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Abstract
We discuss a framework for constructing large subsets of R™ and K™ for non-archimedean
local fields K. This framework is applied to obtain new estimates for the Hausdorff dimension
of angle-avoiding sets and to provide a counterexample to a limiting version of the Capset
problem.

1 Introduction and Background

Many questions in additive combinatorics and geometric measure theory are of the following
form: If a set S in some space X is large in an appropriate sense, then must it contain a certain
configuration of points? The techniques involved in studying the problem depend upon the
space X and the configuration of points being studied. Problems in additive combinatorics are
often concerned with the case in which X is a finite abelian group, S is assumed to contain a
certain number of elements depending on the order of X, and the configurations being studied
are solutions to linear equations in X. For example, Roth’s theorem on 3-term arithmetic
progressions [7] and the recent capset result of Ellenberg and Gijswijt [2] are of this type. In
geometric measure theory, the space X is often taken to be R™ and the configurations under
study tend to be geometric in nature, and the results concern the Hausdorff dimension of the set
S. Examples include the recent result of Harangi et al [4] on angle-avoiding sets and the general
work of Andras M&thé on polynomial configurations [5].

Given a commutative ring R and a function f : R™ — R, we are interested in subsets of
R™ with large Hausdorff dimension not containing any v distinct points x1,...,z, such that
f(z1,29,...,2,) = 0. Mathé [5] considers the case in which R = R and f is a polynomial of
degree d with rational coefficients, obtaining a Hausdorff dimension bound of n/d. In particular,
this bound does not depend on the number of points v in the configuration. Mathé applies the
n/d bound to obtain a result on angle-avoiding sets. The author and Pramanik [3] obtain a
bound of v—il for non-polynomial functions f satisfying some mild conditions on the derivatives.

We will obtain bounds for functions f admitting a special set of points called a landmark
pair. A landmark pair is a ubiquitous set of points that avoid a neighbourhood of 0 and satisfy
certain mapping properties under f. The main result of this paper is Theorem [2.I] which allows
for the construction of sets E of large Hausdorff dimension avoiding such functions f. This
theorem implies a slight generalization of Mathé’s result:

Corollary 1.1. Let pj(z1,...,2y,;) : R™ — R be a countable collection of polynomials of degree
at most d whose coefficients are algebraic over the rational numbers. Then there exists a subset
E C R™ with Hausdorff dimension % that does not contain, for any j, any v;-tuple of distinct

points x1,. .., Ty, such that pj(xy,...,2,;) =0.

Theorem can be applied to a diverse set of avoidance problems on a variety of spaces. For
example, we are also able to obtain a p-adic version of Mathé’s result (Corollary [8.1)) using the
main theorem in this paper.



2 Landmark Systems

The main result is the following:

Theorem 2.1. Let K be either a non-archimedean local field or R, and let {f,}52, : K™ — K
be a sequence of |ag4|-times strictly differentiable functions. Suppose that there exists a ball
B C K" on which each function f, has some partial derivative 0% of order || that does not
vanish on BY for any q. Suppose there exists a sequence €, of positive real numbers with limit 0,
and a sequence of weak approrimate landmark pairs {(qu’m’]),E(Qq’m’j))}qezymezyje{o’l ,,,,, larg| =1}
with parameters r,v, o and of degree d+€,,, and adapted to D; 4 f,, where {Dj’q}‘ja:q(l 1S a sequence

of differential operators such that Dy q is the identity operator, Djq = Dj_1,40 oG.0» and such
i9(d.a

)
that Dyo,|,q = 0% . Then there exists a set 2 C B of Hausdorff dimension % that such that E
does not contain any vg distinct points (M, ..., 2(0)) such that fa(zD) ,zv)) =0 for any
q.

In order to make sense of this result, we need to define the notion of a weak approximate
landmark pair.

Let R be a commutative ring equipped with a metric p(z,y) : R x R — R satisfying the
following properties for all z,y, and z

plx+z,y+2) = p(z,y) (1)
p(0,2") = p(0,z)" (2)

Suppose that, with respect to this metric, R is locally compact and does not have any isolated
points.

Definition 2.2 (Landmark System). We will call {€,, : R — Z4 U o0}y a landmark system
for addition and multiplication on Q; Q C R compact, if it satisfies the following properties for
some positive real numbers r, v, and o such that v > o, and some appropriate ¢1 and ¢po:

o Monotonicity property: €y, (x) < £y(x) whenever w > v and x € Q
e Additive property:
Loy (wrwp) (T + ) S max(ly, (2), Luwy (Y)) + 0(lw, () + Lu, (1))
for any x,y € Q.
o Multiplicative property:
€¢2(w1,w2) (2y) < Ly, () + Loy (y) + 0(lw, (2) + L, (y))
for any x,y € Q.

e Separation property: The ball B(0; Cy (e, w) 17149 does not contain any nonzero points
y such that L, (y) < j. In particular, this will hold if the points satisfying £, (y) < j are
C1 (e, w) 117049 separated.

o Ubiquity property: For any x € Q and any integer k > 0, and any € > 0 there is at least
one point y in the ball B(x; Cy(e, w)r @) such that L,(y) < k.



If there exists a function ¢(z) such that £,,(x) = ¢(x) for all w and all z, we call £ a landmark
function for R. In practice, the error terms in the additive and multiplicative property will be
very small; in every example we present, they can in fact be taken to be constant or zero.

We will not be particularly concerned with landmark systems per se, but will instead concern
ourselves with the related notion of a landmark pair.

Definition 2.3 (Landmark Pair). Let X be a locally compact metric space, let Y be a pointed
metric space with distinguished point 0 and let f : XV — Y be a function. For positive real
numbers r,y,o with v > o, we will call (1,02), where {1 : X — Zy U{oo}, ba: Y — Z; U {0}

n (r,7,o)-landmark pair adapted to f of degree d on a compact set Q C X if (£1,4s) satisfies
the following properties for all € > 0:

e Function property:

bo(f(z1,. .., 2y)) < d max ¢1(x;) + o( max ¢1(x;))

1<i<w 1<i<v
forall z1,... x, € Q.

e Separation property: There are mo nonzero points y in B(0;Cy(e)~1r1(1+e) such that
ly(y) < 7. In particular, this will hold if the points satisfying l2(y) < j are Cy ()~ tri(1+e).
separated.

o Ubiquity property: For any x € §2, any integer k > 0, and any € > 0 there is at least one y
in the ball B(x; Co(e)r=9%) such that £1(y) < k.

In the context of a landmark pair ({1, ¢s), points for which ¢; or ¢ is finite will be called
landmarks. For us, the primary interest in landmark systems is that they give rise to landmark
pairs for polynomials with coefficients in the landmark system.

Lemma 2.4. If {£,,}32, is an (r,7,0)-landmark system on Q C R, and if p is a polynomial of
degree d whose coefficients are finite with respect to some £, , then there exists a w(p) such that
(€1, Lwpy) 1s an (1,7, 0)-landmark pair on Q of degree d for p.

Proof. The separation and ubiquity conditions immediately follow for any w > 1 from the as-
sumption. We verify the function condition by induction on the degree of the polynomial. We
begin with polynomials of degree 1.

In order to show the statement for polynomials of degree 1, we will first suppose p is of
the form p(x1,...,z,) = a1x1 + a for some a,ay such that £, (a) and £, (a1) are finite. Then
Lo, (¢3(w1,1),wy) (@12 +a) can be estimated by successively applying the additive and multiplicative
conditions:

€y (6a(wr,1)wn) (017 + @)

(1 +0(1)) max(£y, (w, 1) (@12), bw, (a))

(1 +0(1)) max((1+ o(1))(bw, (a1) + £1(x)), lw, (a))
(14 0(1))l1(x) + Lu, (a1) + Luw, (a)

(1+0(1))1(x)

VAN VAN VAN VAN

Thus the function condition holds for p.

Next, we will show the statement for arbitrary linear polynomials by performing an induction
on the number of linear terms. Suppose that we know the condition holds for polynomials of
the form aiz1 + -+ + ay—_17y—1 + a. We will show that the condition holds for polynomials



of the form ajxy + -+ + apxy, + a. Let p(x1,...,2,) = @121 + a2xo + - + a2y + a, and let
r(ze,...,&y) = 2o + -+ + ayZy + a, so that p(xq,...,z,) = ayz1 + r(z2,...,2,). Then

€¢1(¢2(w171),w(r))(a1x1 + r(xg, - 7CCU))
< (L4 o(1)) max(€y, (wy,1)(@121), b T(T15 - T0))
< (14 0(1)) max(Ly, (a1) + €1 (x1) + 0o(¢1(x1)), max 1(z5)) + o le (z5))

7j>2

< (14 0(1)) max(£1(x1),...,l1(zy)).

This proves the statement for polynomials of degree 1.

Now, suppose we know the statement is true for polynomials of degree d — 1. We will show
it is true for polynomials of degree d.

To show this, we will induct on the number of terms ¢ of degree d. If ¢ = 1, then p(x) =
aaX* + q(x), where « is some multi-index of degree d and ¢(x) has degree at most d — 1. Let
w*** be the value of w(r) corresponding to the polynomial 7(x) = x?, where 3 is a multi-index
of degree d — 1 that is obtained from « by decrementing the first nonzero entry of «; say the x;
entry. Let w™* be ¢o(1,w™*), let w* = ¢o(w*™,w1), and let w = ¢1(w*,w(q)). We claim that
w(p) can be chosen to be w. To see this, let ¢;(x) = max; ¢;(x;) and observe

Loy (w w(g)) (aax® + q(x))
(14 0(1)) max (Lo« (aax"

(¢(x)))

< (1 ) uw(q) (4

< (1 + o(1)) max((1 + 0(1) (b, (30) + e (x)), (1 + (1)) — 1)3.(6))
< (14 o(1)) max((1 + (1)) (bu, (an) + €1 (2:) + Lu= (7)), (n = 1)1 (%))
< (14 o(1)) max(Lu, (an) + 1(0) + (1 — D(0), (0 — 1) (x)))

(x
and this maximum is no more than nf;(x) + o(¢1(x)), as desired.
Finally, if ¢ > 1, then we can write p(z) = aqox® + ¢(z), where ¢(z) is a polynomial of degree
d with t — 1 terms of degree d. A similar argument to the inductive step in the linear case above
gives the desired result. O

In fact, for our purposes, we do not need landmarks to map exactly to other landmarks,
but only to map to points that are close to landmarks. We codify this notion in the following
definition.

Definition 2.5 (Approximate Landmark Pair). Let X be a locally compact metric space, Q C X
compact, and'Y a pointed metric space with distinguished point 0. Let r,~y, and o be positive real
numbers such that v > 0. A weak approximate landmark pair of degree d adapted to f
on Q is a pair of functions (¢1,42) satisfying the separation and ubiquity conditions for v and o
such that there exists an infinite subset J C N and a number € > 0 such that, for any j € J and
any 1, ..., &, satisfying max(€1(x1),...,41(x,)) = j, we have that

l2(y) < dj + o(j)

for some y satisfying the condition that p(y, f(z)) < rO49i If J = N, we call ({1,03) an
approximate landmark pair of degree d adapted to f.

We provide some examples of landmark systems, landmark pairs, and weak approximate
landmark pairs in the following sections.



3 Examples of Real Landmarks

We begin with a motivating example. This example comes from [5] and serves as the motivation
for landmark systems.

Example 3.1. Let R=R. Let N be a fized integer. Define £(x) to be the minimal nonnegative
integer n (if such an n exists) such that

a

.T:m

where a is an integer. Take £(x) = Ly (x) for all w. Then {€,,}22 , is a landmark system for R
withr=N"1,v=1, and o = 1.

Proof. The monotonicity property is trivially satisfied because ¢,, does not depend on w.
Consider the sum 7r + NZLQ. Without loss of generality, suppose ns > ny. Then we can

rewrite the sum as %, and therefore £,, satisfies the additive property (the function ¢,
is not important because ¢,, does not depend on w).

The product % - &= is equal to so the multiplicative property is satisfied.

ab
Nn1+n2

N1 ° N2
Clearly, the multiples of ﬁ are ﬁ-sepaurauted7 so the separation condition is satisfied for
v=1.
Finally, each half-open ball of radius ﬁ contains a number of the form 7% for some integer
a, so the ubiquity condition is satisfied for o = 1. O

The above example is somewhat trivial in that the ¢ and w from the definition were not
necessary. We present a more nontrivial example to illustrate the purpose of the w and € in the
definition.

Example 3.2. Let R =R. Let Q(0) be a finite real extension of Q of degree k and let £,,(x) be
the minimal n (if it exists) such that

1
xr = ﬁ(ao +o b ap 65,

where ag, - . .,ai—1 are integers between —w2™ and w2™. The value of £,,(x) is taken to be oo if
x cannot be expressed in this form for any n.
Then {l,,} is a landmark system on [0,1] withr =274y =0 = k.

Proof. The monotonicity property follows because the minimum is taken over a larger set if w
increases.
To prove the additive property, we want to consider the sum

27" (ag + a1l + -+ ap_10°7Y) + 2772 (bg + b16 + - - - + bp_ 10571,

where |a;| < w2™ for all j and |bj| < wy2"* for all j. Without loss of generality, we will assume
no > ny. Then the sum can be rewritten as

272((2"2 Mag 4 bo) + (2" M ay +b)0 + -+ + (272 M ag + by)6").

Here, each 2" ™ q,; < w;12"2, so the additivity property holds. Here, ¢1 (w1, w2) = w1 + wo
and there is no error term.
To prove the multiplicative property, we want to consider the product

27" (ag + a1l + -+ ap_10°71) 2772 (bg + b0 + -+ bpf* L),



where each |a;| < w12™ and each |bj| < w92"™2. The product is

k—1 k-1

272 Z Z ajlbj29j1+j2.

J1=0j2=0

For j, + jo < k—1, we do not need to re-write the term; for j; + j» > k, we have that §7* 172 can
be expressed as a polynomial of degree at most k£ — 1 in 6 with integer coefficients. Therefore,
the sum reduces to

272 (e 10 4 - - - + cx6)

where each of ¢y, . . . ¢ is a sum of a bounded number of integers (say, at most T') that are bounded
above by wjw32™ T2, Thus the multiplicative property holds with ¢o (w1, ws) = Twiwz and no
error term.

An elementary theorem (implicit in the proof of Theorem III of Chapter 5 of [I]) states that
there are no k-tuples (ag, . . .,ax_1) such that |agl, ..., |ax_1] < 2" 1w and

lap 4+ a10 + - - - + ap_ 1071 < C(w2m) =Y,

This implies the separation condition.
It remains to verify the ubiquity condition. This will follow from the separation condition
given above together with a transference principle [I, Chapter 5, Theorem VI, corollary]:

Theorem 3.3 (Transference Principle). If z is a k — 1-dimensional vector such thatu-z —y >
C1 X~ =1 for all integer vectors u satisfying |u|se < X and all integers y, then there exist
constants Co, C3 such that for any real number x such that 0 < x < 1, there exists a vector a
with |alo < CoX and an integer ag such that |a-z+ ag — x| < Cy X —(k=1),

This transference principle, applied with X = w2" and z = (0,60%,...,0%"1), immediately
implies that, for any real number z, there exist (aq,...,ar—1) such that the point a;0 + --- +
ap_10%"1 — 2"z is within Cw2~(F=D" of an integer —ag, where |ail, ..., |ar_1| < Cw2" for
some appropriate constant C' depending on . This, of course, implies that |ag| is itself at most
C’'w2™, where C’ depends on 6 but not on n or on w. Thus, there exist ag,...,ar_1 with
ao, ..., ap—1 < C'w2"™ such that ag+a10+...+ap_16"1 is within Cw2~"* =1 of 27z, Dividing
by 2™ gives the result. O

It is not clear if there is any way to find an appropriate landmark system for polynomials with
transcendental coefficients. Nonetheless, for polynomials with coefficients well-approximated by
rational numbers, we at least have access to a weak approximate landmark pair.

Example 3.4. Let p(z1,...,2,) be a polynomial of degree d such that the coefficients of p
are simultaneously well-approximable to degree T; that is, |ca —y| < Cc™7 has infinitely many
solutions for positive integers ¢ and integer vectors 'y where a is the vector of coefficients of p,
and where C' is an appropriate constant. Let o > d /7, and let J be the set of values j such that
there exists an integer c; such that 2°U~1 < ¢; < 2% and such that |c;a — y| < €27+,
Select such a c; for every j € J and define {1(x) to be the minimal value of j € J for which

for some integer a between —27 and 27 if such a j exists, and oo otherwise. Define {3(x) to be
the minimal value of [(d+ «a)j], where j € J is such that

a
9dj
cj2%



for some integer a if such a j exists, and oo otherwise. Then ({1,03) is a weak-approrimate
landmark pair satisfying r = %,'y = 1,0 = 1 of degree d + a. We emphasize the loss in the
degree: although p is a polynomial of degree d, (¢1,¢3) is only a weak approximate landmark pair
of degree d + .

Proof. Let j € J and let ¢; be as described. Clearly multiples of 277 are separated by 277,
multiples of cj*l?’dj are separated by 27(4+®)J and therefore the separation and ubiquity con-
ditions are satisfied for v = o = 1, as described in Example The factor of d + o was
introduced in order to allow us to choose ¢ = 7 = 1 for this example. Then ¢;p is a polynomial

whose coefficients lie within C2~%7 of integers. Therefore, if we plug in numbers of the form 57

into p, where |a| < 27 is an integer, we get that c;p(x1,...,x,) is within C’27%7 of an integer
multiple of 27% for an appropriate constant C’. Dividing by ¢;, we get that p(z1,...,2,) is
within a C”2-27(7+1) of an integer multiple of 2_djc;1. The condition a > d/7 implies that

aj(t+1) = (a7 + a)j > (d + a)j, completing the proof. O

For similar reasons, it is possible to construct weak approximate landmark pairs for polyno-
mials whose coefficients are simultaneously well-approximated by algebraic numbers.

Example 3.5. Let p(z1,...,2,) be a polynomial of degree d such that there exists an algebraic
integer 0 of degree k and a real number T > k — 1 such that, for infinitely many (rational)
integer vectors (co, ..., cr_1), the polynomial (co + c10 + cx—10*"V)p(z1, ..., x,) has coefficients
of the form by + b10 4 - - + by_10*~1 + 6, where the coefficients by, ...,by_1 are integers, and
|0] < max(|col, |e1]-- -, ck—1])"7. Let a > T_‘_d%k. Let J be the set of values j such that there
exist ¢g, ..., cp_1 that satisfy 2°U~1 < max; |¢;| < 2%, and such that each coefficient of (co +
e 108 Dp(w, .. ., 1) s of the form described in the previous sentence. Select such a vector

c9) for every j € J, and define £1(x) to be the minimal value of j € J for which
1
T = E(ao +arf+ -+ ap_1057)

where each a; is an integer and max; |a;| < 27 if such a j ewists, and oo otherwise. Define {o(x)
to be [(d+ «)j|, where j € J is the minimal value such that

1

- - - ‘(ao+~~+ak_19k’1)
(C(()])+C§J)9+~~'+C](CJ_)19k71)2dJ

xTr =

where each a; is an integer bounded above by W24+)i in absolute value for some sufficiently
large W depending on p, 0, and k, and f2(x) = oo otherwise. Then ({1,4s) is a weak approrimate
landmark pair satisfying vy =k, o =k, and r = % of degree d + .

Proof. The separation and ubiquity conditions have already been verified for ¢; and {5 with
v =0 = k in Example [3.:2] We need only verify the function property.

Let p(z1,...,2,) be a polynomial. Suppose there exists co+ - -+cx_ 1051 such that 2001 <
max;(|c;|) < 2% and (co + 10 + -+ + cx_10*"V)p(z1, ..., x,) has coefficients of the form ag +
a10 + - -+ ap_10%1 + 6, where |§| < 277U~ this is possible whenever j € J by assumption.
For each variable z1, ..., x,, we plug in a number of the form

27 (bg + b10 + -+ 4 bp_10%71),

where max; (|b;|) < 27, into (co + c10+ - + cx_10¥"1)p(x1, ..., z,). Each such number satisfies
¢1(z) < j, and each number z such that ¢1(z) = j is of this form. Then, the output is within
W2-7% of a number of the form 2-% (do +d10+ -+ dk,19k_1) for some number W that



depends only on 6,k and on the polynomial p. Here dy,...,d;_1 are integers that are bounded
above in absolute value by W2(@+®)J where, again, W is some constant depending only on 6, k,
and p. We then divide by c¢o 4+ ¢10 + - - + cx_10*~!, and conclude that, for x;,zs, ..., x, with
max({1(z1),...,01(x,)) = j, we have that p(zy,...,z,) is in a 2~ (Tt peighbourhood of a
number of the form

2%

ot alt o+ Ck_lek_l (do +di0+---+ dk,lgkﬂ)

where the d; are integers with absolute value bounded above by W2(@+®)J  This is to say that
p(x1,...,x,) is within a 2= ("D neighbourhood of a point such that £5(j) < [(d + «)j]. The
choice of « guarantees that (7 + 1)a > (d + a)k, and because v = k it follows that (¢1,£2) is a
weak approximate landmark pair. O

4 Examples of Non-Archimedean Landmarks

Landmark systems also arise in the setting of non-archimedean local fields, such as the p-adic
numbers and the field of formal Laurent series over a finite field. While landmark systems for
the p-adic numbers and for function fields are fairly simple to construct, the construction of
landmark systems on other non-archimedean local fields (i.e., simple algebraic extensions of the
p-adic numbers) is more involved. We begin by providing a landmark system for function fields,
which is the simplest case.

4.1 Introduction to Non-Archimedean Local Fields

Before describing landmark systems for non-archimedean local fields, we briefly discuss the theory
of such fields.

A discrete valuation ring R is a principal ideal domain with a unique prime ideal []].
Because R is a principal ideal domain, the prime ideal of R is generated by a single element
of R; such elements are called uniformizers or uniformizing elements of R. Let ¢ be a
uniformizing element of R. Because tR is the only prime ideal of R, it follows that tR is not
properly contained in any other prime ideals of R; therefore, tR is a maximal ideal. It follows
that the quotient R/tR is a field. This field R/tR is called the residue class field of R. We
will exclusively consider the situation in which R/¢R is a finite field F,,.

Suppose ¢ = p/ for some f. Then F, has characteristic p, and p-1 =1+ 1+ --- + 1 belongs

p times
to the ideal tR. If p-1 = 0, then the ring R has characteristic p; otherwise, R has characteristic
Zero.

Let S be a family of representatives of the additive cosets of tR in R with the property that

0 € S. Every element x of R can be expressed uniquely in the form

x = ijtj (3)
Jj=0

where x; runs over S. If each infinite sum of this form corresponds to an element x € R, then
the discrete valuation ring R is called complete.

For the rest of this section, we will assume R is a complete discrete valuation ring. Let x € R
and write x as in . We define the absolute value |z| of  to be 0 if z = 0, and ¢/ if z; # 0 and
x, = 0 for all £ < j. With respect to this absolute value, R forms a complete metric space. This



absolute value is discrete (this is the origin of the term discrete valuation ring), taking only values
{q77 : j € Z} and zero. The closed balls of radius ¢~7 in the metric induced by this absolute
value are disjoint. This absolute value respects multiplication: |zy| = |z||y|. Furthermore, the
absolute value satisfies the ultrametric inequality

|+ y| < max(|z], |y[). (4)

We will take a few moments to consider the importance of inequality . Consider the closed
ball of radius r = ¢~/ centered at . Let y be any point in R such that |z —y| <r, andlet z € R
be such that |y — z| < r. Then we have

[z =2l = |(z —y) + (y — 2)| < max([z -y, |y - 2]) <7

So the closed ball of radius r centered at x is precisely the same ball as the closed ball of radius
r centered at y. This implies that if two closed balls of radius r intersect, then they must be
equal.

The discrete nature of the absolute value also has some profound implications for the topology
on R. For example, consider the family of closed balls of radius ¢~/ contained in a closed ball of
radius ¢~ centered at z. If |z — y| = ¢~U~1 exactly, then x and y lie in the same coset of
t’~'R but not in the same coset of ¢t/ R. Since there are g cosets of /R contained in each coset
of /7' R, it follows that there are precisely g closed balls of radius ¢~/ contained in each closed
ball of radius ¢~U—1). We can also conclude that if two open balls of radius ¢~/ differ, then they
are separated by a distance of at least ¢ 7.

In the same spirit as for R, we define on norm on R™ by

H(x(l),...,x("))H = max(jzV], ..., [2™)])

. This norm also satisfies the ultrametric property under addition, and therefore also has the
property that two distinct open balls of the same radius ¢~/ are separated by at least ¢/, and
has the further property that each ball of radius ¢~/—1 contains exactly ¢" balls of radius ¢—7.

We now describe the Haar probability measure dz on R: The closed ball B(0,1) = R is
assigned a measure of 1, and any closed ball of radius ¢~/ is assigned a measure of ¢=7. With
respect to this Haar measure, any coset of /R has measure ¢~7. We will also write dz for the
Haar measure on R", which is the n-fold product of the Haar measure on R.

Given a complete discrete valuation ring R, we let K be the field of fractions over R. Each
nonzero element of K is of the form

x = Z x;t (5)
j=M

for some possibly negative integer M with x; # 0. The field K is called a non-archimedean
local field. We extend the absolute value on R to all of K by defining |z| = ¢=*, where M is
as in . We extend the Haar probability measure on R to a o-finite Haar measure on K by
defining the measure of a closed ball of radius ¢/ to be ¢/, and extend the Haar measure on R"
to a o-finite Haar measure on K™ that assigns a measure of ¢/™ to a closed ball of radius ¢’.

Note that R can be recovered from K algebraically as the ring of integers of K, and topolog-
ically as the closed unit ball of K.

We will present two examples of non-archimedean local fields. The first such example will be
the field Q,, known as the p-adic numbers. Each x € Ny has a finite base-p expansion

o0

S ap
l'jp

=0



where only finitely many x; are nonzero. We define |z|, to be p~7, where x; is the lowest-degree
nonzero term in the expansion. If we take the completion of Ny with respect to this absolute
value, we get the ring of elements of the form

Z LL'jpj
7=0

This ring is called the ring of p-adic integers, denoted Z,. The p-adic integers are a discrete
valuation ring with prime ideal pZ,. Any element of Z, with absolute value equal to 1 has a
multiplicative inverse in Z,. Therefore, Z, contains every rational number £ whose denominator
q is relatively prime to p. This is a compact abelian group under addition.

The field of fractions of Z, is denoted @Q,, and is known as the field of p-adic numbers. As
an additive group, Q,, is locally compact.

A second example of a non-archimedean local field is the field F,((¢)) of formal Laurent series
over the finite field Fy. Such fields are sometimes known as function fields. The ring of integers
IF,[[t]] consists of formal power series over F,. Unlike the case for Q,, the field F,((¢)) has finite
characteristic p where ¢ = p/.

These two examples are central to the theory of non-archimedean local fields. According to
Theorem 5 of Section 1.3 and Theorem 8 of Section 1.8 of André Weil’s book [9], every non-
archimedean local field is either isomorphic to Fy((¢)) or to a finite extension of Q,. Finite
extensions of Q, will be discussed in detail.

Let L/Q, be a finite extension. L must have residue field isomorphic to F, for some q = p/.
The value f is known as the inertia degree of the extension L/Q,. Furthermore, the absolute
value on Q,,, which will be denoted |- |,, has an extension to L. Let ¢ be any uniformizing element
of L. Then |t|, is equal to pl/€ for some integer e. This integer e is called the ramification index
of the extension L/Q,. The degree of the extension L/Q, is exactly e- f. An extension L/Q,
is said to be unramified if e = 1, and is said to be totally ramified if f = 1. An extension
L/Q, always has a (not necessarily unique) subfield K such that the field extension K/Q, is
unramified; this is called a maximal unramified subextension of the extension L/Q,.

4.2 Landmark Systems for Non-Archimedean Local Fields

Let K =F,((t)) be a function field; that is, a local field of finite characteristic, and let R be the
ring of integers of K. If z € R, we can write x in the form

o0

T = ijtj, (6)

§=0
where z; € Fy for all j, and ¢ is a formal variable. Addition in R and multiplication in R are
defined in the usual way: The sum z + y is defined by
Z(xj + yj)tj
§=0

and the product of z and y is

(oo}

Z Z Thy Yko tj .

J=0 \ ki1+ka=j

Each of the sums >, .\, _. T, Yk, is finite and therefore is defined in F,.
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On F,((t)), the absolute value of

(oo}
T = Z xjtj
j=M
is equal to ¢~ ™ if 257 is nonzero. The ring F,[[t]] consists of points for which the absolute value
is bounded above by 1.

The dense subring F,[t] of F,[[t]] consists of values x with finite expansion; that is, polynomials
in t. This dense subring gives rise to a landmark system for the compact set F,[[t]].

Example 4.1 (Landmark system for F,((t))). We define a landmark function that is finite on
F,[t] and infinite on the rest of Fq((t)). For x € Fy[t], define £(x) to be the minimal j such that
x can be written in the form

zo+ Tt + o+ 3t

and 0 if = 0. That is, j is simply the degree of the polynomial x if x is a nonzero polynomial,
and oo if x is not a polynomial.
Then Ly (x) = £(x) is a landmark system on the compact set Q = F[[t] with y =0 = 1.

Proof. There is nothing to check regarding the monotonicity property because £,, is independent
of w.

The additive and multiplicative properties are clearly satisfied because of the usual properties
of the degree of a polynomial.

The separation condition is satisfied: the polynomial zg + --- + x;¢/ is the only polynomial
satisfying £(z) < j in the open ball of radius ¢~/ centered at zo + - + z;t7.

The ubiquity condition is satisfied: the open ball of radius ¢~° centered at xzg + --- + zst°
will in fact contain exactly ¢/ ~* points such that £(x) < j. O

The p-adic integers Z, consist of numbers of the form

o0
= Z x;p’
Jj=0

where each z; € {0,1,...,p — 1}. The p-adic numbers Q,, are defined similarly, but the sum is
allowed to contain a finite number of terms for which p has a negative power.

If x € Z,, has a finite expansion, we can view & € Z as a nonnegative integer in base p. We
define a landmark function in analogy to the function field case.

Example 4.2. For x € Z \ {0}, define
f(l‘o‘i’"'ﬁLJijj) :]
and '
Utao+ ) = j

if x; # 0, define £(0) =0, and take £(x) = oo for x € Z, \Z. Then £, ={ is a landmark system
for the compact set Z, with v =0 = 1.

We point out that this is the first example in this paper for which there is a need for the error
terms in the additive and multiplicative properties for landmark systems. For this example, the
error terms can in fact taken to be bounded above by the constant function equal to 1 everywhere.
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Proof. The monotonicity property is trivial because £,, does not depend on w.
The additive property follows for nonnegative integers x and y because

J J J
Sap'+ Yy =) (i i)
i=0 i=0 i=0
and each z; + y; is bounded above by 2p — 2, so £(x 4+ y) < max(¢(x),£(y)) + 1. Another way of
saying this is that we need only carry one digit when adding elements of Z in base p. Of course
the same holds if one or both of = or y is negative.

The multiplicative property follows because of basic properties of arithmetic in Z: if x and
y are integers with absolute value strictly less than p/t*t! and p?2*! (which is equivalent to
saying that £(z) < j; and £(y) < j2), then zy is bounded above by p/t772%2 and therefore
Uzy) < L(z) +L(y) + 1.

The separation property holds because the ball of radius p~7 centered at zero does not contain
any other points x such that £(z) < j: The condition that x is within p=7 of zero is equivalent
to the statement that x is congruent to 0 modulo p?*!, and the statement that ¢(x) < j means
that z is an integer between —(p/*! —1) and p?*! — 1, and the only integer satisfying all of these
conditions is 0.

The ubiquity property holds because a p-adic open ball of radius p~* contains exactly 2p7~*
elements y such that £(y) < j (or 2p?~* — 1 if the p-adic open ball happens to contain zero). [

Both of these examples (as well as Example rely on fairly simple algebra. For finite
extensions of Q,, constructing a landmark system requires some nontrivial algebraic facts.

We will first consider the case of unramified extensions of Q,. Let K/Q, be an unramified
extension of Q,. K is formed by enlarging the residue field of Q,. Let F,s be the residue field
of K and let R be the ring of integers of K. Then the field R/pR is isomorphic to [F,;. We will
normalize the absolute value on K so that |p|x = p~7; this is necessary in order to guarantee
that the Hausdorff dimension of K is equal to 1. Select a € R such that o (mod pR) generates
the multiplicative group F; consisting of the nonzero elements of F,;. Then 1,a, a2, ol
are linearly independent over Q,. Then « satisfies the relation b(a) = 0 (mod pR) where b(«)
is the p/th cyclotomic polynomial. Furthermore, the derivative b'(«) is seen to have absolute
value 1, because the cyclotomic polynomial b on I, does not have multiple roots. Therefore, we
can apply Hensel’s lemma to conclude that there is an element ¢ € R satisfying ¢t = o(mod pR)
such that b(t) = 0. We know that {1,¢,...,t/~1} must be a basis for the extension K/Q,, since
reducing modulo pR gives a basis for IF,,; (this follows from the choice of a). Each coefficient of
b is an integer and can therefore be viewed as an element of Z,, such that ¢z, is finite. Therefore,

each power {t/ : 0 < j < 2f — 1} can be written as a Z,-linear combination of 1,t,...,t/~1,
where each coefficient maps to a finite number under #z,.
Because {1,t,t2,...,t/~1} forms a basis of the free module R/Z,, we can write each element

z € R in the form
2@ 4D (-

where (%) € Z,, for all k.

Example 4.3 (Landmark Systems for Unramified Extensions of Q). Suppose € R can be
written in the form
20 4 MW g1

where t is as constructed above. Then we define the landmark function € by
((z) = max(£(z(?), ... 0(zUDY).
Take {,,(z) = £(x) for all w. Then £y, is a landmark system with o =~y =1;r=q ' =p~ /.
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Proof. The monotonicity property is trivial because £,, does not depend on w.
The additive property holds because it holds in each component.
Let x and y satisfy ¢(z) < j; and £(y) < jo. Then

f-1f-1
zy =D D wyt"
i=0 k=0
We observed above that t*T* can be can be written as a linear combination of 1,...,¢t/~!

where each coefficient has finite value under ¢z,, so xy can be written as a sum of a bounded
number of terms that map to no more than j; + j3 + C’ under £ for some constant C’. Applying
the additive property, we conclude that £(xy) < j; + jo + C for some constant C'.

To see the separation property, notice that, for the ball of radius ¢~/ containing 0, 0 is the
only element of this ball with £(z) < j: writing z = 2O 42MWt4. 4 2(F=D¢f =1 each component
() must necessarily be congruent to 0 modulo p?*!, and, when viewed as an integer, must be
between —(p’*! — 1) and p/*! — 1. Therefore each component is zero.

The ubiquity property is a consequence of the p-adic version: consider a ball of radius ¢~
centered at xg + x1t + -+ + xf_ltfil. This is an f-fold Cartesian product of p-adic balls, and
therefore contains at least (2p? =% — 1)/ a7 p/(U=%) = ¢7=% points such that £(z) is at most j. [

S

We will now extend this argument to arbitrary finite extensions K/Q,. Let Rx be the ring
of integers of K, and let I be the unique prime ideal of Ri. Then Ry /I is a field, and is
isomorphic to s, where f is the inertia degree of the extension K/Q,. We will normalize the
absolute value on K so that |s|x = ¢~! for any uniformizing element s of K; that is, for any
generator of the principal ideal I. This normalization is necessary in order to guarantee that
the Hausdorff dimension of K is equal to one. If K/Q, is a finite extension of Q,, then there is
an intermediate field extension L, a maximal unramified subextension of K/Q,, such that L/Q,
is an unramified extension and K/L is a totally ramified extension. In particular, this means
that the residue field of L is s, where f is, as before, the inertia degree of K/Q,.

We will need to use the following algebraic fact about totally ramified extensions of L: every
totally ramified extension K of L is generated by a root s of an Eisenstein polynomial over Ry,
the ring of integers of L. A proof of this fact can be found in [6], Chapter 2, Section 4.2 for the
special case L = Q,, but the proof extends to arbitrary L. This root s can be chosen to be a
uniformizing element of K; that is, each element x in the ring of integers of K can be written in

the form
o0
— oJ
T = g x;s
j=0

where the z; lie in a complete residue system for L containing zero. Let a(z) = 2° + Qo127 T+
-+ 4 ag be the Eisenstein polynomial with s as a root. Then each of the ac_1,...,a0 € Ry, is
divisible by p, with |ag|r, = ¢~!. Thus |ag|x = ¢~¢, since we normalized the absolute value so
that |s|x = ¢~ L.

Consider the equation a(s) = 0, which holds in K. Expanding the left side of the equation,
we get 8¢ + ae_15°" 1 + - +a15+ ag = 0. The derivative a’ is nonzero at s; otherwise s would
have degree less than e over L, which is impossible because a irreducible by Eisenstein’s criterion.
Suppose that the absolute value of a/(s) in K is equal to ¢~%. Reduce the equation a(s) = 0
modulo s2**2R. Performing the reduction, we get s¢ + a,_15°" ! + -+ a;s + ap = 0 (mod
s2@T2R). This equation continues to hold if we replace ag,...,a._1 by any other coefficients
that are congruent to ag,...a.—; modulo s2**2R. In particular, we can replace them with
elements by, ...,b.—1 of L such that ¢, (b;) is no more than {%1 Let b(x) be a polynomial

with this replacement made. Then b(s) = 0 (mod s?*T2R) and |V/(s)| = ¢%, so by the version
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of Hensel’s lemma appearing in Chapter 2, Section 1.5 of [6], it follows that b(z) has a root in
an open ¢~ “~!-neighbourhood of s. In particular, this root must have absolute value ¢~ '. Let ¢
be this root of b(x). Because t is a uniformizer of K, it follows that 1,¢,...,t*"! form a vector
space basis for the extension K/L, and we can write every element of the ring of integers of K
in the form

z = (0 4 MWy S ple—1)pe—1

where each of the z(@, ... z(e=1

define a landmark system.

are in the ring of integers of L. This number ¢ allows us to

Example 4.4. For this choice of t, define {x(x) to be

max(0p (), ... fp(xD)).
Then ly,(x) = lk(x) is a landmark system for Rx withy =0 =1 andr =q 1.

Proof. The monotonicity property is trivial because £ does not depend on w.
The additive property is shown as follows. Suppose ¢k (x) = j; and {x(y) = jo. Then,
writing = (@ + 2W¢ 4+ ... 4 zle=De= and y = y(O + yWt 4. 4 yle=De=1 we get

T+y= (CE(O) + y(O)) + (x(l) + y(l))t NI (x(efl) + y(efl))tefl
and therefore

(@ +y) = max(fr (@ +y @), ep (@D +y W), p @) 1yl

< max(max(&(x(o)),EL(y(O))) +1, max(eL(x(l))EL(y(l))) +1,
o max(£p (27D, £p (ye V) + 1)
< max({k(z),lx(y) +1

which shows the additive property.
Next, we show the multiplicative property. Suppose that {x(z) = j1 and ¢k (y) = jo. Ex-

panding the product, we get
e—le—1

2y =3 3 ay®th

=0 k=0

The number of summands depends only on the field K (and in particular on the ramification
index e of the extension K/L). Furthermore, each t/** can be written as an L-linear combination
of {1,t,...,t° '} where each coefficient maps to a finite number under 1. Since each £, (z)y*))
is bounded above by £, (x)) + £, (y*) < g (x) + Lk (y), it follows from the additive property
for £ that the sum is bounded above by ¢k (x) + ¢k (y) + Ck for some appropriate constant K.

The separation property is shown in a similar way to the unramified case.

The ubiquity property is a consequence of the ubiquity property for unramified extensions in
exactly the same way that the ubiquity property for unramified extensions of Q, follows from
the ubiquity property for Q,. O

5 Avoidance of Landmark Configurations at a Single Scale:
Nondegenerate Case

Before embarking on our proof, we will make an observation. Suppose that K is either R or
some non-archimedean local field with residue field F,. We will briefly consider the roles of r,~,
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and o in the definition of weak approximate landmark pairs. We observe that if (¢, ¢3) is a weak
approximate landmark pair with parameters (r,v, o), then for any § > 0, (¢1, £2) is also a weak
approximate landmark pair with parameters (r”,~/3,0/3). Thus we can assume without loss of
generality that r = 27! if K =R, or » = ¢~ ! if K is a non-archimedean local field with residue
field IFy. In particular, we can always assume r~!is an integer. We will make this assumption
henceforth.

We begin by considering functions with some nonzero first-order partial derivative.

Proposition 5.1. Let f: K™ — K, where K is either a non-archimedean local field or R. Let
Ti,...,T, be compact subsets of K™, each of which is a union of essentially disjoint closed cubes

> c

of sidelength r°, and let the strictly differentiable function f(z™, ... z()) satisfy ‘6({0)

Bzio
for some ig and for all (x™, ... ")) € Ty x --- x T,,. Suppose ({1,€s) is a weak approzimate
landmark pair adapted to the function f on a set containing the projection of each T} onto each
coordinate axis. Then there exists a small positive real number €* such that for all 0 < € < €*,
there exists ¢/ (€) with the following property. If j € J is sufficiently large, then there exist sets
S, cTy,...,S, C T, such that:

1. There are no solutions to f(gc(l)7 . ,x(”)) =0 with zV € Sq,...,2W) € S,. Furthermore,
f satisfies the lower bound |f(x™M), ... x())| > /rOF)G on G x .. x S,,.

2. Let U be one of the cubes of sidelength r° that constitute Ty,. Then Sy NU is a union of
at least =775 disjoint cubes of sidelength ¢/r¥ O+ Furthermore, for each integer
s’ such that s < s’ < oj — 1000€j, each cube of sidelength s contained in U will contain
at least ¢r="(7=5)i=5") cybes of sidelength ¢/r¥(+€) We can further guarantee that each
cube of sidelength r°7 will intersect no more than one such cube.

Proof. Throughout this argument, all constants named ¢ or C will depend on €, f, and s, but
the dependence will be suppressed. Several measures will be taken in order to guarantee that
certain points do not lie near the boundary of a cube; these precautions are unnecessary in
non-archimedean local fields and can thus be ignored for that setting.

Throughout this proof, we will define ¢,,(x) = maxy, £,,(xy) for any vector x of any dimension.
Consider a cube U of sidelength r° contained in T;. Given a point y € U satisfying ¢1(y) < j,
we will define By, to be the box of sidelength r(+ad centered at y.

We partition U into cubes of sidelength (=471 Let V be such a cube. In the Euclidean set-
ting, we will take V’ to be the slightly smaller cube of sidelength 7(? =391 with the same center
as V; for non-archimedean local fields we will simply select V' = V. The ubiquity condition guar-
antees that, if j is large enough, V' will contain at least one point y such that ¢;(y) < j. For each
V', we pick such a point y(V). Let Y (U) be the set {y(V) : V is one of the cubes forming U}.
Then the cubes {B, : y € Y/(U)} are disjoint (as they have sidelength r(7+94 < 7(=39)7) and
each cube of sidelength 777 intersects only one such cube provided that j is large enough with
respect to e. Let Yj be the union of the sets Y (U) over all of the cubes U that constitute 7.

Let y := (y™,...,y™) where y) € Y1,...,y™) € Y,. In particular, y satisfies £,,(y) < j.
Consider the behaviour of f on the product By := Bya) X - -+ X By ). Because f has a bounded
gradient (say, bounded by Ci) on By where the bound does not depend on y, there exists a
constant C; > 1 such that By, maps into a box of side length at most Clr(7+5)dj. Because (41, ¢3)
is a weak approximate landmark pair for f, it follows that if €* is small enough, f(y™, ..., y®)
is a within a Cor(7T29%_neighbourhood of a point z satisfying fa(z) < dj + o(j). If j € J is
sufficiently large, we can guarantee both that £5(2) < (d+¢)j and that Cor(V+294 < ¢/8r(r+e)di
Furthermore, if j is sufficiently large depending on ¢, the separation condition implies that either
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the image of B, avoids a C1r719)4i peighbourhood of 0, or that 0 is the only point z in the

image of By satisfying ¢5(z) < (d + €)j. In particular, this means that |f(y)| < gr('”‘e)dj.
Let 49, kg be such that 5 O(J,:O) > ¢. We will define Sj, to be a union of cubes defined as follows.
mio

If y € Y} for some k # ko, let y* =y. If y € Yy,, we instead let y* =y + %T(W-Ire)djeio, where e;,
is the vector with a 1 in the iy component and zeroes elsewhere. In either case, take Si to be the
union over all y € Yy, of the By , where B is the box centered at y* with sidelength crrlOtadl
where ¢* is the largest integer power of r that is less than m. Fory = (y,...,y™) define
By =Bl < x Bl

We verify that the sets Sy satisfy the conditions of the Proposition. We will begin with part
1. Suppose x = (x(l), o, xW) where 2 € S, ..., 2(") € S,. We would like to show a lower
bound on |f(z™,...,z(*"))|. First, we observe that x € B; for some y € Yy x -+ x Y;. We split
into two cases depending on whether f(By) contains 0.

If f(By) does not contain 0, then, because x € B C By, it follows that |f(x)[ > Cyrivtad,

If, instead, f(By) does contain 0, then we make use of the choice of y*. Note that y* —y =

%T(V“)djegfo), where ez(-fo) = (0,...,0,€4,0,...,0) with e;, in the ky component, and the n-
dimensional 0 vector in the remaining v — 1 components. We have, by assumption, a lower

bound of ¢ on the absolute value of the derivative of f in the ez(-fo) direction, and a bound of C

on the gradient of f. Because f is strictly differentiable, we have that for j sufficiently large,

.. 17C
f6) 2 Fy") =

7 , . 1701
Iy =51 = 1) = =
Te (rodi _ € radi _ LTOLEVI (4
16 8 64Cy v/

> 3¢ (4o
= 64

x —y~|

Y

Ix -y

Y

Therefore, | f(x)| > %T(V“)dj, as desired. This establishes conclusion 1.
We now prove conclusion 2. Let U Be a constituent cube of Ty. The number of cubes V'
in the decomposition above is r~"([(7=46)71=%) " and each cube V contains a cube By*, where

y=yV). If U is an arbitrary cube of sidelength r¢ contained in U, then, provided that j is
sufficiently large, U entirely contains at least r~(1(7=5)71=5") cybes By* as desired. O

6 Construction of the Set: Avoiding General Landmark
Configurations at Multiple Scales

We now construct the set E promised by the statement of Theorem We adopt a queueing
strategy similar to the one described in [3] in order to construct our set. Without loss of generality,
we can assume, possibly by modifying v or o if necessary, that r is as described at the beginning
of Section 5.

Stage 0 Let Ey = B where B is as defined as in the statement of 2.I] We can assume B is a
closed cube of sidelength r*¢ for some so. Fix a sequence €; such that ¢; — 0 and €; < 1555500
for all 5. Select Lg sufficiently large so that the ball £y can be partitioned into at least vy + 1

essentially disjoint cubes of sidelength %0, Let B:EO), ey 31(\912) be an enumeration of the cubes
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of sidelength 7™° contained in B", and let ¥y be the family of v;-tuples of distinct such cubes,
ordered lexicographically and identified in the usual way with the family of injections from
{1,...,v1} into {1,..., Mp}. Let Qp be the queue consisting of the 4-tuples

{(1,k,7,0): 0 <k <|ay| — 1,7 € 5o},

where the queue elements are ordered so that (1,k,7,0) precedes (1,%',7',0) whenever 7 < 7/,
and (1, k, 7,0) precedes (1,k’,7,0) whenever k > k’.

Stage 1 At Stage 1, we will consider the first queue element (1,%,7,0). Let Ti(l) = ng) for
all 1 S ) S V1.
Let f = Dy f1. By the ordering of Qg, we know that k = |a1|—1 and therefore % =Dpi1hr

is nonzero for some i1, j;. Furthermore, by compactness, we know that there is a iower bound,
say, r41 for this derivative on B"™. We select a weak approximate landmark pair (¢, ¢3) adapted
to f for which the degree is at most d + ¢;. Now we apply Proposition [5.1] to arrive at sets
S:El), e S,(,}). Let €} be the minimum of €; and the value €* required to apply the proposition.
We can select N7 (j in the Proposition) to be a large number depending on r, Ny, n, o, d,y, and
€;. The exact requirements on N7 will be specified later.

Then S%l) C Tf”,...,Sﬁ) - T,Sf) have the property that Dy fi is nonzero for z; € Si(l),
where 1 < i < v;. We will define a subset E; C Ey in the following way. We take By N T\" =
EOQSF), Eq QTQ(U = EoﬁSél), N ﬁTéll) = EoﬂSq(,}). We decompose each of the ro-cubes not
contained in Tl(l) U---U Téf) into rX1-cubes, and retain all of these subcubes that do not border
Tl(l) u-- ~UT1E11 ) as part of E1. This gives a subset F; C Fy that can be expressed as an essentially
disjoint union of cubes of side length 7“1, where L; is such that rXt = ¢/r(@+e)( )N We can
assume that Lp is an integer by shrinking the cubes from the proposition slightly if necessary.

Let & be the collection of cubes of side length L1 whose union is Fy. Enumerate the cubes
of & as Bgl), cee Bg\/lfi For ¢ = 1,2 define qu) to be the collection of vg-tuples of distinct such
cubes, ordered lexicographically and identified in the usual way with the family of injections
from {1,...,v,} into {1,..., M;}. We assume N; has been chosen sufficiently large that qu) is
nonempty for ¢ = 1,2. We then form the queue Q] consisting of 4-tuples of the form

(g, k,71): 1< qg<20<k<|ag| —1;7 €5}

arranged so that (g, k, 7, 1) precedes (¢/, k', 7/,1) if ¢ < ¢/, so that (q, k&, 7,1) precedes (q,k’', 7', 1)
if 7 < 7/, and so that (q,k,7,1) precedes (q,k’,7,1) if & > k’. We arrive at the queue Q; by
appending the queue Q] to Q.

Stage ;7 We will now describe Stage j of the construction for j > 1. We follow essentially the
same procedure as in Stage 1. We begin with a decreasing family of sets Ey, ..., F;_1. Each Ej
is a union of cubes of sidelength %3, the collection of which is called £;. The family of vy/-
tuples of distinct cubes in £;, will be denoted E§? ). We have a queue Q;_; consisting of 4-tuples
(¢',K',7',7") where we have 0 < j/ < j—1,1<¢<j+1,0<k <Jay|—1,and 7’ € E;?/).
The set E;_; has the property that Dy fy (21, ... 7xvq,) # 0 for z; € Bg;)l) NEj_q,... s Ty, €
Bg/(zjq/) NE;_; for any (¢',k’,7’,j") in the first j — 1 elements of the queue Q;_;.

Consider the jth queue element (g, k, 7, jo), where ¢ < jo < j. We will consider two cases:
the case in which k = |ag| — 1, and the case in which k < |ag| — 1.
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Case 1: k= |ag|—1. Let f = D, |-1f; In this case, we have that k+1 = |a|; therefore,
it follows by assumption that D\, |f; is nonzero on all of Ty x --- x T),. Let 4 be the lower
bound on this partial derivative. By assumption, we have a weak approximate landmark pair
(€1,43) for f of degree less than d + ¢;. We then apply Proposition with the quantity N; (j
in the proposition) taken to be a large number depending on r, N;_1,n,0,d,, and €;. Here, €}
is the minimum of ¢; and the value of €* occurring in the proposition. The specific requirements
for the choice of N; will be specified later.

Case 2: k < |oy|—1. Let f = Dyf,. If k <|ay|—1, then, by the ordering of the elements of
the queue Q;_1, we will have that the j —1st element of Q;_1 is (¢, k+1, 7, jo). Therefore, by the
previous stage, we have that for x; € 11,...,x, € T, that Dy4f, is nonzero. But this implies
by compactness that there exists some A such that Dy f, is at least r~4 in absolute value on
all of Ty x -+ x T,,. Furthermore, we have assumed that f has a weak approximate landmark
pair of degree at most d + €;. Apply Proposition to the sets 17, ...,T, with the quantity N;
(j in the proposition) chosen to be a very large number depending on 7, N;_1,n,0,d,7, and €}.
Here, €} is the minimum of €; and the value €* required to apply the proposition. The specific
requirements for the choice of N; will be specified later.

In any case, we arrive at sets 59 ) ¢ Tl(j)7 .. .,Sg) - Téfﬂ, such that Dy f, is nonzero for
(zM, ... 2d) € S%j) X s X 51(;?. We define a subset £; C E;_ in the following way. We take
E; ﬂTl(j) =F; 1 ﬂng), L OTQ(j) =F; ﬂSéj), R D} ﬂTigg) =F; ﬁSf,i). We split the cubes
of sidelength -1 not contained in Tl(j) U---u ngj) into cubes of sidelength r; the cubes that
do not border Tl(j) U--- UT,Sg) will be retained as part of E;. This gives a subset E; C E;_; that
can be expressed as a disjoint union of cubes of sidelength r%4, where L, is the smallest integer
such that r&i < ¢r(@+e)O0+€)IN; - Call the collection of such balls &;, and let Bij), ceey B](\Z be

an enumeration of the balls in £;. For each 1 < ¢ < j, we define Zg‘” to be the collection of

vg-tuples of distinct balls in £;. We assume that N; has been chosen sufficiently large in order
;q)
identify qu) with the set of injections from {1,...,v,} into &;. Consider the queue Q’; consisting
of 4-tuples (q,k,7,7) where 1 < ¢ < j+1,0<k <|al,—1,and 7 € EEQ). We order the queue Q;
in the following way: (q, k, 7, j) will precede (¢', k', 7’,7) if ¢ < ¢, (q,k, 7,7) precedes (¢, k', 7', j)
if 7 < 7', and (g, k,7,j) precedes (¢, k', 7,7) if k > k’. We append the queue Q' to Q;_; to arrive
at the queue Q;.
The set E is given by E' = N72, Ej;.

to guarantee that these sets will be nonempty. We equip X" with the lexicographic order and

6.1 Hausdorff Dimension of E

We now outline the computation of the Hausdorff dimension of the set E. In order to compute the
Hausdorff dimension of this set, we use a version of Frostman’s lemma. The goal is to construct
a Borel probability measure p supported on E such that u(l) <. (1 )%_E for every cube I with
side length I(I). The existence of such a measure would imply that the Hausdorff dimension of
E is at least 5Z.

We will now describe the construction of the measure p. p will be obtained as a weak limit
of measures p; supported on the sets F;. We begin by defining j9 to be the uniform probability
measure on the set Ey. Decompose Ey into subcubes of sidelength rL(7=1000¢)N1] “and split the
mass of Fy evenly among such cubes. "

1

Let J be such a cube. Then there are two possibilities: either J is contained in some 7;
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for some 1 < < vy, or T; is essentially disjoint from Ti(l) for all 4. If J is contained in a cube

of Ti(l), then part 2 of Proposition states that there are at least ¢/r—995¢1N1 and at most
r~10001N1 cubes of radius 7%t contained in J that are retained as part of F;.
The second case is the case in which the cube J is essentially disjoint from the sets Ti(l) . In

this case, all of the subcubes of J of side length 7t that do not border any of the sets Ti(l)
are retained. If Nj is chosen sufficiently large, this will be at least half of the subcubes of J of
sidelength %1, The measure y;|s is obtained by splitting the measure of .J evenly among each
of these surviving cubes.

We continue this procedure inductively. Suppose we have a probability measure u; supported
on E;. The set E; is a union of cubes of sidelength 7Li. We will describe the construction of the
measure ;41 from p; as follows. We will decompose each of the ri-cubes that constitute E;
into a union of essentially disjoint cubes of side length pLe=100065, )N +1] - Bach such cube will
receive the same share of the parent cube’s measure.

Let J be one of these cubes of sidelength rL(?771000G)Ni+1]  There are two possibilities:

), or J is essentially disjoint from all of the sets Ti(j H), for

either J is contained in some TZ.(J +
1<i<vg,-

If J is contained in some TZ-(]H)7 then J N Ej1 is a union of cubes of sidelength ri+1. We
observe that the number of such cubes contained in J is at at least /7~ 9%°%+1Vi+1 and at most
P 100065 Ni1 Tf J is not contained in any of the T;Hl), then J is essentially disjoint from the
Ti(J +1), and, provided N, is large enough, at least half of the subcubes of J of sidelength rLi+y
are retained. In either case, we distribute the measure of J evenly among all of the surviving
subcubes of sidelength r’i+! contained in J.

We claim that the measures y; have a weak limit u, which satisfies the Frostman condition. It
is clear that the measures j; have a weak limit because they are defined via a mass-distribution
process. We will show that this weak limit p satisfies the Frostman condition. First, we will
show that the Frostman condition with dimension Z—g is satisfied for the basic cubes in the
construction.

Let I € &, and let J € ;41 be contained in I. We will consider two cases: the case in which

IC Ti(j 1 for some i, and the case in which I is essentially disjoint from the sets Ti(j D We
observe that it is enough to obtain an estimate for p;q1(J), because p;(J) = p;y1(J) for all
j"=j+1

Case 1: [ is contained in Ti(jﬂ) for some i. In this case the measure of I is split evenly

among the subcubes of sidelength rL(7=1000¢5)Ni+1] " Each of these subcubes will therefore have
measure ,uj(I)r”(LJ'*L("*IOOOEJ'H)NJ'“J). Each such cube will contain at least /799571 N5+
cubes with the same fj41-measure as J. Thus the p;,i-measure of J is at most

c/—lluj (I)’I”_nLj +n|(0—1000€} | )Njt1]+[995n¢€] Njt1] )
After combining terms, we get an estimate of
pigr(J) < 7y (DyrmmEatrlom5G )N,

We can choose N, sufficiently large so that ¢/ =1y, (I)r—"Li—n < r~"+1Ni+1 . Then we get the
estimate
frjp1(J) < pmom0 )N

But J has sidelength r(@te+00+€ 0N+ Thyg

n(afﬁe;‘_*_l)

i () < 7).
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no

the exponent approaches T as J — o0, as desired.

Case 2: [ is essentially disjoint from the Ti(jﬂ). In this case, we have the inequality

g1 (J) < 2=l (1)

but N;41 can be chosen sufficiently large so that 2uj(I)r_”Lf < rne+iliti g0 we get the
estimate
i (J) < prlii(l—ej1)

This estimate is at least as good as the desired estimate because d > 1 and o < 7.

Now that we have proven the Frostman bound for the case where I is a basic cube of the
construction, it remains to show the Frostman estimate for arbitrary cubes I. As u is a probability
measure, we can restrict ourselves to the case for which [(I) < r¥1. In particular, this means
that there is some j > 1 such that v+ < [(I) < r%i. We will consider two cases: the case

in which rL(e=100067 ) N41) < I[(I) < r%i  and the complementary case in which rli+: < [(I) <
TL(0710006J+1)N]+1J .

Case 1: TL(”*MOOC;’H)NHIJ <I(I) < rki. Let L be such that [(I) = rX. In this case, INE can
be covered by at most Cr" ~L(e=1000¢5,)N411) cybes of sidelength (7710005 )Ni+1]) oecurring
in step j + 1 of the construction for some constant C' depending only on n and r. Each of these
cubes is known to have py-measure at most u;fr"(L(“_loooejﬂ)Nﬂ'*lJ_L”, where 7 is the maximum
pj-measure of any basic cube of sidelength rPi. Multiplying, we get that the pu-measure of I

is at most C’,u;r”(L_LJ). But we have already established that C'uj < (8 =C"4)Li for some

FrL=L; )+( —C'¢;)L

appropriate constant C’. Therefore, we get that pu(I) < 7. We rearrange

this expression to get @ LA (=) (L=Ly)=C"e L First, we observe that (n — —) (L—Lj)is
nonnegative, and thus the expression can only be made larger by removing this term. Second,
because L > L;, we have that rCGli < pmCGL Thus we get p(l) < (85 =C'G)L The

coefficient on L approaches % as j — 0o, as desired.

Case 2: rliti < [(I) < rlle=1000¢5)N;s1] - By gplitting I into O, (1) parts, we may assume
either I C Ti(j 1 for some T , or that I is essentially disjoint from these sets.

We begin with the case where I is contained in some Ti(j D In this case, I is contained in
a union of at most O, (1) of the cubes of side length rL(e=1000+ONi+1) from Proposition
Therefore, up to an O,,(1) loss, we can assume that I is entirely contained in one of these cubes.

Let L be such that I has side length r“. Then, by Part 2 of Proposition I intersects at
most max(r™(L=oNi+1) 1) of the cubes of side length rri+t,

If L < oNjtq, it follows that p(l) < pE=oNG+)n+Lini (7 +C¢+1) - Uging the relationship

’ . .
Ln=C"€¢jt1Nj+1 for some appropriate C’ depending

between Lj;i; and N;y;, this is at most r
on n,d,o, and 7. But L > (¢ — 1000€;,1)N;+1, so this is no more than r L(n=C"¢j41) for an
appropriate C” depending on n, d, a, and ~. Notice that in this subcase we in fact get a bound
that may be much smaller than rL

If L > oNjy1, then I intersects at most 1 cube of side length 7%+1. This cube has measure
at most (& ~Crbit1 and thus pu(l) < r(& ~C9+)L a5 desired since Ljyq > L.

We now consider the case where I is essentially disjoint from the Ti(J D In this case, [
intersects at most (L =Li+1) of the cubes of sidelength 7+ that were retained as part of Ej.
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Each of these cubes has p;1-measure at most prliti(1=€+1)  We multiply and conclude that
/-Lj—&-l(l) < TnL—Gj+1L_7'+1 < r(n—ce)L

because L > (o — 1000€;+1)NJ—+1, and thus L > C’leH for some appropriate constant C'.

7 Application to angle-avoiding sets

Mathé [5] established the following fact:

Theorem 7.1. [Angle-Avoiding Sets, Mdthé] Let n > 2, and let o € (0,7) be such that cos®()
is rational. There exists a compact set E C R™ of Hausdorff dimension n/4 such that E does
not contain three points forming an angle a.

Theorem can be used to extend this result to all angles o for which cos « is algebraic.

Theorem 7.2. [Angle-Avoiding Sets, Algebraic Case] Let n > 2, and let o € (0, 7) be such that
cosa is algebraic. Then there exists a compact set E C R™ of Hausdorff dimension n/4 such
that E does not contain three points forming an angle .

Proof. The proof is similar to the one in [5]. We observe that three points x,y, z € R™ form an
angle « if they satisfy
(y—z) (2 —z) =y — z||z — x| cos a.

We square both sides of this equation in order to turn the equation into a polynomial.

(y—2)-(z—2)% =y —2*|z — 2> cos® a.

We then use the landmark system provided in Example together with Theorem to
conclude the desired result. O

Méthé [5] proceeds to construct a set of Hausdorff dimension n/8 that avoids an arbitrary
angle o by finding a polynomial with rational coefficients that vanishes on triples of points
(z,y, z) that form an angle a. We now show that this example is typical.

Theorem 7.3. Let p : R — R be a polynomial of degree d whose coefficients lie in a 2-
dimensional vector space over Q of the form Q + Qt for some number t. Then there exists a
subset of R™ of Hausdorff dimension 55 that does not contain any v distinct points x1,...,T,
such that p(z1,...,2,) =0.

Proof. By multiplying by an appropriate integer, we can assume the coefficients of p are in the
finitely-generated free module Z + tZ. We assume the coefficients of p are of the form a + bt,
where a and b are integers. By Dirichlet’s principle, there exist infinitely many pairs of integers
(r,q) such that |t —r/q| < ¢~2. Therefore, the coefficients of p are simultaneously approximable
to degree 1: a -+ bt is within bg—? of the rational number 29+5  The same can also be said for all
derivatives of the polynomial p. Using Theorem together with Example gives the desired
result. O

This theorem can be extended in a trivial way:

Theorem 7.4. Let p(xy,...,x,) be a polynomial of degree d whose coefficients lie in a k-
dimensional vector space over Q of the form Q+Qt1+---+Qtr_1 for some numbersty,... tp_1.
Then there exists a set of Hausdorff dimension 4 that does not contain any v distinct points
X1y..., Ty Such that p(xy,...,x,) =0.
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8 Polynomials in Non-archimedean Settings

We can apply Theorem 2.1 to conclude the following.

Corollary 8.1. Let p : K™ — K be a polynomial of degree d on a mon-archimedean local
field with integer coefficients. If K has characteristic 0, or if d < char K, then there exists a
subset of K™ with Hausdorff dimension n/d that does not contain any v distinct points such that
p(zM, ... z)) =0.

This follows from Theorem because any polynomial of degree d, where d < char K,
will have a partial derivative of degree at most d that is equal to a constant. The condition
d < char K is necessary for this observation to work: finite characteristic it is possible for a
nonconstant polynomial of degree > char K to have a derivative of zero. However, if p is a
degree d polynomial where d < char k& than some appropriate dth partial derivative will be
constant and nonzero and the assumptions of the theorem will therefore be met.

An important example of this occurs when n = 1 and p(z,y,2) = * — 2y + 2. This is a
polynomial that selects for three-term arithmetic progressions. In this case, Theorem states
that there is a subset of K with Hausdorff dimension 1 that does not contain any nondegenerate
3-term arithmetic progressions.

We focus especially on the case in which K is the function field F3((¢)). The unit ball, F3][¢]],
is isomorphic as a topological abelian group to the projective limit of the finite abelian groups
(z/3Z)"™, and thus the problem of finding large subsets of F3[[t]] without 3-term arithmetic
progressions serves as a limiting case of the capset problem. The capset result states that
for sufficiently large n, every subset of (Z/3Z)™ with at least 2.756™ elements contains a 3-
term arithmetic progression [2]. However, Corollary [8.1| gives a subset of F3[[t]] with Hausdorff
dimension 1 that does not contain any 3-term arithmetic progressions, so a Hausdorff dimension
analogue of the finite capset result does not hold in the limiting case. The author will consider
the problem of a limiting capset result for Fourier dimension in a future work.
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