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The pressure-strain interaction describes the rate per unit volume that energy is7

converted between bulk flow and thermal energy in neutral fluids or plasmas. The8

term has been written as a sum of the pressure dilatation and the collisionless9

analogue of viscous heating referred to as Pi � D, which isolates the power density10

due to compressible and incompressible e↵ects, respectively. It has been shown11

that Pi � D can be negative, which makes its identification as collisionless viscous12

heating troubling. We argue that an alternate decomposition of pressure-strain13

interaction can be useful for interpreting the underlying physics. Since Pi � D14

contains both normal deformation and shear deformation, we propose grouping15

the normal deformation with the pressure dilatation to describe the power density16

due to converging/diverging flows, with the balance describing the power density17

purely due to shear deformation. We then develop a kinetic theory interpretation18

of compression, normal deformation, and shear deformation. We use the results to19

determine the physical mechanisms that can make Pi � D negative. We argue that20

both decompositions can be useful for the study of energy conversion in weakly21

collisional or collisionless fluids and plasmas, and implications are discussed.22
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lence, collisionless shocks24

I. INTRODUCTION25

Weakly collisional plasmas are important in many settings, from heliophysics to planetary26

magnetospheres to astrophysics1. A host of plasma phenomena take place in such settings,27

including magnetic reconnection, plasma turbulence, and collisionless shocks. The dearth28

of collisions in many settings of interest implies that these plasmas can be far from local29

thermodynamic equilibrium (LTE). In the study of these physical phenomena, one of the30

forefront research questions is how energy is converted during each process, especially when31

non-LTE e↵ects greatly a↵ect the dynamics at the micro-, meso-, and even the macro-scale2.32

A quantity contributing to non-LTE energy conversion that has received intense scrutiny33

over the last few years is the pressure-strain interaction, written as �(P · r) · u, where P34

is the pressure tensor of a species of a fluid or plasma and u is its bulk flow velocity3–6.35

In terms of the phase space density f (the number of particles per unit position space36

volume and velocity space volume), the bulk flow velocity is u = (1/n)
R

d3vvf , where v37

is the velocity space coordinate, n =
R

d3vf is the number density, and the integrals are38

over all velocity space, and the elements of the pressure tensor P are (classically and non-39

relativistically) Pjk = m
R

v0jv
0
kfd3v, where j, k are indices for the spatial dimensions, m is40

the constituent particle mass, and v0 = v � u is the peculiar (random) velocity.41

To see why pressure-strain interaction is important for energy conversion, consider the42

thermal (internal) energy density Eth = 3P/2 =
R

( 1
2mv02)fd3v, where P = (1/3)tr(P) =43

(1/3)Pjj is the e↵ective pressure, using the Einstein summation convention for repeated44
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indices here and throughout. Its time evolution is described by7
45

@Eth

@t
+ r · (Ethu) = �(P · r) · u � r · q + Q̇visc,coll, (1)46

where q =
R

(1/2)mv02v0fd3v is the vector heat flux density and Q̇visc,coll is the volumetric47

viscous heating rate via collisions, where we use the word viscous regardless of the functional48

form of the collisional heating. The time evolution of the bulk kinetic energy density49

Ek = (1/2)mnu2 is given by7
50

@Ek

@t
+ r · (uEk + u · P) = (P · r) · u + nu · F + Rcoll, (2)51

where F is the net body force and Rcoll is the inter-species collisional drag force power52

density. The pressure-strain interaction �(P · r) · u arises in each equation with opposite53

signs, so it describes the rate per unit volume that energy is converted between bulk flow54

and thermal. The minus sign is included in the definition so a positive value describes a55

contribution towards increasing thermal energy density. While these equations have been56

known for years, a watershed moment came recently when it was emphasized that the57

pressure-strain interaction is key to describing changes in thermal energy in plasmas3–6.58

The pressure-strain interaction can be simplified by defining the strain rate tensor ru,59

which can be decomposed6,8 as ru = S + ⌦ into a symmetric (irrotational) strain rate60

tensor S with elements Sjk = (1/2)(@uk/@rj + @uj/@rk) and an anti-symmetric strain rate61

tensor ⌦ with elements ⌦jk = (1/2)(@uk/@rj � @uj/@rk). A flow with non-zero S but zero62

⌦ has “pure straining motion”8; it strains a fluid element without rotating it. In contrast,63

a flow with non-zero ⌦ but zero S is “rigid body rotation”8, which rotates a fluid element64

without changing its shape. A further decomposition of S was introduced3,4,6,8 by writing65

S = (1/3)I(r · u) + D, i.e.,66

Sjk =
1

3
�jk(r · u) + Djk, (3)67

where I is the identity tensor, �jk is the Kroenecker delta and D is the traceless strain rate68

tensor with elements69

Djk =
1

2

✓
@uj

@rk
+

@uk

@rj

◆
� 1

3
�jk(r · u). (4)70

Physically, (1/3)I(r · u) describes compression/expansion, while D describes the incom-71

pressible deformation of a fluid element6,8, which is a volume preserving change of shape of72

the fluid element.73

The pressure-strain interaction is then written in a number of equivalent ways. In terms74

of the strain rate tensor, �(P · r) · u = �P : ru = �Pjk(@uk/@rj). Using ru = S + ⌦,75

it is immediately found that P : ⌦ = 0 since P is symmetric under interchange of indices,76

so rigid body rotation does not contribute to pressure-strain interaction3. Consequently,77

�(P · r) · u = �P : S = �PjkSjk, i.e., pressure-strain interaction only has contributions78

from the pure straining motion portion. Further, one decomposes the pressure tensor as79

P = PI + ⇧, (5)80

where ⇧ is the deviatoric pressure tensor that describes the non-isotropic part of the pres-81

sure tensor. While the diagonal elements of P must be non-negative, all elements of ⇧ can82

be either positive or negative. Using the decomposition of S in Eq. (3) with D defined in83

Eq. (4) and the pressure decomposed in Eq. (5), one finds84

�(P · r) · u = �P(r · u) � ⇧jkDjk, (6)85

where the cross-terms vanish because ⇧ and D are both traceless. The benefit of this86

decomposition is that the first term (including the minus sign), called pressure dilatation,87
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describes the power density of heating due to bulk compression (r · u < 0) or cooling due88

to bulk expansion (r ·u > 0). The second term (including the minus sign) has been called4
89

Pi � D, which is the power density due to incompressible deformation6. Pi � D was also90

called “collisionless viscosity” because it is analogous in form to collisional viscous heating5.91

Much has been learned about the pressure-strain interaction and Pi � D in the context92

of plasma physics. The pressure-strain interaction was studied in strongly magnetized93

plasmas9, including the recognition that the gyro-viscous contribution to the pressure-strain94

interaction vanishes identically. The fluid description of the contributions to the pressure-95

strain interaction was studied for the case with zero heat flux density3,6. It was shown4
96

that for a periodic or closed domain in a purely collisionless system, the volume average of97

Eq. (1) implies that < �(P · r) · u > is the only term that can change the total thermal98

energy Eth =
R

d3rEth of the system, where angular brackets denote a volume average.99

Interestingly, the same study showed in simulations of plasma turbulence that Pi � D could100

be locally positive or negative (since elements of both ⇧ and D can be positive or negative).101

Numerous studies have since investigated the pressure-strain interaction and Pi � D using102

numerical simulations. Pi � D is stronger in coherent structures (current sheets) than in103

the bulk in plasma turbulence5. The pressure-strain interaction was highest in regions with104

current sheets and high vorticity10. Pi � D was found to successfully identify regions of105

strong energy conversion in dipolarization fronts11,12. The pressure-strain interaction dom-106

inates other energy conversion metrics at small length scales13, and was shown to account107

for the net temperature increase in simulations of turbulence10,14. A recent study compared108

the pressure-strain interaction during reconnection and turbulence, finding that pressure di-109

latation at current sheets was more important in turbulence than in reconnection15. Pi � D110

increases with plasma beta for ions, but the dependence is weak for electrons16. In island111

coalescence, pressure-strain interaction does not depend strongly on electron mass or sys-112

tem size17. It was suggested that pressure-strain interaction contributes to the break in the113

turbulent spectrum at ion18 and electron19 scales, and therefore is a critical piece of the114

termination of the turbulent cascade2. Importantly, Pi � D and the heat flux divergence115

have similar contributions in turbulence20, and the heat flux divergence can oppose the116

pressure-strain interaction21.117

The pressure-strain interaction, including Pi � D, has also been studied observationally,118

facilitated greatly by the high resolution measurements a↵orded by the Magnetospheric119

Multiscale (MMS) mission22. In the turbulent magnetosheath, it was found that pressure-120

dilatation contributed more to the pressure-strain interaction than Pi � D23, as would later121

be seen in simulations15. A statistical study of Pi � D in the turbulent magnetosheath found122

that it is spatially concentrated near current sheets as in the simulations, but is small within123

current sheets24, as would also later be reported in simulations15. A study of magnetopause124

reconnection found that electrons were heated at a faster rate than ions and pressure-125

dilatation dominated Pi � D25. The same study measured negative Pi � D. In a statistical126

study of reconnection di↵usion regions, it was common to see a negative Pi � D, and the127

pressure-strain interaction was positive in only about half of the events26. They also found128

that the gyrotropic portion of Pi � D was more important than the non-gyrotropic part.129

In a study of 50 turbulent magnetosheath events, both positive and negative intervals were130

found for both pressure dilatation and Pi � D27. A statistical study of 122 dipolarization131

fronts suggested that Pi � D is not a significant contributor to energy conversion28.132

Despite great advances in our knowledge about pressure-strain interaction in general, and133

Pi � D in particular, there are a number of puzzling aspects of its interpretation, especially134

Pi � D. For example, it is not understood how Pi � D is e↵ectively a collisionless viscosity135

but can be negative. This study is the first in a three-part series on pressure-strain inter-136

action. Here, we point out that the strain rate tensor contains both normal deformation137

and shear deformation, as is well known in continuum mechanics, which therefore implies138

that Pi � D contains power density due to both e↵ects. This grouping of terms compli-139

cates the interpretation of Pi � D because it mixes stresses from normal flows and sheared140

flows. Because pressure dilatation is also associated with normal flows, we suggest an alter-141

nate decomposition of the pressure-strain interaction that groups the normal deformation142
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with the pressure dilatation instead of shear deformation. This separates the e↵ects of143

converging/diverging flow from shear strain. We calculate the terms in this alternate de-144

composition analytically. We then develop a physical interpretation of the compression and145

normal and shear deformation using kinetic theory. This allows us to determine the phys-146

ical mechanisms that can make Pi � D negative, thereby clarifying how to interpret such147

measurements. In the second study29 (“Paper II”), we write the pressure-strain interaction148

in magnetic field-aligned coordinates, which further elucidates the physical contributions to149

the pressure-strain interaction in a magnetized plasma. In the third study30 (“Paper III”),150

we display the pressure-strain interaction and its Cartesian and magnetic field-aligned de-151

compositions in simulations of reconnection. We determine the physical causes for the152

pressure-strain interaction during reconnection.153

The layout of this manuscript is as follows. An alternate decomposition of the pressure-154

strain interaction is derived in Sec. II. We then provide a kinetic theory interpretation of155

the pressure-strain interaction contributions in Sec. III, and discuss the causes of Pi � D156

and the normal deformation being negative using kinetic theory in Sec. IV. A discussion157

and conclusions are in Sec. V.158

II. AN ALTERNATE DECOMPOSITION OF PRESSURE-STRAIN INTERACTION159

From the expression in Eq. (4), we note the important general property, well known in160

continuum mechanics, that the diagonal elements of D are associated with normal defor-161

mation while the o↵-diagonal elements are associated with shear deformation. To picture162

this, consider a cubic fluid element. Normal deformation of the fluid element results from163

flow parallel to the normal to the edges of the fluid element that vary, while shear defor-164

mation results from flow in the plane of the edges of the fluid element that vary. Thus,165

we decompose D into a normal deformation tensor Dnormal and a shear deformation tensor166

Dshear, so that167

D = Dnormal + Dshear. (7)168

Here, Dnormal,jk = [(@uj/@rj) � (1/3)(r · u)]�jk (with no sum on j) has the same diagonal169

elements as D with its o↵-diagonal elements equal to zero and isolates normal deformation.170

Similarly, Dshear,jk = (1/2)(@uj/@rk + @uk/@rj) for j 6= k and Dshear,jj = 0 (no sum on j)171

has its diagonal elements equal to zero and its o↵-diagonal elements equal to those of D,172

which isolates shear deformation. (A related decomposition was discussed in Refs.17,26, but173

we do not make any assumptions about gyrotropy.)174

In terms of this decomposition of D, we write Pi � D as the sum of two terms,175

Pi � D = Pi � Dnormal + Pi � Dshear, (8)176

where Pi � Dnormal = �⇧ : Dnormal and Pi � Dshear = �⇧ : Dshear. In Cartesian coordi-177

nates, a brief calculation reveals that these are178

Pi � Dnormal = �(⇧xxDxx + ⇧yyDyy + ⇧zzDzz)179

= �
✓

⇧xx
@ux

@x
+ ⇧yy

@uy

@y
+ ⇧zz

@uz

@z

◆
, (9a)180

Pi � Dshear = �(2⇧xyDxy + 2⇧xzDxz + 2⇧yzDyz)181

= �

Pxy

✓
@ux

@y
+

@uy

@x

◆
+ Pxz

✓
@ux

@z
+

@uz

@x

◆
+ Pyz

✓
@uy

@z
+

@uz

@y

◆�
.(9b)182

The terms separate the contributions due to normal deformation and shear deformation,183

respectively.184

Mirroring the decomposition of Pi � D, we revisit the pressure-strain interaction, which185

describes the full rate of conversion between bulk flow and thermal energy density. Following186
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Eq. (3), we decompose the symmetric strain rate tensor S as187

S =
1

3
I(r · u) + Dnormal + Dshear, (10)188

Then, the pressure-strain interaction is decomposed into three pieces,189

�(P · r) · u = �P(r · u) + Pi � Dnormal + Pi � Dshear. (11)190

These three terms isolate the power density due to dilatation, normal deformation, and191

shear deformation, respectively. A key point is that the normal deformation only depends192

on diagonal elements of D, i.e., on converging/diverging flow, as seen in Eq. (9a). We193

thus argue that it may be more natural for the normal deformation to be combined with194

the pressure dilatation, which also only depends on the diagonal elements of D, than with195

Pi � Dshear. We therefore introduce the quantity PDU as196

PDU = �P(r · u) + Pi � Dnormal (12a)197

= �
✓

Pxx
@ux

@x
+ Pyy

@uy

@y
+ Pzz

@uz

@z

◆
(12b)198

so that199

�(P · r) · u = PDU + Pi � Dshear. (13)200

For an isotropic pressure with Pxx = Pyy = Pzz ⌘ P , where P is the scalar pressure,201

Eq. (12b) reduces to PDU = �P (r·u), the known pressure dilatation from fluid mechanics.202

For an arbitrary pressure tensor, PDU gives the power density due to converging and203

diverging flows, which contains both dilatation and normal deformation. Eq. (12b) is the204

reasonable generalization of pressure dilatation when isotropy is not valid, as it contains205

contributions from dilatation in each direction independently.206

III. PHYSICAL INTERPRETATION OF PRESSURE-STRAIN INTERACTION207

Here, we provide the physical interpretation of the pressure-strain interaction contribu-208

tions in the fluid and kinetic descriptions. The fluid description has partially been addressed209

previously3,6. We provide simplified examples that allow for the physical interpretation to210

be made clear, with the idea that they can be used to motivate analogous processes for211

more general cases. While the fluid description is valid, both simulations and satellites now212

regularly measure the phase space density, measuring plasma properties at scales at and213

below the scales where treating a plasma as a fluid is no longer appropriate31,32. Thus, we214

argue it is important to develop a fully kinetic interpretation of the contributions to the215

pressure-strain interaction. As shown in Sec. IV, this understanding will provide insight216

into what it means to have a negative Pi � D.217

A. Fluid Description of the Pressure-Strain Interaction218

We begin with the physical interpretation of pressure-strain interaction in the fluid de-219

scription. It was treated in the limit of vanishing vector heat flux density q in Ref.6, vividly220

conveyed in their Fig. 1 that contains valid sketches of the e↵ects of dilatation (red) and221

normal deformation (blue). However, because their analysis did not contain a vector heat222

flux density, the shear deformation term in Eq. (9b) did not appear in their analysis. Thus,223

we extend their Fig. 1 in the general case in our Fig. 1.224

Panel (a) exemplifies pressure dilatation �P(r · u), representing compression of the225

sketched spherical fluid element. Panel (b) exemplifies normal deformation Pi � Dnormal,226

represented by the volume preserving change of shape of the sketched ellipsoidal fluid el-227

ement. These two panels are modeled directly after Ref.6. The initial fluid element is in228
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(a) (b) (c)

FIG. 1. Sketch of representative contributions to the pressure-strain interaction in the fluid descrip-
tion. Black shapes are the initial fluid elements, and bold arrows show the bulk flow directions. The
dashed arrows map the change between initial and final shapes of the fluid elements. (a) Pressure
dilatation (red), showing compression, (b) normal deformation (blue), and (c) shear deformation
(green). Panels (a) and (b) are essentially copies of Figure 1 from Ref.6; panel (c) is new. Mod-
ified with permission from Figure 1 of “Shear-induced pressure anisotropization and correlation
with fluid vorticity in a low collisionality plasma,” by Daniele Del Sarto and Francesco Pegoraro,
Monthly Notices of the Royal Astronomical Society, 475, 181 (2018).

black, the flow profile is in the large arrows, and the final fluid element is in color. The229

small colored arrows denote the action of the fluid element due to the flow.230

Panel (c) exemplifies shear deformation Pi � Dshear, which is not present in Ref.6. The231

sheared flow deforms the fluid element, as in the standard treatment of flow shear in a fluid,232

except that this e↵ect is purely collisionless. A key point is that shear deformation requires233

a non-zero o↵-diagonal pressure tensor element in the plane of the varying bulk flow and its234

gradient for there to be a contribution to the pressure-strain interaction [see Eq. (9b)]. Thus,235

we draw a cubical fluid element in (c) with a feature sticking out of the box to denote the236

need for the o↵-diagonal elements. Since the o↵-diagonal pressure tensor elements can be237

either positive or negative, shear deformation can lead to a positive or negative contribution238

to the pressure-strain interaction. Because the pressure-strain interaction is collisionless,239

any change in thermal energy due to it is formally reversible. In contrast, collisional viscous240

heating is unable to lead to a decrease in thermal energy and is irreversible.241

B. Kinetic Description of PDU242

Here we treat the kinetic theory interpretation of the pressure-strain interaction. We do243

this by investigating how a phase space density evolves in time when there is a non-zero244

pressure-strain interaction to illustrate kinetically why there is a change in the thermal245

energy density. We first emphasize that the pressure-strain interaction is local in space and246

time, and calculating it depends only on the local pressure tensor and the bulk flow velocity247

profile. Thus, instantaneously, determining if there is conversion between bulk flow and248

thermal energy density does not require knowledge of the presence of any body forces or249

collisions. In the treatment that follows, we ignore body forces and collisions. Although250

body forces and collisions are not needed to determine the local pressure-strain interaction,251

they do impact the motion of particles and the evolution of the phase space density, so these252

e↵ects would have to be considered in addition to the phase space evolution considered here.253

We briefly return at the end to motivate how body forces change the pictures that follow.254

In the force-free, collisionless limit, the Boltzmann/Vlasov equation becomes255

@f

@t
+ v · rf = 0. (14)256

As is well known, this is merely a linear convection equation in position space at every v.257

We will use this in the examples that follow.258
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<latexit sha1_base64="36K3HZ+jEjTElh9JMSp9ORUufWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9BLJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AdtyN7Q==</latexit>vx

<latexit sha1_base64="U86x+C1cDSi7V9fAkQsR0+sjlyY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9JLghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AeeSN7w==</latexit>vz

<latexit sha1_base64="Lg6X71MHAfPG0QJU5/e4c9a4gEA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjRPOAZAmzk0kyZHZ2mekVw5JP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJSDziKuR/SvhI9wSha6f7pyu0US27ZnYIsEi8jJchQ7RS/2t2IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlqaIhN346PXVMjqzSJb1I21JIpurviZSGxozCwHaGFAdm3puI/3mtBHuXfipUnCBXbLaol0iCEZn8TbpCc4ZyZAllWthbCRtQTRnadAo2BG/+5UVSPyl75+XTu7NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c6Tz4rw7H7PWnJPN7MMfOJ8/2Q+NhQ==</latexit>

x = 0

<latexit sha1_base64="boZhEsj0cs676GdU/iO4MM5rYVk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvXiMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj26nffEKleSQfzThGP6QDyfucUWOlh3Jw2i2W3Io7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/7KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs4p3WTm/vyhVb7I48nAEx1AGD66gCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBjMyNUw==</latexit>

(b)

<latexit sha1_base64="gfLEKxkdHSLkPoyr+Q5CZyerqQo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzY2M8g==</latexit>

f <latexit sha1_base64="gfLEKxkdHSLkPoyr+Q5CZyerqQo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzY2M8g==</latexit>

f

<latexit sha1_base64="AqmvuwfNaH39x0LUOHNCMHOlvM0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklU1ItQ9OKxgv2AtpTNZtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM8xMpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYt3xquBSK11Gg5K1Ecxr5kjf94d3Ebz5xbUSsHnGU8G5E+0qEglG0UgfJDcGeS05JgL1S2a24U5BF4uWkDDlqvdJXJ4hZGnGFTFJj2p6bYDejGgWTfFzspIYnlA1pn7ctVTTipptNbx6TY6sEJIy1LYVkqv6eyGhkzCjybWdEcWDmvYn4n9dOMbzuZkIlKXLFZovCVBKMySQAEgjNGcqRJZRpYW8lbEA1ZWhjKtoQvPmXF0njrOJdVs4fLsrV2zyOAhzCEZyAB1dQhXuoQR0YJPAMr/DmpM6L8+58zFqXnHzmAP7A+fwBukGQMQ==</latexit>

t = t0 + dt

<latexit sha1_base64="KeLPUoB0iy76ZUPY27uAZZueDDg=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Krsq6kUoevFYwX5Au5RsNtvGZpMlyUrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut7O0vLK6tl7YKG5ube/slvb2G1qmitA6kVyqVoA15UzQumGG01aiKI4DTpvB4HbiN5+o0kyKBzNKqB/jnmARI9hYqTFE1ygcdktlt+JOgRaJl5My5Kh1S1+dUJI0psIQjrVue25i/Awrwwin42In1TTBZIB7tG2pwDHVfja9doyOrRKiSCpbwqCp+nsiw7HWoziwnTE2fT3vTcT/vHZqois/YyJJDRVktihKOTISTV5HIVOUGD6yBBPF7K2I9LHCxNiAijYEb/7lRdI4rXgXlbP783L1Jo+jAIdwBCfgwSVU4Q5qUAcCj/AMr/DmSOfFeXc+Zq1LTj5zAH/gfP4AsKGOjw==</latexit>

x = dx
<latexit sha1_base64="QImAzV6zmBkC4zz5LN/hexGdfX0=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyVRUS9C0YvHCvYD2lA2m027dLOJuxtpCf0TXjwo4tW/481/47bNQVsfDDzem2Fmnp9wprTjfFuFpeWV1bXiemljc2t7x97da6g4lYTWScxj2fKxopwJWtdMc9pKJMWRz2nTH9xO/OYTlYrF4kGPEupFuCdYyAjWRmoN0TU6QcGwa5edijMFWiRuTsqQo9a1vzpBTNKICk04VqrtOon2Miw1I5yOS51U0QSTAe7RtqECR1R52fTeMToySoDCWJoSGk3V3xMZjpQaRb7pjLDuq3lvIv7ntVMdXnkZE0mqqSCzRWHKkY7R5HkUMEmJ5iNDMJHM3IpIH0tMtImoZEJw519eJI3TintRObs/L1dv8jiKcACHcAwuXEIV7qAGdSDA4Rle4c16tF6sd+tj1lqw8pl9+APr8wdx847w</latexit>

x = �dx

<latexit sha1_base64="OrO6AdwphBdUBDSOffWiXcj6P9M=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRJre6KblxWtA9oQ5lMp+3QySTMTMQS+gluXCji1i9y5984fQgqeuDC4Zx7ufeeMOFMacf5sJaWV1bX1nMb+c2t7Z3dwt5+Q8WpJLROYh7LVogV5UzQumaa01YiKY5CTpvh6HLqN++oVCwWt3qc0CDCA8H6jGBtpJu0e98tFB274pVcz0eO7ZQ936sY4jvuebmMXNuZoQgL1LqF904vJmlEhSYcK9V2nUQHGZaaEU4n+U6qaILJCA9o21CBI6qCbHbqBB0bpYf6sTQlNJqp3ycyHCk1jkLTGWE9VL+9qfiX1051/yzImEhSTQWZL+qnHOkYTf9GPSYp0XxsCCaSmVsRGWKJiTbp5E0IX5+i/0mjZLuntnftF6sXizhycAhHcAIuVKAKV1CDOhAYwAM8wbPFrUfrxXqdty5Zi5kD+AHr7RPUoo4u</latexit>ux

<latexit sha1_base64="HhCnIBpPAsPcPZi6REKik9lDiN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1EJyQ7Dn9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndZPX+4qNRu8ziKcATHcAoeXEEN7qEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wcMao68</latexit>

t = t0
<latexit sha1_base64="da3tinSli+mZTsAVtGNxjtEX7RY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvXiMaB6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqEccx90M6UKIvGEUrPZTZabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/2U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWcW7rJzfX5SqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AjlGNVA==</latexit>

(c)
<latexit sha1_base64="mTxWHEytZSxHE+BMzUVmuYxMV8k=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXRT0WvXisaD+gXUo2m21Ds9klyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPz/ERwbRznGxVWVtfWN4qbpa3tnd298v5BS8epoqxJYxGrjk80E1yypuFGsE6iGIl8wdr+6Hbqt5+Y0jyWj2acMC8iA8lDTomx0kM1OO2XK07NmQEvEzcnFcjR6Je/ekFM04hJQwXRuus6ifEyogyngk1KvVSzhNARGbCupZJETHvZ7NQJPrFKgMNY2ZIGz9TfExmJtB5Hvu2MiBnqRW8q/ud1UxNeexmXSWqYpPNFYSqwifH0bxxwxagRY0sIVdzeiumQKEKNTadkQ3AXX14mrbOae1k7v7+o1G/yOIpwBMdQBReuoA530IAmUBjAM7zCGxLoBb2jj3lrAeUzh/AH6PMHj9aNVQ==</latexit>

(d)

<latexit sha1_base64="J8Pnd6pdyyxh19yYzlyBsL/RIuE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2khNZ5AvELtGSLV0iYldJKRcrBhSIRXi1LBjkwUKaIXGIP/eH0YsCSDUTFCleg6JtZtSqTkTMMv1EwUxZRM6gp6hIQ1Aueni0Bk+M8oQ+5E0FWq8UL9PpDRQahp4pjOgeqx+e3PxL6+XaL/mpjyMEw0hWy7yE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNjkTwten+H/SLtpO1S41y4X61SqOLDpBp+gcOegC1dENaqAWYgjQA3pCz9ad9Wi9WK/L1oy1mjlGP2C9fQLRTIz3</latexit>

1<latexit sha1_base64="LyqpbNPwqb8Qa9lkoU/vJQxzIGs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClMf6wMmvrG5tb2e3czu7e/kH+8KitokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7keu537plUPApv9TRmbkBGIfc5JdpIzeIgX8B2DeNq6RJhu4hxuVgxpIIr2Kkhx8YLFGCFxiD/3h9GNAlYqKkgSvUcHGs3JVJzKtgs108UiwmdkBHrGRqSgCk3XRw6Q2dGGSI/kqZCjRbq94mUBEpNA890BkSP1W9vLv7l9RLt19yUh3GiWUiXi/xEIB2h+ddoyCWjWkwNIVRycyuiYyIJ1SabnAnh61P0P2kXbadql5rlQv1qFUcWTuAUzsGBC6jDDTSgBRQYPMATPFt31qP1Yr0uWzPWauYYfsB6+wTS0Iz4</latexit>

2
<latexit sha1_base64="Zpn6jiagc/oydbOuP6kMtYNVyfA=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2kjN0iBfIHaNkGrpEhO7SEi5WDGkQirEqWHHJgsU0AqNQf69P4xYEkComaBK9RwSazelUnMmYJbrJwpiyiZ0BD1DQxqActPFoTN8ZpQh9iNpKtR4oX6fSGmg1DTwTGdA9Vj99ubiX14v0X7NTXkYJxpCtlzkJwLrCM+/xkMugWkxNYQyyc2tmI2ppEybbHImhK9P8f+kXbSdql1qlgv1q1UcWXSCTtE5ctAFqqMb1EAtxBCgB/SEnq0769F6sV6XrRlrNXOMfsB6+wTUVIz5</latexit>

3<latexit sha1_base64="J8Pnd6pdyyxh19yYzlyBsL/RIuE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2khNZ5AvELtGSLV0iYldJKRcrBhSIRXi1LBjkwUKaIXGIP/eH0YsCSDUTFCleg6JtZtSqTkTMMv1EwUxZRM6gp6hIQ1Aueni0Bk+M8oQ+5E0FWq8UL9PpDRQahp4pjOgeqx+e3PxL6+XaL/mpjyMEw0hWy7yE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNjkTwten+H/SLtpO1S41y4X61SqOLDpBp+gcOegC1dENaqAWYgjQA3pCz9ad9Wi9WK/L1oy1mjlGP2C9fQLRTIz3</latexit>

1
<latexit sha1_base64="LyqpbNPwqb8Qa9lkoU/vJQxzIGs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClMf6wMmvrG5tb2e3czu7e/kH+8KitokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7keu537plUPApv9TRmbkBGIfc5JdpIzeIgX8B2DeNq6RJhu4hxuVgxpIIr2Kkhx8YLFGCFxiD/3h9GNAlYqKkgSvUcHGs3JVJzKtgs108UiwmdkBHrGRqSgCk3XRw6Q2dGGSI/kqZCjRbq94mUBEpNA890BkSP1W9vLv7l9RLt19yUh3GiWUiXi/xEIB2h+ddoyCWjWkwNIVRycyuiYyIJ1SabnAnh61P0P2kXbadql5rlQv1qFUcWTuAUzsGBC6jDDTSgBRQYPMATPFt31qP1Yr0uWzPWauYYfsB6+wTS0Iz4</latexit>

2

<latexit sha1_base64="Zpn6jiagc/oydbOuP6kMtYNVyfA=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2kjN0iBfIHaNkGrpEhO7SEi5WDGkQirEqWHHJgsU0AqNQf69P4xYEkComaBK9RwSazelUnMmYJbrJwpiyiZ0BD1DQxqActPFoTN8ZpQh9iNpKtR4oX6fSGmg1DTwTGdA9Vj99ubiX14v0X7NTXkYJxpCtlzkJwLrCM+/xkMugWkxNYQyyc2tmI2ppEybbHImhK9P8f+kXbSdql1qlgv1q1UcWXSCTtE5ctAFqqMb1EAtxBCgB/SEnq0769F6sV6XrRlrNXOMfsB6+wTUVIz5</latexit>

3

<latexit sha1_base64="36K3HZ+jEjTElh9JMSp9ORUufWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9BLJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AdtyN7Q==</latexit>vx

<latexit sha1_base64="U86x+C1cDSi7V9fAkQsR0+sjlyY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9JLghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AeeSN7w==</latexit>vz

<latexit sha1_base64="36K3HZ+jEjTElh9JMSp9ORUufWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9BLJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AdtyN7Q==</latexit>vx

<latexit sha1_base64="U86x+C1cDSi7V9fAkQsR0+sjlyY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9JLghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AeeSN7w==</latexit>vz
<latexit sha1_base64="vQHOUL9yF5numSEuJrSUpjvAShc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjRPOAZAmzk0kyZHZ2mekV4pJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJSDziKuR/SvhI9wSha6f7pyu0US27ZnYIsEi8jJchQ7RS/2t2IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlqaIhN346PXVMjqzSJb1I21JIpurviZSGxozCwHaGFAdm3puI/3mtBHuXfipUnCBXbLaol0iCEZn8TbpCc4ZyZAllWthbCRtQTRnadAo2BG/+5UVSPyl75+XTu7NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c6Tz4rw7H7PWnJPN7MMfOJ8/3BuNhw==</latexit>

z = 0
<latexit sha1_base64="vQHOUL9yF5numSEuJrSUpjvAShc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjRPOAZAmzk0kyZHZ2mekV4pJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJSDziKuR/SvhI9wSha6f7pyu0US27ZnYIsEi8jJchQ7RS/2t2IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlqaIhN346PXVMjqzSJb1I21JIpurviZSGxozCwHaGFAdm3puI/3mtBHuXfipUnCBXbLaol0iCEZn8TbpCc4ZyZAllWthbCRtQTRnadAo2BG/+5UVSPyl75+XTu7NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c6Tz4rw7H7PWnJPN7MMfOJ8/3BuNhw==</latexit>

z = 0

<latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="gfLEKxkdHSLkPoyr+Q5CZyerqQo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzY2M8g==</latexit>

f
<latexit sha1_base64="gfLEKxkdHSLkPoyr+Q5CZyerqQo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzY2M8g==</latexit>

f

<latexit sha1_base64="HcLWT5hKKcGUPqMCAf60+ctWZDU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4Krsq6kUoevFYwX5Au5RsNtvGZpMlyQrt0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut7O0vLK6tl7YKG5ube/slvb2G1qmitA6kVyqVoA15UzQumGG01aiKI4DTpvB4HbiN5+o0kyKBzNMqB/jnmARI9hYqTFC1ygcdUtlt+JOgRaJl5My5Kh1S1+dUJI0psIQjrVue25i/Awrwwin42In1TTBZIB7tG2pwDHVfja9doyOrRKiSCpbwqCp+nsiw7HWwziwnTE2fT3vTcT/vHZqois/YyJJDRVktihKOTISTV5HIVOUGD60BBPF7K2I9LHCxNiAijYEb/7lRdI4rXgXlbP783L1Jo+jAIdwBCfgwSVU4Q5qUAcCj/AMr/DmSOfFeXc+Zq1LTj5zAH/gfP4AtruOkw==</latexit>

z = dz

<latexit sha1_base64="f0vKtPzhVS1Q1QusFifUVMX6Tpw=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyVRUS9C0YvHCvYD2lA2m027dLOJuxuhDf0TXjwo4tW/481/47bNQVsfDDzem2Fmnp9wprTjfFuFpeWV1bXiemljc2t7x97da6g4lYTWScxj2fKxopwJWtdMc9pKJMWRz2nTH9xO/OYTlYrF4kEPE+pFuCdYyAjWRmqN0DU6QcGoa5edijMFWiRuTsqQo9a1vzpBTNKICk04VqrtOon2Miw1I5yOS51U0QSTAe7RtqECR1R52fTeMToySoDCWJoSGk3V3xMZjpQaRr7pjLDuq3lvIv7ntVMdXnkZE0mqqSCzRWHKkY7R5HkUMEmJ5kNDMJHM3IpIH0tMtImoZEJw519eJI3TintRObs/L1dv8jiKcACHcAwuXEIV7qAGdSDA4Rle4c16tF6sd+tj1lqw8pl9+APr8wd4EY70</latexit>

z = �dz

<latexit sha1_base64="HhCnIBpPAsPcPZi6REKik9lDiN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1EJyQ7Dn9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndZPX+4qNRu8ziKcATHcAoeXEEN7qEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wcMao68</latexit>

t = t0

<latexit sha1_base64="AqmvuwfNaH39x0LUOHNCMHOlvM0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklU1ItQ9OKxgv2AtpTNZtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM8xMpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYt3xquBSK11Gg5K1Ecxr5kjf94d3Ebz5xbUSsHnGU8G5E+0qEglG0UgfJDcGeS05JgL1S2a24U5BF4uWkDDlqvdJXJ4hZGnGFTFJj2p6bYDejGgWTfFzspIYnlA1pn7ctVTTipptNbx6TY6sEJIy1LYVkqv6eyGhkzCjybWdEcWDmvYn4n9dOMbzuZkIlKXLFZovCVBKMySQAEgjNGcqRJZRpYW8lbEA1ZWhjKtoQvPmXF0njrOJdVs4fLsrV2zyOAhzCEZyAB1dQhXuoQR0YJPAMr/DmpM6L8+58zFqXnHzmAP7A+fwBukGQMQ==</latexit>

t = t0 + dt

<latexit sha1_base64="jANO5GqZx6onnZSphC9kku9wLJI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRJre6KblxWtA9oQ5lMp+3QySTMTIQa+gluXCji1i9y5984fQgqeuDC4Zx7ufeeMOFMacf5sJaWV1bX1nMb+c2t7Z3dwt5+Q8WpJLROYh7LVogV5UzQumaa01YiKY5CTpvh6HLqN++oVCwWt3qc0CDCA8H6jGBtpJu0e98tFB274pVcz0eO7ZQ936sY4jvuebmMXNuZoQgL1LqF904vJmlEhSYcK9V2nUQHGZaaEU4n+U6qaILJCA9o21CBI6qCbHbqBB0bpYf6sTQlNJqp3ycyHCk1jkLTGWE9VL+9qfiX1051/yzImEhSTQWZL+qnHOkYTf9GPSYp0XxsCCaSmVsRGWKJiTbp5E0IX5+i/0mjZLuntnftF6sXizhycAhHcAIuVKAKV1CDOhAYwAM8wbPFrUfrxXqdty5Zi5kD+AHr7RPXqo4w</latexit>uz

<latexit sha1_base64="J8Pnd6pdyyxh19yYzlyBsL/RIuE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2khNZ5AvELtGSLV0iYldJKRcrBhSIRXi1LBjkwUKaIXGIP/eH0YsCSDUTFCleg6JtZtSqTkTMMv1EwUxZRM6gp6hIQ1Aueni0Bk+M8oQ+5E0FWq8UL9PpDRQahp4pjOgeqx+e3PxL6+XaL/mpjyMEw0hWy7yE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNjkTwten+H/SLtpO1S41y4X61SqOLDpBp+gcOegC1dENaqAWYgjQA3pCz9ad9Wi9WK/L1oy1mjlGP2C9fQLRTIz3</latexit>

1

<latexit sha1_base64="Zpn6jiagc/oydbOuP6kMtYNVyfA=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2kjN0iBfIHaNkGrpEhO7SEi5WDGkQirEqWHHJgsU0AqNQf69P4xYEkComaBK9RwSazelUnMmYJbrJwpiyiZ0BD1DQxqActPFoTN8ZpQh9iNpKtR4oX6fSGmg1DTwTGdA9Vj99ubiX14v0X7NTXkYJxpCtlzkJwLrCM+/xkMugWkxNYQyyc2tmI2ppEybbHImhK9P8f+kXbSdql1qlgv1q1UcWXSCTtE5ctAFqqMb1EAtxBCgB/SEnq0769F6sV6XrRlrNXOMfsB6+wTUVIz5</latexit>

3
<latexit sha1_base64="LyqpbNPwqb8Qa9lkoU/vJQxzIGs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClMf6wMmvrG5tb2e3czu7e/kH+8KitokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7keu537plUPApv9TRmbkBGIfc5JdpIzeIgX8B2DeNq6RJhu4hxuVgxpIIr2Kkhx8YLFGCFxiD/3h9GNAlYqKkgSvUcHGs3JVJzKtgs108UiwmdkBHrGRqSgCk3XRw6Q2dGGSI/kqZCjRbq94mUBEpNA890BkSP1W9vLv7l9RLt19yUh3GiWUiXi/xEIB2h+ddoyCWjWkwNIVRycyuiYyIJ1SabnAnh61P0P2kXbadql5rlQv1qFUcWTuAUzsGBC6jDDTSgBRQYPMATPFt31qP1Yr0uWzPWauYYfsB6+wTS0Iz4</latexit>

2
<latexit sha1_base64="LyqpbNPwqb8Qa9lkoU/vJQxzIGs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClMf6wMmvrG5tb2e3czu7e/kH+8KitokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7keu537plUPApv9TRmbkBGIfc5JdpIzeIgX8B2DeNq6RJhu4hxuVgxpIIr2Kkhx8YLFGCFxiD/3h9GNAlYqKkgSvUcHGs3JVJzKtgs108UiwmdkBHrGRqSgCk3XRw6Q2dGGSI/kqZCjRbq94mUBEpNA890BkSP1W9vLv7l9RLt19yUh3GiWUiXi/xEIB2h+ddoyCWjWkwNIVRycyuiYyIJ1SabnAnh61P0P2kXbadql5rlQv1qFUcWTuAUzsGBC6jDDTSgBRQYPMATPFt31qP1Yr0uWzPWauYYfsB6+wTS0Iz4</latexit>

2

<latexit sha1_base64="J8Pnd6pdyyxh19yYzlyBsL/RIuE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2khNZ5AvELtGSLV0iYldJKRcrBhSIRXi1LBjkwUKaIXGIP/eH0YsCSDUTFCleg6JtZtSqTkTMMv1EwUxZRM6gp6hIQ1Aueni0Bk+M8oQ+5E0FWq8UL9PpDRQahp4pjOgeqx+e3PxL6+XaL/mpjyMEw0hWy7yE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNjkTwten+H/SLtpO1S41y4X61SqOLDpBp+gcOegC1dENaqAWYgjQA3pCz9ad9Wi9WK/L1oy1mjlGP2C9fQLRTIz3</latexit>

1

<latexit sha1_base64="Zpn6jiagc/oydbOuP6kMtYNVyfA=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2kjN0iBfIHaNkGrpEhO7SEi5WDGkQirEqWHHJgsU0AqNQf69P4xYEkComaBK9RwSazelUnMmYJbrJwpiyiZ0BD1DQxqActPFoTN8ZpQh9iNpKtR4oX6fSGmg1DTwTGdA9Vj99ubiX14v0X7NTXkYJxpCtlzkJwLrCM+/xkMugWkxNYQyyc2tmI2ppEybbHImhK9P8f+kXbSdql1qlgv1q1UcWXSCTtE5ctAFqqMb1EAtxBCgB/SEnq0769F6sV6XrRlrNXOMfsB6+wTUVIz5</latexit>

3

FIG. 2. Sketches showing the physical interpretation of PDU, i .e., heating via converging flow,
in kinetic theory, ignoring body forces and collisions for simplicity. Magenta ellipses denote a 2D
slice of the phase space density f in the (vx, vz) plane given by bi-Maxwellian distributions with
Pk > P?, where x is a perpendicular direction and z is parallel. (a) Phase space densities at initial
time t = t0 at three locations at and near z = 0. The vertical bulk flow velocity uz, denoted by the
magenta arrows, is converging in the parallel direction. (b) The phase space density at z = 0 at a
slightly later time t = t0 + dt. The phase space densities labeled 1, 2, and 3 in panel (a) evolve to
their associated positions labeled in panel (b). The phase space density at this time is broader in
vz, implying an increase in thermal energy density. Note, Pi�D is positive for this case. (c) and
(d) are analogous for the same phase space density except with converging bulk flow in x. There
is an increase in the thermal energy density in the phase space density at x = 0 at t = t0 + dt in
panel (d). Interestingly, Pi�D is negative for this case.

As an example which isolates PDU, consider a plasma with a drifting bi-Maxwellian phase259

space density fbiM aligned with a Cartesian coordinate system so that the pressure tensor260

PbiM is uniform in space and its elements are given by Pxx = Pyy = P?, Pzz = Pk, and261

Pjk = 0 for j 6= k. The e↵ective pressure is then PbiM = (2P? + Pk)/3, and Eq. (5) reveals262

that the deviatoric pressure tensor ⇧biM is263

⇧biM = PbiM � PbiMI = (P? � Pk)

0

@
1
3 0 0
0 1

3 0
0 0 � 2

3

1

A . (15)264

Using Eq. (4), the associated Pi � DbiM for an arbitrary bulk flow profile u is265

Pi � DbiM = �⇧jkDjk = �(P? � Pk)


1

3
(r · u) � @uz

@z

�
. (16)266

As desired, this pressure tensor PbiM does not depend on flow shear even if it is present. For267

definiteness, we consider Pk > P?. We first treat converging flow in the parallel direction,268

such that u = uz(z)ẑ, and for simplicity we treat bulk flow towards z = 0.269

A sketch of the system at initial time t = t0 is in Fig. 2(a). The phase space density fbiM270

is sketched as the magenta ovals in the (vx, vz) plane at three di↵erent spatial locations,271

z = dz, 0, and �dz. The pressures are the same at each location, but the phase space272

densities are o↵set from the origin accordingly to impose that the bulk flow converges273

towards z = 0. A short time dt later, fbiM with vz < 0 at z > 0 (labeled 1) convects down,274

fbiM with vz > 0 at z < 0 (labeled 3) convects up, and fbiM near vz = 0 at z = 0 (labeled275
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2) does not convect far, so the phase space density f at z = 0 at t = t0 + dt is qualitatively276

displayed in Fig. 2(b), with the same numbering scheme to show where the particles came277

from at t = t0. (We acknowledge that the precise phase space density at time t0 + dt278

would be a↵ected by particles from cells beyond those plotted and would smear out the279

final distribution, but we do not attempt to capture this e↵ect in the sketch for simplicity.)280

Comparing the phase space densities fbiM and f at z = 0 at t = t0 and at t = t0 + dt,281

respectively, we note that the breadth of f in the perpendicular vx direction is the same282

as in fbiM (there is no perpendicular heating), but f is broader in the parallel vz direction283

than fbiM . Broadening a phase space density is the kinetic manifestation of heating, i.e.,284

increasing the thermal energy. This gives the kinetic interpretation of PDU, i.e., heating285

via converging flow in the z direction, corresponding to �Pzz(@uz/@z) in Eq. (12b).286

We now consider converging flow in the perpendicular direction for the same initial phase287

space density, so now u = ux(x)x̂, treating bulk flow converging towards x = 0 for simplicity.288

A sketch at the initial time t = t0 is in Fig. 2(c), where the phase space density fbiM is289

sketched at x = �dx, 0, and dx. Since fbiM evolves in time according to the convection290

equation in Eq. (14) in the absence of body forces and collisions, the phase space density291

f at x = 0 a short time dt later appears as sketched in Fig. 2(d). The phase space density292

f does not broaden in the parallel vz direction, but does broaden in the vx direction. This293

is the kinetic manifestation of heating from PDU via converging flow in the x direction,294

corresponding to �Pxx(@ux/@x) in Eq. (12b). In both examples, heating due to converging295

flow contains contributions from both dilatation and normal deformation, a key point we296

return to in the next section.297

Finally, we return to the e↵ect of the presence of a body force F. As stated earlier, it is298

clear from the expression for pressure-strain interaction that a body force cannot contribute299

to it, even though the forces impact the motion of the particles. The sketches used here can300

still provide information for how to interpret the terms in the pressure-strain interaction301

when there is a body force present. First consider a uniform body force, i.e., it is the same302

at every position. The body force F changes the velocity of all particles of mass m at a given303

position by the same increment dv = Fdt/m in a small increment in time dt, so it merely304

translates the phase space density in velocity space. In the Lagrangian reference frame, this305

shift does not lead to a change in the thermal energy at the point in question beyond what306

is shown in the sketches in this section. If there is a force that is not uniform, a similar307

procedure happens except that the shift in velocity space of the particles is di↵erent at308

every location. In our example, the phase space density is uniform in space, so the result is309

unchanged. In the more general case for which the phase space density is also not uniform,310

it would require a detailed analysis to understand the evolution of the particles and the311

associated phase space densities, which is beyond the scope of the present study. However,312

we know the result for an arbitrary force and initial phase space density must be that the313

body force does not alter the pressure-strain interaction in the Lagrangian reference frame.314

C. Kinetic Description of Pi�Dshear315

We next turn to the kinetic interpretation of heating via shear deformation. As noted316

in the introduction3,6,8, the symmetric strain rate tensor S needs to be non-zero for the317

pressure-strain interaction to be non-zero, and the pressure-strain interaction is indepen-318

dent of the anti-symmetric strain rate tensor ⌦. Moreover, from Eq. (9b), the pressure319

tensor must have a non-zero o↵-diagonal element in order for there to be heating via shear320

deformation. Consequently, we consider flow shear of a phase space density with non-zero321

o↵-diagonal pressure tensor elements.322

Consider flow in the xz plane; dynamics in the other planes is analogous. Figure 3(a)323

contains sketches in a region near (x, z) = 0 at initial time t = t0, with phase space densities324

sketched in (vx, vz) space at an array of spatial locations given by x = dx, 0, and �dx and325

z = dz, 0, and �dz. In the kinetic picture, Pxz is non-zero if the phase space density lacks326

symmetry in both the vx and vz directions relative to the bulk flow speed (ux, uz). One way327
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(b)

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x

<latexit sha1_base64="vQHOUL9yF5numSEuJrSUpjvAShc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjRPOAZAmzk0kyZHZ2mekV4pJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJSDziKuR/SvhI9wSha6f7pyu0US27ZnYIsEi8jJchQ7RS/2t2IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlqaIhN346PXVMjqzSJb1I21JIpurviZSGxozCwHaGFAdm3puI/3mtBHuXfipUnCBXbLaol0iCEZn8TbpCc4ZyZAllWthbCRtQTRnadAo2BG/+5UVSPyl75+XTu7NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c6Tz4rw7H7PWnJPN7MMfOJ8/3BuNhw==</latexit>

z = 0

<latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="36K3HZ+jEjTElh9JMSp9ORUufWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9BLJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AdtyN7Q==</latexit>vx
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x = 0
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x = dx
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x = 0

<latexit sha1_base64="vQHOUL9yF5numSEuJrSUpjvAShc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjRPOAZAmzk0kyZHZ2mekV4pJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJSDziKuR/SvhI9wSha6f7pyu0US27ZnYIsEi8jJchQ7RS/2t2IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlqaIhN346PXVMjqzSJb1I21JIpurviZSGxozCwHaGFAdm3puI/3mtBHuXfipUnCBXbLaol0iCEZn8TbpCc4ZyZAllWthbCRtQTRnadAo2BG/+5UVSPyl75+XTu7NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c6Tz4rw7H7PWnJPN7MMfOJ8/3BuNhw==</latexit>

z = 0

<latexit sha1_base64="AqmvuwfNaH39x0LUOHNCMHOlvM0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklU1ItQ9OKxgv2AtpTNZtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM8xMpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYt3xquBSK11Gg5K1Ecxr5kjf94d3Ebz5xbUSsHnGU8G5E+0qEglG0UgfJDcGeS05JgL1S2a24U5BF4uWkDDlqvdJXJ4hZGnGFTFJj2p6bYDejGgWTfFzspIYnlA1pn7ctVTTipptNbx6TY6sEJIy1LYVkqv6eyGhkzCjybWdEcWDmvYn4n9dOMbzuZkIlKXLFZovCVBKMySQAEgjNGcqRJZRpYW8lbEA1ZWhjKtoQvPmXF0njrOJdVs4fLsrV2zyOAhzCEZyAB1dQhXuoQR0YJPAMr/DmpM6L8+58zFqXnHzmAP7A+fwBukGQMQ==</latexit>

t = t0 + dt
<latexit sha1_base64="HhCnIBpPAsPcPZi6REKik9lDiN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1EJyQ7Dn9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndZPX+4qNRu8ziKcATHcAoeXEEN7qEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wcMao68</latexit>

t = t0

<latexit sha1_base64="LyqpbNPwqb8Qa9lkoU/vJQxzIGs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClMf6wMmvrG5tb2e3czu7e/kH+8KitokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7keu537plUPApv9TRmbkBGIfc5JdpIzeIgX8B2DeNq6RJhu4hxuVgxpIIr2Kkhx8YLFGCFxiD/3h9GNAlYqKkgSvUcHGs3JVJzKtgs108UiwmdkBHrGRqSgCk3XRw6Q2dGGSI/kqZCjRbq94mUBEpNA890BkSP1W9vLv7l9RLt19yUh3GiWUiXi/xEIB2h+ddoyCWjWkwNIVRycyuiYyIJ1SabnAnh61P0P2kXbadql5rlQv1qFUcWTuAUzsGBC6jDDTSgBRQYPMATPFt31qP1Yr0uWzPWauYYfsB6+wTS0Iz4</latexit>

2

<latexit sha1_base64="J8Pnd6pdyyxh19yYzlyBsL/RIuE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2khNZ5AvELtGSLV0iYldJKRcrBhSIRXi1LBjkwUKaIXGIP/eH0YsCSDUTFCleg6JtZtSqTkTMMv1EwUxZRM6gp6hIQ1Aueni0Bk+M8oQ+5E0FWq8UL9PpDRQahp4pjOgeqx+e3PxL6+XaL/mpjyMEw0hWy7yE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNjkTwten+H/SLtpO1S41y4X61SqOLDpBp+gcOegC1dENaqAWYgjQA3pCz9ad9Wi9WK/L1oy1mjlGP2C9fQLRTIz3</latexit>

1

<latexit sha1_base64="LyqpbNPwqb8Qa9lkoU/vJQxzIGs=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClMf6wMmvrG5tb2e3czu7e/kH+8KitokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7keu537plUPApv9TRmbkBGIfc5JdpIzeIgX8B2DeNq6RJhu4hxuVgxpIIr2Kkhx8YLFGCFxiD/3h9GNAlYqKkgSvUcHGs3JVJzKtgs108UiwmdkBHrGRqSgCk3XRw6Q2dGGSI/kqZCjRbq94mUBEpNA890BkSP1W9vLv7l9RLt19yUh3GiWUiXi/xEIB2h+ddoyCWjWkwNIVRycyuiYyIJ1SabnAnh61P0P2kXbadql5rlQv1qFUcWTuAUzsGBC6jDDTSgBRQYPMATPFt31qP1Yr0uWzPWauYYfsB6+wTS0Iz4</latexit>

2

<latexit sha1_base64="J8Pnd6pdyyxh19yYzlyBsL/RIuE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqyGW9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJPrud+5B6l4FN7qaQxuQEch9zmj2khNZ5AvELtGSLV0iYldJKRcrBhSIRXi1LBjkwUKaIXGIP/eH0YsCSDUTFCleg6JtZtSqTkTMMv1EwUxZRM6gp6hIQ1Aueni0Bk+M8oQ+5E0FWq8UL9PpDRQahp4pjOgeqx+e3PxL6+XaL/mpjyMEw0hWy7yE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNjkTwten+H/SLtpO1S41y4X61SqOLDpBp+gcOegC1dENaqAWYgjQA3pCz9ad9Wi9WK/L1oy1mjlGP2C9fQLRTIz3</latexit>

1

FIG. 3. Sketch illustrating the kinetic theory explanation of why Pi�Dshear leads to heating or
cooling. (a) Array of sketches at locations in position space (x, z) near the origin at the initial
time t0. Each sketch contains a phase space density f in the (vx, vz) plane in blue and red, where
blue represents relatively low f and red represents relatively high f . Such phase space densities
have Pxz < 0. The placement of the phase space density in each axis system reveals its bulk
flow u, denoted for each f by the magenta arrow. The flow profile has a representative form
(ux, uz) = (0, x). (b) Sketch of the phase space density at the origin at a slightly later time
t = t0 + dt. The portions of the phase space densities in (a) labeled 1 and 2 evolve to make up
the portions of the phase space densities in (b) labeled 1 and 2, respectively. For this flow profile,
there is a net displacement of particles away from the velocity space origin, implying an increase
in thermal energy density.

a phase space density can have a positive Pxz is if it is elongated in the first and/or third328

quadrant in the (vx, vz) plane compared to the second and/or fourth quadrants; similarly a329

negative Pxz is elongated in the second and/or fourth quadrants in (vx, vz) space. Another330

is if f weighted higher in the first and/or third quadrants than the second and/or fourth331

quadrants. Figure 3(a) includes a phase space density with Pxz < 0 due to the weighting332

of f that is uniform in space, displayed with red signifying larger f and blue signifying333

smaller f . To impose a bulk velocity shear, the phase space densities are shifted relative to334

the velocity space origin, with the bulk flow direction denoted by the magenta arrows. For335

this illustration, we assume a profile with u = uz(x)ẑ, where uz is positive for x > 0 and336

negative for uz < 0.337

In the next increment in time dt, particles with vx > 0, vz < 0 at (�dx, dz) (labeled 2)338

move towards the origin (in the absence of body forces and collisions), appearing in the339

vx > 0, vz < 0 quadrant at the origin at t = t0 + dt (labeled 2) in Fig. 3(b). This portion of340

the phase space density is blue, meaning f is relatively low there. Similarly, in the phase341

space density at (dx, �dz), particles in the left part of the distribution (labeled 1) have342

vx < 0, vz > 0, so they also move toward the origin. At t = t0 + dt, they become the343

population in the vx < 0, vz > 0 portion of the phase space density (labeled 1) in Fig. 3(b).344

The red portion in Fig. 3(b) is the portion of the phase space density at t = t0 + dt with345

higher f values than elsewhere in the phase space density.346

To interpret this result, we note the phase space density at the origin at t = t0 + dt347

e↵ectively stretches away from the velocity space origin in the second and fourth quadrants348

relative to the phase space density at the origin at t = t0, and moves closer to the velocity349

space origin in the first and third quadrants than at t = t0. If f had begun at t = t0 as350

symmetric in (vx, vz) space (i.e., if Pxz had been 0), this would lead to no net heating at351
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<latexit sha1_base64="6iPu0yaDrBKkgaecPBcwlWucqvc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvXiMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj26nffEKleSQfzThGP6QDyfucUWOlhzI97RZLbsWdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWcW7rJzfX5SqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4Ai0eNUg==</latexit>

(a)
<latexit sha1_base64="boZhEsj0cs676GdU/iO4MM5rYVk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvXiMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj26nffEKleSQfzThGP6QDyfucUWOlh3Jw2i2W3Io7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/7KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs4p3WTm/vyhVb7I48nAEx1AGD66gCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBjMyNUw==</latexit>

(b)

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x

<latexit sha1_base64="vQHOUL9yF5numSEuJrSUpjvAShc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjRPOAZAmzk0kyZHZ2mekV4pJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJSDziKuR/SvhI9wSha6f7pyu0US27ZnYIsEi8jJchQ7RS/2t2IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlqaIhN346PXVMjqzSJb1I21JIpurviZSGxozCwHaGFAdm3puI/3mtBHuXfipUnCBXbLaol0iCEZn8TbpCc4ZyZAllWthbCRtQTRnadAo2BG/+5UVSPyl75+XTu7NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c6Tz4rw7H7PWnJPN7MMfOJ8/3BuNhw==</latexit>

z = 0

<latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="36K3HZ+jEjTElh9JMSp9ORUufWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9BLJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AdtyN7Q==</latexit>vx

<latexit sha1_base64="U86x+C1cDSi7V9fAkQsR0+sjlyY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9JLghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AeeSN7w==</latexit>vz
<latexit sha1_base64="gfLEKxkdHSLkPoyr+Q5CZyerqQo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzY2M8g==</latexit>

f

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x

<latexit sha1_base64="xF2+1Dnriudo0aLfowFKMmKS2HQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzJrghi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AevdjQY=</latexit>z

<latexit sha1_base64="36K3HZ+jEjTElh9JMSp9ORUufWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9BLJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AdtyN7Q==</latexit>vx

<latexit sha1_base64="U86x+C1cDSi7V9fAkQsR0+sjlyY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF48Y5ZHAhswOA0yYnd3M9JLghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D+omyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGt1O/MeLaiEg94jjmfkj7SvQEo2ilh1HnqVMsuWV3BrJMvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSTwrtxPCYsiHt85aliobc+Ons1Ak5sUqX9CJtSyGZqb8nUhoaMw4D2xlSHJhFbyr+57US7F37qVBxglyx+aJeIglGZPo36QrNGcqxJZRpYW8lbEA1ZWjTKdgQvMWXl0n9rOxdls/vL0qVmyyOPBzBMZyCB1dQgTuoQg0Y9OEZXuHNkc6L8+58zFtzTjZzCH/gfP4AeeSN7w==</latexit>vz
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FIG. 4. Sketch illustrating the kinetic theory explanation of why (a) symmetric shear (pure strain-
ing motion) can lead to heating/cooling, while (b) anti-symmetric shear (rigid body rotation)
cannot. In each sketch, the grid in x and z denotes physical positions in the environment of the
origin (x, z) = (0, 0). Each red and blue box denotes a phase space density f with a negative Pxz

in the (vx, vz) plane at the location in question. The local bulk flow u is denoted for each f with
a magenta arrow. The flow profiles are (a) (ux, uz) = (z, x) and (b) (ux, uz) = (z,�x).

t = t0 + dt, since there would be equal numbers of particles brought closer to the velocity352

space origin as those brought further away. However, in this case, there are more particles in353

quadrant 2 than the other quadrants at t = t0 +dt, so there are more particles further from354

the origin. This is the kinetic manifestation of heating. This example provides motivation355

for the kinetic theory of heating via pressure-strain interaction due to Pi � Dshear, with356

the same caveat as in the previous subsection that body forces and collisions can alter357

the particle trajectories and phase space density evolution, but cannot directly impact the358

pressure-strain interaction. We note that Pxz < 0 and @uz/@x > 0 in this example, so359

the term �Pxz(@uz/@x) in Eq. (9b) is positive. This is associated with heating, consistent360

with the physical picture given here. A similar construction with the higher f region in the361

fourth quadrant (so that Pxz is again negative) also leads to heating. If the higher f region362

is in the first or third quadrant, it would lead to cooling because there are more particles363

closer to the velocity space origin than farther away from it. In this case Pxz is positive, and364

the Pi � Dshear contribution to the pressure-strain interaction is negative, consistent with365

cooling. Thus, Pi � Dshear can contribute to heating or cooling depending on the flow profile366

and the sign of the o↵-diagonal pressure-tensor elements, and it is in principle reversible.367

We conclude this subsection with a kinetic theory interpretation of why pure straining368

motion leads to a contribution to the pressure-strain interaction, but rigid body rotation369

does not. Figure 4(a) is a sketch analogous to Fig. 3(a) of a hyperbolic bulk flow profile370

corresponding to pure straining motion with @uk/@rj = @uj/@rk, so ⌦ = 0. Analogous371

to Fig. 3(b), there is a flow of particles towards (and away from) the origin in the next372

small increment in time, which serves to increase the thermal energy density at the origin373

at t = t0 + dt. In contrast, Fig. 4(b) shows a similar sketch, but for rigid body rotation374

for which @uk/@rj = �@uj/@rk, so S = 0. In this case, the flow profile imposes that the375

particles in the phase space densities surrounding the origin predominantly go around the376

origin rather than changing the phase space density at the origin, leaving the thermal energy377

density at the origin unchanged. This is the kinetic explanation for why rigid body rotation378

does not contribute to the pressure-strain interaction.379
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IV. KINETIC INTERPRETATION OF NORMAL DEFORMATION AND IMPLICATIONS380

FOR THE SIGN OF Pi�D381

It has been shown numerically and observationally that Pi � D, i.e., collisionless viscous382

heating, can be positive or negative, which has been puzzling because collisional viscous383

heating must be non-negative. We use the present results to interpret the sign of Pi � D384

within the kinetic description. We emphasized in Sec. II that Pi � D contains both normal385

deformation and shear deformation. Consequently, it is not a well-posed question to ask386

what a negative value of Pi � D means physically because it is ambiguous; it could have387

contributions from either term. The physics of Pi � Dshear was discussed in Sec. III C,388

including what it means physically for it to be positive or negative. The example of heating389

due to converging flow in Sec. III B explained the sign only for PDU, i.e., the sum of the390

dilatation and normal deformation terms, so we reconsider the example given there to isolate391

the normal deformation and explain the kinetic interpretation of its sign.392

Consider again the bi-Maxwellian distribution fbiM with Pxx = Pyy = P? and Pzz = Pk393

with Pk > P? discussed in the previous section. For the two bulk flow profiles in Fig. 2,394

analytic expressions for Pi � Dnormal are readily calculated from Eq. (9a). For parallel395

converging flow u = uz(z)ẑ, we get396

Dnormal = D =
@uz

@z

0

@
� 1

3 0 0
0 � 1

3 0
0 0 2

3

1

A , (17)397

so that398

Pi � Dnormal = Pi � D =
2

3

@uz

@z
(P? � Pk). (18)399

A similar derivation reveals that if u = ux(x)x̂ for perpendicular converging flow,400

Pi � Dnormal = Pi � D = �1

3

@ux

@x
(P? � Pk). (19)401

Importantly, Pi � Dnormal for parallel and perpendicular converging flow have opposite signs.402

For the flow profiles in Fig. 2, Pi � Dnormal is positive for parallel converging flow but403

negative for perpendicular converging flow. We know the net dilatation plus normal defor-404

mation due to converging flow leads to heating as quantified by PDU for converging flow in405

either direction. Thus, it may not be surprising that Pi � Dnormal > 0 for parallel converg-406

ing flow. However, it is counterintuitive that Pi � Dnormal < 0 for perpendicular converging407

flow because negative Pi � D has been referred to as “cooling.”408

The resolution of this apparent paradox is to consider Pi � Dnormal in the context of409

pressure dilatation �P(r · u). For the perpendicular converging flow case,410

�P(r · u) = �P @ux

@x
= �

✓
2P? + Pk

3

◆
@ux

@x
. (20)411

This quantity is non-negative for converging flow, which reflects that there is heating. The412

sum of dilatation and normal deformation from Eqs. (19) and (20) to get PDU is413

PDU = �P?
@ux

@x
, (21)414

as expected from Eq. (12b). This is positive for converging flow, corresponding to a net415

heating, as expected.416

This simple example suggests the kinetic theory interpretation of Pi � Dnormal. The417

quantity PDU describes the total volumetric heating rate due to converging flow. Pressure418

dilatation describes the volumetric rate of compressible heating if the system was in equi-419

librium with a (scalar) pressure P since it has the form �P(r · u). Kinetically, pressure420
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dilatation describes the heating that would take place if the phase space density f were421

replaced by a Maxwellian distribution fM with the density n =
R

fd3v and with its pres-422

sure P given by the e↵ective pressure P found from the local phase space density f . The423

phase space density fM is known as the Maxwellianized distribution of f . The contribu-424

tion from Pi � Dnormal, then, describes the correction to the total of the volumetric heating425

rate due to converging flow due to the phase space density f not being the Maxwellianized426

distribution fM .427

In the example of the bi-Maxwellian distributions with Pk > P? in Fig. 2(a), the428

Maxwellianized distribution fM of the phase space density fbiM is round in velocity space,429

so it is cooler in the parallel direction and hotter in the perpendicular direction than f .430

Compression of fM in the perpendicular x direction would heat the plasma, making the431

phase space density at t = t0 + dt broader in the vx direction than it would be due to432

compression of fbiM . This means there would be a higher volumetric heating rate of fM433

than there would be of fbiM since Pk > P?. Therefore, Pi � Dnormal is negative in this434

example because it represents the correction to the volumetric heating rate of the actual435

phase space density fbiM because it is not the Maxwellianized distribution fM ; in this case,436

the correction is negative. Thus, Pi � Dnormal < 0 during converging flow does not repre-437

sent physical cooling, because when combined with �P(r ·u) to form PDU, the volumetric438

heating rate into thermal energy is positive, as is expected for converging flow. This is in439

contrast to Pi � Dshear, which necessarily contributes to cooling when it is negative.440

Similar reasoning holds for parallel converging flow. As shown in Fig. 2(b), the result of441

converging parallel flow is to generate a phase space density at the origin that is even more442

elongated than fbiM at t = 0. In this case, pressure dilatation is again positive because there443

is converging flow, but here Pi � Dnormal is also positive. This is because the Maxwellianized444

distribution fM is narrower in the parallel direction than fbiM , so the heating of fM is less445

than the heating of fbiM . The contribution from Pi � Dnormal is positive to make up for446

the part of the heating omitted from the converging flow acting on fM .447

Thus, simply knowing that Pi � D is negative is insu�cient to know if it is caused by448

normal deformation or shear deformation, and it is insu�cient to know if there is overall449

cooling via the pressure-strain interaction. If Pi � D < 0 and Pi � Dshear dominates, there450

is a contribution towards cooling. However, if Pi � D < 0 and is dominated by Pi � Dnormal,451

one cannot know if there is heating or cooling due to converging or diverging flow because452

�P(r ·u) can have either sign depending on whether there is converging or diverging flow.453

It is PDU that must be measured to assess if heating/cooling due to converging/diverging454

flow is taking place.455

V. DISCUSSION AND CONCLUSIONS456

The pressure-strain interaction, including Pi � D, has undergone intense scrutiny in the457

past few years because it concisely describes the rate that energy density is converted458

between bulk flow and thermal. Pressure dilatation is the portion of pressure-strain inter-459

action associated with compression and expansion, while Pi � D is the portion associated460

with incompressible heating6 and has been described as collisionless viscosity5. Despite461

the scrutiny, fundamental questions about the physical interpretation of the pressure-strain462

interaction and Pi � D have persisted, including what it means for Pi � D to be negative.463

In this study, we use the fact that Pi � D contains both normal deformation and shear464

deformation to propose an alternate decomposition of the pressure-strain interaction with465

the PDU and Pi � Dshear terms, which separate the pressure-strain interaction into the466

power densities associated with converging/diverging flow and flow shear, respectively. The467

PDU term is a combination of the dilatation and normal deformation terms, and gives the468

reasonable generalization of dilatation for systems not in local thermodynamic equilibrium.469

In the large magnetic field limit, it was shown9 that the Pi � Dshear term (�⇡gv : U in their470

notation) vanishes to low order in the strong magnetic field expansion. This is because471

the magnetic field dominates all other collisionless physics in the limit in question, and472
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the magnetic field itself does not directly contribute to the pressure-strain interaction [see473

Eq. (1) and Ref.3]. Outside of this limit, as shown here, Pi � Dshear need not vanish.474

Using these results, we provide a physical understanding of the contributions to the475

pressure-strain interaction both from a fluid perspective, with one modification from previ-476

ous work on the subject that ignored the vector heat flux density6, and fully in the kinetic477

picture at the phase space density-level. We use the results to explain kinetically why pure478

straining motion (a symmetric strain rate tensor) can lead to a change in thermal energy but479

rigid body rotation (an asymmetric strain rate tensor) cannot. We finally use these results480

to give the physical mechanisms that cause Pi � D, including giving a new kinetic theory481

interpretation for the normal deformation term. We further show the counterintuitive result482

that while converging flow must contribute to a positive pressure-strain interaction, it can483

contribute to a negative Pi � D for systems not in LTE.484

We emphasize a number of consequences of this study that may be of use to the field:485

1. As has been recognized elsewhere2,4,14, the pressure-strain interaction �(P ·r) · u is486

the most relevant quantity to determine the rate of change of bulk flow energy density487

into thermal energy density (heating or cooling), rather than Pi � D in isolation.488

2. It is correct that the pressure dilatation �P(r · u) describes the volumetric rate of489

heating/cooling due to compression/expansion, but it is not the full description of490

energy conversion in converging or diverging flow. Similarly, Pi � D is the measure of491

incompressible heating, but contains both normal deformation and shear deformation.492

In contrast, PDU gives the e↵ect of converging/diverging flows, and Pi � Dshear gives493

the e↵ect of flow shear. We believe both decompositions have merit for analyzing494

the energy conversion in physical processes and provide complementary information.495

We envision that keeping all three terms – pressure dilatation, Pi � Dnormal, and496

Pi � Dshear – may also prove useful in some circumstances.497

3. A local measurement of a negative Pi � D does not imply there is cooling. If Pi � D is498

negative due to normal deformation, the net e↵ect of normal deformation and dilata-499

tion in the total pressure-strain interaction is still positive if the flow is converging.500

Meanwhile, a negative Pi � D could also be the result of shear deformation, so there501

is no way to unambiguously identify the key physical processes at play from the sign502

of Pi � D alone.503

4. The physical interpretation of the normal deformation portion of Pi � D in kinetic504

theory is the di↵erence between the rate of compressional heating and the rate of505

compressional heating of the same process were the phase space density replaced by506

a Maxwellian distribution of the same e↵ective pressure.507

5. The introduction of the traceless strain-rate tensor D, which has been carried into508

plasma physics following a long history in the study of neutral fluids8, is only advan-509

tageous to study the rate of heating/cooling that is compressible vs. incompressible.510

However, it is not useful for distinguishing the heating between converging/diverging511

flows and flow shear. While the di↵erence may be negligible in neutral fluids that are512

near local thermodynamic equilibrium, they can be very di↵erent in plasmas that are513

far from local thermodynamic equilibrium.514

6. It bears noting that the pressure-strain interaction is rigorously the quantity that515

describes the rate of conversion between bulk flow and thermal energy density, but it516

is not the only term that determines the local thermal energy density. In particular,517

thermal energy density flux and/or heat flux can also change the local thermal energy518

density12,20, even though these terms do not contribute to changes in the net thermal519

energy in a closed or isolated system4.520

7. The thermal energy density describes the random energy in a phase space density,521

i.e.,
R

(1/2)mv02fd3v. However, other forms of energy such as
R

(1/2)mv0xv0yfd3v or522

higher order moments are not contained in the thermal energy density, yet represent523
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a possible energy channel during a physical process. The energy going into channels524

beyond thermal energy density is treated in a separate study33.525

In Paper II, we derive the pressure-strain interaction in magnetic field-aligned coordi-526

nates. In Paper III, we display the pressure-strain interaction in Cartesian and magnetic527

field-aligned coordinates in PIC simulations and use the results to determine the mecha-528

nisms that contribute to the pressure-strain interaction during collisionless reconnection.529

For future work, it would be interesting to employ the decomposition of the pressure-strain530

interaction discussed here more broadly in simulation data and observational data to sep-531

arate converging/diverging flow e↵ects from shear flow e↵ects. Example systems where532

such studies would be interesting include collisionless reconnection, plasma turbulence, and533

collisionless shocks.534

Also, we again point out from Eqs. (1) and (2), the presence of collisions and body535

forces such as electric, magnetic, or gravitational forces, enters directly into the bulk flow536

energy density equation but not directly into the pressure-strain interaction. Body forces537

are quantified by the nu · F term in Eq. (2), which for the electromagnetic force is qnu · E538

for a species of charge q. This quantity, including the version summed over species given539

by J · E, has also been under intense scrutiny in the study for describing the conversion540

between bulk flow energy and electromagnetic energy34–39. A better understanding of how541

body forces impact thermal energy should remain a topic of future work1.542
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