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Abstract

Stochastic gradient descent (SGD) has been
shown to generalize well in many deep learning
applications. In practice, one often runs SGD with
a geometrically decaying stepsize, i.e., a constant
initial stepsize followed by multiple geometric
stepsize decay, and uses the last iterate as the
output. This kind of SGD is known to be nearly
minimax optimal for classical finite-dimensional
linear regression problems (Ge et al., 2019). How-
ever, a sharp analysis for the last iterate of SGD
in the overparameterized setting is still open. In
this paper, we provide a problem-dependent anal-
ysis on the last iterate risk bounds of SGD with
decaying stepsize, for (overparameterized) linear
regression problems. In particular, for last iterate
SGD with (tail) geometrically decaying stepsize,
we prove nearly matching upper and lower bounds
on the excess risk. Moreover, we provide an ex-
cess risk lower bound for last iterate SGD with
polynomially decaying stepsize and demonstrate
the advantage of geometrically decaying stepsize
in an instance-wise manner, which complements
the minimax rate comparison made in prior works.

1. Introduction

It is widely observed in practice that modern neural net-
works trained by stochastic gradient descent (SGD) often
generalize well (Zhang et al., 2021). In all the successful
applications, two ingredients are crucial: (1) an overparam-
eterized model, where the number of parameter excesses
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the number of training examples (Belkin et al., 2020); and
(2) SGD with the last iterate as output and with a decay-
ing stepsize, e.g., an initially large stepsize, followed by
geometrically decaying stepsizes after every certain number
of iterations (He et al., 2015). Theoretically, however, it
remains largely open to understand the generalization of the
last iterate of SGD (with a decaying stepsize) for learning
overparamerized models, even for the arguably simplest
setting such as overparamerized linear regression.

For linear regression in the classical regime, Ge et al. (2019)
showed that last iterate SGD (with geometrically decaying
stepsize) can achieve nearly minimax optimal excess risk
up to logarithmic factors. However, the results by Ge et al.
(2019) cannot be carried over to the overparameterized set-
ting since their excess risk bounds are dimension-dependent,
which become vacuous when the problem dimension ex-
cesses the sample size. There is a fundamental barrier to
extend the statistical minimax rate to the overparameterized
setting, as the minimax result concerns the worst instance
in the problem class, while apparently SGD cannot general-
ize for certain overparameterized linear regression problem
(e.g., when the data distribution has an identity covariance
and the model parameter is uniformly distributed).

For SGD with iterate averaging, a recent work by Zou et al.
(2021b) proved a tight problem-dependent excess risk bound
for overparameterized linear regression, which can diminish
in the overparameterized setting, provided a sufficiently fast
decaying spectrum of the data covaraiance matrix. While
Zou et al. (2021b) sharply characterized the generalization
of SGD with iterate averaging in the overparameterized
setting, their analysis is tailored to the averaged iterate of
SGD and is not directly applicable to the last iterate of SGD.

In this paper, in order to explain its success in learning
overparameterized models, we provide a tight analysis for
the last iterate of SGD that adapts to both of the least-square
problem instance and the algorithm configuration.

Contributions. Our first main result is a sharp problem-
dependent excess risk bound for the last iterate SGD with
tail geometrically decaying stepsize (see (3), also Algorithm
1) for linear regression. The derived bound does not depend
on the ambient dimension and, instead, depends on the spec-
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Algorithm 1 LAST ITERATE SGD WITH TAIL GEOMET-

RIC DECAYING STEPSIZE

Require: Initial weight w, initial stepsize ~, total sample
size N, first phase length s, decaying phase length K

1: fort=1,...,Ndo

2:  ift > sand (t —s) mod K = 0 then

3: v /2

4:  endif

5w+ w+7y(y — (w,x))x, with a fresh data (x, y)

6: end for
7: return w

trum of the data covariance matrix. In particular, the excess
risk bound vanishes as long as the data covariance matrix
has a fast-decay eigenspectrum, despite of a large ambient
dimension in the overparameterized setting. Furthermore,
an excess risk lower bound is proved, which shows the upper
bound is tight up to absolute constant in terms of variance
error, and is nearly tight in terms of bias error. This result
recovers the existing minimax bound in the classical regime
(Polyak & Juditsky, 1992; Bach & Moulines, 2013) ignor-
ing logarithmic factors, and is comparable to the bounds for
SGD with iterate averaging in the overparameterized setting
(Zou et al., 2021b).

Our second main result is a comparison between SGD with
(1) tail geometrically stepsize-decaying scheme and (2) tail
polynomially stepsize-decaying scheme, in an instance-wise
manner. Our result shows that the variance error of SGD
with tail polynomially decaying stepsize is instance-wise
no better than that of SGD with tail geometrically decaying
stepsize, given the same optimization trajectory length (i.e.,
summation of stepsizes). In contrast, the comparison be-
tween these two stepsize schemes made in Ge et al. (2019)
only concerns the worst-case result: the worst-case excess
risk bound achieved by geometrically decaying stepsize is
strictly better than the worst case bound achieved by polyno-
mially decaying stepsize. Thus, their analysis does not rule
out the possibility that for some problem instances, poly-
nomially decaying stepsize can generalize better than the
geometrically decaying one.

Our analysis follows and extends the operator method for
analyzing SGD in linear regression (Dieuleveut et al., 2017;
Jain et al., 2017a;b; Neu & Rosasco, 2018; Ge et al., 2019;
Zou et al., 2021b). Specifically, we develop a novel, multi-
phase analysis for the bias error of the last SGD iterate,
which sharpens existing results (see Section 5). We believe
our proof technique is of broader interest and can be ap-
plied to analyze other variants of SGD such as SGD with
momentum.

Notation. We reserve lower-case letters for scalars, lower-
case boldface letters for vectors, upper-case boldface let-
ters for matrices, and upper-case calligraphic letters for

Stepsize

—— exp decay
2784 tail exp decay

-==-tail poly decay O(1/+/1) \\\
1 ---- tail poly decay O(1/t)

l‘] 1 l]‘lil) 21]‘00 .30‘()() J[;l]li
. . . Steps .
Figure 1. Four stepsize decaying examples given by (3) and (4).

Y = 1 and N = 4096. EXP DECAY: (3) with s = 0 and
K = [N/log N|; TAIL EXP DECAY: (3) with s = N/2 and
K = [(N — s)/log(N — s)]; TAIL POLY DECAY O(1/v/1): (4)
with s = N/2 and a = 0.5; TAIL POLY DECAY O(1/t): (4) with
s=N/2anda=1.

linear operators on symmetric matrices. For two positive-
value functions f(z) and g(z) we write f(z) < g(z) or
f(x) 2 gla) if f(x) < cglx) or f(x) > cg(a) for some
absolute constant ¢ > 0 respectively. For two vectors u
and v in a Hilbert space, their inner product is denoted
by (u, v) or equivalently, u'v. For a matrix A, its spec-
tral norm is denoted by || A||,. For two matrices A and B
of appropriate dimension, their inner product is defined as
(A,B) := tr(ATB). For a positive semi-definite (PSD)
matrix A and a vector v of appropriate dimension, we write
Hv||2A := v Av. The Kronecker/tensor product is denoted
by ®. Finally, log(+) refers to logarithm base 2.

2. Related Work

Problem-Dependent Bounds for Linear Regression. We
first discuss a set of dimension-free and problem-dependent
bounds for linear regression that are similar to what we show
in this paper. Bartlett et al. (2020) proved risk bounds of
ordinary least square (OLS) for overparameterized linear
regression in terms of the full eigenspectrum of the data
covariance matrix, and showed that benign overfitting can
occur even when OLS memorizes the training data. Tsigler
& Bartlett (2020) extended the benign overfitting result
of OLS to ridge regression, and proved diminishing risk
bounds for a larger class of least square problems. Zou et al.
(2021b) proved problem-dependent risk bounds for constant-
stepsize SGD with iterate averaging (and tail-averaging) and
compared the algorithmic regularization afforded by SGD
with OLS and ridge regression. Our excess risk upper bound
(Theorem 4.1) for last iterate SGD is comparable to theirs
for SGD with averaging (Theorems 2.1 and 5.1 in Zou et al.
(2021b)). Due to this similarity, the benefits of SGD with
tail-averaging over ridge regression, as discussed in Zou
et al. (2021a), naturally extends to the, more practical, last
iterate SGD studied in this paper.

Nonparamatric Bounds for SGD. We then discuss other
SGD risk bounds for infinite-dimensional/nonparamatric
linear regression (Dieuleveut & Bach, 2015; Lin & Rosasco,
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2017; Miicke et al., 2019; Berthier et al., 2020; Varre et al.,
2021). Dieuleveut & Bach (2015) only discussed linear
regression with data covariance whose spectrum decays
polynomially, in contrast our results apply to general data
covariance. The works by Berthier et al. (2020); Varre
et al. (2021) only dealt with bias error (i.e., they assume no
additive label noise), but we provide both variance and bias
error bounds. Compared to Lin & Rosasco (2017); Miicke
et al. (2019); Berthier et al. (2020); Varre et al. (2021), our
results rely on a different set of assumptions: they assume
a stronger condition on the optimal model parameter (w*),
which requires ||H™“w*||, to be finite for some constant
a > 0 where H is the data covariance; though we do not
require this, our assumption on the fourth moment operator
is stronger (see Assumption 3.2).

Last Iterate SGD with Decaying Stepsize in the Classi-
cal Regime. In the finite-dimensional setting, there is a rich
literature considering the last iterate SGD with decaying
stepsize. For example, polynomially decaying stepsizes are
studied in (Dekel et al., 2012; Rakhlin et al., 2011; Lacoste-
Julien et al., 2012; Bubeck, 2014), and geometrically decay-
ing stepsizes are considered in (Davis et al., 2019; Ghadimi
& Lan, 2012; Hazan & Kale, 2014; Aybat et al., 2019;
Kulunchakov & Mairal, 2019; Ge et al., 2019); besides,
a recent work by Pan et al. (2021) explored eigenvalue-
dependent stepsizes. However, the bounds derived in the
aforementioned papers are all dimension-dependent and
therefore cannot be applied to the overparameterized setting.
In this regard, our work can be viewed as a dimension-free,
problem-dependent extension of Ge et al. (2019)’s results
that are limited to finite-dimensional, worst-case scenarios.

Finally, we would like to refer the reader to Table 1 in
Section 4.1 for a detailed comparison between our results
and several existing ones (Ge et al., 2019; Bach & Moulines,
2013; Zou et al., 2021b).

3. Problem Setup and Preliminaries

We now formally set up the problem.

High-Dimensional Linear Regression. Let x be a feature
vector in a Hilbert space that can be d-dimensional or count-
ably infinite dimensional, and y € R be the response. Linear
regression concerns the following objective:

min L(w), where L(w) := %]E(y —(w,x))*, 1)

where w is a weight vector to be learned, and the expectation
is over an unknown joint distribution D of (x, y)'.

SGD. We consider solving (1) using stochastic gradient
descent (SGD). The weight vector is initialized at wg in the
Hilbert space; then at the ¢-th iteration, a fresh data (x;, y:)

"Unless otherwise noted, all expectations in this paper are taken
with respect to the joint distribution of (x, y).

is drawn independently from the distribution, and the weight
vector is updated according to

Wi = W1+ (Y — (W1, X)X, t =1,2,...,N, (2)

where v; > 0 is the stepsize at step ¢. Our main focus in
this paper is last iterate SGD with decaying stepsize, which
uses a sequence of properly decaying stepsize (v;)Y_,, and
outputs the last iterate w . For example, one can use fail
geometrically decaying stepsize (see also Algorithm 1):

TV h0/20 s<t< No=|(t—s)/K],

where the stepsize is kept as a constant in the first s steps,
and is then divided by a factor of 2 every K steps. Figure 1
shows two examples of such stepsize decay schemes. We
note that (3) captures the widely used stepsize decaying
scheduler in deep learning (He et al., 2015): the stepsize is
epoch-wise a constant, and decays geometrically after every
certain number of epochs.

Another widely studied variant of SGD is constant-stepsize
SGD with averaging. More specifically, it updates the iterate
according to (2) with a constant stepsize, i.e., y; = -, and its
final output is an averaging of all iterates (% Eivz Bl W) or
only the tail iterates ( les i\[: ;1 w). Compared with last
iterate SGD, SGD with averaging is less practical but more
theoretically favorable. For a few examples, the risk bounds
of SGD with averaging have been studied in both the clas-
sical underparameterized regime (Bach & Moulines, 2013;
Dieuleveut et al., 2017; Jain et al., 2017a;b; Neu & Rosasco,
2018) and the overparameterized setting (Dieuleveut &
Bach, 2015; Zou et al., 2021b).

Next we review a set of assumptions for our analysis.

Assumption 3.1 (Regularity conditions). Denote H :=
E[xx ], and assume that H is (entry-wisely) finite and
tr(H) is finite. For convenience, we further assume that H
is strictly positive definite and that L(w) admits a unique
global optimum, denoted by w* := arg miny, L(w).

The condition H > 0 is only made for simple presenta-
tion; if H has zero eigenvalues, one can choose w* =
arg min{||w||, : w € argmin L(w)}, and our results still
hold. This argument also holds in a reproducing kernel
Hilbert space (Scholkopf et al., 2002).

Assumption 3.2 (Fourth moment conditions). Assume that
the fourth moment of x is finite and:

A There is a constant o > 0, such that for every PSD
matrix A, we have

E[xx'Axx'] < o - tr(HA) - H.

Clearly, it must hold that o > 1.
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B There is a constant 3 > 0, such that for every PSD
matrix A, we have

Exx'Axx'] - HAH > 3-tr(HA) - H.

To give an example, if H = x satisfies Gaussian distribution,
then Assumption 3.2 holds with @« = 3 and 5 = 1. More
generally, Assumption 3.2A holds for data distributions with
a bounded kurtosis along every direction (Dieuleveut et al.,
2017), i.e., there is a constant x > 0 such that

for every v, E[(v,x)"] < r (v, Hv)>. (3.2A%)

One can verify that condition ( 3.2A”) (hence Assumption
3.2A) is weaker than assuming a sub-Gaussian tail for
the distribution of H™2x (see Lemma A.1 in Zou et al.
(2021b)), where the latter condition is typically made in
regression analysis (Hsu et al., 2014; Bartlett et al., 2020;
Tsigler & Bartlett, 2020). On the other hand, Assumption
3.2A is stronger than the condition E[xx"xx "] < R?’H
for some constant R? > 0, as often assumed in many SGD
analysis (Bach & Moulines, 2013; Dieuleveut et al., 2017;
Jain et al., 2017a;b; Neu & Rosasco, 2018; Ge et al., 2019).
We refer the reader to Appendix A for more examples for
Assumption 3.2.

Assumption 3.3 (Noise condition). Denote

¥ =E[(y — (w*,x))%xx"], o%:= ||H_%EH_%}

27

and assume ¥ and o2 are finite.

Here X is the covariance matrix of the gradient noise at
the optimal w*, and o2 characterizes the noise level in that
> < o2H. Assumption 3.3 allows the additive noise to be
mis-specified (Dieuleveut et al., 2017; Jain et al., 2017b);
and in particular, Assumption 3.3 is directly implied by
the following Assumption 3.3 for a well-specified linear
regression model.

Assumption 3.3’ (Well-specified noise). Assume the re-
sponse is generated by

y=(w"x)+e €~N(0,0?),

where € is independent with x.

Additional Notation. Denote the eigen decomposition
of the Hessian by H = }, Aiviv], where ()\;);>1 are
eigenvalues in a non-increasing order and (Vi)i21 are
the corresponding eigenvectors. We denote H..,.+ =
Dk i<kt A\iviv,, where 0 < k* < kT are two integers,
and we allow kT = oo. For example,

T T
Hy., = E Aivivy , Hpio = E AT
1<i<k ik

. . e T
Similarly, we denote Ip.pi 1= > 4. _jcpt ViVy -

4. Main Results

In this section, we present our main results.

4.1. An Upper Bound

We begin with an excess risk upper bound for last iterate
SGD with tail geometrically decaying stepsize.

Theorem 4.1 (An upper bound). Consider last iterate SGD
with stepsize scheme (3). Suppose Assumptions 3.1, 3.2A
and 3.3 hold. Let K := [(N — s)/log(N — s)]. Suppose
Yo < 1/(Batr(H)log(s + K)). Then we have

E[L(wy) — L(w*)] < BiasError + VarianceError,
where
_ s+K R 2
(T =B (wo — W)y .
YK
s ]2
(T = oH)* " (wo —w )"Hk*;m +log(s + K) -

BiasError < +

[wo — w*|f d
o "okt w12 | Qeftf
(T v Wil ) 5
and
80'2 deff

VarianceError < —mM88 - .
“l-—ayptr(H) K

Here k*, kT are arbitrary indexes, and the effective dimen-
sion is defined by

dess = k" + K Z Ai + 1K (s + K) Z A7
k*<i<kt >kt

Moreover; the bound is minimized for k* := max{k : A\, >
1/(v0K)} and k' := max{k : A\ > 1/(70(s + K))}.

The excess risk bound in Theorem 4.1 consists a bias error
term that stems from the incorrect initialization wy — w* #
0, and a variance error term that stems from the presence
of additive noise y — (w*, x) 7 0. Our bound is dimension-
free and problem-dependent: instead of depending on the
ambient dimension d, it depends on the effective dimension
dess, which is jointly determined by the problem and the
algorithm. In particular, when the eigenspectrum of the data
covariance decays fast, the effective dimension dess could
be much smaller than the ambient dimension d (and sample
size N) to enable generalization in the overparameterized
scenarios.

For example, let us consider s = N/2 and K =
N/(21log(N/2)), which corresponds to SGD that starts de-
caying stepsize after seeing half of the samples. Then the
excess risk bound vanishes provided that dess = o(K) , or
in other words,

B 0<1m;(VN)>, 3 on=o(1), Y N = 0(%)

k*<i<kft >kt
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Table 1. A comparison between our result and several existing results. See Section 4.1 for more details.

‘ Bach & Moulines (2013)  Ge et al. (2019)

Zou et al. (2021b) Ours

output ‘ averaged iterate last iterate averaged iterate last iterate
initial
< < < <
StepSiZG TR 1 T 1 TR 1 TS 1/1Og(N)
effective
N N
number of N oa(N N loo(N
StepS (Neff) Og( ) Og( )
effective
dimension d d E* 4+ 2N2Y e A2 k* + 72 Negs” Dok A
(deff)
effective o+ o? + log(N):
: 2 2 |2 |2
noise o o (|w HIM* o |w ||10,k* 2
(02 T Ner +Iw . Nk + 1w 5,
effective 112 |2 |w* |2 _ IX = yE) Vw7
: [w™l2 dllw*|3 Hy ‘2
bias error o+ Ilw* I, Y Nets
: Y Nets Y Nets 2Nes? Koo
(Biasess) ¢ T = AH) N w5,
unified . 2 degs
risk bound Blasere + Tors - Negs

Theorem 4.1 allows the last iterate of SGD to generalize
even in the overparameterized regime (d > N). Several
concrete examples are presented in Corollary 1.

Corollary 1 (Example data distributions). Under the same
conditions as Theorem 4.1, suppose that s = N/2, K =
N/(210g(N/2)), vo = 1/(4atr(H) log(N))), and |wo —
wW*||2 is finite. Recall the eigenspectrum of H is (Ai)i>1.

1. If A, = k=) for some constant r > 0, then the
excess risk is O(N% -log T (N)).

2. If \p = k= tlog™"(k + 1) for some constant v > 1,
then the excess risk is O(log™"(N)).

3. If \p = 27, then the excess risk is O(N " log? (N)).

These examples are from Corollary 2.3 in Zou et al. (2021b)
for SGD with iterate-averaging (one can verify that their
Corollary 2.3 also holds for constant-stepsize SGD with
tail-averaging with s = N/2). Comparing our Corollary 1
with Corollary 2.3 in Zou et al. (2021b), we can see that the
excess risk bounds of last iterate SGD is inferior to that of
SGD with averaging by at most polylogarithmic factors.

Reduction to the Classical Regime. It is worthy noting
that Theorem 4.1 nearly recovers the minimax optimal
bounds (Polyak & Juditsky, 1992; Bach & Moulines, 2013)

in the classical regime when d = o(NV). In particular, let
us set k* = kT = d, s = 0 and K = N/log(N), then
Theorem 4.1 implies:

2 2
—w*||5 log(N dl N
BiasError < [[wo ‘:0]”\? og( )(1+ OgN( )>’
2
VarianceError < %g(]\f)'

Now choose o = 1/(4a tr(H) log log(V)) and recall d =
o(N), then both the bias and variance errors match the
statistical minimax rates (Polyak & Juditsky, 1992; Bach &
Moulines, 2013) up to some logarithmic factors.

Comparison with Existing Bounds. Table 1 presents a
detailed comparison between our result and several existing
results, including Ge et al. (2019) for last iterate SGD and
Bach & Moulines (2013); Zou et al. (2021b) for SGD with
iterate averaging. To unify notations, we use v, IV, d, w*,
o2 to denote the (initial) stepsize, the total number of steps,
the ambient dimension, the optimal model parameter and
the noise level, respectively. We also use effective number
of steps as the number of equivalently steps when using con-
stant stepsize (or can be understood as the total optimization
length). The effective dimension can be understood as the
number of useful dimensions (discovered by the algorithm)
that contribute to the problem. We also assume all algo-
rithms are initialized from zero (wy = 0), without lose of
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generality. To be consistent with the algorithmic setting of
Ge et al. (2019), we restrict our result to geometric decaying
stepsize scheduler (s = 0), which decreases the effective
number of steps in our result. Table 1 shows that our result
generalizes that in Ge et al. (2019) for last iterate SGD to
high dimensional setting, and is comparable to that in Zou
et al. (2021b) for SGD with iterate averaging ignoring some
logarithmic factors.

4.2. A Lower Bound

We complement the above upper bound with a lower bound.

Theorem 4.2 (A lower bound). Consider last iterate SGD
with stepsize scheme (3). Suppose Assumptions 3.1, 3.2B
and 3.3 hold. Let K = (N — s)/log(N — s). Suppose
K > 10 and vy < 1/A1. Then we have

1 1
E[L(wy)—L(w")] = iBiasError—i— §VarianceE.rror,

where
BiasError > ||(I — ”YOH)S+2K(W0 - W*)H; +
Ly -y, -
1200 W K
and
Vari E > g dest
arianceError > — - .
~— 400 K

Here k* := max{k : \y > 1/(v0K)}, k' := max{k :
A > 1/(vo(s + K))}, and the effective dimension is de-
fined by

dess = k" + 70K > N+3E(s+K)> AL
k*<i<kt >kt

Theorem 4.2 provides a problem-dependent lower bound
for last iterate SGD in the well-specified linear regression
model. It shows that our variance error bound is tight up
to constant; however, for our bias error bound, there is a
gap (1/(70K) vs. (I — voH)®Hj.;~) between the upper
and lower bounds in the first term, and is missing a factor
of |[wg — w* H%Io-m and a log(s + K) factor in the second
term. These gaps are due to some technical difficulties to
obtain an accurate bias bound on the last iterate of SGD. We
leave it as a future work to close these gaps.

4.3. Comparison with Polynomially Decaying Stepsize

In terms of the statistical minimax rate, it is proved by Ge
et al. (2019) that the last iterate of SGD performs better
with geometrically decaying stepsize than with polynomi-
ally decaying stepsize. Nonetheless, their comparison is in
terms of the worst-case performance, and Ge et al. (2019)
did not rule out the possibility that there could exist some

linear regression problems such that SGD generalizes bet-
ter with polynomially decaying stepsize. Thanks to our
sharp problem-dependent bounds on SGD with (tail) ge-
ometrically decaying stepsize, we are able to compare its
performance with that of SGD with (tail) polynomially de-
caying stepsize, in an instance-wise manner. The (fail)
polynomially decaying stepsize is formally defined by

Y0, 0§t§87
V¢ = 4
Yo/t —15)% s<t<N,

for some a € [0, 1]. We then present a problem-dependent
excess risk lower bound for the last iterate of SGD with
stepsize scheme (4). Due to the space limit, the following
theorem focuses on a € [0, 1); the full version for a € [0, 1]
is stated as Theorem E.3 in Appendix E.

Theorem 4.3 (A lower bound for poly-decaying stepsizes).
Consider last iterate SGD with stepsize scheme (4). Sup-
pose Assumptions 3.1, 3.2B and 3.3’ hold. Suppose vy <
1/(4M1), 570 > D 4o Ve and a € [0, 1). Then we have

1 1
E[L(wy)—L(w")] = §BiasError—|— §VarianceError,

where
l1—a
BiasError 2 ||(I— 70H)S+721¥7a (wo — W) ’?{
dess
+ 8- wo —w*llgg,, - ;V :
and
. 2 deff
VarianceError 2 o° - N

Here 1 1= max{k : o\ > (1 - a)/(2(N — ) ~)}
kt := max{k : yo\r > 1/(25)}, and the effective dimen-
sion is defined by

degs := Z max{N'"%y)\;, alog(N)}
i<k

+N D> AFgsN YA

k*<i<kt i>kt

Comparing Theorem 4.3 for tail polynomially decaying step-
size with Theorem 4.1 for tail geometrically decaying step-
size, the main difference is in the definition of the effective
dimension de¢¢. This is due to the different algorithmic regu-
larization effects afforded by the different stepsize decaying
schemes. With this difference in hand, our next theorem
provides an instant-wise risk inflation (Dhillon et al., 2013)
comparison between (the last iterate of SGD with) these two
stepsize decaying schemes.

Theorem 4.4 (An instance-wise risk comparison). Suppose
Assumptions 3.1, 3.2 and 3.3’ all hold. Suppose vy <
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1/(Batr(H)log(s + K)). Let N be the sample size, and
set s = N/2. Let wSi® and wR° be the last iterate of SGD
with stepsize scheme (3) and (4), respectively. Then there is
a constant C > 0 such that

E[L(wy") — L(w")] <
C- (1+1og(N) - R(N)) - E[L(wWX") — L(w*)]

Sor every problem-algorithm instance (H, w*,~). Here

Iw— w2 /(0N) + [w — w2
R(N) = IO:kT 3 Hk,f:oo

o
for k' := max{k : \j, > 1/(7N)}.

The choice of s = N/2 in Theorem 4.4 is for ensuring that
the two SGD variants have the same optimization trajectory
length, i.e., Zf\;l ~vi = ©(N~yp). This rules out the trivial
optimization difference in the bias error between the two
SGD variants, so Theorem 4.4 reveals only the statistical
difference between the two stepsize schemes.

Let us assume log(N) - R(N) < 1 for now. Then Theorem
4.4 reads that, for every problem instance, with the same ini-
tial stepsize, the excess risk of SGD with tail geometrically
decaying stepsize is no worse than that of SGD with tail
polynomially decaying stepsize, upto constant factors. This
suggests that for the last iterate of SGD, a tail geometrically
decaying stepsize is always as good as a tail polynomially
decaying stepsize in terms of generalization.

We now discuss the quantity log(N) - R(N) in Theorem
4.4, First of all, this quantity is rooted from the log(s + K)
factor in the bias error upper bound in Theorem 4.1. There-
fore, the log(N) - R(N) factor in Theorem 4.4 might be an
artifact that can be removed given a tighter bias analysis (we
conjecture that Theorem 4.1 is not tight with the log(s + K)
factor). Moreover, we argue that log(N) - R(N) itself is
small in many scenarios so that the comparison in Theorem
4.4 is still meaningful. To see this, note that

R(N) < |lw = w*[[3/(voNo?)

by the definition of k7. Thus, we have log(N) - R(N) =
O (1) solong as [[wo — w*[|3 = O (027 N/log(N))).

Figure 2 provides further empirical verification to our com-
parison of the two stepsize schemes for the last iterate of
SGD. We see from Figure 2 that the last iterate of SGD gen-
eralizes significantly better with tail geometrically decaying
stepsize than with tail polynomially decaying stepsize.

5. Overview of the Proof Techniques

We now sketch the proof of Theorem 4.1 and highlight
the key proof techniques. A complete proof is deferred to

Appendix C. For simplicity, let us denote L := log(N — s)
and K := (N — s)/L, and assume they are integers.

Bias-Variance Decomposition. We follow the well-known
operator viewpoint for analyzing SGD iterates (Bach &
Moulines, 2013; Dieuleveut et al., 2017; Jain et al., 2017a;b;
Neu & Rosasco, 2018; Ge et al., 2019; Zou et al., 2021b).
In particular, the excess risk can be decomposed into bias
error and variance error (see Lemma B.2 in the appendix):
E[L(wy) — L(w")] < (H,By) + (H,C),
where By and C; refer to the last bias iterate and the last
variance iterate in the matrix space, respectively. More
precisely, they are recursively defined by?

t>1;

B, = (Z—~T:) 0B 1,
{ t t/t t—1 ; (5)

By = (wo — w*)(wo —w"*) ',

t>1;

{Ct = (Z—nT:)oCi1 +7Z, ©)

Cy =0.

Here Z = IQI M = Ex®@x®x®x|and T; :=
H®I+I®H — ;M are operators on symmetric matrices
(see Appendix B for their precise definitions). One can
verify that for symmetric matrix A,

(T —%T:) o A =E[(I - yxx )AL - yxx")].
We next bound (H, By) and (H, Cy) separately.

5.1. Bias Upper Bound

We first bound the bias error. Recall that the stepsize scheme
(3) splits the total N iterations into L = log(N — s) fixed-
stepsize phases: in the first phase, SGD is initialized from
By, and runs with constant stepsize v for s + K steps; and
in the /-th phase for 2 < ¢ < L, SGD is initialized from
B,k (¢—1), and runs with stepsize 70/24*1 for K steps.

Main Challenges and Proof Techniques. The key dif-
ficulty here is to obtain a sharp characterization of each
bias iterate (i.e., B;), instead of their summation Zi\/: 1 By
Therefore, existing techniques for SGD with averaging (Jain
et al., 2017b; Zou et al., 2021b) are not sufficient. In partic-
ular, Zou et al. (2021b) only gave a constant upper bound
on the bias iterate (see Eq. (D.3) in their Lemma D.4, which
is already sufficient for their purpose). To obtain a tight and
vanishing bound on each bias iterate, we need to carefully
utilize the (Z — yT')? decaying factor in the bias expansion
(see (8)). Our proof is motivated by this idea and handle
the decaying factor with an inequality (1 — yz)" < 1/(vyx)
(see (9)). Based on this we get a (relatively loose) vanishing

2One can think of the bias iterates as SGD iterates on the data

without additive label noise, and the variance iterates as SGD
iterates with initialization w™.
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Figure 2. Excess risk comparison between SGD variants. The problem dimension is d = 256 and the linear regression model is well-
specified with noise variance 0® = 1. TAIL AVERAGE: constant-stepsize SGD with tail averaging (s = N/2); EXP DECAY: SGD with

geometrically decaying stepsize (s = 0 and K = [N/ log(
(s=N/2and K =

N)1); TAIL EXP DECAY: SGD with tail geometrically decaying stepsize
[N/(21og(N/2))]); TAIL POLY DECAY: SGD with tail polynomially decaying stepsize (s = N/2 and a = 1). We

consider 6 combinations of 2 different covariance matrices and 3 different true model parameters. For each algorithm and each sample
size, we do a grid search and report the best excess risk achieved by vo € {10_4, 2x107%,5x107*,7x107*,1073,2 x 1073, 5 x
107%,0.01,0.02,0.03,0.05,0.075,0.1,0.2,0.3,0.5, 0.8, 1.0}. The plots are averaged over 20 independent runs.

bound on each B;. We further sharpen this upper bound
with a multi-phase strategy: (1) splitting the entire bias iter-
ates into multiple phases; (2) deriving an upper bound for
each phase; and (3) carefully combining them to get the
final result. Details are explained below.

One Phase Analysis. We first investigate the decreasing
effect of the bias error within one phase. For simplicity, with
a slight abuse of notation, we use 7, n and B, to denote
the constant stepsize, the number of steps and the ¢-th bias
iterate (0 < ¢t < n) within one phase, respectively. Assume
thaty < 1/(3atr(H)logn). Clearly H®H > 0, therefore

T =HoI+IoH-yHoH
=T+ M —yHQH < T + M. (7

Plug (7) into (5), and apply Assumption 3.2A, we obtain:

B < (ZT-~T)oBi_1+ay’ (H,B,_)H, t>1.

Solving this recursion yields

t—1 N _
B; < (I-7T)'oBo+an? Y (I—~T)""'"'oH-(H,B;).

=0

)
In (8), we apply
I

(Z-AT)" ' oH=1-yH?""H <

v(t —1)

and take the inner product with H, so we have

t—1

(H,B;) < <(I - ’Y7-)t oH, Bo>+a’y tr(H) Z @ )
i=0

————
()
&)
By recursively calling (9), one can observe that term (¢) is
self-governed (this trick first appears in Varre et al. (2021) to
our knowledge), which leads to the following upper bound
(see Lemma C.4 in the appendix):

t—1
(T —~T)
< Z t—i BO>'
=0
Substituting the above bound into (9) leads to

(H.By) (T -7) oH+Z% Bo)

S <%10:k* + Hp oo, Bo>, (10)

where the second inequality holds by bounding the
summation » o, ,(-) separately for } ,; , () and
2_t/2<i<i(") (see Lemma C.4 in the appendix for more
details). Here k* can be arbitrary. From (10), we can see a
decreasing effect of the bias error within one phase.
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Combining Multiple Phases. Next we discuss how to com-
bine the decreasing effect of multiple phases. In this part,
we use B to denote the bias iterate output by the (-th
phase (a.k.a., the input of the (¢ 4 1)-th phase).

In the first phase, a bound on B(Y) is obtained by setting
k* = k' and v = 7 in (10), and substituting (10) into (8)
with t = s + K (see Lemma C.7 in the appendix):

BW < (T - 7’%)”1( o By +7§(s + K)log(s + K)-

+HkT:OO7BO>' ( +Hklfoo)

(11)
In the second phase, setting v = 70/2 and t = K in (10),
we obtain

IO:kJr

< IO:k*
Yo(s + K) Yo(s+ K)

1
<HaB(2)> 5 <%IO:I€* +Hk*:007 B(1)> (12)

Plugging (11) into (12) shows that B(?) already achieves
the desired bias bound in Theorem 4.1. The remaining effort
is to combine the effect from the third to the L-th phase,
which leads to (see Lemma C.8 in the appendix):

(H,B")) < e (H,BY).

This completes the proof for the bias error.

5.2. Variance Upper Bound

Main Challenges and Proof Techniques. Note that we
are considering the variance error of the last SGD iterate,
thus we cannot utilize the effect of iterate averaging to de-
crease the variance error (Bach & Moulines, 2013; Jain
et al., 2017a;b; Zou et al., 2021b). Instead, to achieve a
vanishing variance bound on the last iterate, we need to
consider the effect of stepsize decaying. More details are
provided below.

We first observe a uniform but crude upper bound on the
variance iterates (see Lemma C.1 in the appendix, and also
Lemma 5 in Ge et al. (2019)):

2
o
Ctjl_%

—— I t=1,2,...,N. 13
a"yot]j'(H) Y ) ) ) ( )

Then we will plug this crude bound on C; into (6) to further
improve the upper bound of C; (see Theorem C.2 and its
proof in the appendix):

2 N N
g
Cy~< —— 2 I-~H)?H.
U=ty D DR | (Rt

t=1 i=t+1

()

The remaining effort is to control term (*). Intuitively,
though () is a summation of N terms, () could vanish
as N increases thanks to the appropriate decaying stepsize

scheme (3): for large ¢, the ¢-th term in the summation is
small as - is small; as for small ¢ where -, is large, the
t-th term in the summation is also small since the product
[1Y, (I — +H)?H is small (note the subsequent 7;’s
are at least /2 according to (3)). More precisely, our
analysis (see Lemmas C.3 and D.2 in the appendix) shows

that, ignoring constant factors,
1.
(*) ~ ?Ho;llg* + ’YOIk’*:k"' + 73(5 + K)HkToo

for the optimally chosen k* and k' in Theorems 4.1 and 4.2.
In this way, we can establish a tight upper bound on C;.
Finally, taking inner product with H yields the variance
upper bound (see Theorem C.2 in the appendix).

6. Concluding Remarks

In this work, we provide a problem dependent excess risk
bound for the last iterate of SGD with decaying stepsize
for linear regression. The derived bound is dimension-free
and can be applied to the overparamerized setting where
the problem dimension excesses the sample size. A nearly-
matching, problem-dependent lower bound is also proved.
We further compare the excess risk bounds of last iterate
SGD with tail geometric-decaying stepsize and that with
tail polynomial-decaying stepsize, and show that the for-
mer outperforms the latter, instance-wisely. We believe the
developed theoretical framework can also be used to find
better stepsize schemes, or even the optimal one, which is
left as a future work.
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A. More Examples for Assumption 3.2

Proposition A.1 (Examples for Assumption 3.2A). Assumption 3.2A holds for data distributions with a bounded kurtosis
along every direction (Dieuleveut et al., 2017), i.e., there is a constant o > 0 such that

for every v, E[(v,x)"] < a(v,Hv)>.
In particular, the above is satisfied when z := H~2x has sub-Gaussian or sub-exponential tail.
Proof. For a PSD matrix A, with eigenvalues (y;);>1 and eigenvectors (v;);>1, and a vector u, we have
u'Exx"Axx'|Ju=E[x"Ax - (x,u)?]

=3 Bl v ow)?

< Z i - VE[(x,v3)4] - E[(x, u)?] (by Cauchy-Schwarz inequality)
<a- Z wi - (vi, Hv;) - (u, Hu) (by bounded kurtosis condition)

=a-(A,H) - (u,Hu).
Since the above holds for every vector u, we conclude that
Exx Axx'] <a- (A, H) H,
which proves Assumption 3.2A. O
Proposition A.2 (Examples for Assumption 3.2B). Denote z := H ix=: (21,...,2a) . Then Assumption 3.2B holds if:

1. the distribution of z is spherically symmetric, with a stochastic representation z = r - u where r and u are independent,
r > 0 and u obeys the uniform distribution on the unit sphere S*1;

2. E[r’] =dand E[r*] > B - d(d + 2) for a constant 3 > 0.5.

Proof. We refer the reader to Fang et al. (2018) for the moments calculation of spherically symmetric distributions.

Note that E[z] = 0 and E[zz "] = I. Let e; be the first standard basis, then for every unit vector a = (ay,...,aq)",
El(e;z)* - (a’2)’] =E[:} - (a'2)’]
d
=a} Elzi]+ ) _af - E[:{+]]
j=2

3 1
:al-E[r4].m+Za§.E[r4].m

d
>38-a7+B-) af>ai+8

j=2
=(efa)’ + 5.
By the spherical symmetricity the above condition is equivalent to:
for every unit vectors aand b, E[(a'z)?- (b'z)?] > (a'b)? + 3.
Then for every PSD matrix A, with eigen decomposition A = Z?:l pia;a; , and every unit vector b, it holds that

d
b Elzz' Azz' b= ui-E[(az)’ (b'z)’

i=1
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Y

d
Y ni- (@b +5)
i=1

b"Ab + 3 - tr(A),

which implies that E[zz” Azz"]| = A + 3 - tr(A) - I for every PSD matrix A. Finally, applying x = H2z we obtain

E[xx " Axx']

H>E[zz H?AH?zz |H?
H:(HZAH? + §tr(H? AH?)I[)H?
HAH + 3 tr(AH)H,

Y

which proves Assumption 3.2B. O

B. Preliminaries

For two matrices A € R%*? and B € R4¥¢, their tensor product is defined by

anB alnB
AgB.=| : - o | e RT X
aB ... a,,B

where a;; is the entry of A in the i-th row and j-th column. We can also understand A ® B as a linear matrix operator, in
which case we write
(A®B)oC:=(A®B):vector(C),

. . 2 . . .
where C € R4*? is a matrix and vector(C) € R? converts C into a vector in the canonical manner.

Operators. We first summarize the linear operators (on symmetric matrices) to be used in the proof:

IT:=1x®I1, M :=E[(xx")® (xx")], M=H®H,
T =HoI+IoH-vwM, T,=Hol+IoH-~vH®H.

With a slight abuse of notations, we write 7; (resp. 7~2) as T (resp. ’7~') when the corresponding stepsize y; in its definition is
written as y. We use the notation O o A to denotes the operator O acting on a symmetric matrix A. One can verify the
following rules for these operators acting on a symmetric matrix A (Zou et al., 2021b):

ToA=A, MoA=E[x Ax)xx'], MoA =HAH,

. (14)
(Z—-~T)oA=E[I—~vxx )AI—-yxx")], (Z—-~T)oA = (I-~H)A(I-~H).

For the linear operators we have the following technical lemma from Zou et al. (2021b).

Lemma B.1 (Lemma B.1, Zou et al. (2021b)). An operator O defined on symmetric matrices is called PSD mapping, if
A = 0 implies O o A = 0. Then we have

1. M and M are both PSD mappings.

2 Z—~TandT — 7’7' are both PSD mappings.

3. M —MandT — T are both PSD mappings.

4. If0 <~y < 1/, then T 1 exists, and is a PSD mapping.

5. If0 < v < 1/(atr(H)), then T 1 o A exists for PSD matrix A, and T~ is a PSD mapping.

Proof. See proof of Lemma B.1 in Zou et al. (2021b). O
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We then prove the bias-variance decomposition.

Lemma B.2 (Bias-variance decomposition). Suppose Assumptions 3.1 and 3.3 hold. Then the excess risk could be

decomposed as
E[L(wx) — L(w")] < (H.By) + (H,Cy).

Proof. The proof has appeared in prior works (Jain et al., 2017b; Ge et al., 2019). For completeness, we provide a simplified
(but not fully rigorous) proof here. Consider the centered SGD iterates 1; := w; — w*, where wy is given by (2), then the
centered iterates are updated by

e = (I—yexex) )1 + w&exe, t=1,2,...,N,

where & := y; — (W* — x;) is the additive noise. With a slight abuse of probability spaces, one can view the centered SGD
iterates as the sum of two random processes,

™ nflastn;/ariance’ t=1,2,...,N, (15)
where

bias

n;)ias — (I ’thtxt )nFlaf’ nz/ariance — (I ’thtxt )nzlarlance + "Yté.txtv
Ny~ = Wo — w*,

variance __
70 =0.

Then one can verify that E[n}241¢] = 0, and moreover,
Bt — E[’I’)};las ® n?ias]’ Ct _ E[T’Xariance ® n;/ariance]’

where B, and C; are defined in (5) and 6. Finally, the lemma is proved by

! (H,E[ny @ nn])

E[L(wy) = L(w")] = 5
1

2 <H E[(T’})\}as + nvarlance) (n%as + ,r’varlance)]>
S <H7E[77R}as ® b115]> + <H ]E[ variance ® n}z\?rianceb
= <H7BN> + <H7 (3]\[>7

where the inequality is because: for two vectors u and v, (u+v)(u+v)" < 2(uu’ +vv'). O

Lemma B.3 (Bias-variance decomposition, lower bound). Suppose Assumptions 3.1 and 3.3’ hold. Then the excess risk
could be decomposed as

E[L(wx) ~ L(w")] = £ (HLElny @ ny]) = L (H.By) + L (H.Cy).

Proof. The first equality is clear from definitions. The second equality is due to (15) and the following fact (by Assumption
33’). ]E[,rlziarlancc‘nz)las] — 0. D

C. Proof of Upper Bound
C.1. Variance Upper Bound

In this part we replace Assumption 3.2B with the following relaxed Assumption 3.2°. It is clear that Assumption 3.2B
implies Assumption 3.2° with R? = o tr(H).

Assumption 3.2’ (Fourth moment condition, relaxed version). There exists a constant R > 0 such that E[xx"xx "] < R?H.

The following lemma is from Ge et al. (2019).

Lemma C.1 (Lemma 5 in Ge et al. (2019)). Suppose Assumptions 3.1, 3.2” and 3.3 hold. Consider (6). Suppose vo < 1/R2.

Then for every t we have
2
Yoo
Cos1 7

1.
Yo R?
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Proof. The original proof has appeared in Ge et al. (2019) and J ain et al. (2017a). We present a proof here for completeness.

We proceed with induction. For t = 0 we have Cy = 0 =< 1 7z 1. We then assume that C; 1 = g R2 I, and exam C;
based on (6):
Ci=(I—%T)oCi1+%Z
=Z-vHeILl-7%IeH)oCry +7MoCiy + 7S
2 2
Y00 2 Yoo 2 2 2
= W'(I—Q’WH)-F’% ﬁR H+v;0°H
2 2
Yoo 2 g
l_fYORz ( Y70 ’Yt) 1—’70R2
2
<9 1
—1—9R?
This completes the induction. O

Theorem C.2 (A variance bound). Suppose Assumptions 3.1, 3.2 and 3.3 hold. Consider (6). Let K = (N —s)/ log(N —s).
Suppose s > 0, K > 1 and vy < 1/R2. We have

8a? k‘ 2
k*<i<kf z>kT

where k* and k' can be arbitrary.

Proof. From (6) we have
Ct j (I — ’Wﬁ) o Ct—l + ’)/EM o) Ct—l +’}/t20'2H

~ 2
< (T—7T:)oCs1+77- % -R*H ++20’H (use Lemma C.1)
— %

o
T_ _ T
=(I—T;)oCio 1+ 7o o2

Solving the recursion yields

Cn = 1_%R2 Z’Yt H (I—-vTi)oH

= 1=t+1

= 7R2Z% H (I-~H)’H

= 1=t+1

o e ORQZ% H (I-H)H. (16)

= 1=t+1

()

Now recalling (3), we have
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L-1 o K\ L1 Y K
+;ﬂ< @—%@)]I@—y@, (17)

j=t+1

where we understand H]L:_Ll (-) = 1. Define a scalar function

farima (1= =) TL0- )+ X5 (- 0-50%) T 05"
j=1 =1 j=t+1

then applying f(-) to oH in each diagonal entry, and using Lemma C.3, we have
8
f(H) =2 7o Lok + 270 He g + 295 (s + K)Hji.o

for arbitrary £* and k. Now using (16) and (17), we obtain

o? 802

CN = f(’}/()H) . H_ '< 1_ 0R2

1
_1*7'}/01%2. < Hok*'i_'YOIk*kT""’YO(S""_K)Hk* )

and consequently,

802 [k
(H.CN) < 7—— | 7=+ 70 SNt Y A2,
o ke <i<kt ikt

where k* and k' can be arbitrary.

Lemma C.3. Suppose s > 0, K > 1 and x € (0,1]. For the scalar function

f) = (1= (1-2)""). ﬂ -5 +;;~(1—<1—;)K)- IT -5~
j=1 =1 j=t+1

we have

8
f(z) < min {2(3 + K)z?, 2z, K} .
Proof. We show each upper bound separately.

e Forz € (0,1], we have (1 — 2)**K > 1 — (s + K)z and (1 — 2)X > 1 — Kx, which lead to

f(x)Sx-(s+K)m~l+Z—-—~1§2(5+K)x2

¢ Clearly, for « € (0, 1] we have: f(x) <z-1- 1+Ze 1o 1-1< 20

» Forz € (0,2/K), by the previous bound we have f(z) < 2z < 4/K.

As for z € [2/K, 1], there is an
7= |log(Kz)] —1€[0, L—-1),

such that
2T K <o < 2" T?/K.

by which and the definition of f(x) we obtain:

— L-1 L—-1

H (=) + g I 0-5)"
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A e Lo, L vk
=> 5 Il =507+ > o Il =5))
=0 j=0+1 (=041 =41
oz T K P
<D o U=gmg) + > 5l
=0 =041
9l —t+2 ol —t\ K Lol g —i+2
= K '(1_ K) * k7
= (=041
-
4 Vo) 721%*—@ 4
S?'Z2 - e +?
=0
4,48
= SR dabe

In sum we have f(z) < 8/K holds for every = € (0, 1].

C.2. Preparation: Bias Upper Bound in a Single Phase

In this section we consider running bias iterates with constant stepsize ~ for n steps. We note this process corresponds to
SGD in one phase with constant stepsize. For simplicity we denote the initial bias iterate as Bg. Then the bias iterates are
updated according to

B:=(Z—-~T)oB;_1, t=1,2,...,n. (18)
For simplicity, let us define
~ 1
Hy = —lop + Hpo, 021, (19)
gl

where k£* > 0 could be any integer.

From (18) we have
B, < (Z—7T)oBi1+7*MoB,_

t—1

< (I —~T) oBg++> Z(I AT " o Mo B;

i=0
< (Z—-~T)" 0B+ ay? Z(I —T) o H - (H,B)

i=0
=(Z-1T) oBo+ay’ ) (I-yH)?*"""IH. (H B, (20)

«
I

where the inequality also holds for ¢ = 0 with the understanding that Zi_:lo -=0.

The following lemma provides a crude upper bound on (H, B,,).
Lemma C.4. Suppose Assumptions 3.1 and 3.2 hold. Consider (18). Suppose n > 1 and v < 1/(2a tr(H) logn). We have

2 1
H Bn < : 71 k* H *'007B )
(H,By) < 1 —2avytr(H)logn <*yn ke o+ He: O>

where k* can be arbitrary.

Proof. Notice (1 —z)t < 1/((t + 1)z) for z € (0,1), then (I — yH)*H =< ﬁl. Inserting this into (20) and setting
t = n, we obtain
(H,By)

t—1
B, 2 (Z—9T) oBotay) =1 121, @1
=0
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and thus

.8 < (27 e 1 By) + aisy 3 2

= ((I-~H)*H,By) + ay tr(H) 4

Recursively applying (22) to each (H, B;), we obtain

(H,B,) — (I—yH)*H (S (H,B;)
Z n—t —<tz: n—t ’B°>+mtr(H);i_o (n—t)(t—1)
2

t=0

11— HH)2H XHB) L 1
:< — ,B0>+a'ytr(H)l - Zl —+

— 1
(1-yH)*H 1 (H,B;)
< (5 M ) s o L,

which implies that for v < 1/(2a tr(H) logn), we have

Mz “M

S (HBy) _ 1 I H*H
n—t — 1—2aytr(H)logn n—t /)

i

(=

~

(22)

(23)

We would like to acknowledge Varre et al. (2021), from where we learn the trick to reach (23). Furthermore, we can bound

() as follows:

n/2—1 2t n—1 2t
B (I-~H)*H (I-~H)**H
(*) o n—t + Z n—t
t=0 t=n/2
277,/271 n—1 1
<z I-yH)*H+ (I-+H)"H
<= ) IT-yH)H+ (I >

=0 t=n/2
H
ST L ogn - (- AH)"H

I—(I-~H)"

<2logn - (
n

+(I- 7H)"H> .
Finally, inserting (23) and (24) into (22), we obtain

(H,B,) < ((I—~vH)>"H,Bo) +

2aytr(H)logn /I—(I—~H)"
1 —2aytr(H)logn n
1 I—(I—~H)"
< . I-yH)"H,B
~ 1—2avytr(H)logn < yn +{I-H)H, O>

2 1
< A —Ippr + Hir 0o, B
~— 1—2aytr(H)logn <7n ke + B0 0>’

where the last inequality is because

I-(I—~H)"
yn

1 1
j 710:1@* + Hk":ooa (I - 'YH)HH j 710:]@* + Hk:*:oo
n n

+(I- 7H)"H,B0>

(24)

(25)



Last Iterate Risk Bounds of SGD with Decaying Stepsize for Overparameterized Linear Regression

The following lemma provides an upper bound for B,,.

Lemma C.5. Suppose Assumptions 3.1 and 3.2 hold. Consider (18). Suppose n > 2 and v < 1/(2a tr(H) log n). We have

3ay?nlogn < ~

B, < (I—~H)" B, - (I—~H)" - (H,,Bo) - H,.
=< (I—-~H) o (I—~H) Jr1_204'ytr(H)logn 0>

Proof. We bring Lemma C.4 into (20) to obtain

B, < (Z—~T)"oBg + ay?(I— yH)>""VH . (H, By)
n—1

+ay® Y (I—yH)""VH .- (H,B)
t=1

< (Z—~T)" 0By +ay?(I—~yH)*"VH. (H, B)
(%)

20y2 ity (el N
. I-~yH)*""'-YH.(H, B 26
+ 1 —2avytr(H)logn t:Zl( vH) < b 0>7 (26)

(+%)

where

~

1
H; = 710:]@* + Hk*:oo» t>1
vt

For term (%), we bound it by

n/2—1 n—1
() = Y (I—AH)*"DH. (H, Bo) + »_ (I—~H)*""VH. (H,,By)
t=1 t=n/2
n/2—1 n—1
= > (@T-yH)"H-(H,Bo)+ »  (I—+H)""'""H- (H,,By)
t=1 t=n/2
n/2—1
N I-(I—-H)"2
t=1
< (I—~H)"H - (n(logn — 1) -H,,Bg) +2- I_(I;WH)H -(H,,By)

< n(logn—1)-H, - <ﬁn,B0> +2.-H, - <ﬁn, Bo) (use (25))
= (nlogn—n+2)- <ﬁn,B0> “H,,.

In order to bound (), notice that for n > 2,

~

(I - VH)Q(nil)H j IO:k* + Hk*:oo j Hn7

2y(n—1)
then we have
(*) j ﬁn : <H3BO> j n- I/_:\[n ) <I/_\InaB0>7

where the last inequality is because v < 1/ tr(H) implies Aq, ..., Ag« < 1/~ for every k*.
Finally, bring the bounds on () and (*x*) into (26), we obtain
B, < (Iffy’?')"oB0+oz’yQ~n'I/-\In . <ﬁn,B0>

202

“(nlogn —n+2)-(H,,By)-H,
+1720rytr(H)logn (nlogn —n+2) - (Hn, Bo)
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3ay’nlogn ~

<(Z—~T)"oB -(H,,By) - H,.
ST =AT)"e O+1—2a’ytr(H)logn (Hn, Bo)

Applying the definition of T completes the proof.

C.3. Bias Upper Bound
Let us denote the bias iterate at the end of each stepsize-decaying phase by

g ._ ) Bo, t=0; @7
Boixw, £=1,2,...,L.

According to (3) and the above definition, we can interpret the SGD iterates (5) as follows: in phase £ = 1, SGD is initialized
from By and runs for s + K steps with constant stepsize 7(!) := ~, and output B(); in phase ¢/ > 2, SGD is initialized
from B~ and runs for K steps with constant stepsize

(t-1) ._ 7o
,y L 2[?17
and output B(); the final output is B(X) = By.

We now build an upper bound for bias error based on results obtained in Section C.2.

Lemma C.6. Suppose Assumptions 3.1 and 3.2 hold. Consider (27) and (5). Suppose vo < 1/(3atr(H)log(s + K)). We
have

IN

for £ =1, <H,B(1)> Lo + Hpx oo, Bo>§

6.<A/0(s—|—K)

1
IO:k* + Hk*:oo7 B(€_1)>7

where k* can be arbitrary.

Proof. For (H, B ), we apply Lemma C.4 with v — 7o andn — s+ K, and use the condition that avy tr(H) log(s+K) <
1/3.

For (H, B®)) with ¢ > 2, we apply Lemma C.4 with v — v{“~1, n — K and By — B*~1), and use the condition that
avytr(H)log(K) < 1/3.

O

Lemma C.7. Suppose Assumptions 3.1 and 3.2 hold. Consider (27) and (5). Suppose vo < 1/(3actr(H) log(s + K)). We
have

for =1, BY 2 (I—4H)*™ . By - (I—~H)" ™ +

ml&k* + Hyr oo, B0> : (
for £>2, BO < (1—yE=VH)K . BE-D (14 DH)E 4

1

9073 (s + i) log(s + K) - Y0(s 1+ K)

IO:k:Jr + ka:oo) ’

50‘(7(471))2K10gK : < IO:k* + Hk*:o<>7 B(£71)> : ( IO:kJr + Hk*:oo)a

1 1
7(5_1)K fy(é_l)K

where k* and k' can be arbitrary.

Proof. For B, we apply Lemma C.5 with v — 0 and n — s+ K, and use the condition that aryo tr(H) log(s+K) < 1/3.

For B with ¢ > 2, we apply Lemma C.5 with v — 4=, n — K and By — B“~1, and use the condition that
a1V tr(H) log(K) < aryo tr(H) log(s + K)/2 < 1/6. O
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Lemma C.8. Suppose Assumptions 3.1 and 3.2 hold. Consider (27) and (5). Suppose vo < 1/(3atr(H) log(s + K)). We
have
(H,By) = (H,BW)) <e. (H,B@).
Proof. Let ¢ > 2. In Lemma C.7 choosing k* = 0 and kT = oo we obtain
BY) < I —4"VH)K. B (I - VH)E 4507V og K - <H,B(Z’1)> I
<B4 507 Dog K - <H, B(Z—1)> -1,
which implies that
(H,BY) < (1+ 507y tr(H) log K) - (H,B“~ V).

The above inequality provides us with a recursion about the bias iterates that would not blow up:

L
(H,B®)) < T (1 + 507"~V tr(H) log K) - (H,B®)

< i;/?:s 5oy tr(H) log K| (H,B®)

<e- <H,B(2)>,
where the last inequality is because 2523 =D <~ /2 and ayp tr(H) log K < 1/3. O
Lemma C.9. Suppose Assumptions 3.1 and 3.2 hold. Consider (27) and (5). Suppose vo < 1/(3atr(H) log(s + K)). We

have

1
(H,B®) <12. <—IW + Hyo oo, (T — VH)2(5+K)B0> +
YK
k*
Lokt + Hklf:oovB0> : (g +7% Z Xi + 75 (s + K) Z /\?>,
k*<i<kft >kt

1

where k* and k' can be arbitrary.

Proof. According to Lemma C.6, we have
1 1
2 1 1
(H,B®) <6 <wq>7(lo:k»« + Hy oo, BY) <12 <70KI°:’“* + Moo, BY).
On the other hand, in Lemma C.7 choosing £* = kT, we have

BW < (I-4H)* ™ By« (I —~H)*™ +
1
IO:kT + HkT:OOaBO> ' (

9a7§(8+K)log(s+K)-< m

- Ty, +H .oo).
'}/O(S+K) 0:kT kt:

Combining these two inequalities yields:

1
(HB®) <12+ (—Toe + Hpooo, (1= 70H)2 By ) +
Yo

108ay3 (s + K)log(s + K) - < Lot + HkT:ooaB0> X

Yo(s + K)

1 1
71 :k)* + Hk*ioo7 N
<V0K 0 Yo(s + K)

()

IO:kT + kazoo> .

The proof is completed by noting that

k* 1
TS Sl SN DEL DD

k*<i<kt i>kt

where kT > k* and k* and k' are otherwise arbitrary. O
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Theorem C.10 (A bias upper bound). Suppose Assumptions 3.1 and 3.2 hold. Consider (5). Suppose vy <
1/(Batr(H) log(s + K)). We have

1
(HLBy) < 126 (=T + Hieo, (1= 20H)* OBy )
1 k* 2 2
74_[()10:1& +Hm:oo,Bo> : (? + 7% Z Ai +7 (s + K) Z )\i>7

108eaclog(s + K) - <
Yo(s k* <i<kt i>kt

where k* and k' can be arbitrary.
Proof. This is by Lemmas C.8 and C.9. O

C.4. Proof of Theorem 4.1
Proof of Theorem 4.1. This is by combining Lemma B.2, Theorems C.2 and C.10, and set R? = o tr(H). O

C.5. Proof of Corollary 1
Proof of Corollary 1. For all these examples one can verify that tr(H) ~ 1. Therefore vo ~ 1/log N.

According to the optimal choice of k* and k', we can verify that

(1= 30H)* (o — w)]l, . ltwo ~ w3 _ log* N

+ || (X = oH)* T (wo — W*)H;k*m S

YoK ~ YoK ~ N
and that
lwo — w*|I | (wo —W*)H2 log? N
log(s + K) - | —————k0 4 Iy — w*||2 ><lo N - 2 < ,

therefore in Theorem 4.1 we have

ExcessRisk < BiasError + VarianceError

2 2
SJlogN]\f_~_logNN.(*)_i_(*)

< max { BN (1

where

k,*
(*)=f+70 Z )\i+7§(3+K)Z/\12

k*<i<kt >kt
k*log N 1 N 9
N log N fr ikt log® N gt

We next exam the order of log? N /N vs. (x).

1. By definitions we have
1 1

N 1+r
A~ <2 )
log® N
—r —1-—-2r

N \™ logN 1 N \% N N\
(%) ~ ) ' + : p RRYT I
log® N N logN \log® N log? N \logN

—_r

= (log N)T# - N+ 4 (log N) &+ - N1# = (log N) ¥ - N7,
g g g

therefore we have

r—1 —r

This implies that ExcessRisk < (log N) T+ - N7,
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2. By definitions we have
k*<N-(logN)™ 27", kT = N-(logN)™17",

therefore we have
(¥) = (log N) 17" + —— ! - (log k*)' ™" + al (7" (log kT)7?7)
log N log® N

~(logN)™ """ 4+ (log N)™" + (log N) '™ = (log N) ™"

This implies that ExcessRisk < (log N)™"

3. By definitions we have
k* <~logN, kf=<logN,

therefore we have

log® N 1 . N log® N
(x) = & + LR 5 g2k 08 Y
N log N log® N N

This implies that ExcessRisk < log? N/N.

D. Proof of Lower Bound

D.1. Variance Lower Bound

Theorem D.1 (A variance lower bound). Suppose Assumptions 3.1 and 3.3 hold. Consider (6). Let K = (N —s)/log(N —
s). Suppose s > 0, K > 10 and o < 1/X\1. We have

o [ k* 9 9
(H.Cx) > 105 | 70 + 0 DSTONHRE+HE) Y N,

k*<i<kt i>kT

where k* :=max {k : \, > 1/(v0K)} and k' := max {k : \y > 1/(70(s + K))}.

Proof. Notice that

Ci=(Z—%T)oCii+ (M~ Mv) 0Ci1+970°H
= (T —%Ti)oCi1 +1i0*H.

Solving the recursion we obtain

N N

Cy=0*) 7 [[ @-vT)oH

t=1 i=t+1

—022% H (I-~H)*H

t=1 i=t+1

= o2 Z% H (I-2yH)H. (28)

t=1 1=t+1

Now recalling (3), we have
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0\ Yo K—i T Yo K
+2 () L(-g=H) ] (1-g5H) #
=1 i=1 j=t+1

Yo s+K e o "
(1= (=) ™) (T 1 525m)
L1 " -1 N K
+ ; s (I— (I - 2Z71H) ) ( *111 (I _ 2j1H)>
— i
(o ) o)
+ LX:_l 2?—?—1 <I o (I o 22/31H) K) (I - QZE1H)K7 29)

where we understand HJL;Ll (+) = 1, and the last inequality is because for every £ > 0,

L-1 L-1
Yo 70 70
H <172j—1H)ZIi 2: 2j—1H2172Z—1H’
j=0+1 j=L+1

where we understand ZJL:_Ll (-) = 0. Define a scalar function

L—-1

f(z) ;:g- (1— (1—2x)S+K) : (1—2x)K+Z2%- (1— (1—%)K) : (1—25%1)1(,

and apply it to yoH entry-wisely, then according to Lemma D.2, we have

1 205+ K
f(yoH) = ——To- + EHk*:,ﬂ + (s + K)

2
= 400K 40 40 Hytioos

where k* := max {k : \j, > 1/(70K)} and kT := max {k : \y > 1/(v0(s + K))}. Now using (28) and (29) we obtain

2

1
Cn =0 f(yoH) - H™ = T (ZH b 4 oLt +92(s + K)Hyr |
400 \ K
and as a consequence,
(H,Cy) > L E+v SN+ WEs+KE) YN
N =00 (K0 4 0 e

k*<i<kft >kt

where k* := max {k : A\ > 1/(70K)} and kT := max {k : A\, > 1/(70(s + K))}. O

Lemma D.2. Suppose s > 0, K > 10 and x € (0, 1]. For the scalar function

L—-1
fo) =5 (1= (=20 ) =20 e 3 i (12 (0= 57) ") - (0= 5) "
/=1
we have
(s + K)x?2/40, 0<z<1/(s+ K);
f(z) 2 § z/40, /(s + K) < w < 1/K;
1/(400K), 1/K <z <1

Proof. We prove each part of the lower bound separately.
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* Forz € (0,1/(s + K)) and K > 10, we have (1 — 2:17)S+K <(1—-z)*tK <1-(s+ K)x/2and (1 — 22)% >
(1-2/(s+ K)K > (1-2/K)X > (1-2/10)!° > . which yield
r (s+K)x 1 (s+ K)a?
>z 2o - 2 e
f@) 23 2 10 40
e Forx € [1/(s+ K),1/K) and K > 10, we have (1 — 22)**% < (1 - 2/(s + K))**K < 1/e? and (1 — 22)X >
(1-2/K)X > (1-2/10)'° > {5, which yield
T 1 1 T
>2 i (1-=)— > —.
f@)25-0-3) 525

s Forz € [1/K, 1], there is an £* := |log(K )| € [0, L), such that 2" /K < z < 2°°+' /K, which yields

L-1

f(l”)ZZ;ﬁ'(lf(l*%)K)«l*%)K (since s + K > K)
=0

> g (1 (1= ") - (1 )"
2o (1-0- %) - )"

1 1 4N10 1
> — ). R > i >
< 9K (1 62) (1 10) Z oo (sinee K =210)

D.2. Bias Lower Bound

‘We now build a lower bound for the bias error.

Theorem D.3. Suppose Assumptions 3.1, 3.2 and 3.3 hold. Consider (5). Let K = (N — s)/log(N — s). Suppose s > 0,
K > 10and vy < 1/A1. We have

(H,By) > (H, (I - 7 H)?T2K)Bg)

B k* 2 2
+ 1905 Hitoo Bo) - | 220 Do 3805+ K) Y A7),
k*<i<kt i>kt

where k* := max {k : \t, > 1/(7K)} and k' := max {k : A\t > 1/(70(s + K))}.
Proof. Starting from (5), we have

B, = (T —7.T0) oBu 1 +2(M —M)oB,_,
= (Z = yTa) ©Buor + 57, - H- (H,By,1) (30)
= (I =9Tn) o Buon,
recursively solving this, we obtain a crude lower bound on B,,:

n N
B, - HI n oBO>HI vT;) 0By, forn=1,...,N.
t=1

This gives us a crude lower bound on (H,B,,) forn =1,..., N:

B.) = (T 7 om0 Bo) = {

::12

(I-~H)’H, Bo>~
"

Il
—
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Bring this into (30), we have

=

)

Bnt(z_’ynﬁ)an—l +/8772LH< (I_rYtH)2Ha B0>7 forn:l,...,N

t

Il
—

recursively solving which yields:

n N N N
= [l@-7) °Bo+ A([[X—2H)’H, Bo) - "7 [] @-+7T)
t=1 t=1 t+

t=1 i=t+1

()

€1y

Noting that here the term (x) in (31) is exactly the term () appeared in (28) in Theorem D.1, therefore by repeating the

analysis in Theorem D.1 we know that

(4) = —

1
~ 100 (KHO:Ilc* + Yolg-pt + 75 (5 + K)Hmm) ,

where k* := max {k : A, > 1/(70K)} and k' := max {k : A\ > 1/(v0(s + K))}. As a consequence we have

1 k* 9 9
> | = .
() 2 g5 | g+ Do+l +K) DN
k*<i<kft >kt
Back to (31), taking inner product with H yields
N

(H.By) > ([](Z 7T o H. By ) +5-(
= <ﬂ(I%H>2H, Bo) + 4 (

t=1 t

::]2

(I 7H)’H, Bo) - (H, (+))

-
Il

1

=

(I—~H)*H, By ) - (H, (+)).

We next bound (). Recall (3), we have

L-1
s 2K
(#x) = (T = yoH)* T T (1 27H) ‘H
=1
L—1 ~ -
0
= (I— %H)2(S+K) . (I — ?H) ‘H
£=1

= (I—7oH)H) - (T—~H)™  H
— (I _ ’70H)2<S+2K)H,
Noticing that for K > 10 and z € (0,1/(s + K)),

1 s+ K 1 10
_ o0\2(s42K) > _ p)StE S ( _ > = >
(1-2) z(1=2)"" = (1 s+K) >(1-5) 2

we can further lower bound (*#) with kT := max {k : A\, > 1/(70(s + K))}:

1
37

1
(5) = (1= 9o H)*CTOH = SHy o
Bringing (32), (34) and (35) into (33) completes the proof:
(H,By) > (H, (I - vH)?tT2KB,)

B k* 2 2
+ == 1200 “(Hpt:00, Bo) - ?—Fvo Z +v5(s+ K) Z)‘i ,
k*<i<kft >kt

where k* := max {k : A\ > 1/(70K)} and kT := max {k : A\, > 1/(70(s + K))}.

(32)

(33)

(34)

(35)



Last Iterate Risk Bounds of SGD with Decaying Stepsize for Overparameterized Linear Regression

D.3. Proof of Theorem 4.2
Proof of Theorem 4.2. This is by combining Lemma B.3, Theorems D.1 and D.3. O

E. Proof for Polynomially Decaying Stepsize
Recall that the polynomially decaying stepsize satisfies the following rule:

) 1<t <s;
y=4 (36)
Yo/t —15)% s<t<N.

E.1. Proof of the Lower Bound of Variance Error
Lemma E.1. Suppose vo < 1/(4)\1) and apply polynomially decaying stepsize, then it holds that
Case1: 0 < a < 1. Let k* = max{k : yo\x > (1 —a)/[2(N — 5)71|} and kT = max{k : vo\x > 1/(25)}, we have

1—a) v\ , (1 —a)’alog(N) YoN; s72 A2
H,Cy) > o?- ( 2\
oy 2ot (3 Umgh oo 5k 5
i<k* k*+1<i<kt i>kt41

Case2: a = 1. Let k* = max{k : vo\p > 1/(2+2log(N — s — 1))} and kT = max{k : 7o\, > 1/(25)}, we have

212 232
) Y22 YoNi SYAL
<H7 CN> >0 ( N4’Yo/\i + Z 4e2 + Z 2e? )

i<k* E*+1<i<kt i>kt+1

Proof. Consider C; defined in (6), we have

Cy = (I— 7N7~—) oCpn_1 +’7]2V(M — M) oCpn_1+ ’Y]QVO'QH
= (Z—NT)oCn_1 +7%0’H
N N N
=a*> ¢ [ @-vT)on, (37)
t=1 i=t+1

where in the last inequality we use the fact that Cy = 0. Then using the fact that H is a PSD matrix, it holds that

N N
(H,Cn) >0 57 < II @-»7) OH,H>
t=1 1=t+1
N N
=0 Z%z : < H (I%‘H)ZH,H>
t=1 1=t+1

N N

=a®> > - T (1 —wa)A%,

i ot=1 i=t+1

where the second equality follows from the definition of 7 and the fact that 7 o A is commute to H for any A that is
commute to H. Then it suffices to consider the following scalar function:

N N

f@) =372 T[T (- y)*a?

t=1 i=t+1

s N N N
=Y I O=rveya®+ D 7 [ 1 —v)*e? (38)
t=1i=t+1 t=s+1 i=t+1

=f1(z) =f2(x)
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where we explicitly decompose the function f(z) into the summation of two functions fi(x) and f2(z) according to the
length of iterations that use stepsize ~.

Lower bound of f;(x). We first provide a lower bound of f; (z). Note that f;(x) can be rewritten as

s N
fl(x) — 72 . Z(l _ 71‘)2(s_t) . H (1 _ 7i$)2x2
t=1 i=s+1
N s—1
=7 I A =wa)%® > (1 =)™
i=s+1 t=0

Then note that for any i > s+ 1, we have y; = v/ (i — s)®. Applying the fact that (1 —yx)? > (1 — 2vx) for any yo < 1/2,
it follows that

) N—s N 2 ) s—1 .
fi(z) =+~ (1_2'"') x -Z(l—?'yx)

i=1 t=0

Moreover, note that yx < 1/2 implies that (1 — vz /i%) > e~2v/i for any i > 1, we further have

filx) > % - (1 2y)%] e e R (39)
Note that
N—s N—s N—s—1 (N—s— 1)1 a_q < )
r“:1+Zr“§1+/ cdp= it e Ose<kh (40)
im1 =2 1 1+1log(N—-s—-1), a=1.

Therefore, plugging (40) into (39), it holds that

1= (1= 2y2)%] e (N= /(e g < g < 1
L (1= 292 e bR 1,

fi(z) Z{

w‘* mB

e Case of 0 < a < 1. For the case of 0 < a < 1, assume s = Q((N — s)179), let k* = max{k : yo\x >
(1—a)/[2(N — s)17%]} and kT = max{k : y9\x > 1/(2s)}, where it can be verified that k* < kT). Then note that
for any k < k', we have

1—-(1=-2y2)°>1-(1-1/s)*>1/2
and for any k > kT + 1,
1—(1=2v2)* >1—e 27" >1— (1 —syz) > syx
where the second inequality holds since e < 1 — x/2 for any x € [0, 1]. Besides, we also have for any k > k* + 1,

6—4'yx»(N—s)17a/(l—a) > 6_2

Besides, note that the g(x) = xe“® first increases and then decreases as x increases, then for any for any = €
[(1=a)/[2(N = 5)'7°],a(1 — a) log(N) /[4(N — 5)'~“]]. we have

fi(@) >min { f1((1 —a)/[2(N =)' 7)), fi(a(l — a)log(N)/[4(N — s)' 7)) }

- 1—a a(l — a)log(N) —alog(N)
= m1n{462(N_ S)l—a’ 8(N_ 3)1—(1 e
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a(l —a)log(N)
SN '

Therefore, we can further define & = max{k : yoAk > a(1—a)log(N)/[4(N—s)*~1]} such that forany k' < k < k*,
it holds that

YA _atogny _ a(l —a)log(N)
> . g(N) _
fi(A) > 1 SN

Combining these bounds we can obtain that

Zfl()‘i)ZZfl()‘i)Z > w > 70)\ + 0y 872/\?- (41)

4 , 2¢e?
i>k' kY <i<k* k* <i<kt i>ki41

* Case of ¢ = 1. Similarly, when a = 1, we can redefine k* as k* = max{k : yoAr > 1/(2 + 2log(N — s —1))} and
then similarly, it holds that

A 2)\2
STITEIS SRTITE Sk D i

E>k*+1 k*<z§k’f i>kt41

Lower bound of f5(z). Plugging the formula of the polynomially decaying stepsize, we have

N N
fa(z) = }:/ﬁlfl(l—%wfﬁ

t:s+1 i=t+1
-5 9 N-—s 2
_ Y H (1 '795) 2
- o - X
t2a a
t=1 i=t+1

Similarly, for any vz < 1/2, we have

Then it follows that

¢ 2
Vti Lot i (43)

-

—

e Caseof 0 <a<1

We first consider the case of 0 < a < 1, where two cases will be studied separately: (1) yz < (1 —a)/[2(N — 5)*~!]
and (2) vz > (1 —a)/[2(N — s)2~1]. For the first case, it is clear that

a . 2(1—a N —s)®
4756'42 v §4733'ZZ < (N(—s)l)“ ) ((1_a)) =2,

which implies that

[14 (N — s)1729]4222

2¢? )
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Then we can move to the case

2(1—a)
dyx > 45
Let t* be the index satisfying
N—s 1 N—s
Yot — <> i (46)
, dyx —
1=t*+1 1=t*
Note that we have
N—s N-—s 1—a * 1—a
N — —(t*+1
z Z‘faZ/ ZiadZ:( 5) ( + )
i=t*+1 tr+1 l-a
N—s N—s 1—a * l1—a
N — —(t*—1
Z e S/ 2%y = ( S) ( ) )
= 1 1—-a
Plugging the above inequality into (46) gives
(N _ 8)1—(1 _ (t* + 1)1—(1 < L < (N _ 8)1—(1 _ (t* _ 1)1—(1
1—a = dyx T 1—a ’
which implies that
1—a\™" 1—a]™"
—a —a —a —a
t*e [[(N=s)t72— —1,|(N =s)t72 — 1|.
(o 5) oo
Note that
1—a]™= 1 1
—a 1—a —a 1—a
N -t — —(N—-s)- |1 - ——— =
[( 2 dvyx } ( 2 [ dyx(N — 5)1“}
1—a) (N —s)*
Sy Qe
dyx
where the inequality follows from (45) and the fact that 1/(1 — a) > 1. Therefore, it holds that
1—a)- (N —s)®
po(Nog) - UZ0) N=9)? 47)
dyx
Therefore, applying the above inequality to (43) gives
N—-s o 9o
T g SN —a
fa(x) > 7152& ceTMT L
t=1
N—s o o
> T . 6_477J‘Z£v=t+1 it
- t2a
t=t*
Qe o e
> ’]vaa : 6747%2?{:”4—1 v
t=t*
(ii) * ,y?x2 —1
(iid) (1 — @) -
> ( a) - yx (48)

- 4e - Neo '’

where the (7) holds since t € [t*, N — s], (i) follows from the fact that Zév:;fﬂ 17% < 1, and (#47) follows from (47).
Then combining (44) and 48 and set k* := max{k : o \r > (1 — a)/(2(N — 5)}7%), we can get

PIFIOED Y B=a) d0di g~ [+ (N — s5)1-2a]22 o)

4e - N@ 2e2
i<k i>k*+1
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* Case of a = 1. Then considering the case of a« = 1, where it holds that

N—s

N—s
Z i< / 27%z =log(N — s) —log(t).
¢

i=t+1

Then the following holds according to (43),

N—s 72,@2 N—s .—a
fo(z) > e e~ izt
t=1
N—s o o
YT —4~yzx- | log(N—s)—log(t)
2 Z t2 e [ ]
t=1
N N—s ’)/2£C2 ¢ dyz
- t2 N —s '
t=1

Then note that for any 4yx < 1,

N-s A2 n 4y B A2 Nos 4 N V22
2 \N_s _(N—8)47$.t2_;t2_47w_(N—3)4“/w’

which implies that
212
Yo A
2 fa(Ni) > g (N = 5)ion (50)

Now we can combine the derived lower bounds for f;(z) and fa(z) in (41), (42) (49), and (50), and obtain

s Caseof 0 < a < 1. Let k* = max{k : vo\x > (1 —a)/[2(N — 5)*"!]} and &k = max{k : o\ > 1/(2s)}, we
have

(H,Cy) > 0”- Z[flo\i) + f2(A)]

3

1—a) -\, (1—a)’alog(N) Yo 577
> 2, ( 07
=7 (Z Ne Y 16eN Y a2 e )

i<k* k*+1<i<kt i>kt4+1

where we use the fact that

(1—ahohi _ (1 - a)alog(N)
Na - 16eN

for all ¢ < k' (please refer to (41) for the definition of k).
* Caseof a = 1. Let k* = max{k : yo\r > 1/(2 + 2log(N — s — 1))} and kT = max{k : yo\r, > 1/(2s)}, we have

(H,Cx) > 0% > [A(N) + f2(\)]

3

2\2 2\2
2 Yo YoAi 570A;
o (s X e X )

i<k* k*+1<i<kt i>kt+1
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E.2. Proof of the Lower Bound of Bias Error
Lemma E.2. [f applying polynomially decaying stepsize with -y < 1/(4\1), then it holds that

s Case 1: 0 < a < 1. Let k* = max{k : vo\r > (1 —a)/[2(N — 5)*7 1]} and kT = max{k : yo\x > 1/(25)}, we

have
(H,Buy) > [|(1— 7H)* 287070 (wy — w) |

» (1—a)- v\ YoAi $Y0A;
+e 6<HkT:OO7BO> : < Z T + Z 4e2 + Z 2e2 .

i<k* k*+1<i<kt i>kt41

e Case2: a=1. Let k* = max{k : Yo\, > 1/(2+ 2log(N — s — 1))} and kT = max{k : yo\x > 1/(2s)}, we have
(H.Bu) = || (1= 7H)" 2500 - (wy —w) [,
2,2 22
—4 VoA YoAi 570
+e B<HkT:00’B0> ’ ( Z N4y + Z 4e2 T Z 2e2 )

i<k* k*+1<i<kt i>kt+1

Proof. The proof of Lemma E.2 follows a similar idea of the proof of Thoerem D.3. In particular, by (31), we have

n N
= 1@ -~ o Bo + #([](1—~H)’H, By) Z% [[ @ 7)o (51)

t=1 t=1 1=t+1

Then we focus on the scalar function g(z) = Hi\; (1 — vx)2x for all z < 1/(27). Specifically, using the inequality
(1 —yx)? > e we have

g((E) > 6_445'E£V=1 Yt > e—&s’y;c7

where we use the assumption that sy > >°7_ | ;. Then let kT := max{k : yoAr > 1/(25)}, we have

N
J[@-H)’H = e Hy.oo
t=1

Plugging the above inequality into (51) and multiplying by H on both sides, we have

(H,By) = <HHI %7T0) 0 Bo) + ¢~ 18(Hys.e Bo) - (H Z% H (T —~T) o H).

= 1=t+1

()

Regarding (), we can define the function f(x) as did (38), it is clear that (x) = Y. f(\;) so that the results of Lemma E.2

can be directly applied. Moreover, note that
Y 2 25 —dyz V5o e (1 — )2 . eeN' " /0-0) - g <q <1
1—vx) > (1—~2)°- e t=1 > ) >
151;[1( Yw)® > ( yx) z (1*’}/1‘)2‘9'67479:1(%(]\’)’ —

Then combining the above results and applying the fact that By = (wg — w*)(wo — w*) ", we have

e Case1: 0 < a < 1. Let k* = max{k : yo\r > (1 —a)/[2(N — 5)*"!]} and kT = max{k : v\ > 1/(25)}, we

have
(H,By) > ||(I _ VH)S+2N1—G/(17Q) (wo — W*)Hf_l

—4 (1—a) o\ YoAi 8157
+e ﬂ<Hm;wBo>'<ZNQ+ Z 102 T Z T2 )

i<k* k*+1<i<kt i>kt+1
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 Case2: a = 1. Let k* = max{k : yo\p > 1/(2+2log(N — s — 1))} and kt = max{k : o\ > 1/(2s)}, we have

(HLBy) > (L= B)™*2 5 (g —w) |

9o 212
» YN YoNi SV

+e ﬁ<HkT:oo7B0> : ( N4voX: + Z 4e2 + Z 2¢e2 >

i<k* k*+1<i<kt i>kt+1

This completes the proof.

E.3. Proof of Theorem 4.3

Here we state the full version of Theorem 4.3 and provide its proof.

Theorem E.3 (A lower bound for poly-decaying stepsizes). Consider last iterate SGD with stepsize scheme (4). Suppose
Assumptions 3.1, 3.2B and 3.3" hold. Suppose o < 1/(4\1) and sy > Zi\isﬂ V¢, then for any constant a € [0, 1],

1 1
E[L(wy) — L(w™)] = §BiasError + §VarianceError.
Moreover:

e I[f0<a<1,then

. anl-a N (1 — a)Qﬁ * d ff
BiasError > H(I —YH)* T = - (wg — W) ‘H + —a |lwo —w H%{”w . ]eV )
and
2 2 . deff

VarianceError > (1 —a)“c N

Here k* := max{k : yo\r, > (1 —a)/(2(N — s)1=9)}, kT := max{k : vo\r, > 1/(2s)}, and the effective dimension is
defined by

log(NV NyoAi NA2N2
dote = 3 mac( V1000, DBy g NioAi s SO0

; 16e 4e2 2e2
i<k* k*<i<kt i>kt
e Ifa =1, then
BiasError > H(I — H)s+21°g(N) < (wo—w") |2 + é - wo — W*||2 . dets
sl ’YO 0 H 64 0 ka:oc N )
and
. 2 deff
VarianceError > o° - N

Here k* := max{k : yo\r > 1/(2 + 2log(N — s — 1))} kT := max{k : o\, > 1/(2s)}, and the effective dimension
is defined by

) N\ 3N72)\2

__Z 1—dyohi 212 Z YoA: Z oA

fots A N A+ , 4e? * : 2e2
i<k* k*<i<kt i>kt

Proof. The proof is a simple combination of Lemmas B.3, E.2, and E.1. O
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E.4. Proof of Theorem 4.4

Proof. The proof will be focusing showing that the upper bound for geometrically decaying stepsize (Theorem 4.1) is
smaller than the lower bound for polynomially decaying stepsize (Theorem 4.3) up to some constant factors.

First, note that Ip.;~ /70K < Ho.x~, if setting k* = max{k : y9\r > 1/K}, then the first term of the bias error upper
bound in Theorem 4.3 can be further relaxed as
(X = yoH) T (wo —w
Yo K
< H(I — ’yOH)S+K(W0 —w
= [|(T = yH)*" X (w — w") [[F-

w2
Mo 4 = oty o — w

+ @ = 7oH)* K (wo — w

Moreover, note that we have set s = N/2, it is clear that sy > >, . 41 7t for polynomially decaying stepsize so that
Theorem 4.3 holds. Then it can be shown that the length of each phase in SGD with geometrically decaying stepsize is
K = (N —s)/log(N — s) = O(N/log(N)) = w(N'~* Vv log(N)). Therefore, we have
l1—a
s * I ~H) P (w— w2 , forany constant a € [0, 1);
1= ) 5w — )l < ¢ =770 (=l forany o
[(T—~H)* =0 (w — w*) |, a=1.

Note that the second term in the bias error bound has a quite similar form as the variance bound. Then we will consider the
variance error and the results can be directly applied to the second term in the bias error bound. By looking at the upper
bound in Theorems 4.1 and 4.3, we can compare the variance error along different dimensions separately.

Case 1: a € [0, 1) For the case a € [0, 1), we define kf = max{k : 70\ > (1 —a)/[2(N — s) 7%} = max{k : Yo\ >
O(1/N1=)}, k5 = max{k : o\, > 1/K} = max{k : y0\x > O(log(N)/N)}, and kT = max{k : y0\x > O(1/N)},
we have

log(N log(N
VarianceErrorey, < < g? <Z %4_ Z %4_ Z ~o\i + Z N’ygkf)

i<k} ky<i<k; ks <i<kt i>kf

and

i l
VarianceError,oly 2 (Z 10 og ) + Z YoAi + Z YoAi + Z N%%/\?).

i<k} ki <i<k} k3 <i<kt >kt

Then it suffices to consider the case ki < ¢ < k3. In particular, according to the definition of £} and k3, it is clear that for
any k7 <1 < k3,

YoAi = % = O(log(N)/N).

This implies that VaLrlanceErrorcxp VarianceError,.,. Then we can go back to the second term of the bias error
bounds, which have a similar formula of the variance error bound. Applying the definition R(N) = (||[w—w ”Io-m /(voN)+

||w — W*”Hmm)/Uz’ we can conclude that
E[L(w5") = L(w")] < C - [+ log(N) - R(N)] - E[L(WR™) — L(w")]

Case 2: ¢ = 1. Similarly, we can now define k] := max{k : oAt > 1/(2 + 2log(N — s — 1))} = max{k : vo\ >
O(1/log(N))} and get

VarianceErrorpe, 2 o - ( NMO/\ + Z YoAi + Z YoAi + Z N’YS)‘2>
i<k} ki <i<ks ki <i<kt i>kt+1
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Note that we have assumed 4yp\; < 1, then we have for all ¢ < k7

2\? Y
R = N0 log? (N) = Q(log(N)/N).

Additionally, for any k] < ¢ < k3, we also have
T0Ai > - = O(1og(N)/N).
Then combining the bias error and variance bounds, we can also conclude that
E[L(w5") = L(w")] < C - [+ log(N) - R(N)] - E[L(W™) — L(w")]

where R(N) = (||w — W*”%o-m /(oN) + [[w — w*||m,, _)/o>. This completes the proof.



