make such an assumption on the primal function, and hence unlike [18], we measure the
convergence by the gradient norm of the primal function.

Nonconvex-strongly-concave (NC-SC) problems. In deterministic setting, Lin et al. [30] demon-
strated the first non-asymptotic convergence of GDA to e-stationary point of ® (), with the gradient

complexity of O( %y 5 ). Linetal. [31] and Zhang et al. [55] proposed triple loop algorithms achieving

gradient complexity of O( %) by leveraging ideas from catalyst methods (adding a||z — x¢||? to
the objective function), and inexact proximal point methods, which nearly match the existing lower
bound [27, 55, 20]. Approximating the inner loop optimization of catalyst idea by one step of GDA,
Yang et al [52] developed a single loop algorithm called smoothed AGDA, which provably con-
verges to e-stationary point, with gradient complexity of O(Z;). For stochastic setting, Lin et al [30]

showed that Stochastic GDA, with choosing dual and primal learning rate ratio of O(H—lg), converges

to e-stationary point with gradient complexity of O( ) Chen et al. [4] proposed a double loop
algorithm whose outer loop performs one step of gradlent descent on the primal variable, and inner
loop performs multiple steps of gradient ascent. Using this idea, they achieved gradient complexity of

O(%; o ) with fixed batch size. However, their algorithm is double loop, and the iteration complexity of
the inner loop is O(k). Yang et al [52] also introduced the stochastic version of smoothed AGDA we

mentioned earlier. They showed gradient complexity of O(’:—:), using fixed batch size. They achieved
the best-known rate for NC-PL problems, which is an even weaker assumption than NC-SC.

Nonconvex-concave. Recently, due to the surge of GANs [14] and adversarially robust neural network
training, a line of researches are focusing on nonconvex-concave or even nonconvex-nonconcave
minimax optimization problems [36, , 48, 13, 32, 33, 24]. For nonconvex-concave
setting, to our best knowledge, Rafique et al [ ] is the pioneer to propose provable nonconvex-
concave minimax algorithm, where they proposed Proximally Guided Stochastic Mirror Descent
Method, which achieves O(e~°) gradient complexity to find stationary point. Nouiehed et al [4 1]
presented a double-loop algorithm to solve nonconvex-concave with constraint on both & and y, and
achieved O(e~7) rate. Lin et al [30] provided the first analysis of the classic algorithm (S)GDA on
nonconvex-strongly-concave and nonconvex-concave functions, and in nonconvex-concave setting
they achieve O(e~°) for GDA and O(e~®) for SGDA. Zhang et al [53] proposed smoothed-GDA and
also achieve O(e~®) rate. Thekumparampil et al. [48] proposed Proximal Dual Implicit Accelerated
Gradient method and achieved the best known rate O(e~?) for nonconvex-concave problem. Kong
and Monteiro [26] proposed an accelerated inexact proximal point method and also achieve O(e~?)
rate. Lin et al [31] designed near-optimal algorithm using an acceleration method with O(e~3) rate.
However, their algorithms require double or triple loops and are not as easy to implement as GDA,
OGDA, or EG methods.

Nonconvex-nonconcave. Minimax optimization problems can be cast as one of the special cases
of variational inequality problems (VIPs) [, 34]. Thus, one way of studying the convergence in
Nonconvex-nonconcave problems is to leverage some variants of Variational Inequality properties
such as Monotone variational inequality, Minty variational inequality (MVI), weak MVI, and negative
comonotone, which are weaker assumptions compared to convex-concave problems. For instance,
Loizou et al. [35] showed the linear convergence of SGDA under expected co-coercivity, a condition
that potentially holds for the non- monotone problem. Moreover, it has been shown that deterministic
EG obtains gradient complexity of O( ) for the aforementioned settings [7, 10, 47, 42]. Alternatively,
another line of works established the convergence under the weaker notions of strong convexity such
as the Polyak-Lojasiewicz (PL) condition, or p-weakly convex. Yang et al [51] established the linear
convergence of the AGDA algorithm assuming the two-sided PL condition. Hajizadeh et al [19]
achieved the same results for EG under the weakly-convex, weakly-concave assumption.



3 Problem setup and preliminaries

We use lower-case boldface letters such as @ to denote vectors and let || - || denote the ¢o-norm of
vectors. In Problem 1, we refer to « as the primal variable and to y as the dual variable. For a function
f:R™xR"™ = R, weuse V, f(x, y) to denote the gradient of f(x, y) with respect to primal variable
x, and V, f(x,y) to denote the gradient of f(x,y) with respect to dual variable y. In stochastic
setting, we let g, , to be the unbiased estimator of V. f (xt,y,), computed by a minibatch of size M,
and g, , to be the unbiased estimator of V,, f (@, y,), computed by a minibatch of size M,, where

x; and y, are the tth iterates of the algorithms. Particularly, g, , = ﬁ vai’i Vaf(®e,ys, 680

and g, , = = Z?iyl Vyf(xi,y,, &), where {€7,3 M= and {§fz}fiyl are i.i.d minibatch samples
, Y ; ; ;
utilized to compute stochastic gradients at each iteration t € {1,...,T'}.

Definition 3.1 (Primal Function). We introduce ®(x) = max,, f(x,y) as the primal function, and
define y*(x) = arg maxycy f(x,y) as the optimal dual variable at a point x.

Definition 3.2 (Smoothness). A function f(x,y) is {-smooth in both x, and vy, if it is differentiable,
and the following inequalities hold: ||V f(z1,y,) — V f(x2,Y5)||* < 3|21 —z2 | + 03]y, — ys ||

Definition 3.3. A function g is p-strongly-convex, if for any 1, 2o € RY the following holds:
9(x2) > g(z1) + (Vg(z1), 22 — 1) + 5|21 — 22>

Definition 3.4. We say « is is an e-stationary point for a differentiable function @ if |[V®(x)| < e.
We note that e-stationary point is a common optimality criterion used in the NC-SC setting. As
pointed out in [30], considering ®(x) as convergence measure is natural since in many application

scenarios, we mainly care about the value of the objective f(x,y) under the maximized y, e.g.,
adversarial training or distributionally robust learning.

When f(x, y) is merely concave in y, ®(x) could be non-differentiable. Hence, following the routine
of nonsmooth nonconvex minimization [9], we consider the following Moreau envelope function:

Definition 3.5 (Moreau envelope). A function @, (x) is the p-Moreau envelope of a function @ if
Op(x) = ming epa{®(2') + 5 [lz" — 2|}
We will utilize the following property of the Moreau envelope of a nonsmooth function:

2 then the

Lemma 3.6 (Davis and Drusvyatskiy [9]). Let & = argming cgpas (') + 2—1[) |’ —
following inequalities hold: || — || < p||V®,(x)[, min,copz) [|v] < [[VEO, ().

Lemma 3.6 suggests that, if we can find a  with a small |V®, ()|, then « is near some point
& which is a near-stationary point of ®. We will use 1/2¢-Moreau envelope of ®, following the
setting in [30, 45], and establish the convergence rates in terms of [ V®; 50(x)||. We also define two
quantities Ay = @1 /2¢(T0) — mingega Pq/90(x) and Ay = ®(x0) — mingcge ®(a) that appear in
our convergence bounds. Before presenting our results on EG and OGDA, we briefly revisit the most
related algorithm, Gradient Descent Ascent (GDA).

3.1 Gradient Descent Ascent (GDA) algorithm

Algorithm 1 GDA
Input: (x0,y,), stepsizes (1, 7y)
fort=1,2,...,Tdo
Ty < Tp—1 — nmvzf(wtfh ytfl) >
Yy < Py(y, 1 +nyVyf(@i-1,9,1)) :

The GDA method, as detailed in Algorithm 1, per-
forms simultaneous gradient descent and ascent
updates on primal and dual variables, respectively.
This simple algorithm has been deployed exten-
sively for minimax optimization applications such

as Generative Adversarial Networks (GANs). Un- end for _
. . Randomly choose  from x4, ..., T 1
der Assumptions 4.1, and 4.3, Lin et al. [30] es- Output:z L

tablished the convergence of GDA by choosing
Ne = O(=3;), and 1, = O(%). In particular, they showed that deterministic GDA requires O(%3)

€

M)

2
calls to a gradient oracle, and stochastic GDA requires O(':—f) calls using the minibatch size of O( %)
to find an e-stationary point of the primal function.



3.2 Optimistic Gradient Descent Ascent (OGDA) and Extra-gradient (EG) Method

We now turn to reviewing the algorithms we study in this paper: Optimistic GDA (OGDA) and
Extra-gradient (EG) methods. To optimize Problem (1), at each iteration t = 1,2,...,7, OGDA
performs the following updates on the primal and dual variables:

Tip1 =T — NV f (@, Yy) — (Vo f(@e,yy) — Vo f (@1, 9,-1))

Y1 = Py (yt + leVyf(mt,yt) + le(Vyf(fct, yt) - vyf(mt—la yt—l)))

where correction terms (e.g. V. f(@+,y;) — Vi f(®1—1,y,_1)) are added to the updates of the GDA.
EG method performs the following updates:

(OGDA)

Tiy1/2 =T — Ve f (@, yy) Y12 = Py (ye +myVy f(®1,y:)) EG)
Tiy1 = Ty — na:vwf(mtJrl/Qa yt+1/2) 7 Y1 = Py (yt + nyvyf(wt+1/27 yt+1/2))

where the gradient at the current point is used to find a mid-point, and then the gradient at the
mid-point is used to find the next iterate. We also consider stochastic variants of the two algorithms
where we replace full gradients with unbiased stochastic estimations. The detailed versions of these
algorithms are provided in Algorithm 2 , and Algorithm 3 in Appendix A.

4 Main Results

We provide upper bounds on the gradient complexity and iteration complexity of OGDA and EG
methods for NC-C and NC-SC objectives in both deterministic and stochastic settings. We also
show the tightness of obtained bounds for the choice of learning rates made. We will derive general
stepsize-independent lower bounds in Section 5.

4.1 Nonconvex-strongly-concave minimax problems

We start by establishing the convergence of deterministic OGDA/EG in the NC-SC setting by making
the following standard assumption on the loss function.

Assumption 4.1. We assume f : R™ x R™ — R is £-smooth, and f(x, .) is u-strongly-concave.

Moreover, we assume the initial primal optimality gap is bounded. i.e., Ag = max(®(x1), P(xo)) —
min, ®(x).

Theorem 4.2. Let & be output of OGDA/EG algorithms and choose 0, < 35, 0, = %. For OGDA,
let ¢ = %, = % and for EG, let c; = %7 = %. Then under Assumption 4.1, OGDA/EG
converges to an e-stationary point, i.e., |V ®(z)||*> < €2, with iteration number T bounded by:

<m2€Aq> + KEQDO)
O\———— |
€

where Do = max (|1 — @ol?, |1 — oll*. lly1 — wil1? llyo — w5 |®)-
To establish the convergence rate in stochastic setting, we will make the following assumption on the
stochastic gradient oracle.

Assumption 4.3. Let V, f(x,y,&%) and V, f(x,y,&Y) to be the unbiased estimator of the
Ve f(x,y)and V, f(x, y), respectively. Then, the stochastic gradient oracle satisfies the following:

* Unbiasedness: E¢» [V, f(x,y,£7)] = Vo f(x,y) and Eey [V, f(2,y,8Y)] = V, f(2,y).
* Bounded variance: We assume the variance of stochastic gradients
are  bounded, ie, Ee [|Vof(m,y, &%) — Vof(z, y)|?] < o2 and

Eeo [[IVyf(z,y,6) =V, f(z,y)|?] <o
‘We now turn to establishing the convergence rate in stochastic setting.
Theorem 4.4. Let T be output of stochastic OGDA/EG algorithms and let 1, and 1, to be chosen
as in Theorem 4.2. For EG, choose minibatch size M = max {1 ’W; } and for OGDA choose

7€



primal minibatch size M,, = max{1, Z—j} and dual minibatch size M,, = max{1, %2} Then under
Assumptions 4.1, and 4.3, OGDA/EG converges to an e-stationary point, i.e., E||V®(Z)||? < €2, with
the iteration number T' bounded by:

€2

0 <I{2£Aq> + /<;£2D0) ’

where Do = max (|1 — 2o, [ly — yoll*. lyr — ¥il*, lyo — wil?)-

The proofs of Theorems 4.2 and 4.4 are deferred to Appendix A. Our iteration complexity matches
with the complexity of two-scale GDA obtained in [30]. However, we improve primal gradient
oracle complexity for OGDA by a factor of « as our analysis works for smaller primal batch size M,

compared to GDA [30]. This paper establishes primal gradient oracle complexity of O(’:;) while

the analysis for GDA in [30], requires gradient oracle complexity of O(':—z) for primal variable.

In previous theorems, we established upper bounds on the convergence of OGDA and EG algorithms.
In the following results, we turn to examining the tightness of obtained rates. To this end, we first
consider a simple GDA algorithm and will extend the analysis to OGDA/EG. Note that in this section,
we only consider the stepsize choice in our upper bound results.

Theorem 4.5 (Tightness of GDA). Consider GDA method (Algorithm 1) with step sizes chosen as
in Theorem 4.4 in [30], and let T be the returned solution after T iterations. Then, there exists a
function f(-,-) that is {-gradient Lipschitz and pi-strongly concave in y, and an initialization (g, Y,),
such that Algorithm 1 requires at least T = €} (“269‘1’) iterations to guarantee |V (Z)|| < e.

Theorem 4.6 (Tightness of EG/OGDA). Consider deterministic EG and OGDA methods with step
sizes chosen as in Theorem 4.2 and let T be the returned solution after T iterations. Then, there exists a
Sunction f(-,-) that is {-gradient Lipschitz and pi-strongly concave in y, and an initialization (o, Y, ),

2
such that both methods require at least T = () (%) iterations to guarantee |V®(Z)|| < e

The proofs of Theorems 4.5 and 4.6 are deferred to Appendix A.3.1 and A.3.2, respectively. Theo-
rems 4.6 show that to achieve e stationary point of ®, EG and OGDA need at least O(’:—;) gradient
evaluations, which match with our upper bound results (Theorems 4.2). These impossibility results
demonstrate the tightness of our analysis. It would also be interesting to see such analysis for

stochastic setting, which we leave as a valuable future work.

4.2 Nonconvex-concave minimax problems

We now turn to establishing the convergence rate of (stochastic) OGDA/EG in the NC-C setting. We
make the following assumption throughout this subsection:

Assumption 4.7. We assume f : R™ x VY — R is £-smooth in x,y, G-Lipschitz in  and ) is
bounded convex set with diameter D, and also f(x, .) is concave.

From the above assumption, we note when f is merely concave in y, we have to assume the dual
variable domain is bounded since otherwise, the Moreau envelope function will not be well-defined
(This is shown in Lemma 3.6 in [30]). Therefore, the update rule for y requires projection as follows:

Yy, =Py (yt—l + 0y Vyf(@i—1,Y-1) + 0y (Vy f(®1-1,Y41) — Vyf(wtf%ytfz))) (OGDA)
Yir12 = Py (Y + 0,V f(@,91), Y1 =Py (yt + 10y Vy f(@i11/2, yt+1/2)) (EG)

The following theorem establishes the convergence of OGDA/EG for NC-C objectives.

4

. 2 .
Theorem 4.8. Let n, = O (mln %, [ﬁ, W}), and 1y = i. By convention, we set

T_1/2 =%0, Y_1/2 = Yo Under Assumption 4.7, OGDA/EG converges to an e-stationary point, i.e.,

T Yo IV @ j2e(@)||? < €2 for OGDA and 25 371 [V @y jae(—1/2) |2 < €2 for EG, with
the gradient complexity bounded by:

2 A 292
o (EG A max{l,DfD _
€ €




4 66

, G2+027 D20302GV/G2+02

O(min{4;, 5z}). By convention, we set ©_1/5 = o, Y_1/2 = Yo Under Assump-

tions 4.3 and 4.7, stochastic OGDA/EG algorithms converge to an e-stationary point, i.e.,
T T

757 2120 EIV®1/20(@:) > < € for OGDA and 75 37, o ElV @1 20(me—1/2)|I* < € for EG,

with the gradient complexity bounded by:

<D2£3G\/G2+02A¢ { ﬂ})
0] 5 max 4 1, .

Theorem 4.9. Let 1, = O(min{Z(szigz,),D2£3G6 ), and n, =

€ €2

The proofs of Theorems 4.8 and 4.9 are deferred to Appendix B. Here we show that OGDA/EG need
D2(*02GVCEZ T oA )
€8

at most O (%) gradient evaluations in deterministic setting and O (
gradient evaluations in stochastic setting to visit an e-stationary point.

Our stepsize choices for dual variable match the optimal analysis in convex-concave setting, @(%) in
deterministic setting [40] and @(E%) in stochastic setting [23], so we suppose our dual stepsize choice
is optimal. The stepsize ratio is Z—: = O(€*) in both settings, same as Lin et al. [30]’s results on apply-
ing GDA to a nonconvex-concave objective, which reveals some connection and similarity between
OGDA and GDA. However, compared to GDA [30], where they get an O (D QEsngq’ + stzAO)

€
D2302GV G212 Ae n Z3D2A0>
€8 €6

rate in deterministic setting, and O ( in stochastic setting, we shave

off the significant terms with dependency on Ag. As we will show in the proof, this acceleration is
mainly due to the fact that OGDA/EG enjoys an inherent nice descent property on concave function,
which is more elaborated in Section 4.3. In the stochastic setting, we observe similar superiority.

Now, we switch to examining the tightness of obtained rates. Similar to the NC-SC setting, we first
consider a simple GDA algorithm and will extend the analysis to OGDA/EG.

Theorem 4.10 (Tightness of GDA ). Consider GDA that runs T iterations on solving (1), and let
x 7 be the returned solution. Then, there exists a function [ that is G-Lipschitz in x, {-gradient
Lipschitz and concave in y, and an initialization point (xo,y,) such that GDA requires at least

T=Q (%) iterations to guarantee ||®1 5¢(x7)|| < €

Theorem 4.11 (Tightness of OGDA/EG). Consider OGDA/EG that runs T iterations on solving
(1), and let T be the returned solution. Then, there exists a function f that is G-Lipschitz in x,
C-gradient Lipschitz and concave in y, and an initialization point (xo,y,) such that to achieve

|®1/2¢(xT)|| < €, OGDA/EG requires at least T' = §) (%)

The proof of Theorems 4.10 and 4.11 are deferred to Appendix B.3.1 and B.3.2, respectively.
Theorems 4.11 demonstrates that to find an € stationary point of ®; /5o, OGDA and EG with our

stepsize choices need at least O(}G) gradient evaluations, which verifies the tightness of upper bound.

4.3 Discussion

Key technical challenges. Here, we present the key technical challenges that arise in the nonconvex
setting, which makes the analysis much more involved compared to the previous analysis of these
algorithms in convex settings. Our proofs are mainly based on NC-C and NC-SC GDA analysis
in [30], and SC-SC OGDA/EG analysis in [39]. In the nonconvex-strongly-concave setting, finding
an upper bound for ZiT:1 lly; — y*(x;)|* is one of the key steps to establish the convergence rate,
however bounding this term is much more complicated for OGDA and EG than GDA due to difference
in updating rules. Note that in GDA analysis [30], ZiT:1 lly; — y*(x;)||* can be bounded by deriving
simple recursive equation for ||y, — y*(x;)||?, while extending it to OGDA is quite complicated.
Hence, we propose to bound ¢ = ||z41 — y*(@4)||® + 3]ly; — ¥;_1[|% and establish the upper
bound on Y°'_, |ly; — y*(=;)||? in terms of S°!_, ;. In nonconvex-concave setting, we have to
bound ||y, — y,_1]|?, so we reduce it to the primal function gap: ®(x;) — f(x+, y,). To bound this
gap, we utilize the benign descent property of OGDA and EG on concave function and shave off a
significant term Ay, which yields a better upper complexity bound than GDA.



On descent property of concave function for OGDA/EG Take OGDA, for example. The key
step in NC-C analysis is to bound ®(x;) — f(x¢,y,). In OGDA proof, we split this into bounding
the following:

(xi) - f(@,y,) < [, y™ (@) = f@s,y" (20) + f @5, 47 (25))

2

— fl@e,y™ (@) + f(@e, 4" () — [, 9)-
For the last term f(x:, y*(xs)) — f(x+, y;), OGDA can guarantee its convergence without bounded
gradient assumption on y. However, for GDA, it requires bounded gradient assumption on y to show
the convergence of this term, and without such assumption, we can only show the convergence of

f(xe, y*(xs)) — f(24,Y,41), so Lin et al. [30] split the ®(x;) — f(x¢,y,) as follow:

(@) = f(®,y,) < [,y (@) = f(@0, Y7 (®5)) + [( @1, Ypn) = (@9) + (@6, 9011)

— f(®ep1, Y1) + [, y" (2s)) — f(T1,Y101)
3)

Hence they reduce the problem to bounding f(x;,y*(xs)) — f(2:, ¥y, ). Therefore, they have to
pay the price for the extra term f(x/11,y,,1) — f(Ts, yy).

Generalized OGDA. Generalized OGDA algorithm is a variant of OGDA in which different learning
rates are used for current gradient V f (x:, y, ), and the correction term V f (z+, y,) —V f(Tt—1,Y;_1)-
The update rule for this algorithm is as follows:

Lyl = T — 7}1,1sz($t>yt) - nx,Q(va(wta yt) - vibf(ajtflvytfl))
Yip1 =Py (yt + 0y aVyf(@e,ys) + 0y 2(Vy f(@e,y,) — Vi (21, yt—l)))

Mokhtari et al. [39] introduced this algorithm and established the convergence bound for the bilinear
setting while analysis beyond this setting remained as an open problem. In Appendix D, we show
that our analysis can be adapted to establish the convergence of the generalized OGDA algorithm. In
Section 6, the empirical advantage of generalized OGDA over the state of art optimization algorithms
is shown, and it seems this algorithm is a better alternative to OGDA in practice. We also define the

correction term ratios 31 = Z” f Bo = Zy 2 and empirically study the effect of these parameters

on convergence. Note that if 81 = 2 = 1, generalized OGDA would be same as OGDA. It would
also be an interesting future direction to analyze this algorithm for C-C and SC-SC problems to
understand its superior performance better.

Projected OGDA/EG for NC-SC. Here, we highlight that while our analysis for NC-SC assumes
that ) = R", it can be easily extended to a constrained setting, where the dual update is performed
under projection onto a convex bounded set ). In the following, we provide a proof sketch for
extending our analysis of OGDA to its projected variant, in which we do the same primal update as
unconstrained OGDA and a projected (Optimistic gradient) OG update, as defined in [23], on the
dual variable. The main idea behind our dual descent lemma, Lemma A.6, is interpreting OGDA
as an extension of the PEG/OG method and then using Theorem 5 of [23] for PEG/OG analysis,
which already considers the projected gradient updates. Thus, our Lemma A.6 could be immediately
adapted to the projected update. Lemma A.5 can also be extended to projected setting by leveraging
Lemma A.1 in [23]. Combining the projected variant of the mentioned lemmas, the convergence
could be easily established for projected OGDA/EG.

(OGDA+)

S Stepsize-Independent Lower Bounds

So far, we have established upper bounds and tightness results given specific stepsize choices. In
this section, we turn to establishing general stepsize-independent lower bound results in the NC-SC
setting.

Theorem 5.1 (Lower complexity bound for GDA). Consider deterministic GDA method (Algorithm 1)
with any arbitrary choice of learning rates, and let & be the returned solution. Then, there exists a
function f satisfying Assumption 4.1, and an initialization (xo,y,), such that Algorithm I requires
at least T = Q (%) iterations to guarantee | V®(z)|| < e.

Theorem 5.1 implies that GDA algorithm can not find e stationary point of NC-SC problem with less
than with (%) many gradient evaluations. This result provides the first known lower bound for the



GDA algorithm in NC-SC, showing that the rate obtained in [30] for the convergence of GDA is tight
up to a factor of x. The general proof idea is to consider the following quadratic NC-SC function
f R x R +— R, which is strongly-concave in both x and y:

flay) = —12® + bay — Ty

By construction, f is nonconvex in « (it is actually concave in ) and p-strongly-concave in y.

Assume k := £/p > 4 and choose b = /(¢ + 1) for some 0 < p,, < £/2 to be chosen later.
Then we know b < ¢/2, and it is easy to verify that f is £ smooth. Note that the primal function

(w) = max f(w,y) = jpa2"

is actually strongly convex. This also justifies the symbol for p,,. We use GDA to find the solution
for min, max, f(xz,y). Indeed for this problem, the optimal solution is achieved at the origin. The
stepsizes ratio is chosen as r = Z—Z and n, = % for some numerical constants c. Then the GDA
update rule can be written as

Tht1) _ e _(t b
(yk-H) = L+ M) (yk> » M= <7“b ,W) ’ @)

Note that (4) is a linear time-invariant system, and due to the simplicity of quadratic form, we are
able to track the dynamic of primal and dual variables. By iterating this linear system and analyzing
the eigenvalues of the transition matrix, we are able to lower bound the gradient at final iterations.

Now we turn to the extension of the lower bound analysis of GDA to OGDA/EG as stated below.

Theorem 5.2 (Lower complexity bound for OGDA/EG). Consider the deterministic OGDA/EG
method with any arbitrary choice of learning rates and let T be the returned solution. Then, there
exists a function f satisfying Assumption 4.1, and an initialization (x,y,), such that OGDA/EG

method requires at least T = () (“Az“’) iterations to guarantee |V®(Z)| < e

€

Theorem 5.2 shows that OGDA/EG methods can not find e-stationary point for any choice of learning
rates with less than Q( ;) gradient evaluations. Given the upper bounds we derived for deterministic
OGDAV/EG in section 4.1, our result indicates that our upper bounds is tight up to a factor of &,
however, we highlight that according to Theorem 4.6, given our choice of the learning rate, our upper
bound is exactly tight. The complete proof of Theorems 5.1 and 5.2 are deferred to Appendix C.

6 Experiments

In this section, we empirically evaluate the performance of the OGDA algorithm. In particular,
we follow [52] and optimize Wasserstein GAN (WGAN) on a synthetic dataset generated from a
Gaussian distribution. We mainly follow the setting of [52, 34] to conduct our experiment. We
consider optimizing the following WGAN loss, where the generator approximates a one-dimensional
Gaussian distribution:

minmax  Egn(u.02) [Dup ()] = Bann0,1) [Pun (Gue (2))] = Mwn|* (5)
Where wg and wp correspond to generator and discriminator parameters, respectively. We define
discriminator to be D(z) = ¢1x + ¢oa2, and generator to be a neural network with one hidden layer
with 5 neurons with ReLLU activation function, same as the setup considered in [52]. We assume
that real data comes from a Gaussian A (y, 02) distribution, and the generator tries to approximate y
and o2 using a neural network. We set z = 0, and o = 0.1. ) is the regularization parameter which
we set to 0.001. Note that A makes the function strongly-concave/concave in terms of discriminator
parameters, so the problem becomes NC-SC/NC-C.

Performance of fine-tuned stochastic OGDA is depicted in Figure 1a, in comparison to ADAM [25],
RMSprop, SGDA [30], SAGDA [52], and Smooth-SAGDA [52], which are well-known minimax
optimization methods. Our evaluation shows that OGDA outperforms all of these methods, supporting
the empirical advantage of OGDA as seen in relevant studies [28, 8]. While our theoretical results
show that OGDA/EG might not outperform GDA in terms of convergence rate, comparing the
empirical result suggests that OGDA might converge faster. In Figure lc, the evolution of the
Wasserstein distance metric during the training has been shown. While GDA and OGDA are
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Figure 1: Figure 1a demonstrates the best performance of different algorithms on optimizing NC-SC
objective in WGAN, where |V f(z,y)||* = |V f(z, y)||* + ||V, f(x, y)||*. For GDA, and OGDA,
7z, and 7, chosen from the set {5e — 5,1e — 4, 5e — 4, 1e — 3,5e — 3, 1le — 2, 5e — 2} using grid
search. For OGDA, we choose correction term ratios from the set {0,0.01,0.1, 0.5, 1}. The optimal
learning rates are as follows. For both OGDA, and GDA, we set 1, = 7, = 0.05, and for OGDA
B1 = P2 = 0.01. For other algorithms, we used the same hyperparameters as reported in [52], using
the same random seed. Figure 1b indicates effect of tuning correction term ratio 5 on the performance
of generalized OGDA algorithm. Figure 1c indicates the evaluation of the Wasserstein distance metric
during the training for the best hyperparameter configuration.

stabilized faster than other algorithms, it seems that they converge to a suboptimal solution, which
incurs a higher Wasserstein distance. Thus, our study suggests that comparing different minimax
algorithms only based on the convergence of gradient norm may not be that insightful in practice, as
they might converge to a suboptimal equilibrium. This observation naturally leads to an interesting
future direction to theoretically understand how different notions of equilibrium in first-order minimax
optimization algorithms are related to the realistic performance of practical methods such as GANs
or WGAN:S.

The common version of OGDA, as depicted in Algorithm 2 in Appendix A, uses the same learning
rate for the current gradient and correction term (difference between gradient). Empirically, we
observed that using different learning rates for those terms (which we call generalized OGDA)
makes the convergence faster and more stable. Hence in the following, we investigate the effect of
using different correction term ratios in OGDA, which we refer them as §; and [ as defined in
Subsection 4.3. The results in Figure 1b demonstrate that small values of these parameters benefit
the convergence rate, and larger values degrade the performance. We further observe that using
correction term ratios larger than 0.5 makes the algorithm diverge and become unstable. Hence, this
corroborates the practical importance of the generalized OGDA algorithm compared to OGDA, as
we are restricted to choosing the same learning rate in OGDA (i.e., 51 = f2 = 1).

7 Conclusion

In this paper, we established the convergence of Optimistic Gradient Descent Ascent (OGDA) and
Extra-gradient (EG) methods in solving nonconvex minimax optimization problems. We demonstrated
that both methods exhibit the same convergence rate that is achievable by GDA in both stochastic
and deterministic settings. We also derived matching lower bounds for the choice of parameters that
indicate the tightness of obtained rates. Further, we established general lower bounds (i.e, learning
rate-independent) for GDA/EG/OGDA in the NC-SC setting, indicating the optimality of obtained
upper bounds up to the factor of . It remains an interesting future work to extend the lower bound
results to the stochastic setting and also derive the general lower bound for GDA/EG/OGDA in the
NC-C setting. Moreover, there is a gap by a factor of x between our lower and upper bounds for
NC-SC problems, which would also be an interesting future work to close this gap.
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Appendix

In the appendix, we provide the missing proofs and derivations from the main manuscript, as well as
proposing a general variant of the OGDA algorithm where different learning rates can be employed
in primal and dual updates.
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A Proof of Convergence in Nonconvex-Strongly-Concave Setting

A.1 Proof of Convergence of OGDA

Here we present the convergence proof for the OGDA algorithm in the NC-SC setting as detailed in
Algorithm 2. Note that it is clear from context we abuse the notation and use y; instead of y*(x;).
In the following, we provide a proof sketch, making our analysis easier to follow.

Algorithm 2 shows the deterministic and stochastic variants of the OGDA algorithm in detail.

Algorithm 2 (Stochastic) OGDA

Input :Initialization (x_1 = %o, y_; = Y;), learning rates 7, 7,
fort=1,2,...,Tdo

Ty =21~ N Vel (®-1,Y_1) + (Vo f(Ti-1,Y;_1) — Vo f(®i-2,9;_5)),

Y=Y+ (Vyf(@io1,9i-1) =y (Vyf(@i-1,91-1) — Vyf(Ti—2,9,5)). #OGDA

Tt =Tr—1 — NyGp -1 + ny(gz,tfl - gz,t72)’

Y = Y1 MGy -1 — My(Gy -1 — Gyi—2)- # Stochastic OGDA
end

Proof sketch. We provide a sketch of key technical ideas. Specifically, we develop three key
lemmas to prove the convergence. First lemma is primal descent, in which we use the x¢-smoothness
property of ®(x) at point x; and x;_; to find an upper bound for E[®(x;) — ®(x;_1)], and then by
taking summation on this upper bound for all t € {1, ..., T} we are able to show the following:

T-1
E[®(@r)] - ®(@1) < -5 > E[|VE(2)[?] + O(1.¢)

i=1

T-1 T-1
+0(nat?) (Z IELy; — 7 1%+ > Ellly; — yHIIQ]) (6)
i=1

T-2 - 2
- 1-00u) S Ellgif*)+ 0 (37

where g; = 2V, f (@i, y;) — Vaf(@io1, ;1)

The second key lemma is dual descent. To derive this lemma, first note that OGDA alternatively can
be written in view of Past Extra-gradient algorithm (PEG) as defined in [23]:

Y =2 +NyGy -1+ Zt41 = Zt T yGy (Dual update)

where z; =y, 1 +1,(g, -1 — gy.1—2)- Also, we have the following primal update:
Ty =Wt~ NaGpi—1 >, Witl = Wi~ NaGy ¢ (Primal update)
where wy = @1 —12(g, 41 — g —2)- This view of OGDA is presented in [23, 13, 39]. Motivated

by this interpretation of the OGDA algorithm, we define the following potential function to derive the

dual descent. Let ry = ||z441 — y;||> + 1y, — y¢_1]|*, and ny, = 4, then we show that:

0.2
Bird < (1 = gz )Blrea] + O(2)Ellg,ol) + O(2wElla 1P +0 (77 )

We built on the top of OGDA analysis in [39, 23] in strongly-concave-strongly-concave setting to

prove the above lemma, which helps us directly find an upper bound for Z?:_ll lly; — y,_1]|? in
Equation 6.

Our third key lemma aims to upper bound ZiT;ll E[||y; —y;|?] in terms of Zg;l E[r;]. Particularly
we show that:
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T-1 T—1
> Elly; —vil’] < (yo —yil> + ) Elri] + n2s? Z E[llg; /1% EQM )
i=1

=2

Now note that using second, and third lemma both 37" E[|jy; —y;_, |21, and /" E[|ly; —v?||?]
terms can be upper bounded in terms of ZiT;lQ E[||g,|I?], and by properly choosing 7, we show that
ZiT:_f E[||g,||?] term can be ignored, which entails the desired convergence rate.

A.1.1 Useful lemmas

Lemma A.1 (Lemma 4.3 in [30]). Let ®(x) = max, f(x,y), and y*(x) = argmax, f(x,y).
Then, under Assumption 4.1, ®(x) is kl + (-smooth, and y*(x) is k Lipschitz.

Lemma A.2. Let {a:}$2, {b:}i2 be the sequence of positive real valued number, and vy € (2, 00)
such that V't > 1:

<1 - Yars 1, ()
0

then the following inequality holds for any t1 > t5 > 0O:

to ta
> ai<van +v Y b ®)

=11 i=t14+1

Proof of Lemma A.2. Unfolding the recursion in Equation 7 for ¢ — ¢; steps we have:

a < (1-= ”lat+z “b ©)

i=t1+1

Now taking summation of above equation we have:

ta
Zat<z _i>+ ) Z t’b (10)

t=tq t=t1 t=t14+1 i=t;+1

However note that, we can write:

to to—i to 1 (1 Lyte—itl
Z Z tzb_ Z bzl_i = Zbi 1,(1V,l)
t=t1+1 i=t;+1 i=t1+1 i=t;+1 ¥ an
ta
<7~ Z b;
i=t1+1
O

—(1=L)yt2—t1+1
1—(1 7)

1-(1-13) S 7. we

to ta
Y a<qa, +v Y b (12)

t=ty i=t1+4+1

Plugging this back to Equation 10, and noting that Eiitl (1- %)t—tl =

have:

Lemma A3. Lety, ., = y, + 19, where g, is the unbiased estimator of V., f(x,y;). If
Ny < i, we have:

lyeor —will® < @ —nyu)lly, — yi I? + 2001167117 + 20, (67, y, — u7) (13)

where 8] = g, , — V., f(x,y,).
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Proof of Lemma A.3. Using the update rule for y, , ;, we can write:
ey = w217 = llye = yi +mygyoll* = Iy = w7 12 + mgllgy oI + 200y, — 97, 9,0)  (14)
Now replacing g, , = 0 + V, f(x¢,y,), and using Young’s inequality we have:

1y — Ui P < llyy = i 12 + 20211V f (e, y)II? + 20y (Vy f (@0, 9,), 40 — Y7)

‘ (15)
+ 20187117 + 20 (87, y, — i)
However, note that since f(x, .) is p-strongly-concave, and ¢-smooth, we have:
* 1 2 Eﬂ’ * (12
(Vyf (@0, 90),9: —v:) < =57 IV f (@0, )7 — 77— lly: — il

1 1 *
< *27||Vyf(mt,yt)H2 - 5“.% —y; |,

where in the last inequality, we used the fact that x > 1, which means that ¢ > p. Plugging
Equation 16 back to Equation 15, we have:

* X 1
e =i I* < (U= pmy)lly, = w7 17 = my (5 = 2m) Vo f (@0, 90|

(17
+ 2021|167 (|* + 20, (87, y, — uy)
Since 7, < 2%, we have:
lypen =y 1? < (U= pmy)lly, — ui 1>+ 20211671 + 20, (87, ¥, — vy) (18)
O

A.1.2 Key lemmas, and proof of Theorem 4.2, and 4.4 for OGDA

For the sake of brevity, we only present the convergence proof for the stochastic version of OGDA
(Theorem 4.4), since by letting ¢ = 0, we can recover the proof for the deterministic algorithm
(Theorem 4.2). Our proof is built on three key lemmas. First, we prove the following lemma, which
we call primal descent:

Lemma A4. Let ®(x) = maxy f(x,y), and y*(x) = argmaxy, f(x,y). Also, let g, = 2g,, ; —
9.,i—1- Then for Algorithm 2, we have:

B0 (2)] < E[(@1)] ~ LRIV )] - L0~ 260n.)Ellg, 17 + Sn2Ellg, ol
2

3 N 3 o
+ 3Bl — v P+ 3 CEly ) — vl + 150

19)

Proof of Lemma A.4. First, let 67 = g, ; — V. f(x;,y;). By definition of g, ;, we have E[67] = 0,
forall i € [T.

Using the fact that ® () is 2x¢ smooth, we have:
B(xy) < B(we_1) + (VO(xs 1), — x41) + Kl||lTs — 2281 ||
= ®(@e1) = 1{VO(@e-1),9; 1) + Kl ]l ge 1|
Nz Nz Nz
= ®(@1) = S IVO(@)* = gl + S IVE(@i1) = goa|* + 6007l g |

= Blaes) — LIV 20— 2mtn)lgi [P V@) — gy
(20)

18



Now using ¢-smoothness of f, and x-Lipschitzness of y*(x) (Lemma A.1) we have:

IV®(xi-1) = g¢1l” = [VO(24-1) = Vo f (@11, Y1)
- (fo(“’t—layt—ﬁ = Vif(xi-2, yt—Q)) — (267, — tw—2)||2
<3[VP(2-1) = Vi f (@1, Yo )II” + 3 Ve f(zi-1,¥-1)
= Vo f(@i2,y,0)|1 + 3]207_, — 67|
<3y (@i-1) =y |I” + 3wy — @e—a® + 36 y,y — vyl

+24]07 11 + 6167 ”
21)

where in the first and second inequalities, we used Young’s inequality.

By combining Equations 20 and 21 we have:
Pa) < P(ai-1) - *IIV<I>($t )I? - (1 — 260n5)]|g, 1 |1?
3 .
+ e Cllyioy =yl + *nx€2||wt71 — a2 + inxﬁllyH ~ Yol
+ 120|074 |I* + 312167 2||2

3
< P(xa) - *IIV‘D(% DII? - (1 = 2600) 9o |I* + 572 €1lg—21®

+ 5%8 lyi 1 =y al® + 57796€2||yt71 Yeol® + 1202167 [ + 3n 167
(22)
We proceed by taking expectations on both sides of Equation 22 to get:

E[®(2,)] < E[®(@1)] - TE[|VO(@:1) 2] - 2 (1 - 260, )Elllg, |?] + gn§f2E[llgt_zll2]

2
§£2E*— 24 2 P gyl + 15m
+ S CE[lyi—1 — Yo ll7] + 5 CE[ly -1 — yo—o[7] + 157,
(23)
where we used the fact that E[||67]|?] < 1‘\77 foralli € [T].
O
Lemma A.5. Letn, = 6@, then the following inequality holds true for OGDA iterates:
t+1 t+1 2
9 36 2T o
Z]El\yz i I’ < ZElly, — il +*Z]Esz y; |I°] 2Zﬂillsh\l 5
7 ~ 72 M,
(24
Proof of Lemma A.5. Using Young’s inequality and x-Lipschitzness of y* (), we have:
Hyt+1 - y:+1||2 <2y — y?”Q +2(|yii1 — y:||2 (25)

<2y — yil? + 263 |21 — a2

Now, we try to find an upper bound for ||y, ; — y;||*>. Let 2,41 = y; +1,(9,+ — 9, 1)> and
0! =g, — Vyf(xi,y;). Then we have:

1Yer1 — yi 11 = l1Ze01 — uF + 0G4 17
<2llze1 — yi 17 + 203 llg, 41
<2z — Y 1P+ 4 |V f (e, y)lI? + 4ng |67
<2z — Y 1P+ 4y Clly, — yi |17 + 42|67 |12

(26)

19



where in the first and second inequality, we used Young’s inequality, and for the last inequality, we
used smoothness of f. Now, replacing replacing the choice 7, = é in Equation 26 yields:

* 1 * *
||yt+1 — Y ||2 < §Hyt ' ||2 +2[|ze11 — Yy ||2 + 55 Y7 H‘ssz 27

Now plugging Equation 27 in Equation 25 we have:
91 = vl < Sl — il + 2 — il + 267 wers — 2l + 51807 @8)

Now taking expectations from both sides of Equation 28, we have:

20 2

Elly 1 —yial?] < [Ilyt i IP1H4E]|ze01 — y7 I°] + 267 E | e 1 — ] *] + 021, (29)
Using Lemma A.2, it can be easily shown that:

t+1 6 L t 2

2T o

Z]EHyz yilI’] < [||y1 il ZE Iz — ;%] o6 Y EllgillP’] + =

i=1 Y

(30)

O

By extending the analysis in [39] for OGDA from SC-SC to NC-SC, we derive the following lemma:

Lemma A.6. Let z;11 =y, +77y(9y7t _gy,tfl)’ re = ||ze01— Y H2 + i ly: =y ||2 and ny =
Then OGDA iterates satisfy the following inequalities:

1 2.3 oy, o 2 g
Bird < (1= g ) Blria) + 1228 la o 2]+ T2Bllac o+ gz OD
and
t t—1
dko?(t —1
S Elr] < 126E[r] + SrE[le: — ol + 14502 S Ellg, |+ =N 6
=1 i=1 Y

Proof of Lemma A.6. Let 8] = g, ; — V, f(xi,y,), and note that we have z;1 — z; = 1,9, ;. We
have: ‘

Ize01 — yilI® = 120 — ui + nyg, . lI°
= llze =y 17 + 20y (g 1 2¢ — ¥5) + 02l |
=zt = yi 1> = 205(9y.05 9y i—1) + 200(9y0o v — Y1) + 111Gy
= lze =y 1> + m3llgy.e — 9y eall® + 20(9y.00 ve — y7) = 02llgy 0l
<llze =yl + 301V f (e, y,) — Vi f (21,9, 1)1
+ 20, (Vy (@6, 9,), 9 — Y1) — 1 llgy a1
+ 30167117 + 3 167, 1I” + 21, (87, y, — v;)
<llze —yi 12+ 30, 2 — x| + 30y, — v I — 20y uilly, —
— 011Gy i1 II” + 30167117 + 3np 167 |1* + 20y (67, 9, — v7)

*||2

(33)

where the last inequality follows from the smoothness of f and strong concavity of f(x;,.). Now
note that using Young’s inequality, we can write:

2
l

1 *
Iy = yill* = Slze = yilPP = nyllgy—al (34)

Now plugging Equation 34 back to Equation 33, we have:

yil? < Q= myllze = yill* + 3050 |l — e |* + 3050 |y, — v, |12

— (1 = 2ny0)||gy 1 I + 3nzl167(1% + 321671 1* + 20, (67 y, — y;)
(35)

lz¢e11 —
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Now note that we have the following:
e =yl = 15l 9y.-1 + Gyim1 — Gyaall?
< 205llgy -1 + 205119, 11 — 9y 2
< 205llgy |1 + 6mg IV f (@1, 9 —1) — Vy f(@i—2,9,0)I°
+ 6,167 |17 + 6m 167, |12
< 20519y 1 [I” + 6y 0|1 — @oo® + 6150y, — v,
+ 61671 |1* + 6m167_, |1

(36)

Now adding 972.¢* ||y, — y;_,|? to both side of Equation 35, and using Equation 36 we have:
lze41 =y 12+ 2%y, — yoa |12 < (0= ny)llze — yil” + 3002 |2, — 2|2
— 1y (1= 2y — 246%) g, 1 |1
+ 7200 @1 — @eo||* + 72,0 [y, — Yo
+ 3 (1 + 240502) (|67 (1> + 3 (1 + 24m3 %) || 67, ||
+ 20,07y, — Y1)

(37
We proceed by plugging 1, = & into Equation 37:
* (|2 1 2 1 * (|12 1 2
|zt+1 — yil|” + EHyt —yqll" < (1 6 (”zt -yl ) + EHyt—l |
1 5 1 9 (38)
+ EH% —@a” + ﬁ“xt—l |
1 1 2 .
+ @H‘S?HQ + @Il(ﬁ’_ﬂl? + @@5?7% —y;)

Taking expectations from both sides of Equation 38, we have:
. 1 1 . 1
B e =il + gl - w1 lP| < (1 g2 ) Bl - wi17] + fgBlles - ol

1 1
+ Ellze = 2l + Bl - 2]

+ o
302M,
(39)
Also, using Young’s inequality, we have:
* 1 *
lze = yil* < L+ —o)llze — yiaI” + (1 + 126)57 @ — 201 1%, (40)

12k

where we used the fact that for any o > 0, ||z + y[|? < (1 + o)||lz|®> + (1 + 2)||ly/?, and
k-lipschitzness of y* (). Plugging Equation 40 back to Equation 39, we have:

sy 1 1 . 1
E e — w72+ = weal?] < (1= g ) B[l - 0P + Bl — vl

1
+ 126°E [z — @ |*) + gEllee - 2es|’]

0.2
* 30,
(41)
Therefore, if we let 7, = ||z¢+1 — Y7 ||? + $/ly: — y;_1[|*, then we have:
Bl < (1- = ) Biri] + 12026°E g, |P) + ZBllg, )+ =5 @)
"= 12¢) 0 @ -1 18 7tz 302 M,
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We can derive the following equation by applying Lemma A.2.

t t—1 t—2

2
Y Elr)] < 126E[r] + 144036" Y E[l|gl|*] + 3W€Z]E lga?] + N]E[le — o] ||?

i=1 i=1 = (43)
4ko?(t — 1)
+ - 7
2M,
Or equivalently, we have:
t t—1
4ro?(t —1
ZE[Tz] < 125E[r] + HE[H‘Tl — xo|]?] + 14503k 4Z]E (llg:lI”] + # (44)
i=1 i=1 y
O

Proof of Theorem 4.2, and Theorem 4.4 for OGDA. We begin by taking summation of Equation 19
(Lemma A.4) from t = 2 to t = T which yields:

T—1
%E:MW@@MWS¢@ﬂ—ﬂﬂ%ﬂ+%mﬂMrﬂmP

T-1
(1 26,) > Elllgi|?] 362 ZE lg:11%]
i 45)
5 T-1 3 T-1
+ 5%52 Z ly; — yilI* + 5%52 Z Elly; — i1 ?]
i1 i—1
(T —1)0?
151, ———
+ 157 L

We proceed by noting that if 7, < -, then we can drop [|g;_;||* term in above equation. By
considering this, and multiplying both sides by nl we get (also let Agp = max(P(x), P(x1)) —
ming ®(x)) :

ZE [V (x;)]]?] +3€2||a:1 — xo|?

T—2
— (1= 2kln, — 3020%) > El|lg,]|°]
i=1

T-1 T-1

2 2 (T —1)o”
+3¢ ;E[Hyz yill*] + 3¢ 2; Ellly; = yia "] + 30— —
(46)
We can replace Zz:ll ly; — y,||? with its upper bound obtained in Lemma A.5 to get:
T—1
204 27 *
Do IVe(@)? < = + 36 &1 — ao|® + 7€2Hy1 -yl
i=1 v
— (1= 2, — 30202 — —n2K20?) Z E[l|g;]*]
T— T—1
108 1)o?
#1080 S s, - %m<mwzﬁml%numéjf—
i=2 i=1 r
6 (T —2)0”
7 M,
(47)
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Now note that 22 E[||z;11 — y]|?] + 3 ST By — v ]2] < 15.5E[r;]. Therefore we have:

27 x
Z V@ (z;)|* < +3€2H$1 — xo|® + €2Hy1 -yil?
T2
— (= 2wty — 3020 — ) S Bl 8)
i=1
= (T - 1)o? LT —2)o?

+155€22Em 1430

=1

M, 7 1,

Furthermore, using Lemma A.6, we can find an upper bound on Zz:ll E[r;], and replacing it in
above equation yields:

Z IVe ()| <

27 .
Elri] 4+ 1166%|@y — @o||* + 3¢%||@1 — @o||* + *f2||y1 —yi|]?

T—2
54
— (1 —2rtn, — 3020 — 7 TR — 224802k 0) E :E lg:11%]
1=1

62r0%(T — 2 T—-1)? 6(T—2
L 0T =2) L (T-1)o*  6(T 20
M, M, 7 M,

(49)

By letting 17, sz, it holds that —(1 — 2kfn, — 3n202 — Snlk?(?
2248n? 462)2 E[llg;|[?] < 0. Therefore, with the choice of letting rate 7, = =iz
and simplifying the terms, we have:

;| T

T E[||V®( <1
1 D ElIVe(E)) < 1005

EAq) HZ€2
. + 186T lyr — i +ny(g,1 — gy,0)||2

k2

rl?
+ 47—l — yol? + L @1 — 2ol 0
27 €2 12 4 63r02 o?
to o Ty —will” + M, +30E
Using Young’s inequality and /-smoothness of f, we have:
* * 1
ly = w1 +my(9,.0 = 95.0)I1” < 2llys = will* + gllyr —woll* + 3 ||931 —xol* (5D
Plugging this into Equation 50, we have:
T—1
1 K KA(} 62
—— Y E[|Ve(z,)|’] <1 &
1 ; (V@ ()] < 10027 +376T Iy, = wil
K02
—yol?+ 25— e~z O
63/—@0 o?
30—
M, + M,

2 2
Now by letting M, = %, M, = %5 and Dy = max(|ly; — yi[|*, |21 — z0|?, [ly1 — yoll*), we
have:

T-1
1 2 I€2£Aq> + HEZDO 2
- . < == 7
77 2 BlIVR@I) < 0123 + 0 (53)
which completes the proof as stated. O
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A.2 Proof of Convergence of EG

In this section, we present the convergence proof of the EG algorithm as detailed in Algorithm 3. We
start by providing the proof sketch.

Algorithm 3 (Stochastic) EG

Input :Initialization (x_1 = xo,y_; = Y;), learning rates 7, 7,
fort=1,2,...,Tdo

Tiy1/2 = Tt — ﬁwif(wuyt) ; Yit1/2 = Ye —+ nyvyf(wtayt>

Tyl = Tt — nxvxf(mt+1/27yt+1/2) Y1 =Y T nyvyf(mt+1/2ayt+1/2) 5 #EG

Tit1/2 = Lt — NzGgt s Yir1/2 = Ye T MyGy s 5 )

Tip1 =Ty — NaGzty1/2 5 Yir1 = Yie T M9y e11/2 5 # Stochastic EG
end

Proof sketch. We highlight the key ideas here. The first step is to derive to find an upper bound
on ®(x;41) — (). Using kl-smoothness property of ®(x) at point x4 1, and ; we bound the
O (x141) — O(x4) term, and then taking summation over all iterates, we derive the following primal
descent lemma:

T-1
E[®(zr)] - ZE IV@(2:)]|”] - ( O(n2)) Y Elllg,..|I°]
t=0

(54)

= o?T
00 ) Y Elly, - w7 10
t=0

We also show the following dual descent lemma to directly bound ZtT:_Ol ly, — y;||? term in above
inequality:

. 1 . 202
Elllyesr = yial?) < (1= 152)Elly, — w1+ O ndEllg, | + 77

where we assumed 7, = ﬁ. Combining the primal and dual descent lemmas yields the desired result
on the convergence of EG to an e-stationary point.

In what follows, we provide the formal key lemmas, and the complete proof of Theorem 4.2, and
Theorem 4.4 for EG algorithm. Similar to OGDA, for the sake of brevity, we only present the
convergence proof for stochastic version of EG (Theorem 4.4), since by letting o = 0, we can recover
the proof for deterministic algorithm (Theorem 4.2).

Lemma A.7. Letn, = 4{, and M = max(M,, M,). Also assume 1, < @, then the iterates of

Algorithm 3 satisfy the following inequalities:
2

X 1 . o
Elllyes — yiaal? < (1= o )Blly, — ;1) + 182 g, 2 + 2275 9

T-1 T-2

* " 24/-@02(T -1
S Elly, —wil] < 126llgo vl +21602" Y Bllg, 17+ 20T s
1=0 =0

Proof of Lemma A.7. Now we turn to convergence analysis for EG. The deterministic and stochastic
variants of the EG algorithm are detailed in Algorithm 3.

To prove this lemma, we built on top of analysis in [39]. We start by noting that:
e =y l? = llye — v I
—ye1 — yt+%”2
Yz —yell? (57)
+2ny(gy 15 Yirl — Yir1)
+20y(Gy 410 Yer1 — Y
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Letd] =g, ; — Vy f(xi,y;). We have:
20y(Gy,0: Y172 = Yerr) + 20 (Gy 410 Yo — Yip )
= 277y<9y,t T 9y i+ Y12 — Y1)+ 277y<vyf(mt+1/27yt+l/2)vyt+1/2 - y:+1/2>
+ <6i!+%’yt+1/2 —Yii1/2)
N Ysrye = Yera P + 150950 = Gyas 2 12 = 202 Y1s1 /2 — i ol
+ <5ty+%ayt+1/2 —Yit1/2)
< ||yt+1/2 - '!Jt-s-1||2 + 277;||V f(xe,y,) =V f(ﬂﬂt+;’yt+%)ll2 - 277yﬂ||yt+1/2 - y:+1/2||2
+ <6$+%vyt+1/2 yt+1/2> + 477y||6y||2 + 477y||5t+1 ”2
< |lYg1/2 — Yo ll® + 277y£2||53t+1 — x|’ + 277y£2||yt+1 —y,lI? =20yl Y10 — ?JI+1/2||2

00, 1 Yerryo = Yivayo) + Ay IOYI1 + dnglley, |
(58)

where in the first inequality, we used p-strong-concavity of f(a,.), and in the second inequality,
we used Young’s inequality, and in the last one, we used the smoothness property. Now plugging
Equation 58 back to Equation 57, we have:

Y1 — '!/L-l/QH2 <y, — yr+1/2H2 (1- 2ﬂ2€2)llyt+1/2 - yt||2
+ 2050 | @ g y2 — ®0|1? = 20y pallY i1 2 — Yiia ol (59)
+ <5f+%7yt+1/2 yt+1/2> + 477yH5yH2 + 4773,”6 1 H2
Using Young’s inequality, we can rewrite Equation 59 as follows:

91 = Uiia ol < (U=nym)llye = i ol = (0= 2000 = 2020 Y1112 — yel?

+ 2773,5 € e41/2 — 2el” + <61t/+%’yt+1/2 —Yiy1/2) t 47773“5“2 (60)
2|18V |12
Assuming 7, = ﬁ, using Young’s inequality, we have the following equation:
lys = yigpoll® < (14 7)||yt yil? + (L +168)ly7 2 — wi (61)

1 * * *
Y —yral? <1+ Ton —— Y1 — yt+1/2H2 + (1 +165)|yiq1 — yt+1/2||2 (62)

Combining Equations 60, 61, 62 and using the x Lipschitzness of y*(.), and noting that 1 — 21, 1 —
2m20% > 0, we get:

1 ; .
lyers = yil® < (0= llye = will* + 1762 @12 — @e” + 1767|200 = 0o

R, Yraje — Vi) + 50U+ 518, P
Using Young’s inequality, we have:
i1 — Tiyl 1> = 7737”91,1‘,-5-% - gz,t”Q
<2 Vaf (@3 Yes) = Vaf (@e,y) 17 + 402167, 1 17 + 4021671
Sy — @l + 2000 Yy y — w4107 |17+ 2] 671
<20y g — w402 Yy — yi P+ 42y, — i
+Anz )67, 1 |17 + 02|67 |2

2
* 77;1,’ x
<20y g = @+ 80z ly, — yill* + SN6Y 1 + 4|6 4 17

+ 42|67 + 2020(8Y  y, — yi)
(64)
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where in the last inequality, we used Lemma A.3. Plugging Equation 64, in Equation 63, and
assuming 7, < @ gives:

s~ wiall < (1= )y — 12+ 188 2o — 20l
2y B y:+l>+@<6%,yt—y:> (65)
4l + 587, 17+ 1 ll8%, 412+ 11071
or equivalently:
Iy~ yialP < (1= <)y, — w1+ 18026% g, P
P2,y y;;%>+@<6%,yt—yr> (66)

1 x
B+ 187, P+ 167,y 1P+ 7 157

Taking expectation from both sides of Equation 66 yields:

2

1 N o
Ellyee — vl < (1 5o ) Bllye - w17+ 18026%E g, )+ 257 60

Now using Lemma A.2 we get

T-1 T-2
N N 24k0%(T — 1
S Ellly; — i °) < 1261y — vl + 21602" Y Bllg, 7+ 2T )
=0 1=0
as stated in the lemma. O

Lemma A.8. Let &(x) = max, f(x,y), andn, = ﬁ. Then the iterates of Algorithm 3 satisfy the
following inequality:

E[®(x:11)] < E[@(z)] — S E[|[VE(2)[”] — 1 T (1~ 2n,m0 — 80202)E||lg,, ,|1%]
o2 (69)
+ 57]x£2]E[Hyt - y:”Q} + 7"7wM

Proof of Lemma A.S. Let 67 = g, ; — V. f(x;,y;).Using smoothness property at ;1 and x;, we
have:

B(@i41) < D)) - nx<v<1><mt> 9. t+1> g s |2

= ®(zy) - ||V<I>(96t)||2 (1 — 2ei) g 0y 17 + 2 S IVe(@) = 9oy
< B(x) - —||V<I>(a:t)||2 (1 = 20260) 1944 317
+ 10 |Ve(xy) = V f(wt+1ayt+l)|| + 121107, 2 &
< O(x) - *IIV‘P( -2 o (U= 202b0) o I* + 1l g — 2]
+nelllyy s —yil* + %Hfs 4|2
(70)
Using Young’s inequality, we have:
19,0317 2 5190417~ 1953 — Gl an
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Plugging Equation 71 back to Equation 70, and assuming 7, < ﬁ results in:
D(@i41) < () - *HV‘P(%)IIQ 1 L (1= 200501 | + Py — ]
+ 001y s —yr P+ *Ilgz et = Gall® + 0l 07 4 |
< O(zy) - *HV@(wt)IIQ Z(l = 2006010 oI + 00l |y g — o

+ 1Yoy — i P+ el Vo f(@ 1 ye1) = Vaf (@ y)|1? (72)
20,1167, 3 |12 + 202 167 |2 + . 107, 4 12
< Ba) = o[ V@) = 21— 2merd)llg, P +naly g — 2]
+ 1y = vi I+ ey — @il + oy y — vl
2, 167, 3 12+ 20 07 12 + e 197, 41

Using Lemma A.3 and Young’s inequality, we have:

yery = yil? + vy = ll® < 3llyepy —will* + 20y, — il

* (|2 Y12 Yy * (73)
<5y, —yill +8€2H5 1=+ 2€<6t7yt Yi)
Plugging Equation 73 in Equation 72, we get:
Na *
D(@i41) < P(xy) — *HV@(%)HQ 7 (L= 2nert — 872 ) 19,1 + 510 ly, — i |12
74)
3 * X x xT (
+ ganéi}Hz + 577z€<6%7 Yy —Yi) + 27793”6154-% H2 + 21, 6; H2 + an‘st-o-% H2
Taking expectations from both sides of Equation 74, we have:
E[®(zi41)] < E[@ ()] — SE[IVO(@0)|] - T (1 - 2,0 — S120)E]g,, 0|2
, , o2 (75)
N L E -y 7 x—
+ 5. CEly, — y7 ) + T T
O

Proof of Theorem 4.2, and Theorem 4.4 for EG. Equipped with the above lemmas, we can prove the
theorem as follows. We start by taking summation from ¢ = 0 to ¢ = 7" — 1 of Equation 69 in
Lemma A.8, to get:

T—1 T—1
Uz
E[@(zr)] < D(z0) — o Y ElIVe(e)|®] - *(1 20,10 = 8030%) D Elllg, ,II°]
t=0 t=0
_ . (76)
+ 50 Y Elly, — wi )+ Tne
t=0
Replacing ZtT:_Ol E[||ly, — y;|?] with the upper bound in Lemma A.7, we have:
E[®(@r)] < 60n.1¢2 [y, — 3> + ©(0) %Z [IVe ()|
=0
T-1
= (1= 2t — 89207 — 4320262 0%) 3 Ellg | an
t=0
120m,k0(T — 1) o*T
T
M e
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Let 1, = =—5;. Then 1 — 2n, k¢ — 8n20* — 4320n2K*(* > 0. After rearranging and simplifying the

terms of Equation 77, we have:

T-1
2A 240Kk0%T  140°T
STE[VE()|?] < T2 + 120682y, — il + + (78)
= Ny M M
Replacing 0, = ﬁ in Equation 78, we have:
T-1
1 1506%0A + 120602 ||y, — y5l|*  240k0? 1402
= E[|Ve(x,)|?] < 0 =0 : 79
T; [IV®(e)II*] < - T R ()
Now by letting, M = ”’6—22, and Dy = ||y, — y§||%, we have:
T-1
1 9 K20Ag + K2 Dy 9
7 2 EllVEE)|f) < 07—+ 0(c) (80)
O

A.3 Tightness Analysis

In this section we provide the complete proofs for Theorem 4.5 (Subsection A.3.1), and Theorem 4.6
(Subsection A.3.2), showing the tightness of the obtained upper bounds given our choice of learning
rates.

A3.1 GDA

Proof of Theorem 4.5. Recall that we consider the following quadratic NC-SC function f : RxR —
R

f@,y) = —3la® + bry — Spy®.
We know f is nonconvex in z (it is actually concave in x) and p strongly concave in y. Assume

k:={/p > 4 and choose b = /(¢ + 24,)/2 for some 0 < u, < £/2 to be chosen later. Then we
know b < ¢/2 and it is easy to verify f is £ smooth. Note that the primal function

®(z) = max f(z,y) = Lz

is actually strongly convex. This also justifies the symbol for p,,. We use GDA to find the solution
for min, max, f(z,y). Actually for this problem the optimal solution is achieved at the origin. The
stepsizes are chosen as 7, = ;35 and ), = % for some small enough numerical constants ¢; and c;

such that ¢ = ¢y /ey > 1. Also denote r = 1, /1, = ck? as the stepsize ratio. Then the GDA update

rule can be written as
Th41 [ M) - Tk 81
<yk+1> ( Nl ) (yk) ’ ( )

me= ()

We note that the above update is a linear time invariant system. We need to analyze its eigenvalues.
Let A\; and )5 be the two eigenvalues of M, we have

1 1 1 1\?
= — = - = :I: - - = - 4 xT-
)\172 5 <w“ 2€> 2\/<,u7‘ 2€> T

2

where

Note that if we choose 1, < ¢/8, plugging into r = cx*, we can bound

 (2ek—1)0 dck iy
ST .

2¢K by
- ck—1/2 7

—4 .
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Let 51 be the corresponding eigenvalue of I 4 1, M, for small enough ¢; < 1, it satisfies

deypg
ap <s1=14n1 <1

0<1- == <

We adversarially choose the initial point (xg, yo) such that it is parallel to the eigenvector of I + 1, M
corresponding to s;. We can always choose xg > 0 for simplicity. Then we have

$k+1 _ I M T [ o _ T [ o
(yk+1) (I'+n:M) (yo> °1 <y0> ’
2

so we can compute the magnitude of zp as xp = sfxo. Also note that Ay = ®(xg) = % Pz T
Note that if Ag = 0, this lemma is trivially true. Therefore we can assume Ag > 0. Choosing
Uz = €2/Ag, we have

461 Mo ) g

V(&) = et 2 > para (1 - 4

dee2\7T
:\/§€<1_ Cle > 9

K,QA@

where ¥ > x7 because xg > x1 > --- > 7 and Z is sampled from this sequence. Then we know
2
that to achieve |V®(Z)| < €, we must have T' = Q (%) as stated.

O

A3.2 EG/OGDA

Proof of Theorem 4.6 for EG. We consider the same quadratic hard example f and notation used in
the proof of Theorem 4.5. For simplicity, denote w = (z,y). Then EG satisfies

Wy y1/2 =1 + n.M)wy,
Wrt1 =Wg + NeMwy 10
=(I + 1M + n2M?)wy.

Therefore, similar to GDA, EG is also a linear time invariant system. The transition matrix for EG is
(I + 1M + n2>M?). Its eigenvalues are

si =140 +0202 > 14+, i=1,2.
The rest of analysis is the same as that of GDA.
O

Proof of Theorem 4.6 for OGDA. We consider the same quadratic hard example f and the notation
used in the proofs of Theorems 5.1 and 5.2. The dynamics of OGDA is
Wit1 = Wi + 20 Mwg — 7, Mwy .

If we initialize wq parallel to the eigenvector of M corresponding to A\; and let w; = wg, we know
every wy, is parallel to it, i.e., wj, = zpwq for some scalar z; which satisfies

Zht1 = 2k + 2Nz A2k — Nz A1 2k—1.
The general solution of the above recurrence relation is
2k = aa + ba*

for some constant a, b and

1
a=g (1 + 2n, A1 4 4/1 +4ngA%) ;
! 2)\2
625 T4 20,0 — /1 +4n2)7 ).
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We have
1+ <a<l, nA <B<L0.

Using the initial condition z_; = 2y = 1, we can get the constants

al—pg) 1 1
0=t S s
a—p 2 2/14+4n2)3 /

po_ Bl-a) VA -1 _
a—p 2/1+4n2X2

=
8N
>
[l V)

We can bound

1
o] 2 5 (14 mda)” = oA+

() daps T
-2 K2 4’

where we use the fact |, A\;| < 1/2. Similar to the analysis for GDA, choosing y1,, = 50€2/Ag, we
have

_ _ 1 4deq iy |
D(Z)| = popZ >pprr > ppro | = (1 — _Z
IVO(Z)| = paT >z > po xo[2< 2 ) 1

1 4deq iy S|
=10e | = |1 — ——1.
6[2( K2 ) 4

Therefore, if |[V®(Z)| < €, we must have

B Proof of Convergence in Nonconvex-Concave Setting

B.1 Proof of convergence of OGDA

In this section, the convergence of OGDA in NC-C setting has been established. Before presenting
the complete proofs, here we briefly discuss the proof sketch.

Proof sketch We start from the standard descent analysis on Moreau envelope function [9]. Let
o = ®(x) — f(=x4,y,), then we can show:

T

1 B sop(@g) — B jop( 1 &
S IVPyjae(ai)® < y2e(®0) = Buplers) S5 | + o)
t=0 T + 1 t=0

T+1

T+1

1 T
+ 77 2 OUVef (@i y) = Vel @1y 0)IP).

t=0

It turns out that the gradient norm depends on two terms, difference between gradient at time ¢ and
t — 1 and d;: primal function gap at iteration ¢. To bound the first term, we can utilize smoothness of
V f and reduce the problem to bounding ||y, — y;_4 ||*:

T

T T T T
Sllyy =y al? <D0 [ 020> @) | 60+ O | min2?G* Y (2n2e%)
t=0 t=0 t=0

=0 =0
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Here we reduce difference between dual iterates to primal function gap d;. Now, it remains to bound
d;. We have the following recursion relation holding for any ¢ and any s < ¢:

O(xs) = f(@e,y,) < O(na(t — 5)G?) (lye—y =y @)I” =y, — g™ (@) |* + 030y ¢G?

L
2y
1 1 .
+ §||yt—1 — Yo’ - §||yf —yal?) + (Vyf(@e—1,9-1) = Vyf(@t-2,Y¢_2), i1 — Y (x5))
- <vyf(mta Y) — vyf(mt—la Yi1):Y: — Y (x4)). (32)
If we let s stay the same for some iterations, (1/7 + 1) Zf,T:o d; vanishes in a telescoping fashion.

In the following, we present the key lemmas, and complete convergence proof of OGDA. First let us
introduce some useful lemmas for deterministic setting.

B.1.1 Useful Lemmas

Lemma B.1. For OGDA (Algorithm 2), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {y,} during algorithm proceeding and any y € Y:

1 1
ly, — y”2 <Y1 — yH2 - §Hyt - yt71||2 + §Hyt71 - yt72H2 + 277y<yt - Y, Vyf(wt, Yi))

+ Wﬁ%a =20y (Vyf(@e,Ye) = Vo f(@i-1,Y:-1), Y1 — )
+ 277y<vyf($t—1, Y1) — Vyf(@i—2,Y1-2): Y1 — Y).
(83)
Proof. According to updating rule of y:
Yy, =Py (yt—l + 277yvyf($t—17 yt—l) - vayf(mt—m yt—2)) .

Following the analysis in [40], we let ;-1 = n,(Vyf(®,y,) — Vyf(®i—1,¥:1)) —
Ny (Vy f(@i—1,Y,_1) — Vy f(2i—2,Y,_,)) and re-write the updating rule as:

Yy =Py (Y1 + 0y Vyf (e, y,) —€11)
Then, due to the property of projection onto convex set we have the following inequality that holds
forany y € V:

(y — yt)T(yt Y1 — vayf(mh Y;) +et-1) > 0.
Using the identity that (a, b) = 1(|la + b||* — [|a|*> — ||b]|*) we have:
0< lly vy =y VS @e,,) + el = lly = yoll® =y — w1 — 0y Vi f (@, ;) + 20|
<Ny =i l? = lly = 9> = vy — eI + 20y, — v 0, Vo (@0, 9,)) — 20y, — v, 601)
Now we plug the definition of £;_ into above inequality to get:
12 <lly = yeal® = lys — veall® + 20y (¥ — v, Vo f (21, y,))
- 277y<yt - Y, (Vyf(mtayt) - vyf(mt—17yt—1))>
+ 277y<yt - Y, Vyf(wt—la Yio1) — Vyf(i’»'t—z, Yi_2))
<lly - yt—1H2 —ly, — yt—1||2 + 277y<yt - Y, vyf(mtayt»
- 277y<yt - Y, (Vyf(wtvyt) - vyf(mt—hytfl)»
+ 277y<yt71 -y, Vyf(wt—la Yio1) — Vyf(fﬂtfm Yi_2))
+0yl(lye = yoal? + l2e—1 — ool + ly,1 — ¥4—o]?)

ly — vy,

1 1
<ly- yt—1H2 - iHyt - yt—1||2 + 5Hyt_1 - yt—2H2 + 277y<yt - Y, Vyf(mta Yi))

- 277y<yt - Y, (vyf(mta yt) - Vyf(wt—la ytfl)»

+ 20y (Y1 — Y Vo f (@i1,Yi_1) — Vi f(@i—2,Y_0)) + nyn2lG?,
(84)

which concludes the proof.
O
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Lemma B.2. For OGDA (Algorithm 2), under the same assumptions made as in Theorem 4.8, the
Sollowing statement holds for the generated sequence {x:},{y,} during algorithm proceeding:

Dy jo0(x) < @y yop(@i—1) + 202l (D(@i—1) — f(®i-1,Y,1)) — *||V‘I’1/2e(ﬂ3t DI? +3m2G?

1
+ %”sz(-’lft—hyt—ﬁ — Vo (@2, y, o)

Proof. Let &;_1 = arg mingcpe ®(x) + £||z — x;_1||*. Notice that:

Dy jo0(e) < Pyyoe(Be—1) + @1 — 24|
< @y op(&4—1) + (|| &1 — o1 ||?
+ 21,2V f(®i-1,Y 1) — Vaf(®i—2,Y;_2), i1 — 1) + 37792cG2)

According to smoothness of f(-,y), we have:
N N l.
(@i—1 —xi—1, Vo f(@1-1,Y4-1)) < F(@e-1,Y41) — f(@1-1,Y41) + §||$t—1 - $t71||2

L.
< O(xp—1) — f(Tr—1,Ys-1) — §Hwt71 - wt71||2~
So we have

Py jo0(@r) < Pyyop(Bp—1) + | @1 — 24|
< Dy op(®4—1) + L@t — &)

V4
+ 2,4 (@(mt—l) — flxe—1,y, 1) — *||mt 1= T 1|2) + 32 G?

1 .
+ 0zl <%||fo($t—17yt—1) = Vaf(xi—o, yt—2)||2 + §||$t—1 - mt—1||2>

< By op(@i—1) + 202l (P(wi—1) — f(Te-1,Y4_1)) — + 30n2G?
n
+ ?vaxf(mt—layt—l) - wa(mt—%yt—Q)”Q-
Using the fact that ||&,—1 — @—1|| = 55 || V®1 j2¢(@;—1)]| will conclude the proof.
O

Lemma B.3 (Iterates gap). For OGDA (Algorithm 2), under Theorem 4.8’s assumptions, the following
statement holds for the generated sequence {y,} during algorithm proceeding:

T T
Dolye—yealP <) 2% ) | Al (2(@) — f(ze,y,))
t=0 t=0 \j=0

) 27792617;526'2.

_|_
M*ﬂ
TM%

l\D

§

Proof. Observe that

lye =i |? = 2 2V f @i1,90m1) = Vo f (@2, 90|
<22 [V @ sy )P+ 202 IV f (e 1,wm0) = Vo f (@, y0)|
<42 (Do) = f(@i1,9,-0) + 202 (ke = @il + |y — v

<2020 ||y, — yoo||” + 4020 (®(@i1) — fl@i1,y,_1)) + 2020203 G.
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Unrolling the recursion yields:

¢
[y =y 12 < Cn?) = |yo — —1||2 + Z(2U§£2)t_j477@2/ (1) = f(®j-1,9;-1))
=1
t

—I—Z(ZnyEQ)t Jon? 772526'2

j=1
Since y, = y_;, we have:
t t
v, — v, Z 20y 0%) T 4n20 (D(@5-1) — f(®5-1,9,-1) Z (2 0?) T m2n2? G2,

Finally, summing the above inequality over ¢ = 0 to T yields:

T T T
ZH%‘?Jt—l”ZSZ 22% )! 477J€(( x:) — f(ze,y,))
t=0

t=0 \j=0
T T
+ Z Z 252 2773775626”2.
t=0 \ j=0

O

Lemma B.4. For OGDA (Algorithm 2), under Theorem 4.8’s assumptions, the following statement
holds for the generated sequence {y,} during algorithm proceeding and Vs < t:

1 N N 1
Bee) - f@) < 2 )6+ 5 (s =" @I = Iy~ 7P = Sl -]
)
1 1
# o (G1s = valP + nRIGY) = (T () - VS @9 )
Yo — Y (@) H(Vyf(@i-1,9-1) = Vyf(@i-2,Y2), Ys1 — Y7 (2s)).

Proof. Observe that:
O(xe) = f(@e,y,) < [,y (w0) — f@e,y" (@) + f 25,47 (26)) — f (200, y" ()
+ f(wta y*(ws)) - f(wh yt)
<2t = s)1.G® — (y, — y, Vy f(xe,m1)),
where in the last step we use the concavity of f(x, -).

Plugging in Lemma B.1 will conclude the proof as follows:
B(at) — flae,y) < 2(t - 5)n.G?

1 ) :
+ % (ytl = yl® =l —yl* = Slye = v I+ S lyes - yt2||2>

+ ﬁﬁy%gGa <Vyf(wtvyt) - Vyf(wt—l,’yt—l)ﬂt - y)

<Vyf($t—17yt—1) - Vyf(mt—% Yi2) Y1 —Y)-
O

Lemma B.5. For OGDA (Algorithm 2), under the same assumptions made in Theorem 4.8, the
following statement holds for the generated sequence {x.},{y,} during algorithm proceeding:

1 El 1
Z O(xy) — f(@r,y,) < 3 (277l.]32c:2 T

71 — (D +nytD?) +2(3n,G* + D)D> .
t=0

Ty
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Proof. Let S = (T +1)/B, and we choose s = jB, j = 0, ...,.S. Then by summing over ¢ on the
both side of Lemma B.4 we have:

1 T S (j+1)B-1
mZ‘M%) = f(xe,y) = 72 > o f(xe, )
t=0 t=jB

S
1 22 1 * 2 1 2
<EiI g [2mB @t g (lij_l ~y (@) [* + 3llyim 1~ vl
1

+T+1

( < yf( G+1)B-1,Y (j+1)B71)_vyf(w(jJrl)Bf%y(j+1)Bf2)a

<. o
I Mm
o

Yi+1e-1 — Y (@ip)) + (Vyf(@jp-1,¥;p-1) = Vyf(®jB-—2,Yjp_2)Yjp_1 — ¥ (T;B)

IN
N

S
1 1
— (2779532(;2 + — <D2 + D2) + 2(3n,G* + D)D>
1 = 2ny 2

IA
@

1

_|_

1 1

<2nx32a2 + T (D* + nytD?) +2(3n,G* + D)D) .
Yy

B.1.2 Proof of Theorem 4.8 for OGDA

In this section we are going to provide the proof of Theorem 4.8 on the convergence rate of OGDA in
both deterministic and stochastic settings.

We start by establishing the convergence rate in deterministic setting. Before, we first state the formal
version of Theorem 4.8 here:

Theorem B.6 (OGDA Deterministic (Theorem 4.8 restated)). Under Assumption 4.7, if we choose
4

ne = © (min {35, 55, gtz } ) 7y = . then OGDA (Algorithm 2) guarantees 1o find e-
stationary point, i.e., ﬁ Zf,T:o V@1 20 (2¢)||? < €2, with the gradient complexity bounded by:

2 A 292
O(m A, m{ﬂﬂ})
€ €

Proof. From Lemma B.2 we have:

1
T+1 Z HV(I)l/QZ(wt)

o P 1 T-1
2 < 1/2/(%)77 @) 160k 3 (@) — flany,) + 240,02
€T

t= 0

+472Hv f xt,yt fo(:zt,l,yt,1)||2,

T+1

Dy /20(20) — ‘1>1/2z ) — )
= T 67 ; F e ) + 24n,G
g DQ (312C* + ly, —yoa IP).
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Plugging in Lemma B.3 yields:

T
1 Dy /20(x0) — P1yoe(i)
‘|V‘I>1/2£(«’Et)||2 <
T+1 =0 an

1600 Z f(xe,v,)) + 24n,0G? +12020%G?
1 T T [T

+47T+1g2 @y | Angt (@(xe) - flaey)) + | Y _@n20?) | 22?6 |

t=0 \j=0 t=0 \ j=0

since we choose 7, ¢ < %, we know that:

§=0
Hence we have:
1 & 5 _ P1j20(x0) — @1/%(%0 2,3 d
mzuv‘bl/%(wt)” < s + (16€ + 32, £°) Z f(ze,y,))
t=0 z t:O

2 22 42 42
+ 240, 0G* + 12n,0°G* + 16771,17y€ G~.

Now we plug in Lemma B.5 to replace ®(x;) — f(x¢, y,):

T

1 Dy /20(x0) — Py y20(t)

e (0] 2 <
T+1 ;HV 12e(x)[|” < T
1
+ (160 + 32n,0%) & (anBng 2 (D? + nytD?) + 2(3n,G* + D)D)
Y
+ 240, 0G? + 12020°G? + 1602 0" G?.
Choose B = O (Gm) =0 (mm { el £G22, D2G42£3 }), Ny = %, and then we guarantee

that 7+ S IV®1 jae(4)]|% < € with the gradient complexity is bounded by:

2 A 292
o (EG A max{l,DfD _
€ €

Stochastic setting.

We now turn to presenting the proof of OGDA in stochastic setting. First let us introduce some useful
lemmas.

B.1.3 Useful Lemmas

Lemma B.7. For Stochastic OGDA (Algorithm 2), under the same assumptions made in Theorem 4.9,
if we choose n < 1/4¢ the following statement holds for the generated sequence {y,} during
algorithm proceeding and for any y € Y:

1 1
Elly — vl*<Elly = yoll* = 1Elye = yea|” + {Ellyes = veall” + 200 {y, — 3, Vo f(21,9,)

+ ynil(G® + %) + 6n20” — 20, (y, — y, Vy f(we,y;) — Vyf(Tio1,9;, 1))
+ 277y<yt—1 - Y, yf(mt—layt—l) - yf(mt—2yyt—2)>'
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Proof. The proof is similar to deterministic setting. Here we use &;_; to denote the random sample
at iteration ¢. According to updating rule of y:

y, =Py (yt—l + 20,V (@1, Yy, 1:&-1) — nyvyf(wt—%yt—2§€t—1))
Similarly to deterministic setting, we let
€1 =1y (Vyf(@e,yy) — Vyf(@e—1,¥,-1:6-1)) — 0y (Vy f (@1, Y, 15&-1) — Vy [ (@2, Y _9:&-1))
et—1 =1y (Vyf(@e,yy) = Vyf(@e-1,9,-1)) = my(Vy f(@1-1,94—1) — Vy f(@t-2,9;_2))
and re-write the updating rule as:
Yy =Py (Yo1 + 0, Vyf(@e,y,) — Ei-1)
Due to the property of projection we have:

(y—v) (Y —yi1 — Vi f(xe,y,) +E-1) >0

Using the identity that (a, b) = 1(|la + b||* — [|a|*> — ||b]|*) we have:

0<lly = vy — nyVyf@e, ) + &l = lly = v ll? =y — vy — 0y Vi f (e, ;) + Ea|
=lly =y l? =y =y l* = llye — w1 I* + 20y, — ¥, 0, Vo f (21, y,))
+2(y — Y1, 8e-1) — 2(Yy — Y41, Ee-1)-

Notice that

2y —Yi_1:6—1) = —2(Yy — Ys_1.60—1) — 2(Ys — Yy_1,E4—1 — €1—1)

IN

1 -
—2(Y, — Yy_1,€-1) + gHyt - '!thl”2 +2[|&p—1 — 5t71||2

So we have:
0<|y—y,_1 — nyvyf(37t7yt) + 5t—1||2 Ny =y " = llye —y,—1 — nyvyf(mtayt) + ét—1||2
=lly =y, I? =y —ull” = llys — e |I> + 20y, — ¥ 0, Vi f (@, 9,))

I?

F 20y~ g1, E1) — 2w~ Yo ei) + gy~ w7 + 20— e
Taking expectation over &;_; yields:
0<Ely —ye1l? —Elly — v.l* - %Ellyt —yall® + 20y, — ., Vy f (=0, 90))
—2(y, —y,e0-1) + 67)302.
Now we plug the definition of €;_; into above inequality:
Elly — y,|I” < Elly =y, = Ellyy — g l” + 20y (ye — 4. Vy f@e,90))
—2n0y(y, — Y, Vyf(@e,y) — Vi f(@e-1,9¢-1)) + 677502
+ 20y (Y — Y, Vy @1,y 1) = Vi f(®i-2,9,5))
<Ely =yl — Elly, =yl + 20y, — y, Vo f (0, 9,))
—20,(y, — 4, Vyf (@, y,) — Vyf (@i-1,y,1)) + 607
+ 20y (Y1 — Y, Vo f(@i—1,Y,-1) — Vyf(Ti-2,Y:2))
+ 0y l(Elly, — yt—1||2 +Efji—1 — wt—2||2 +Ely,_y — yt—2||2)
< Ely — P~ By~ el + TE e vl

+ 20y (Y, — Y, Vyf(@e, ) + Wyngg(GQ + 52) + 6775‘72
- 2ny<yt - Y, vyf(wfmyt) - Vyf(xt—17yt_1)>
=+ 277y<yt—1 - Y, Vyf(mt—hyt—l) - Vyf(mt—% Yi2))

where in @ we use the fact that 7, ¢ < i and hence can conclude the proof.
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Lemma B.8. For Stochastic OGDA (Algorithm 2), under same assumptions as in Theorem 4.9, the
Jollowing statement holds for the genserated sequence {x:},{y,} during algorithm proceeding:

E[®1 20 ()] < E[®1/20(¢—1)] + 20 0B (®(2e-1) — f(T1-1,Y4_1)) — %quﬁ/zz(ﬂ?pl)w

+32(G? + 0?) + %”JEIIsz(wtfl,yt_l) — Vo (@2, y,0)|*

Proof. Let &;_1 = arg mingcpe ®(x) + £||z — ;_1||%. Notice that:
E[®1/20(x1)] < E[®1)00(B¢-1)] + (B[ @11 — x4||?
S E[®q/90(2¢-1)]
+ U(E w1 — @1 || + 20 2Va f(@e-1, Y1) — Vo f (@i—2,Yy_o), Teo1 — &4-1)
+302(G” + 0%))

According to smoothness of f(-,y), we have:
N A l
(@1 — @1, Vo f(@i-1,91)) < f(@e-1,9-1) — f@e—1,91) + §||$t—1 —

< W)~ f@, i) — lEe - mol
So we have
E[®1/90(2+)] < E[®1/20(d—1)] + (B[ &1 — 4|
< E[®1/20(8¢—1)] + LE||lwe 1 — &1

0.
#2008 (D(@0) — Fler1,0) - GBI — e[ + 302G + 07

1 1 .
+ nal <2£]E||fo($t—17yt_1) — Vo f(xi_o, yt—2)||2 + §E||33t—1 - ﬂft—1||2)

2
< ]E[(I)l/2é($t—l)] + 277sz ((I)(wt—l) - f(wt—l,ytfl)) - 7)15

+3m2(G* + %) + %E”sz(mt—la Yi_1) = Vaf(@i—2,9,_0)|°

O

Lemma B.9. For Stochastic OGDA (Algorithm 2), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {y,} during algorithm proceeding:

ZEHyt Y 1||2<477§£Z Z 277y E[®(z:) — f(2t, y,)]
t=0 \ j=0

T
+ Z Z 282 (677177362 (G* + %) + 617502)
t=0 \j=0

Proof. According to updating rule of stochastic OGDA:

Elly, — g,
< nyEHQVyf(CCf 1 Y15 6e-1) — f(mt—27yt—2;§t—1)||2
2BV f(2i1, y— )P+ 2000% + 200V f (@1, Y1) — f(®i-2,y,-0)|I” + 4107
< A lE[@ (1) — f(@e—1,Yy—1)] + 205 (El|lze—1 — z—2|* + Elly,_1 — y,_5]?) + 650
< A lE[D(@e—1) — f(@e—1,y,-1)] + 20502 (303 (G* + 0%) + Elly,_y — y,_o|*) + 61507
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Unrolling the recursion yields:

t—1
t—1—j
Elly, -y, o[> < 4n20> " (2020%) " 7 E[®(x;) — flxj,y;)]
=0
t—1 b1
Y (20207) T (620207 (G2 + %) + 6n20%) + (202)Ellye — vy |1

J

Il
=)

Since y, = y_;, we can conclude the proof via summing ¢ from 0 to 7" — 1:

T
ZEIIyt Yy, 1H2<4n§€Z @) | B[@(xe) — f(ze, )]
t=0 =0
T T
£33 @2y | oz + o) + o).
t=0 \j=0

Lemma B.10. For Stochastic OGDA (Algorithm 2), under assumptions made in Theorem 4.9, the
Sollowing statement holds for the generated sequence {y,} during algorithm proceeding and Vs < t:

E[®(x:) — f(zi,y,)] < 200t — 5)GVG? + 02 + nygx (G2 + %) + 31,02

1 . . 1 1
+ 5 (Elves = @I = Bl = " @I = 1Bl — vl + 1Bl — vl
My 4 4

+ (Vyf(@e,y:) = Vyf(@i-1,Y1-1), Y — Y (x5))
- <vyf(‘13t—17yt—1) - vyf(mt—Q, Yi_2): Y1 — Y (xs)).

Proof. Observe that:

E[®(x:) — f(ze, y,)] S E[f(ze, y" (21)) — f@s, ¥ (@1))] + Elf (25, ¥ (25)) — f(21, Y (5))]
+E[f(zs, y" (xs)) — f(21,9,)]

<20t = 8)GV G2+ 0% =By, —y, Vy f (21, 4,))-

Plugging in Lemma B.7 will conclude the proof. O

Lemma B.11. For Stochastic OGDA (Algorithm 2), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {x.},{y,} during algorithm proceeding:

T
1
Z fany)] < & (2anQG\/G27+02+ 2 L 2(30,G\V/G? + 0 + D) >

2y
4 772172790 (GQ +02) +377y02
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(T 4+ 1)/B, and we choose s = jB, j = 0, ..., S. Then by summing over ¢ on the

Proof. Let S =
both side of Lemma B.11 we have:
1 T—-1 S (j+1)B-1
T11 ZE[‘I’(th) =[x y)] = Z z;g = f(me, )]
S ’ 1
e (U <ij>||2+4||ij—ij-1|2)]
= y
+ 77ygﬂ%g(cﬁ +0?) + 3n,0?
138
+ T [_<Vyf(w(j+1)B—l7y(j+l)B—1) \Y f( (j+1)B—2>Y(j+1)B— 2),Y Yi+1)B-1 _y*(ij»
j=0

+(Vy f(fBjB—l,ij_l) —Vyf(®iB_2,Y;5 2),Yjp1 — v (x;B)]

S
<7 Z [2%320\/6*2 + o2 + — + 2(3n,G\/G? + 02 + D)D
7=0

+772 (G? + 0?) + 3n,0°

1
S E |:277IB2G G2 + 0'2

GVG?+o02+ D)D}

20
+77y;]z (GQ+02)+3%02

B.1.4 Proof of Theorem 4.9 for OGDA

In this section we are going to provide the proof for Theorem 4.9, the convergence rate of OGDA in

stochastic setting. We first introduce the formal version of Theorem 4.9 here:

Theorem B.12 (OGDA Stochastic (Theorem 4.9 restated)) Under Assumption 4.3 and

6

4.7, if we 2choose N = O(min{ Z(G2+02) DZEJGS T T 25\/02 — Don, =
(min{ﬁ, 752 1), then Stochastic OGDA (Algorithm 2) guarantees to find e-stationary point, i.e.,

TL—H Zf o EIV®y 90(x)||* < €%, with the gradient complexity bounded by:

(DQESG\/GQ T o2 { o2 })
O maxq 1, — .
€

€6

Proof. Similar to the proof in deterministic setting, first according to Lemma B.8 we have:

T
1 5 _ P1j20(z0) — Pyye(xr11)
T <
T+1 ;Ellvqh/y(wt)ll = (T + 1)
L Z
22 (2 2 2
+ IGEmZ(q)(:rt) — f(ze,y,)) + 120202(G? + ) + 2461, (G* + o?)
T+1 T
+ 462 47]1/6 Z Z 2771; E[é(mt) - f(wta yt)]
— \izo

v [T
+ Z Z 277y j 6n§n5€2(G2 +0?) + 677502).
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Since we choose 7, < i, it follows that:
T

Z 262

=0
As aresult, we can further simplify the bound as:

T
1 ®1/20(z0) — P1/20(TT41)
72 :E P <
T+1 2 v 1/24(93t)|| > ne(T + 1)
T
+ (16 +32050) =~ > (@) - f(@,y,))
t=0

+ 12020%(G? + 0%) + 2400, (G* + 0%) + 802 (6m2m, 0% (G? + 0°) + 6107) .
Plugging in Lemma B.11 yields:

1
T+1

D1 20(0) — P j2e(®T41)
(T +1)

T
Y EVEae(x)|* <

t=0

+ (16¢ + 32m20%) — 5 (277:5320 G? + 0?2

GVG? +0% + D)D)

1yt
+ (164 + 3277363)( Y2 (G? + 02) + 3ny0?)
+ 12020%(G? 4 0?) —|— 2401, (G? + %) 4 8¢* (6nin§£2(G2 +0?) + 67];02) .

— et o

D ; 2
W)’ e = Oin{geizey, ppeverrs prrcveTs))
ny = O(min{;, e%})’ and then it is guaranteed that %HZE:OE\\V¢1/24(wt)||2 < €2 with
the gradient complexity is bounded by

<D2€3G\/G2 T o2 { o2 })
0] max .

Choose B = O(

1. —
,62

€6

B.2 Proof of convergence of EG

In this section, the convergence of EG in NC-C setting has been established. Before presenting the
complete proofs, here we briefly discuss the proof sketch.

Proof sketch ~ Similar to OGDA, we have the following lemma on ®; /9,:

T

1
Z V@120, 1) |” < @y yne(2_

T+1 ) _(1)1/25(:13T+%)

1
2

1
3 22
+O(C +n2e%) 7T Z Sy +O(n3G?).
Now we need to examine J,_ 1 To bound this term, we have the followmg recursion:
CI)(:EH—%) - f($t+%,yt+%) < O((t — 5)1.G?)

1 ; ) 2
o, <||yt ~y @I~ e~y @I+ 5 ).

which is derived by the descent property of EG on concave function. Similar to OGDA, here we also
obtain neat recursion, which will yield our desired complexity bound.

In the following, we present the key lemmas, and complete convergence proof of EG. First let us
introduce some useful lemmas for the deterministic setting.
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B.2.1 Useful Lemmas
Proposition B.13 ([5], Proposition 4.2). If p = Py(r —u), ¢ = Py(r — v), and
lu —v[|* < CFllp —r||* + C3,

then for any z € RY we have:

1 Ct C3
=) <l =2l —la—=1? - (5- 5 ) I - ol + 2.

Lemma B.14. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {y,}, {yt+%} during algorithm proceeding and any y € Y:

22
Ypar — yll? < lly, — vl +2 YV C(LomE _ 2
Y1 —ylI" <lly, —yl” + 77y<yt+% Y, yf(fct+%ayt+%)> 2 9 ly: yt-&-%“
eyt G
5 .

Proof. According to Proposition B.13, we set r = vy;, ¢ = Y., P = Yitl and v =
=y Vy f( @1,y 1), w=—nyVy f(z,y,). We can verify that:

[ —w|* = nﬁllvyf(wt+%7yt+%) - Vyf(wtvyt)||2
<y (Cllypy = ll® + Cllay g —ae?)

<y (Clp —rl* + 2 G?),

so if we set CF = 7)562 and C2 = 779267)3526‘2, we have the following inequality holding for any
yey:
1 ,,72£2
<*77yvyf($t+%7yt+%)vyt+§ —y) <y, —yl* - Y1 — y|* - <2 - y2) ly: — yt+%H2
oy G
5 .

O

Lemma B.15. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {xi},{y,},{® 1}, {y,1 1} during algorithm proceeding:

Na
Pyyoe(yy 1) < Pojogle, 1) + 2n.f (‘I’(-’BF%) - f(wtféyyt7%)> - §||v¢1/2€(wt7%)||2 + 300 G*

+ L Vet (@ y,) = Vol @1,y I

Proof. Letd, y = argmingegs ®(x) + £l — z,_1 || Notice that:
(I)l/2é(mt+%) < ¢1/2£(‘it—%) +€||:i:t—% - xt-}-%”Q
< @1/26(@7%) + 6”:%1&7% — Xyl 12
+ Z(2nm<vwf(wt7%7yt7%) + (va:f(wta Y — vzf(wtfh ytfl)vi'tfé - wt7%> + 77560)
= ‘b1/2£(it—%) + E(”it—% — Tyl 1>+ 277x<va:f(xt—%ayt—%)a :it—% - mt—%>)
+ 2€nx<vzf(mt7yt) - vxf(wt—hytfl)v ﬁjt—% - xt—%> + ngﬂGQ
According to smoothness of f(-,y), we have:
N . l .
<33t7% - $t7%ﬂvmf(wt7%7yt7%)> < f(a:t,%7yt,%) - f(:l:t,%7yt,%) + §Hwt7% - wt7%”2

l .
< @(wtfé) - f(wtf%ﬂ'/tf%) - gHwtfé - wtf%llg'
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So we have

(1)1/26(1315-{-%) < (I)l/%(wt—%) +€||wt—% - ﬁ’t—%w
l .
+ 21,4 (‘P(ﬂ?t_;) @y g y) = Sl By — @y ||2> + 30, G
1 , ! o
+ 1l ﬁ”vxf(wt»yt) = Vaf(@e—1,y,-0)" + 5”5'%7l - *’Btle
< Qoo 1) + 2l (‘I)(wtfé) - f(wtféaytfé)) 1-x 1 1 + 30n3G°

+ %Hvzf(wtvyt) — Vo f(@im1, )|

O

Lemma B.16. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {x.},{y,},{@,, 1},{y,, 1} during algorithm proceeding and
Vs < t:

(I)(wt+%) - f(wt+%ayt+%) <2(t—s+ 1)%02

1 . . 2G>
tg,- (IIyt —y (@ )|? =y — v (@) P+ 25— ).
My 2

Proof. Observe that:
(I)(xt+%) - f(mt+%ayt+%) < f(xt+%ay*(mt+%)) — f(zs, y*(mt-&-%)) + f(zs, y" (x5))
- f(:I:H%,y*(ms)) + f(wt+%ay*($5)) - f($t+%,yt+%)
<2(t—s+ 1)773002 - <yt+% - Y, Vyf(mt+%,yt+%)>
Plugging in Lemma B.14 will conclude the proof:
CI)(‘DH-%) - f(mt—l-%ayt—&-%) <2t —-s+ 1)77:,:G2
1 ; ) ;G
# g (1= 9 @I = e @)+ ).
O

Lemma B.17. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {wi},{y,}, {®, 1}, {y4 1} during algorithm proceeding:

T
1 1 D?  Bn2G?
—— N3 1) — ) 1) < = (29, B*G? + — z
TSP f vy <5 (2 + D B )

Proof. According to Lemma B.16:

Z wt—— mt——vyt——)

=0

5 (k+1)B—1

Z > @ y) - f(@e1,y, 1)
j 0 t=kB

RS 2 2, L x 2 . 5 M2G?
< o1 2B"n,G" + n, 1Yes — ¥ (@)° = 1Ys1yp-1 — ¥ (@)[I" + ——

+1 = y 2
1 D?  Bn3G*
< — |20, B*G? + z .
- B [ ! 277y - 2 }
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B.2.2 Proof of Theorem 4.8 for EG

In this section we are going to provide the proof for Theorem 4.8, EG part, the convergence rate of
EG in deterministic setting. We first introduce the formal version of Theorem 4.8, EG part here:
Theorem B.18 (EG Deterministic, formal) Under Assumption 4.7, if we choose n, =
0] (min {%, %7 Wzﬁ}) Ny = 22, then EG (Algorithm 3) guarantees to find e-stationary
point, ie., %ﬂ Z?:o V@1 j00(x¢)||? < €2, with the gradient complexity bounded by:

2 A 22
0 (KG 4A<1> max{l,Df}> )
€ €

Proof. According to Lemma B.15:

T T
1 2 P1/pe(_1) 1 )
T—HZHWW(@_,)H T E0) +T+1;86(4%@_;)—f(wt_;,yt_p)+12nw£G
T
H8o D IVed (@00 = Vol @er v

For ||V f(2t,y,) — Vo f(2i-1,y;,-1)|% notice that:

IVaf(@e,ys) = Vo f @1,y )II° < Cllaee — 2ol + 21y, -y, 4 |12
<SPG+ IV f gy, )P

< 2GR+ 220 (B, y) — [,y y,y))
So we have:

P -1 L R 1
1 T
+ 7T 2B 2 (Blaiy) = @y piy) + 120G 4 BLEC
t=

Now we plug in Lemma B.17:

T
1 q’1/2£( ) ‘51/25(1371 1)
_ P 2 <
D2 2G2
+ (80 +2n20°) (zancﬂ + o0 B + "“2 ) + 1201, G? + 8202 G*?
Yy

2 64

Choose B = O (G\/W) Mz = O (min{%, 7675 W}), Ny = 212’ and then we guarantee
that T—_H tho |\V<I>1/Qg(mt_%)||2 < €2 with the gradient complexity is bounded by:

2 A 202
O(m A, m{le
€ €

Stochastic setting.

In this part, we are going to present proof of EG in stochastic setting. First let us introduce some
useful lemmas.
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B.2.3 Useful Lemmas

Lemma B.19. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {y,},{y,, 1 } during algorithm proceeding and any

yey:

_ul2 < _yll2 49 P vé _ 1_3773[’2 _ 2
1Yeer =9l” < llye = ylI" + 20y (Y13 =y, Vi f(@i 1 9000)) = 5 5 ) 1y =yl

1
+ 5(3nin§€2(G2 +0%) + 61,07).

Proof. According to Proposition B.13, we set r = y,, ¢ = Y, 1, P = Yirl and v =
—nyvyf(:ctJr%,yH%;f), u = —n,Vy f(2, Y, §). We can verify that:
lu— )2 = 21V F@rs s Hr 436 — Vo @y I
< 37773”vyf(xt+%7yt+%) ~Vyf(@ey)|? + 377;||Vyf(wt+%vyt+§§§) - vyf(wt+%’yt+§>||2
+ 31V f (e, y4:6) — Vo f (e, 9,
<3(PNyery —yull? + Pl y — @) + 30 Var(Vy f(@e, y,5))
+ 377§VCLT(Vyf(CBt+%7yt+%;€))
<33Py — yollP + 202G+ 0%) + 30 Var(Vy f(@e, y,:€))
+ 3 Var(Vyf(@1,9i415€))
so if we set Cf = 3n2f* and C3 = 320 l*(G* + 02) + 3 Var(Vyf(ze,y,; ) +
3n§Var(Vyf(act+% Yyl €)), we have the following inequality holding for any y € Y-

(= Vo f (@1, Y001:€) Yo =) <y = yllI* = Y40 — I
1 2, O3
~(3-F) v+ .

Taking expectation on both sides yields:

(= Vyf (@1, Y1), Yers — ) <Elly, — yll* = Ellyyy — vl

1 32 1
N (2 o ; Ely, — Yitrl ||2 + 5(377925-77552(G2 + 02) i 67750'2),
O

Lemma B.20. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {x.},{y,},{x; 1 },{y, 41} during algorithm proceed-

ing:
e
E[®1/20(@y 1 1)] < E[@1/00(xy_1)] + 200E[®(2y 1) — f(®y_ 1,9, 1)] = gE“vq)l/Ql(wtf%)'F
+ 37735(6'2 + 02) + 277wEvaf(wt7yt) - wa<wt717yt—1)||2'

Proof. Letd, i = argmingegs ®(x) + £l — z,_1 . Notice that:

]E[(I)l/%(mt-i-%)] < ]E[(I)(ﬁjt—%)] + Z]E”fi:t—% — Lyl [
<@y yop(#y_1) + 3030 + G?) + E||2,_ 1 —ap 1|
+ 27790€E<v93f(wt7%ayt7%) + Vo f(@e,y,) = Vo f(@e-1,Y11), 53#% - wt7%>)
=E[®(&,_ 1) + UE|l @1 — 21 |> + 20 E(Vo f(®y_1, Yy 1), &1 — ®_1))
+ 200, E(V o f (@0, y,) = Vo f (@1, Y1), By — @p_y) + 3024(0% + G?)

1
2
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So we have:

E[®1/20(2y11)] < E[@(&,_1)] + (Ellz,_y — 2,1
l. .
+ 2n,(E (@(wté) = fl®1,y1) — §Hwt7% - wt%H?) +3020(G? + o?)

1 l .
. (%Envxf(wt, Y) = Vel (@) P+ 5B,y — @, ||2)

Nal?
S E[®1)20(x;_1)] + 2024 (‘P(wtf%) - f(%ﬁ;%ﬁ)) — 3

+ 320(G2 + 0%) + EE|Vo f (@1,9,) = Vo (@1, 9, %

E”i:tf% — &1 &

Using the fact that |, 1 — &, 1| = iHV‘I)l/Qg(sct_%)H will conclude the proof.

O

Lemma B.21. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {w¢}, {y,},{® 1}, {y, 1} during algorithm proceed-

ing and Vs < t:
<I>(mt+%) 7f(:13t+%,yt+%) < 2(t75+1)nxG2
1 . . 1
* o <”yt — 4 @)~y —y (@)l + 5By 2(G* + 0%) + 677502)) '
y

Proof. According to Lemma B.21:
<I>(a:t+%) - f(mt+%ayt+%) < f(mt—i-%ay*(mt—l-%)) — f(zs, y*(wm—%)) + f(xs, y* (xs))
- f(wt+%7y*(ws)) + f(wt+%ay*(ws)) - f(mw%’yur%)
<2t —s+ 1)771G2 - <yt+§ - v, vyf(wt—i-%ayt-i-%))
Plugging in Lemma B.19 will conclude the proof:
(I>(a:t+%) - f($t+%,yt+%) <2t-s+ 1)77mG2

1 N N 1
t g (1= 0 @17 = s — v @) IP + SEEREG +0%) 4 620?)).
Y

O

Lemma B.22. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {x.},{y,},{x; 1 },{y, 41} during algorithm proceed-

ing:

T+1 Z(I)(wtfé) — @1,y 1) < B 2, B*G? + ot
t=0 My

- 1( D? Bngcﬂ)
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Proof. Summing over ¢ = 0 to 7" on both side of Lemma B.21 yields:

T

1

T11 Zﬁ(wt_%) —flxi_s, 1)
t=

S (k+1)B-1

\ \
M

q)(mt—%) - f(mt—%vyt—%)
j=0 t=kB

Mm

_|_
1

1 i \
[2327795@2 4 (ks = 9" @) = [y~ 9" (@)
j=0 Y

LG+ o?) + 677502))}

IA

1 D? 1
o, B2G2 23m2202(G2 4 o2 2 2
B(n G +2ny+2(3nxny (G=+07) +6m,07) |,

which concludes the proof. O

B.2.4 Proof of Theorem 4.9 for EG

In this section we provide the proof for Theorem 4.9 on the convergence rate of EG in stochastic
setting. We first introduce the formal version of theorem here:

Theorem B. 23 (EG Stochastlc formal). Under Assumption 4.3, and 4 7, if we choose n, =

6
T DIfgiC e 1.y = O(min{ 4, £ }) then Stochastic EG

(Algorithm 3) guarantees to find e-stationary point, i.e., T+1 tho E||[V®190(x¢)||* < €%, with the
gradient complexity bounded by:

D?PGVG? + o2 o?
O 5 max .
€

6

O(ming E(G2+a2) D203G

1. —
,62

Proof. According to Lemma B.20:

T
1 9 E[@l/ze(mfl) - @1/2€(wT+l)]
7T+1§E‘|V(I)l/2l($t—%)” < 2 T 2
2 2
+ 16€m ZE xt—— f(a:t—%ayt—%)] + 241, 4(G" + 07)

1
#1675 S EIV. f @0 w) - Vel @ v I
t=0

Observe that:

E|V.f(@e.y,) = Vol @190 < CEl(@0y,) = @13,
= CE|l2; — @112+ CElly, — y, |
2
< OGR4+ 0%) + P |V, f@y )|

< PGP +0%) + CiE [0z, y) — flm, )]
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So we have:

T
1 E[®/90(x_1) — Pyjoe(Try1)]
— Y E|ve 2 < 2 2
1 T
2 2
16075 ;E[‘I’(%—%) —fle 1y, 1)l + 240, 0(G” + 07)
1 T
1667 3B Bl y) — Sy )] + 166926 o)
t=
E[®1/20(w_1) = 1 y2e(ry 1 )] 1
< T1 +16(¢ + 52772)7174_1 ZO]E[‘I’@CF%) = f(®_1,y,-1)]
t=

+ 160202 (G? + 0°) + 24n,0(G* + o)

Plugging in Lemma B.22 yields:

T
1 ]E[‘I’l/%(m—l) - ‘1)1/26(1'T+l)]

— E E|V® 2 < 2 2

T+14% IV eI = T+1

1 D?  Bp2G?
2, 2 22 x
+16(0+ 2n2) = (277353 G? + D )

+ 166°12(G? + 0°) + 24n,L(G* + o?).

4 E6
G242 D2€3<T2G\/G2+0'2 })’

€

. . 62
Choosing B = O(# W>’ Ny = O(mln{e(g2+02)7 D23C
1y = O(min{, %}), guarantees that 72 S E[ V@ 90(2:)]|? < € holds with the gradient
complexity is bounded by:
<D2£3G\/G2 +o%Aq { o2 })
(0] 5 max .
€

1. —
,62

which completes the proof. O

B.3 Tightness Analysis

In this section, we provide our tightness analysis showing our obtained upper bound is tight given our
choice of learning rates. In subsection B.3.1, we introduce our hard example, and show the lower
bound on convergence of this example, and then in subsection B.3.2, we extend the tightness result to
EG/OGDA using the same hard example.

B.3.1 GDA

Proof of Theorem 4.10. Let L > 0 be some constants to be chosen later. Inspired by [ 1], we
consider the following function f : R x [-D, D] — R:

f(x,y) = h(z)y

where
%1’2 lz] <1
h(z) =S L—%(jz[—2)? 1< |z[<2
L |x| > 2.

It is easy to verify that f is nonconvex, 2L D smooth, and LD-Lipschitz. We choose L =
+ min{//2, G} to guarantee that f is ¢ smooth and G-Lipschitz with respect to z. The primal
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function is ®(x) = Dh(x) attained when y = D. After standard calculations, we know that when
|z| < 1, the Moreau envelope @, /5,(x) satisfies

LDt
T LD+

By definition, we also know ®1 /5¢(x) > 0 for any = € R.

Dy /9¢() lz] < 1.

We first claim that if we choose |xg| < 1, yo > 0, we have for any ¢ > 0, |z;] < 1 and y; > 0. We
verify this claim by induction. First note that when ¢ = 0, the claim holds for sure. Let us assume it
holds for ¢t = k. Thenfort =k + 1,

Tpy1 = T — NeLakyr = (1 — 0z Lyk)wi.
Since 0 < yp, < D, we have 0 < 1 — 0, Lyy < 1. Therefore |z;11| < 1. For yx11, we have
Yr+1 = P—p,p)(yr + nyh(xr)).
Since h(zy) > 0, we know that y;11 > 0, which verifies the claim.

‘We can also bound

T—1
o] = | [ (@ = naLys)o| > (1 = neLD)7 ||
t=0
Since V&4 /9(z) = L?DL_%ZI, choosing =y = Lfggee, we have € > |[V®y o (zr)| > 2¢(1 —
n.LD)T. Also noting Ag = %62, we have

1 Ag LD¢
r=9a (nwLD> =9 (nwLDeQ ' LD+2£>

BG2D2Ag

B.3.2 EG/OGDA

Proof of Theorem 4.11 for OGDA. We use the same hard example f(z,y) = h(z)y as in proof of
Theorem 4.10. Similarly, we first claim that if we choose 0 < zo < 1 and yo = D, the following
statements hold for any ¢ > 0:

() 0 <2y <1and @y > 24-1/V2,(b) ye = D,
where we define x_1 = zg and y_1 = yo.

Now we prove the above claim by induction. First, when ¢ = 0, the claim holds for sure. Then, let us
assume it holds for ¢ < k. Then for ¢t = k + 1, we have

Tpg1 = g — 20, LDxpyr + N LDxp 1Yk
=(1-2n,LD)xy + Ny LDxp_1.

Since 0 < zg,x5—1 < land 0 < n, LD < 0.1, we have
(1 —=2n,LD)xy < xpq1 < (1 —ngLD)xy + neLDxp—1,
which implies 0 < x1,/v/2 < 0.8z, < x441 < 1. For y41, we know
Ye+1 = P—p,p) (U + 2nyh(zy) — nyh(zi-1)).

Since h(z) = £2? when |z < 1, and z, > %mk,l, we know that 21, h(xy) — nyh(zr—1) > 0 so
yr+1 = 1. Till now, we have proved the claim.

Then, we are going to bound the magnitude of x7. According to the updating rule we have:

Tip1 = T — 20, LDxy + e LDz 1.
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Solving the above recursion we get the solution for x; as follows:

t

(1 1 ) 1—2n,LD+ VA

= |=+ Lo
2 2VA 2

t
(1 1 > 1—2n,LD — VA
+ |z - Zo,
2 2V/A 2

where A = (1 — 21, LD)? + 4n,LD.

Letor = (3 + giz). o0 = (3 =gy ) amd = (2202 0 = (1) we

observe the following facts:

ay > %,Cm <nL*D?,
1=ngLD <X <1,-m,LD < X <0.
Now, we can bound the magnitude of z
|xr| = |a1/\1T + az)\QT’ xo > ||a1)\1T| - |a2)\g|’ T

1
> (2(1 — 2, LD)" — (nwLD)T“) 0.

. _ 2LD¢ . _ LD+2¢
Since VO, /50(x) = T 202, by choosing zg = =757 - 4e, we have

1 1
€ > |V, j5p(xr)| > 8e (2(1 —99,LD)T — 4) 7

which yields (1 — 21, LD)T < 3/4. The rest of proof is similar to that of Theorem 4.10. O
Proof of Theorem 4.11 for EG. We use the same hard example f(z,y) = h(z)y as in proof of

Theorem 4.10. Similarly to our previous proofs for GDA and OGDA, we first claim that if we choose
0 <z < 1andyg = D, the following statements hold for any ¢ > 0:

(@)0 <z <1;(b) Yyt = D,Yysq1/2 = D.

We prove this claim by induction. First, when ¢ = 0, the claim holds for sure. Then, let us assume it
holds for ¢ < k. Then for t = k + 1, we have

Tyl = Tk — NoLlYry1/2Tk11/2
= ok — N Lyrg1/2 (1 — 0z Lyy) o,
= (1=, LD +n2L*>D?)xy,.

Note that since 0 < 1, LD < 1/2, we know
0<1-n,LD+n’L*D*<1,
which implies 0 < x4 < 1. Regarding y, note that
Yr+1 = P—p,0) Wk + nyh(Tr41/2))),
Yk+3/2 = Pl—p,D](Uk+1 + nyh(2r41)))-

As h(241/2), h(zr11) > 0and yp = D, we have Y11 = yi13/2 = D. Till now, we have verified
the claim.

Note that
1 =(1 = ne LD + 13 L2D?)zy, > (1 =, LD)ay.

Hence we can unroll the recursion and lower bound the magnitude of V® /5¢(27), which is similar
to the proof of Theorem 4.10. O
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C Proof of Stepsize-Independent Lower Bound Results in
Nonconvex-Strongly-Concave Setting

In this section, we prove general lower bounds on the convergence rate of GDA/EG/OGDA for the
NC-SC setting. In subsection C.1, proof of theorem 5.1 is established giving the lower bound for
GDA in NC-SC, and in subsection C.2, the proof of Theorem 5.2 is established, proving the lower
bound of EG/OGDA for NC-SC problems.

C.1 Lower Bound for GDA

Theorem C.1 (Theorem 5.1 restated). For GDA algorithm, given n, = ©(1/£), for any 1, there ex-
ists a £-smooth function that is nonconvex in x and p-strongly-concave iny, such that for || ®(z7)|| < e,

we must have:
T=0 <“€§¢>
€

Proof. Combining Proposition C.2 and C.3 will conclude the proof. Proposition C.3 shows that when
Ny € (ﬁ .00), GDA diverges, and Proposition C.2 shows the lower bound on the convergence rate

when 7, € (0, %]. O

iy

Proposition C.2. For GDA algorithm, given n, = ©(1/{), for any 1, € (0,3, there exists a
L-smooth function that is nonconvex in x and p-strongly-concave in y, such that forKlf@(a:T) | <e we

must have:
T=0 (”£§¢>
€

Proof. Recall that we consider the following quadratic NC-SC function f : R x R — R

fz,y) = —3a® + bry — Juy’.
Recall that f is nonconvex in z (it is actually concave in x) and p strongly concave in y. Assume

k= {/p > 4 and choose b = /(€ + p) for some 0 < p,, < £/2 to be chosen later. Then we
know b < ¢/2, and it is easy to verify f is £ smooth. Note that the primal function

() = max f(z,y) = Lz

is actually strongly convex. This also justifies the symbol for .. We use GDA to find the solution
for min, max,, f(z,y). Actually, for this problem, the optimal solution is achieved at the origin.
The stepsizes ratio is chosen as r = Z—y and n, = % for some numerical constants c. Then the GDA

update rule can be written as
TRAL) — (T4 M) - (7F
(yk+1) (I+n:M) <yk> ’ 85)

¢ =b
M := (rb ,ur) ' (86)

Note that (85) is a linear time-invariant system. We need to analyze its eigenvalues. Let A; and A5 be
the two eigenvalues of M, we have

1 1 5
M = = (o = €)% 5 (or — 0 — dryu.

Note that if we choose 1, < £/8, plugging into r = ck, we can bound

02/\1:_(2/€—1)€<1_ {— 4611,%.)

where

(ur — £)?
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Let 51 be the corresponding eigenvalue of I + 7, M, for small enough c¢; < 1, it satisfies

()Sl_&zl_
r/ TKy

S51=1+T]3;)\1§1.

We adversarially choose the initial point (xg, yo) such that it is parallel to the eigenvector of I+ 7, M
corresponding to s;. We can always choose xy > 0 for simplicity. Then we have

Te+1) _ (1 M)T [0} = 4T (%o
<yk+1> (L+n.M) <yo> °1 <yo)’
Kl

so we can compute the magnitude of zr as xp = slTxO. Choose p; = 57, and thus we have:

1\* 1\ 2T 1
IV | = llazoll = o (1 - ) 2ol 2 1 (1 - ) 2ol > 1z exp ( ) (o] > % pialao]
TRy REg KKy 2

where we use the inequality that 1 — 2 > exp(zIn ) and exp(zIn §) > 3 for z € [0, 1]. Recall that

QA—‘I’, we have:
e

1 KEA
IV8(er)] 2 5v/20A =0 <\/T> ,

which means to guarantee that | V®(z7)|| < €, we must have T > Q (55,

we choose xg =

O

Proposition C.3. For GDA algorithm, given n, = ©(1/0), for any n, € (3, 00), there exists a

£-smooth function that is nonconvex in x and pi-strongly-concave in 'y, such that:
IVO(zr)| = ¢

where c is some constant that does not vanish as 'T' increases.

Proof. Recall the transition matrix in (86). We notice that
trace(M) = Ay + Ay = L — pr.
Since r < k, then A1 + Ay > 0, which means that max{Re[\1], Re[A2]} > 0, so:
1T+ ne M) > max{|1 +neal, [T+ 1202} > a”
where « is some constant larger than 1. If we choose the initialization to be [z, 0], the gradient

IV@(@7)]| = pal|(T+ 12M)" ||zo diverges. O

C.2 Lower bound for EG/OGDA

Theorem C.4 (Theorem 5.2 restated). For deterministic EG/OGDA algorithm, given 1, = ©(1/(),
for any n,, there exists a {-smooth function that is nonconvex in x and ji-strongly-concave in y, such

that for ||®(x1)|| < € we must have:
T=0Q (“qu’)
€

Proof of Theorem C.4 for EG. We consider the same quadratic hard example f and notation used in
the proof of Theorem 5.1. For simplicity, denote w = (x,y). Then the updating rule for EG can be
written as:

Wiy1/2 =+ n.M)wy,
Wiy1 =W + N Mwy /0
=T+ 7.M + 12M?)wy,.
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Therefore, similar to GDA, EG is also a linear time-invariant system with the difference that the
transition matrix now becomes as M’ = (I + 7, M + n2M?).

The rest of the analysis is the same as that of GDA in Proposition C.2. Then, we are going to show
that when 7,, € (=%, +00) for some c,,, the EG method diverges. Consider

Catil?
fx,y) = =5 0a® + bry — Spy°.
Then according to Proposition C.2, we have:
trace(M’) = trace(I + 1, M + n2M?)
=14 0.0 — pr) +n2(0* + p?r?* — 2rb?) (87)
=1+ 0o (0 — pr) 5 (0= pr)* = 2rppz)

2
Now note that since r < k, to show trace(M’) > 1, it is enough to have u, < %. However,

by choosing i, = ©(€?), and by choosing the small enough ¢, we can satisfy the condition that

2
e < %, thus we can conclude that under this situation trace(M’) > 1, which means that

same step as the Proposition C.3 can be taken to prove the divergence of | V®(zr)]|?.

O
Proof of Theorem C.4 for OGDA. Assuming the same setup as the proof of EG, the update rule can
be written as follows: The dynamics of OGDA is
Wiy1 = Wi + 2n,Mwy, — n,Mwy 1.

If we initialize wq parallel to the eigenvector of M corresponding to A\; and let w; = wg, we know
every wy, is parallel to it, i.e., wy, = zpwq for some scalar z; which satisfies

Zht1 = 2k T 2Np 126 — NpA12k—1-
The general solution of the above recurrence relation is
2k = aa® + ba*

for some constant a, b and

1
a=; (1 + 201 +4/1+ 4773/\§) :
1 2)2
525 L4200 — /1 +4nzA7 ) .

‘We have
1+ <a<l, nA <B<L0.
Using the initial condition z_; = 2y = 1, we can get the constants

al-6) 1 1
a=——" = >1/2,
a—pB 2 2\/1+4n2)\2 /
b:_ﬂ(l—a)_v1+477§>\f—1< 22,

a—f 21T+ 42N =1
‘We can bound

20 > 5 (L4 meA)” — e [FF2

L deus T
K 4’
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where we use the fact |, \;| < 1/2. Similar to the analysis for GDA, choosing p1,, = 50€%/Ag, we
have

2 I 4

1 4deq iy T
=10e | = (1 - =) — .
e [2 ( K ) 4
Therefore, if |[V®(Z)| < €, we must have
T:Q("‘) :Q(“Aj’).
Ha €

Now, we will show that Proposition C.3 also holds for OGDA. Consider the following 4 x 4 matrix
M’

1 dep \ T 1
\VO(Z)| = pal >pexr > pgpTo l (1 — Cm) — ]

r_ |
M= {1+2an._%M ”””” ] (88)

It can be easily shown that, the OGDA dynamic can be written as follows:

wipr | _ [ (T4 29, M)? ¢ =y (T4 20, MM | [ wpy (89)
wy, Wg—2

Now similar to proof of Proposition C.3 for GDA, it suffices to show that the trace(M’) > 1 given

the conditions on the learning rate. To this end, note that we can write:

trace(M’) = trace(—7, M) + trace(I + 41, M + 4n>M?)
=1 — 0.0 — pr) 4+ 40, (0 — pr) + 402 (0% + pr? — 2rb?) (90)
= 14302 (€ — pr) + 407 (€ — pr)? — 2rpp,)

2
Now note that since 7 < &, to show trace(M’) > 1, it is enough to have p, < %. However,
50€>

note that we let u, = thus by choosing the small enough ¢, we can satisfy the condition that

Ag
2
B < %, thus we can conclude that trace(M’) > 1 holds. Consequently, similar argument as

the Proposition C.3 can be made to prove the divergence of | V®(xr)]|2. O
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D Extension to Generalized OGDA

In this section, we analyze the convergence of generalized OGDA (Algorithm 4) where we utilize
different learning rates for descent/ascent gradients and correction terms. Specifically, we propose to
use different learning rates for V, f(z¢, y,), and V f (2, y,) — Vo f(2e—1,y,_,) terms, and also
Vyf(ze,y,), and Vy f(x,y,) — Vy f(21—1,y,_1), in order to make the algorithm more stable. We
believe this algorithm is more convenient in practice due to the more flexibility it provides in deciding
the learning rates. We demonstrated this stabilizing effect of generalized OGDA in our empirical
results in Section 6. Also, note that if we let 1, 1 = 7, 2, and 1,1 = 71y 2 in Algorithm 4, it reduces
to stochastic OGDA. Theorem D.1 establishes the convergence rate of generalized OGDA in NC-SC.
However, it still remains open to analyze this algorithm in C-C/SC-SC and NC-C settings.

We remark that the analysis of generalized OGDA was only known for the restricted bilinear functions,
which is established in [39], and convergence analysis beyond these simple functions previously was
unknown that we provide here.

Algorithm 4 Generalized Stochastic OGDA
Input: (z0,y,). stepsizes (1z,1, 7,2, 1y,1, 1y,2)
fort=1,2,...,T do
Tt i1 — No,1950-1 — M2,2(Gui—1 — Gui—2)
Yi < Y1 Ty 19y -1 T+ ’7y,2(gy,t71 - gy,t72)

end for
Randomly choose & from x1, ...,z
Output:x
_ 1 _ 1 _ Nz,2 _ Ny, .
Theorem D.1. Let 1, = 5020 M2 = g7 Also, let a = el and 3 = 173:—2 Then assuming

B <1, and o < 2k2+\/B, under Assumptions 4.1, and 4.3 for Algorithm 4 we have:
K2UA  (k+a®)?D  ko? (14 a?)o?
+ +—+ 7)»

T BT M, M, On

E[IVe@)|* < o(

where D = max(|ly; = yil1% lyr — Yol llzr — @ol?), and A = ¢(x1) — ming ().

A few observations about the obtained rate are in place.
Corollary D.2. Let o0 = 0, and pick an o < \/k. Then deterministic generalized OGDA converges
to e-stationary point of ®(x) with gradient complexity ofO(’:—j).

2

Corollary D.3. For any o = O(\Vk), and any p < B < 1, if we choose M, = O(x% ), and
M, = O(%), then stochastic generalized OGDA converges to e-stationary point of @(x) with

gradient complexity OfO(I:;)
Remark D.4. Theorem D.1 establishes the convergence rate under broad range of primal learning

rates ratio (0 < a < O(k?)), and it shows that as long as o < /k, we can achieve the same
convergence rate as OGDA if we assume p < g < 1.

D.1 Nonconvex-strongly-concave setting

We follow exact same steps as Lemma A.4, to derive the following lemmas.

Lemma D.5. Let ®(x) = maxy f(x,y), and y*(x) = argmax,, f(x,y). Also, letg; = g, ; +
(Gy; = Gy 1), Where a = % Therefore, we have x; = x;_1 — 13.19;. Then for Algorithm 4,
we have: Y

E[®(x:)] < E[®(2i—1)] — T E[|VO(2e-1)|?) — 221 (1 - 256n,.1)Elllg, |

= 2
§ 3 W20°R 2 § CENy* . — 2 § 202 . 2
+ 5z (llg:—all"] + 51 iy =y lI*] + 5100 lye—1 — Yi—oll”]
2 o?
+ 3((1 +O‘) + 1)%@1@

92)
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Proof of Lemma D.5. Proof is pretty much similar to proof of Lemma A.4, and we only include this
proof for sake of completeness. First, let 7 = g, ; — V. f(x:,y;). By definition of g, ;, we have
E[67] =0, forall ¢ € [T7.

Using the fact that ®(x) is 2k¢ smooth, we have:
O(xy) < @(wt D) F(VO(zy 1), 2 — 1) + Kby — 2412
O(a—1) — 10,1 (VO(@11), §o—1) + KL, 4 [lge—1°

Dl@i-1) — V()| - T + 2 VO (@i-1) — g P
g ey
= B(@e-1) — S VO(@e) |2 — T (1 - 26ni) g |
+ 2LV (@e1) — g,
Now using ¢-smoothness of f, and k-Lipschitzness of y*(x) (Lemma A.1) we have:
IV@(x:-1) = g l” = [VO(@e—1) = Vo f(@e-1,9-1)
—a(Vaf(@e—1,9,1) = Vaf(@i-2,915)) — ((a +1)87_, — ;)|
<3[Ve(@i—1) — Vo f (@i—1,y,-)|I? + 362 Ve f(@i-1,Yi-1) = Vaf (-2, 90)[1? 94)

+3[l(a + 187y — 57|
<3y (@e-1) =y |® + 302 @ey — @] + 307 C|y,_y — y, o
+6(a+1)%[107_ 1 + 6]187_, 1
where in the first and second inequalities we used Young’s inequality.

By combining Equations 93 and 94 we have:
(@) < O@i1) — 1|V (@)

77:6,1
5 (1= 26bm:1)llg, . [1”

3 . 3 3
+ 51 ClYyig = Yo |P + Snea0®Cllmy = 2o® + Smeae®Cly, oy — o
+ 3ng,1 (a + 1)%)|67 1H2+377m1||5 ol?

771,1 77:6 1 3
< O(z-1) — o= [VO(ai—1) I — =5 (1 = 2600,1)|ge—1 > + e, 2107 lges|?

3 3
+ SNaa l? ||yt L= Yeal? + %152 “Nye1 = yooll® + 3no1 (e + 12|67 |2

+ 31211107
95)
We proceed by taking expectation on both side of Equation 95, to get:
Nzx,1 Nzx,1
E[®(2/)] < E[®(@;-1)] = B[ VO(@:1)[*] = = (1 = 260z, 1)E[llg,—. ]
3 3 *
+ 508102 CE g, ] + St CEllyi — i) 96)
2 1102 E - 2 L+ a)? 4 a2
+ 5710 CE [y =y, 7]+ 3((1 + )" + Doy o7
where we used the fact that E[d7] < ]"M—i forall i € [T].
O
Lemma D.6. Letny > = & then the following inequality holds true for generalized OGDA iterates:
t+1 9 t+1
> Elly; — i’ < < By, - Yill°] ZE Iz — y;lI°] += meZE lg:11%]
i=1 i=1 97)
2T o2
702 M,
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Proof of Lemma D.6. Using Young’s inequality, and x-Lipschitzness of y*(x) we have:

Hyt+1 - y:+1||2 < 2||yt+1 - y?”2 + 2||y:+1 - y;:k”2 98)
<2(|y;1 — yr|1? + 267 |zeg1 — o)

Similar to Lemma A.5, we try to find an upper bound for ||y, ,, — y;||*. Let 2¢41 =y, +17y,19, + —
Ny,29y.t—1, and 8! = 9y.i — Vyf(xi,y;). Then we have:
Yers = yill® = llzesr — 7 +1y.29,.°
< 2|z — yi 1 + 20559, .17

* (99)
< 221 = yilIP + g oIV f (e, o) |1 + 4oy 51671
< 2|z — yr 1 + 40y 2P lly, — yilP + 40 o107 )12
The rest of the proof is exactly same as proof of Lemma A.5. O

Similar to Lemma A.6, we have:

Lemma D.7. Let z¢11 = Y, + Ny 19y — My,29y -1 Tt = |zer1 — yill* + gllyt — ;4 |* and

Ny,2 = é. Also let % = B, and assume B < 1. Then OGDA iterates satisfy the following
’ g Y,

inequalities:

Efr,] < (1 2B 1202 3K 2 Pliag 2 B (100)
rd < (1= Lo )Bfres) + 1202, g 17) + 222 Bl 1P+

t 2 .4 t—1 2
12k 2 ) Mok 9 | 4ra(t —1)
Y E[ri] < 5 E[r{] + gﬁE[\\wl —xo*] + 145T ;=1E[||gi|| ]+ e, (101

i=1
Proof of Lemma D.7. Let 8¢ = 9y.i — Vyf(xi,y;), and note that we have 2411 — 2 = 119, -
We have:
lzer1 = yi 12 = lze — yi +1y.19,.0
=z = yilI” + 205,009y 0, 2 — ¥1) + 05 1119,
= lze = yilI” — 20y.0my.2(9y 40 9y —1) + 20,109y 00 Y — Y1) + 119
= llze =yl + nyamy20l9y. = 9ye—1l* + 204109y 45 Ye — 0
- 7797177972||gy,t71 H2 =y (My,2 — Uy,l)“gy,t||2
<zt — ZUZF”2 + 30y 2| Vy f (e, y,) — Vyf(mt—lvyt—l)HQ
+ 20y 1 (Vy f(Te,Y0), Y — Yi) — 77y,177y,2||9y,t—1||2 — My (My,2 — Wy,l)”gy,tnz
+ 31y,10y,2 ‘55;/“2 + 377y,177y,2||6i!—1”2 + 277y,1<5%/7 Y — Yi)
< llze = w71 + 3nyamy 2l — e |® + 3ny,10y 20|y, =y o |
=20y 1pllye = Yi I = nyany2llgy -1l = 01 (0y.2 = 0y,0) 19617
+ 377y,177y,2H5tyH2 + 377y,177y,2||6?71”2 + 21,1007, Y, — yi)

(102)

where the last inequality follows from smoothness of f, and strong concavity of f(x;,.). Now note
that using Young’s inequality we can write:

ly, — yillI* = %Hzt —yi 12 =0y 2llgyeal® (103)
Now plugging Equation 103 back to Equation 102, and letting 1, 1 = /31,2, we have:
lzes1 = yill* < (1= Bnyamlize — yilI* + 3605 2|2 — e || + 3605 2|y, — yo I
= Bty 2 (1 = 20y 21)llgy 11 |I* = By 2(1 = B)llgy 1|1
+ 3815 o167 17 + 38mg o167 I* + 26my,2(87, y, — y7)

(104)
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We can also write:
ly, —y, 1 |1? = 17y.19y.4—1 + My,2(9y -1 — gy,t—Q)Hz

< 2775,1 19y.t—1 12+ 277;3,2||gy,t71 - gy,t72||2

< 2775,1 ||gy,t—1 H2 + 6775,2||Vyf(mt—17 Y1) — Vyf(@i-2, yt—2)||2
+ 605 5107417 + 61 0[] 67—, |2

< 2775,1”91;,1571 I + 6775,262”5”#1 —z ol + 677@2;,262Hyt71 T
+ 6m o[ 07 [|” + 6175 [ 67_ 12

= 2»32772,2”9;;,#1 17+ 6775,262“%71 -~z o+ 6775,262”%71 — Y, ol
+6m; 51671 1% + 61 o671

(105)

Now adding 9677 ,¢*||ly; — y,_,||* to both side of Equation 104, and using Equation 105 we have:

1Ze1 — yi 1P + 9805y, — v ® < (1= Bny o)1z — i 1> + 360, 12| — a1 ||
— By (1 = 2ny 0 — 248%1; 5 0)|1g, 11> = B0 2(1 = B)llgy..?
+ 7280, o0 |1 — Tio|” + 7281, oY1 — Yy l?
+ 3577572(1 + 24775,232)”6?”2 + 35775,2(1 + 2477;,252”5?—1 ||2
+28ny,2(0¢, y: — y7)

(106)
Now plugging 7, o = & into Equation 106, and assuming 3 < 1 we have:
. B B . B
2o =yl + Tlye =y l® < (0= ) (20 = w7 1%) + gllyer — veal?
B
D~ w4 D~ mal? (107)
B 2 ﬁ 2 2ﬂ *
+ @”‘S?H + @H‘St{ﬂ\ + @wty,yt - Yi)

Taking expectation from both side of Equation 107, we have:

. B B x B
E llze0 = w7l + Jllye —weall?] < 0= B [l — w7 I°] + Ellye—s — yi-oll”]

+ LRl — 2|2+ ZE[r — sl

12 18
2
420
302 M,
(108)
Also using Young’s inequality we have:
. B . K
lze = yil* < U+ o)llze =y 1* + (L + 1256l — a2 |2 (109)

12k 8

where we used the fact that for any a > 0, |z + y|> < (1 + a)[z]* + (1 + L)[y[%, and
r-lipschitzness of y*(x). Plugging Equation 109 back to Equation 108, we have:

a2, B 8 " p
E llzei =97l + Zllye —wall?| < (0= 5B llze =y + JElyes — yioll”]

F1RE . — a2 + LBl — o))

Bo?

+
302 M,

(110)
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Therefore, if we let 7, = || 211 — yf||*> + 5[y, — y;_, /% then we have:

ﬁ 2 3 2 57711 60'2
Blr < (1= gy JElren] + 12026 °Bllg, |7+ e Ello ]l + gy (1D
We can derive the following equation, by applying Lemma A.2.
t 2 At t—2
12k 2 2
> Elr] < 5 —EEr] + 144725 B > Ellg:l’] + mmZEllgzll J+ SRE[|l21 — o]
i=1 =1 =1
4ro?(t —1
| Aot —1)
2M,
(112)

Or equivalently we have:

t 2 4 t—1 2
12k 2 Ny 1K 4dro“(t — 1
SEfr] < 25 Elry] + 2rE{le — zol?] + 1451 SE[g, 7 + B EZD 3

v 3 3 B M,

Proof of Theorem D.1. We begin by taking summation of Equation 92 (Lemma D.5) from ¢ = 2 to
t =T which yields:

T—1
. 3
Bl S BV (@) < Blar) - Bb(an)] + on, 10 Rar —
=1
77 T—1 T—2
S (1= 2nbn20) Y Ellgsl®) + nm 1070 " Elllgi]
im1 i—1 (114)
3 T—1 3 T—1
+ 5%,152 Z ly; — yilI” + 5%,1@262 Z Ellly; — v
=1 =1
T —1)02
F3((1 4+ )2 4 1)y LoD - )o

Now note that if 7, < 35 then we can drop ||g_,||? term in above equation. By considering this,
and multiplying both sides by ﬁ we get (also let A = ®(x1) — ming ¢(x)) :

ZJE V()| < +3a2£2||w1 ~ zo|?
T—2
— (1= 26ln, 1 — 302 ,0°0%) Y Ellg;|]
i=1 (115)
T-1 T—1
+30C ) Ellly; - yill*1+ 302 Ellly; — v, [1?]
=1 i=1
T —1)0?
6((1 241 T —1)o”
+6((1+a)°+1) YA
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We can replace ZiT;ll lly: — y,||? with its upper bound obtained in Lemma D.6 to get:
- 2 _ 24 22 2 2
Z [VO(x;)[|” < - +3a” ||xr — @o|” + 75 ly, —

1:7

il

i=1

54
— (1 — 28l — 302 10262 — 7773,15%2) > Ellg:l’]
=1

(116)
108 T2 T—1
+ 2 S Bl — 17436 Y Ellys i
i=2 i=1
9 (T —1)o? 6 (1 — 2)0?
+6((14+a)*+1) A tz M,

Now note that 12 E[|| 2,41 — y;[?] + 38 ZiT;Ql E[|ly; — ¥;_1 /%] < 15.5E[r;]. Therefore we have:

Zuw 2| < +3a2m|w1—mo||2 2y, - w3l
54 T-2
— (1 —2Kny 1 — 37]9207104252 - 7775,15232) Z E[|lg;]%] (117)
i=1
T-1
T—-1)0% 6(T—2)o?
15.5¢> Y Er; 1 +a)? 1) =
+15.502 Y E[ri] +6((1+ )’ +1) M, o

i=1
Furthermore, using Lemma D.7, we can find an upper bound on ). ;" E[r;], and replacing it in

above equation yields:

= 2A K2
DIV < ; 5 [r1] + 116671 — o] + 302 ||z1 — 20|
S z,1
27 o 2 2 2, 94 Rt
+ 7£ lyy — yill” = (1 = 26N,y — 3ng 1070 — LAl e 22487736 1" 5 Z E[llg;*
62k0%(T — 2) . (T—1)0% 6(T—2)0?
2R T2 6 1 2
+ M, +6((1+a)”+1) A 7
(118)
By letting 7,1 = T\{Ee’ and 1), < 5i7, it holds that —(1 — 2kln, 1 — 302 10202 — 22 | K207 —
VB and
50r20

[lg;]I?] < 0. Therefore, with the choice of letting rate 7,1 = =%

224812 1 %55°) Y, ' E
51mp11fy1ng the terms, we have:

1 ) K2UA e )
—_— E[||lVO(x; <1 1 -y -
11k 4 3a?)¢?
P78y gl + B
27 €2 5  63ko? 9 o?
-~ —y* 1 1)—
o gl = il S 6 ) )
(119)
Using Young’s inequality, and /-smoothness of f, we have:
— Y1l + 2llny.2(9,.1 — y0) + 1,28 — gyl

ly, —yi + Ny,19y.1 — 77y,29y,0||2 < 2[|y,
N 1 1 1-7
<2y, -yl + §||x1 —zo|* + §||3/1 —yoll® + TH%
(120)
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Plugging this into Equation 119, we have:

T-1

ZIA 2

1 2 K K * (|12
— 2] < _
T—1 ;E[I\W’(%)II | <1007 + 376 57— lys — il
Kl 5 (32K + 3a2)¢? 9
+686(T—1)7Hy1 — Yol ‘*‘WH% — x|
63!%0’2 2 0'2
M, +6((1+a) +1)E

which completes the proof as stated.
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