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ABSTRACT
The purpose of this paper is to examine how rib config-

urations and spar configurations influence flying wing stability.
Flying wing aircraft exhibit enhanced flutter characteristics when
stresses flow smoothly through the wing. We prevent stress stran-
gulation through spar cross-sections by changing the configura-
tion in the plunge direction. We employ and develop computer
programs Gmsh, Variational Asymptotic Beam Sectional Analy-
sis, MATLAB scripts, and Nonlinear Aeroelastic Trim and Stabil-
ity of High Altitude Long Endurance Aircraft. The configurations
are designed by considering the same material, mass, and flight
conditions. The results indicate that the design with the smoother
stress distribution through the wing has a higher flutter speed. It
is shown that the f11 and Von-Misses stress distributions have an
important effect on the stability of a flying wing aircraft.
Keywords: Evolutionary design, Constructal law, Rib and
spar configuration, Flutter, Flying wing aircraft

NOMENCLATURE
2 Chord
0 Deformed beam aerodynamic frame of reference
⌫ Deformed beam cross-sectional frame of reference
1 Undeformed beam cross-sectional frame of reference
b8 Unit vectors in undeformed beam cross-sectional frame

of reference (8 = 1, 2, 3)
B8 Unit vectors of deformed beam cross-sectional frame of

reference (8 = 1, 2, 3)
⇠81 Transformation matrix from the undeformed frame 1 to

inertial frame 8
⇠8⌫ Transformation matrix from the deformed frame ⌫ to

inertial frame 8
⇠18 Transformation matrix from the inertial frame 8 to

deformed frame 1
⇠⌫8 Transformation matrix from the inertial frame 8 to

deformed frame ⌫
�Corresponding author: Pezhman.Mardanpour@fiu.edu
Documentation for asmeconf.c�s: Version 1.30, August 3, 2022.

2;0 , 230 Aerodynamic lift and drag coefficients at zero angle of
attack

5 Column matrix of internal force measured in B8 basis
� bulk value
2;V Lift coefficient w.r.t. flap deflection (V)
2;U Lift coefficient w.r.t. angle of attack (U)
2<V Pitch moment coefficient w.r.t. flap deflection (V)
4 Column matrix of distributed, applied force measured in

B8 basis
41 Offset of aerodynamic center from the origin of frame of

reference along b2
� Column matrix of cross-sectional angular momentum

measured in B8 basis
g Gravitational vector in B8 basis
8 Inertial frame of reference
i8 Unit vectors for inertial frame of reference (8 = 1, 2, 3)
: Column matrix of undeformed beam initial curvature

and twist measured in b8 basis
� Cross-sectional inertia matrix
D Column matrix of displacement vector measured in b8

basis
< Column matrix of distributed, applied moment measured

in B8 basis
% Column matrix of cross-sectional linear momentum

measured in B8 basis
" Column matrix of internal moment measured in B8 basis
A Column matrix of position vector measured in b8 basis
+ Column matrix of velocity measured in B8 basis
 Column matrix of deformed beam curvature and twist

measured in B8 basis
V Trailing edge flap angle
G1 Axial coordinate of beam
U Angle of attack
W Column matrix of 1D generalized force strain measures
^ Column matrix of elastic twist and curvature measures

(1D generalized moment strain measures)
� Identity matrix
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⌦ Column matrix of cross-sectional angular velocity
` Mass per unit length
_ Column matrix of induced flow states
d Air density
b Column matrix of center of mass offset from the frame

of reference origin
k Column matrix of small incremental rotations
ˆ( ) Nodal variable
˙( ) Partial derivative with respect to time
( )0 Partial derivative with respect to G1

1. INTRODUCTION
The need for accessible, reliable and more efficient flight has

increased rapidly over the past decades. The search for an aircraft
that can fly faster and safely is pushing for innovative ways of
design.

From conventional design procedures of trial an error to
simulation, there were considerable benefits in cost and cycle
time reduction [1]. Moving into optimization, with classical and
traditional methods for reducing weight and increasing efficiency,
then size, shape and topology optimization [2–4] allowed for a
more holistic approach into the design of aircraft components.
However, these methods still present many limitations and require
several iterations and the setting of very clear boundary conditions
for them to work accurately, as pointed out in Ref. [4].

With the introduction of constructal law we turn into an
evolutionary approach to design. The constructal principle states
that “For a finite-size flow system to persist in time (to live),
its configuration must evolve freely in such a way that provides
greater and greater access to the currents that flow through it” [5].
This approach was inspired by design in nature, Bejan et al. [6]
that by following this principle the aircraft design is more efficient
and is united with birds and other animals. By searching for this
principle and applying it to the way we design and build, it has
been discovered that the correlation with better flow of energy
and efficiency is present all around us [7].

In the case of aircraft design, we see the use constructal
law for the purpose of stability and speed. The aeroelasticity
properties of the aircraft from the lens of the flow of stresses had
been considered as a function for design. In doing this, we take
predictive approach instead of reactive, by moving away from
configurations that have the highest stress strangulation into the
ones that allow for a better flow access [8–10].

This approach has been successful in predicting the best con-
figuration for a particular design in the previous studies. Mardan-
pour et al. [8] studied the engine placement and flow of stress in
the wing and explored that the maximum flutter speed is achieved
with the configuration that has the least stress strangulation. In
contrast, the lowest flutter speed is found with the highest stress
strangulation. Izadpanahi et al. [9] compared curved vs. swept
wing configurations and discovered a relation between higher
flutter speed and better stress flow in swept wings. This pattern
is also found in Ref. [10] when the inflected wings and their
flow of stresses were studied. In this case the inflected wing with
the lowest stress strangulation had the better stability and highest
flutter speed.

Looking further into the wing configuration, we move away

from the wing shape and curvature into the wing internal com-
ponents, composed mainly of the ribs, spars and stringers. The
ribs are a critical component of the wing, which their size and
weight are highly depending on their position on the wing in the
spanwise direction. As they are located closer to the root, they
must bear significant loads from the engines and thrust [11].

Furthermore, the wing has another critical component worth
the analysis; the spars and stringers. The spars have the function
of bearing the transversal shear and spanwise bending [12]. There
have been several studies on the analysis of structure and strength
per unit of weight to increase the efficiency of this compononet
of the wing [13–17]. Girennavar et al. [15] investigated the
design of a wing spar using a method of optimization to find
the minimum weight allowed for a certain configuration. They
used an iterative process and find the highest stress point in their
configurations to reach to the most efficient design using Finite
Element Analysis. Ajith et al. [17] compared the spar design was
conducted with two approaches; the conventional spar design
based on the strength of material approach and an optimized
design using iterative method and optimization.

Grbović et al. [16] used shape optimization for the spar
analysis. They focused on finding the most fatigue resistant con-
figuration using a method called “W/I”. The “W/I” method is
also used again by Chinni et al. [13] to find a design which is
resistance to fatigue and the critical load of a small airplane. They
employed the approach of strength of materials to determine the
size shape and composition of the two-spar configuration and
spar web. Although these studies provided an optimized design
with an acceptable strength, weight and fatigue resistance, they
did not considered how the spar and rib configurations affect the
aeroleastic stability of the aircraft. Moshtaghzadeh et al. et al.
[18] discovered that the cross-section configuration of the wing,
specifically the cross-section design of the ribs, have a signifi-
cant effect on stability and flutter speed. They proposed several
cross-section configurations using different shapes in the lead-lag
and plunge directions to configure the ribs for a particular airfoil.
They presented the flow of stress through the cross-sections and
aircraft. It is discovered that the constructal law principle pre-
vails with observing the stress distribution in cross-sections. It
is discovered that the better stability and higher flutter speed is
associated with the configuration that benefits the most the flow
of stresses and reduces the stress strangulation.

A flying wing aircraft’s stability and flow of stresses are in-
vestigated in this paper by examining its wing spar configuration.
A smoother stress flow and a more stable cross-section configu-
ration are sought. In this work, the aircraft is considered as an
elastic body which is subjected to aerodynamic loads. We find the
flutter characteristic of a flying wing aircraft with three different
spar configurations. Then, we observe how the stress distribution
is distributed across the cross-sections under the same operating
conditions. It is investigated in three directions how stresses flow.

2. THEORY
This section provides the theories behind the NATASHA

code and used software in this paper. The details of this section
are illustrated in Ref. [18].
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2.1 Nonlinear Composite Beam Theory
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FIGURE 1: SCHEMATIC OF BEAM DEFORMATION [19].

The fully intrinsic nonlinear composite beam theory is
founded on the beam’s first-order partial differential equations
of motion, which have been regardless of displacement and rota-
tion. Variables in the equations are stated in terms of the deformed
and undeformed beams’ bases of reference frames, ⌫(G1, C) and
1(G1). These frames are shown in Figure 1. These equations use
second-order nonlinearities and are dependent on force, angular
velocity, velocity, and moment. The following are the motion
equations:

�0
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" 0
⌫ + e ⌫"⌫ + (e41 + eW)�⌫ + <⌫ = �̇⌫ + e⌦⌫�⌫ + e+⌫%⌫ (1)
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The following equation is the inertial constitutive equations [18]
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Furthermore, the intrinsic kinematical partial differential equa-
tions [19] are derived using strain- and velocity-displacement
equations [18].

+ 0
⌫ + e ⌫+⌫ + (e41 + eW)⌦⌫ = Ẇ

⌦0
⌫ + e ⌫⌦⌫ = ˙̂

(4)

The equations are explained in detail in Ref. [20]. This is a
full set of partial differential equations in the first order. In terms
of velocity (+⌫), force (�⌫), moment ("⌫), and angular velocity
($<460⌫), 12 boundary conditions are required. Singularities
generated by finite rotations are eliminated since the maximum
degree of nonlinearities is two, and displacement and rotation
variables do not present. In the post-processing procedures, the

position and orientation of each elements can be determined if
desired.

A 08 = ⇠
8141

A8 + D08 = ⇠8⌫ (41 + W)
(5)

and
(⇠18)0 = �e:⇠18

(⇠⌫8)0 = �(e: + ê)⇠⌫8
(6)

2.2 Variational Asymptotic Beam Sectional Analysis (VABS)
Reference [21] used Berdichevsky’s Variational Asymptotic

Method (VAM) [22] to simplify a three-dimensional elastic prob-
lem to a one-dimensional formulation. VAM locates a function’s
stationary point with one or more minor parameters. It’s the best
tool for reducing the dimensions of objects like beams, plates, and
shells. The Hamilton extended principle and this mathematical
method conclude Hodges’s geometrically-exact nonlinear com-
posite beam theory [20, 21].

VABS [21, 23, 24] is a software package that simplifies a 3D
nonlinear analysis using the variational method. It converts three-
dimensional (3D) slender objects into two-dimensional (2D)
cross-sections and one-dimensional (1D) beam analyses. VABS
reduces computational costs from hours to seconds while pre-
serving detailed 3D FEA reliability. It calculates cross-sectional
properties using a finite element mesh of the cross-section and
material parameters as inputs (e.g., inertial and structural proper-
ties). Stress recovery is also accomplished using inputs such as
axial and shear forces, moments, and distributed forces (applied
and inertial)[9].

2.3 Finite State Induced Model
The published studies [25–27]demonstrate that The two-

dimensional finite state aerodynamic model of Peters et al. [25]
is an acceptable representation of aerodynamic loads occurring
on high-aspect ratio wings. At the quarter-chord, the drag, lift,
and pitching moment are given by the following equations. The
detail of this model is explained in Ref. [18].

!04A> = d1[(2;0 +2;V V)+)+02 �2;U+̇03 1/2�2;U+02 (+03 +_0�
⌦011/2) � 23>+)+03 ] (7)

⇡04A> = d1[�(2;0 + 2;V V)+)+03 + 2;U (+03 + _0)2�
23>+)+02 ] (8)

"04A> = 2d1[(2<0 + 2<V V)+) � 2<U+)+03 � 12;U/8+02⌦01�
122;U⌦̇01 /32 + 12;U+̇03 /8] (9)
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where _ is the column matrix of induced flow states, and⇥
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are constant

matrices and they are found in Ref.[25] [8].

2.4 Aeroelastic System
By combining the aerodynamic and structural equations, the

aeroelastic system is characterized as:

[�] { .G} + {⌫ (G)} = { 52>=C } (15)

52>=C and {G} are the vector of the flight controls and the vector of
all the aeroelastic variables. The nonlinear ordinary differential
equations emerging from this process are linearized around a
static equilibrium state. The linearized system looks like this
[18]:
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�
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�
(16)

Nonlinear algebraic equations determine the equilibrium
state, which the code Nonlinear Aeroelastic Trim and Stability of
HALE Aircraft (NATASHA) [28, 29] solves using the Newton-
Raphson approach [28]to find the trim solution. This computer
package is based on the finite induced flow model of Peters et
al. [25] and Hodges’ nonlinear composite beam theory [19].and
Peters et alfinite .’s induced flow model. Both experimental
and numerical benchmarks have been used to verify and validate
NATASHA [26, 27, 30–36].

3. NUMERICAL SIMULATION
Gmsh [37], VABS, and NATASHA are the three computer

programs used in this study. Multiple scripts and functions are
created in MATLAB to link the software. Scripts and VABS are
used to perform stress recovery, as illustrated in Ref. [9, 38]. We
employ Gmsh to discretize each cross-section. The elements’ in-
formation is imported into VABS software to find the mechanical
properties of each cross-section. The obtained properties are then
applied to NATASHA to find out the aeroelastic characteristic of
flying wings. The VABS software uses the results to determine
the stresses in the aircraft.

We analyze the stability of an aircraft with two wings that are
each 15 m long. There are 18 elements in each wing, including
four ribs and 14 spars. The ribs are 0.25 m long, and the spars
are distributed from the fuselage to the tip of the wings. From
the center of the fuselage to the root of each wing, the fuselage
length is assumed to be 4 meters. We design the spar and rib
configurations using NACA0012 airfoil with a chord of 1 m.
This flying wing aircraft design contains two engines with 10 kg
weight. The ailerons are located between the tip and mid-span

of wings. The wings are swept with an angle of 15>. Figure 2
presents the location of spar and ribs through the aircraft.

Figure 2 shows the spar and ribs configurations. Ref. [18]
compared different cross-section configurations and concluded
that the oval hollows arrangement has the highest stability. The
oval configuration in Figure 3 is assigned to the rib cross-sections.
In Table 1, we show the mechanical properties of spar configura-
tions. A detailed description of the mechanical properties of rib
cross-sections is given in Ref. [18]. In addition, Table 2 presents
the aerodynamic coefficient and properties in this stability analy-
sis.

4. RESULTS AND DISCUSSION
The purpose of this section is to discuss the flutter character-

istic and to explain how stress distribution and aircraft stability
are related.

Table 3 presents the flutter speed and frequency of these pro-
posed designs. The rib configurations are considered same in
all cases. The same material properties are utilized, and mass is
constant in all spar configurations. Thickness of branches in the
plunge direction is increased from case I to case III. The results
indicate that the cross-sectional configuration of the aircraft can
significantly affect its stability. Among these configurations, de-
sign III has the highest flutter instability with a speed of 49.63
m/s. The results illustrate that the substituting mass from the
plunge direction (b3) to the lead-lag direction (b2) improves the
flutter instability. Existing voids in the plunge direction of spars
has an advantage for the stability of the aircraft.

Figures 4 - 10 depict how the stresses are distributed through
the spar and rib cross-sections and aircraft. The stresses are
obtained based on the cruise speed of 35 m/s and the same flight
condition. Figure 4 presents f11 distribution through the closed
spar cross-section to the fuselage. It is found that the lower region
of the cross-section is under tension and the upper region of the
cross-section is under compression. As the design varies from
case I to case III, the stress is distributed in the 13 direction with
a smoother distribution.

f12 and f13 distributions are shown in Figures 5 and 6. It is
shown that the stress magnitudes in these two directions are de-
creased in comparison with f11. In conclusion, f12 and f13 have
less influence on the stability of the aircraft. Figure 7 shows how
the Von-Mises stress distributes through the spar cross-sections.
Although the cross-section’s skin experiences significant stress,
it is demonstrated that the connections in the plunge direction
reduce the stress strangulation in the cross-section’s skin. The
Von-Misses stress has the lowest value in case III, which is asso-
ciated with the highest flutter speed.

Figures 8- 10 depict the Von-Mises how stresses flow through
the designed aircraft wing. It is found that maximum stress occurs
at the outer region of spar and rib cross-sections. A substantial
amount of stress strangulation is observed at the root of the wing.
From the root to the tip of the wing, this phenomenon decreases.
However, the majority of stresses travel in a lead-lag direction;
branches in a plunge direction facilitate a smoother flow of stress.
Compared to spars, ribs experience a much smaller magnitude of
stress. Case III has the lowest and smoothest stress distribution,
which could enhance the stability of the design.
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FIGURE 2: SCHEMATIC VIEW OF THE FLYING WING AIRCRAFT.

TABLE 1: THE SPAR CROSS SECTIONAL PROPERTIES IN SI UNIT SYSTEM; CASES I, II, AND III.

Property Case I Case II Case III
Span [<] 15 15 15

S [#�1.<�1]
266664

0 �1.61 ⇥ 10�15 3.57 ⇥ 10�9

�6.84 ⇥ 10�15 0 0
�5.66 ⇥ 10�7 0 0

377775
266664

0 �4.15 ⇥ 10�14 3.54 ⇥ 10�9

6.04 ⇥ 10�13 0 0
�5.66 ⇥ 10�7 0 0

377775
266664

0 �1.54 ⇥ 10�15 3.56 ⇥ 10�9

�1.04 ⇥ 10�15 0 0
�5.59 ⇥ 10�6 0 0

377775

R [#�1]
266664
8.015 ⇥ 10�9 0 0

0 3.09 ⇥ 10�8 �1.75 ⇥ 10�14

0 �1.75 ⇥ 10�14 2.89 ⇥ 10�7

377775
266664
8.0 ⇥ 10�9 0 0

0 3.07 ⇥ 10�8 5.78 ⇥ 10�13

0 5.78 ⇥ 10�13 2.86 ⇥ 10�7

377775
266664
8.02 ⇥ 10�9 0 0

0 3.05 ⇥ 10�8 �1.73 ⇥ 10�14

0 �1.73 ⇥ 10�14 2.83 ⇥ 10�7

377775

T [#�1.<�2]
266664
4.11 ⇥ 10�6 0 0

0 5.53 ⇥ 10�6 �4.92 ⇥ 10�14

0 �4.92 ⇥ 10�14 1.04 ⇥ 10�7

377775
266664
4.13 ⇥ 10�6 0 0

0 5.47 ⇥ 10�6 �1.02 ⇥ 10�12

0 �1.02 ⇥ 10�12 1.04 ⇥ 10�7

377775
266664
4.06 ⇥ 10�6 0 0

0 5.46 ⇥ 10�6 �4.78 ⇥ 10�14

0 �4.78 ⇥ 10�14 1.04 ⇥ 10�8

377775

I [:6.<]
266664
1.99 ⇥ 10�1 0 0

0 3.631 ⇥ 10�3 7.0| ⇥ 10�15

0 7.02 ⇥ 10�15 1.96 ⇥ 10�1

377775
266664
1.99 ⇥ 10�1 0 0

0 3.68 ⇥ 10�3 �1.63 ⇥ 10�13

0 �1.63 ⇥ 10�13 1.95 ⇥ 10�1

377775
266664
1.99 ⇥ 10�1 0 0

0 3.68 ⇥ 10�3 �7.03 ⇥ 10�15

0 �7.03 ⇥ 10�15 1.95 ⇥ 10�1

377775

b [<]
266664

0
4.06 ⇥ 10�2

1.16 ⇥ 10�19

377775
266664

0
4.03 ⇥ 10�2

�7.24 ⇥ 10�20

377775
266664

0
4.05 ⇥ 10�2

�1.85 ⇥ 10�19

377775
Mass [:6.<�1] 2.57 2.57 2.57
Chord [<] 1 1 1
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FIGURE 3: RIB AND SPAR CROSS-SECTION CONFIGURATIONS.

TABLE 2: THE AERODYNAMIC COEFFICIENTS AND PROPERTIES.

Property d [:6.<�3] 2;V 2;U 2<0 230 2<U 2<V e [m]
Value 0.0889 1 2c 0.0 0.01 -0.08 -0.25 0.25

TABLE 3: FLUTTER SPEED AND RELATED FREQUENCY.

Case Flutter [m/s] Frequency [rad/s]
I 49.37 6.59
II 49.53 6.62
III 49.68 6.63

FIGURE 4: �11 STRESS DISTRIBUTION IN SPAR CROSS-SECTION.

FIGURE 5: �12 STRESS DISTRIBUTION IN SPAR CROSS-SECTION.

FIGURE 6: �13 STRESS DISTRIBUTION IN SPAR CROSS-SECTION.

FIGURE 7: VON-MISES STRESS DISTRIBUTION IN SPAR CROSS-
SECTION.

5. CONCLUSION
By varying the configuration of the ribs, we demonstrated

how flying wings change their stability. The Constructal law and
the idea of flow of stresses were used to examine the aeroelastic
stability of the three rib configuration designs of a flying wing
aircraft in this study.

The results illustrate that the Von-Mises and f11 stresses
strongly impact the stability of a flying wing aircraft. The most
stress-carrying direction is the lead-lag direction. As a result of
the existing strips in the plunge direction, the aircraft could be
stabilized more effectively. Adding mass to the lead-lag direction
instead of the plunge direction smooths out the stress distribution.
In addition, it prevents stress strangulation through the cross-
section, resulting in higher flutter speed.

Comparing these proposed designs indicates that when the
stress flows through the cross-section smoothly, the flutter occurs
at a higher speed. The rib configuration with boxes in the plunge
direction has the highest flutter speed among all designs.
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