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Discussion of “A Unified Framework for
De-Duplication and Population Size

Estimation” by Tancredi, Steorts, and Liseo

Mauricio Sadinle

Population size estimation techniques, such as multiple-systems or capture-recapture
estimation, typically require multiple samples from the study population, in addition to
the information on which individuals are included in which samples. In many contexts,
these samples come from existing data sources that contain certain information on the
individuals but no unique identifiers. The goal of record linkage and duplicate detection
techniques is to identify unique individuals across and within samples based on the
information collected on them, which might correspond to basic partial identifiers, such
as given and family name, and other demographic information. Therefore, record linkage
and duplicate detection are often needed to generate the input for a given population size
estimation technique that a researcher might want to use. Linkage decisions, however,
are subject to uncertainty when partial identifiers are limited or contain errors and
missingness, and therefore, intuitively, uncertainty in the linkage and deduplication
process should somehow be taken into account in the stage of population size estimation.

The contributions of the discussed article build on a framework initially proposed by
Hall et al. (2012) for linking multiple datafiles, later extended by Steorts et al. (2014,
2016) to also handle duplication within datafiles. The framework of Hall et al. (2012)
and Steorts et al. (2014, 2016) also partially coincides with the work of Tancredi and
Liseo (2011) in the case of two duplicate-free datafiles. As presented in the discussed
article, this framework can be summarized in terms of a generative process where a finite
population is generated from a super-population, and in turn the records are generated
from the finite population, as follows1:

• The super-population:

– The random vector Ṽ = (Ṽ1, . . . , Ṽp) represents p categorical variables which
follow a product multinomial distribution

∏p
`=1 MN(1,θ`), meaning that the

entries of Ṽ are mutually independent, with Ṽ` ∈ {1, . . . ,M`} being multi-
nomial MN(1,θ`), with θ` = (θ`1, . . . , θ`M`

).

• The finite population:

– A finite population of N individuals is generated as a random sample from

the super-population, that is, Ṽ 1, . . . , Ṽ N
iid∼

∏p
`=1 MN(1,θ`). The real-

ization ṽj′ of Ṽ j′ represents the true underlying values of an individual
j′ = 1, . . . , N .
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• The records:

– Record j in datafile i, henceforth indexed as ij, is a realization of a random
vector V ij = (Vij1, . . . , Vijp), where entry `, Vij`, is a potentially erroneous
measurement of characteristic ` of an individual in the finite population.
There are i = 1, . . . , L datafiles, and j = 1, . . . , ni records in datafile i.

– Denoting λij ∈ {1, . . . , N} as an index that indicates the individual in the
population to which record ij refers, we can denote ṽλij

= (ṽλij1, . . . , ṽλijp)
as the true underlying vector of characteristics of the individual to which
record ij refers.

– The different records {V ij}ij are assumed to arise independently of each
other across and within datafiles and across individuals, conditioning on the
realized values ṽ1, . . . , ṽN of Ṽ 1, . . . , Ṽ N in the finite population.

– The entries of each record V ij are generated independently of each other,
conditioning on the true underlying values of individual λij as follows: with
probability αλij` take Vij` to be the true value ṽλij`, otherwise, draw a ran-
dom value Vij` ∈ {1, . . . ,M`} with the same probabilities (θ`1, . . . , θ`M`

) as
in the super-population. This is known as the hit-miss model of Copas and
Hilton (1990). Originally in the work of Hall et al. (2012) and Steorts et al.
(2014, 2016), the probability of correct measurement αλij` was taken to be
a single value α` for all individuals.

The model structure above requires imposing prior distributions on θ` for ` =
1, . . . , p; on αj′` for j′ = 1, . . . , N and ` = 1, . . . , p; and more crucially on λ =
(λ11, . . . , λ1n1

, . . . , λL1, . . . , λLnL
). We shall focus our discussion on λ, as treatment

of the other parameters is somewhat standard.

The parameter λ gives us the information that we need to link records: if λij = λi′j′
then records ij and i′j′ refer to the same underlying individual; furthermore, if i = i′

then these records are duplicates of each other within datafile i, and if i 6= i′ then they
represent the same individual in datafiles i and i′. Crucially, notice that the labels that
we use to represent λ are not themselves relevant for linking records, as all we end up
using is whether λij = λi′j′ or λij 6= λi′j′ . In other words, the information that we need
to extract from λ is the partition of the records that it induces; records that receive the
same label represent records that refer to the same underlying individual. This means
that λ is actually a labeling of the partition of the records that we are interested in
recovering in record linkage and duplicate detection problems.

The prior on λ used by Hall et al. (2012) and Steorts et al. (2014, 2016) is uniform
across all the possible values of λ, which depends on the number of labels used to
represent this vector. In Hall et al. (2012) and Steorts et al. (2014), this number of

labels was taken to be n =
∑L
i=1 ni, the number of records in all datafiles, which

is the number of labels needed to represent the partition if all the records across all
datafiles correspond to different individuals. In Section 6.2 of Steorts et al. (2016) this
number of labels was allowed to be M ≥ n, and it was used as a hyper-parameter to be
selected based on the prior that it induces for the number of clusters of the partition of
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the records. In the data-generative process above, the population size N provides the
number of labels available for labeling the partition, and so the role of N is identical to
the role of M in Steorts et al. (2016).

The main contribution of the discussed article is that now we see the number of labels
N (or M in Steorts et al. (2016)) as a population size that also needs to be estimated,
and therefore the authors use a prior distribution for it, p(N) ∝ N−g, g > 1. The
authors provided two ways of motivating this approach to population size estimation.
First, if the partition of the datafiles is known, then this approach corresponds to a
capture-recapture model where there is one capture occasion for each record in the
datasets. Second, the uniform prior on the possible values of λ can be derived from a
data-generating process where each individual in the finite population is subject to a
Poisson-distributed datafile-specific random number of capture attempts, each of them
being successful with a certain datafile-specific probability.

While it is interesting to see that the authors’ approach can be justified from such
an idealized data collection process, it is important to keep in mind that developments
in this area of research should accommodate commonly used capture-recapture models.
Unfortunately, the capture-recapture component of the approach proposed by the au-
thors does not correspond to any commonly used model in this area, and its assumptions
are too stringent to be practically useful, as acknowledged by the authors. The authors
also argue that this can be seen as a starting point for more complicated approaches,
but as we all know, the devil is in the details, and so it is not clear whether the contribu-
tion of the discussed article will straightforwardly enable the creation of joint modeling
approaches that combine the record linkage approach of Hall et al. (2012) and Steorts
et al. (2014, 2016) with more commonly used population size estimation models.

In the future it would be interesting to see joint modeling approaches that com-
bine existing record linkage frameworks with commonly used capture-recapture models.
To judge the relevance of such future contributions, an important requirement should
be that the new joint models simplify to more flexible or commonly used models for
population size estimation when the partition of the datafiles is known. For example,
the approaches of Tancredi and Liseo (2011) and Liseo and Tancredi (2011) do satisfy
this criterion, as they incorporate the commonly used hypergeometric capture-recapture
model for two samples. Along these lines, it would have been good, for example, that the
capture-recapture component of the proposed approach in the discussed article at least
simplified to the hypergeometric capture-recapture model in the approach of Tancredi
and Liseo (2011) in the case of two duplicate-free datafiles.

Extensions of the proposed modeling approach that accommodate more realistic
capture-recapture models will lead to new posteriors p(N,Z | ṽ) on the population
size N and partition of the datafiles Z for each different capture-recapture model being
considered, which will require approximation via new sampling algorithms (e.g., Markov
chain Monte Carlo). While we could imagine having a plethora of articles where each
possible model for record linkage is combined with each possible model for population
size estimation, more meaningful contributions to this literature should develop very
general approaches that allow users to obtain specific commonly-used capture-recapture
models as particular cases.

imsart-ba ver. 2014/10/16 file: discussion.tex date: January 24, 2020



4

Finally, we note that instead of developing joint models, an alternative endeavor is to
develop approaches that allow users to re-use record linkage results for different capture-
recapture models. An example of such an approach is linkage-averaging, proposed by
Sadinle (2018). Linkage-averaging requires a Bayesian record linkage methodology that
provides a posterior distribution on partitions of the datafiles, such as the approach
of Hall et al. (2012) and Steorts et al. (2014, 2016) or the approach of Sadinle (2014,
2017), and a capture-recapture model with sufficient statistics that depend only on the
overlap of the datafiles in terms of their individuals, such as the approaches of Fienberg
(1972); Bishop et al. (1975); Castledine (1981); George and Robert (1992); Madigan
and York (1997); Fienberg et al. (1999); Manrique-Vallier (2016). Linkage-averaging
is a simple two-stage approach in which a capture-recapture model is used to obtain
a posterior distribution of the population size for each partition of the datafile ob-
tained from a posterior sample of partitions from a Bayesian record linkage model; the
partition-specific population size posteriors are then averaged. Under some conditions
the results of that approach can be shown to correspond to those of a proper Bayesian
joint model for both record linkage and population size estimation. One of the advan-
tages of a two-stage approach is that the results from the linkage stage can be re-used
for different capture-recapture models, and therefore it facilitates model exploration
and avoids having to derive new posterior sampling algorithms for each combination of
record linkage and capture-recapture model. Nevertheless, linkage-averaging has certain
limitations, as, for example, its performance depends on the quality of both the linkage
and the capture-recapture models being used, and it does not support capture-recapture
models with covariates.

Regardless of whether new developments come in the form of joint models or two-
stage approaches, I believe that the applicability of the new approaches to realistic
scenarios should be an important consideration in their overall evaluation.
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