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A b s t r a c t :  Engineering quantum eld theories in String Theory in terms of branes is a
powerful approach for understanding their dynamics. We review recent progress in the
realization of 2d N  =  (0; 2) gauge theories in terms of branes. We discuss Brane Brick
Models, a new class of Type I I A  brane congurations which are T-dual to D1-branes
over singular toric Calabi-Yau 4-folds. They fully encode the innite class of 2d N  =  (0; 2)
quiver gauge theories on the worldvolume of the D1-branes and signicantly streamline
their connection to the probed geometries. As an application, we explain how these
constructions provide a brane realization of triality. We also comment on the
realization of 2d N  =  (0; 1) theories via Spin(7) orientifolds. This note is based on the
author’s talk at the Nankai Symposium on Mathematical Dialogues celebrating the 110th

anniversary of the birth of Prof. S.-S. Chern
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1 Intro duct ion

Understanding the dynamics of quantum eld theories in var-
ious dimensions is an active area of research. For this pur-
pose, engineering quantum eld theories in terms of branes CY4

in String and M-Theory is often a powerful tool. In this
note, we will review the realization of 2d N  =  (0; 2) gauge
theories on the world volume of D1-branes probing singular
toric Calabi-Yau ( C Y )  4-folds [1, 2], as schematically shown
in Figure 1.

D1-branes

Figure 1: D1-branes
probing a CY 4 .

2 Brane B r i c k  Models

Brane brick models are obtained from D1-branes at C Y 4  singularities by T-duality. We
refer the reader to [2{5] for detailed presentations. A  brane brick model is a Type
I I A  brane conguration consisting of D4-branes wrapping a 3-torus T3  and suspended
from an NS5-brane that wraps a holomorphic surface  intersecting with T3 . The
holomorphic surface  is the zero locus of the Newton polynomial dened by the toric
diagram of the CY 4 .  The basic ingredients of the brane setup are summarized in Table
1. The (246) directions are compactied on a T3 . The 2d gauge theory lives on the two
directions (01) common to all the branes.

Brane brick models, or equivalently their dual periodic quivers, fully encode the 2d
N  =  (0; 2) quiver gauge theories on the worldvolume of D1-branes probing toric C Y  4-
folds. Namely, they summarize not only the quivers but also the J -  and E-terms. The
dictionary between brane brick models and gauge theories is summarized in Table 2.
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Table 1: Brane brick model conguration.

Brane B r i c k  Mo del

Brick
Oriented face
between bricks i  and j
Unoriented square face
between bricks i  and j
Edge

Gauge T h eo r y

Gauge group
Bifundamental chiral eld
from node i  to node j
Bifundamental Fermi eld
between nodes i  and j
Interaction by J -  or E-term

Perio dic  Qu ive r

Node
Oriented (black) arrow
from node i  to node j
Unoriented (red) line
between nodes i  and j
Plaquette encoding
a J -  or an E-term

Table 2: Dictionary between brane brick models and 2d N  =  (0; 2) gauge theories.

Brane brick models reduce the computation of the underlying C Y 4  geometry start-
ing from the gauge theory to a combinatorial problem, which is based on a generaliza-
tion of perfect matchings [3]. Conversely, several ecient algorithms for determining
the brane brick models associated to a given geometry have been developed [2, 5{8].

3 Tr i a l i ty

A  new I R  equivalence for 2d N  =  (0; 2) gauge theory was discovered in [9]. In its
simplest incarnation, which is shown in Figure 2, it relates three SQCD-like theories
and was therefore dubbed triality.1      In more general theories, triality can be locally
applied to an individual gauge group, with the rest of the theory acting as a spectator.
Applying triality to the same gauge group three consecutive times results in the original
theory.

1In the gure, yellow nodes indicate S U (Nc )  gauge groups. The theories on D1-branes have instead
U (Nc ) gauge groups. A  U (Nc ) version of triality was also introduced in [9]. It diers from the S U (Nc )
triality in Figure 2 by the presence of additional Fermi elds in the determinant representation of the
gauge group for the cancellation of the Abelian anomaly. It is expected that Abelian anomalies of gauge
theories on D1-branes are cancelled via a generalized Green-Schwarz mechanism. For this reason, the
determinant Fermi elds are not present in those theories and triality reduces to the one considered
here.
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Figure 2: Triality of 2d N  =  (0; 2) SQCD. Black arrows and red lines represent chiral
and Fermi elds, respectively.

For brane brick models, triality is elegantly realized by the local transformation
shown in Figure 3, which we denote cube move. More precisely, the cube move is the
simplest representative of a family of local transformations implementing triality [4].
All these moves leave the underlying toric C Y 4  invariant.

mesonic fields

dual flavors

Figure 3: The cube move is a local transformation of a brane brick models realizing
N  =  (0; 2) triality

The correspondence between D1-brane probing toric C Y  4-folds and brane brick
models can be understood systematically using mirror symmetry [10, 11]. The mirror
conguration consists of D5-branes wrapping 4-spheres and the gauge theory is deter-
mined by how they intersect. In this context, triality is realized in terms of geometric
transitions in the mirror geometry [11]. More generally, mirror symmetry leads to a
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beautiful geometric unication of dualities in dierent dimensions, where the order of
the duality is n 1 for a C Y  n-fold [11, 12].

4 Sp in(7)  Orientifolds

As usual, it is desirable to investigate theories with less supersymmetry. The next
step corresponds to 2d N  =  (0; 1), namely minimally supersymmetric, theories. These
theories are extremely interesting, since they are barely supersymmetric and live at
the borderline between non-SUSY theories and others with higher amounts of SUSY,
for which powerful tools such as holomorphy become applicable. Due to the reduced
SUSY, they enjoy a broad range of interesting dynamics. While there has been recent
progress in their understanding, they remain relatively unexplored.

The geometric engineering of 2d N  =  (0; 1) gauge theories on D1-branes probing
singularities was initiated in [13], where a new class of backgrounds, denoted Spin(7)
orientifolds was introduced. These orientifolds are quotients of C Y  4-folds by a combi-
nation of an anti-holomorphic involution leading to a Spin(7) cone and worldsheet par-
ity. They naturally connect the view of N  =  (0; 1) theories as real slices of N  =  (0; 2)
theories and Joyce’s geometric construction of Spin(7) manifolds starting from C Y  4-
folds [14]. This geometric construction provides a new approach for studying 2d N
=  (0; 1) theories. It also gives a new perspective on the recently proposed triality of 2d
N  =  (0; 1) gauge theories [15], in which triality translates into the fact that multiple
gauge theories correspond to the same underlying orientifold [16].
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