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Abstract. This paper is concerned with the numerical solution to the di-

rect and inverse electromagnetic scattering problem for bi-anisotropic periodic

structures. The direct problem can be reformulated as an integro-differential
equation. We study the existence and uniqueness of solution to the latter equa-

tion and analyze a spectral Galerkin method to solve it. This spectral method
is based on a periodization technique which allows us to avoid the evaluation

of the quasiperiodic Green’s tensor and to use the fast Fourier transform in the

numerical implementation of the method. For the inverse problem, we study
the orthogonality sampling method to reconstruct the periodic structures from

scattering data generated by only two incident fields. The sampling method

is fast, simple to implement, regularization free, and very robust against noise
in the data. Numerical examples for both direct and inverse problems are

presented to examine the efficiency of the numerical solvers.

1. Introduction

We study in this paper numerical methods for solving both direct and inverse
electromagnetic scattering problems for bi-anisotropic periodic media. This work
is motivated by applications of electromagnetic scattering from complex periodic
media (e.g. bi-anisotropic media, chiral media) in optics and metamaterials; and
nondestructive evaluations [13, 15, 9, 27].

Results on the well-posedness of the direct problem for both bounded and pe-
riodic scattering media can be found in [5, 2, 29, 7, 8, 30, 26]. To our knowledge
results on numerical methods for direct and inverse scattering problems for electro-
magnetic complex media are limited. The authors in [3] studied numerical analysis
of a finite element method for solving the direct problem for periodic chiral me-
dia. Spectral Galerkin methods for the integro-differential equation formulation of
the direct scattering problem were studied in [24] for chiral bounded objects and
in [23] for bi-anisotropic bounded objects. The advantages of the spectral Galerkin
method studied in [23] are that this spectral method, which is based on a peri-
odization technique, allows us to avoid the evaluation of the quasiperiodic Green’s
tensor and to use the fast Fourier transform in the numerical implementation of
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the method. In this paper we study this spectral method to solve the direct prob-
lem for bi-anisotropic periodic media by extending the results in [21, 23]. More
precisely, we follow the periodization process of [21] for the integro-differential
equation. The Garding estimates for the integro-differential equation can be done
similarly as [23]. The uniqueness of solution, the mapping properties of the peri-
odized integro-differential operators, and the numerical examples for the Galerkin
method are the new ingredients of the study for the direct scattering problem in
this paper.

For the inverse problem, we refer to [19, 20, 17, 6] for some uniqueness re-
sults in the case of bounded scattering objects. To numerically solving the in-
verse problem, the factorization method was studied in [12] for the case of chiral
bounded objects. This method was also studied in [22, 25] for periodic chiral and
bi-anisotropic periodic media. However, the factorization method requires the scat-
tering data associated with multiple incident fields. In this paper we implement
the orthogonality sampling method (OSM) to solve the inverse problem with only a
few incident fields. The OSM we implement is also very stable against noise in the
data. The OSM was introduced by Potthast in [28] and has attracted increasing
interests thanks to its computational efficiency. We refer to [10, 1, 11, 16] for
some other results on the OSM for inverse scattering problems.

The paper is organized as follows. The direct problem and its basic setup are
presented in Section 2. We discuss in Section 3 the integro-differential formulation
for the direct problem and its well-posedness. A spectral Galerkin method, its
convergence analysis are presented in Section 4. Numerical examples of the direct
solver are presented in Section 5. The inverse problem and the OSM are studied in
Section 6.

2. The problem setup

We are concerned with the scattering problem for a bi-anisotropic medium
which is 2π-periodic in x1, x2 and bounded in x3 (here x1, x2, x3 are the three
coordinates of a vector x = (x1, x2, x3)> in R3). Let D0 ⊂ R3 be the interior of the
medium. The problem is governed by the time-harmonic Maxwell’s equations with
frequency ω > 0

(2.1) curl E + iωB = 0, curl H− iωD = 0, in R3,

where the electric field E, the magnetic field H, the electric flux density D and the
magnetic flux density B are three dimensional vector-valued functions, along with
the constitutive relations

(2.2) B = µH + ξ
√
ε0µ0 E, D = εE + ξ

√
ε0µ0 H

where the permittivity ε and the permeability µ are 3× 3 matrix-valued bounded
functions. We assume that these functions are 2π-periodic in x1 and x2 and that
they are respectively equal µ0I3 and ε0I3 in R3 \D0 (I3 is the identity matrix). The
function ξ is related to the magnetoelectric effect (see [18]) which is also a 3 × 3
matrix-valued bounded function. This function is also assumed to be 2π-periodic
in x1 and x2 and to be zero in R3 \D0.

We introduce the relative quantities

εr :=
ε

ε0
, µr :=

µ

µ0
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and the scaled quantities (with the same notations as the original ones)

E :=
√
ε0 E, H :=

√
µ0 H.

Using these new quantities and plugging (2.2) into (2.1) we obtain

(2.3) curl E− ik(µrH + ξE) = 0, curl H + ik(εrE + ξH) = 0

where k := ω
√
ε0µ0 is the wave number.

Assume that µr is invertible almost everywhere in R3, by the first equation in
(2.3) we can write

(2.4) H = − i
k
µ−1
r curl E− µ−1

r ξE.

Plugging this into the second one and rearranging the resulting equation we obtain

(2.5) curl (µ−1
r curl E) + ik

[
ξµ−1

r curl E− curl (µ−1
r ξE)

]
− k2(εr − ξµ−1

r ξ)E = 0.

Let d = (d1, d2, d3) ∈ R3 be the wave vector satisfying d3 6= 0 and |d| = k, we
consider the plane electromagnetic wave given by

(2.6) Ein =
1

ωε0
(s× d)eid·x, Hin = seid·x

where s is the polarization vector satisfying s ·d = 0. The interaction between this
plane wave and the medium gives rise to the scattered wave (Esc,Hsc), and the
total wave (E,H) given by E = Ein + Esc, H = Hin + Hsc satisfies (2.4)−(2.5).
From now on we will be working with E only since E and H are intimately related
by (2.4).

For simplicity we denote u := Esc. Note that by construction, Ein satisfies

curl curl Ein − k2Ein = 0,

thus (2.5) can be rewritten as

(2.7) curl 2u− k2u = k2

[
(P − ξµ−1

r ξ)(Ein + u) +
i

k
ξµ−1

r (curl Ein + curl u)

]
+ curl

[
Q(curl Ein + curl u)− ikµ−1

r ξ(Ein + u)
]

where P := εr − I and Q := I − µ−1
r are the contrasts. It is clear that outside of

D0, εr and µr equal the identity matrix, so P = Q = 0. Thus we have

supp(P ) ∪ supp(Q) ⊂ D0.

We now define that for α = (α1, α2, 0) ∈ R3, a function v : R3 → R3 is called
α-quasiperiodic if for any n = (n1, n2, 0) ∈ Z3

v(x1 + n12π, x2 + n22π, x3) = e2πiα·nv(x1, x2, x3), x ∈ R3.

Let α = (α1, α2, 0) = (d1, d2, 0) and αm = (α1 + m1, α2 + m2, 0) for m ∈ Z2.
Then it can be seen that the plane wave Ein is α-quasiperiodic. It is well-known that
we will seek for the unique solution u of the direct problem as an α-quasiperiodic
function.

Next we prescribe a radiation condition for u. Recall that the medium D0 is
bounded in x3, thus let h > 0 be such that

(2.8) h > sup{|x3| : x ∈ D0}
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and for m ∈ Z2 define

βm =

{ √
k2 − |αm|2, |αm| ≤ k

i
√
|αm|2 − k2, |αm| > k

,

then u is called radiating if it can be expressed as the following Rayleigh expansion

(2.9) u(x) =
∑
m∈Z2

û±me
i(αm·x±βm(x3∓h)) for x3 ≷ ±h

where

û±m =
1

4π2

∫ π

−π

∫ π

−π
e−iαm·xu(x1, x2,±h)dx1dx2, m ∈ Z2.

Note that all but finitely many terms in (2.9) are exponentially decaying, which
helps us easily deduce absolute convergence of the series for every x. Moreover, we
can choose α and k such that βm are nonzero for all m ∈ Z2, and this will be the
case for the remaining part of this paper.

We now introduce notation and assumptions related to the spatial domains
and function spaces that we will be using throughout this paper. First, due to
periodicity of all the introduced quantities and the condition (2.9), we can restrict
our problem from R3 to one period

Ω = (−π, π)2 × R.
Also, for any r > 0, we define a truncation of Ω as

Ωr = (−π, π)2 × (−r, r).
Next we introduce some Sobolev spaces for vector-valued functions

L2(O)3 = {w = (w1, w2, w3)T : w1, w2, w3 ∈ L2(O)},
H(curl ,O) = {w ∈ L2(O,C3) : curl w ∈ L2(O,C3)},

Hloc(curl ,O) = {w : w|V ∈ H(curl , V ) for all V ⊂ O open, bounded},
Hα(curl ,O) = {w ∈ H(curl ,O) : w = W|O for some α-quasiperiodic

function W ∈ Hloc(curl ,R3)},
Hα,loc(curl ,O) = {w ∈ Hloc(curl ,O) : w = W|O for some α-quasiperiodic

function W ∈ Hloc(curl ,R3)},

along with L∞(R3)3×3 which is the space of 3 × 3 matrix-valued functions whose
components are functions in L∞(R3). We define the following norm on this space

‖γ‖∞ = max
i,j=1,3

‖γij‖∞

for γ ∈ L∞(R3)3×3.
Let D = D0 ∩Ω. It is clear that D is open and bounded. Finally, the following

assumption holds true throughout the theoretical analysis in this paper.

Assumption 2.1. Assume that D has Lipschitz boundary; εr, µr, µ
−1
r , ξ are

in L∞(R3)3×3, symmetric almost everywhere in R3 and ξ is real-valued. Moreover,

(1) There exist c1, c2 > 0 such that for all z ∈ C3

Re (µ−1
r )z · z ≥ c1|z|2, Re (εr − ξµ−1

r ξ)z · z ≥ c2|z|2

a.e in R3 and that

‖|µ−1
r ξ|F ‖∞ < c1c2.
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(2) There exist c3, c4 > 0 such that for all z ∈ C3

−Im (µ−1
r )z · z̄ ≥ c3|z|2, Im (εr − ξµ−1

r ξ)z · z̄ ≥ c4|z|2

a.e in R3 and that
1

2

(
‖µ−1

r ξ‖2∞ + 1
)
≤ min {c3, c4} .

Here the norm ‖| · |F ‖∞ is defined as, for a 3× 3 matrix-valued function A = (aij),

‖|A|F ‖∞ =

∥∥∥∥∥∥∥
 3∑
i,j=1

|aij |2
1/2

∥∥∥∥∥∥∥
∞

.

3. Integro-differential formulation

In this section, we will reformulate the direct problem into an integro-differential
equation. Define the operators

Su = (P − ξµ−1
r ξ)u +

i

k
ξµ−1

r curl u, T u = Qcurl u− ikµ−1
r ξu

and let f = SEin, g = T Ein. Then it is clear that Su, T u, f and g are compactly
supported in D and (2.7) can be written as

(3.1) curl 2u− k2u = k2(Su + f) + curl (T u + g).

Note that (3.1) needs to be solved in the variational sense, therefore we will
be seeking solutions in Hα,loc(curl ,Ω) and u is called a solution of (3.1) in the
variational sense if it satisfies

(3.2)

∫
Ω

(curl u ·curl v−k2u ·v) dx = k2

∫
D

(Su+ f) ·v dx+

∫
D

(T u+g) ·curl v dx

for all v ∈ Hα(curl ,Ω) with compact support.
Let G be the α-quasiperiodic Green’s function of the Helmholtz equation, then

G has the Fourier expansion (see [4])

G(x) =
i

8π2

∑
m∈Z2

1

βm
ei(αm·x+βm|x3|)

for x ∈ R3, x 6= (2πn1, 2πn2, 0), n1, n2 ∈ Z.
The variational problem (3.2) along with the radiation condition (2.9) is equiv-

alent to the following integro-differential equation

(3.3) u−ASu− BT u = Af + Bg in Ω

where

Ah(x) := (k2 +∇div)

∫
D

G(x− y)h(y)dy,

Bh(x) := curl

∫
D

G(x− y)h(y)dy

in the sense that, if a radiating u ∈ Hα,loc(curl ,Ω) solves (3.2) then u|D solves
(3.3). Conversely, if u ∈ Hα(curl , D) solves (3.3) in then u can be extended by
the right-hand side of (3.3) to a radiating solution of (3.2) in Hα,loc(curl ,Ω). The
proof for this equivalence is similar to that in [14].
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The operator I−AS−BT on the left-hand side of (3.3) satisfies a Garding-type
estimate, and thus the Fredholm property. Note that D ⊂ Ωh, so we only need to
know u on Ωh and then extend it to the whole Ω using integration. On the solution
space Hα(curl ,Ωh), we define the inner product

(·, ·)Hα(curl ,Ωh) = k2(·, ·)L2(Ωh)3 + (curl ·, curl ·)L2(Ωh)3

where (·, ·)L2(Ωh)3 is the usual inner product in L2(Ωh)3.
Under Assumption 2.1, the following Fredholm property can be proved in a

similar manner as in [23].

Theorem 3.1. There exist a constant C > 0 and a compact operator K on
Hα(curl ,Ωh) such that

Re (u−ASu− BT u,u)Hα(curl ,Ωh) ≥ C‖u‖2Hα(curl ,Ωh) + Re (Ku,u)Hα(curl ,Ωh).

Since the Fredholm property holds, existence of solution to (3.3) is equivalent
to uniqueness, therefore we show that it has a unique solution.

Theorem 3.2. The integro-differential equation (3.3) has a unique solution in
Hα(curl ,Ωh).

Proof. Suppose (3.3) has two solutions u1,u2 in Hα(curl ,Ωh). Let u =
u1 − u2, we have

(3.4) u−ASu− BT u = 0

in Ωh. In particular, u|D solves the (3.4) in D. Therefore u|D can be extended
by the right-hand side of (3.4) to a radiating solution ũ ∈ Hα,loc(curl ,Ω) of the
variational problem

(3.5)∫
Ω

(curl ũ · curl v − k2ũ · v) dx =

∫
D

(k2(P − ξµ−1
r ξ)ũ + ikξµ−1

r curl ũ) · v dx

+

∫
D

(Qcurl ũ− ikµ−1
r ξũ) · curl v dx

for all v ∈ Hα(curl ,Ω) with compact support. Let φ ∈ C∞0 (R) be a smooth cut-off
function such that φ(t) = 1 if |t| ≤ h and φ(t) = 0 if |t| ≥ 2h. Using the test
function v(x) = φ(x3)ũ(x) in (3.5) yields

(3.6)∫
Ω2h

(curl ũ · curlφũ− k2ũ · φũ) dx =

∫
D

(k2(P − ξµ−1
r ξ)ũ + ikξµ−1

r curl ũ) · ũ dx

+

∫
D

(Qcurl ũ− ikµ−1
r ξũ) · curl ũ dx.

Since ũ is divergence-free and solves curl 2ũ− k2ũ = 0 on Ω2h \ Ωh, we have∫
Ω2h

(curl ũ · curlφũ− k2ũ · φũ) dx

=

∫
Ωh

(|curl ũ|2 − k2|ũ|2) dx +

(∫
{x3=h}

−
∫
{x3=−h}

)
(e3 × curl ũ) · ũ ds(x)

=

∫
Ωh

(|curl ũ|2 − k2|ũ|2) dx +

(∫
{x3=h}

−
∫
{x3=−h}

)(
ũ3
∂ũ3

∂x3
− ũ1

∂ũ1

∂x3
− ũ2

∂ũ2

∂x3

)
ds(x).
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Using radiation condition (2.9) on the boundary term then taking the imaginary
part of both sides gives

Im

∫
Ω2h

(curl ũ · curlφũ− k2ũ · φũ) dx = −4π2
∑

m:βm>0

βm(|û+
m|2 + |û−m|2) ≤ 0.

On the other hand, by Assumption 2.1,

Im

(∫
D

(k2(P − ξµ−1
r ξ)ũ + ikξµ−1

r curl ũ) · ũ dx +

∫
D

(Qcurl ũ− ikµ−1
r ξũ) · curl ũ dx

)
≥ k2c2‖ũ‖2 + c1‖curl ũ‖2 + kRe (ξµ−1

r curl ũ, ũ)− kRe (µ−1
r ξũ, curl ũ),

here ‖ · ‖ and (·, ·) denote the L2(D) norm and L2(D) inner product, respectively.
Using Cauchy-Schwarz inequality and the fact that µ−1

r and ξ are symmetric we
have

kRe (ξµ−1
r curl ũ, ũ) ≥ −‖ξµ−1

r curl ũ‖‖kũ‖ ≥ −1

2

(
‖|µ−1

r ξ|F ‖2L∞(D)‖curl ũ‖2 + k2‖ũ‖2
)

and

−kRe (µ−1
r ξũ, curl ũ) ≥ −‖kµ−1

r ξũ‖‖curl ũ‖ ≥ −1

2

(
k2‖|µ−1

r ξ|F ‖2L∞(D)‖ũ‖
2 + ‖curl ũ‖2

)
.

Therefore

Im

(∫
D

(k2(P − ξµ−1
r ξ)ũ + ikξµ−1

r curl ũ) · ũ dx +

∫
D

(Qcurl ũ− ikµ−1
r ξũ) · curl ũ dx

)
≥ C1‖curl ũ‖2 + k2C2‖ũ‖2,

where

C1 = c1 −
1

2
(‖|µ−1

r ξ|F ‖2L∞(D) + 1) > 0,

C2 = c2 −
1

2
(‖|µ−1

r ξ|F ‖2L∞(D) + 1) > 0.

Combining the estimates for the two sides of (3.6) we have

C1‖curl ũ‖2 + k2C2‖ũ‖2 ≤ 0,

and thus ũ = 0 in D or u|D = 0. Due to (3.4), u = 0 in Hα(curl ,Ωh), which means
u1 = u2 in Hα(curl ,Ωh). �

4. Periodization of the integro-differential equation

We will be focusing on solving

(4.1) u−ASu− BT u = Af + Bg, u ∈ Hα(curl ,Ωh).

The idea is to transform (4.1) into a periodic equation so that we can utilize all the
tools of periodic integral equations, especially the fast Fourier transform (FFT),
while ensure that the solution to this periodic equation can be used to find u that
solves (4.1).

For R > 2h let

KR(x) = G(x), x ∈ ΩR \ {0}
and then extend KR 2R-periodically in x3 and α-quasiperiodically in x1 and x2 to
the entire R3. Since G is already α-quasiperiodic and smooth everywhere but at
its singularities, extending along the x1 and x2 axes will not affect the smoothness
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of KR. However doing so along the x3 axis does as G is not periodic in x3. Thus
next we smoothen KR by defining

K(x) = KR(x)χ(x3), x ∈ R3 \ {(n12π, n22π, n32R) : n1, n2, n3 ∈ Z}

where χ : R→ [0, 1] is a 2R-periodic smooth function satisfying

χ(t) =

{
1, −2h ≤ t ≤ 2h
0, t = ±R and χ′(±R) = χ′′(±R) = χ′′′(±R) = 0.

The explicit formula for the Fourier coefficients of KR can be found in [21]. This
helps us avoid the evaluation of KR in the spectral domain. We also extend P , Q,
ξ from ΩR to R3 2π-periodically in x1, x2 and 2R-periodically in x3, and extend
f , g from ΩR to R3 α-quasiperiodically in x1, x2 and 2R-periodically in x3. We
obtain the following periodic integro-differential equation

(4.2) u−ApSu− BpT u = Apf + Bpg, u ∈ Hα,p(curl ,ΩR).

Next we will analyze the periodic integral operators in the equation. To this
end, for λ ≥ 0, we consider periodic Sobolev spaces Hλ

α,p(ΩR) and Hλ
α,p(curl ,ΩR)

as spaces consisting of functions in L2(ΩR)3 that satisfy

‖w‖2Hλα,p(ΩR) =
∑
j∈Z3

(1 + |j|2)λ|ŵ(j)|2 <∞,

‖w‖2Hλα,p(curl ,ΩR) =
∑
j∈Z3

(1 + |j|2)λ
(
k2|ŵ(j)|2 +

∣∣∣̃j× ŵ(j)
∣∣∣2) <∞,

respectively, where j̃ =
(
α1 + j1, α2 + j2,

πj3
R

)
. Note that H0

α,p(ΩR) = L2(ΩR)3

and H0
α,p(curl ,ΩR) = Hα,p(curl ,ΩR). Here the orthonormal basis for L2(ΩR)3 is

defined as

(4.3) φj(x) =
1√

8Rπ2
exp

(
iαj̃ · x + i

πj3
R
x3

)
, j = (j1, j2, j3) ∈ Z3

where j̃ = (j1, j2), and for w ∈ L2(ΩR)3, the Fourier coefficients ŵ(j) are given by

(4.4) ŵ(j) =

∫
Ωr

w(x)φj(x)dx.

In fact

‖w‖2Hλα,p(curl ,ΩR) = k2‖w‖2Hλα,p(ΩR) + ‖curl w‖2Hλα,p(ΩR).

Note that the extension of a function w in Hα,p(curl ,ΩR) to the entire R3

using the Fourier expansion

w(x) =
∑
j∈Z3

ŵ(j)φj(x), x ∈ R3

is α-quasiperiodic in x1, x2 and 2R-periodic in x3.
Let Hλ

α,p(ΩR)3×3 be the space of 3× 3 matrix-valued functions whose columns

are functions in Hλ
α,p(ΩR). Now we prescribe an assumption on regularity of the

parameters as well as the solution u of (4.2).

Assumption 4.1. Assume that εr, µr, µ
−1
r , ξ ∈ Hη+ 1

2 +ε
α,p (ΩR)3×3 for some ε > 0

and η > 1
2 . Moreover, u ∈ Hλ

α,p(curl ,ΩR) for some λ such that 0 ≤ λ < η − 1
2 .
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Next, for h ∈ Hλ
α,p(ΩR), we define

Aph(x) := (k2 +∇div)

∫
D

K(x− y)h(y)dy,

Bph(x) := curl

∫
D

K(x− y)h(y)dy

as periodized versions of A and B respectively.

Lemma 4.2. Ap and Bp are bounded linear operators from Hλ
α,p(ΩR) to Hλ

α,p(curl ,ΩR).

Proof. The linearity is obvious. From the Fourier coefficients of K in [21]

there exists C1, C2 > 0 such that |K̂(j)| ≤ C1|j|−2 and |̃j| ≤ C2|j| for all j ∈ Z3\{0}.
Let v ∈ Hλ

α,p(ΩR),

‖Apv‖2Hλα,p(curl ,ΩR) =
∑
j∈Z3

(1 + |j|2)λ
(
k2
∣∣∣Âpv(j)

∣∣∣2 +
∣∣∣̃j× Âpv(j)

∣∣∣2)

=
∑
j∈Z3

(1 + |j|2)λ
(
k2
∣∣∣k2K̂(j)v̂(j) + j̃

(
j̃ · K̂(j)v̂(j)

)∣∣∣2 +
∣∣∣̃j× k2K̂(j)v̂(j)

∣∣∣2)
≤ k2(2k4 + 2|α|4 + k2|α|2)|K̂(0)|2|v̂(0)|2 + C2

1k
2
(
2k4 + 2C4

2 + C2
2k

2
) ∑
j∈Z3\{0}

(1 + |j|2)λ|v̂(j)|2.

Hence let C2 = k2 max
{

(2k4 + 2|α|4 + k2|α|2)|K̂(0)|2, C2
1

(
2k4 + 2C4

2 + C2
2k

2
)}

we have

‖Apv‖Hλα,p(curl ,ΩR) ≤ C‖v‖Hλα,p(ΩR).

On the other hand

‖Bpv‖2Hλα,p(curl ,ΩR) =
∑
j∈Z3

(1 + |j|2)λ
(
k2
∣∣∣B̂pv(j)

∣∣∣2 +
∣∣∣̃j× B̂pv(j)

∣∣∣2)

=
∑
j∈Z3

(1 + |j|2)λ
[
k2
∣∣∣̃j× K̂(j)v̂(j)

∣∣∣2 +

∣∣∣∣j̃× (j̃× K̂(j)v̂(j)
∣∣∣2)]

≤ (k2|α|2 + |α|4)|K̂(0)|2|v̂(0)|2 + C2
1

(
C2

2k
2 + C4

2

) ∑
j∈Z3\{0}

(1 + |j|2)λ|v̂(j)|2.

Let C ′2 = max
{

(k2|α|2 + |α|4)|K̂(0)|2, C2
1

(
C2

2k
2 + C4

2

)}
we have

‖Bpv‖Hλα,p(curl ,ΩR) ≤ C ′‖v‖Hλα,p(ΩR).

�

The operators ApS and BpT have some interesting mapping properties. First
the following lemma will be handy.

Lemma 4.3. If A ∈ Hγ
α,p(ΩR)3×3 and v ∈ Hν

α,p(ΩR) where γ > 1
2 and 0 ≤ ν <

γ − 1
2 then there exists C > 0 such that

‖Av‖Hνα,p(ΩR) ≤ C‖v‖Hνα,p(ΩR).
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Proof. Suppose A =
[
a1 a2 a3

]
, v =

[
v1 v2 v3

]T
then

(4.5) ‖Av‖2ν =

∥∥∥∥∥∥
3∑
j=1

ajvj

∥∥∥∥∥∥
2

ν

≤ 3

3∑
j=1

‖ajvj‖2ν .

For j = 1, 2, 3 we have

‖ajvj‖2Hνα,p(ΩR) =
∑
j∈Z3

(1 + |j|2)ν |âjvj(j)|2 =
∑
j∈Z3

(1 + |j|2)ν

∣∣∣∣∣∑
l∈Z3

âj(j− l)v̂j(l)

∣∣∣∣∣
2

≤
∑
j∈Z3

(∑
l∈Z3

(1 + |j|2)
ν
2 |âj(j− l)||v̂j(l)|

)2

≤ 22ν
∑
j∈Z3

(∑
l∈Z3

[
(1 + |j− l|2)

ν
2 + (1 + |l|2)

ν
2

]
|âj(j− l)||v̂j(l)|

)2

≤ 22ν+1(S1 + S2)

where

S1 =
∑
j∈Z3

(∑
l∈Z3

(1 + |j− l|2)
ν
2 |âj(j− l)||v̂j(l)|

)2

,

S2 =
∑
j∈Z3

(∑
l∈Z3

(1 + |l|2)
ν
2 |âj(j− l)||v̂j(l)|

)2

.

Applying the Cauchy - Schwarz inequality consecutively gives

S1 ≤
∑
j∈Z3

(∑
l∈Z3

(1 + |j− l|2)
ν
2 |âj(j− l)||v̂j(l)|2

∑
l∈Z3

(1 + |j− l|2)
ν
2 |âj(j− l)|

)

=

(∑
l∈Z3

(1 + |l|2)
ν
2 |âj(l)|

)∑
l∈Z3

|v̂j(l)|2
∑
j∈Z3

(1 + |j− l|2)
ν
2 |âj(j− l)|

≤

(∑
l∈Z3

(1 + |l|2)
ν
2 |âj(l)|

)2 ∑
l∈Z3

(1 + |l|2)ν |v̂j(l)|2

and

S2 ≤
∑
j∈Z3

(∑
l∈Z3

(1 + |l|2)ν |âj(j− l)||v̂j(l)|2
∑
l∈Z3

|âj(j− l)|

)

=

(∑
l∈Z3

|âj(l)|

)∑
l∈Z3

|v̂j(l)|2
∑
j∈Z3

(1 + |l|2)ν |âj(j− l)||v̂j(l)|2

≤

(∑
l∈Z3

(1 + |l|2)
ν
2 |âj(l)|

)2 ∑
l∈Z3

(1 + |l|2)ν |v̂j(l)|2.
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Thus

‖ajvj‖2Hνα,p(ΩR) ≤ 22ν+2

(∑
l∈Z3

(1 + |l|2)
ν
2 |âj(l)|

)2 ∑
l∈Z3

(1 + |l|2)ν |v̂j(l)|2.

Also by the Cauchy - Schwarz inequality(∑
l∈Z3

(1 + |l|2)
ν
2 |âj(l)|

)2

≤
∑
l∈Z3

(1+|l|2)ν−γ
∑
l∈Z3

(1+|l|2)γ |âj(l)|2 = C2
1‖aj‖2Hγα,p(ΩR),

where C2
1 =

∑
l∈Z3(1 + |l|2)ν−γ (this series converges since ν − γ < − 1

2 ). Hence

(4.6) ‖ajvj‖2Hνα,p(ΩR) ≤ 22ν+2C2
1‖aj‖2Hγα,p(ΩR)‖v‖

2
Hνα,p(ΩR).

By (4.5) and (4.6)

‖Av‖2Hνα,p(ΩR) =

3∑
j=1

‖ajvj‖2Hνα,p(ΩR) ≤ 3.22ν+2C2
1 max

j

{
‖aj‖2Hγα,p(ΩR)

}
‖v‖2Hνα,p(ΩR).

Let C =
√

3.2ν+1C1 max
j

{
‖aj‖Hγα,p(ΩR)

}
, we have

‖Av‖Hνα,p(ΩR) ≤ C‖v‖Hνα,p(ΩR).

�

Lemma 4.4. The matrix-valued functions P, Q, ξµ−1
r , ξµ−1

r ξ, µ−1
r ξ belong

to Hη
α,p(ΩR)3×3. Moreover, the operators S, T are bounded linear operators from

Hλ
α,p(curl ,ΩR) to Hλ

α,p(ΩR).

Proof. For the first part, we only prove for ξµ−1
r ξ, the other cases are either

similar or straightforward. Suppose ξ =
[
ξ1 ξ2 ξ3

]
, then µ−1

r ξ =
[
µ−1
r ξ1 µ−1

r ξ2 µ−1
r ξ3

]
.

For j = 1, 2, 3, since µ−1
r ∈ Hη+ 1

2 +ε
α,p (ΩR)3×3 and ξj ∈ Hη

α,p(ΩR), by Lemma 4.3
there exists c > 0 such that

‖µ−1
r ξj‖Hηα,p(ΩR) ≤ c‖ξj‖Hηα,p(ΩR) <∞.

Similarly we can show that ‖ξ̄µ−1
r ξj‖Hηα,p(ΩR) ≤ c′‖µ−1

r ξj‖Hηα,p(ΩR) < ∞ for some

c′ > 0. Thus ξµ−1
r ξ ∈ Hη

α,p(ΩR)3×3.
Linearity of S and T is clear, we only prove their boundedness. For u ∈

Hλ
α,p(curl ,ΩR), curl u ∈ Hλ

α,p(ΩR). Therefore by lemma 4.3

‖Su‖Hλα,p(ΩR) ≤ ‖(P − ξµ−1
r ξ)u‖Hλα,p(ΩR) +

∥∥∥∥ ik ξµ−1
r curl u

∥∥∥∥
Hλα,p(ΩR)

≤ C1k‖u‖Hλα,p(ΩR) + C2‖curl u‖Hλα,p(ΩR)

≤ C‖u‖Hλα,p(curl ,ΩR)

and

‖T u‖Hλα,p(ΩR) ≤ ‖Qcurl u‖Hλα,p(ΩR) + ‖ikµ−1
r ξu‖Hλα,p(ΩR)

≤ C ′1‖curl u‖Hλα,p(ΩR) + C ′2k‖u‖Hλα,p(ΩR)

≤ C ′‖u‖Hλα,p(curl ,ΩR)

where C1, C
′
1, C2, C

′
2, C, C

′ are positive numbers. �
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The following theorem gives us the the relation between the periodic equation
(4.2) and the original one as well as its Fredholm property.

Theorem 4.5. If u ∈ Hα,p(curl ,ΩR) is a solution to (4.2) then u|Ωh ∈
Hα(curl ,Ωh) solves (4.1). Moreover, there exist a constant C > 0 and a com-
pact operator K on Hα,p(curl ,ΩR) such that

Re (u−ApSu−BpT u,u)Hα,p(curl ,ΩR) ≥ C‖u‖2Hα,p(curl ,ΩR)+Re (Ku,u)Hα,p(curl ,ΩR).

The proof can be done using the same reasoning as in Theorem 5.2 and Theorem
5.3 in [21].

5. A spectral Galerkin method

For N ∈ N, define

Z3
N =

{
j =

[
j1 j2 j3

]T ∈ Z3 : −N
2
< j1, j2, j3 ≤

N

2

}
.

Now we consider

TN = span
{
φj : j ∈ Z3

N

}
which is a finite dimensional subspace ofHα,p(curl ,ΩR) and let PN : Hα,p(curl ,ΩR)→
TN be the orthogonal projection onto TN , i.e

PNu =
∑
j∈Z3

N

û(j)φj(x).

We approximate (4.2) by the following Galerkin equation
(5.1)
(uN−ApSuN−BpT uN ,wN )Hα,p(curl ,ΩR) = (Apf+Bpg,wN )Hα,p(curl ,ΩR), uN ∈ TN
for all wN ∈ TN , which is equivalent to

(5.2) uN − PNApSuN − PNBpT uN = PNApf + PNBpg, uN ∈ TN .
We will see that convergence is achieved without smoothness of the parameters,

but the smoother they are the higher order of convergence we will get.

Lemma 5.1. There exists Cλ > 0 such that for all w ∈ Hλ
α,p(curl ,ΩR)

‖PNw −w‖Hα,p(curl ,ΩR) ≤ CλN−λ‖w‖Hλα,p(curl ,ΩR).

Proof. For w ∈ Hλ
α,p(curl ,ΩR)

‖PNw −w‖2Hα,p(curl ,ΩR) =
∑
j/∈Z3

N

(
k2|ŵ(j)|2 +

∣∣∣̃j× ŵ(j)
∣∣∣2)

=
∑
j/∈Z3

N

1

(1 + |j|2)λ
(1 + |j|2)λ

(
k2|ŵ(j)|2 +

∣∣∣̃j× ŵ(j)
∣∣∣2)

≤ 1(
1 + 3N2

4

)λ ∑
j/∈Z3

N

(1 + |j|2)λ
(
k2|ŵ(j)|2 +

∣∣∣̃j× ŵ(j)
∣∣∣2)

≤
(

4

7

)λ
N−2λ‖w‖2Hλα,p(curl ,ΩR).

�
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Recall that the equation (4.2) satisfies a Garding estimate, we have the following
convergence theorem for the Galerkin method.

Theorem 5.2. There exists N0 > 0 such that for all N ≥ N0, the equation
(5.2) has a unique solution uN and the following error estimate holds

‖uN − u‖Hα,p(curl ,ΩR) ≤ CλN−λ‖u‖Hλα,p(curl ,ΩR)

where Cλ > 0 is a constant depending on λ and u is the solution to (4.2).

Proof. Since (4.2) satisfies the Garding estimate in Theorem 4.5, by Theorem
4.2.9 in [31], there exists N0 and a positive constant C independent of N such that
for all N ≥ N0,

‖uN − u‖Hα,p(curl ,ΩR) ≤ C inf
wN∈TN

‖wN − u‖Hα,p(curl ,ΩR).

Moreover, according to Lemma 5.1,

inf
wN∈TN

‖wN −u‖Hα,p(curl ,ΩR) ≤ ‖PNu−u‖Hα,p(curl ,ΩR) ≤ CλN−λ‖u‖Hλα,p(curl ,ΩR),

therefore the desired estimate holds. �

By this theorem, we can conclude that the spectral Galerkin method converges
with arbitrarily high order provided u is sufficiently smooth. The discretization of
equation (5.2) as well as the process of calculating the Fourier coefficients of the
involved quantities can be done similarly as in [21], therefore are omitted here.

6. Numerical examples

We now present numerical results for the Galerkin method. The computational
domain is the rectangular box (−π, π)2 × (−1, 1) (h = 1) which is partitioned
uniformly in each dimension into N3 grid points for some N ∈ N. The wave
number k = 3π/2. We choose the following α-quasiperiodic plane wave is used as
the incident electric field

Ein(x) =

1
1
0

 eikx3 .

We ran the simulation in MATLAB and observed the scattered electric field u
at x = (0, 0, 1.5) when N varies from 20 to 100 with step size 10. For each value of
N , we calculated the relative error between u of the current step and that of the
previous one, that means

errorj =
|uNj (x)− uNj−1(x)|

|uNj−1
(x)|

, j = 1, 2, . . . , 8.

Here N0 = 20 and Nj = Nj−1 + 10. We consider three test cases in the numerical
simulations.

6.1. Small smooth spheres. The first case is a medium consisting of a small
sphere in each period with the geometry given by

D =
{
x ∈ Ωh : x2

1 + x2
2 + x2

3 < 0.22
}
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and, for x ∈ Ωh, the material parameters are

εr(x) = I + γ0(x)diag {0.2, 0.4, 0.1} ,
µ−1
r (x) = I + γ0(x)diag {0.3, 0.1, 0.2} ,
ξ(x) = γ0(x)diag {0.01, 0.02, 0.05)} ,

where γ0 : R3 → [0, 1] is a smooth function that equals 1 at the center of the sphere
and 0 outside it. More specifically, for x ∈ D,

γ0(x) = exp

(
1− 0.22

0.22 − x2
1 − x2

2 − x2
3

)
.

The three-dimensional image for the geometry as well as the relative errors for
increasing values of N are shown in Figure 1. The error decreases as N increases
and the difference between N = 90 and N = 100 is very slim.

(a) Periodic structure (9 periods) (b) Relative errors of u at (0, 0, 1.5)

Figure 1. Solving the direct scattering problem for periodically
aligned spheres.

6.2. Smooth rectangular boxes. Next we consider a medium that consists
of one rectangular box in each period. The geometry is given by

D = {x ∈ Ωh : |x1| < 0.5, |x2| < 0.5, |x3| < 0.2}
and, for x ∈ Ωh, the material parameters are

εr(x) = I + γ1(x1)γ2(x2)γ3(x3)diag {0.2, 0.4, 0.1} ,
µ−1
r (x) = I + γ1(x1)γ2(x2)γ3(x3)diag {0.3, 0.1, 0.2} ,
ξ(x) = γ1(x1)γ2(x2)γ3(x3)diag {0.01, 0.02, 0.05)} ,

where γ1, γ2, γ3 : R → [0, 1] are smooth functions such that their product equals 1
at the centers of the box and 0 outside it. For x ∈ D, they are given by

γ1(x1) = exp

(
1− 0.52

0.52 − x2
1

)
γ2(x2) = exp

(
1− 0.52

0.52 − x2
2

)
γ3(x3) = exp

(
1− 0.22

0.22 − x2
3

)
.
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(a) Periodic structure (9 periods) (b) Relative errors of u at (0, 0, 1.5)

Figure 2. Solving the direct scattering problem for periodically
aligned boxes.

Figure 2 shows the true geometry and relative errors for the rectangular box.
Overall, the error decreases from N = 30 to N = 100. There is an abnormal rise
in error from N = 60 to N = 70, but the error is already very small at this point
so this might be due to roundoff errors.

6.3. Smooth flat strip. The last scattering medium is a strip that spans the
entire period horizontally. The geometry is

D = {x ∈ Ωh : |x3| < 0.4}
and, for x ∈ Ωh, the material parameters are

εr(x) = I + γ4(x)diag {0.2, 0.4, 0.1} ,
µ−1
r (x) = I + γ4(x)diag {0.3, 0.1, 0.2} ,
ξ(x) = γ4(x)diag {0.01, 0.02, 0.05)} ,

where

γ4(x) =

{
exp

(
1− 0.42

0.42−x2
3

)
if x ∈ D,

0 if x ∈ Ωh \D.
In this case, the error gradually decreases as N increases, see Figure 3.
In summary, the spectral method converges numerically for all examples. The

periodization of the integro-differential equation along with the use of the fast
Fourier transform helps significantly improve computational time and accuracy
since we can avoid direct computation of the α-quasiperiodic Green’s function.

7. The inverse problem

We consider the inverse problem of reconstructing the geometry of periodic
scattering objects using data generated by solving the direct problem. For s > h,
let

Γ±s = (−π, π)2 × {±s}
be the set where data is measured. Moreover, we consider two incident electric
fields Ein

± (x) which are α-quasiperiodic plane waves of the form

Ein
± (x) = qei(α1x1+α2x2±βx3)
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(a) Periodic structure (9 periods) (b) Relative errors of u at (0, 0, 1.5)

Figure 3. Solving the direct scattering problem for a flat strip

where β =
√
k2 − α2

1 − α2
2 and q ∈ R3 is the polarization vector satisfying q ·[

α1 α2 β
]T

= 0. Note that this choice of the polarization vector q is appropriate
according to 2.6, in fact, it is proportional to s × d when s = q × d. These two
incident fields can be understood as one propagating upward and one propagating
downward.

Inverse problem. Given the scattered electric field u±(x) for x ∈ Γs =
Γ+s ∪Γ−s corresponding to Ein

± (x), respectively. Determine the geometry D of the
scattering object.

7.1. The imaging functional. For p ∈ R3, z ∈ Ωh, and p > 0, define

(7.1) I(z) =

∣∣∣∣∫
Γs

u+(x) · pG(x, z) ds(x)

∣∣∣∣p +

∣∣∣∣∫
Γs

u−(x) · pG(x, z) ds(x)

∣∣∣∣p .
The definition of I(z) as in (7.1) is inspired by that of the orthogonality sam-

pling method solving the inverse scattering problem for bi-anisotropic bounded
objects in [23]. Based on our numerical experiments, I(z) also behaves as an imag-
ing functional for the inverse problem in this paper, meaning it attains large values
when z ∈ D and is close to 0 when z /∈ D. Therefore, we use it as a tool to solve
the inverse problem numerically. The analysis of the imaging functional will be
addressed in the future.

7.2. Numerical results. We use the same set of parameters as in the nu-
merical study for the direct problem, which means h = 1, k = 3π/2, α1 = α2 = 0,
β = k. The two incident waves are

Ein
± (x) =

1
1
0

 e±ikx3 .

The scattered electric fields are measured on Γ±1.5 = (−π, π)2 × {±1.5}, each
contains 32×32 points of measurement. The sampling domain (−π, π)2× (−1, 1) is
uniformly partitioned into a 64× 64× 64 grid. The direct problem is solved on the
same domain but with grid density 32 × 32 × 32. We also added 50% of artificial
noise to the data obtained from the direct solver.
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We used a discretized version of the imaging functional I(z) for the reconstruc-
tion

I(z) =

∣∣∣∣∣∣
32∑
j1=1

32∑
j2=1

u+(xj11 , x
j2
2 ,+1.5) · pG

(
(xj11 , x

j2
2 ,+1.5), z

)
+

+

32∑
j1=1

32∑
j2=1

u+(xj11 , x
j2
2 ,−1.5) · pG

(
(xj11 , x

j2
2 ,−1.5), z

) ∣∣∣∣∣∣
p

+

+

∣∣∣∣∣∣
32∑
j1=1

32∑
j2=1

u−(xj11 , x
j2
2 ,+1.5) · pG

(
(xj11 , x

j2
2 ,+1.5), z

)
+

+

32∑
j1=1

32∑
j2=1

u−(xj11 , x
j2
2 ,−1.5) · pG

(
(xj11 , x

j2
2 ,−1.5), z

) ∣∣∣∣∣∣
p

,

where p =
[
1 1 1

]T
and the exponent p = 4. We then normalized the values

of I(z) by dividing it by the largest value over all z ∈ Ωh, thus we ignored all
the constant factors in its discretization including the grid step size. We consider
two periodic scattering media. The first is a medium consisting of a small smooth
sphere in each period identical to that in the direct problem. Cross-sections of the
true and reconstructed geometries are shown in Figure 4.

(a) True geometry at {x3 = 0} (b) Reconstruction at {x3 = 0}

(c) True geometry at {x2 = 0} (d) Reconstruction at {x2 = 0}

Figure 4. Reconstruction of a small sphere (in one period) using
two incident fields.
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For this small smooth object, the imaging functional was able to give a good
reconstruction even though we only used two incident waves. The second medium
consists of a non-smooth ring-like object in each period. Each ring is in fact a
relatively thin hollow cylinder with small height. The geometry is given by

D = {x ∈ Ωh : 0.82 < x2
1 + x2

2 < 1, |x3| < 0.1}.
For x ∈ D, the material parameters are

εr(x) = I + diag {0.2, 0.4, 0.1} ,
µ−1
r (x) = I + diag {0.3, 0.1, 0.2} ,
ξ(x) = diag {0.01, 0.02, 0.05)} ,

For x ∈ Ωh \D, εr = µ−1
r = I and ξ = 0. The true and reconstructed cross-sections

are shown in Figure 5.

(a) True geometry at {x3 = 0} (b) Reconstruction at {x3 = 0}

(c) True geometry at {x2 = 0} (d) Reconstruction at at {x2 = 0}

Figure 5. Reconstruction of a ring (in one period) with two in-
cident fields.

This ring is an interesting object but challenging to reconstruct when there are
only a small number of incident waves used. Regardless, the imaging functional
gives us some decent information about the shape of the ring, especially in the
{x3 = 0} cross-section.

The reconstruction method using I(z) is viable for reconstructing relatively
small and thin objects when data is provided for two incident waves. The most
promising aspects of the method are its simple implementation and stability. In its
discretized form, calculating the imaging functional consists of only dot products
and summations. As for stability, it can deal with very high levels of noise compared
to some other methods, as we can see from the above examples.
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